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Abstract

We extend the novel pivotal statistics for testing the parameters in the instrumental
variables regression model. We show that these statistics result from a decomposition of
the Anderson-Rubin statistic into two independent pivotal statistics. The first statistic
is a score statistic that tests location and the second statistic tests misspecification. We
obtain the conditional distribution of the likelihood ratio statistic that tests location
in case of multiple parameters of interest. This conditional distribution is a weighted
average of the distributions of the location and misspecification statistics. The weights
depend on a statistic that tests the rank of a matrix. We construct a quasi likelihood
ratio statistic that bounds the likelihood ratio statistic and that can be used in case of a
non-Kronecker covariance matrix. When there is a single parameter of interest, the quasi
likelihood ratio statistic is identical to the likelihood ratio statistic. Alongside we provide
expressions for idenfication statistics that result when we evaluate the limit behavior of
the different statistics when the value of the parameter of interest converges to infinity.
All exact distribution results straightforwardly extend to limiting distributions, that do
not depend on nuisance parameters, under mild conditions.
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1 Introduction

The Anderson-Rubin (AR) statistic, see Anderson and Rubin (1949), is a corner-stone statistic
to test for linear relationships between parameters for which estimators with normal distribu-
tions exist. This importance results since the AR statistic is a sufficient and a pivotal statistic
so it has an exact distribution. Other statistics that test such hypothezes, like, for example,
Wald, likelihood ratio (LR) and Lagrange Multiplier (LM) or score statistics, are not pivotal
so their distributions depend on nuisance parameters, see e.g. Phillips (1989), Bekker (1994),
Dufour (1997) and Staiger and Stock (1997). A deficiency of the AR statistic is, however,
that the degrees of freedom parameter of its x? distribution exceeds the number of parameters
that characterize the hypothesized linear relationship. Especially when this difference is large,
the AR statistic has low power. There is therefore a considerable interest in test procedures
that have a known distribution under the hypothesis of interest whilst they overcome the de-
ficiency of the AR statistic, see e.g. Bekker (1994), Staiger and Stock (1997), Wang and Zivot
(1998), Kleibergen (2002) and Moreira (2001). We decompose the AR statistic to extend and
improve the understanding of the test procedures that were recently proposed by Kleibergen
(2001,2002) and Moreira (2001).

The AR statistic comprises two statistics that are, under the hypothesis of interest, in-
dependent random variables with exact distributions. Each of these two statistics tests a
separate hypothesis while the joint hypothesis is identical to the hypothesis of interest under
the AR statistic. The first statistic is the K-statistic from Kleibergen (2001,2002) and tests
a hypothesis that concerns the location of the linear relationship. The second statistic is a
J-statistic, see e.g. Sargan (1958) and Hansen (1982), that tests a misspecification hypothesis,
1.e. whether there is a linear relationship between the parameters. The LR statistic that is con-
cerned with the location hypothesis has a conditional distribution which is a weighted average
of the distribution of the location and misspecification statistics. This conditional distribution
is derived for the case of a linear relationship in which a vector is a scalar function of another
vector by Moreira (2001). We construct the conditional distribution for the general case of a
linear relationship in which a vector is a vector function of a matrix. The weights that the
conditional distribution attaches to the location and misspecification statistics depend on a
statistic that tests the rank of a matrix. We construct a statistic that provides a upper bound
on the LR statistic and allows for non-Kronecker covariance matrices. In the scalar vector
function case, the bounding, quasi LR, statistic and the LR statistic are identical. We also
analyze unconditional combinations of the J and K statistics.

The limit expressions of the statistics, when the parameter of interest converges to infinity,
can be used to determine whether a confidence set is finite according to a specific statistic.
Hence, these limit expressions reveal if a parameter is identified in a certain direction according
to that statistic. We obtain the limit expressions of the different statistics when the parameter
of interest converges to infinity to determine whether the parameters are identified.

The paper is organized as follows. In the second section, we decompose the AR statistic
in a sequence of steps to obtain the pivotal location and misspecification statistics. In the
third section, we construct the conditional distribution of the LR statistic and show that
it is a weighted average of the distributions of the location and misspecification statistics.
We also provide the bounding statistic. In the fourth section, we propose two manners to
overcome a spurious power decline of the K-statistic. The first amounts to a unconditional
combination of the J and K statistics whilst the second is an extension of the bounding statistic
to the case of a non-Kronecker covariance matrix. In the fifth section, we conduct a power
comparison of the different test procedures. In the sixth section, we construct the expressions



of the different pivotal statistics when the parameter of interest converges to infinity. We also
analyze examples of confidence sets that can result from the different test procedures. For
expository purposes all distribution theory in the paper is exact and based on a joint normal
distribution of the estimators with a known covariance matrix. In the seventh section, we show
that all exact distributions straightforwardly extend to limiting distributions that are free of
nuisance parameters under mild conditions. In the eight section, we give a few examples of
statistical models where the results in the paper are of interest, i.e. the instrumental variables
regression and the observed factor model. Finally, the ninth section concludes.

Throughout the paper we use the notation: a = vec(A) for the column vectorization of
the n x m matrix A such that for A = (A4;--- Ap), vec(A) = (A} --- ALY, I, is the m x m
identity matrix, Py = X(X'X)™' X’ and My = I, — Px for a full rank n x m dimensional
matrix X. Furthermore, « - " stands for convergence in probability and « - " for convergence
in distribution.

2 Decomposing random vectors and statistics

For expository purposes we use a stylized setting in which a n x 1 random vector a and the
vectorization of a n x m matrix B, b =vec(B), with n > m, are realizations from a joint normal

distribution: )
(1)-x(3)

In Section 7, we show that all exact distributions from the stylized setting extend in a
straightforward manner towards limiting distributions under mild conditions. The n and
mn-dimensional vectors a and b (=vec(B)) are the means of the normal distributed random

vectors and Vv
V= aa ab , 2
( Vie Vi > @)

with Vo, :n xXn, Vg : nxmn, Vi, : mn xn and Vi, : mn X mn, reflects the covariance matrix.
The value of n exceeds m.

We want to test whether a m-dimensional vector ¢ exists such that Hy : @ = Be holds for
some unknown value of c. In order to do so, we specify

a = BCa + BJ_ha. (3)

The n x (n —m) matrix B, is orthogonal to B, B| B = 0, and orthonormal, B| B| = I,,_,.
The vectors ¢, and h, are m and (n — m)-dimensional. The specification of a in (3) is a
unrestricted specification of a but becomes problematic when B has a reduced rank value, for
example, if B is equal to zero. The distributions of the random variables that we construct
next are, however, not affected by such reduced rank values of B.

To test whether Hy : a = Bc holds, we use the n-dimensional random vector a?,

d = a — Be = vec(a) — vee(Be) = a — (¢ @ I,)vec(B) = i — (¢ @ I,)b. (4)

The random vectors d and b have a joint normal distribution,

(1)~ (t)w



where

d=a— Bc= B(c, — ¢) + B, hy, (6)

I 0\ I 0 Waa Wa
_ n n = 7
W ( _(C®In) Imn ) V< _(C®In> Imn ) ( Wbd Wbb ’ ( )
with Wyg :n x n, Wg : nx mn, Wy : mn x n, Wy, : mn x mn. The quadratic form of d with

the inverse of Wy, constitutes the Anderson-Rubin (AR) statistic, see Anderson and Rubin
(1949), that can be used to test Hy.

We pre-multiply < g ) by

and

R Lyl ) (®)

(1)=+(3) o

~

b= b — WygWitd. (10)

to obtain

> QL

with
The random vectors d and é have a joint normal distribution,
d d Wa 0
()= (E) (% L)

e=b—WuW,'d, (12)

with

and W, = Wy, — Wded_dIde. The covariance matrix of (d, ¢) shows that d and é are inde-

pendent. The (rotation) matrix R orthogonalizes b and d. The matrix R is invertible so the
distribution of (d, é) also completely characterizes the distribution of (d, b).

Under Hy, d is equal to zero and e (12) is then equal to b. This implies that é is, under
Hp, a unbiased (maximum likelihood) estimator of b. We use é to construct local estimators
of ¢, — c and h, that apply under Hy. These estimators are obtained by decomposing d as

_L1l . N 1 4
W, d=W,Ef + W E,|g. (13)

The n x m random matrix E results from e—vec(E) The n x (n — m) random matrix E|
is orthogonal to F, F'| E = 0, and orthonormal E|E, = I,_,. The specification of d (13)
implies the expressions for f and g,

f

(E'W A E) " E'W, M, fIE ~ N(0, (E'W'E)™), "
14

g= (B\WyuE ) Ed, G1E ~ N(0, (B WauE1)™").

1. _1. 1. 1. .

A 1Ins‘@ad oAf gl?)), we canAalso spAecify deQd as w,2d = WLEf + W,,> E1 g which resuAlts in f =
(E'WagE)™'F'd and § = (E), W' EL)"'E' W, 'd. This specification implies, however, that f and g are
not invariant to transformations, like, for example, Qa = @ Bc, for a non-singular k x k matrix Q). We therefore
consider this specification less convenient.



Under Hy, E is a unbiased estimator of B so f is an estimator of ¢, — ¢ and ¢ is an estimator

of h,, which are both equal to zero under Hy. Because (Wd%dE L) (de E) =0 and f and §
are conditional normal distributed, f and g are independent. When Hy does not hold, ¢ is
not a unbiased estimator of b and f and ¢ do not estimate ¢, — ¢ and h,. The estimators f
and g therefore only apply locally when Hy holds. We use f and ¢ to detect deviations from
H, such that, since there is an invertible transformation from d to ( f ,§), we can use them as
well when Hy does not hold. We normalize f and ¢ by pre-multiplying by (E’ WC;IIEA)% and
(EindE L)_%. The distributions of the resulting random vectors do not depend on E and
reflect marginal distributions,

(E'W'E)2f ~ N(0,1,),

(15)
(B WauE )7~ N(0, L)
We construct the quadratic forms of these (mixed) normal distributed random vectors?,
N PSS | _1.
K= f(E'W,E)f= d/de2/PW—%Ede2d ~ x*(m),
dd
(16)

~ A A ~ ~ _l/ _l ~ ~ _l/ _l A

J =0 (B WeyE,)g=dW,> PWd%EAJ_ Wy d = dW,,’ MW&%EdeQd ~ x*(n —m).
The x2(m) distributed K-statistic shows whether d lies in the span of B. In an identical
manner, the x?(n — m) distributed J-statistic reveals if d lies in the span of B, . Hence, the
K-statistic shows whether ¢, is equal to ¢ and the J-statistic reveals if h, equals zero. The

independent J and K statistics, that add up to the AR statistic,
AR =dW;'d=J+K, (17)

thus each test one element of Hy : a = Be, i.e. Hy : h, = 0 and Hg : ¢, = ¢. We use the above
properties to analyze statistics that test the hypothezes involved in Hy, i.e. Hy and Hy.

3 Conditional Distribution Likelihood Ratio Statistic

General m, Kronecker V. When V has a Kronecker product form, i.e. V = (Vo ® V&),
with Vo : (m+1) x (m+1) and V5 : n x n, and m = 1, Moreira (2001) obtains the conditional
distribution of the LR statistic (18) given ¢'W_'é. We construct the conditional distribution
of the LR statistic when V' has a Kronecker product form for general values of m and obtain
the conditioning statistics.

When V has a Kronecker product form, the LR statistic that tests Hx : ¢, = ¢ against
Hg- : ¢, # c is equal to the difference of the AR statistic evaluated at Hy : a = Bc and the
minimal value of the AR statistic over all values of ¢,

LR(c) = AR(c) — min. AR(c). (18)

’In the expressions for the quadratic forms we use that E J_(EindE J_)_lEl = Wd;ll —
W E(E'W ' E)""E'W, .



The minimal value of the AR statistic equals the smallest root A, of the polynomial, see e.g.
Anderson and Rubin (1949), Hood and Koopmans (1953) and Hausman (1983),

No—(a B)Vg'(a B) —0&
Wo—(d B)Vg'(d B) —0e (19)

o=

M1 —Wo? (d B) Vgt (d B)Wy?

(10 Y 1 0\ [ wa, wo,
WQ_(—C Im>VQ<—c Im)_(’wad Wa, )’ (20)

and wo,, : 1 X 1, we,, = wg,, : m x 1, W, :m x m.

To obtain the conditional distribution of the LR statistic, we start with a triangular
(Choleski) decomposition of Wq. This triangular decomposition is based on the rotation matrix
R (8) applied for the case that W = (Wq ® Vy),

| -o

with

3 —1 2
WQee wad wﬂdd Wﬂee

w0 ( 1 0 )
- 1 —1 )
0 Ws;j — W Wa I

with Wa,, = Wa,, —wa,,wq,, Wa,,. The triangular decomposition enables us to transform (19)
towards

1

11 1 2
Wg;l:WQ2WQQI7 WQ2/: ( ,aUQdd 0 1 )
N (21)

My —Wo? (d BY V' (d B)Wy?

‘/\Im—s—l_(d B (d* E)) (22)

1

~ 1. _1 ~ _1 4 1 ~ ~
with d* = Vg, 2dwg? and E* = Vg 2EW,, 2, E = B — dwg, wq,,.

dd
Next, we conduct a singular value decomposition (SVD) of E*, see Golub and van Loan

(1989),
=USV' =T uisvl, (23)

The n x m and m X m matrices Y = (uy ... u,) and V = (v; ...v,,) are orthonormal matrices,
r.e. U'U = I,,, V'V = I,,. The m x m matrix S is diagonal and contains the m non-negative
singular values, s;, ¢ = 1,...,m, in decreasing order on the diagonal. The number of non-zero
singular values determines the rank of a matrix. The SVD leads to the specification of (22),

% e N ( Se D dA*’a?* dA*IUSV/
Y Pl Uy (1)
= mal — SZ/{/CZ* S? o VvV
d*/d* 4 d*/ d* d*’S
= (AL — o
+1 ( Sd* S? ) ‘
d i S
= AL, U e
iG]

(24)
where we have used that V'V = I,,. The vectors d* and d;} are given by df, = U'd* and
d* =U Ld* such that, since U'U = 0 and U\ U, = I,,_p, d* and dz} are independent and

6



dz; ~ N(0, 1), ci}}l ~ N(0, I,_,). The specification of d; and LZ}‘JL is such that the J and K
statistics (16) are quadratic forms of di; and CZ*UL,

J=dg dy and K= dydy. (25)

Only when m equals one does a straightforward expression for the smallest root of (24)
exist.? For values of m that exceed one, we obtain the distribution of the smallest Toot A, of
(24) by simulating d;; and (i*UL from N (0, I,,,) and N (0, I,,_,,) distributions resp. and substitute
the simulated values of d; and J}}L in (24) while we keep S fixed. We then numerically solve
for the smallest root Ay, of polynomial (24).

The roots of polynomial (24) equal the squared singular values of the matrix

d; S
¢ , 26
(da 0) (26)

We use the matrix (26) to determine the behavior of the smallest root when the smallest
element of S, i.e. s,,, converges to zero or infinity. When the smallest element of S, s,,,
converges to zero, it is directly obvious that the matrix (26) becomes of reduced rank. Its
smallest singular value is then equal to zero so the smallest root of (24) is then also equal
to zero. When the smallest value of S converges to infinity, the smallest singular value of
(26) equals (CZ*U’l J*UL)%. The smallest root of the (24) is then equal to cf}}’l J*UL and equals the
J-statistic.

The LR statistic (18) equals the AR statistic minus the smallest root of (24). Hence, when
all elements of S converge to infinity, the conditional distribution of the LR statistic given S
converges to the distribution of the AR minus the J statistic which is equal to distribution of
the K-statistic. When the smallest element of S converges to zero, the conditional distribution
of the LR statistic given S becomes identical to the distribution of the AR statistic.

The smallest element of S governs the limit behavior of the conditional distribution of the
LR statistic given S. We can therefore mimic the conditional distribution of the LR statistic
by using only the smallest element of S. The minimal root of (24) with S = s,,,,, provides
a lower bound on the minimal root of (24) when we use the observed value of S. When
S = Splm, (24) simplifies to, see the Appendix for a proof,

= (d B2 ) (de B )| = (A= 2)m O = M2, + K+ ) = s20) (20)

m

so the smallest root of (24) when S = s,,,1,,, equals

Amin(€) = min [sfn, (2 +K+J—/(s2, + K+ J)? — 4s2,J)
= (2, +K+J—/(s2, + K+ J)2 — 452 J),

(28)

since Amin = 0 when s2, = 0 in both cases of the min][., .| expression and the derivative of the dif-

. . . 0(s2, ~K—J++/(s2,+K+J)2—4s2,]
ference between the first and second element is always positive, i.e. ( VA ) )

2 0s2,
1 NG SE"KT(])_Q‘] — > 0 for all values of s,,. The expression of Ay, in (28) has an identical
s2, J)2—4s2,.

functional expression as the root of (24) when m = 1 that is obtained by Moreira (2001).
Hence, we obtain a quasi-LR (QLR) ratio statistic when we use

QLR(c) = AR(c) — Amin(c), (29)

3The analytical expressions for the roots of higher order polynomials do not directly reveal which of the
roots is the smallest one.




where Apin(c) results from (28). The QLR statistic (29) always exceeds the LR statistic that
results from using the minimal root of (24) instead of Ay (c). The conditional distribution of
the QLR statistic does, however, only depend on s,, while the conditional distribution of the
LR statistic depends on sy, ..., S,,. Since the behavior of the QLR and LR statistics when s,,
converges to zero or infinity is identical, i.e. these statistics converge to the AR, K statistic
resp., we expect that the conditional distribution of the QLR and LR statistics are similar.
Simulations experiments confirm this statement. The squared value of s,, that we use for
the QLR statistic equals the rank statistic of Anderson (1951) since s2, equals the smallest
eigenvalue of E*E*.

m=1, Kronecker V. When m = 1 and V has a Kronecker product form, S equals
(éW_'é)z and we can determine the functional expression of the smallest root. Under Hy, we
can then express the smallest root as a function of the J and K (AR) statistics and é'W_'é,
see Moreira (2001),

)\min -

[N

¥ d* + é/Weglé _ (CZ*/J* + éWle)? — 4(&*/ d é/We—elé}
v . di.) o)

K+J+eWote— /(K+J+eWole) — 4Jé’We—61é] ,

N[

which is identical to (28) when we replace s?, by ¢W_'é. When we substitute (30), the
expression for the LR statistic (18) becomes,

LR= §[K+J— W le+ JK+T+ oW 1ep — 10eW, e . (31)

Because the AR statistic equals the sum of the J and K statistics and the J, K and ¢'W_'é
statistics are all independent of one another, we can obtain the conditional distribution of the
LR statistic given ¢'W__'é. We compute this conditional distribution by generating realizations
of the J and K statistics from x*(n — 1) and x?*(1) distributions and holding ¢'W_'é fixed.
When ¢'W__ !¢ converges to infinity, this conditional distribution becomes identical to the x?(1)
distribution of the K-statistic while it is identical to the x?(n) distribution of the AR statistic
when ¢'W_'¢é equals zero, see Moreira (2001).

The explicit expression of the LR statistic (31) shows that the conditional distribution of
the LR statistic depends on ¢'W_1é. Because (%),V_l (2) equals d'W;;'d+é'W_,'¢é for all values
of ¢, @W_'é is a mirror image of the AR statistic when we consider them as functions of c.
Hence, ¢'W_'é is maximal at the value of ¢ where the AR statistic is minimal and minimal
at the value of ¢ where the AR statistic is maximal. The maximal and minimal values of the
AR statistic and ¢'W_'é are also identical. The relationship between the AR statistic and
¢'W_1é shows that a large value of ¢'W_'é implies that we are close to the value of ¢ where
the AR statistic attains its minimum. A large value of ¢'W_'é implies that the conditional
distribution of the LR statistic is similar to the distribution of the K-statistic. Hence, the
conditional distribution of the LR statistic is similar to the distribution of the K-statistic
around those values of ¢ where the AR statistic attains its minimum. A small value of &'W_'é
implies that we are close to the value of ¢ where the AR statistic attains its maximum. The
conditional distribution of the LR statistic is similar to the distribution of the AR statistic
around small values of ¢'W_'é. Around the values of ¢ where the AR statistic attains its
maximum, the conditional distribution of the LR statistic is thus similar to the distribution
of the AR statistic.



When the true value of B is close to zero, ¢'W_'é is small for all values of ¢ and the
conditional distribution of the LR statistic given ¢'WW_'é is then similar to the distribution of
the AR statistic at every hypothesized value of c.

Because ¢'W__'¢é is minimal for those values of ¢ that lie close to the maximal value of the
AR statistic, the conditional distribution of the LR statistic is similar to the distribution of the
AR statistic around these values of c. Besides the hypothesis of interest for the LR statistic,
Hx : ¢, = ¢, the AR statistic also tests Hy : h, = 0. Around the maximal value of the AR
statistic, the LR statistic does therefore test both Hx and H; as indicated by the conditional
distribution of the LR statistic. This does, however, not imply that the LR statistic tests
both Hk and Hj in all cases where the AR statistic has a sizeable value. For example, when
there is no value of ¢ at which Hy : a = Bc holds, the AR statistic has a minimum that
is considerably larger than zero. Since the minimal values of the AR statistic and &'W_'é
are identical, &'W_'é is then sizeable at all values of c. Hence, although the AR statistic is
sizeable, because of the large value of ¢'W_'é, the conditional distribution of the LR statistic
(31) resembles the distribution of the K-statistic for all hypothesized values of ¢ and thus only
tests Hk. Since there is no value of ¢ at which a equals Bc, the conditional distribution of the
LR statistic is, however, invalid. We can still (mistakenly) use this conditional distribution
and apply it, for example, to construct a (invalid) confidence set for c¢. Although there is no
value of ¢ at which a = Be, the confidence set is not empty because the LR statistic equals zero
at the value of ¢ that minimizes the AR statistic. Hence, a mechanic use of the LR statistic
and its conditional distribution does not indicate that the results are inappropriate. Usage of
J or AR statistics could indicate that a # Bec for all values of ¢. The resulting confidence set
for ¢ based on the AR or a combination of the J and K statistics is then empty.*

4 How to overcome spurious power declines

The K-statistic (16) is a LM or score statistic and equals a quadratic form of the derivative of
the AR statistic (1?), when we differentiate with respect to ¢, with the conditional information
matrix of ¢ given F/, see the Appendix for a proof:

K= (%Bézlﬁ)/z-(dEA)_l (l 8111/5)

1 (58 Tl B) (

(32)

Because F is independent of cf, of which the AR statistic is a quadratic form, we do not take
the expectation over E for the construction of the information matrix.

For a realized value of a and Z;, the derivative of the AR statistic with respect to ¢ equals
zero at those values of ¢ where the AR statistic attains its minimum, maximum or has an
inflexion point. The K-statistic is therefore equal to zero at these values of c. This implies
that the discriminatory power of the K-statistic is low when the hypothesized value of ¢ in
Hg : ¢, = ¢ happens to coincide with a maximum or inflexion point of the AR statistic.
The AR statistic equals the sum of the J and K statistics so the J-statistic is equal to the AR
statistic at these values of ¢ and has discriminatory power. We discuss two different manners in
which the J-statistic can be used to overcome the discriminatory power issue of the K-statistic.

4When there is no value of ¢ where a equals Be, the confidence set that results from the LR statistic is
misspecified because £(é) # b when a # Be. An empty confidence set could therefore contain more information
than a misspecified non-empty confidence set because it indicates that the tested hypothesis is inappropriate.



Combining J and K statistics The distribution of the K-statistic holds under Hy : @ = Be,
which is identical to Hk : ¢, = ¢ and Hj : h, = 0, while it tests only Hg. A non-significant
value of the K-statistic can thus occur alongside a large value of the J-statistic that tests Hj.
When we test Hk using the K-statistic we should therefore verify whether it is valid to apply
it. We can check if Hy holds by conducting a pre-test of H; using the J-statistic. Under Hy,
the J and K statistics are independent random variables. A test of Hy with size « is obtained
when we jointly test Hx with size ax using the K-statistic and Hj with size aj using the
J-statistic and (1 —a) = (1 — ay)(1 — ak), so @ = a; + ak. There is a whole range of values
of ay and ak that satisfy the size conditions oy + ax = « and ay > 0, ax > 0. By specifying
ay and ak appropriately, we can emphasize tests of Hy or Hk. For example, when o = 0.05,
ay = 0.01 and ag = 0.04 implies that we test Hx with 96% significance given that Hjy is not
rejected with 99% significance.” This conditional testing is just a formalization of the standard
reasoning when we conduct tests, i.e. we test Hix given that Hy holds, but shows that in this
case we explicitly have to assign significance levels to either hypothesis.

Generalizing the LR statistic to non-Kronecker covariance matrices The power
issue of the K-statistic also becomes apparent when we consider that the J and K statistics
result from the regression model (13),

. 1. 1.
Wy'd=W,Ef + Wi ELg, (33)

and that F is independent from d. When E is close to a lower rank value, there is a multi-
collinearity problem and tests of Hy based on f only, like the K-statistic, have reduced power.
This explains the reduced discriminatory power of the K-statistic for values of ¢ that coincide
with the maximum or inflexion points of the AR statistic. The derivative of the AR statistic
with respect to ¢ equals E' Wd_dlcz, see the Appendix, and the zero values of this derivative,
and consequently the K-statistic, for values of ¢ at which the AR statistic attains a maximum
or inflexion point are caused by a value of F that is almost of reduced rank. At these values
of ¢, the AR statistic, which then equals the J-statistic, has more discriminatory power than
the K-statistic. This results since Hxk is not defined at lower rank values of B (or E). Hence
to obtain good power properties, we should use the K-statistic at full rank values of £ and
the AR statistic at values of E that are of reduced rank. The LR and QLR statistics, that
we discussed in Section 3, exactly operate in this manner. The QLR statistic (29) can be
extended to the case of a non-Kronecker covariance matrix. This results since s?, is a statistic
that test for a reduced rank value of E using E*. Hence, we can replace s2, in the expression
of the QLR statistic with a statistic, rk(E), that tests the rank of E and that also applies in
case of a non-Kronecker covariance matrix,

QLR(c) = 1 K+ J —1k(E)++/(tk(E) + K+ J)? — 4rk(E)J| . (34)

The statistic rk(E) uses F to test the hypothesis of a reduced rank value of £/, Hyani(g) :rank(F)
m —1, against a full rank value of £, Hyani (k) rank(E) = m. Because F is independent of the
J and K statistics, the QLR-statistic (29) has a conditional distribution given rk(F). Given
rk(E), we can simulate the distribution of the QLR-statistic. When E has a full rank value,

°It is appropriate to use a small values of aj because the J-statistic only needs to have discriminatory power
around inflexion points and the maximal value of the AR statistic. At these points, the J-statistic is sizeable
as it equals the AR statistic.

10



rk(E) is sizeable and the QLR-statistic is approximately equal to the K-statistic. When FE' is
close to a reduced rank value, rk(E) is small and the QLR-statistic becomes similar to the AR
statistic.

There are several rank statistics that can be employed to obtain rk(F). For example,
the rank test proposed in Anderson (1951) can be used when the covariance matrix V has a
Kronecker product form. When V' does not have a Kronecker product form, we can use the
rank tests proposed in, e.g., Cragg and Donald (1996,1997), and Kleibergen and Paap (2002).

The above two procedures to overcome the power decline of the K-statistic differ in several
manners. The latter procedure explicitly conditions on E or a rank statistic of E while the
former procedure is a unconditional procedure. This implies a difference in the hypothezes
tested. The first procedure conducts a joint test of Hy and Hx and adapts the sizes oy and ak
in order to put more emphasis on one specific hypothesis. The latter procedure only tests Hyk
and assumes that Hj holds a priori. When Hj does not hold, the first procedure can reject all
possible values of c. The latter procedure does never reject values of ¢ close to the minimum
of the AR statistic because QLR(c) is always equal to zero for these values of ¢. Hence, the
first procedure can imply an empty confidence set while the latter procedure always results in
a non-empty confidence set for .

5 Power Comparison

We analyze the power of the AR, J, K and LR statistics for discriminating between different
values of ¢, when a = Be, (3). We therefore generate d, b (10000 times) from the normal
distribution (5) with d = 0. We then use a range of values for ¢, to obtain & = d 4+ Bc,. We
use these realizations of a, b to conduct tests of the hypothesis Hy : a = Bc for a fixed value
of c. We test Hy with a size equal to 5% so o = 0.05. To test Hy, we use the AR statistic with
axr = 0.05, the K-statistic with ax = 0.05, the J-statistic with a; = 0.05, the LR statistic
with apg = 0.05 and a combination of the J and K statistics, which we indicate by JK, which
uses a; = 0.01 and ax = 0.04. The overall size of testing Hq equals 5% for this combined test
procedure.

In our simulation experiment we use a value of m that is equal to 1. The null-hypothesis
that we use to compute the power curves is Hy : a = b, so ¢ = 1. We compute power curves
for different values of the covariance matrix, W, the number of elements of a and b, n, and the
value of b. We specify the n(m + 1) x n(m + 1) covariance matrix W as

W= (Wq @ Ws), (35)

where Wq : (m+1) x (m+ 1), Wy : n x n, and

Wo = ( /1) ' ) , Wy = (X'X), (36)
with X : T'xn, T' =100, X = (x;;), ¢ = 1,...,T, j = 1,...,n, and z;; are independent
realizations of N (0, 1) random variables which are kept fixed when we generate d and b. The
specification of the n x 1 vector b is such that only the first element of b, by, is non-zero. This
remains to hold when we vary the number of elements of a and b, n. Hence, when we use
a larger value of n, we only add elements to a and b that are equal to zero and adapt the

6We note that also the confidence sets that result from the K-statistic are never empty.

11



specification of Wy, (36) in the appropriate manner. We vary the values of the parameters p,
b, and n to analyze the sensitivity of the power for testing Hy.

Panels 1-3, see the Figures Section, show the power curves of the different statistics for
testing Hy : a = b with a size equal to 5% over a range of values of ¢, which defines the mean
of a, bc,. Panel 1 contains the power curves for the case that by = 1, by = 0.5 in Panel 2 and
by = 0.1 in Panel 3. Hence, from Panel 1 to Panel 3, the value of b becomes closer to a reduced
rank (zero) one. For the LR statistic, we use the critical values that result from its conditional
distribution. For all other statistics we know the exact 2 critical values.

The power curves in Panels 1-3 show a number of interesting features. The degrees of
freedom parameter of the x? distribution of the AR statistic equals the number of elements
of a and b, n, while the degrees of freedom parameter of the y? distribution of the K-statistic
is equal to one. This explains the larger discriminatory power of the K-statistic compared
to the AR statistic in Panels 1 and 2. Panels 1 and 2 also show that the power of the AR
statistic decreases when we increase n while the power of the K-statistic remains (almost)
unaltered. The power curve of the K-statistic is, however, below the power curve of the AR
statistic at values of ¢, which are considerably different from the hypothesized value of ¢,, i.e.
1. This decrease in power is caused by the property of the K-statistic that it equals zero at
those values of ¢ where the AR statistic is minimal or maximal (because m = 1 there are no
inflexion points). Hence, the discriminatory power of the K-statistic reduces around values
of ¢, for which the hypothesized value of ¢, i.e. 1, coincides with the value where the AR
statistic is maximal. The power curve of the J-statistic indeed indicates that the AR statistic
is maximal at these locations. Since h, = 0 in our simulation experiments, the J-statistic
should have and has low power everywhere except around values of ¢, where the hypothesized
value of ¢, corresponds with the value where the AR statistic is maximal. The power curve of
the combined J and K statistics shows that the combined test procedure resolves the power
issues that are involved with the K-statistic. The power curve of the combined J and K
statistics lies on the power curve of the K-statistic around the hypothesized value of c, while
it is equal to one at the location of the spurious decline of the power curve of the K-statistic.
The power curve of the combined J-K statistics shows that a; = 0.01 and ax = 0.04 is an
adequate specification of ay and ay for practical purposes.

Panels 1-3 show that the power of the J-statistic is often quite small. It is a size correct
statistic though since its power coincides with the size at ¢, = 1. The power is small because
the mean of a, a = Bec,, is such that h, = 0 for all values of a. Hence, the generated values
of @ more or less satisfy the hypothesis that is tested using the J-statistic. For many of the
parameter settings of b, n and p, the power of the J-statistic is equal to one at those values
of ¢, where the power curve of the K-statistic has its spurious local minimum. This explains
why the J-statistic is ideally suited to be combined with the K-statistic, i.e. it is independent
from the K-statistic under the hypothesis of interest, size correct and it has power where the
K-statistic suffers from a decline in power. As a consequence, combinations of the J and K
statistics overcome the power issues of the K-statistic.

The power curve of the LR statistic, whose conditional distribution depends on é, does
not suffer from sudden declines of power. This shows that it is an appropriate combination
of the J and K statistics. As explained in Section 3, the conditional distribution of the LR
statistic exploits the relationship between the AR statistic and ¢'W_'é, i.e. a small value of
¢'W_'é implies a large value of the AR statistic and vice versa, to set the weights on the
J and K statistics. The simulation experiment is such that the same sequence of values of
(%)/V‘l (3) =AR~+é'W_'é is used for every value of c,.

In Panel 3, where b; is very small, the power curves of the AR and LR statistics are
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indistinguishable in Figures 3.1-3.4. The combined J-K testing procedure has somewhat less
power in these cases. We notice, however, that the power is very small in these cases anyway.
Of primary importance for such small values of b; is therefore that the test procedures are size
correct.

All Figures in Panels 1-3 show that around the hypothesized value of ¢, i.e. 1, the power
curves of the K and LR statistics are identical. This results from the property that score and
LR statistics have locally the same power. For the well-identified cases the local argument
carries further than in the bad identified cases. The variance is much larger in the bad
identified cases so the local argument only applies to values of ¢, in the direct neighborhood of
the hypothesized value. Panels 1-3 show that the explicit use of conditioning variables when
we combine the J and K statistics, as in the LR statistic, does not lead to a considerable
improvement in power compared to a fixed combined use of both of them with oy = 0.01 and
ag = 0.04. An important difference between the LR statistic and the combined J-K procedure
is that the latter leads to an empty confidence set when the model is misspecified. The LR
then leads to a misspecified non-empty confidence set.

6 Identification statistics and confidence sets

We can use the statistics that test Hy : a = Be, or Hk : ¢ = ¢, and Hj : h, = 0, for a range of
values of c. It enables us to construct a (1 — a)) x 100% confidence set for c¢. This confidence
set only includes values of ¢ for which a test of Hy : a = Bc with size a is non-significant.
We analyze the limit behavior of the AR, J, K and LR statistics when ¢ converges to infinity.
These limit values indicate whether the confidence set is finite in the direction ¢ and, hence, if ¢
is identified in that direction. We also give some examples of the possible shapes of confidence
sets.

6.1 Identification statistics

The AR, J, K and LR statistics are invariant with respect to the specification of ¢. When we
use an alternative specification for Hy : @ = Be, for example, Hy : a = B*c¢* with ¢* = Dc
and B* = BD™! for an invertible m x m matrix D, this alternative specification does not
alter the value of the statistics. The Appendix contains a proof of this property. Because of
the invariance property, we only analyze the behavior of the AR, J, K and LR statistics for
large values of ¢ in one specific direction. For expository purposes, we take the first element
of ¢ to reflect this direction. The behavior of the statistics in any other direction of ¢, say ¢,
can then be obtained by conducting an appropriate transformation that uses some invertible
m x m matrix D such that u; ,, = Dc,, with u; ,, the first column of I,,,. The behavior of the
statistics for large values in the direction ¢, then results from applying the results for the large
value of the first element case in this transformed setting.

Unconditional AR, J and K statistics. A necessary condition for a statistic, that tests
hypothezes on a specific parameter, to imply an infinite confidence set is that it converges to
a finite constant when the hypothesized value of the parameter converges to infinity, see e.g.
Gleser and Hwang (1987) and Dufour (1987). We therefore analyze the behavior of the AR,
J and K statistics for realized values of a, b and V and a value of ¢ equal to TU1,m, Where 7 is
a scalar that converges to infinity and wu, ,, equals the first column of 7,,,. These limit values
indicate if (¢; 0...0)" is identified according to a specific statistic.
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Given realized values of a, b and V, the AR statistic to test Hy : a = Bc is a function of c,

AR(e) = |a = (c® L)'b| [Van = Var(e ® In) = (¢ @ [n)' Vo + (¢ ® L) Vip(c ® [)] (37)

We specify c as a function of a scalar r, ¢ = 7y ,,,, and we let r converge to infinity:

ARLIM(u1,m) = lim, 0 AR(c = 1uy,m)
- lzl(ul,mA@) ]n) Kul,m & ]n),‘/bb(ul,m & In)/}_l (Ul,m ® In)/b (38)
= b{l‘/b;l}l bl’

where b= (b, ... 0.}, Viy = (Vop, ), 4,5 = 1,...,m and Vyp, : m X m.

The limit expression ARLIM(uy,,,,) (38) is a finite function of u ,,. It equals the Wald, LR
and LM statistics that test the hypothesis of a zero-value of by, Hy, : by = 0. The (1—a)) x 100%
confidence set for ¢ based on the AR statistic is infinite in the direction u; ,, when ARLIM(u1 ,,)
is less than the x?(n) critical value associated with a size equal to a. When the (1 — ) x 100%
confidence set of ¢ based on the AR statistic is infinite in the direction u, ,,, ¢ is not identified
in the direction u; ,, with (1 — «) x 100% significance according to the AR statistic. Hence,
standard statistics that test for a zero value of b; govern the identification of ¢ based on the
AR statistic in the direction of ¢;.

The limit behavior of the K-statistic is constructed in the Appendix and reads’

_1.
‘/171521 bl’ (39)

A _1
KLIM(Ul,m) = lim, . K(c= ul’mr) - bllv;’lbi Pv;’lb%lELll\'l(m,m)

where
ELIM(uy,,) = (a — Va Vi bt by = Vi Ve by - by — Vi, vb;;lél) . (40)

The relationship between the AR, J and K statistics implies the limit behavior of the J-statistic

1
2

-~ _1 ~
JLIM(u1,m) = lim, o0 J(c = urmr) = 01V, 7 M Vi 5 b1 (41)

1
VblflELn\xl(ul,m)

Under the hypothesis Hy, : b1 = 0, JLIM(u ,,) and KLIM(uy ,,,) are independent x?(n—m)
and x?(m) distributed random variables. These statistics test hypothezes that decompose the
hypothesis Hy, : b = 0 in an identical manner as how the J and K statistics decompose the
hypothesis Hy : @ = Bc into Hy : h, = 0 and Hyg : ¢, = ¢. The specification of the hypothezes
involved in JLIM(u; ,,) and KLIM(uy ,,) results from a unrestricted specification of b, :

bl:(abg...bm)cbl—|—(ab2...bm)th1, (42)

with ¢y, : mx1and hy, : (n—m)x1and (a by...b,) | (aby...by) =0, (aby...by), (aby...by),
= In—m- The statistic KLIM(u1,,) tests Hxriv(uy ) €5, = 0 and JLIM(uy ) tests Hyrivuy )

"The construction of the limit expression of the K-statistic is more involved than the limit expression of
the AR statistic. The K-statistic equals a quadratic form of the derivative of the AR statistic. Because the
AR statistic converges to a finite constant, its derivative converges to zero which complicates the construction
of the limit expression of the K-statistic.
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hy, = 0. When a = Be, ¢, equals é(l —(cg...cm))". Testing for a zero value of ¢, is there-
fore identical to testing for an infinite value of ¢;. Similarly, hs, indicates whether b; is spanned
by (a by ...by).

The (1 — «) x 100% confidence sets that result from the J or K-statistics are infinite in
the direction u; ,,, when JLIM(u; ,,) or KLIM(u, ,,) are not significant at the (1 — a) x 100%
significance level.

The (1—a) x100% confidence set for ¢ based on the J-K statistics is infinite in the direction
u1,m when KLIM(uy ,,) is less than the x?(m) critical value associated with a size equal to ax
and JLIM(uy,,) is less than the x?(n —m) critical value that is associated with a size equal to
ay. The size of confidence sets based on the J-K statistics are based on statistics that conduct
tests on by, i.e. statistics that test Hxriv(u ) @ ¢, = 0 and Hypivu, ) @ ey = 0. These tests
therefore reflect whether c is identified in the direction wu; ,, with (1 — ) x 100% significance.

Conditional LR statistic The limit behaviors of the (Q)LR statistics consist of a weighted
average of the limit behaviors of the J and K statistics. The weights depend on the limit
behavior of statistics that test the rank of E. In the Appendix, we show that the behavior of
Wk, as a function of ¢, with ¢ = uy 4,7, is such that, with respect to the statistic that tests the
rank of E, we can consider the limit behaviors of £ and W, as

ELIM (11, ) = (a — Vi Vi bt by = Vi Ve by < by — Vi, Vb;;j)l) ,

—1 —1
V;La - ‘/abl ‘/;)1[) ‘/bla Vab2 - ‘/abl ‘/;)1[) ‘/blbz

WLIMee(ul,m) = ‘/an - %2%71 ‘/bzln ‘/buz %2b2 - %2%)1 ‘/bzbl ‘/171172

Vima = Vortn Vorie Vira Vombs — Vomby Vi Vinbs + - (43)
‘/abm - ‘/;'bl ‘/b:bljl‘/z’lbm
Voo = Voot Vbzbl Vorbm

-1
%mbm, - ‘/b'mbl ‘/E)lbl ‘/blb'm

When W has a Kronecker product structure, W = (Wq® Wy), the distribution of the limit ex-
pression of the (Q)LR statistic is conditional on the smallest eigenvalue of WLIMgq ., (ulym)_%
ELIM(uy m) Wy 1ELIM(U1’m)WLIMQ’ee (ul,m)_%, which corresponds with the limit value of
e'W_'ée when m = 1.

6.2 Examples of confidence sets

We illustrate some different kind of confidence sets for ¢ that can result from the different
test procedures. For this purpose, we obtained six different realizations of a and b from the
stochastic process described in Section 5 and use the accompanying six different values of V.
For each of these six realizations of & and b, we compute the value of the AR, J, K and LR
statistics over a range of values of c. Panel 4, in the Figures Section of the paper, contains
1 —p-value plots of the AR, J, K and LR statistics and shows the parameter combinations that
were used to generate a and b in the stochastic process from Section 5. The 1 — p-value plots
for the LR statistic where computed by usage of the conditional distribution given &'W_1!é.
Table 3 contains the limit values of the AR, J, K, LR statistics and the rank statistic &'W_'é
that result when ¢ converges to infinity. These limit values are obtained using (38)-(43).
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n=2>9 n =20

p=051p=099| p=0 | p=05|p=099| p=0

Fig. 4.1 | Fig. 4.3 | Fig. 4.5 | Fig. 4.2 | Fig. 4.4 | Fig. 4.6
ARLIM 33.9 4.06 8.01 55.2 18.3 28.9
(0.0) (0.54) (0.16) (0.0) (0.57) (0.08)
KLIM 25.3 1.86 1.44 14.9 1.78 0.83
(0.0) (0.18) (0.24) (0.0) (0.19) (0.38)
JLIM 8.60 2.20 6.58 40.2 16.5 28.10
(0.07) (0.69) (0.16) (0.002) (0.62) (0.08)
LRLIM 31.8 1.93 6.30 39.1 2.20 13.7
(0.0) (0.19) (0.16) (0.0) (0.19) (0.09)
ew te 10.3 61.1 2.22 26.0 84.4 16.2
(0.07) (0.0) (0.81) (0.16) (0.0) (0.71)

Table 1: Limit values of the statistics for the 1 — p-value plots in Panel 4 (p-values between
brackets).

The 95% confidence set for ¢ based on a specific statistic equals the range of values of ¢ for
which the 1 — p-value plot of the statistic lies below the 95% line. Hence, the 95% confidence
set results from the intersection of the 95% line with the 1 — p-value plot. For the J-K test
procedure with ax = 0.04 and ay = 0.01, the 95% confidence set for ¢ results as the range of
values of ¢ for which both the 1 — p-value plot of the K-statistic lies below the 96% line and the
1 — p-value plot of the J-statistic lies below the 99% line. The 95% confidence set of ¢ based
on the J-K test procedure with ax = 0.04 and oy = 0.01 thus results from the intersection of
the 1 — p-value plots of the K and J-statistics with the 96% and 99% lines resp..

The confidence sets in Panel 4 contain a number of interesting features. The 1 — p-value
plots of the LR statistics resemble the 1 — p-value plot of the K-statistic around the minimum
of the AR statistic. In several of the 1 — p-value plots, Figures 4.1-4.2, the 1 — p-value plot for
the K-statistic has multiple local minima. This is caused by the property of the K-statistic
that it is equal to zero both at the value of ¢ that minimizes the AR statistic and values where
the AR statistic attains its maximum or has an inflexion point. Hence, the 95% confidence
set based on the K-statistic then contains two disjunct areas with values of c¢. The 1 — p-value
plots show that the combination of the J and K statistics overcomes this deficiency of the
K-statistic. The 1 — p-value plot of the J-statistic equals one at the local minimum of the
1 — p-value plot of the K-statistic that is caused by the maximum of the AR statistic. The
confidence set for ¢ based on the J-K test procedure with ax = 0.04 and a; = 0.01 therefore
only contains the area where the K-statistic is small as a result of the minimum of the AR
statistic.

The 95% confidence sets for ¢ based on the AR, LR and J-K test procedures are finite and
convex in Figures 4.1-4.2. Table 3 shows that the limit value of ¢'W_'¢é is significant at the 95%
level for Figures 4.3-4.4. The limit behavior of the LR and K-statistics is therefore identical in
these Figures. The limit values of the AR, LR, K and J statistics are not significant at the 95%
level in Figures 4.3-4.6. The 95% confidence sets for ¢ based on the AR and LR statistics are
therefore infinite in these figures. The 95% confidence set for ¢ based on the J-K test procedure
with ag = 0.04 and «y = 0.01 is also infinite in Figures 4.3-4.6 because the limit values of the
K and J statistics are not significant at resp. the 96% and 99% level. In Figures 4.5-4.6, the
95% confidence set for ¢ based on both the AR, LR and J-K test procedures equals (—o0, 00).
In Figures 4.3-4.4, the confidence sets that result from these procedures equal (—oo, x)U(y, o)
for some values = and y (z < y) that differ over the Figures and the involved test procedure.
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Hence, these 95% confidence sets are non-convex and exclude a convex set of values of c.

The 95% confidence set for ¢ that results from the AR statistic contains the 95% confidence
set based on the LR and J-K test procedure with ax = 0.04 and a; = 0.01 in all of the Figures
in Panel 4. In some cases, the 95% confidence set of ¢ based on the AR statistic is much larger
than the 95% confidence set based on the other test procedures. This shows the, on average,
larger power of these procedures compared to the AR statistic for discriminating between
different values of c.

7 Limiting distributions

Sofar, we have used a stylized setting in which the random vectors a and b have a joint
normal distribution with an a priori known covariance matrix. We made this assumption for
expository purposes only. The distributions of the statistics are not limited to this restricted
setting. The results documented previously extend to the case where the covariance matrix is
unknown but a consistent estimator of it exists and @ and b are (root-T') consistent estimators
of a and b, see Kleibergen (2001,2002):

() -G)l= () =

The sample size equals 1" and 1, and v, are n and mn-dimensional normal distributed random
vectors,

( Va > ~ N(0, V). (45)
Uy
We assume that V is a consistent estimator of the covariance matrix V,

%V — V. (46)

p

The consistent covariance matrix estimator V' implies a consistent estimator of the covariance

matrix W (7),

. I 0 \ -~ I 0 Waa Wa
W — n V n = A ~ . 47
( —(c®1,) Imn > ( —(c®1,) Imn ) < Wea W 47)
We replace the elements of W in the expression of é by the respective elements of W to obtain
é:

e= b—WyWitd
= b= WaaWgd+ [FWha (Wi = GWan) ) + (Waa — 3Waa) Wi | d - (48)
= e+ ae?

where é = [;— Wded_dlci, Ue = [%Wbd(Wcall — (%de)_l) -+ (Wbd — %Wb@WC&l}d Under Hy :
a = Be, %W — W — 0 and that /T d converges to a normal distributed random vector with

p
mean zero and a finite variance,

VT, — 0. (49)
p

Hence, 1, does not influence the joint limiting distribution of dand é which, under Hy : a = Be,

reads ﬁ(gfe)Z)(zj)' (50)
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The n and nm-dimensional random vectors v, and 1, are independent and normal distributed,
wd ~ N(0> de)7 we ~ N(07 Wee)> (51)

with e = b. We use é to decompose d into two parts,

P A 15
and A
~ /
g= Eid (53)
= g"'ug:

with vec( ) = &, vee(0) = i, f = BWgld, 3 = B iy = (024 W) + (41 —
W Hld, 4, = (E. — E,)'d. Because U, — 0, XW — W — 0 and that v/T'd converges to a
p p

normal random variable with mean zero and a finite variance,

\/Tdf?()and \/T’&g?(]. (54)

Because of the independence of 1, and v, the above results imply that, under Hy : a = Be,
\/TJ;’E o E/deilﬁbm

\/T!ﬂE e Elﬁ/)w (55)

where, since E’ W@%/Wd%f? =0, E W', and E/ 1), are independent random variables. The
limiting distributions of the J and K statistics result from the limiting distributions of f and

g, see Kleibergen (2001,2002),
~ o~ A ~ ~ A A 1 ~
K= f(EW,E)"f=dW,2'P
(56)
~ ~ ~ ~ A _l A _l ~
I =G (B WaB) g =d W' My Wytd — x*(n—m),
W, E d

and the y? random variables to which the J and K statistics converge are independent. Equa-
tion (56) shows that the distributions of the J and K statistics in (16) hold as limiting dis-
tributions when @ and b are (root-T) consistent estimators of a and b and V is a consistent
estimator of the covariance matrix.

The distribution of the LR statistic is a combination of the distributions of the J and K
statistics and depend on statistics that test the rank of E. These rank statistics involve a
consistent estimator of W,.. Because \/Tﬂe ? 0 (49), a consistent estimator of W, results

directly from W : ) R o
Wee = Wy — WoaW gy Wa, (57)

since under Hy, %Wee — Wee. When W, has a Kronecker product form, we can construct the
p

LR statistic to test Hk : ¢, = ¢ and its limiting distribution is conditional on the eigenvalues
of E*'E*, where E* results from (22)-(23) with W, replaced by W... In a similar way, W.. can
be used for the rank statistic on which the limiting distribution of the QLR statistic depends.

The above shows that the J, K and (Q)LR statistics are applicable in a more general setting
than we used initially. In the next section, we discuss some examples of statistical models that
satisfy the conditions for usage of these statistics.
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8 Econometric Models

The AR, J, K and (Q)LR statistics can be used to test hypothezes on the parameters of
many frequently used models. We briefly discuss two examples of such models, i.e. the limited
information simultaneous equation and the observed factor model.

8.1 Limited Information Simultaneous Equation Model

For expository purposes we only use a specification of the limited information simultaneous
equation, or linear instrumental variables regression model, that does not include any exoge-
nous variables in the structural equation,® see e.g. Hausman (1983),

y= Xcq4+e¢,

X= ZB+V. (58)

The T'x 1 and T' x m matrices y and X contain the endogenous variables. The T" X n matrix
Z is a matrix of weakly exogenous variables (or instruments), see e.g. Engle et. al. (1983).
The T-dimensional vector ¢ consists of structural errors and V' is a T x m matrix of reduced
form errors. The m x 1 parameter vector c, contains the structural parameters. The n x m
parameter matrix B consists of the parameters of the second set of equations which are in
reduced form. The matrix Z is assumed to be of full column rank.

When we substitute the second set of equations for X into the first set of equations for y,
we obtain the restricted reduced form specification

y= ZBc,+u,

X— ZB+V. (59)

where u = V B +¢. The restricted reduced form is nested within the unrestricted reduced form

y= Za-+u,

X— ZB+V (60)

where a is a n x 1 vector of parameters, that has the vectorized specification

(1)- o (3)+(2)

with z =vec(X) = z, v =vec(V') = v, b =vec(B). Estimators for (a’ &')" in (61) that satisfy
(44) allow us, when we also have a consistent estimator for the covariance matrix V, to use the
AR, J, K and (Q)LR statistics. These statistics can be used to test Hy : a = Be, Hk : ¢, = ¢
and Hj : h, = 0, see e.g. Kleibergen (2001,2002) and Moreira (2001).

8.2 Factor Models

Factor models with observed factors are used to describe excess returns, i.e. the return in
deviation from a riskless return, on (portfolios of) assets in financial markets as linear functions
of a small number of observed factors, see e.g. Jagannathan and Wang (1996,1998),

/

R= (i1 F)(Z,,)Hf. (62)

8When we consider all variables as residuals from a regression on an additional set of exogenous variables,
the model results from a more general model that includes this additional set of exogenous variables in both
sets of equations.
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The T x n matrix R contains as its’ 7j-th element the excess return on asset j at time i,
1=1,...,T, 7=1,...,n. The T-dimensional vector ¢7 is a vector of ones. The T x m matrix
F contains as its’ 7j-th element the value of the j-th factor at time i, =1,..., 7,7 =1,...,m.
The T x n matrix U consists of disturbances and the n x 1 vector a and the n x m matrix
B contain the parameters. The excess returns on the asset are in deviation from the riskless
return and the constant term reflects the risk-premia on the observed factors. The parameter
vector a is therefore spanned by the columns of B, a = Bc,.
Instead of vectorizing the factor model (62), we vectorize its transpose and obtain

vec(R') = ((¢1r F) @ Iy) ( Z ) + vec(U’), (63)

with b =vec(B). An estimator of (a’ b’) in the vectorized model (63) that satisfies (44) alongside
a consistent estimator of the covariance matrix V' enables us to use the AR, J, K and (Q)LR
statistics to test Hy : @ = Be, or Hx : ¢, = ¢ and Hjy : h, = 0 when we specify a as
a = Bc, + By h,. Kan and Zhang (1999,2000) discuss the inferential problems with standard
tests of hypothezes on ¢, when B is relatively small. The (conditional) limiting distributions
of the AR, J, K and (Q)LR statistics are insensitive to the value of B and therefore do not
suffer from the problems analyzed by Kan and Zhang (1999,2000).

9 Conclusions

We isolate two independently distributed statistics from the AR statistic. Alongside the sum
of these statistics, that constitutes the AR statistic, we can consider other functions of these
statistics as well. An example of such a statistic is the LR statistic that has a conditional
distribution. We construct a statistic that mimics the properties of the LR statistic but that
can be used in case of a non-Kronecker covariance matrix. We also construct statistics that
determine whether a specific parameter is identified. We therefore analyze the behavior of
the statistics when the hypothesized value of the parameter converges to infinity in a specific
direction. All exact distribution results in the paper generalize to limiting distributions that
are free of nuisance parameters under mild conditions.

The analysis in this paper can be extended in several directions. In Stock and Wright
(2000) and Kleibergen (2001), these tests are cast into a generalized method of moments
setting such that they can accomodate non-linear hypothezes. Other possible extensions are
to conduct tests on sub-sets of the parameters.
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Appendix

The characteristic polynomial when S = s,,[,,. The characteristic polynomial when
S = sy 1y, equals,
Smdy s2 I A
~ d*/ B S d*
— —_1)™ d* Sm U,m mYU,m
(=1)" sl ( Myt — 5Dy 0 )‘
+872n()‘ — S?n)Am_l()\)
= (A= sh)Am-1(N) = spdif (A = s3)" 7

Apn(N) = ‘)\ImH - (

where df; = (dff 5, diy)' = (disy ...y, with dfy : (m—1) x Land djy; : 1x 1, i=1,...m
Recurrently, substituting A,,_1(\), Am_2(N), ... yields

AN = (A= 2) A1 (V) = 22, (A — s2)m!
= (A —s2) [( ) Am-o(N) — i (0= 5272 = 2,08, (0 — 2!
= (A= 82 A a() — s2did, (A — )" — 242, (A — s2)m
A\ — d*/d* d*/ d* s d*
— (/\ s )ml U, U, m¥yU,1 _52( - )m 1Zm d*2
smd*a1 A—s2 "
= (A= )= dydsy + dy, diy ) — (A= 2" did
= (A2 < 2\ = dygdyy — di, dy, ) - 52,y |
= A=sp)" N = Asp, + K+ ) —s2.J].

Proof that the K-statistic is a quadratic form of the derivative of the AR statistic.
The AR statistic reads, X )
AR = (& — Be)W,'(a — Be),

and we construct the derivative with respect to ¢ of each of its elements. The derivative of

a — Bc with respect to ¢ reads

da—Bc) _ >
oc! = —B.

Because d = d — (¢ ® I,,)'b and
vec(c® I,) = D7 eivec(uim ® I,),
where w; , is the i-th column of I,,, we obtain, by using Wyq = £(dd') = £(da’) —E(dV)(c®1,,),

that
QeedWaa) — (I, 4+ Kon) (In @ Wap) (vec(tn m @ 1) . . . veC(tm @ 1))

21



where K, is the n? x n? dimensional commutation matrix, see Magnus and Neudecker (1988).
The derivative of the AR statistic then becomes:

_10AR __ Ci’Wd:ilé (Ci,Wd:i ® C?dei )( o+ }Cnn)ﬁvec Wad)

2 oc ac
= d’ ddlB (d’de @ AW W) (vec(ugm @ 1) . .. vec(tmm @ 1))
- — (AW @ 1) (vec(d W Wap (urm © 1)) . . . vee(d' Wiz W (tm m & In))>
= dW'B — (AW 1) (vec(dW ' Wa,).. .vec(dfwgwdbm))
- d’delB (dWil @ 1) (WyaWild. .. Wbdedjd)

= dw;}! [B— (Wblde‘dch...Wbded‘dld)]
= dW'E,

where ¢ = b — W' Wa(d — d), d = 0, é =vec(E), Wiq = (Wha---Wi,a)'s Waa = nxm,
i =1,...,m, and which results because (d'W;;' @ AW )nn = (AW @ dW;;'). Since the
K-statistic is a quadratic form of d Wd_dIE , this shows that the K-statistic equals a quadratic
form of the derivative of the AR statistic with respect to c.

Conditional Information Matrix of ¢ given £ Because the logarithm of the likelihood
is proportional to minus the AR statistic, the conditional information matrix of ¢ given E
results from differentiating the first order derivative of the AR statistic with respect to ¢ :

S 1) [
B =~ (& ddld) B

= —(EW g +(d e E/)(de @ W' )2y
= E'Wy'B~ (d/de © EWi ) (In + Koan) (vec(Way,) ... vec(Wa,, )
= EW B (WoaWiidd ... Wi aWiid) | = EWiit (Wan Wod . Wa, Wighd)

= BWE+ EW! (del Wiotd.. W, Wd—dld) ,

N =
D

where we, since E is given, did not take the derivative of E with respect to ¢ and we used that
(dWag' @ EWi')(In + Kun) (vee(Wap, ) . .. vee(Wa,,)) =
= [(@W @ EWg) + (BWi! @ dWeh)]| (vee(Wa,) ... veo(Wa, )
= BW | (vec(Wa, Wikd) . . . vec(Wa,, W(;;d)) + (vec(ci’Wd_ledbl) . vec(cZ’WC;;dem)ﬂ
— Ew [(Wa, Witd. .. demwd;lld) + (Wblde—;cZ. . Wbmdwdjdﬂ .
Since d is independent of F and £(d) = 0, we then obtain that
T(elB) = & (EWG'E+ EWg (WanWitd ... Way,, Wi d) | )
= B'W,'E.

Invariance of the AR, J and K statistics to the specification of ¢. The AR, J and
K statistics are invariant with respect to the specification of ¢ when we specify Hy : a = Bc
instead by Hy : @ = B*c¢* with ¢* = Dc and B* = BD™! for an invertible m x m matrix D.
The specification of the covariance matrix V' (2) then reads:

‘/aa Vab*
Ve = ,
(v v )
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with Vg = (D7 ® 1) Vi, Virpr = (D71 @ L) Vig(D™! @ I,). The covariance matrix W (7)
becomes

!/

. I, 0 . I, 0
W= (—(c*®]n) L. )V —( 1) I
< (oton ) (5 o )'V(I" o ) (ol
T\ —(De® 1) I, 0 (D 1@1) 0 (D'®I,) —(De® 1) Ipn
- (ot V(a0 )
T\ —(e® 1) D1®I (D' ®I,)
- Waa  Wap
=\ Wya Wi

such that Wiy = (D' ® I,) Wyq and Wiy = (D' @ I,)Wy(D™ @ I,,). The alternative
specification of Hy does not alter d,

~ A

d=a— Bc=a— B*c*

with B* = BD‘l, such that, since Wy, also remains unchanged, the AR statistic is invariant
to the transformation from c to c*.
For the invariance of the J and K statistics, we analyze é* and E*,

o = b — Wy gWitd = (D' @ I,,)'é
such that A A
E* =ED™, Wae = (D@ L)W DL @ 1,).

This directly implies that
K = d'W' E* (B W E*) L E¥ W d = d Wi E(E'W,  E) T E'W M,

so both the J and K statistic are invariant (The invariance of the J statistic results because
J=AR—K and both the AR and K statistics are invariant).

Limit behavior of the K-statistic as a function of ¢ The K-statistic is invariant with
respect to the specification of c. We therefore only consider the limit behavior of the K-statistic
with respect to one element of ¢ = (¢; . .. ¢,,)’, say ¢1. The limit behavior in any other direction
of ¢, say ¢ = ¢,r, with r a scalar, can be obtained by conducting a transformation, from c to Dc,
with D an invertible m x m matrix such that Dc, corresponds with u; ,,. This transformation
implies subsequent transformations of B to BD‘I, Vip to (D' @ 1) V(D' @ I,,) and Vi to
(D' ® I,,)'Vig.
To obtain the limit behavior of the K-statistic as a function of ¢, we consider that

K(c) = dW ' E(E'W ' E) ' E'W 1,

and that E'W;'d is the derivative of the AR statistic with respect to c. Because the AR
statistic converges to a constant function when ¢ converges to infinity, its derivative £’ Wd_dld

converges to zero. £’ de;ci converges to zero because some elements of E converge to zero. In
order to obtain the limit behavior of the K-statistic, we therefore focus on the highest order
terms of the limit behavior of E. In order to do so, we denote E as

0
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where é; = b; — Wbidefilci, B = (51 . l;m), and analyze the behavior of é as a function of a
scalar r for which we denote ¢ as ¢ = ¢,r

(err) = b= Vi = Vislre, ® L,)] [1PA(er) + r(B(ex) + Bler)) +€) 7 a = (rey @ L))
= b= Vi = Vis(rer ® )] [ A(e) ™ = FA(e) 7 (Bler) + Bler) ) Aler) ™ + O)]
[d —(re,® In)’g]
= [Imn — Vin(cr @ 1) A(er) ™ (CT ® In)/] + % [Vin(cr ® In)A(Cr)_ld + Vba-A(Cr)_l
(e ® 1)~ Vigler © 1) Ale > Y(Bler) + Bler))Ale) H(er @ 1)'D] + O()
= [Lnn — Vinlcr ® L) Aler) (e, © 1) b
+1 [Vis(er @ L) (A(er) Y B(CT)A(CT)—l(cT @ 1))
3 (L = Vin(er @ L) A(er) ™ (e @ )] ViaAler) (e @ L)D + O(y),

r

where O(T%) denotes that the highest order of r in this remainder term is proportional to r%,
Aley) = (¢, @ L) Vip(e, @ 1), Ble,) = V(e @ 1,), C = Vg, and we used that

2 A(e,) + r(B(e,) + B(e,)) + ¢
= S A(e) ™ = ZA(e) HA(e) T+ (rB(er) + rB(e) + C) ) T HA(e) T
= T%A(CT>_1 - %4-’4(07‘>_1(A(C7")_1 + i(B(Cr) + Ble,)' + %C)_l)_lA(cr)_l
= A(e) ™ = s Ale) H(rA(e) ™ + (Bler) + Ble,) + 3C) 1) T A(er) ™
= Ae,) ™ = 5 Ale) M (Bler) + Ble))Ale,) ™ + O(x)

The behavior of é;(¢,r), i = 1,...,m then results from

éi(e,r) = (Ui ® I,)'é(c,r),

where u; ,, is the i-th column of I,,. As mentioned before, we only consider the limit behavior
in case ¢, = Uy ,,. The limit behavior for other specifications of ¢, can be obtained through a
transformation. The specification of ¢, = u, ,,, implies that

él(ul,m”/’) = 1 %1b(U1,m X In)(A(Ul’m)_ld — B(ul,m)A(ul,m)_l(ul,m X ]n),[;] -+ O(riz)

= % %151 (wlbl)_la‘ - ‘/:lbl Vb;blli)l] + O(T%)
= o=V Vb | +O(h),
(i) = (Ui ® L) = Viro(t11,m ® L) A(ttnm) (i ® L)) b+ O(2)
bl_‘/b,,bl‘/;):bllbl—i_o(%), 7::2,...7m

The behavior of d and Waq as functions of r is described by

d(e,r) = a—r(c, ® I,)'b,
Waa(err) = 2 A(c,),
such that for ¢, = uy,, :
cz(ulymr) = a-— 7“(31,
Waa(ui,m) = Vi,
and the limit behavior of the K-statistic corresponds with

KLIM(u1 ) = lm, oo K(c = U1 ,r) = b vV, 2

V,.2h
b F v, 7EL1M(u1 ) 107
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where
ELIM(uy,,) = (a — Va Vi by by = Vi Vi by - b — Vi vb;bllél) ,

which we obtained by post-multiplying (é; ... é,,) by a m xm diagonal matrix with (r,1,...,1)
on the diagonal. This diagonal matrix cancels out in the K-statistic.

LimitAb/ehavior of W, as a function of ¢ To construct the limit behavior of W, we use
that (3)' V(%) = d'W,;;'d + éW_'é is constant and does not depend on c. Hence, the limit
behavior of ¢'W_'é, when ¢ = uy ,,7 and 7 converges to infinity, results as

100, g0 ey € Wi hE = (g):vfl (3) = Wi, oc ez pur A Wii'd
(V" () - ARLIM(u,)
() V() — bVim b
The limit behavior of ¢W_'é and é then imply that the behavior of W,,, when ¢, = uy 1, is
characterized by

[~

%(Vaa - V:Iblvb:bl Vbla) + O(r

o ) %(VabQ - Vablvb:b1 %1b2) + O(L>
%(Vbza - Vbzbl Vb;bl Vbla) + O(

72

) Vbzbz - Vbzbl V;;Iblvlnbz + O(%

=S = W)

Wee(ul,mr) =

%(mea - ‘/bmbl Vb:bll me) + O(%) mebz - meb1 %:1311%11)2 + O(%)
+(Vab,, — Vabl‘@%‘/blbm) +0(;5)
Vs = Vosbs Vi Vorbm + O (5
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Panel 2: Power curves of AR, ayg = 0.05 (solid line); K, ax = 0.05 (dashed line); J, oy = 0.05
(dashed-dotted line); J-K, a; = 0.01, ax = 0.04 (dotted line); LR, arr = 0.05 (plusses);
statistics that test Hy : a = b (AR and J-K) or Hy : ¢, =1 (K, LR) or Hy : h, =0 (J).
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Panel 3: Power curves of AR, axg = 0.05 (solid line); K, ax = 0.05 (dashed line); J, ay = 0.05
(dashed-dotted line); J-K, a; = 0.01, ax = 0.04 (dotted line); LR, arr = 0.05 (plusses);
statistics that test Hy : a = b (AR and J-K) or Hy : ¢, =1 (K, LR) or Hy : h, =0 (J).
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Panel 4: 1 — p-value plots of AR (solid line); K (dashed line); J (dashed-dotted line); and LR
(plusses); statistics that test H, : @ = bc (AR), H, : ¢, = ¢ (K, LR) or Hy : hy = 0 (J) for
a range of values of c.
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