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CHAPTER1

Introduction to waves in disordered media

“Only the uninitiated will be misled by the use of word “ill” to arrive at the

possibly pejorative conclusions, especially as the use of such disparaging words

(disorder, defects, amorphous, instabilities, noise, etc.) is rampant in the sub-

ject. However, since Galileo’s discovery of the sunspots (malculae), much to

the irritation of his contemporaries, scientists have revelled in their efforts to

overcome prejudice, and this even in their choice of words.”

preface to ill-condensed matter1

1.1 Why should we study disorder?

Studying the influence of disorder on the properties of many-body systems is perhaps as old

as statistical physics itself. However, the title “disordered systems” is mostly attributed to

the study of the collective behavior in a randomly arranged bunch of atoms and molecules in

the condensed phase, in contrast to their crystalization. In the 1970’s and 80’s, “condensed-

matter” physics, a term allegedly coined by Philip Anderson, won the race of attracting

brains and funds overtaking the traditional stronghold of particle physics. Since the be-

ginning, disorder has been a central subject in studying complex systems and constantly

new applications in other emerging fields have been found. Major subjects of computer

science, protein folding, neural networks, and evolutionary modeling are just a few exam-

ples, that have benefited from the formalism introduced by condensed-matter physicists to

study disorder.

One can motivate the study of disorder by the mere fact of its omnipresence in artificial

as well as natural structures. So to say, the physics of a system is only understood after

one clearly describes the role of imperfections. This argument, however, may be refuted

1Lecture notes, Session XXXI of the Les Houches summer school, Edited by Roger Balian, Roger May-

nard, and Gerard Toulouse, North-Holland / World Scientific (1979)
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Introduction to waves in disordered media

by those who believe that technology will at the end make it possible to make perfect

structures.

Researchers of complex systems have discovered several physical phenomena that are

solely present in disordered systems. Turbulence, emergence of chaos in dynamic systems,

and disorder-induced phase transitions are just a few examples. Breakthroughs in describ-

ing natural, sociological and econometric mechanisms have been achieved after they were

formulated in the language of physics for complex systems. Therefore, studying disorder can

be interesting for its own sake. That is why we see, more and more, that researchers delib-

erately introduce “designed” disorder into their model systems to study there fundamental

aspects.

1.2 Waves and scattering

Another fundamental and omnipresent subject in physics is the study of waves. Five of

the seventeen iconic equations of physics2 are related to a form of wave equation. Among

these, the Schrödinger equation and the electromagnetic wave equation are perhaps the

most prominent. This common aspect has resulted in the discovery of several analogies

between classical and matter waves. It has also inspired the design of new systems and

invention of new technologies. Photonics is one of these field that has initially emerged to

bypass the shortcomings of semiconductor electronics in communication technologies but

has later found important application of its own. Photonics is mainly governed by the

Maxwell equations, but has become the ground to demonstrate the analogous to several

quantum phenomena discovered in condensed matter physics, which were first formulated

by using the Schrödinger equation.

It has been a long tradition in optics, and was inherited by photonics, to formulate the

propagation of waves in terms of scattering and Green functions. This is perhaps because

light is hardly ever bound, as opposed to other charge carriers. Light propagation in com-

plex photonic structures can be described by a summation over many multiple-scattering

processes. Colloidal particles in a suspension and Bragg planes in a three dimensional pho-

tonic crystals are two different but well-known examples of scattering entities. Photonic

metamaterials can also be described as multiple-scattering systems in which the size and

spacing between scatterers is much less than a wavelength. In biological applications, “tur-

bid medium” is widely-encountered expression that refers to multiple scattering samples

such as muscles, bones and skin or brain tissue.

What is less appreciated is the strength of using the scattering language for describing

“plain” effects light propagation in homogeneous media, refraction, or absorption. With

the miniaturization of photonic structures, which brings the typical length scales of the

physical structure closer to or even smaller than the wavelength, the wave nature becomes

more pronounced. The scattering formalism is much stronger in considering all the wave

aspects. Formulating in the scattering language has inspired the discovery of phenomena

that have been overlooked in the homogenized effective medium picture [137, 139].

Coming partly from the engineering tradition, photonics scientists resort to finite-

element numerical methods to find system-specific solutions they need for a better design

or understanding of their observations. As quoted from Sir Nevill Mott, when shown some

computer simulation results on metallic conductivity, it is good to know that the computer

2As collected by Sander Bais in The Equations, Icons of Knowledge
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understands the solutions but we scientists should also try to understand them. In this

respect, the scattering theory can often provide accurate models for photonic phenomena

with affordable analytical effort. In such a modelling, the concept of point-scatterer is cer-

tainly one of the most valuable assets available [36]. By piling up several point scatterers,

one can simulate various ordered or random structures [27, 70]. This is the path we will

follow in chapter 4 to model one of the most intriguing wave phenomena in complex media:

Anderson localization.

1.3 Anderson localization phase transition

Anderson localization refers to the suppression of wave diffusion in random media due to

interference effects. This conductor to insulator transition is named after Philip Anderson

who predicted this phenomenon in his seminal theoretical paper: “Absence of Diffusion

in Certain Random Lattices” back in 1957 [7]. Anderson was inspired by experiments

performed in George Fehers group at Bell Labs [8]. Those experiments showed anomalously

long relaxation times of electron spins in doped semiconductors, and meant that electrons

where interacting less than expected with their surrounding. Anderson looked into this

problem from the perspective of electric conductivity of metals. Later it was understood

that Anderson localization is a general wave phenomenon that applies to the transport

of electromagnetic waves, acoustic waves, Schrödinger waves and spin waves [76]. Very

recently, it has been exhibited also in Bose-Einstein condensates [11].

Little was understood about the origin of localization in the first twenty years of its

discovery. 1979 marked important breakthroughs: the scaling theories of localization was

suggested by the gang of four (Abrahams, Anderson, Licciardello, and Ramakrishnan) [1],

admittedly based on the ideas of Thouless, and in the same year by Oppermann and Weg-

ner [101]. The mapping onto the nonlinear sigma model was conjectured by Efetov, Larkin,

and Khmel’nitskii [68]. Götze, Vollhardt and Wölfle [59, 138] presented the self-consistent

approximation. At the same time a numerical renormalization scheme by MacKinnon and

Kramer [82] initiated a wave of computer simulations, which has provided most of the

quantitative result on localization up to this day.

By then, it was realized by the condensed-matter physicists that Anderson localization is

a true quantum phase transition with a lower critical dimension of two (for the conventional

single particle model). In one- and two-dimensional disordered scattering potentials the

states are always localized. Yet for a finite sample the localization length can be much larger

than the system size, in which case the states appear to be extended and the conductance

does not vanish. The localization length decreases at higher strength of randomness. In

three dimensions, a critical point exists when crossing from the extended to the localized

regime at a certain strength of disorder. A crude estimate for this threshold is given by

the Ioffe-Regel criterion: when the mean free path equals a fraction of the wavelength.

Decades after those breakthroughs, an analytical theory for localization transition in 3-d

is still lacking. So is a conclusive experimental observation that can provide a value for

the critical exponents. Just recently, considerable advances have been performed on the

equivalent system of kicked rotors, which shows a localization transition in the momentum

space [30, 78].

The year 2008 marked the 50th anniversary of the Anderson’s celebrated paper, with

several workshops and symposia dedicated to the topic. These activities resulted in the

publication of a few special editions reviewing most of the historical and contemporary
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contributions to the study of this fascinating phenomenon.

1.3.1 Self-consistent theory

Despite the elegance of the Anderson’s early prediction, experimental observation of local-

ization in 3-d is still limited to a few cases. The omnipresence of electron-electron inter-

actions makes it difficult to compare the experimental results for electronic systems with

single-particle models. Repulsive interactions lead to another kind of a localization, called

Mott localization. Most of the understanding of Anderson localization is thus made from

the advances on the theoretical side, and more lately by performing computer simulations.

The self-consistent theory of localization is the most favorable theory for the experi-

mentalist that often approach localization transition starting from the diffusive side. This

theory starts with the diagramatic formalism developed for describing diffusion and then

includes the interference effects to an extent that the classical diffusion breaks down. It

has proven to be very successful in covering most of experimental transport measurements,

even in a regime where the approximations are pushed to their limits [64, 78].

Interference effects can already be observed in system with weaker scattering strength

than the Ioffe-Regel limit. This is called weak localization. Some people see it as a pre-

cursor effect to Anderson localization. However, in consideration of the critical aspects of

localization transition, this connection is a bit loosely justified3. The introduction of self-

consistent theory and the 1985 observation of the weak localization of light, set the stage

for a search for Anderson localization using classical waves such as light and sound. Sajeev

John predicted the existence of a frequency regime in which electromagnetic waves are fully

localized [66].

Classical waves offer certain advantages for studying localization. Unlike electrons,

photons do not interact with each other, and their coherence time is much longer typical

experimental time-scales. For light, frequency takes over the role of electron energy. Finding

structures with high-enough index contrast (disorder parameter) that shows localization at

a desirable frequency (where light is not absorbed by the bulk of the material) has become a

challenge. The self-consistent theory has successfully described the time-dependent diffusion

observed with microwaves, light, ultrasound, and in kicked rotors. However, it stays short

of describing the full statistics at the critical point and can not provide much information

about the localized phase.

1.3.2 Random matrices

Another approach to studying waves in disordered media is to see the whole system as

a matrix. This matrix can either be the Hamiltonian or the scattering matrix. For a

disordered system, the entries of this matrix look like random. One can imagine that the

statistical properties will not change if the entries are taken as truly random. This is the

main concept behind random matrix theory (RMT). In contrast to the multiple-scattering

formalism, which can be seen as the reductionist approach to studying waves in disordered

media, random matrix theory is a holistic approach. In a RMT treatment, one often

overlooks all the details of the system under investigation. Despite the apparently loose

justification of RMT basic assumptions, the predictions are often generally applicable and

3In the same sense, liquid water is different from ice no matter how cold the water is above the melting

point.
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surprisingly successful in reproducing the experimental results, even for very complicated

systems.

A major advancement was due to the work of Efetov [41], influenced by some earlier

ideas of Wegner. He showed how to approximately map the problem of calculating dis-

order averages of products of amplitude Green functions for a single particle in a random

potential on a supersymmetric nonlinear σ-model. The same nonlinear σ-models can be

used to describe the conventional random matrix ensembles in the limit of large matrix

sizes. By developing this formalism, he made a major step in relating RMT to the micro-

scopic description of disorder. Efetov’s method have since been applied to several transport

problems and motivated condensed matter and high energy physicists to study each others

calculations. This unprecedented proximity has lead to the solution of several long-standing

problems that were outside the range of all previous methods.

Despite its generality and overlooking microscopic details, RMT has been influential

in providing a digestible picture of localization. In a very recent opinion piece [8], Philip

Anderson writes:

“... in the end I came to believe that the real nature of the localization phe-

nomenon could be understood, by me at least, by Landauer’s formula...

But what might be of modern interest is the “channel” concept, which is so

important in localization theory.”

The Landauer’s formula connects the conductance with the trace of the transmission matrix.

The channels are simply the eigenvectors of this matrix. RMT simply provides the most

straightforward description of transmission matrices for disordered structures. Just very

recently, classical wave experiments have provided astonishing experimental evidence for

the existence and recognition of these channels and the capacity of controlling them in

parallel [136, 140].

1.3.3 The critical state and its statistics

An attractive aspect of performing experiments with light (at room temperature!) is in its

visuality. One may start wondering how does a localizing sample look like? Is it sparkling

like a photonic crystal or dark like soot? Such a picture of light localization has not been

taken yet, but two recent experiments on have provided unprecedented hint. The first

experiment was on ultrasound propagation in a collection of metallic beads [47, 64] and the

second one on mapping the electronic wavefunction in 2-d electron gas using a scanning

tunneling microscope [106].

Both experiments have succeeded in visualizing an amazing property of waves in the

proximity of the Anderson transition. This universal phenomenon is described by multi-

fractality, which can be pictured as a wildly fluctuating forked intensity-patterns close to

the localization transition. This property was predicted in 1980 by Franz Wegner [142]

and was boosted again in recent years due to more recent theoretical developments [43].

Chapter 5 of this dissertation is dedicated to the first observation of this phenomenon with

ultrasound waves.

These observations are perhaps the closest one has ever get to the observation of critical

states of the Anderson transition. Unfortunately they stay short of providing a clear picture

of what happens exactly at the transition point. This deficiency is due to the finite size

of the sample and yet unidentified transition threshold. Several questions are yet to be
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answered, but the venue has just opened for the observation of fascinating phenomena

attributed to disorder-induced localization of waves.

1.3.4 Fragmented research on a universal phenomenon

Before finishing this introductory chapter, it is worth spending a few line on the social

aspects of the research connected to the topic of this thesis. Physicists do their job, exploring

the unknown, with different approaches. Theoreticians like to start from basic principles

and make new predictions or describe the phenomena observed in nature. Experimentalist,

enthusiastic about observing new phenomena, like to apply those theories and formulate

their observations. In this respect, one expects that theoreticians and experimentalists are

very much interested in each others’ findings and seek a lot of interaction among themselves.

But in reality, the scientific world is divided into several small communities separated by

thick and tall, implicit or evident, walls. Each person who goes for a scientific career

is pushed to select one of the communities and interact, compete and collaborate only

with them, perhaps for many years. Sometimes they even do not realize the existence of

other communities that work on the same subject from an slightly different perspective.

This separation is often reflected in the creation of distinct sets of jargon and notation for

identical concepts; scientists from different fields call different names to exactly the same

quantities.

If some day, the scientific topics in physics are sorted by the number of separate com-

munities that work on it, Anderson localization will appear somewhere on the top of that

list. It is a fact that scientific research is getting more and more instrument-intensive and

application-oriented. Meanwhile, research fields are getting more and more specialized and

nobody can master a broad range in science, like it was possible at the 19th century for

Rayleigh and Maxwell. It does not mean that scientists should communicate less and hide

in their comfort zones. The main fascination of studying physics is still in being able to

discover the truth in the nature. The key point is to be open to learn from others and avoid

prejudice, even (and specifically) prejudice on your own findings.

Over the past fifty years, Anderson localization has attracted interest far outside its

original scope of definition: as far as seismology and biomedical imaging. Most of the the-

oretical developments on the understanding of this phenomenon have been made by the

condensed-matter physicists. Many important experimental achievement, however, have

been provided by the research on classical waves. The communication between the two

communities, however, have fallen extremely short of adequate. Unfortunately, some ex-

isting interpretations of Anderson localization, as reported next to experimental results,

have been very mystified and sometimes superficial. Several claims have been made related

to the observation of localization phenomena based on inadequate evidence or sometimes

erroneous comprehension of the physics behind it. As a mild, but quite clear, indication

to this discontent, Philip Anderson told the author in a workshop in Cambridge: “People

from the classical wave community often make strong claims based on little evidence.”

These strong and wrong claims, which have been made in more than one occasion,

have been perhaps one of reasons that the much needed collaboration between the above-

mentioned communities is still weak. With all the recent theoretical and experimental

developments in understanding localization, and all the expectable advanced ahead of us,

it is perhaps a good time to provide a unified and demystified picture of this intriguing

universal wave phenomenon.
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1.4 Overview of this dissertation

Rather than reporting the successful achievement of one or more well-defined goals, that

should be awarded by a doctorate degree, this text is a progress report by the author

over his efforts to understand the goal. The original goal was to experimentally observe

Anderson localization of visible light. This has not been achieved. The efforts that have

been made to firstly uncover the suitable observables and secondly realize the experiments,

have bore fruit in discovery of new methods, formation of rewarding collaborations, and

unveiling valuable information hidden in the experiments performed by others.

The next two chapters are dedicated to introducing the basic foundations of multiple-

scattering (chapter 2) and random matrix (chapter 3) theories. Books have been written

about these subjects, and there is neither the intention nor the capacity of presenting a

thorough introduction. Chapter 2 helps the reader to follow the derivation of two new

theoretical results that are performed by us by using a multiple scattering approach and

reported here. The first result is the equivalence of variations in frequency with variation

in effective refractive index. This equivalence sets the basis for the method of Refractive

Index Tuning, which is described in chapter 6 and supported by experimental results. The

second theoretical result is the relation between so-called C0 fluctuations and the efficiency

of second harmonic generation in random media. This equivalence was the motivation

behind the experiment that will be described in chapter 7. Both experiment were actually

designed with the idea of analyzing samples in the localized regime, but the samples never

became to existence.

In chapter 4, the intensity distribution of electromagnetic polar waves in a chain of

near-resonant weakly-coupled scatterers is investigated theoretically and supported by nu-

merical analysis. Critical scaling behavior is discovered for part of the eigenvalue spectrum

due to the disorder-induced Anderson transition. This localization transition (in a formally

one-dimensional system) is attributed to the long-range dipole-dipole interaction, which

decays inverse linearly with distance for polarization perpendicular to the chain. For po-

larization parallel to the chain, with inverse-squared long-range coupling, all eigenmodes

are shown to be localized. A comparison with the results for Hermitian power-law banded

random matrices and other intermediate models is presented. This comparison reveals the

significance of non-Hermiticity of the model and the periodic modulation of the coupling

The experimental observation of strong multifractality in wave functions close to the

Anderson localization transition in open three-dimensional elastic networks is reported in

chapter 5. The experimental observation of localization in these samples were reported in a

prior publication [64]. Our second look at the measurements provided the first experimental

indication of multifractal structure of waves near the localization threshold and confirmed

the nontrivial symmetry of the multifractal exponents.
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