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Appendix A. Proofs of tail bounds

Proof of Theorem[3 We solve problems and by considering the four
scenarios depicted in Figure
Scenario la implies F,,(0) = 0, F,,,(t) = Fi,(b) = 1, which gives

m _ t—2m—+b 1
N=—, A\ =0, \f=—"T--—7— do=—-,
0 £ ) 1 1 £ 2 n
and objective value
1 b—2d 1
Mo+ A= 4+ dodyy = ———2 4 .
0+ 1 2 + 2 n + 9

Solving the primal problem (12]) with probability masses on the points {0,¢,b}
gives

b—2d 1

/]l{a: > t}dIP’(x) =pt+pp= Tm + 5

Scenario 1b implies that F(0) = F(t) = F(m) = F(b) = 1, and hence
Mo =1, A\f = A = X2 = 0 with objective value 1.
Scenario 2a implies F'(m) = 0, F'(t) = 1 which gives

Ao:Af:)\f: . A= ——,
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with objective value
d

Xody = —2—.
t—m
Solving the optimal probabilities for the primal problem ([12)) indeed shows that
d,
Pt = -

Scenario 2b implies that F(0) =0, F(m) = F(t) = F(b) = 1, and
M=1, A =-1, A =X=0,

with objective value

1
5-
Solving , with support {m,t,b}, gives p,, = 1/2.

_ 1
Ao + (A7 +/\T)§ =

O

Proof of Theorem[3. For a random variable X with distribution P € Plub,d,B)
we now solve

sup / Ly dP(2)
PeM+ z

s.t. / dP(z) = 1, / zdP(z) = p, (A1)
1o =naB@) = d. [ 11,5, dpa) = 5.

which is a semi-infinite linear program with four equality constraints.

Consider the dual of ,

inf Ao+ A+ Aad+ A
)\0’/\111,1)\27)\3 0 LA 2 3 (AQ)
s.t. Tiose < Ao+ Mz + Aoz — p| + Ag]l{xzﬂ}, Va € [0, ).

Define F(z) = Ao + M@ + Xo|z — p| + A3l g;>,3. Then the inequality in
can be written as 1,54 < F(x), Vo, i.e. F(z) majorizes 1,54 . Note that
F(x) has both a ‘kink’ and a jump discontinuity at g. There are four candidate
scenarios, which are described in Figure When t € [0,u), F(z) touches
L{z>¢) in {0,2} U [u,b] (scenario 1a), or F(x) = 1 and touches in [t, ] (scenario
1b). When ¢ € [u,b], F(x) touches in [0, u] U {¢} (scenario 2a), or in [0, ) U [¢, ]
(scenario 2b).
Scenario la implies F'(0) =0, F(t) = F(u) = F(b) = 1, which gives
W 1 1 uw—t

Ao = A1 Ay = 57 Az = rant

and objective value

(I-Bpu+pt d

A A Aod + A3 = .
0+ A+ Aod + A3 : 5
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Figure A.1: Scenario 1 and the majorizing functions Fi4(z) and Fi,(z) under scenarios la and
1b, respectively. Scenario 2 and the majorizing functions Faq(x) and Fap(z) under scenarios
2a and 2b, respectively.

Solving the primal problem (A.1)) with probability masses on the points {0, ¢, u, b}

gives
(1-Bp+pt d

[ 12 008 @) = g4+ = LR 2

Since primal and dual feasible solutions have the same objective value we have
strong duality and hence found the optimal solutions.

Scenario 1b implies that F(0) = F(t) = F(u) = F(b) = 1, and hence
Ao = 1, Ay = Xo = A3 = 0 with objective value 1. It is clear that the optimal
primal objective value is also equal to 1.

Scenario 2a implies F(0) = F(u) = 0, F(t) = 1 which gives

with objective value
Ao+ A+ dod + A3 = —
20t —p

Solving with probabilities masses on {0,v, u,b}, with v € (0, ), indeed
shows that p; = 2(%“).

Scenario 2b implies that F'(0) = 0, F(u) = F(t) = F(b) = 1, which gives as
the dual feasible solution

N=M=X=0, \=1,

and objective value
Ao+ A1p+ Aad + A3 = .

Finding the optimal probabilities of (A.1) confirms that pg = (1 — 53). O



Proof Corollary[f} We solve

inf Lipop dP
e [0 0

s.t. / =1, /deF’ (A.3)
[ o= ula2(z) = a / L (oo py dB(x) = B,

which is a semi-infinite linear program with four equality constraints. The dual
problem is given by

sup )\0+>\1u+)\2d+/\3,8
A0sA1,A2,A3
s.t. ]l{z>t} > X+ Mz + )\2|$ - Ml + )‘3]1{22,u} = F(.’L’), Vx € [O,b]
(A4)
The proof is similar to that of Theorembut, since we are minimizing, F(z) is a
minorizing function. Note that F'(z) has both a ‘kink’ and a jump discontinuity
at p. There are four candidate solutions, which are depicted in Figure [A.2]
When t € [0, ), F'(x) touches 1 (,~y in {t}U[u, b] (scenario 1a) or in [0, t]U[u, b]
(scenario 1b). When t € [u,b], F(x) touches in [0, 1) U {¢,b} (scenario 2a), or
F(z) = 0 and touches in [0, ] (scenario 2b).
Scenario la implies F(t) = 0, F'(u) = F(b) = 1, which gives the dual solution
% — u 1 1
- M T - T

and objective value

Ao =

_ 4
2(p—1t)

Solving the primal problem (A.3)) with probability masses on the points {t, u, v, b},
with v € (p, b), gives

Ao+ A+ Xod+A38=1~—

4
2(u—1)
Scenario 1b implies that F(0) = F(¢) = 0, F(u) = F(b) = 1, and hence

A = A1 = X2 = 0, A3 = 1 with objective value 5. Now solving the primal
problem with probability masses on {0, ¢, u, b} gives us

/]l{:z: >t dP(z) =1

[ 1> 0 ap@) =p, +p =5

Scenario 2a implies that F(0) = F'(¢t) = 0 and F'(b) = 1, which results in
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Figure A.2: Scenario 1 and the minorizing functions Fi4(x) and Fi;(z) under scenarios la and
1b, respectively. Scenario 2 and the minorizing functions Fa,(z) and Fap(z) under scenarios
2a and 2b, respectively.

with objective value

Xo + A p 4 Aad + A3 = 5((;__;) + Q(bd_ ot

Indeed, solving the primal problem with probability masses on {0, v, ¢, b}, with

Z/E(O’,u)agiVeSpb:%+ﬁ.

Scenario 2b implies that F(0) = F(u) = F(t) = F(b) = 0, which gives the
dual feasible solution
Ao =A1 =X = A3 =0,

with objective value 0. All probability mass is placed on points that are less
than or equal to t. Hence, the optimal primal objective value is also equal to
0. O

Appendix B. Comparison with tight bounds for mean-variance in-
formation

Next to the comparison with Cantelli’s inequality in Section we also
look at the tight bounds for the (u, b, o)-ambiguity set. |De Schepper & Heijnen
(1995) provide expressions for these bounds. The upper bound is given by

2
1 te[0,n—325],
_ o+ (b—p)(t—p) o? o?
P;Up PX >t) =1 - 7757, te[ﬂ—m’u‘f'j}a (B.1)
€P(1,b,0) o2 a?
T te[p+ j,b].
The lower bound equals
(n—t)? a?
(gf@w’ te[0,n— 7],
i > ¢) = { otulp=t) _ o .
Pe#&f:bm P 21) b(e—t) te [M bZ“’u—’— " L (B2)
0, te [u+ 2,0



Comparing these bounds with their MAD equivalents is again not straight-
forward, and we will be using a similar numerical example to compare our results
with those of |De Schepper & Heijnen| (1995)). We use the following parameter
setting: a =0, p =1, b = 2, d = 1/4. Furthermore, we consider three values
foro: o =d=1/4,0=1/3,and 0 =1/2.

Figure [B.3| shows the upper bounds for mean-MAD ambiguity and the
(1, b, 0 )-ambiguity sets. The difference with Cantelli’s inequality essentially lies
in the behavior of the bound near the mean u. Expression sharpens the
bounds of the tail probability for t € [u — 02 /(b — p), u + o /u] by using infor-
mation about the upper bound of the support. Note that Cantelli’s inequality
and the tight upper bound are equivalent in the tail. Another interesting obser-
vation is the equivalence of the mean-variance and mean-MAD bound for ¢t = p
and 0 = \/db/2. Figure paints a similar picture for the lower bounds.

In Figure all three obtained upper bounds as well as Cantelli’s bound
are depicted for four different sets of parameters from different continuous distri-
butions. The first two distributions, Beta(2,2) and Uniform(0,1), are symmet-
rical, i.e., have equal mean and median, which causes some overlap between the
(,0,d,B) and (m,b,d,,) bounds. For these four distributions, the (u,b,d, )
bound generally dominates Cantelli’s bound for most ¢. The only exception to
this is found in Figure where the mean-variance bound is tighter in the
tail, i.e., for large ¢.
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Figure B.3: A comparison of the mean-MAD upper bound with the upper bound of
|per & Heijnen|(1995) for three different values of o with the parameter chosen as follows: a = 0,
p=1b=2and d= %.

Corollary [I]
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Figure B.4: A comparison of the mean-MAD lower bound with the lower bound of[De Schepper|

(1995)) for three different values of o with the parameters chosen as follows: a = 0,
p=1b=2andd=1.
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Figure B.5: Comparison of our bounds and variance based bounds for different distributions.
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