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CHAPTER2

Multiple-scattering theory of linear and nonlinear random media

The main purpose of presenting this chapter is to provide the necessary basic knowledge

of the theory of multiple scattering. This brief introduction will help the reader to follow

the derivation of two new theoretical results that are performed by us by using a multi-

ple scattering approach and reported in this thesis. The first result is the equivalence of

variations in frequency with variation in effective refractive index. This equivalence sets

the basis for the method of Refractive Index Tuning, which will be described in chapter 6

in more details and alongside experimental results. The second theoretical result is the

relation between so-called C0 fluctuations and the efficiency of second harmonic generation

in random media. This equivalence was the motivation behind the experiment that will be

described in chapter 7.

The theory of multiple scattering has been extensively developed in the last seventy

years. We do not have the intention, nor the capacity, to re-derive all the details. What

presented here is just an attempt to introduce our notation in a logical way, and meanwhile

lay down the basic information needed for understanding the theoretical and experimental

results presented in this dissertation. Therefore, we have formulated most of our calcu-

lations for the simplest geometry and with minimal details. As long as these aspects do

not fundamentally change the physical outcome, for example the discussion on boundary

conditions or limitations of our simple approximation, they are skipped.

2.1 Building blocks

Multiple scattering formalism is the reductionist approach to studying transport of waves

in a disordered medium. In this formalism, one needs to first divide the medium into the

smallest relevant blocks and write down a microscopic theory for the interaction of wave

and these material blocks. These are called scatterers and the the interaction is simply

called scattering. The scattering can sometimes be linked to the fluctuations in density,

which is usually formulated in the momentum coordinates. Thus, an scattering event is

not necessarily local. The second step is to describe the propagation of waves between
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Multiple-scattering theory

successive scattering events. The concept of effective medium emerges while taking this

step. Unlike the collision between billiard balls, the propagation of waves are influenced

by scatterers outside, as well as inside, their geometrical extent. Therefore, the propaga-

tion of waves nearby a collection of scatterers is not the same as in vacuum, even if the

scatterers are not densely packed. This effect is generally known as diffraction. However,

in a simplified picture, one can usually use effective medium parameters for certain length

scales. Describing sound propagation in a rock (full of fractures) or light propagation in

liquid water (a collection of water molecules) by only attributing a reduced value to the

wave velocity is based on a similar effective medium approach.

The third, and often the most challenging, step for description of wave propagation in

a multiple scattering environment is to distinguish the relevant observables and perform

the proper averaging. Like many other many-body systems, this averaging is essential for

providing a decent theoretical prediction, which can be used for explaining experimental

results. Without proper averaging, one has to generate as many models as there are realiza-

tions of disorder. Whether or not the experimental data should also be averaged over several

realizations depends on the specific transport quantity that needs to be measured. In the

theoretical treatment of transport, however, some degree of averaging over realizations is

always required.

The three steps mentioned above are usually sufficient to describe the wave propagation

in bulk heterogeneous media. In presence of interfaces, which is unavoidable for any realistic

experimental setting, further efforts should be made to properly incorporate the boundary

effects.

2.1.1 Wave equations

In general, electromagnetic fields or elastic deformations have vectorial character. However,

to be able to understand the underlying physics before sinking in the often intractable zoo

of dyadic and tensorial equations, one can start with the scalar field approximation. In

many cases, nature is nice to us and this approximation is sufficient for describing the

observations. However, one shall be always careful with using scalar equations to simplify

vectorial fields, since some phenomena can simply be overlooked. We shall discuss one such

case in chapter 7. Some physical quantities like birefringence and depolarization do not fit

into the scalar field picture, unless a clever treatment is employed [69].

In this chapter, we limit our discussions to the properties of scalar waves. The classical

scalar wave equation in an inhomogeneous medium is

∇2ψ(r, t)− ε(r)

c2
∂2ψ(r, t)

∂t2
= j(r, t), (2.1)

with c the speed of propagation in vacuum and j(r, t) describing the distribution of sources

or sinks. On mapping to the Maxwell equations, ψ usually represents the electric field. For

this mapping to be correct, one has to consider slowly varying permittivity and permeability

on the scale of wavelength, else other terms related to their derivatives should be included.

In acoustics it is the local compression. The scalar wave equation can describe several types

of waves with proper mapping of the oscillating fields and material parameters. In the rest

of this chapter, for simplicity, we use the terminology of electromagnetic waves and light in

specific. Most of the results presented here are generic to other types of classical waves, and

in many cases even hold for quantum wavefunctions, which are answers to the Schrödinger

equation.
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2.1. Building blocks

The disorder in the medium is encoded in ε(r), which represents the dielectric con-

stant for the case of electromagnetic waves. The time dependence of the classical wave

equation (2.1) can be separated by assuming monochromatic waves ψ(r, t) = Re [ψ(r)eıωt],

where ω is the internal frequency. For a single harmonic point source of strength j0 located

at origin, the wave equation is reduced to the following inhomogeneous Helmholtz equation:

−∇2ψ(r) − V (r)ψ(r) =
ω2

c2
ψ(r)− j0δ(r), (2.2)

with V (r) = ω2

c2
[ε(r)−1]. The equation is written in this form to emphasize the resemblance

with the Schrödinger equation for a single particle (for example electron) in a disordered

potential:

− ~
2

2m
∇2ψ(r) − V (r)ψ(r) = Eψ(r). (2.3)

Note that the scattering potential for light depends on the frequency of the wave. This

dependence is absent in the non-relativistic Schrödinger equation. Furthermore, electrons

are hardly created inside an electronic system, but rather injected into the system through

an electrode.

Green function in vacuum

In absence of the disorder potential, the solution to Eq. (2.2) for a unit source j0 = 1 is the

free space propagator or Green function g0(r). This solution is found by a Fourier transform

to the momentum space,

∫

eıp.r
(

∇2g0(r)−
ω2

c2
g0(r)− δ(r)

)

dr = 0, (2.4)

which results in

g0(p) =
1

ω2

c2
− p2 + ı0

. (2.5)

The small imaginary term in the denominator is put for the convergence of the inverse

Fourier tranform. Transforming back to the position coordinates reads,

g0(r) = −e
ıω
c
r

4πr
, (2.6)

with r = |r|. Note that the Green function is in general dependent on the frequency, but

we have dropped the index since we are considering only monochromatic waves.

2.1.2 The t-matrix

Having the free space propagator in hand, one can write an iterating solution for the wave

function in presence of one scatterer,

ψ(r) = ψ0(r) +

∫

g0(r− x)Vi(x)ψ(x)dx, (2.7)

where ψ0(r) is a homogeneous solution to the Helmholtz equation (2.2) and Vi(x) is the

potential of the scatterer with index i. Iteration of Eq. (2.7) gives an explicit sum of

scattering events. Each term in the series represents a higher-order scattering contribution
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of the same scatterer. This summation allows for the inhomogeneous wave function to be

written as an integral of the homogeneous solution. The solution can be written as,

ψ(r) = ψ0(r) +

∫

g0(r− x1)ti(x1,x2)ψ0(x2)dx1dx2, (2.8)

with the scattering matrix ti(x1,x2) representing the series,

ti(x1,x2) = Vi(x1)δ(x1 − x2) + Vi(x1)g0(x1 − x2)Vi(x2) + (2.9)
∫

Vi(x1)g0(x1 − x3)Vi(x3)g0(x3 − x2)Vi(x2)dx3 + · · ·,

known as the Born series. The t-matrix depends on frequency with contributions from the

scattering potential and the vacuum Green function. This dependence can even describe

a geometrical resonance, leading to a large value for the norm of the t-matrix, while the

dielectric constant (and hence the potential) is not especially large. Describing resonances

for a photonic scatterer is one of the main advantages of using the t-matrix formalism over

the scattering potential description. However, the explicit forms of the t-matrices are only

known for a few objects including planes, wires, point scatterers, and dielectric spheres [36].

There are two commonly used short hand notations for the Born series:

ti = Vi + Vig0Vi + Vig0Vig0Vi + · · ·, or (2.10)

• = ◦ + ◦ ◦+ ◦ ◦ ◦+ · · ·, (2.11)

where the full lines in the diagram are the free space Green functions and dotted lines con-

necting the scattering potential symbols denote recurrent scattering from the same scatterer.

The diagrammatic notation (2.11) is based on the Feynman diagrams used for standard

quantum field theory.

Since light has negligible mass and no charge, the scattering potential and hence the

t-matrix is only nonzero inside the physical support of the scatterer. This fact makes a

point scatterer such a realistic picture for any object that is justifiably smaller than the

wavelength. For a point scatterer at position ri the t-matrix is

ti(x1,x2) = tδ(x1 − ri)δ(x2 − ri), (2.12)

where t is generally a complex number that depends on frequency.

In principle, there is no restriction on the domain over which the scattering potential

is defined. More specificly, there is no need that this domain should be a singly connected

region in space. Therefore any object with whatever complicated geometry can be assumed

a single scatterer. However, the concept of t-matrix for a single scatterer with finite support

or definite shape is very useful in describing a particulate medium. Using the t-matrices

of individual scatterers, instead of the scattering potential, makes it possible to distin-

guish between the recurrent scattering contributions within individual scatterers and the

inter-particle scattering. In this approach, the resonances inside the scatterers survive the

averaging over the position of scatterers. In reality, this is a more relevant picture for de-

scribing systems like a dilute atomic vapor or a colloidal suspension. Other approaches such

as assuming a white noise potential can hardly describe a regime of resonant scattering.
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2.1. Building blocks

2.1.3 Average Green function in the multiple scattering regime

After introducing the free space Green function and the t-matrix of a single scatterer, we

are prepared to derive an expression for the full (unaveraged amplitude) Green function

in presence of many scatterers. This Green function g(r, r′) is the answer to wave equa-

tion (2.2) in presence of a unit source at position r′. Note that due to the inhomogeneities,

the full Green function is no more translationally invariant. Similar to the previous section

and with the help of t-matrices of individual scatterers, this solution can be written as a

series of scattering from particles

g(r, r′) = g0(r− r′) +
∑

i

∫

g0(r− x1)ti(x1,x2)g0(x2 − r′)dx1dx2 + (2.13)

∑

i6=j

∫

g0(r− x1)ti(x1,x2)g0(x2 − x3)tj(x3,x4)g0(x4 − r′)dx1dx2dx3dx4 + · · ·.

This equation can be written as an iteration by introducing the self-energy (or mass)

operator, Σ(x1,x2), which is the sum of all irreducible diagrams:

Σ = ◦ + ◦ ◦ ◦+ ◦ ◦ ◦ ◦+ · · ·, (2.14)

These are the diagrams that cannot be split in smaller scattering sequences without dis-

rupting the recurrent scattering from a single particle. The iterative equation reads

g(r, r′) = g0(r− r′) +

∫

g0(r− x1)Σ(x1,x2)g(x2, r
′)dx1dx2, (2.15)

The full Green function g is a useful tool for describing the propagation of waves in

well parameterized heterogeneous structures such as periodic photonic arrays or metama-

terials. However, it is seldom useful for describing experimental results on fully random

structures, since it describes just a single realization. In these cases, one needs to average

over realizations of disorder. The average Green function is given by

〈g(r, r′)〉 ≡ G(r− r′) = g0(r− r′) +

∫

g0(r− x1)〈Σ(x1,x2)〉G(x2 − r′)dx1dx2, (2.16)

which is called the Dyson equation and has the following diagrammatic notation:

G ≡ /o/o/o = + Σ /o/o/o (2.17)

Averaging, denoted by angular brackets, is performed by integrating over the positions of

all scatterers and dividing by the volume once for every integration. The average (dressed)

Green function is again translationally invariant in an statistically homogeneous infinite

medium.

In the Fourier domain the Dyson equation is given by

G(p) = g0(p) + g0(p)Σ(p)G(p), (2.18)

which leads to the result

G(p) =
g0(p)

1− g0(p)Σ(p)
=

1
ω2

c2
− p2 − Σ(p)

. (2.19)
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If Σ(p) has a mild dependence on p, the following compact form can be obtained after

transforming back to the space coordinates:

G(r) = −e
ıKr

4πr
, (2.20)

with K the effective (complex-valued) wave number.

Estimation of the average mass operator is not a trivial task in general. For a low density

of scatterers, the independent scattering approximation applies. In this approximation,

contributions from recurrent scattering are neglected because they are of higher order in

density. Applying this approximation to scattering from a collection of identical point

scatterers leads to the following average mass operator

〈Σ(x1,x2)〉 ≈
∫

(

∑

i

tδ(x1 − ri)δ(x2 − ri)

)

∏

i

dri
V

= ρtδ(x1 − x2), (2.21)

where V is the integration volume ρ is the density of scatterers. In this approximation, the

effective wave number reads

K =

√

ω2

c2
+ ρt =

neω

c
+

ı

2ℓs
(2.22)

The effective refractive index ne determines the phase velocity and is connected to the real

part of the t-matrix . The exponential decay in the coherent amplitude of the propagating

wave is caused by the scattering out of the propagation direction and therefore ℓs is called

the scattering mean free path. The amplitude Green function has a short range. It only

describes the decay of impinging coherent beam, known as the Lambert-Beer law. To

describe the long range transport of intensity in disordered media, one has to develop a

theory of multiple scattering on the intensity level.

2.1.4 Diffusion approximation

The exponential spatial decay in the average Green function G is caused by the reduction of

coherent amplitude due to scattering. This light can scatter back in the initial propagation

direction but with a scrambled phase, and therefore just adds to the “diffuse” background.

This makes the detection of the coherent part very difficult since in most experiments one

measures the intensity at a location irrespective to its in-flow direction.

Intensity of a monochromatic wave at each point in space is proportional to the abso-

lute value squared of its total amplitude, considering a slowly varying envelope on the scale

of wavelength. To obtain the average intensity, one has to add up all the amplitude con-

tributions that reach the detection point from various paths, and multiply the sum by its

complex conjugate. The average intensity propagator in a statistically homogenous medium

is defined as:

R(r− r′) ≡ 〈g(r, r′)ḡ(r, r′)〉, (2.23)

with the bar on the symbol denoting the complex conjugate. This path information is

indeed in the full Green function g but is lost in the average Green function G. Therefore,

the norm above must be taken before the averaging is performed.

Similar to the construction of the Dyson equation, it is possible to separate the contri-

bution of the irreducible diagrams and write an iterative equation for the average intensity

propagator with the following symbolic construction

R = GḠ+GḠUR, (2.24)
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2.2. Mesoscopic intensity correlations

where U denotes the irreducible vertex. This equation is called the Bethe-Salpeter equation.

The actual form of U is not local and can connect scatterers at different positions. In the

lowest order with respect to the scatterer density, U is approximated by a local object given

by the t-matrix ,

U ≈ 〈ℓ〉 ≈ ntt̄δ(x1 − ri)δ(x2 − ri). (2.25)

Within the same approximation, the average intensity propagator can now be built by

consequently connecting the irreducible vertices by a pair of average Green function and

its complex conjugate. This diagrma is called the ladder vertex (because of its shape). All

the diagrams where these pairs differ in their starting or end points are thus neglected.

This treatment is called the diffusion approximation. The ladder vertex is denoted by the

following diagram

L ≡ L =

•

•
+

• /o/o •

• /o/o •
+

• /o/o • /o/o •

• /o/o • /o/o •
+ · · ·, (2.26)

were the connected curly lines (top) are average Green functions and the broken ones are

their complex conjugates. Note that, unlike R, there is no incoming or outgoing amplitude

propagators connected to L and it ends on the scatterer. The equivalent of Bethe-Salpeter

equation for L is given by

L = 〈ℓ〉+ 〈ℓ〉GḠL. (2.27)

At this point, we are just a few derivation steps short of having the explicit form of the

diffusion equation for classical waves. We shall skip these derivation, since it can be found

in several textbooks and review articles with more details [116, 132], and only present the

final expression for an infinite medium:

L(r) =
4π

ℓs
δ(r) +

3

ℓ3sr
, (2.28)

where absorption has been neglected. The derivation of a more general form of the ladder

diagram will be presented in section 2.2.1. That calculation will be used to describe the

new experimental results, which are reported in chapter 7.

2.2 Mesoscopic intensity correlations

Beside intensity distribution and average transport, correlations are perhaps the most com-

monly measured quantities for describing wave propagation in disordered media. Multiple

scattering of waves produces a complicated and strongly varying intensity pattern. This

intensity structure, albeit looking very irregular, is correlated in time and space, or corre-

spondingly in frequency and momentum. The theoretical developments in describing these

correlation functions has been much stimulated by the exchange of ideas between the fields

of condensed matter physics (electrical conductance) and optics (speckle). For transmission

through a waveguide with disorder Feng et al. [49] showed, in a pioneering paper, that one

can distinguish three different types of correlations in the transmitted intensity,

Caba′b′ ≡ 〈TabTa′b′〉 − 〈Tab〉〈Ta′b′〉 = C(1) +C(2) + C(3), (2.29)
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where Tab is the fraction of intensity transmitted from incoming mode a to outgoing mode

b. This fraction depends on the disorder realization , but the identified correlations are

universal. The first term in Eq. (2.29), C(1), is of order unity. The second term, C(2), is of

order g−1
D , the last term, C(3), is of order g−2

D , with gD the dimensionless (Thouless) conduc-

tance, is defined as
∑

a,b Tab based on the Landauer formula. The three contributions are

subject to different selection rules on the momenta of the incoming and outgoing channels.

Making use of these selection rules allows for experimental observation of the (generally

much) smaller C(2) and C(3) contributions. Given these selection rules, higher-order terms

like C(4) can be incorporated in a renormalization of the previous three contributions. The

C(1)-contribution is short range, so decays exponentially with the difference in momenta (or

in frequency) of the incoming and outgoing channels. The C(2) and C(3) are long range in

angular coordinates. In samples which are not so strongly scattering, the lower order term

dominates. It is difficult to reach an experimental situation in turbid samples where the

higher-order correlations become observable. These three types of correlations have been

measured before in microwave and also at optical frequencies [29, 54, 109, 129].

With proper modifications to definition (2.29), an equivalent (C(1)+C(2)+C(3)) classi-

fication is also possible for an infinite medium. In such an unbound medium the expansion

parameter is given by (kℓ)−1 instead of g−1
D , where k is the wave-number and ℓ is the

(scattering) mean free path (we have dropped the subscript s). When kℓ ≫ 1, C(1) ∼ 1,

C(2) ∼ (kℓ)−2, and C(3) ∼ (kℓ)−4 [119].

For the experimental work presented in chapter 7, we need to compare the dependence

of intensity correlations on frequency variation with that of the refractive index changes.

A typical intensity correlation function that we use, is defined as

Cω,ω+∆ω(nh, nh +∆nh) ≡ N [〈Iω(ŝ;nh)Iω+∆ω(ŝ;nh +∆nh)〉
−〈Iω(ŝ;nh)〉〈Iω+∆ω(ŝ;nh +∆nh)〉] , (2.30)

where Iω(ŝ) is the far-field specific intensity at direction ŝ. The normalization constant N

is fixed by requiring Cω,ω(nh, nh) = 1. In the conventional definitions of similar correlation

functions the variation of na has not been considered.

The calculation of correlation function (2.30) for the case of ∆nh = 0 is by now standard

and can be found in many papers and textbooks. The actual expressions depends on the

geometry and closed forms have been presented for the case of an infinite medium [115],

a semi-infinite medium [52], a slab [132] and a sphere [75]. By using the generalization

presented in this section, all these formula’s can easily be mapped to the case of ∆nh 6= 0.

2.2.1 Average amplitude correlator

The most encountered object for describing the intensity transport properties in the dif-

fusion approximation is perhaps the so-called ladder vertex. In the stationary regime, the

averaged intensity propagator is approximated by connecting two incoming and two out-

going average Green functions to the ladder vertex. The slowly varying time-dependent

intensity propagation can also be approximated by a modified ladder vertex in which the

two legs of the ladder are carried at slightly different frequencies. This latter object can also

describe the amplitude correlations at two different frequencies and is a building block in

calculating mesoscopic correlations. Here we present the derivation of a generalized ladder

vertex, which can incorporate the correlations in change of effective refractive index as well

as frequency correlations.
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2.2. Mesoscopic intensity correlations

The averaged amplitude correlator for changes in both frequency and refractive index

is defined as

Rω,ω+∆ω(r− r′;ne, ne +∆ne) ≡ 〈gω(r, r′;ne)ḡω+∆ω(r, r
′;ne +∆ne)〉, (2.31)

where the frequency subscript is added to the symbol for Green function to point out the

difference in the frequency of the two amplitude propagators. The reader may have noted

the similarities between the definition of this amplitude correlator (2.31) and the average

intensity propagator (2.23).

It is now easy to guess the next step: to use the diffusion approximation. The ladder

propagator is, as usual, defined by considering only the same sequence of scatterers along

the two legs. Note that all the changes in the realization of disorder has been contracted

in the change of the effective refractive index. Such a system can be realized by placing a

solid backbone of scatterers (quenched disorder) in a a liquid or gaseous host medium. Any

change in the refractive index of the host medium can then be translated to the change in the

effective refractive index. This approximation has some limitations. For instance it cannot

describe the evolving disordered media with constant effective index. An example for such

a medium is a colloidal suspension. For these type of samples, a very similar formalism

has been introduced some time ago under the title of diffusing wave spectroscopy [85, 104].

This technique has since found several applications for the characterization of turbid media.

In accordance with section 2.1.4, in the diffusion approximation, the amplitude correla-

tor is approximated by a generalized ladder diagram. The calculation of this ladder vertex

is easier in the momentum space. It follows the following Bethe-Salpeter equation

Lω,ω+∆ω(p;ne,∆ne) = 〈ℓ〉 + 〈ℓ〉Lω,ω+∆ω(p;ne,∆ne) (2.32)

×
∫

Gω(p
′;ne)Ḡω+∆ω(p

′ − p;ne +∆ne)
dp′

(2π)3
,

where Gω is the average Green function given by Eq. (2.20). The single scattering vertex

〈ℓ〉 = nt(p;ω, ne)t̄(p;ω +∆ω, ne+∆ne) ≈ 4π/ℓs is assumed to be independent of ∆ω, ∆ne
and p (nonresonant isotropic scattering). This approximation needs

∂Im t

∂ω
,
1

ω

∂Im t

∂ne
≪

√
ℓs
c

(2.33)

to hold, which is generally the case if the individual resonances of separate scatterers are

inhomogeneously broadened.

The solution to the recursive equation (2.32) is

Lω,ω+∆ω(p;ne, ne +∆ne) =
4π

ℓs(1−M)
, (2.34)

with

M =
4π

ℓs

∫

Gω(p
′;ne)Ḡω+∆ω(p

′ − p;ne +∆ne)
dp′

(2π)3
. (2.35)

This integral can be evaluated by a Fourier transform to the position coordinates:

M =

∫

Gω(r;ne)Ḡω+∆ω(r;ne +∆ne)e
ıp.rdr. (2.36)
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We assume ∆ne to be small and real-valued, and thus terms including ∆ω∆ne can be ne-

glected. Using the expressions (2.20) and (2.22) for average Green functions, and expanding

the integral M in spherical coordinates reads

M =

∫ π

0

∫ ∞

0

∫ 2π

0

eıne
ω
c
r− r

2ℓs e−ıne
ω
c
r−ı(ne∆ω+ω∆ne)r−

r
2ℓs eıpr cos θ

(4πr)2
r2 sin θdφdrdθ

=
1

8π

∫ 1

−1

∫ ∞

0
e−[ℓ−1

s +ı(ne∆ω+ω∆ne−µp)]rdrdµ

=
1

8π

∫ 1

−1

dµ

ℓ−1
s + ı(ne∆ω + ω∆ne − µp)

=
ı

8πp

∫ −ıp

ıp

dz

ℓ−1
s + ı(ne∆ω + ω∆ne) + z

=
ı

8πp
ln
ℓ−1
s + ı(ne∆ω + ω∆ne)− ıp

ℓ−1
s + ı(ne∆ω + ω∆ne) + ıp

=
1

4πp
arctan

[

pℓs
1 + ıℓs(ne∆ω + ω∆ne)

]

(2.37)

The result for M is then expanded relative to small parameters pℓs and ℓs(ne∆ω+ω∆ne).

The first nonzero orders of p, ne∆ω, and ω∆ne are kept and the p(ne∆ω + ω∆ne) term is

neglected. The final result for the generalized ladder vertex reads

Lω,ω+∆ω(p;ne, ne +∆ne) =
12π

ℓ3s

1

p2 + 3ı(ne∆ω + ω∆ne)/ℓs
. (2.38)

We have just proved that L depends on ∆ne and ∆ω only in terms of the variation of

their product ne∆ω + ω∆ne ≡ ∆(neω).

Note that in order to express Eq. (2.38) in terms of the conventional diffusion constant,

phase velocity and the energy velocity should be equal; ve = vp.

2.2.2 Short-range intensity correlations

The amplitude correlator (2.31) is sufficient for describing the short range intensity correla-

tions in the diffusion approximation. In principle, the intensity correlator diagram connects

four intensities or eight amplitudes. However, in the lowest order with respect to the scat-

tering strength, this diagram splits into two disjoint ladder diagrams, as was shown by Feng

et al. [49]. Based on the last result of the previous section, to describe the short range part

of the intensity correlation (2.30) for any geometry, we can just use the its counterpart for

the frequency correlation and replace ∆(neω) for ne∆ω.

For the higher order correlations, C(2), and C(3), one should prove that the Hikami

vertex has also this symmetry. In the Hikami vertex two ladder diagrams switch one of

their legs. We conjecture that the Hikami vertex has also the same symmetry of the ladder

vertex for change of effective refractive index. This is the case since we are just replacing

a real-valued small variable ne∆ω with another real-valued small variable ne∆ω + ω∆ne.

No dissipative term is expected to emerge from this replacement.

2.2.3 Non-universal C0 correlations

A different contribution to the intensity correlation in random media has been identified by

Shapiro [113] and has been called C0. In an infinite random medium with Guassian white
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noise disorder the C0-correlations is of the order of (kℓ)−1. This correlation is suggested

to be of infinite range for any type of disorder. One may wonder why this correlation was

not discovered earlier. In our opinion this could be explained by the fact that the C0-

correlations only show up if a source is involved. When dealing with electrons in condensed

matter physics one hardly ever has to take into account sources of electrons. In such

an experiment charge is conserved and never created or destroyed. In contrast to the

case of electrons, sources of light can easily be embedded inside a random medium. This

fundamental difference makes C0 a property specific to classical (electromagnetic) waves,

which does not have a counterpart in phenomena related to multiple scattering of electron

wave functions in a random potential.

So far, there has been only one report on the experimental observation of a mesoscopic

C0-signature and that has been in the polarization correlation of multiple-scattered mi-

crowaves [29]. A very interesting development has been the derivation by van Tiggelen

and Skipetrov [133]. They showed that the spatial C0-correlations is exactly equal to the

fluctuations in the local density of (radiative) states (LDOS). This equivalence have been

numerically exploited [27]. Very large LDOS fluctuations have been observed decades ago

by Weaver in ultrasound experiments. He did not find it very interesting and saw them

rather annoying. Another opinion is that C0-correlations is just a trivial consequence of

considering a constant amplitude source, for which the emitted power always depends on

LDOS in any environment [42].

The fluctuation of LDOS in bulk random media have been measured in samples with

moderate scattering strength by Birowosuto et. al [20], but their analysis shows that it is

mainly influenced by the single nearest scatterer to the source. A similar measurement for

planar plasmonic aggregates is performed more recently [71]. Both these measurements are

based on the decay lifetime of dye molecules embedded inside the medium. Direct measure-

ment of the C0-correlations and their range is still amenable to experimental verification.

In the next section we will identify a macroscopic, experimentally observable, property

that would be directly connected to C0-correlations . We show that C0-correlations increase

the amount of second-harmonic generation relative to the theoretical predictions that use

just the Rayleigh-distribution of speckle intensities. This additional signal can be extracted

from a two beam experiment, which we will discuss in the experimental chapter 7. In

our proposed experiment, it is also possible to measure the range of these correlations as

well. Before presenting this relation, we have to first prepare a theoretical foundation that

describes nonlinearities in multiple scattering media.

2.3 Nonlinear random media

An opaque medium may also be optically nonlinear. This nonlinearity can be an intrin-

sic property of the bulk material or a result of the enormous interfacial area present in

porous objects. The second-order nonlinearity is absent in many non-crystalline materials

or crystal structures because of the presence of inversion symmetry. However, relatively

large nonlinearities may arise at the interfaces due to crystal symmetry breaking.

The scientific understanding of optical nonlinear processes in strongly-scattering mate-

rials is still very limited. Some models have been developed [73, 83] based on the diffusion

approximation, in which interference effects are assumed to be averaged out and the sample

size L is taken much larger than the transport mean free path. In these diffusion models the

incident wave at the fundamental frequency 1ω experiences several scattering events before
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leaving the random medium. Light at the second-harmonic frequency is generated during

the multiple-scattering process. The propagation direction of the second-harmonic light

is scrambled within one transport mean free path ℓ2ω, thus becoming an isotropic source

of diffusive photons at the second-harmonic frequency. The net effect of phase-mismatch

between the fundamental and the second-harmonic light is washed out when the transport

mean free path is much smaller than the coherence length Lc(ω) ≡ π/|2k1ω − k2ω|, where
k1ω and k2ω are the wave-vector magnitudes at the fundamental and the second-harmonic

frequencies. Therefore, in a nonlinear random medium that consists of crystalline grains,

the effect of constructive interference can be overcome by selecting the grain size to be

shorter than the coherence length. It has been experimentally shown that the second-

harmonic yield from equal amount of material increases with grain size until the grain size

approaches the coherence length [12].

Overcoming the destructive interference due to phase-mismatch is also possible by in-

troducing scatterers inside a homogeneous nonlinear crystal. In such a medium the funda-

mental and second-harmonic waves scatter differently, therefore the destructive interference

of the otherwise co-propagating waves does not occur, provided ℓ1ω, ℓ2ω ≪ Lc.

Second-harmonic signals from multiple scattering media have been used before to study

experimentally the angular, spatial and temporal correlations, however all experiments were

of the short range C(1) type [34, 65].

In theoretical treatments, some interference effects such as the effect of weak local-

ization or the enhanced forward scattering have been discussed [2, 63, 84, 143]. Recently,

observations of diffusive second-harmonic generation in porous materials [45, 90, 128], semi-

conductor powders [12], plasmonic structures [17, 124] and colloidal suspensions [147], have

extended the scope of the applications this research topic.

In previous theoretical treatments the mean free path was always assumed to be much

larger than the wavelength. In this weakly-scattering regime the diffusion approximation

was used to computed the second-harmonic yield based on the lowest-order non-zero con-

tribution in the diffusion theory. The resulting second-harmonic yield was shown to be

independent of the mean free path in a medium without optical dispersion, except for

the trivial part given by the density of nonlinear scatterers. In none of these models the

C0-correlations were taken into account. Here we demonstrate that a new “mesoscopic”

contribution arises by considering the presence of scatterers in vicinity of the conversion

center. A similar contribution is responsible for the C0-correlations . The link with C0

is related to the fact that second-harmonic photons are generated “inside” the scattering

medium and constitute a genuine source. The C0-correlation constitutes the leading term

in the kℓ-dependence of the optical second-harmonic generation in a random colloidal sus-

pension. This dependence on the scattering strength can be extracted from a measurement

of the second-harmonic yield as a function of the mean free path. Since C0-correlations is

known to be dependent on the microscopic structure of disorder, this equivalence may be

useful for non-invasive characterization of disorder in turbid media. In chapter 7 we will

draw a very general relation between this type of correlation with an observable macro-

scopic quantity related to second-harmonic generation. This quantity can be inferred when

from the total second-harmonic yield in a two-beam illumination setting.

Our calculation is also applicable to the other nonlinear processes, which can be inco-

herent and inelastic. For example, the same theory describes the two-photon excitation

process of emitters embedded in strongly-scattering media. The two-photon excitation and

luminescence of gold nanorods and other flourophores has recently attracted attention for
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optical data storage [148] and high-resolution imaging [25, 130] inside living biological struc-

tures. The effect of multiple-scattering on this excitation process has not been reported

yet. In such a system measuring the radiation lifetime of the emitters will provides the

extra opportunity of measuring fluctuations in local density of states. It is then possible

to compare the C0-correlation with the fluctuation of local density of states, in connection

with the equivalence suggested by van Tiggelen and Skiperov.

In the following section we illustrate different contributions to the second-harmonic

generation process. A stationary scalar model is used in accordance with earlier works on

second-harmonic generation and earlier work on the C0-correlations . In chapter 7, we will

show see how a scalar approximation fails for describing certain nonlinear systems, but is

applicable to some others. However, for the current discussion the scalar model is sufficient

to show the C0 contribution to second-harmonic yield.

2.3.1 Second-harmonic t-matrix

The first step is to describe an individual nonlinear conversion center that is embedded

inside a multiple-scattering medium. Considering the wide application of multi-photon

processes in modern photonics, we would like to introduce the concept of the t-matrix for

a nonlinear single scatterer. To our knowledge, this is the first time that such a concept is

used for nonlinear scattering. We should not forget that the application of this concept is

much more general than the simplified version we need in this dissertation. Therefore, it is

worthwhile if we spend a few lines on describing the concept in its most general form and

then simplify it to a degree that can be handled in our model.

The second-harmonic generation and scattering is fully described by the nonlinear t-

matrix t̃i(x1,x2,x3), where the curly hat is used to differentiate between this object and the

linear t-matrix of Eq. 2.9. The index i is the scatterer index. We envisage a situation for

the conversion process that either occurs once or does not occur at all. Hence the repetitive

nonlinear conversion processes are excluded. Taking this condition into account, the most

general form of describing the generation of a second-harmonic field amplitude ψ2ω(y) from

this individual scatterer is

ψ2ω,i(y) =

∫

g2ω(y,x3)t̃i(x3;x1,x2)ψ1ω(x1)ψ1ω(x2)dx1dx2dx3, (2.39)

where the indices 1ω and 2ω next to each quantity denote whether it is referring to the

fundamental or the second harmonic frequency. The integration is performed over the

support of the scatterer. The fundamental field amplitude at point x, ψ1ω(x), is given

by the linear amplitude Green function connected to the source and is not influenced by

the nonlinear processes. The second-harmonic scattering process is schematically drawn

in Fig. 2.1. We assume that the two-wave mixing process has a microscopic (molecular)

origin, so that it only occurs if the three amplitudes meet at the same point in space.

Equation (2.39) can be simplified in the following steps. If the conversion center is

transparent or weakly scattering for the fundamental light, there will be no transport of

the fundamental light inside the conversion center:

t̃i(x3;x1,x2) ≈ t̃i(x3;x1)δ(x1 − x2). (2.40)

If the conversion center is also assumed to be weakly scattering for the second-harmonic

light, then the second harmonic light leaves the conversion center after its generation,

21



Multiple-scattering theory

Figure 2.1: The schematic drawing of the second-order t-matrix block for one individual scatterer.

The lines and the double-lines represent the amplitude Green functions at the fundamental and the

second-harmonic frequencies.

without further scattering inside this object. Therefore, we can write

t̃i(x3;x1,x2) ≈ t̃i(x1)δ(x1 − x2)δ(x1 − x3). (2.41)

Finally, considering the size of the source to be much smaller than the wavelength, the

nonlinear transfer matrix can be replaced by the following zero-range object:

t̃i(x1,x2;x3) ≈ t̃iδ(x1 − x2)δ(x1 − x3)δ(x1 − ri), (2.42)

where ri indicates to the position of the i-th scatterer and t̃i is a (complex-valued) scalar

that depends on the physical parameters of the point scatterer. The value of this scalar is

determined by the shape, volume and intrinsic material properties of the scattering object

that is mimicked as a point conversion center. (As an example for spherical particles

see Ref. [83]). After inserting approximation (2.42) in Eq. (2.39), the generated second-

harmonic field due to an individual nonlinear scatterer reads

ψ2ω,i(y) = t̃ig2ω(ri,y)ψ
2
1ω(ri). (2.43)

For a collection of conversion centers embedded in the random medium, the generated field

at the second harmonic frequency is given by

ψ2ω(y) =
∑

i

t̃ig2ω(ri,y)ψ
2
1ω(ri), (2.44)

where the summation is taken over all the conversion centers, and as before repetitive

conversion events have been excluded. To find the second-harmonic intensity distribution

inside the medium, Eq. (2.44) must be multiplied by its complex conjugate. We now perform

the ensemble averaging over several realizations of the disorder (generated by changing

positions and orientations of scatterers).

〈I2ω(y)〉 ≡ 〈ψ2ω(y)ψ̄2ω(y)〉
=

∑

i,j

〈g2ω(ri,y)ḡ2ω(ri,y)t̃i¯̃tjψ2
1ω(ri)ψ̄

2
1ω(rj)〉.

=
∑

i

〈g2ω(ri,y)ḡ2ω(ri,y)t̃i¯̃tiψ2
1ω(ri)ψ̄

2
1ω(ri)〉

+
∑

i6=j

〈g2ω(r, ri)ḡ2ω(r, rj)t̃i¯̃tjψ2
1ω(ri)ψ̄

2
1ω(rj)〉 (2.45)

≈
∑

i

〈g2ω(ri,y)ḡ2ω(ri,y)t̃i¯̃tiψ2
1ω(ri)ψ̄

2
1ω(ri)〉

≈
∑

i

〈g2ω(ri,y)ḡ2ω(ri,y)〉 t̃i ¯̃ti 〈ψ2
1ω(ri)ψ̄

2
1ω(ri)〉 (2.46)
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The second summation in Eq. (2.45) contains rapidly varying complex numbers that will

not survive the ensemble averaging. The remaining diagonal part contains the product of

field amplitudes at the fundamental frequency and the amplitude Green function at the

second harmonic frequency. This averaging can be safely decoupled if one neglects the

reverse up-conversion process. The final result, equation (2.46), shows the local nature of

the conversion process but also emphasizes the importance of local intensity fluctuations at

the fundamental frequency. This result has a fascinating property that an average intensity

(l.h.s.) is determined by a quantity (r.h.s.) that contains intensity fluctuations. If the

fundamental intensity fluctuation contains the C0-correlations so will be for the second

harmonic (average) intensity.

2.3.2 Diffusion approximation for the second-harmonic generation

In the diffusive regime, the calculation of the averages in Eq. (2.46) is straightforward, and

has been presented previously in different contexts. The 〈g2ω ḡ2ω〉 part can be approximated

by the ladder diagram, as discussed in section 2.1.4. This term propagates the second-

harmonic intensity generated inside the medium to the point of observation.

The last average in Eq. (2.46) is the second moment of the intensity at the fundamental

frequency and can be written in terms of the mesoscopic correlations:

〈ψ2
1ω(r)ψ

∗2
1ω(r)〉 = 〈I1ω(r)〉2

[

2 + C0 +O(kℓ−2)
]

, (2.47)

where 〈I1ω(r)〉 is the average intensity that is propagated to the conversion center from the

source and can be written in terms of the intensity propagator (2.23)

〈I1ω(r)〉 =
∫

R1ω(r− r′)|ψin(r
′)|2dr′, (2.48)

which in its turn will be estimated by another diffusion propagator at the fundamental

frequency. The factor two in the brackets in Eq. (2.47) is the well-known interference

effect in the speckle field, which also leads to the Rayleigh distribution for the intensity. It

generally appears for any coherent interference pattern. The C0 term has to be considered

since the sink of fundamental light (the conversion center) is inside the scattering medium.

These contributions are given by the diagrams plotted in Fig. 2.2. In the following section

we will present the explicit form of these diagrams and their value for a specific type of

disorder.

Before digging into the algebraic derivation of the C0 contribution to second-harmonic

generation, one point is worth mentioning. The relation between second-harmonic inten-

sity and the second moment of intensity fluctuations at the fundamental frequency is more

general than its expansion in terms of mesoscopic correlations. This relation holds in any

multiple-scattering system, even if the scattering is so strong that the diffusion approx-

imation does not hold anymore. For example near the transition to localization strong

mesoscopic spatial fluctuations and two wavefunction correlations are predicted [32]. Both

these effect will strongly effect the nonlinear conversion processes. Measuring nonlinear

effects may thus be essential for probing certain properties on the verge of localization,

which are not measureable otherwise.

2.3.3 Derivation of the C0 vertex

For the sake of completeness, we briefly review here the derivation of the C0 vertex, as was

first introduced and derived by Shapiro [113]. It is diagrammatically represented in the left
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(a) (b)

Figure 2.2: The diagrammatic representation of second-harmonic generation and propagation pro-

cesses in the diffusion approximation. The full circle is the t-matrix of a scatterer. The connected

curly lines are the dressed Green functions at the fundamental frequency and the broken lines repre-

sent their complex conjugates. The thin dotted lines connect identical scatterers. The double circle

is the second-order t-matrix of a conversion center. The double-lines are dressed Green functions at

the second-harmonic frequency. The plotted diagrams represent: (a) the lowest order contribution

to the second-harmonic generation that survives ensemble averaging and (b) a higher order diagram

for the second-harmonic generation that includes the C0-correlation.

half of Fig. 2.2 and can be explicitly written as

C0 = 2× 4π

ℓ1ω

∫

F1ω(r, r0)Ḡ2ω(r0 − r)F1ω(r0, r)G2ω(r− r0)dr0, (2.49)

where the spatial amplitude correlator [112] is used.

F1ω(r1, r2) ≡ 〈ψ1ω(r1)barψ1ω(r2)〉

= 〈I1ω(
r1 + r2

2
)〉 exp

(

−|r1 − r2|
2ℓ1ω

)

sin k1ω|r1 − r2|
k1ω|r1 − r2|

. (2.50)

The pre-factor two at the right hand side of Eq. (2.49) originates from the degeneracy

in linking the ladder diagrams to the extra scatterer at r0. Note that in this derivation we

are considering all the scatterers and the conversion center to be point-like. The derivation

of C0 in a media with correlated disorder has been presented in Ref. [119]. With the

information provided above the integral can be readily evaluated. The integrand is consisted

of exponential and sinc functions. It is dominated by the region of small |ri−r0| and decays

rapidly within one mean free path. The present calculation is accurate up to the order of
1

k1ωℓ1ω
so the higher orders can be neglected. The final result takes the following simple

form:

C0 =
2

k1ωℓ1ω

∫ ∞

0

sin2(s)

s2
exp(− 2s

k1ωℓ1ω
)ds.

=
π

k1ωℓ1ω
(2.51)

Result (2.51) also holds for semi-infinite media and slab geometry. The reason is that the

sources or sinks are spread all-over the scattering medium. If the medium is optically thick,

the contribution of the bulk outweighs the surface effects. Inside the bulk of the medium

(further than few mean free paths from the interfaces) the above calculation for the C0

effect holds because its origin is local (decaying in the scale of one mean free path) and

does not sense the presence of interfaces.
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