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Summary

Affine Markov processes on a general state space

This thesis is about affine Markov processes, which are very popular in mathe-

matical finance for modeling market prices, like those of stocks, and interest rate

term structures. An affine Markov process belongs to the class of jump-diffusions.

These are random walks in a (possibly multi-dimensional) space, where the steps

(and jumps) are generated by a probability device. An important condition here

is the so-called Markov property, which says that the future evolution of the walk

only depends on the current position and is not influenced by events from the past.

The dynamics of a general jump-diffusion are described with the aid of in-

finitesimal increments. These are movements on very small intervals (infinitesi-

mally small, mathematically speaking), comparable with “intra-day” data in the

financial world. We split these increments into three components, to wit:

• the drift, which indicates in which direction the process moves on average;

• the diffusion, which indicates how “volatile” or variable the continuous part

of the movement is;

• the jump-measure, which indicates how often the movements exhibits dis-

continuities and how large these are.

An affine Markov process is a special kind of jump-diffusion, where an additional

structure is imposed on these three components, in relation to the current state

of the process. Both the drift, the diffusion and the jump-measure depend in a

linear (or affine) way on the current state. For practical applications this is most

valuable.
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164 Summary

First, there is flexibility for modeling asset prices, like those of stocks. The

linear drift term in an affine model makes it possible to incorporate a long term

tendency, while the linear diffusion term allows for stochastic volatility. The latter

means that the variance is not constant, but depends on the current price. For

instance, the interest rate is less volatile when it is low. In addition, by including

jumps in the model one obtains a more realistic distribution for the returns, since

more probability mass is allocated to excessive values.

Second, affine processes are mathematically tractable, in the sense that prices of

bonds, options and derivatives can be computed fast and efficiently. This makes it

possible to calibrate or adjust the parameters of an affine model to current market

prices. The most important cause for this is that exponential moments can be

computed explicitly, with the aid of the so-called affine transform formula.

An important aspect of the analysis of affine processes is the fact that restric-

tions need to be imposed on the underlying state space. Due to the affine structure

of e.g. the diffusion term, which as a rule has to be positive, the area where the

affine process lives, is in general constrained. It is a very hard and currently

unsolved mathematical problem to characterize all possible domains of an affine

process. Traditionally, in the literature one considers the so-called canonical state

space, where it is assumed that an affine process takes its values in a space that is

confined by non-curved, straight sides (a polyhedron). In this thesis we describe

affine processes on more general spaces. This is interesting not only from a math-

ematical point of view, but also from a practical perspective. By considering a

non-canonical space, a more sophisticated correlation structure can be incorpo-

rated in the model, without loosing the flexibility and tractability as described

above.

Three main results are proved in this thesis. First, general conditions are pro-

vided for existence and uniqueness of an affine process on a general state space.

Second, these conditions are worked out and a complete characterization is given

for state spaces where the boundary is described by a quadratic function (and in

particular it is curved, contrary to the boundary of the canonical state space).

Third, the validity of the affine transform formula is extended to exponential mo-

ments for which it is not clear a priori that they are finite. Consequently, conditions

are formulated that guarantee the finiteness of such exponential moments.

To obtain these main results, we frequently make use of stochastic analysis in

this thesis. We brought the necessary theory for this in a suitable form, in order

to make this thesis a self-contained monograph on the mathematical foundations

for the theory of affine Markov processes.


