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Generalization of the Hanson-Wright inequality

The goal of this online supplement is to derive large deviation bounds on quadratic transforms of sub-
Gaussian random variables. In the Gaussian case, the chi-square distribution with n degrees of freedom is
defined as the distribution of

∑n
i=1 z̃i

2 where the z̃i’s are n independent Gaussian random variable with mean
0 and variance 1. In this section we provide analogous results about the distribution of z̃i

2 and
∑n
i=1 z̃i

2

when z̃i’s are sub-Gaussian random variables.
We start by a technical lemma regarding the moment generating function of z̃2.

Lemma OS.1. Let z̃ be a sub-Gaussian random variable with variance proxy 1, and λ ≥ 0 be a non-negative
scalar. Then, for any θ ∈ R and β > 2 such that βθλ ≤ 1, we have

E
[
exp

(
θλz̃2

)]
≤ exp

(
1

2
βθλ ln

(
β
β−2

))
.

Proof. We follow the same proof technique as Bertsimas and Sim [2006]. Introducing θ, β ∈ R,

E
[
exp

(
θλz̃2

)]
= E

[
exp

(
βθλ z̃

2

β

)]
= E

[(
ez̃

2/β
)βθλ]

≤ E
[
ez̃

2/β
]βθλ

,

where the last inequality follows from Jensen’s inequality under the condition that βθλ ≤ 1. Since z̃ is sub-
Gaussian with variance proxy 1, we have E

[
esz̃

2/2
]
≤ 1√

1−s for any s ∈ [0, 1) [Wainwright, 2019, Theorem

2.6]. Hence, if β > 2,

E
[
exp

(
θλz̃2

)]
≤ exp

(
1

2
βθλ ln

(
β
β−2

))
.

We now state a generalization of the Hanson-Wright inequality [Hanson and Wright, 1971] to the case of
sub-Gaussian random variables.

Theorem OS.2. Let z̃ = (z̃1, . . . , z̃n) ∈ Rn be a random vector with independent sub-Gaussian coordinates
z̃j with variance proxy σ2. Let A be an m× n matrix. Then, denoting λ the vector of eigenvalues of A>A,
for every t > σ2‖λ‖1,

P
(
‖Az̃‖22 > t

)
≤

[√
et

σ2‖λ‖1
exp

(
− t

2σ2‖λ‖1

)]‖λ‖1/‖λ‖∞
.

Remark OS.3. Hsu et al. [2012] proved a similar tail bound for quadratic forms of sub-Gaussian vectors.
Under the assumptions and notations of Theorem OS.2, for a sub-Gaussian random vector with variance
proxy 1, they proved that (Theorem 2.1)

∀s > 0, P
(
‖Az̃‖22 > ‖λ‖1 + 2‖λ‖22

√
s+ 2‖λ‖∞s

)
≤ e−s.

Setting t = ‖λ‖1 + 2‖λ‖2
√
s + 2‖λ‖∞s > ‖λ‖1, we would similarly obtain a bound which exponentially

decreases in t as exp (−t/2‖λ‖∞).
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Proof. /Without loss of generality, we can prove the result for σ2 = 1. The general result will follow after
observing that

P
(
‖Az̃‖22 > t

)
= P

(
‖Aỹ‖22 > t/σ2

)
,

where ỹ := z̃/σ2 is a sub-Gaussian vector with variance proxy 1. The rest of the proof is divided in three
steps.

Step 1: Decoupling

Our proof technique relies on a decoupling mechanism similar to Hsu et al. [2012]. Let us introduce a m-
dimensional Gaussian vector g̃ = (g̃1, . . . , g̃m) ∼ N (0, Im). We fix some t > 0 and θ ∈ R. On the one side
we have,

E
[
exp(θ g̃>Az̃)

]
= E

[
E
[
exp(θ g̃>Az̃) |g̃

]]
≤ E

[
exp

(
θ2

2
‖A>g̃‖22

)]
,

where the last inequality follows from the fact that z̃ is sub-Gaussian with variance proxy 1. On the other
side,

E
[
exp(θ g̃>Az̃)

]
≥ E

[
exp(θ g̃>Az̃)I(‖Az̃‖22 > t)

]
= E

[
E
[
exp(θ g̃>Az̃)I(‖Az̃‖22 > t) |z̃

]]
= E

[
exp

(
1

2
θ2‖Az̃‖22

)
I(‖Az̃‖22 > t)

]
≥ exp

(
θ2t

2

)
P
(
‖Az̃‖22 > t

)
.

All in all,

P
(
‖Az̃‖22 > t

)
≤ exp

(
−θ

2t

2

)
E
[
exp

(
1

2
θ2 ‖A>g̃‖22

)]
.

Step 2: Bounding the moment generating function of the Gaussian chaos

Consider the singular value decomposition of A, A = U>ΛV where U and V are orthonormal matrices
and Λ ∈ Rm×n is a diagonal matrix whose diagonal coefficients are

√
λ1, . . . ,

√
λmin(m,n). By rotational

invariance, ỹ := Ug̃ ∼ N (0, Im) and ‖A>g̃‖2 = ‖Λỹ‖2. Hence,

E
[
exp

(
1

2
θ2 ‖A>g̃‖22

)]
= E

[
exp

(
1

2
θ2 ‖Λ>ỹ‖22

)]

=

min(m,n)∏
i=1

E
[
exp

(
1

2
θ2λiỹi

2

)]
.

We now apply Lemma OS.1 to bound each moment generating function: Given β > 2 such that 1
2βλiσ

2 ≤ 1,
we have

E
[
exp

(
1

2
θ2 ‖A>g̃‖22

)]
≤ exp

(
1

4
βθ2‖λ‖1 ln

(
β
β−2

))
,

where ‖λ‖1 =
∑min(m,n)
i=1 λi.
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Step 3: Conclusion

Putting pieces together, we finally obtain

P
(
‖Az̃‖22 > t

)
≤ exp

(
−1

2
θ2t+

1

4
βθ2‖λ‖1 ln

(
β
β−2

))
.

We fix the value of θ such that 1
2β‖λ‖∞θ

2 = 1. As a result the condition 1
2βλiθ

2 ≤ 1 is naturally satisfied
for all i = 1, . . . , n and

P
(
‖Az̃‖22 > t

)
≤ exp

(
− t

β‖λ‖∞
+
‖λ‖1

2‖λ‖∞
ln
(

β
β−2

))
.

Taking derivatives and choosing the best β , we have

β =
2t

t− ‖λ‖1
> 2 as long as t > ‖λ‖1.

Substituting and simplifying, we finally obtain

P
(
‖Az̃‖22 > t

)
≤ exp

(
‖λ‖1

2‖λ‖∞

)
exp

(
1

2

‖λ‖1
‖λ‖∞

ln

(
t

‖λ‖1

))
exp

(
− t

2‖λ‖∞

)
,

for t > ‖λ‖1σ2.

We conclude this section with a weaker, yet simpler, version of the Hanson-Wright inequality of Theorem
OS.2.

Corollary OS.4. Under the same assumptions as Theorem OS.2, for every t > σ2‖λ‖1,

P
(
‖Az̃‖22 > t

)
≤

√
et

σ2‖λ‖1
exp

(
− t

2σ2‖λ‖1

)
.

Proof. It follows from Theorem OS.2 after observing that ‖λ‖1/‖λ‖∞ ≥ 1.

Remark OS.5. Notice that the bound in Corollary OS.4 only involves ‖λ‖1, which can be computed directly
from A as ‖λ‖1 = tr(A>A).
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