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Abstract

We obtain the prior and posterior probability of a nested regression model as the
Hausdorff-integral of the prior and posterior on the parameters of an encompassing linear
regression model over a lower dimensional set that represents the nested model. The
invariant expression of the Hausdorff-integral results from a uniformly converging limit
sequence of encompassing full dimensional sets. The uniform convergence avoids the
Borel-Kolmogorov paradox. Basing priors and prior probabilities of nested regression
models on the prior on the parameters of an encompassing linear regression model reduces
the discrepancies between classical and Bayesian inference, like, the Jeffreys-Lindley’s
paradox. Depending on the parameter of interest in the encompassing linear regression
model, the posterior odds ratio is fully robust to the Jeffreys-Lindley’s paradox or only
allows for a non-informative prior on the parameters of the encompassing model. We
illustrate the analysis with examples of linear restrictions, ¢.e. a linear regression model,
and non-linear restrictions, ¢.e. a cointegration and an autoregressive moving average
model, on the parameters of an encompassing linear regression model.

1 Introduction

In Bayesian model comparison based on Bayes factors and prior and posterior odds ratios, prior
probabilities for competing models are assigned independently of the priors on the parameters
of these models. When one of the models encompasses the others, the prior on its parameters
has a specific value at the points in the parameter space that correspond with the competing
nested models. Hence, it can occur that this prior has a low value at the location of a competing
nested model while that model has a prior probability equal to the prior probability of the
encompassing model. This leads to a distinct difference between classical and Bayesian model
comparison which is referred to as the Jeffreys-Lindley’s paradox, see e.g. Lindley (1957),
Bernardo and Smith (1994), O’Hagan (1994) and Poirier (1995). Similar differences arise when
we compare the functional forms of sampling densities of maximum likelihood estimators and
posteriors of the parameters, see Kleibergen and Zivot (2002).
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The priors and prior probabilities are specified independently because the prior on the
parameters of an encompassing model does not imply unambiguous probabilities for the lower
dimensional sub-sets of its parameter space that constitute the nested models. This is known
as the Borel-Kolmogorov paradox, see e.g. Kolmogorov (1950), Dréze and Richard (1983),
Billingsley (1986) and Wolpert (1995). The paradox results because separate limit sequences
can be constructed, that converge to a lower dimensional set and are needed to obtain its
probability, which, however, lead to different expressions of the probability of the lower di-
mensional set. To avoid the Borel-Kolmogorov paradox, we show that it is necessary to use
limit sequences that converge uniformly, i.e. that converge appropriately for all possible sub-
sets of the lower dimensional set. All uniformly converging limit sequences lead to the same
expression of the Hausdorff-integral over the lower dimensional set. This expression implies
the prior or posterior probability of a nested model that is induced by the prior or posterior on
the parameters of an encompassing model. Also the priors and posteriors on the parameters
of nested models result from these Hausdorff-integrals.

The discrepancies between classical and Bayesian model comparison reduce when we use
priors and prior probabilities for nested regression models that result from a prior on the
parameters of an encompassing linear regression (ELR) model. Depending on the specification
of the ELR model, the Jeffreys-Lindley’s paradox is partially or fully overcome. The Jeffreys-
Lindley’s paradox is fully overcome when the classical “t-values” are the parameters of interest
in the ELR model. Just the sensitivity with respect to the prior variance is overcome when we
use the parameters of the ELR model as the parameters of interest. Similar results hold for the
functional forms of the posteriors and sampling densities of maximum likelihood estimators
which are also more in line with one another when we use priors that are induced by the prior
on the parameters of an ELR model.

The paper is organized as follows. In the second section, we motivate our analysis and
specify the regression models that are nested in the ELR model. In the third section, we
discuss the uniformly converging limit sequence by which we avoid the Borel-Kolmogorov
paradox and that allows us to obtain the Hausdorff-measure of a lower-dimensional set. In the
fourth section, we obtain the prior and prior probability for each nested regression model that
is induced by the prior on the parameters of the ELR model. We introduce an example, that
we use throughout the paper, to illustrate what this prior probability amounts to. The fifth
section extends the results to the posterior and posterior probability. In the sixth section, we
discuss the Jeffreys-Lindley’s paradox. We use our example to show, that depending on the
parameter of interest in the ELR model, that the Jeffreys-Lindley’s paradox is partially or fully
overcome. These robustness properties imply that the posterior odds ratio can be constructed
even in case of a non-informative prior. The seventh section discusses regression models that
are conditional on nuisance parameters. The eight section contains illustrative examples where
we focus on the construction of specifications that satisfy the assumption needed to obtain the
uniformly converging limit sequence. We show them for regression models that result from
linear restrictions, i.e. linear regression models, and non-linear restrictions, the cointegration
and autoregressive moving average (ARMA) model, on the parameters of an ELR model.
Finally, the ninth section concludes.

We use the following notation throughout the paper: vec(A) stands for the column vec-
torization of the 7' x k matrix A such that vec(A) = (a}...a}) when A = (ay...a).
My = Ip — A(A'A)7A’, with Iy the T x T dimensional identity matrix; J(a, (b,c)) is the
Jacobian of the transformation from a to (b, c) and |, stands for evaluated in a.



2 Motivation

We consider the ELR model,
G:y=Xp+e¢, (1)

with y a T" x 1 vector of observations on the dependent variable, X a T x k matrix that
contains the independent explanatory variables, 5 a k x 1 vector of parameters and € a 7' x 1
vector of disturbances. The support of /3 is the R*. For expository purposes, we assume that
e ~ N(0, I7). This distributional assumption can however be generalized which we further
discuss in Section 7. We specify a prior on  in model G, pg(5), that is continuous and
continuous differentiable.

We compare and analyze the regression models

Gi:y=Xfi(p;) +e, 1=1,...,n, (2)

with ¢; € O¢,, B¢, is an open convex set in the R™ and f; is a k-dimensional continuous
differentiable function of the m; x 1 vector ¢;, m; < k. Each model G; in (2) is nested in the
ELR model G in (1).

Traditionally, a prior is specified on ¢, in G;, pg, (¢;), without considering that G; is nested
in G. This implies that the restrictions that G; implies on G are directly imposed and that the
transformation from G; to G is left aside, see e.g. Dréze and Richard (1983). The behavior of
the posterior of ¢, in G; can then be pathological when f;(p,) is a non-linear function while
the posterior of # in G is well-behaved. Examples of such models G; are cointegration and
simultaneous equations models, see Kleibergen and van Dijk (1994,1998) and Kleibergen and
Zivot (2002). Similarly, the prior probability for G;, Pr[G;], is specified without taking the
prior on 8 in G into account. It can therefore occur that the prior on 3 has a relatively low
value at the parameter values of 3 that correspond with G; while the prior probability of G;
is relatively large. To overcome these controversies, we propose a framework which explicitly
takes into account that G; is nested in G for the construction of the prior for ¢, and the prior
probability of G;. We therefore base both the prior for ¢; and the prior probability of G; on
the prior on 3 in G, pg(B). Since the likelihood is a continuous function of the parameters,
the results directly extend to the posterior and posterior probabilities.

3 Hausdorff-integrals over lower dimensional sets

We represent the nested regression models G; in (2) by lower dimensional sets in the parameter
space of /3, the R¥,

SGi = {(pi S ®Gi CR™

Bzfi(goi)}a i=1,...,n. (3)

The sets Sg, in (3) are m;-dimensional manifolds in the R*. We use the sets Sg, to induce the
prior probability and density of the regression models G; from the prior pg(5) on S in G.
The prior pg(3) induces prior probabilities for convex k-dimensional sets S C RF,

Pre 5] = /5 pe (8)dB, (4)

where df3 is shorthand notation for Ly (df) because (4) is a Lebesque-integral. To construct the
prior probability of G; induced by pq(/3), we evaluate the integral of pg(5) over Sg,. When



S in (4) is a m-dimensional manifold and m is less than k, the Lebesque-measure of S in
R*, L;(S), equals zero. Hence, we can not use standard Lebesque integration to obtain the
integral of pg(3) over S. Instead of the Lebesque-measure, we therefore use a measure that
is defined for lower dimensional sets: the Hausdorff-measure, see e.g. Billingsley (1986) and
Rogers (1999).

Definition 1: The Hausdorff-measure of a m-dimensional set S in the R*, H,,(S), k > m,
18 the infimum of positive numbers y such that for every r > 0, S can be covered by a countable
family of closed sets, each of diameter less than r and the sum of the m-th powers of these
diameters is less than y :

Hy,(S) = inf ¢y, ) ; diam(B;)™, (5)

with Bj, j = 1,... the countable number of sets whose union covers S, diam(B;) stands for
the diameter of Bj, diam(B;) = suplla —b| : a, b € B;], and ¢, is a normalizing constant.
The Hausdorff-measure is invariant to the specification of S and can be infinite.

When m equals k, the definition of the Hausdorff-measure in (5) gives the volume of S and
the Hausdorff-measure and the Lebesque-measure coincide if ¢, is specified appropriately. To
obtain the Hausdorff-measure of the m;-dimensional set Sg,, where m; is less than k, we use
an invertible mapping of /3, that spans the R*, into ¢, and an additional (k — m;)-dimensional
parameter vector \; that is such that when \; converges to zero [3(y;, A;) converges uniformly
to fi(y;), i.e. for all values of ¢;.

Assumption 1: In model G from (1), the kx1 dimensional vector 3 is an invertible function
of the m; x 1 dimensional vector p, and the (k —m;) X 1 dimensional vector \; :

6 = fZ((Pz) + gi(cpi’ Al)? (6)

where g;(v;, Ai) s a continuous differentiable k x 1 vector function of (¢;, \;) which is such
that:

b. The set of values of @, that lead to a unique value of fi(y;), or for which gf;}_ has full

rank, is identical to the set of values of p, that lead to a unique value of f;(p;)+ éi(cpi, i),
or for which (g_sﬁ + ggj : %) has full rank, and the latter set does not depend on \;,

such that g;(v;, \;) is a strictly monotonic function of X\; for all values of ,.!

!/
c. (agigﬁfé’)"')) (891-599;2,/\1-)) = A; for all values of (p;, \;), with A; a fixed positive definite

symmetric (k —m;) X (k —m;) matriz that does not depend on (p;, A;).

Definition 1 implies that the Hausdorff-measure of Sg, results from a countable number
of sets whose union covers Sg,. Definition 1 does not lead to a straightforward manner of

'We note that this condition refers to the functional relationship f;(¢,) + g:(;, Ai). The spaces where ¢,,
\; result from are therefore considered unrestricted, ¢, € R™:, \; € RF~™: such that O, is not involved and,
for example, the intersection of the set of values of ¢, that do not imply a unique value for f;(y;) and Og,
can even be empty.



constructing the Hausdorff-measure because such a union of sets can be difficult to obtain.
Assumption 1 alleviates the construction of the Hausdorff-measure by specifying a functional
relationship between 8 and (g;, \;). We can use this functional relationship in two different
manners to obtain the Hausdorff-measure of Sg,.

Assumption 1 allows us to project 3 onto fi(¢;) such that all sets 3(O¢,, A, ), with A;; an
open convex set in the R¥=™ are projected onto Sg,. A Hausdorff-measure of Sg, can then
be constructed by integrating a distance-measure of \; with respect to an integrable function
of \;, like, for example, a density function, see e.g. McCulloch and Rossi (1992) and Doster
(1998). This leads to the Hausdorff-measure of Sg, that is marginal with respect to \; since
it results from integrating over \;.

We construct the Hausdorff-measure of Sg, in the alternative conditional manner that re-
sults from conditioning on \; = 0. The Hausdorff-measure is then obtained through a sequence
of sets in R¥ that monotonically and uniformly converges to Sq,. Assumption la implies that
A; reflects the difference between 5 and f;(y;). Assumption 1b is a technical condition that

ensures that \; reflects this difference for all points ¢, where ‘gﬁ has full rank. Assumption
1b is just a translation of the necessary condition of uniform con\;ergence, 1.e. convergence for
all values of ¢, for which gf; . has full rank. Assumption 1c implies that the difference between
p and f;(¢;) does not depeﬂd on ;. The normalizing constant that is used for the Hausdorft-
measure of sub-sets of Sg, is then identical for all sub-sets of Sg,. This is necessary for an
appropriately defined normalizing constant. Assumption 1 is thus a necessary and sufficient
condition to obtain an invariant expression of the Hausdorff-measure that results from a limit
sequence of sets that converges to the lower dimensional set.

Assumptions la-b enable the construction of a limit sequence of sets that converges mono-
tonically and uniformly to a sub-set of Si,. To construct the Hausdorff-measure of such a

m;-dimensional set Wg, (C Sg,) in the R¥,

B:fi(goi)}v t=1,...,n, (7)

with g, a convex open m;-dimensional sub-set of O,, we use the k-dimensional set

WGi(lO) - {sz € QGm Ai € Bk_mz(07p> - RF—mi 6 = fz(gpl) + gl(gpz?AZ)} ) (8)

where By_,,, (0, p) is a (k—m;)-dimensional sphere with radius p and the (k—m;)-dimensional
vector of zeros as its center. The set W, (p) contains W, for all values of p and for a sequence
of values of p, p; > py > ... > p, > 0, Assumptions la-b imply that,

WGi = {901' € QGi - @Gi

We,(p,) € Wa,(pn_q) C ... € Wa,(py) C We,(py) for all convex sets g, C R™:. 9)

This implies that the convergence of W, (p,,) to W, is strictly monotonic and holds for all
sets (g,
lim, o Wg,(p) = W, for all convex sets g, C R™. (10)

To obtain the Hausdorff-measure of W, we use the Lebesque-measure of W, (p) which
we normalize to account for the difference in dimension between the m;-dimensional set W,
and the k-dimensional set W, (p). The normalizing constant is the inverse of the Lebesque-
measure of the transformation of the sphere By_,,,(0, p) by the function g;, see the Appendix
for a proof:

1

Ci(p)_l = |Az‘2 V;cfmi(p)a (11)

with Vi, (p) the volume of a (k — m;)-dimensional sphere with radius p. Assumption lc
ensures that the normalizing constant does not depend on (;, A;) and is therefore the same
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for every sub-set Wg, of Sg,. The Hausdorff-measure of W, then results as the limit when p
converges to zero of the product of the normalizing constant ¢;(p) and the Lebesque-measure
of WGi (p) :

The normalizing constant ¢;(p) converges to infinity when p converges to zero and therefore
offsets the convergence to zero of the Lebesque-measure of W, (p). The Hausdorff-measure of
We, in (12), which is a transformation of Q¢, by f;, results from conditioning on a zero value
of \; and does not result from integrating over ;.

Theorem 1 Whenm; is less than k and Assumption 1 holds, the Hausdorff measure H,,,(W,)
in (12) is equal to

[N

qu(WG) = fQGi d%—, (13)

!
Ofi Ofi
<aso§) M(MAFO) (8@2)

AN
k2

and is invariant with respect to transformations of 5 and (p;, \;) that satisfy Assumption 1
and control for the transformation of 3.

Proof. see the Appendix. m

The definition of the Hausdorff-measure also shows how Hausdorff-integrals of non-negative
functions are constructed, see e.g. Billingsley (1986) and Rogers (1999).

Definition 2: When m; is less than k and Assumption 1 holds, the Hausdorff-integral of a
non-negative function q(f3) over the m;-dimensional set W, reads

Jwe, (B) Hmi(d5) = Timy, g [Ci(/?) Jwe, Q(ﬁ)dﬁ] . (14)

Theorem 2 When m; is less than k and Assumption 1 holds, the Hausdorff-integral of the
non-negative function q(B3) over We, from (14) is equal to

fWGl. Q(6>Hml(dﬁ) = : fﬂci q(ﬁ(%’a >‘l) Ai=0) ‘J(ﬁa (901'7 )‘l))

1
|A:]2

=0 d;. (15)

The Hausdorff-integral in (15) is invariant with respect to transformations of 5 and (p;, \;)
that satisfy Assumption 1 and control for the transformation of 3.

Proof. see the Appendix. m

When m; equals k, the Hausdorff-measure and integral are identical to the Lebesque-measure
and integral. We use the Hausdorff-integrals to construct prior and posterior probabilities and
densities of the models G; that are induced by pg(5).

The Hausdorff-measure in Theorem 1 gives the measure of a lower dimensional manifold.
These lower dimensional manifolds represent different models that are nested in the ELR
model. We use the Hausdorff-measure to construct priors and posteriors of the parameters
of these different models. When the functional form of a class of density functions, such
as posteriors, is given, a Hausdorff-measure can be used to construct the relative distance
between all densities within this class and a specific one of them. These kind of analyzes are
conducted in, for example, McCulloch and Rossi (1992) and Doster (1998). McCulloch and
Rossi (1992) use projection functions to map S onto f;(i;). Doster (1998) uses Hellinger and
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Kullback-Leibler distance metrics for the involved density functions. Doster (1998) shows that
the resulting specification of the Hausdorff-measure corresponds with a Jeffreys prior, i.e. a
prior that is proportional to the square root of the determinant of the information matrix.
For a specific choice of the parameter (3, the latter also holds for the Hausdorff-measure (13)
for some nested regression models. When £ is the vector of (conditional) classical t-values
of the parameters of the ELR model, the Hausdorff-measure from Theorem 1 is identical to
the Jeffreys prior in these models. An example of such a model is the instrumental variables
regression model, see Kleibergen and Zivot (2002).

Borel-Kolmogorov Paradox

The Borel-Kolmogorov paradox, see e.g. Kolmogorov (1950), Dréze and Richard (1983),
Billingsley (1986) and Wolpert (1995), implies that the probability of a lower dimensional
set is not unambiguously defined. Theorems 1-2 state the Hausdorff-measure and integral for
lower dimensional sets. These integrals lead to probabilities that are invariant with respect
to their specification when this specification accords with Assumption 1. Assumption 1 gives
therefore a manner of specifying probabilities on lower dimensional sets that is robust to the
Borel-Kolmogorov paradox. The Hausdorff-measure and integrals in Theorems 1 and 2 avoid
the Borel-Kolmogorov paradox because we use a limit sequence in which a sequence of sets
converges uniformly to the restricted set. Only in case of such uniform convergence does the
limit sequence allways converge to the restricted set. We therefore avoid the issue of non-
conglomerability, ¢.e. an ambiguous way of reflecting the restriction, that is one element of the
Borel-Kolmogorov paradox, see e.g. De Finetti (1972). Assumption 1c allows us to obtain the
normalizing constant for the Hausdorff-measure.

The traditional example of the Borel-Kolmogorov paradox is one where we have two random
variables, ¢ and A, with joint density p(p, \) and we want to condition on a zero value of A,
see e.g. Dréze and Richard (1983) and Wolpert (1995). We can, for example, use either A or
= % to construct a limit sequence of sets that converges to the zero value of \. When we use
A in the limit sequence, p(p|\)|a=o is the density on the restricted set while |p|p(p|A)|r=0 is
the density on the restricted set when we use p. The difference between these densities reflects
the Borel-Kolmogorov paradox and shows De Finetti’s (1972) issue of non-conglomerability,
i.e. the restriction can be represented in a non-denumerably infinite number of ways. The
difference between the densities arises because the limit sequence does not converge uniformly
when we use p to reflect the restriction. If ¢ equals zero, the limit sequence that involves
it is not defined and hence its convergence is not uniform over all values of . Assumption
1b implies uniform convergence and the specification that involves i does thus not satisfy
Assumption 1b. The specification that involves u does also not satisfy Assumption lc. The
specification that involves A satisfies Assumption 1.

We conclude from Assumption 1 that the Borel-Kolmogorov paradox is avoided when we
only use limit sequences that converge uniformly. A Bayesian specifies the restricted set, i.e.
the nested models G;, a priori and limit sequences that converge uniformly are obvious since
they always converge to the sets that reflect the models G;. This also holds for the traditional
example discussed previously. The arisal of the Borel-Kolmogorov paradox when we use other
limit sequences further emphasizes this point.



4 Prior density and prior probability

We construct the prior probability of G;, i = 1,...,n, that is induced by pg(5). In order to
obtain these probabilities we assume that the set of models G;, i = 1,...,n, is complete.

Assumption 2:  The true model is an element of {G;, i = 1,...,n} such that the joint prior
probability of the regression models G;, 1 =1,...,n, is equal to one.

Assumption 2 shows that we consider the models G;, i = 1,..., N, as mutually exclusive
events, unless they result from functions fi(p,) that are invertible transformations of one
another, even when one of them equals G and encompasses all the other models. Hence, all sets
Sg, constitute a mutually exclusive event, the model G;, although they are lower dimensional
sets in the R*. The probabilities for these events result from the Hausdorff-integral over Sg,
with respect to the prior pg () after an appropriate normalization for the completeness of the
set of models G;, ¢ = 1,...,n. The Hausdorff-integrals result from Theorem 2.

Theorem 3 When Assumptions 1 and 2 hold, the invariant prior probability for model G;,
i=1,...,n, that is induced by pe(B) reads

Prg[G] = 2 i=1,...,n, (16)

with
QGZ- = fsci pG(B)Hmz(dﬁ)a (17)

and
Q - Z}Uzl fU:Z1Sij pG(ﬁ)Hm](dﬁ)a (18)

with w the number of sets S¢, that have a different function f;, w < n, n; is the number of
sets that have the identical function f; (or an invertible transformation thereof), m; is the
dimension of Sq; and S;;, i; =1,...,n; are the sets with the same function f; involved.

Proof. follows directly from Theorem 2. The specification of () ensures the completeness
that results from Assumption 2. m

When m; equals k, the Hausdorff-integral is identical to the Lebesque-integral and
If m; is less than k, we obtain from Theorem 2 that

oPrG [B{OG ;. (—o0 X))

{ O '”‘4 P ()=
Qo = (22020, ] T Al [f@c pa (@il )|,

(20)

where we haved used that

pG(SDiy)\i) = pG(ﬁ(pr)‘l)”J(ﬁ? (pr)‘l)” (21)
= pc(eilAi)pa ().

The resulting specification of () is then

w— (A)Ix;=
Q= X == |l o, a2y =0y | + [, P (8)dB,

with ny, the number of sets of dimension k. Because of Theorem 2, the prior probability (16)
is invariant with respect to the specification of /3, (¢;, A;) that satisfy Assumption 1.
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Example Model

For expository purposes, we consider an example with n = 2. We use this example through-
out and explicitly indicate whenever we use it. We use Theorem 3 to obtain the prior proba-
bilities of respectively a nested (non-linear) regression model,

Gy =Xfiler) +e (22)

with ¢; € B¢, C R™, such that

Sa, = {1 € O, CR™[B = filp1)}, (23)

where m; is less than k and fi(p;) continuous and continuous differentiable, and an ELR
model,
Go:y=Xp+¢, (24)

with 3 € R* such that Sg, = { g e Rk} . Hence, the model set under consideration includes
(22) and the encompassing model in (24), that is identical to (1).

The vital element of the applicability of Theorem 3 is the existence of a function g;(¢;, A1)
which is such that 5 and (y;, A1) satisfy the conditions from Assumption 1. It depends on
fi(¢y) whether ¢1(p, A1) is straightforward to obtain. We therefore give examples of its
specification for some commonly used regression models in Section 8. Alongside Assumption
1, we also make Assumption 2. Because f S6, PG (B)d = 1, we obtain the probabilities induced

by pg(B) for Sg, and Sg, from Theorem 3,

Prg [Sc,] = 1-?53;17 Pre [Sa,] =1 — Prg [Se.] (25)
with o)l
Qc, = % [f@c1 pG(901|)‘1)|>\1=0d901] - (26)

These prior probabilities imply the prior odds ratio (PROR):

PROR [Gy, Go] = 14 @)

Qa,-

The prior probability from Theorem 3 also implies a prior density of ¢, on O, .

Theorem 4 When Assumption 1 holds, the prior probabilities (16) induce the prior densities
pGﬁ(@z) = hmpﬂo LPT([[BGAS(LZP;])} 1=1,...,n,
pG(Sﬂip\i)l‘Ai:OZ ' (28)

o, a(ulXi)lx;=odu’
ok

on Og,, where By, (v;, p) is a m;-dimensional sphere with radius p centered at ¢; € O¢, and
Pre [Gi(p;, p)] is the prior probability for G; when p, only results from By, (v;, p). The prior
density (28) is invariant with respect to transformations of 3, (¢;, Ai) that satisfy the conditions
from Assumption 1 and control for the transformation of 3.

Proof. see the Appendix. m



Example Model
Theorem 4 implies the prior on ¢, in Gy :

pa (p1]1A1)1x =0

PG (1) = f@GI G (ulA1)]x, —odu’ (29)
and on § in Gy :
pas(8) = pa(B). (30)

Theorem 4 implies that these priors are invariant with respect to the specification of (¢, A1)
and [ that satisfy Assumption 1.

Theorems 3-4 show how we conduct Bayesian inference in regression models that are non-
linear in the parameters in a manner that is consistent with the Bayesian inference in ELR
models. The latter analysis is well-developed and Theorems 3-4 show how we extend this
analysis to regression models that are non-linear in the parameters. For example, sufficient
statistics exist for the parameter 5 in G and we therefore know how the prior influences the
posterior, see e.g. Box and Tiao (1992) and Chao and Phillips (1998). By specifying the prior
on @, in G; according to Theorem 4, this property also holds for the prior and posterior of ¢,
in G;. We discuss it for the posterior in the next section.

5 Posterior density and posterior probability

The posterior for 5 in G from (1) is obtained by updating the prior with the likelihood:

(LD
pa(BID) = C D (31)

where L£(D|S) is the likelihood function, which in our case of standard normal disturbances
corresponds with

L(D|B) = (2m) 3T exp [~L (y — XB) (y — XPB)] - (32)

However, any other likelihood that is a continuous and continuous differentiable function of 3
can be used as well. Because the posterior in (31) is a proper density function, and therefore
non-negative, we can, analogous to Theorem 3, construct posterior probabilities by usage of
Theorem 2.

Theorem 5 When Assumptions 1 and 2 hold, the invariant posterior probability for model
G, i =1,...,n, that is induced by pe(B|D) (31) reads

Prg[G|D] = <2 i=1,...,n, (33)

with
Qap = Js,, Pa(BI1D)Hp, (dB), (34)

and
Qp= Y, U, s, pa(B|D)Hy, (df). (35)
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Proof. results directly from the proofs of Theorem 2. m

When m; equals k, the Hausdorff-integral is identical to the Lebesque-integral and
Qa,p = fSci pa(B|D)dB. (36)

If m; is less than k, we use Theorem 2 to obtain that

Ai|D)|x—
Qogp = B2t [0 pi(oilhi D)o (37)
where
pe(@i MilD) = pa(B(pi A)|D)|J(B, (95 Ai)] (38)
= pc(wilAi, D)pa(Ni|D).

The accompanying specification of (Jp is given by
PG (Aj1D)|x;=0 [fuﬁ_j_ . pG(‘Pj|>\j’D)|/\j:OdLP]‘:| 39
QD = Z;‘Uz_ll ]71|A_Z‘J% + fU;1€1S(ii pg(ﬁ’D)dﬁ ( )

We refer to Theorem 3 for further clarification of the different symbols. Theorem 2 shows
that the posterior probabilities are invariant to the specification of 5, (p;, A;) that satisfy
Assumption 1.

Analogous to the result in Theorem 4, the posterior probabilities in (33) also imply a
posterior density for ¢, on Og,.

Theorem 6 When Assumption 1 holds, the posterior probabilities (33) induce the posterior

densities (i AL.D)|
o PalpilAi, A;=0 N
sz (gpl’D) - f@Gi pc(u‘)\i,D)‘/\i:odu t= 1, ’

SNy (40)

on Og,, and these posterior densities are invariant with respect to the specification of B, (v;, Ai)
that satisfy the conditions from Assumption 1.
Proof. results directly from the proof of Theorem 4. m

Naturally, the posterior densities (40) also result when we update the prior pg,(p;) with the
likelihood:

_ PG, () L(DIB) =71, (1) .
sz(sz’D) - fegpGi(wi)L(D‘“)‘u:fi(wi)dU)i 1=1,...,n. (41)

Similarly, the posterior probabilities (33) result from the equality between the posterior odds
ratio (POR) and the prior odds ratio (PROR) times the Bayes factor (BF):

where
rg |G; rg [Gi 34 D
POR(G,,G;) = g [[gl‘g% PROR(G,,G;) = ¢ }8}} BF(G,,G;) = ]’.fz—((pi
(43)

and pg, (D) is the marginal data density,

pGi(‘D) = f@ci pGi((Pi)E(D|B)|ﬁ:fi(¢i)d90i
pa (AilD)l, o f@Gi PG (il A, D) x;=0de; (44)
pa (Ai)x; =0 f@GipG(‘Pi‘Ai)‘Ai:Od‘Pi ’

= CﬁX
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with cgl = Jar Pa(B)L(D]|B)dS. For a proof of (44) we refer to the Appendix, see also Verdinelli
and Wasserman (1995).

The specification of the prior pg,(p;) in (28) satisfies the conditions for the Bayes factor to
equal the Savage-Dickey density ratio, see e.g. Dickey (1971) and Verdinelli and Wasserman
(1995). The Bayes factor is therefore equal to the ratio of the posterior heights divided by the
prior heights:

pg (AilD)Iy =0 [ Jog, Pa (#ili-D)x;=0dei
rG (X)Ix; =0 f@(‘- PG (932N, =0d¢i
11

BF(C,.G,) = (45)

PG (\1D)1x; =0 ,/@Gjp(;(sajlkj,D)\Aj:stPj :
p(;(Aj)\AJ:o

f@G PG (w‘j\kj)\xj=odwj
J

Substituting this expression for the Bayes factor in (42) results in the posterior odds ratio that
accords with the one that results directly from the posterior probabilities (33), i.e.

POR(G,, G;) = Qc.p. (46)
Qa,p
Example Model
The Bayes factor for comparing G; with Gy becomes
| pa(\ID)|x; =0 f@G pe (P17, D)5, =ody

BF(Gl’Gz) - [ pG(M)\)\lio } |: f@(l;lp(*(‘P1|>‘1)‘A1=0d‘P1 (47)

and the posterior odds ratio for comparing G; and Gs reads

POR(G;,G2) = Qc.p

(48)

_ pa(MID)|x=
Comire |:f@G1pG((p1|)‘1>D)|)\1:0dg01] .

The first part in the Bayes factor (47) is the Savage-Dickey density ratio, see Dickey (1971)
and Verdinelli and Wasserman (1995). The second part arises because the integrals of the
conditional densities pg (1|1, D)|x,=0 and pg(@;]A1)|x =0 over Og, do not have to be equal
to one. When O, = R™ | the integrals of both conditional densities are equal to one and the
Bayes factor simplifies to the usual expression of the Savage-Dickey density ratio.

6 Jeffreys-Lindley’s Paradox

Example model
To discuss the Jeffreys-Lindley’s paradox, we further simplify our example. Model G,

Gy =118 +¢, (49)

with y a T' x 1 vector of observations on the dependent variable and t7 a T" x 1 vector of ones,
now contains only one parameter so 3 is a scalar and its support is R. We specify a normal
prior on 3 with mean b and variance 72,

pa(B) = (2172) "2 exp [~ 55 (8 — b)?] . (50)

When we combine the prior with the likelihood, we obtain the posterior,

1

pa(8ID) = (2m) 7} (& + T exp -4 (% +T) (8- D), (51)
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with ) )
b= (% +T)"'(Lb+1Tb) (52)

and b = L/TTy G is the model that results when 5 equals zero,
Gi:y=c¢, (53)

and Gy is identical to G. The restriction imposed on 5 to obtain Gy is such that it satisfies
Assumption 1 for A identical to 5. We use this specification to reflect the difference between G
and Gg. The Bayes factor BF(Gy,G2) for comparing G; and Gy then equals the Savage-Dickey
density ratio (47),

 peOID)aco — 6 (BID)]sm0
BE(G,Go) = " = @l 54

= [1+ T2T]% exp [—% <TB2 + %2(52 - b2))] :

We distinguish two instances of the Jeffreys-Lindley’s paradox that imply a degeneracy of the
Bayes factor and a distinct difference between classical and Bayesian model comparison, see
e.g. Lindley (1957), Bernardo and Smith (1994), O’Hagan (1994) and Poirier (1995):

a. When the prior variance 72 converges to infinity, BF(G;,G3) goes to infinity:

lim,2_,o BF(G, G2) = 0. (55)

b. When the number of observations 7' converges to infinity, BF(G,G2) goes to zero unless

[ is equal to zero:

limT_wo BF(Gl, GQ) =0 (56)

et
1N

0
0.
We separately discuss these two instances of the Jeffreys-Lindley’s paradox and analyze whether
the induced probability approach overcomes either one of these two instances.

a. The prior odds ratio to compare G; and Gy that results from Theorem 3 and (27) is:

PROR(G,, Gz2) = pa(A(B))Ir=olJ (8, A)]a=0l
= (2772) zexp [—5=07],

37

(57)

since A; = 1. When we multiply the prior odds ratio with the Bayes factor in (54), or make
use of Theorem 5, we obtain the posterior odds ratio

POR(Gy, G2) = pa(A(B))|a=0lJ (5, A) r=ol

= n) (AT e -4 (54T (58)

The posterior odds ratio in (58) does not converge to infinity when the prior variance 72

becomes infinite. Instead, using the expression for b in (52), it can be shown that
lim,2_o POR(G,, Gs) = (21)3T% exp [—%Téz] , (59)

where the right-hand side of (59) is a finite non-zero constant for finite 7. Hence, the posterior
odds ratio is well-defined in case of an infinite prior variance. Examples of priors with an
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infinite variance are non-informative priors. The Bayes factor is infinite when we use such a
non-informative prior as shown by (55). Similarly, the prior odds ratio in (57) is equal to zero
in case of a non-informative prior, which is obtained by using (57) and letting 72 converge
to infinity. Theorem 5, however, still gives a well-defined expression for the posterior odds
ratio in case of a non-informative prior. The convergence to zero of the prior odds ratio and
the convergence to infinity of the Bayes factor therefore cancel each other out in the posterior
odds ratio. We can also use Theorem 5 to obtain the prior that leads to the same posterior
odds ratio as the limit expression in (59). This non-informative prior is,

pc(B) o 1. (60)

When the prior variance converges to infinity, the Bayes factor becomes infinite because of
the zero value of the prior in the denominator of the Savage-Dickey density ratio in (54). The
finite value of the posterior odds ratio therefore shows that the prior odds ratio offsets the
zero value in the denominator of the Bayes factor and thus corrects the Bayes factor for the
plausibility of the competing models reflected in the prior.

b. When T goes to infinity, the posterior odds ratio in (58) converges to

limr_,o POR(G,, G2) = limT_)oo(QW)_% [T—lg + T}% exp [—% (7_12 + T) 52}
=0

= o0

[H N

0
0.
(61)
The convergence behavior of the posterior odds ratio is in this case identical to the convergence
behavior of the Bayes factor. The posterior odds ratio equals the product of the prior odds
ratio and the Bayes factor. Since the prior odds ratio remains fixed, the posterior odds ratio
has the same convergence behavior as the Bayes factor.
Another way in which to analyze the limit behavior of the Bayes factor and the posterior
odds ratio, when T goes to infinity, is to express them using a classical “t-value”,

F=0by/5+T. (62)

The expressions of the Bayes factor and the posterior odds ratio then become respectively

S SN

BF(G,,Gs) =1+ T2T]% exp [—3 (32 — Hb?)] (63)

T2
and )
POR(G,, Gy) = (2m) 77 [ 4 + T]? exp [-177] . (64)

When the classical t-value, Z, remains fixed, both the Bayes factor in (63) and the posterior
odds ratio in (64) become infinite when 7" converges to infinity, see e.g. Berger (1985). Classical
statistical analysis has in this case a non-zero probability of rejecting G; against Go since Z
remains finite. A Bayesian that uses the posterior odds ratio from (64) or the Bayes factor
from (63), however, always chooses Gj.

The classical t-value Z is not the sufficient statistic for the posterior of 5 in (51). To analyze
the limit behavior of the Bayes factor in terms of a statistic that is not a sufficient statistic
can be considered as rather peculiar. The classical t-statistic is the sufficient statistic of the
posterior of ( with

(=085 +T. (65)



Expressed in ¢, model G from (49) reads

G: Yy =lr 11 €+ €. (66)

S+T

1
44T
rameter of interest 3, G; corresponds with 5 = 0. The specification of § as a function of
that is in line with Assumption 1 reads

Our parameter of interest is § which is identical to

(. When expressed using the pa-

B =9(0), (67)

with ¢g(¢) = ¢ﬁg . In (67), Gy is obtained when ( equals zero.

T

We construct the posterior odds ratio and Bayes factor for comparing G; and Gy using
(67). The prior on $ (50) implies the prior on ¢,

pa(Q) = 2m) 73 (1+ 7*T) " exp [—(1+ 2T) (¢ — 2)] (68)

with z = b4/ T% + T. Similarly, the posterior of ¢ that is implied by the posterior of 3 in (51)
reads
1 ~
pa(C|D) = (2m) 72 exp [-5(¢ — 2)?]. (69)

The Bayes factor results from the Savage-Dickey density ratio,

_ paMOID) =0l (M) r=0l
BF(Gl’ GZ) T pa ()\(C))|A=100J(C7TA=OO (70)

= [1+7%T]% exp —% <T(~92+Tl2(l~72—b2))],

which is identical to the expression in (54). The posterior odds ratio that results from the
prior odds ratio implied by Theorem 3 and the Bayes factor, or directly from Theorem 5 using
(69) and (67), becomes,

POR(G,,Ga) = (5, O)lezol 7 (CID)lco
(3 exp [—177] (71)

since A1 = J(3,¢)'J(5,¢) such that |4;]2 = [J(8,¢)|- The posterior odds ratio in (71) is
identical to the posterior odds ratio in (64). This results from the invariance of the Hausdorff-
integral stated in Theorem 2. The reason why this invariance occurs is that 3 is the parameter
of interest and we express G; in terms of 3 in both cases.

Instead of /3, we can also use ( as our parameter of interest. We then use (66) as the basic
specification of G instead of (49). The posterior of (in (69) shows that Z is a sufficient statistic
for this posterior. A representation of ( that satisfies Assumption 1 is

¢ = h(0), (72)

with h(f) = 6. Gy is obtained when 6 equals zero. We can also express the posterior odds
ratio and Bayes factor using specification (72). The Bayes factor that results from the Savage-
Dickey density ratio remains identical to (70). The posterior odds ratio that results from

2We note that the prior on ¢ depends on the data, since 7' = (o1, and therefore violates the likelihood
principle.
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Theorem 5, that equals the posterior from (69) evaluated in ¢ = 0 and which can also be
obtained from combining the prior odds ratio from Theorem 3 with the Bayes factor, does,
however, change

POR(G,,G2) = pac(C]D)lc=0

— (27) "2 exp [—37]. (73)

The difference between the posterior odds ratios (71) and (73) shows that the invariance of
the Hausdorff-integral is only with respect to specifications that involve the same parameter of
interest. Hence, the posterior odds ratios differ depending on whether 5 or ( is the parameter
of interest. When we use ( as our parameter of interest, the posterior odds ratio (73) remains
constant when T' converges to infinity and Z remains fixed. It is also only negligibly affected
by an increase in the prior variance 72. Hence, when ( is our parameter of interest neither of
the two instances of the Jeffreys-Lindley’s paradox occurs.

The posterior odds ratio that we used to compare G; and Gy when 5 is the parameter of
interest, namely (58) (or (64) or (71)), is based on a prior and posterior which are identical to
the prior and posterior underlying the posterior odds ratio for ¢ in (73). The posteriors odds
ratios therefore only differ because of the different choice of the parameter of interest or, put
differently, the basic specification of G. A Bayesian considers the parameters of a model, from
which a set of observations is generated, as a realization from a prior distribution. Hence,
for a Bayesian the parameters of the model serve naturally as the parameters of interest.
When we use classical t-values as parameters of interest, the resulting Bayesian analysis shares
many features with classical statistical tests, like, for example, the robustness to the Jeffreys-
Lindley’s paradox. So if one wants to conduct Bayesian inference that is closely related to
classical statistical analysis, one should use the classical t-values as the parameters of interest.
We note, however, that there are several problems attached to such an approach. For example,
the priors on the classical t-values violate the likelihood principle and the prior odds ratio
therefore depends on the involved data-set. Hence, the priors odds ratio changes when the
sample size increases. Another problem concerns extensions to a multiple parameter setting
where the prior is then on the vector of classical ¢t-values. It is not clear what such a prior
implies for each individual parameter.

The Bayes factor is popular for model comparison because it is equal to the posterior odds
ratio when the prior odds ratio is equal to one, which implies equal prior probabilities for the
competing models, see e.g. Kass and Raftery (1995). This specification of the posterior odds
ratio is affected by the Jeffreys-Lindley’s paradox. Loosely speaking the Jeffreys-Lindley’s
paradox implies that the Bayes factor converges to infinity when the prior variance or the
number of observations go to infinity, see e.g. Lindley (1957), Bernardo and Smith (1994),
O’Hagan (1994) and Poirier (1995). The above example shows that the induced probability
approach leads to posterior odds ratios that are partially or fully robust to the Jeffreys-
Lindley’s paradox. The results from the example extend in a straightforward manner to the
general setting of comparing n regression models. It depends on the choice of the parameter
of interest whether the posterior odds ratios that result from the posterior probabilities from
Theorem 5 are partially or fully robust to the Jeffreys-Lindley’s paradox. When we use the
parameters of the encompassing model G, 3, as the parameters of interest, the posterior odds
ratios that result from Theorem 5 are robust against the element of the Jeffreys-Lindley’s
paradox that is concerned with the prior variance. When we use the classical t-values of the
parameters of the encompassing model as the parameters of interest, the posterior odds ratios
are robust against both elements of the Jeffreys-Lindley’s paradox.

The robustness against the prior variance element of the Jeffreys-Lindley’s paradox implies
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that we can obtain the posterior odds ratio using Theorem 5 in case of an improper prior,
like, for example, a non-informative prior. A non-informative prior implies that the prior odds
ratio that results from Theorem 3 is equal to zero. The Jeffreys-Lindley’s paradox implies
that the Bayes factor is infinite when we use a non-informative prior. Theorem 5 can be used
whenever the posterior is proper and implies that the zero value of the prior odds ratio cancels
out the infinite value of the Bayes factor in case of a non-informative prior. To obtain a proper
posterior, it is not necessary that the prior integrates to one.

The posterior odds ratios that result from Theorem 5 are related to the posterior infor-
mation criterium of Phillips and Ploberger, see e.g. Phillips and Ploberger (1994,1996) and
Phillips (1996). Allthough the posterior information criterium is intended for time-series only,
an identical expression of the posterior odds ratio from Theorem 5 results, apart from the 27
terms, when the classical t-values are our parameters of interest. The ]A,;|7% |J(B, (p;, \))]
term in the Jacobian in Theorem 5 is then identical to the Jeffreys’ prior which is the penalty
term in the posterior information criterium.

7 Nuisance Parameters

For expository purposes, thus far, we have only discussed regression models that contain no
nuisance parameters. When model G in (1) is a linear regression model conditional on a
realization of a [ x 1 vector of nuisance parameters 7, we specify it as

G: Py(n)y = Px(n)XB +e¢, (74)

and model G; as
Gi Py(ﬁ)yIPX(U)sz(%)+€a 9 = 1,...,n, (75)

where the T x T matrices P,(n) and Px(n) are observable given a realization of the nuisance
parameter vector 7. The matrices P,(n) and Px(n) incorporate the nuisance parameters such
that the disturbances € : T'x 1 have a pre-defined distribution that does not depend on nuisance
parameters. We specify a joint prior on (3,7),

pa(B,m) = pa(Bln)pa(n)- (76)

Theorem 7 When Assumptions 1 and 2 hold and model G in (7}) is a linear regression
model given a realization of the nuisance parameter vector 1, the expressions of the prior and
posterior probabilities in Theorem 3 and 5 induced by pa(5,n) and pe(B,n|D) remain unaltered
when we replace Qg, and Q¢,p by

QGi = f@n |:f®(;i pG(ﬁ’n)Hmz(dﬁ)] pG(T/)dT/7 1=1,...,n,
(77)
QGi|D = f@n |:f®Gi pG<6’n’ D)Hmv (dﬁ)] pG<77|D)d77a 1= 1a -y n,
where O, 1is the parameter region of . Similarly, the joint prior and posterior densities of
(;,m) defined on O¢, x O, that result from Theorems 4 and 5 read
pa(iNiln)|n;=opa ()

pG,(%ﬂ?): T ) 1=1,...,n,
f@,, f@ci PG(‘Pi)\iM)\Ai:od@i}Pc(n)dﬂ

(78)

PG (piAiln,D)|x;=opc (n|D) i—1

[ )
fou | Jo g, PeteslnD)ls,—ade: b (D)

pe,(¢;,n|D) =
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The probabilities that result from (77) and the densities (78) are invariant with respect to
transformations of B, (¢;, Ai) that satisfy Assumption 1 and control for the transformation of

B.

Proof. results directly from Theorem 2. m

Theorem 7 shows that we can extend the invariant probabilities and densities to restrictions
on linear regression models that condition on nuisance parameters. These restrictions should,
however, be such that they do not involve the nuisance parameters. This explains why we
refer to these parameters as nuisance parameters. Assumption 1 should also not involve the
nuisance parameters in any of its elements.

For many regression models a function g;(¢;, A;) can be constructed such that the condi-
tions for Theorem 7 are satisfied. Amongst these models are not only linear regression models
but also models that are non-linear in the parameters, like, for example, cointegration, instru-
mental variables and ARMA models. Hence, for all these models prior/posterior probabilities
and densities result through Theorem 7 from a prior specified on the parameters of an ELR
model. In the next section, we briefly discuss a few examples of these models and focus on
the specification of g;(p;, \;).

The prior/posterior probabilities and densities stated in Theorem 7 are invariant with
respect to transformations that satisfy the conditions from Assumption 1. They are not
invariant to transformations that involve the nuisance parameter n. Invariance to these kind
of transformations can be achieved by an appropriate specification of the prior pg(/3,7n) in
(76).

8 Examples

We discuss some examples of regression models that result from a restriction on the parameters
of an ELR model. For reasons of brevity, we only discuss the construction of the specification
that satisfies Assumption 1. The explicit expressions of the priors, prior probabilities etc. are
left aside but are straightforward to construct given the specification that satisfies Assump-
tion 1. The first example concerns linear restrictions that lead to a nested linear regression
model. The second and third example are concerned with non-linear restrictions that lead
to a cointegration model and an ARMA(1,1) model. Similar results hold for other regression
models that are obtained from non-linear restrictions on the parameters of an ELR model, for
example, for the instrumental variables regression models, see Kleibergen and Zivot (2002),
and the simultaneous equation model, see Kleibergen (1997) and Kleibergen and van Dijk
(1998).

8.1 Linear regression model

Our first example considers linear restrictions on the parameters of a linear regression model,
see also Tiao et. al. (1977),
G:y=(X2)+u, (79)

where y : Tx 1, X : T xm, Z : T x (k—m), m is less than k, 3 : k x 1, 3 € R* and
u ~ N(0,0%Ir). Our linear regression model of interest Gy,

Gi:y=Xp+u, (80)

18



with ¢ : m x 1, ¢ € R™, is nested in the encompassing model G from (79). We therefore

specify S, as
SGI:{%R%:(“{;)}. (81)

The model with which we compare Gi, Gs, is identical to G, such that Sg, reads
S, = {B € RF}. (82)

Because 02 € RT is a nuisance parameter, we respecify G; and G, using the notation intro-
duced in Section 7,
Gi: Plo)y
Gy : P(o)y

where P(0) = o077 and € ~ N(0, Ir).
When we specify g;(;, i) as g, A) = (0 Ip_,)'A with A : (k —m) x 1, Assumption 1
holds and the specification of 5 becomes

6:(181)go+([£m>x (84)

Specification (84) satisfies Assumption 1 since it is an invertible relationship and (a.) 8 =
(I, 0) ¢ < XA =0, (b.) all values of ¢ lead to a unique value of 3 both when A = 0 and when
A#0, (c.) % = (0 I4_,)" and does not depend on ¢ and A. A prior specified on (3, 0?) in
model G therefore implies invariant prior/posterior probabilities for G; and G, and densities
for ¢ when we apply Theorem 7.

Since % does not depend on ¢ and A\, the priors and posteriors that result from Theorem
7 are identical to the priors and posteriors for ¢ that typically result when we specify them
directly on ¢. Hence, inducing the priors and posteriors on the parameters of linear models
from the priors and posteriors on the parameters of ELR models does not lead to a noteable
difference for the resulting priors and posteriors compared to specifying them directly. This
property of linear models has mistakenly been thought to hold for regression models that
are non-linear in the parameters as well. However, for these models priors that are specified
directly on the parameters do not correspond with the priors that are in general used on the
parameters of an ELR model. Inducing the prior and posterior probability from the prior and
posterior on the parameters of an ELR model does lead to a noteable change of the prior and

posterior probability in linear models.

P(o)Xp+e,

P(0)(X Z)8+¢, (83)

8.2 Cointegration model

Cointegration implies a non-linear restriction on the parameters of a linear regression model.
The restriction that cointegration implies is that the long run multiplier of a vector autoregres-
sive model has a reduced rank value, see e.g. Engle and Granger (1987) and Johansen (1991).
For a vector autoregressive model of order 1, cointegration with r cointegrating vectors implies
that we can specify it as

G, : Ay; = . By 1 + uy, r=0,...,k—1, (85)

where yi, up kX 1; Ayy =y — ye1, o, B, kxr,and w, t = 1,...,T, are independently
and identically normal distributed with mean zero and k x k covariance matrix 2. In case r
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equals zero, a3y is a k x k matrix of zeros. When we do not impose any normalization on
a, and 3,, the elements of o, and (3, are non-identified since .3, = ¥, a = Aa, and
B: = B, A7 for any non-singular r x r matrix A. We therefore need to normalize either o, and
B3,. A straightforward normalization is to use 3, = (I, —f;,)" with (3, : (k—r) xr. Because of
the invariance of the Hausdorff-integrals to transformations, the chosen normalization has no
consequences for the prior and posterior (probabilities) that result from the induced probability
approach. Hence, the prior and posterior using one specific normalization are a transformation
of the prior and posterior of another normalization, see Kleibergen and Paap (2002) for a proof.
The prior and posterior probabilities are the same for all possible normalizations.
We represent the cointegration models G, from (85) in matrix notation

G, :Y =XB.a, +U, r=0,... k-1, (36)

where Y = (Ay; ... Ayr)', X = (yo...yr—1)’, U = (uy ... up)". The cointegration models G,
in (86) are nested in the multi-variate ELR model

G:Y =X+, (87)

with IT : k& x k. We specify the cointegration models G, in (86) and the ELR model G from
(87) in line with Theorem 7 as

G, : P(Q)vec(Y) = P(Q)({r ® X)vec(B,a,) + vec(e), r=0,...,k—1, (89)
G: P(Q)vec(Y) = P(Q)(Ix @ X)vec(II) + vec(e),
where P(Q) = (072 ® I7), e = UQ2, vec(e) ~ N(0, ). Equation (88) shows that G,
r=20,...,k—1, is represented by the lower dimensional sets

Sa, = {Oér ERET B, € R (IT = < g ) ozr}, r=0,....,k—1, (89)
M2

so Sg, only consists of the k x k matrix of zeros.
The unrestricted full rank model Gy, is identical to G such that S, reads

Sa, = {II € RH*}. (90)

The sets Sg,, r =0,...,k are such that Sg, C Sg, C ... C Sg, -

Because cointegration imposes a non-linear restriction on the parameters of a linear regres-
sion model, the specification of a function g;(¢;, A;) that makes Assumption 1 hold is rather
difficult to obtain. In Kleibergen and Paap (2002) a specification of II that, results from a
singular value decomposition and, satisfies Assumption 1 is given:

H: /BTOKT+/67‘7J_)\TOZT7L7 r = 1,...7k_ ]_,
< (91)
vec(ll) = vec(B,a) + (a7, ® B, | )vec(A,), r=1,....k—1,

where A, : (k—7)x (k—=r); 8, ,al, :kx(k—=r)and 8, 3, =0,8,, 8, = I, aya | =0,
o, La;y | = I, such that

gr(@rv /\T) = (a;ﬂ_ & BT,L)VGC()\T)7 r= 17 tr k — 17 (92)

with ¢, = (a,, 85,). When 7 equals 0, Ao = II since Byap is a k x k matrix of zeros. Kleiber-
gen and Paap (2002) show that an invertible relationship between II and (a, 3, ,, A,) exists.
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Furthermore, with respect to the conditions of Assumption 1: (a.) II = [,.«, is equivalent
to A, = 0. (b.) (o, f,,) implies a unique value of 3,a, when «, has full rank and iden-
tically (v, By, ) implies a unique value of 3,a, + B3, \ra, 1 when a, has full rank. (c.)

!/

¢, and \,.. Hence, all conditions of Assumption 1 are satisfied. Theorem 7 therefore applies
and a prior specified on (I1,2) in G implies a prior probability for G, r = 0,. .., k, and a prior
for (o, By, €2) in G, that are invariant with respect to the specification of IT and (a, 35, Ar)
that satisfy Assumption 1. For more details about the resulting Bayesian analysis of the coin-
tegration model and the expressions of the priors and posteriors, we refer to Kleibergen and
Paap (2002).

8.3 ARMA(1,1)

Another model that results from a non-linear restriction on the parameters of an ELR model
is the ARMA(1,1) model, see e.g. Box et. al. (1994),

G1 1yt = pyr_1 — QU1 + Uy, t=1,...,T, (93)

where the disturbances u; are independently and identically distributed, u; ~ N(0,0?). When
we recurrently substitute u;—; in (93), we obtain

T
Gl:yt:(p—a)Zajflyt,j—Fut, t=1,...,T. (94)
j=1
We specify (94) as a regression model that is non-linear in the parameters,
Gliy:Xf(Oé,p)+U, (95)

where y = (y1...y7), X = (z1...27), v = (Yic1--. 9 0...0) : T x 1,4 =1,...,T,

w=(uy...ur), and

1
«
flam=(p-a)| ¢ |irx1 (96)
e
Gi in (95) is nested in the ELR model
G:y=XB+u, (97)

with 8 : T x 1. We specify both G; and G in the notation of Theorem 7,

Gi: Plo)y=Po)Xf(a,p)+e,

G: P(o)y=P(o)XS+e, (98)

with P(o) = o~ and € ~ N(0, Ir).
The ARMA(1,1) model imposes a non-linear restriction on the parameters of G, f =
f(a, p). This implies that it is not straightforward to obtain a specification of g;(;, \;) that
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satisfies Assumption 1. A (unrestricted) specification of 3 that gives such a function g;(¢;, Ai)
is

1
i=-a)| T [+ (4, ) (99

with A : (T'—2) x 1 and g(p,\) = (0 Ir_2)'\ with ¢ = (a,p). Equation (99) satisfies
the conditions from Assumption 1 since: [ has an invertible relationship with («, p, \), (a.)
B = fla,p) & A=0, (b.) (p,a) implies a unique value of f(c, p) when p — a # 0, identically
(p,a, \) implies a unique value of f(a,p) + (0 Ir_2)'A when p — a # 0, (c.) % = (0
Ir_5)" and independent of («, p, A). Theorem 7 therefore applies and a prior that is specified
on (3,0%) in G induces a prior probability for G; and a prior on (o, p,0?) that are invariant
with respect to the specification of 5 and (a, p, A) that satisfy Assumption 1. For more details
on the resulting Bayesian analysis of the ARMA(1,1) model, we refer to Kleibergen and Hoek

(1999).

9 Conclusions

We obtain expressions for prior/posterior probabilities and densities of the parameters of
nested regression models that are induced by the prior/posterior on the parameters of an
encompassing linear regression model. The resulting probabilities and densities are invariant
with respect to specifications that satisfy a necessary set of assumptions. Hence, by specifying a
prior and a likelihood for the parameters of an encompassing linear regression model, we obtain
a complete Bayesian analysis, that includes both prior/posterior probabilities and densities,
for all of its nested regression models that allow for a specification that satisfies the set of
assumptions. The resulting Bayesian analyzes of these nested regression models are consistent
with one another.

The Bayes factor in the resulting analysis corresponds with the Savage-Dickey density ratio
and equals the ratio of the posterior and prior height in the hypothesized parameter point.
When we multiply the Bayes factor with the prior odds ratio, we obtain the posterior odds
ratio. Because the prior and prior probability result from the same prior on the parameters
of the encompassing linear regression model, the posterior odds ratio is such that the prior
odds ratio corrects the Bayes factor for the plausibility of the competing models reflected in
the prior. The posterior odds ratio is therefore robust to increases in the prior variance which
is an element of the Jeffreys-Lindley’s paradox.

Applications of the above results are especially important for regression models that result
from non-linear restrictions on the parameters of encompassing linear regression models. In
these models, the resulting analysis leads to priors and posteriors that are different from
the ones that are used traditionally. The traditional Bayesian analysis leads to anomalies in
these models, like, for example, in simultaneous equation models, see Kleibergen (1997) and
Kleibergen and van Dijk (1998); cointegration models, see Kleibergen and van Dijk (1994) and
Martin and Martin (2000); and fractional cointegration models, see Martin (2001). When we
deduce the priors and posteriors of the parameters in these models from priors and posteriors
on the parameters of encompassing linear regression models, these anomalies disappear, see
e.g. Kleibergen (1997), Kleibergen and van Dijk (1998) and Kleibergen and van Paap (2002).

Appendix
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Proof of Equation (11).
The normalizing constant is specified as the transformation over g; of the (k—m;)-dimensional
sphere with center zero and radius p :

Ci(p)il = Lk—mq(gZ(Oa Bl<07p)))

99i
- ka,mi(O,p) ‘ﬁ‘ Li—m, (dNi)

90\ (09
ONi O\
1

—= -]‘kami(o,ﬂ) |A’L’§ d)\’L

1
= ‘Al|j ./\Bszmi (0.p) dA:
= ‘Ai|§‘/k7mi(p)’

1

dx;

ka’,fmi (07:0)

with Vi_p.(p) the volume of the (k — m;)-dimensional sphere with radius p. Because |A4;| does
not depend on ¢; and \;, the value of ¢, in g;(¢;, A\;) and the center of the sphere B;(0, p) do
not affect the expression of ¢;(p) and we have therefore used vectors of zeros for convenience.

Proof of Theorem 1.
Before we obtain the specification of the Hausdorff-measure, we note the structure that
Assumption 1 imposes on the Jacobian of the transformation from S to (p;, ;) :

JB (e ) = (B +5s ).

0g;
a3, 1Ai=0

Because g;(¢;, A;) is a strictly monotonic function of A; and g;(¢;, Ai) =0 < A =0, 5%

0. Hence, the Jacobian in \; = 0 reads

ofi  Ogi
J(ﬁa (9017 AZ)) Ai=0 — < o, a_f’\; Ai=0 ) 5
and
1 3
dg; e BIEAY of;
|J(57 (‘Pia)\i)) Ai=0’ = (a,\'. AFO) (ax. AFO) (a<p1.) M(Ogi ) (a<p4)
T 1 1 6A;|>\'L=O 1
1 1
o ! ’ o1\ (o, \|?
= (=) M(%) (o) | |(35) (35)]
Oga;
dgi ! dg; 9g; ! dg;
where (8)\2 /\1;:0) <W >\i:0> = (axi) <8/\Z-) = A,.

The Hausdorff-measure H,,,(W¢,) is obtained by considering that g;(p;, ;) is a strictly

i

monotonic function of \;. We use the sequence of sets W, (p) centered at \; = 0,

B=f(») +gi(ﬁ%)\i)} )

where By, (0,p) is a (k — m;)-dimensional sphere with radius p centered at 0. We use a
limiting sequence of W, (p) that is obtained by letting p converge to zero,

WGi(p) = {Qpi S QGi CR™, N € Bk*mi(()?p) C R

lim Wg,(p) = Wa,.

p—0 '

This results because g;(;, A;) is a strictly monotonic function of A.
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Jgi /\1;:0) = A, and %| n=0 = 0, the Lebesque-measure of W, (p),

/
Because (89’ Ai=0 ( 557

Li.(Wg,(p)), is for small values of p equal to:

Li(We,(p fQG fB(, (0,0) |J( (‘Pia)‘z’))|d>‘id190i
~ o | (3) My, ) (

2
ofi
¢}

(34) (s, (8)]

AN
i

[ka,mi(o,p) | A2 dN; | dy;

m,l

dip; ¢ | Al Vi, (p)-

~ fQG

The Hausdorff-measure equals the limit of ¢;(p) times Li(Wg,(p)) when p converges to zero:
Hyp, (We,) = Timy, o [ci(p) Li(We, (p))]

= lim ﬁo%
P A2 Ve, (0) fQG

() 3y, (20

AN 1N
4

= fQ(,

To show the invariance of the Hausdorff-measure, we consider an invertible function h :
R* — R* 1 = h(B). Because of Assumption 1, we can specify 3 as

B = filw;) + 9i(pi, Ai)

dey;.

() M3, (32)

AN,
%

and p can therefore be specified as

po= L) + iy, 05),
with l;(1;) = h(fi(;)) and r(;,0:) = h(fi(9:) +9i(pi, Ai)) — h(fi(p;)). Because of Assumption
b, that g;(¢;, A;) is a strictly monotonic function of );, h has to be strict monotonic. This

!/
implies that ( 85,) <§—/§‘,) is a positive definite symmetric matrix for all values of 5 and that

Ory _ Op OB 9N __ Oh Ogi O\
) 90 — 99 N 98] — 9B O 06!

0; is an invertible function of A; only. Because of Assumption 1lc
should be such that

!
Or; ori\ )
(5) (3) = B

/
with B; independent of 1),. Since 6, is an invertible function of \; only and (g_f]\Z) (gf\,) = A;,
/

with A; independent of (g, \;), (g—g) (5—5) should be equal to some fixed positive definite
symmetric matrix that is independent of 5. Unlike g;, h is an invertible function such that
the only specification of h that satisfies all conditions is an invertible linear function. Hence
every specification u = [;(¢;) + r;(1;,0;) that satisfies Assumption 1 is such that (1.) p is
an invertible linear function of 5 and (2.) 6; is an invertible function of A; only and ¢, is an
invertible function of ¢, only. It is straightforward to show that these transformations lead to
an identical Hausdorff-measure.
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Proof of Theorem 2.
For small values of p, the expression of fWG, ) q(B)dp reads:

fWGi(p) q(B)dp = fQGi kaHni (0,0) q(B(0i; X)) [T (B, (93 Ai))| dAidp;
~ fQCz [ka_mi(o’p) q(ﬁ((pm /\l) Aizo) ‘J(ﬁa ((Pm /\l)) >\1::0| d)‘li| d@z
~ o, 90820 Mln=0) 178, (20 M) ol 4, } Vi, ()

The Haussdorf-integral is then obtained by,

S, 0 i (dB) = imy o ci(p) Sy, (, a(B)d8]

= lim
p—0 1
|Ail2 Vk—mi (p)

'{@Gi«6WNMMM—MLuﬁ«ﬁAnnM-ddw}wcmxm]

{f@Gi q(B(s, M)

)\iZO) ’J(ﬁa (9017 )‘Z))

)\i:0| d(pz} .

-1
1
|A;|2

The proof of the invariance of the Hausdorfl-integral to specifications of 3, (i, \;) that satisfy
Assumption 1 is analogous to the proof for Theorem 1.

Proof of Theorem 4.
Equation (28) gives the definition of a density function. The invariance of it follows from
the proof of Theorem 1. We have shown in this proof that when

B = filw;) + 9i(pi, Ai)

and
= 1i(0;) +1i(;, 65),
are two specifications that satisfy assumption 1 that v, is an invertible function of ¢, only and

0, is an invertible function of \; only. Hence, we can independently transform ¢, to 1; and A,
to #;. This does not affect the specification of the prior from Theorem 4.
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Proof of equation (44)

pe:i(D) = Jo, pa(@)L(DIB)]p=fie)depi

= peuID)mo { o, [En it ] dg |

= pauID)sco { oo, [ BRI R ] e}

= peOuID) e {fo, [ S d |

I A e
B

= 3% Pa(MID)mo { fo, [l D] )

. pa (Mi|D)|x; =0 PG %P\ Ix;=0pc (#;|Ai,D)|x; =0
= X f@G PG (piMi)|x;=0dp; f@(, Ai)x;=0pa (931A:)[x; =0 dp;

v (M| D)lx—o f@G PG (93| Xi; D), =0dp;
pa (Ai)|x;=o0 Jog Pa(pilXi)lx=ode;

where
¢ = Jaepa(B)L(D|B)dS

- mev f]Rk mg pG(QOW ) (D|6( za%))d)‘ d%;

- Pa (il Ai)x;=0
pGi(%‘) - f@G_pG (ulAi)xn;=o0du
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