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Testing Parameters in GMM without assuming that
they are identified

Frank Kleibergen'

Abstract

We propose a Generalized Method of Moments (GMM) Lagrange multiplier statistic,
i.e. the K-statistic, that uses the Jacobian at the evaluated parameter value instead of the
expected Jacobian. To obtain its limit behavior, we use a novel assumption that brings
GMM closer to maximum likelihood and which is easily satisfied. The usual asymptotic
x? distribution of the K-statistic then holds under a wider set of circumstances, like weak
and many instrument asymptotics and combinations thereof, than the standard full rank
case for the Jacobian. The behavior of the K-statistic can be spurious around inflexion
points and the maximum of the objective function since the moment conditions are then
not satisfied. Combinations of the K-statistic with statistics that test the validity of the
moment equations overcome the spurious behavior. We conduct a power comparison to
test for the risk aversion parameter in a stochastic discount factor model and construct
its confidence set for observed consumption growth and asset return series.

1 Introduction

The Generalized Method of Moments (GMM) of Hansen (1982) offers a flexible estimation
framework in which many econometric models can be cast. This alleviates statistical inference
in these models because we can use the estimators and test statistics developed for GMM.
The limiting distributions of these are constructed under a central limit theorem for the
moments and a full rank assumption of the Jacobian. The rank assumption is often barely
satisfied. Simulation experiments of such instances show that the empirical distributions of
GMM estimators and test statistics are then quite different from their normal or x? limiting
distributions, see e.g. Hansen et. al. (1996). We construct the limiting distributions under
a different assumption that is easily satisfied and leaves aside the rank assumption. The
assumption improves the approximation which GMM is of maximum likelihood.

We analyze the derivative of the objective function to obtain a Lagrange multiplier (LM)
or score statistic, to which we refer as the K-statistic, see Kleibergen (2002a). Instead of the
expected Jacobian, the K-statistic uses the Jacobian at the parameter value that minimizes the
objective function, which is the continuous updating estimator (CUE) of Hansen et. al. (1996).

*Department of Quantitative Economics, University of Amsterdam, Roetersstraat 11, 1018 WB Amsterdam,
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As recognized elsewhere, see e.g. Brown and Newey (1998) and Donald and Newey (2000),
this Jacobian estimator is asymptotically uncorrelated and, thus, independent of the average
moment vector. Under our assumption, the usual asymptotic y? distribution of the K-statistic
holds in a wider set of circumstances than the standard full rank case for the Jacobian. This
set includes both the weak instrument asymptotics of Staiger and Stock (1998) and Stock and
Wright (2000), the many instruments asymptotics of Bekker (1994) and Donald and Newey
(2001) and combinations of these limit sequences.

The outline of the paper is as follows. In the second section, we discuss GMM and make
the assumption that brings GMM closer to maximum likelihood. In the third section, we
obtain the K-statistic and construct its limit behavior under standard and weak instrument
asymptotics. In section 4, we discuss the limit behavior under combinations of weak and
many instrument asymptotics. The fifth section deals with a spurious power decline of the
K-statistic. Because the K-statistic is a quadratic form of the objective function, it is equal
to zero both at the minimum, maximum and inflexion points of the objective function. The
latter zero values result while the moment conditions are not satisfied so the results from the
K-statistic are then spurious. They can, however, affect the discriminatory power of the K-
statistic when we do not account for them appropriately. We therefore suggest combinations
of the K-statistic with statistics that test the moment equation, like, for example, a GMM
extension of Moreira’s (2001) conditional likelihood ratio statistic. In the sixth section, we
discuss the construction of confidence sets. The seventh section conducts a power comparison
to test the risk aversion parameter in a stochastic discount factor model and construct its
confidence set for observed data. Finally, the eight section concludes.

We use the following notation throughout the paper: vec(A) stands for the column vec-
torization of the T x n dimensional matrix A, vec(A) = (a}...a)) when A = (a;...a,),
diag(ay, ..., a,) stands for a block-diagonal matrix with the vectors (matrices) ay,...,a, on
the diagonal, Py = A(A’A)"*A" and M, = Iy — P, for a full rank matrix A and the T'x T

13 7

identity matrix Ir, |, stands for evaluated in a, “—” indicates convergence in probability and

p
“7” indicates convergence in distribution.

2 Generalized Method of Moments

We consider the estimation of the m x 1 parameter vector § = (01 ...60,,)", whose parameter
region is the R™, for which the [ x 1 dimensional moment equation

Elp(0o,Y,)| 1] =0 (1)

holds. The expectation, indicated by F, in (1) is taken with respect to the information
set I; at time/individual ¢. The data vector Y; is observed at time/individual ¢. The [ x 1
dimensional vector function ¢ of 8 is finite for finite values of , continuous and twice continuous
differentiable. The specific true value of #, at which (1) holds, is equal to 6. To estimate
the parameter 6 in (1), we use Hansen’s (1982) GMM framework. We involve a k-dimensional
vector of instruments X, that is such that k¢ (= kl) exceeds m. The instruments span that part
of the information set I; which is of importance for the estimation of # and are uncorrelated
with 90(907 th)a

E [XtSD(QOa K)I‘It] =F [tho(g(]a }/t),] =0. (2)
For a data-set (Y3, X3, t = 1,...,T), the objective function in the GMM framework reads
Q(O) = fr(8,Y) Vi ()~ fr(6,Y), (3)
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with fr(6,Y) = 3.1 fi(6),
fi(0) = vec (Xy0(0,Y2)") = (¢(0,Y:) ® Xy), (4)

and V;;(0) is the covariance matrix of fr(0,Y) with f,(9) = f:(0) — E(f:(9)),

Vig(0) = limpoo B {50, X7, F6)F5(0) (5)
Assumption 1. The kf x 1 dimensional derivative of fi(6y) with respect to 0;,
Pia(Bo) = 2L ky x 1, i=1,...,m, (6)
15 such that
Dit(0o) = Aiie(00) (7)

with pi1(0o) = pit(0o) — E(pit(00)), ¢it(0o) : ki X 1, Gi.t(00) = qit(0o) — E(git(00)) and A; a
deterministic full-rank ky x k; dimensional matriz, k; < ky. The joint limiting behavior of the
sums of the martingale difference series f;(00) (= fi(00)) and G(00) = (G (00) . .. Gmi(60)")’
accords with the central limit theorem

=30 (o ) 7 (0), ®

0

where iy kg X 1, 9y kg x 1, kg =D 0" ki,

(4 )~~ove, )

and

Vir0) V(o)
v = (Vo) Vi ) 1)

with fo(9> : kf X kf, ng(9> = Vf9(9>, : k@ X ]Cf, %9(9) : kg X kg, and

V() = limT_mE{%ZtT:l > < ﬂg; ) < g:gz; )/} (11)

The instruments span that part of the information set which is of importance for the
estimation of @ so F [¢;+(0)] = F [¢;+(0)| ] . Hence, g:(0),t = 1,..., T, is a martingale difference
series and Assumption 1 is a central limit theorem for martingale differences. It is therefore
satisfied under weak conditions for f;(fy) and (). Sufficient conditions that ensure such
convergence are that: 1. the r-th moment of the absolute value of f;(6y) and g;:(6o), i =
1,...,m, is finite for some r > 2, 2. V() is well-defined and 3. the average value of the
outer-product of (f,(0y) §:(6p)")" converges in probability to V(6), see e.g. White (1984).

Assumption 1 is an extension of the assumption that is usually made in order to obtain
the limiting distributions of GMM estimators. Traditionally only a central limit theorem for
ft(6p) is assumed to hold, see e.g. Hansen (1982), Newey and McFadden (1994) and Stock and
Wright (2000). Alongside that assumption, Assumption 1 also imposes a distribution on the
limit behavior of G;(fy). Assumption 1 therefore completely characterizes the limit behavior
of the stochastic process for f;(6) and ¢(0) so, given 6, and the instruments, we can generate
stochastic processes that accord with Assumption 1 without making any further assumptions.
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The traditional assumption made in GMM is incomplete since it only makes an assumption
about the limit behavior of the stochastic process for f;(fy) while §(f) also results from a
stochastic process. Hence, we need to make additional assumptions, i.e. about g (6), when we
want to simulate from a stochastic process that satisfies this traditional assumption. GMM
is developped as a statistical procedure that mimics maximum likelihood but for which it is
not necessary to specify the complete stochastic process. Since Assumption 1 fully specifies
the joint limit behavior of both f;(#) and ¢(6), the GMM procedures that result from it are
more in line with maximum likelihood than the procedures that result from the traditional
assumption. Assumption 1 holds under mild conditions so no price is paid for these improved
GMM procedures.

Assumption 1 implies a limiting distribution for the derivative of fr(6y,Y). The limiting
distribution only holds for that part of the derivative with respect to 6; which lies in the span

of A;, (ALA;)LA! <M> . In this manner, we allow for a degenerate limiting distribution

of the full derivative of fr(6y,Y) with respect to ;. This degeneracy can, for example, occur
when the derivative of ¢(0,Y;) with respect to 6; is completely spanned by X;. The expected
value of the derivative, E [p;+(6y)], is then equal to the derivative, p;+(6y), so p; (o) = 0. By
specifying the limiting distribution on g;+(6y), with p;+(60) = AiGi+(6o) and an appropriately
specified k; x k; matrix A;, we avoid a degenerate limiting distribution. For this example, the
appropriate specification of A; is a zero matrix with k; = 0 so ¢;+(6y) does not exist. When
we directly specify the limiting distribution on p; (), a degenerate limiting distribution also
occurs when the derivatives of several elements of p(f,Y;) with respect to 6; are identical. We
again avoid this degeneracy by specifying a limiting distribution on g; ;(6y). This explains why
we use G (6o).

3 The First Order Derivative and the K-statistic

3.1 Testing hypotheses on all parameters

In order to obtain an estimator for 6, it is customary to minimize the objective function Q(6)
with respect to 6,

0 = arg min Q(0). (12)

feR™
The optimal value for # is then obtained by use of the first order condition (FOC):

FOC: 5 =0. (13)

s =
Instead of analyzing the first order derivative of Q(6) in 0, we analyze (3 times) it in the true
value of 6, 6. This first order derivative reads

5% 10 = Sr(60,Y)Vi(60)pr (6. Y )~ 1)
L (fr(00, Y)Y Vip(00) ™ @ Fr(00,Y)'Vyp(00)~H) 2@,
with pr(6o,Y) = %]90 ST pi(Bo) and py(6o) = BQO,O (9)1,,. The traditional construction
of the limiting distribution of GMM estimators and test statistics only involves the first element
of the first order derivative (14). The second element is left aside because it, under the
customary assumption of a fixed full rank value of the Jacobian

Jo(Bo) = limr—oe 7 3,1 E(pe(60) /1), (15)

4



vanishes asymptotically when we scale by the appropriate factor of 7', see e.g. Hansen (1982),
Newey and McFadden (1994) and Stock and Wright (2000). When Jy(6y) does not have a fixed
full rank value, this second element does not vanish asymptotically and influences the limiting
distributions. In order to obtain a statistic whose limiting distribution is insensitive to the
value of Jy(0y), we therefore use all elements of the first order derivative (14).

We obtain the first order derivative (14) from the expression for Vi(6y) (5), see the Ap-
pendix for the construction of the derivative,

%870 = fr(00,Y ) Vi (00) " D (00, Y), (16)

with
Dr(00,Y) = [ p1r(00,Y) — A1Vys1(00)Vis(00) " fr(0o,Y)
P (00,Y) — A Vosm(00)Vis(00) ™ fr(60.Y) |,

and ‘/gfﬂ(eo) : kl X ]ff, 1 = 1,. ..,Mm, ‘/gf(eo) = (‘/gf’l(eo)/. . .‘/gf’m(eo)/),, p@-,T(HO,Y) : ]ff X 1,
1= 17 U pT(e()u Y) - (pl,T(607 Y) .. 'pm,T(e()?Y)) .

(17)

Lemma 1. When Assumption 1 holds,

\/TVGC (%DT(QO, Y) - Jg(@)) 7 Ad}o,fa

ﬁfT(eo, Y) 7 ¢fﬂ 18)
where A =diag(Ay, ..., An), Vg = Vg — V0f(90)vff(60)71wf and
bo.g ~ N(0, Voo 1(60)), (19)

Y~ N(0,Vis(6)),

with Vg t(60) = Vae(8o) — Vo (60)Vy1(00)*Vie(60), and Vg s 1s independent of ;.
Proof. see the Appendix. m

Lemma 1 shows that Dr(6y,Y) is an estimator of the Jacobian Jy(6y) whose limiting behavior
is independent of the limiting behavior of fr(6y,Y). We therefore analyze the joint limiting
behavior of Dr(6y,Y) and fr(6y,Y) for different limit sequences of Jp(6y).

Lemma 2. Under Assumption 1, the limiting behavior of a scaling factor that depends on
T times Dr(0y,Y) is independent from the limiting behavior of % fr(00,Y) when:

1. Jy(00) has a fized full rank value, rank(Jy(6y)) = m.

2. Jg(6o) has a weak value such that Jy(0o) = Jo.r, Jor = %C, C : kf xm and rank(C) = m.
3. Jo(6o) is equal to zero.

Proof. see the Appendix. m

Under case 1 and 2 of Lemma 2, the value of the rank of Jy(6y) and C' is maximal and equal to
m. Case 3 of Lemma 2 shows that the limiting behavior of (a scaling factor that depends on
T times) Dr(0y,Y) is also independent of the limiting behavior of % fr(00,Y) when Jy(6y)
is equal to zero. The full rank assumptions in cases 1 and 2 are therefore redundant and the
independence holds for any value of Jy(6y) and C. For reasons of brevity we do not explicitly
derive these results.



Theorem 1 Under Assumption 1, the limiting behavior of the normalized first order deriva-
tive of Q(0) in Oy reads

T (agg(fe)bo) (Dr(00,Y)'Vy(60) "' Dr(60,Y)) * Iy Yaan (20

where Yo - m X 1 and
deo ~ N (07 ]m) . (21)

The limiting behavior in (20) is identical under cases 1-3 for Jo(6y) from Lemma 2.

Proof. see the Appendix. m

Definition 1. The K-statistic for testing Hy : 0 = 0, reads

K(00) = 7 (%5100 ) [Dr (00, Y Y Vis(00) D60, Y )] (2521, )
(22)

= Lfr(00,Y) Vy(00) 2P Vi(00)~2 fr(00,Y)

Vi7(00)" Dr(60,Y)
and has under Hy and assumption 1 a x*(m) limiting distribution for all three cases of Jo(6y)
from Lemma 2.

The K-statistic from Definition 1 has an identical functional form as the GMM LM or
score statistic of Newey and West (1987b). Identical to that statistic, it is invariant to the
specification of Hy. The only difference with the GMM LM statistic concerns the Jacobian
estimator. The GMM LM statistic uses the expected Jacobian estimator pr(6y,Y') while the
K-statistic uses Dr(6p, Y'). The limiting behavior of p7(6y, V') is not independent of the limiting
behavior of fr(6y,Y") so the limiting distribution of the GMM LM statistic depends on nuisance
parameters under cases 2-3 of Lemma 2, see Stock and Wright (2000). The Jacobian estimator
that is independent of the moment equations has also been proposed in Brown and Newey
(1998) to improve the efficiency of semi-parametric estimators.

The K-statistic is equal to zero at the estimator for 6 that satisfies the FOC (13). The
estimator that satisfies the FOC is the CUE of Hansen et. al. (1996). Hence, inference that
results from the K-statistic is centered around the CUE. Other appealing features of the CUE
have been mentioned elsewhere. For example, Newey and Smith (2001) show that the CUE
has a smaller bias than other GMM estimators. Donald and Newey (2000) show that the
CUE involves a Jacobian matrix estimator that is a -1 Jackknife estimator. It is therefore
asymptotically independent of the moment equations.

3.2 Testing hypotheses on sub-sets of the parameters

The K-statistic from Definition 1 conducts a joint test on all elements of . When 6 contains
several elements, for example, § = (o ('), with a: m, x 1 and 8 : mg x 1, m = m, + mg,
we can adapt the K-statistic to test a hypothesis specified on a sub-set of the parameters,
Hj : B = By In order to construct the limiting distribution for this statistic, we make an
additional assumption, see also Kleibergen (2000).

Assumption 2. The kf x m, dimensional Jacobian matriz
. Oft(a,
Ja(a,ﬂ) — hmT—>oo % E?:l E {(%) ’aﬁ |It:| s (23)
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is a continuous function of («,3) and has full rank m, in (o, B,).

Under Assumptions 1-2, the estimator that solves the FOC with respect to a given f,,
&(f,), is a consistent estimator of g and T (&(3,) — o) has a normal limiting distribution,
see e.g. Stock and Wright (2000). We can therefore analyze the limiting behavior of the
derivative Q(6) with respect to 6 in 0y = (&(3,)" 3y)’ that is equal to

12900 5, = fr(B0,Y)'Vis(60) "' Dr (60, Y)

- ( 0 fr(6o, V) Vip(00) 2 M

1
Vi#(00)” 2 Da,1(00,Y

Va0 EDan(b0,v) ) BV

with DT<90, Y) = (Da’T(Qg,Y) D@T(QU,Y)), Da’T(QO, Y) : k?f X My and D,B,T(Q[)yy) : k?f X mg,
and which results since fr(60,Y)'Vi;(00) Do (60, Y) = 0.

Theorem 2 Under Assumptions 1-2, the limiting behavior of the normalized first order deriv-
ative of Q(0) with respect to B in 0y = (&(8,)" B;) reads

0Q(0 _1 _1
37 (285 0,) | Do (o Y)Vig(00) 30, oy o Virl00) 3 Dar(00,Y)] T — s

(SIS

(25)
where Y gq5 : mg X 1 and
Vs ~ N (0, Img) - (26)
The limiting behavior in (25) is identical under cases 1-3 for
J3(0o) = limy_.o0 5 Z;f:l E l(af%(g;ﬂ)) ’ |]t} , (27)
&(Bo),Bo
from Lemma 2.
Proof. results directly from Lemmas 1-2 and Assumptions 1-2. m
Definition 2. The K-statistic for testing Hj : B = [, reads
!/
K(Bo) = 2 (25200, ) [Dr(00, Y)Y Vis(00) ' Drlo, V)7 (232 0)  (28)

where 0y = (&(B,)’ By)', and has under HY and Assumptions 1-2 a x*(mg) limiting distribution
for all three cases of Jg(6y) from Lemma 2.

Compared to K-statistic (22), the expression of the K-statistic remains unaltered but the
limiting distribution of (28) has less degrees of freedom. It shows that we can conduct tests on
those sub-sets of the parameters for which Assumption 2 holds for the remaining parameters.
When Assumption 2 does not hold, the limiting distribution of (28) depends on nuisance
parameters and we should use (22) instead.

It is not always straightforward to determine the parameters for which Assumption 2 is
satisfied. Assumption 2 is always satisfied for those parameters 6; for which p; (6o, Y) equals
zero. We note that one has to be careful with conducting pre-tests for the rank of J,(«, )
because such pre-tests can affect the size of the statistics computed consecutively.



4 Many instruments and covariance matrix estimators

The functional expressions of K-statistics (22) and (28) depend on unknown covariance pa-
rameters. When we use consistent estimators for these covariance parameters, the limiting
distribution of the K-statistic does not alter. These estimators can be both parametric or
non-parametric. The convergence rate of the covariance matrix estimators to the true value is
of importance when we analyze the limiting behavior of the K-statistic in a limiting sequence
where the sample size and number of instruments jointly converge to infinity. We refer to such
a limiting sequence as many instruments asymptotics, see e.g. Bekker (1994) and Donald and
Newey (2001). Theorem 3 states the relationship between these convergence rates.

Theorem 3 When the convergence rate of the covariance matriz estimators involved in the
K-statistic (22) is equal to T* and the number of instruments k and the sample size T jointly
converge to infinity, the K-statistic (22) has a x*(m) limiting distribution under all cases of

Lemma 2 when the joint limiting sequence of k and T is such that % — 0.

Proof. see the Appendix. m

Theorem 3 shows the robustness of the limiting distribution of the K-statistic to large
numbers of instruments. The limiting distributions of standard GMM Wald, LM and likelihood
ratio statistics depend on nuisance parameters when the number of instruments converges
to infinity, see e.g. Bekker (1994). For the K-statistic, Theorem 3 shows that in case of
a parametric covariance matrix estimator that has a value of u equal to %, the number of
instruments and the sample size should converge in such a manner that % — 0. This condition
is identical to the one in Donald and Newey (2001), which they use to obtain an expression for
the mean squared error of the limited information maximum likelihood estimator in the linear
instrumental variables regression model. Bekker and Kleibergen (2002) analyze the limiting
distribution of the K-statistic in a linear instrumental variables regression model using a
parametric covariance matrix estimator and a limiting sequence where % — 6, with 0 < 6 < 1.
They show that the limiting distribution of the K-statistic then differs over the separate cases
of Lemma 2. In case 1, the K-statistic converges to a x?(m) random variable while in case 3, it
converges to 1 times a x?(m) random variable. The limiting distribution of the K-statistic
in these two cases provide bounds on the limiting distribution in all intermediate cases.

Non-parametric covariance matrix estimators have convergence rates that are such that p
is smaller than 3, see e.g. Andrews (1991), Newey and West (1987a) and White (1980). This
shows the importance of the convergence rate of the covariance matrix estimator under many
instruments asymptotics.

5 Improving power towards irrelevant alternatives

The K-statistic equals a quadratic form of the first order derivative of the GMM objective
function. When considered as a function of realized data, it is therefore equal to zero at
those values of 6 where the GMM objective function attains its minimum, maximum or has
an inflexion point. The CUE gives the value of § where the objective function is minimal.
The K-statistic is therefore equal to zero at the CUE. The zero values of the K-statistic at
the maximal value of the objective function and inflexion points are essentially irrelevant
because the moment conditions are violated at these values of #. They can, however, distort
discriminatory power and confidence sets. We use the mapping from the moment equation
estimator fr(0,Y) on the K-statistic to analyze this.
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We decompose the normalized moment equation estimator as
fo(g)ié.fTOgv Y) = fo(g)i%DT(ea Y).gT(ev Y) + fo(g)%DT,J-(a Y)hT<‘97 Y)v (29)

with DT,L(G, Y) : ]{Zf X (]Cf — m), DT’L(Q, Y),DT(Q, Y) = 0, DT’L(Q, Y),DT’L(Q, Y) = ka—m and
gr(0,Y) and hy(0,Y) are m x 1 and (kf —m) x 1 vectors so

gT(97 Y) = (DT(ev Y),fo(e)ilDT(a Y))_l lDT(‘gv Y),fo(e)ilfT(ev Y) (30)
hr(0,Y) = (Dr,.1(0,Y)Vis(0)Dr,1(0,Y)) D1 (0,Y) fr(6,Y).

The quadratic form of the normalized moment equation estimator (29) constitutes Stock and
Wrights (2000) S-statistic,

%fT(gv Y)/fo<‘9)_1fT(97 Y) = %QT(G, Y)/DT<‘97 Y)/Vf (0)_1DT(07 Y)gT(07 Y)
+2h7(0,Y) Dy, 1 (0,Y)Vi(0)Dr, (0,Y )hr(6,Y) < (31)
S(6) = K(6) + J(0),

since the K-statistic is a quadratic form of gr(6,Y") and the J-statistic',

IO) = Ffr(0.Y)Vis(0)2 M

Vi1 (0)"2 D (0,Y)

Vir(0)~2 fr(0,Y), (32)

is a quadratic form of hp(,Y). Because of the orthogonality of Dr(0,Y) and Dp,(6,Y),
under Hy : 6 = 6y and Assumption 1, the K and J statistics converge to independent x2(m)
and x?(k; — m) distributed random variables. The S-statistic then converges to a x?(ky)
distributed random variable.

The relationship between the S, K and J statistics shows that the J-statistic is equal to
the S-statistic when the K-statistic is equal to zero. The K-statistic suffers from a decline
in power around values of 6 where the objective function, i.e. the S-statistic, is maximal or
has an inflexion point. For these values of 6, the J-statistic is (approximately) equal to the
S-statistic so it has discriminatory power. The J-statistic has discriminatory power because
it tests the validity of the moment equations while the K-statistic tests Hy : 6 = 6y given
that the moment equations hold, see Kleibergen (2002b). Around the values of # where the
objective function is maximal or has an inflexion point, the moment equations do not hold so
the results from the K-statistic are spurious. We propose two manners in which the J-statistic
can be combined with the K-statistic to overcome such spurious outcomes of the K-statistic.

The limiting distribution of the K-statistic is valid under Assumption 1 and Hy : 6 = 6.
Assumption 1 implies that the moment equation (2) holds. To check whether the moment
equation holds, we conduct a pre-test using the J-statistic (32). Since the J-statistic is asymp-
totically independent of the K-statistic, the overall size « of testing the moment equations and
Hy equals the sum of the sizes that we use to test the moment equations using the J-statistic,
ay, and Hy using the K-statistic, ak, so @ = ay + ak. By choosing a; and ok appropriately,
we emphasize tests of the moment equations or Hy. For example, when o = 0.05, oy = 0.01
and ag = 0.04 implies that we focus on Hy. The pre-test using the J-statistic restricts the
parameter region for f to values that satisfy the moment equations or stated differently it puts
an upperbound on the value of the objective function.

The spurious power decline of the K-statistic is also explicable using specification (29).
This is a regression model in which D7(0,Y") and Dr (6,Y) are regressed on fr(6,Y). A

"'We note that this J-statistic is not the J-statistic of Hansen (1982) that is proportional to the objective
function evaluated at a GMM estimator for 6.




value of Dr(6,Y) that is close to a reduced rank value causes a multi-collinearity problem.
Zero values of the K-statistic at such values of Dr(6,Y") are therefore caused by the value
of Dr(0,Y) instead of the moment equation fr(6,Y). This explains the zero values of the
K-statistic at values of 6 different from the CUE. Hence, for values of D7(0,Y") close to
reduced rank, the K-statistic does not contain much information on whether fr(6,Y") lies in
the direction of Dr(6,Y") and it is more appropriate to test fr(6,Y’) using the S-statistic. The
(conditional) limiting distribution of the likelihood ratio statistic for testing Hy in a linear
instrumental variables regression model with one included endogenous variable operates in
this manner. Moreira (2001) constructs the limiting distribution of the LR statistic which is
conditional on Dr(0,Y) Vye ¢(6) "1 Dr(#,Y), which is a scalar when m = 1. For large values
of Dr(0,Y) Ve s(6) " Dr(0,Y), the limiting distribution of the LR statistic is identical to the
limiting distribution of the K-statistic while it is identical to the limiting distribution of the
S-statistic for zero values of Dy (6,Y) Vg £(0) ' Dr(,Y).

Kleibergen (2002b) analyzes the limiting distribution of the LR statistic for testing Hy
in a linear instrumental variables regression model with multiple endogenous variables and a
Kronecker specification for V' (0), V(0) = (Q(0) @ Qxx) with Q(0) : I x I, Qxx : k x k. This
limiting distribution is conditional on the m eigenvalues of gy, f(G)_%’ Dr(0,Y) Qx5 Dr(0,Y)
Qoo f(Q)_%, where () is decomposed in an identical manner as V. When the smallest eigenvalue
converges to infinity, the limiting distribution of the LR statistic becomes identical to the x?(m)
limiting distribution of the K-statistic while it is identical to the x?(k;) limiting distribution
of the S-statistic when the smallest eigenvalue equals zero. Hence, the smallest eigenvalue of
Qge. f(Q)_%’ Dr(0,Y) Qx5 Dr(0,Y) 0. f(6>_% governs the behavior of the limiting distribution
of the LR statistic. A upperbound on the distribution of the LR statistic is therefore provided
when we consider all eigenvalues to be equal to the smallest one. This upperbound is essentially
quite tight, see Kleibergen (2002b). When all eigenvalues are identical to the smallest one,
the expression for the smallest root of the polynomial from which the LR statistic results is
identical to the expression for the one endogenous variable case. Hence, the expression of the
conditional LR statistic for the one endogenous variable case from Moreira (2001) provides a
tight upperbound on the LR statistic in the multiple endogenous variable case. It is therefore
convenient to apply Moreira’s conditional LR statistic also in the multiple endogenous variable
case for which no closed form expression of the LR statistic exists.

The smallest eigenvalue constitutes the canonical correlation rank statistic of Anderson
(1951) that tests for a reduced rank of Jy(6). We extend the LR statistic towards a GMM set-
ting, such that we allow for a non-Kronecker V' (6) and a customary specified moment equation
fr(0,Y), by using rank statistics that apply more general than the Anderson canonical corre-
lation rank statistic. We therefore make the GMM-LR statistic dependent on rank statistics
that apply in GMM. We insert these rank statistics in the expression of Moreira’s conditional
LR statistic whose limiting distribution provides a tight upperbound on the limiting distrib-
ution of the LR statistic in the linear instrumental variables regression model with multiple
endogenous variables:

GMM-M(0) = L[K(0)+ J(0) — rk(Dr(0,Y))+

2

VK(O) + 3(0) + 1k(Dr(0,Y))) — 43O)xk(Dr(0,Y))| .

(33)

The statistic rtk(D7(6,Y")) tests H, : rank of Jy(0) equals m — 1 using Dr(6,Y) and kf —m+1
is the degrees of freedom parameter of the x? limiting distribution of rk(Dz(6,Y)). Depending
on the specification of the covariance matrix, various rank statistics with x?(ky —m + 1)
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limiting distributions can be used. When the covariance matrix is in Kronecker product form,
we can use the Anderson (1951) canonical correlation rank statistic. If the covariance matrix
does not have a Kronecker product form, we can, for example, use the statistics from Cragg
and Donald (1996,1997) or Kleibergen and Paap (2002).

Under Hy and Assumption 1, the limiting distribution of GMM-M(6) is conditional on
rk(Dr(0,Y)). When rk(Dr(0,Y)) is large, the limiting distribution of the GMM-M statistic
is identical to the x?(m) limiting distribution of the K-statistic while it is identical to the
x? (k) limiting distribution of the S-statistic when rk(Dr(6,Y")) equals zero. Lemma 1 implies
that the limiting distribution of Dr(6,Y) is independent of the limiting distributions of the
J and K statistics. The limiting distribution of rk(Dr(6,Y)) is therefore also independent
of the limiting distributions of the J and K statistics. Hence, we can simulate the limiting
distribution of GMM-M(#), under Hy and Assumption 1, given rk(D7(0,Y)).

6 Confidence Sets

To obtain a confidence set for 8, we specify sequences of n increasing values for every element of
f. We then have a m-dimensional grid that contains n"™ different values of 6,. We compute the
statistic of interest, i.e. the J, K, GMM-M, or S statistic, for each of these n" different values
of #y. All elements in the specified grid for which the asymptotic p-value of the statistic of
interest exceeds « are in the (1—«)100% confidence set of . Using an appropriate specification
of the grid, we obtain the (1 — «)100% asymptotic confidence set. For the combined J-K test,
the (1 — «)100% confidence set that uses ax and «a; is obtained as the set of values for which
the asymptotic p-values of the J and K statistics exceeds «; and ak resp..

Alongside infinite and finite convex confidence sets, the confidence sets that result from
the proposed tests can also be non-convex, see e.g. Dufour (1997). The confidence sets that
result from the S, J and combined J-K statistics can be empty while the confidence sets that
result from the K and GMM-M statistics are never empty since these statistics are equal to
zero at the CUE.

7 Stochastic Discount Factors

We test the risk aversion parameter in a stochastic discount factor (SDF) model. We compute
power curves for some simulated data-sets and construct confidence sets using observed asset
returns and consumption growth.

Stochastic Discount Factor model

The specification of ¢(#,Y;) in the Euler equation (1) that results from a SDF model with
a constant relative rate of risk aversion (CRRA) utility function reads, see e.g. Hansen and
Singleton (1982),

-8
p0.Y) =6 (%) (at R = (31)

The discount factor is given by § and [ is the risk aversion coefficient so 8 = (6 3)’. The I x 1
vector R; contains the returns on [ different assets at time ¢, C; is consumption at time ¢ and
1 is a [ x 1 vector of ones. We use a k x 1 instrument vector X; that consists of a constant
and lagged values of consumption growth and asset returns. Because ¢ is a scalar, (34) is

11



equivalent to

-8
0(0.Y) = (%) " (u+ Rua) — uer, (35)

with @ = 6~'. The derivative of (35) with respect to a equals ; and is spanned by the
instruments. Assumption 2 is thus always satisfied for & and Assumption 1 does therefore not
imply a central limit theorem for the derivative of (6, Y;) with respect to « :

1 T ([ fi(6o) Py
— = _ , 36
VT Zt:l ( q(0o) Kl Vg (36)
with £,(0) = (2(0,Y:) @ Xy), q(0) = (F(0,Y:) ® X;) = —(log(2)(%52) P (u + Ria) @ Xo),
q(0) = q(0) — E(q(0)) and (¢; 9.) ~ N(0,V). The central limit theorem in (36) results from a
statistical model for (6, Y;) and a%gp(ﬁ, Y;) that explains these two series from X;. This shows

that Assumption 1 puts no stringent conditions on the asset return and consumption growth
series.

Size and power comparison

We generate the artificial data using the Monte-Carlo design of Tauchen (1986a,b). We
calibrate a 10% dimensional Markov chain to approximate a Gaussian Vector AutoRegression
(VAR) of order 1 fitted to consumption and dividend growth. This VAR(1) is also used by
Kocherlakota (1990), Hansen et. al. (1996) and Stock and Wright (2000):

¢\ (0021 ~0.161 0017\ [ ¢ et
( d; > - ( 0.004 ) * ( 0414 0.117 ) < d ) - ( Eay ) / (37)

with ¢; the log-growth rate of US per capita real annual consumption and d; the log-growth
rate of real annual dividends on the Standard & Poor 500. The disturbances (e.; €q4+) are
independently normally distributed with mean zero and var(e.;) = 0.014, var(e.;) = 0.0012,
cor(eet, €ar) = 0.43.

The VAR(1) (37) is used to generate asset return and consumption growth series that
satisfy a SDF model. Figure 1 shows the power curves of testing Hy : § = 1 using Wald
statistics based on the CUE and two step estimator, the standard GMM LM statistic and the
S, K, J and GMM-M statistics. We use conditional critical values for the GMM-M statistic.
The instruments consist of a constant and up to three period lagged values of consumption
growth and asset returns. The number of observations equals 100. We assume that there is
no autocorrelation or heteroscedasticity in the moment equations so we can use a parametric
covariance matrix estimator. Each panel in Figure 1 shows the power curve for a different data
generating process (DGP). The DGP for Panel 1 is a SDF model calibrated to approximate
the VAR from (37). The same DGP is used in Panel 2 but with cor(e., £4¢) = 0.95. The DGP
for Panels 3 and 4 is a SDF calibrated to the VAR from (37) with the VAR(1) parameter
matrix multiplied by two. In Panel 4, cor(e.t,q:) = 0.95.

Figure 1 shows that the Wald and GMM LM statistics are size distorted especially when the
correlation parameter is large. All the other statistics are not size distorted. The power of the
J-statistic is typically quite low except for those values where the K-statistic has its spurious
decline of power. The combined J-K test procedure has therefore good power properties. The
power of the GMM-M statistic is typically comparable to the power of the J-K test which
results because these statistics use the J and K statistics in a similar manner. In Panel 1,
which is the DGP where the identification of (3 is the weakest, the S-statistic is slightly more
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powerful than the other statistics but the S-statistic is on average dominated by the GMM-
M and J-K statistics in the other Panels. This results from the larger degrees of freedom
parameter of the limiting distribution of the S-statistic compared to the J and K statistics.

Figure 1: Power curves of statistics that test with 95% (asymptotic) significance H, :
B =1.3:8 (solid line), K (dotted), J (stars), J-K with ax = 0.04, a; = 0.01 (dashed),
GMM-M (dashed-dotted), Wald-CUE (crosses), Wald-2step (plusses), LM (triangles).
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Panel 3: Strong specification, cor = 0.43.  Panel 4: Strong specification, cor = 0.95.

Stochastic discount factor model for consumption growth and return on SP500
We construct asymptotic confidence sets of the risk aversion parameter 3 in a SDF model for
yearly observations of the growth of US consumption and an asset return series that consists
of the returns on the Cowles Commision index followed by the annual average price of the
Standard and Poors monthly composite index. The observations cover the period 1871 to
1993. The data is an extension of the data from Campbell and Shiller (1987) and is also used
by Stock and Wright (2000). As instruments we use a constant and up to three period lagged
observations of the two series. We use the 2step-Wald, Wald-CUE, LM, S, J, GMM-M and
K-statistics to construct asymptotic confidence sets for the risk aversion parameter 3. The
asymptotic critical values result from a x?(1) distribution for the 2step-Wald, Wald-CUE, LM
and K statistics while the asymptotic critical values for the J and S statistics result from a
x2(5), x2(6) distribution resp.. For the GMM-M statistic we use its conditional asymptotic
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distribution.

Figure 2 shows one minus the (asymptotic) p-value for the different statistics, that test
the hypothesis Hy : 8 = f3,, for a sequence of values of (3,. Figure 2 contains a line at 0.95
which enables us to construct the 95% asymptotic confidence set in a straightforward manner
by using the intersection of the curves of the different statistics with the 95% line.

Figure 2: One minus the p-value for statistics that test Hy : 8 = (3, for different values of
By : S (solid line), K (dotted), J (stars), GMM-M (dashed dotted), Wald-CUE (crosses)
Wald-2step (plusses), LM (triangles).
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The CUE and 2step estimator for § happen to coincide at -0.27. The one minus p-value
plots of these statistics are identical. The one minus p-value plots show that the GMM-M
and K statistics are equal to zero at the CUE and that the S and J statistics attain their
minimum at the CUE. The one minus p-value plots of the K and LR statistics are very similar
and asymmetric. The one minus p-value plot of the J-statistic is more informative about the
value of 3 than the K statistic. We thus have to be cautious with interpreting the K and
GMM-M statistic since the validity of the moment equation is more an issue than the value of
(. The confidence sets that result from the combined J-K test, with ax = 0.04 and ay = 0.01,
and the GMM-M statistic, with a = 0.05, therefore differ considerably. The S-statistic is also
more informative than the K and GMM-M statistics. The validity of the moment equation
becomes very problematic when we include the risk free interest rate in the SDF model and,
similar to Stock and Wright (2000), the J and S statistics are then always significant at the
99% level.

8 Conclusions

Under a novel assumption, the limit behavior of the K-statistic, which is a GMM LM statistic
that uses a Jacobian estimator that is independent of the moment equations, is shown to be
robust to weak and many instrument asymptotics. Because it is quadratic form of the deriv-
ative of the objective function, it suffers from a spurious power decline around the maximum
and inflexion points of the objective function since the moment conditions are then not satis-
fied. This spurious power decline is overcome by combining the K-statistic with a J-statistic
that tests the validity of the moment equations. A GMM extension of Moreira’s conditional
likelihood ratio statistic is obtained when we use a statistic that tests the rank of the Jacobian
to attach the weights to the J and K statistics in the combination.
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Appendix

Derivation of Equation (16). We use the expression for vec(Vy¢(6y)),

vea(Vyy(60)) = limr—.oo B | £ X0, S0, Fil0) © Fi(60)]
whose derivative with respect to 0 reads

8V€C fo 0))

VO, g B %zflzjl(afg,;@@fj( ) + (Fl6o) © 2560

= limT_—>oo T Zt 12 (( AlQIJ(QO) Am@m,j(eo) ) ® fj(eo))
+ (ft(go) ( Ai1qi;(00) -+ AmGm,;(6o) ))}

= ( (A1 ® I, )vec(Vos1(00)') - (Am @ Ii,)vec(Vas,m(0o)') )
+ ( (I, ® A)vec(Vaga(00)) -+ (I, © Am)vec(Vorm(6o)) ),

with %f,z’((90> . kz X kf, 1= 1, ., and ‘/9]0(00) = (be,l(ﬁo)’ e ng’m(Ho)’)’. For the derivative
of the objective function, this implies

129D |0y = fr(00,Y ) Vis(00) " pr(00,Y) — & (fr(B0, Y)'Vi(00) ™' @ fr(60,Y) Vs (60) )
[( (Al ®ka)vec(V9f,1(90)’) te (Am ®ka)vec ngm 90 ) )
—|—( (ka ®A1)V€C<‘/9f,1<(90)) s (Ik ®A )VeC bem (90 ) )

= fr(00,Y)Vi(60) " [pr(60,Y) — ( AlVeC(V@f 1(00)Vy£(00) " fr(60,Y))
Avec(Voym(00)Vip(00) ™ fr(60,Y)) )]

= fr(00,Y)Vi(00)™" ( prr(00,Y) — A1Vas1(00)Vis(0o) " fr(60,Y)
Pm,1(00,Y) = A Varm(00)Vir(60) ' fr(60,Y) ),

with pi,T(GO, Y) . k’f X 1, 1= 1, oo, Mm, and pT(QO, Y) = (plyT(Ho, Y) .. .pm,T(QO, Y)) .
Proof of Lemma 1. We pre-multiply the central limit theorem from Assumption 1 by

to obtain JTRG) < i g Ezg ; ) — R(6,) ( ﬁ;‘ )
~
T gatnr- o s ) 7 ()

where gr(0p,Y) = 31", G(f), and

( z/ﬁff ) ~ N, ( g Vee.JE)(@o) >)’

with Vag.£(00) = Vae(0o) — Var(00)Vis(00) ' Vie(o), which shows that 1), ; is independent of
;. We further pre-multiply the limiting expression by diag(/x,, A) which results in

+fr(00,Y) . W
\/T( vec(%DT(QO,Y) — Jo(0)) ) p ( A’QZJ];‘f ) ,
since Ay(gir(00, Y) ~Vaga(00)Vs(00) " fr (00, Y)) = pir (00, V) — AiViga(60)Vs(00) " (00, Y)
and A (hmT—>oo Zle E(qt(Hg))) =vec(Jy(6)).
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Proof of Lemma 2. 1. When Jy(6y) has full rank,
FDr(60,Y) = Jo(0) + 7 { VT [1Dr(00,Y) = Ja(60)] } = Jol60).

which shows that the limiting behavior of £Dr(6,Y) is independent of the limiting behavior
of ﬁfT(Go, Y).

2. Jp(6o) has a weak value such that Jy(6) = Jor, Jor = %C’, C' : ky xm and rank(C) = m.

%DT(Q, Y) = \/TJ&T + \/T [%DT(Q(), Y) - Jg(@o)] 7 C + ( Alwe_ﬁl .o Amwe_ﬁm ) s

where ¥, ki x 1,i=1,...,mand 9y ; = (Vy ;1 - .. Vg ), Which shows that, because 1)y ;
is independent of 1, see Lemma 1, that the limiting behavior of %DT(Q, Y) is independent
of the limiting behavior of ﬁ fr(00,Y).

3. Results directly from Lemma 1.

Proof of Theorem 1. It results from Lemma 2 that,

%DT(GO,Y) ~ D,

where in case 1 of Lemma 2, v = 1 and D is a fixed constant equal to Jy(6y), and in cases 2

and 3 of Lemma 2, v = % and D is a random variable independent of ¢,. We then obtain

T fr(00,Y) Vi (00) ™" |75 Dr (00, Y)] — VVir(6o) ' D.
The conditional distribution of ¢, Vy¢(6g) ™' D given D reads
Iﬂ,fof(gg)ilD|D ~ N(O, D,fo(go)ilD).

Since D is independent of 1, we obtain a unconditional result by normalizing the expression
by (D'Vy4(60)~'D) "2,

SIS

F7J7(00,Y)Vs(00) " Dr(60,Y) [Dr(00,Y) Vs (00) ' Dr(60, Y )]
o WiVip(00) " D(D'Vi(00) ™ D)2 = Ypap,

with Y49 ~ N(0, I,).

Proof of Theorem 3. To establish the limit behavior when the number of instruments k
and observations T jointly converge to infinity, we use a limit sequence in which we first let
T converge to infinity and afterwards k. Because the convergence over 7' is towards normal
distributed random variables, Lemma 6 of Phillips and Moon (1999) applies, which means
that the sequential limit where we first let 7" converge to infinity and afterwards k is identical

to the joint limit where both converge to infinity simultaneously.
We consider the limiting behavior of fr(0o,Y)' V¢ (6o) ' Dr (0, Y), with

DT(007Y) = [ pl,T(907Y) - Al%f,l(eo)vjif(eo)*lfT(eoa Y)
Pt (00,Y) — A Varm(00)Vir(00) fr(60,Y) ],

where Vyzi(60),7 = 1,...,m, and V;(f) are estimators of the covariance parameters, Vyy.:(6o),
i=1,...,m, and Vys(6y). We analyze the limiting behavior of the K-statistic under a joint

limiting sequence for k (= ka) and T.
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We specify the estimator ‘A/gf’i(eo)f/ff(eo)_l of Vori(00)Vip(0o) ™t i=1,...,m as

Vari(00) — Vari(6o)

Vara(00)Vis(B0) " = (I, Vora(00)Vis(60)™") < Vi (80) — Vi1 (6o)

+Vi7,i(00)Vir(6o) ",

and

Vip(00) ™t = Vip(B0) ™ + Vip(6) [fo(‘%) - fo(eo)} Vi(00)

As a consequence,

Dr0¥) = Da(0nY)+ [ 41 (1, Va0V ) (V) ot )
Ap ((Ley —Vagm(00)Vys(60)™") ( %\J;;EZS - %ﬁ%ﬁo) >] Vi(00) ™ fr(60,Y).

The convergence rate of the estimators Vari(8g), i = 1,...,m and V;;(8,) equals T* so
Vas1(00) = Vora(6o) Wos,1
Vogm(00) = Vorm(Bo) [ 4 | Porm
Vis(0o) — V(o) Wy
where Wos;, @ = 1,...,m and Wy are ky X ky dimensional random matrices with a non-

degenerate (normal) distribution.
We consider the case that Jy(6y) is a zero matrix and therefore

ﬁDT(eoyy) ~ ( Ay - Amtbgsm )-

We first let T' converge to infinity and afterwards the number of instruments & (= ka)
Since [ is fixed, when k converges to infinity also k; converges to infinity. Using the se-

quential limiting sequence, we construct the limiting behavior of four different elements of
fr(00,Y)'Vy(00) " Dr(6, ) :

Fr(00,Y ) Vy§(00) " Dr(6,,Y) =
(1.) fr(00,Y)'Vys(00) ' Dr(0o,Y)+

(2.) fr(00,Y)Vis(0o)~" _fo(90)—‘7ff( ] #(00)7 D (600, Y )+

0)
(3.) fr(00,Y)'Vyp(00) ™ | Ar ( In, —Vora(00)Vis(0) ™" ) ( V%;EQO) g:izéf;) )

_ 80) — Vor.m(6o)
An Ly =Vagn B0)Vs (60 1>< Eeg i 900 )]Vf’" IR
!

(4) Fr(B0.Y ) Vi (60) " [Vis(o — Vis(60) 5000

by o) P00~ o) )

et i (48]




1. We obtain from the limiting behavior with respect to 7" only and £y fixed, see Lemma 1,
that

7100, Y)'Vyp(60) " Dr(6o,Y) ~ ViVip(0o) ™ ( Argsn oo AnWpim )
We then let k; converge to infinity,
ﬁlﬁlfvff(eo)_l( Ao 1 - Angim ) - (.
with ¢, : m x 1, ¥, ~ N(0, Agyy) and

A0V0 - hmkf—>oo é ( AlqvbQ.f,l s AmqvbG.f,m ),fo(eo)_l ( AlqvbQ.f,l ce AmqvbG.f,m ) .

2. When T converges to infinity with k; fixed,

T fr(00,Y ) Vis(00) " [fo(@o - fo(Qo)] Vir(60) 1 Dr(65,Y)
= VeVir(00) W Vip(00) ™ ( Aty gy oo Amtbgsm ) -

The convergence rate shows that the first element always dominates this element asymptoti-
cally.
3. When T converges to infinity with k; fixed,
u _ — V 1(9 ) - ‘/9 1(90)
(00, Y)' Vi (00) 7 As ( In, —Vigri(00)Vip(60)~ GFa\"0 f
2 (00, Y Vi 00) A Ty Vo0 Vi) ) (Pl Hore

0)
Vir(00)= fr(00,Y) — @5 Vip(00) " As (Wors = Vari(00) Vi (00) W 15) Vig(60) )y
When £k converges to infinity,
7 ViVir(00) ™ Ai (Wori — Vari(00) Vs (B0) ™ Wrs) Vg (B0) Ty — i,

where \; : 1 X 1,2 =1,...,m, is a random variable with a non-degenerate distribution.
4. When T’ converges to infinity with £ fixed,

L Fr(60.Y )V (00) ™ [ Vir(60 = Vir(60)| Vy(60) 7 Ai ( I, =Vira(0o)Vis(60) ™" )

Vor,i(00) — Vag.i(60) 1
(o= va) Voo sy

— Vi (00) W Vi (00) 7 As (Wor — Vori(00) Vip(00) =W 17) Vig () o)y

The convergence rate shows that the third element always dominates this element asymptot-
ically.

The limiting behavior of the first element always dominates the limiting behavior of the second
element while the limiting behavior of the third element always dominates the limiting behavior

of the fourth element. Element 1 has to be scaled by T\}k_ and element 3 has to be scaled
f

by ,3;—‘; to have convergence of each of them to a non-zero finite random variable when k;

and T jointly converge to infinity. When k; is proportional to 7%, these scaling factors are

proportional to one another. When the joint limiting sequence of k; and 7' is such that
ky

73z — 0, we scale element 1 by a smaller factor. Hence, the limiting behavior of element 1
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then dominates the limiting behavior of all the other elements. The x?(m) limiting distribution

of the K-statistic therefore remains valid when Jy(6y) is a zero matrix and % — 0.

For full rank values of Jy(6y), we have to scale Dr(6y,Y) by %, see Lemma 2, such that
the x%(m) limiting distribution of the K-statistic also remains valid when % — 0 in that
case. Weak values of Jy(fy) constitute an intermediate case between full rank and zero values
of Jy(6p) such that also in the weak case, the x?(m) limiting distribution of the K-statistic

remains valid.
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