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CHAPTER3

Essentials of random-matrix theory for the Anderson transition

The goal of this chapter is to introduce the basics of random matrix theory to the general

audience, with an emphasis on experimental observations. It is not possible to assess the

strengths and shortcomings of a formalism without understanding its basic assumptions.

To be able to describe what general and specific assumptions are made in this frame-

work, we derive some of its elementary, yet far-reaching, statistical predictions. Despite

the apparently loose justification of these assumptions, the predictions are often generally

applicable and surprisingly successful in reproducing the experimental results, even for very

complicated systems. Similar to the previous chapter, our intension is to overview the basic

concepts as much as needed for the new derivations that are presented in the final sec-

tions of this chapter. Our final results are based on the perturbation method for almost

diagonal matrices. The outcome of these calculations will be compared in chapter 4 with

direct numerical diagonalization of related matrices. The rest of the statistical predictions

or statement will be, here and there, referred to when experimental results are discussed.

For most of the introductory material in this chapter, the author is highly indebted to

the course of Random Matrix Theory [13] instructed by professor Carlo Beenakker in the

framework of Delta Institute for Theoretical Physics (DITP).

3.1 A short history of RMT

In contrast to the multiple-scattering formalism, which was said to be the reductionist ap-

proach to studying waves in disordered media, random matrix theory (RMT) is a holistic

approach. In a RMT treatment, one often overlooks all the details of the system under

investigation. These matrices are either representing the Hamiltonian of a (mesoscopic)

quantum system or the scattering matrix1 of a disordered barrier. These matrices con-

1Since their introduction by John Archibald Wheeler and Werner Heisenberg the concept of scattering

matrices or S-matrices have been used by various disciplines other than high-energy particle physics. These

matrices are closely related, but not identical, to transition matrices. When adapted to the monochromatic

scattering theory the concepts of scattering and transition matrices become a bit confusing and the subject
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Random-matrix theory

tain all the information for describing one specific realization, but as we mentioned in the

previous chapter, only averages or statistical distributions are really useful results. The

main assumption of RMT is the invariance of these statistical properties under continuous

transformation of the matrix if the “background features” are conserved. These background

features include matrix symmetries and domain of definition. This assumption rarely fails

if the investigated system is disordered enough. The transformed matrix can well be one

with random entries, with just a few constraints imposed. The main body of the calculus

in Random Matrix Theory deals with extracting diverse properties (most notably, statistics

or correlations of matrix eigenvalues) of matrices with entries drawn randomly from var-

ious probability distributions. All these various disordered systems are classified into few

corresponding random matrix ensembles.

The original proposal of this approach goes back to the works by Wigner, Dyson, Mehta

and Guadin in the 1960s. A historical overview can be found in the book of Mehta [88].

Random matrix theory has since developed into a powerful quantitative tool for several

fields of physics and a source of inspiration for mathematicians. The start of the field

is usually attributed to highly influential papers by Eugene Wigner [145, 146], motivated

by applications in nuclear Physics. Wigner suggested that fluctuations in spacing between

compound nuclei resonances can be described in terms of statistical properties of eigenvalues

of very large real symmetric matrices with independent, identically distributed entries. The

rational behind such a proposal was to look at the corresponding systems as “black boxes”

and adopt a kind of statistical description, not unlike thermodynamics approach to classical

matter. This idea was justifiably the single resolution in the situation when it is hardly

possible to understand individual spectra associated with any given nucleus composed of

many strongly interacting quantum particles. In section 3.4.1 we shall see the simplest

derivation of this level-spacing distribution, which leads to the celebrated Wigner’s surmise.

Despite the surprising success of RMT in predicting quantitative results, its application

is sometimes criticized because of the lacking connection with the microscopic description

of the system. The interest in RMT saw a revival in 1990’s after the connection was

made with quantum chaotic systems, and conductance fluctuations in disordered metals.

This connection is used for describing several experimental results in mesoscopic quantum

transport, which has become measurable amid the advances in nanoscience. Meanwhile, it

has also inspired several experiments on classical waves like sound, light, and microwaves.

The advantage of classical wave experiments is in their unsurpassable precision, high degree

of control and versatile design opportunities, in comparison with low temperature electronic

transport measurement. On this path, original ideas have merged in describing purely

optical phenomena such as random lasers and grey body radiation [15]. Furthermore, RMT

has become closest than ever to real life applications by the advances in opaque lenses [135]

and the emergence of information age for optics [131].

3.2 Wigner-Dyson ensembles

The omnipotence of random matrix theory lies on two fundamental assumptions, which will

be discussed in the following two paragraphs. There assumptions are not easily acceptable

for a critical mind, but once swallowed will pave the way for the unexpect success in

of interesting discussions. In this dissertation, we use the scattering matrix term for a unitary matrix that

connects the scattering channels connected to an elastic scatterer, but does not explicitly contain a delta

function in frequency (or energy).
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3.2. Wigner-Dyson ensembles

providing a series of quantitative prediction. Like any other statistical formalism, one has

to start with the probability distribution. For the moment, we consider the space of all

Hermitian matrices of equal size and common background features, the definition of which

should become clear in a few lines. These matrices can be diagonalized by a controlled

(unitary) transformation. The first assumption states that the probability of picking a

specific matrix in this space is just a function of its spectrum, {Ei},

P (H) = f({Ei}). (3.1)

It means that the eigenvectors (which constitute the transformation matrix to the diagonal

representation) are irrelevant for the probability of picking H. This probability can now be

transformed from the matrix space to the eigenvalue space by inserting the correct Jacobian

P ({Ei}) = f({Ei})
∏

i<j

|Ej − Ei|β , (3.2)

where β is an integer number signifying the symmetry of the random matrix ensemble.

This joint probability distribution describes the eigenvalue repulsion. The second central

assumption of RMT requires that all the correlations between the eigenvalues are due to

the Jacobian and f({Ei}) induced no correlation:

f({Ei}) =
∏

f(Ei). (3.3)

A widely used example is the Gaussian ensemble where

f(E) = e−cE2

. (3.4)

The choice of Gaussian distribution is not at all a fundamental requirement for RMT, but

becomes very handy since the matrix elements become independently distributed. By using

the property TrH2 =
∑

ij H
2
ij for any Hermitian matrix, the probability of picking matrix

H reads

P (H) ∝ e−cTrH2

=
∏

ij

e−cH2
ij . (3.5)

This characteristic is often recalled as independent identical distribution (IID) of the matrix

elements. As an important example where such a constraint cannot be imposed, we will

later discuss the ensemble of unitary matrices.

3.2.1 Hamiltonians

One broad category of systems, which is studied using RMT, consists of non-dissipative

closed systems. Examples are electronic wavefunctions in small metal grains or trajectories

in chaotic billiards. In quantum mechanics such a system is characterized by a self-adjoint

linear operator in the Hilbert space; its Hamiltonian. This Hamiltonian is often represented

as a Hermitian matrix, which may even be infinitely large. The only important parameters

for RMT are background features such as the matrix entries being real or complex values,

the time-inversion invariance, or other symmetries a Hamiltonian may hold.

Aimed at describing the resonance energies of heavy nuclei, which are the eigenvalues of

its Hamiltonian, three random matrix ensembles were defined by Dyson, based on Wigner’s

proposal. The classical Wigner-Dyson ensembles are the Gaussian Orthogonal Ensemble

(GOE), the Gaussian Unitary Ensemble (GUE) and the Gaussian Symplectic Ensemble

27



Random-matrix theory

(GSE). They are composed, respectively, of real symmetric, complex Hermitian and complex

self-adjoint quaternion matrices. The matrix entries are IID with zero mean, and their

variances are adjusted to ensure the invariance of their joint probability density with respect

to Orthogonal (respectively, Unitary or Symplectic) similarity transformations. Note that

the name of the ensemble is chosen after the characteristic of the transformation matrix

rather than the Hamiltonian itself. The values of exponent β, which appeared in the

Jacobian in Eq. (3.2) are 1, 2, and 4 for these three ensembles, In physics, GUE corresponds

to Hamiltonians with broken time-reversal and GSE describes those with no spin-rotation

symmetry.

3.2.2 Scattering matrices

Another category of matrices often used to describe a physical system consists of scattering

matrices. They connect the incoming and outgoing propagation channels connected to a

scatterer. Experimentally, these are even more relevant than Hamiltonians. A Hamiltonian

generally describes a disconnected and closed system. In experiments, one is often probing

the system from outside. In fact, Hamiltonians as rarely used to describe multiple scattering

of classical waves because in practice it is very difficult to realize a fully closed system. The

scattering picture is also very relevant for quantum transport measurements where the

wiring plays the role of input and output channels. In general terms the scattering matrix

is defined as

ψout = Sψin (3.6)

where the upper indices indicate to the incoming or outgoing directions in a relevant com-

plete basis. For waveguide and slab geometries or two-contact transport measurements, for

which front and back of the sample are clearly distinguished, it is customary to write the

scattering matrix in the following block format

(

ψ−
a

ψ+
b

)

=

(

r t

t′ r′

)(

ψ+
a

ψ−
b

)

, (3.7)

where the lower indices denote the front or back of the sample or label the electrodes. The

plus or minus indices indicate to the direction of current or energy flow. Each block is a

square matrix and the t block is usually called the transmission matrix.

Elastic scattering is described by a unitary matrix. The ensemble of unitary random

matrices was suggested by Dyson, long before they were really used to describe scattering.

He introduced these ensembles to relax the statistical independence constraint on matrix

elements in Gaussian ensembles. As was mentioned before, statistical independence is a

handy by generally unnecessary restriction for random matrix arguments. These ensembles

were called circular because their eigenvalues are confined to the unit circle in the complex

plane. By imposing the similar constraints as their Gaussian counterparts, these ensembles

are coded as the Circular Orthogonal Ensemble (COE), the Circular Unitary Ensemble

(CUE) and the Circular Symplectic Ensemble (CSE).

3.3 Unconventional ensembles

Real physical systems are rarely described by matrices that are consisted of statistically

independent entries. On the contrary, they are often strongly correlated. However, for most

physical observables of interest, only the symmetries matter. This is the major success
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3.3. Unconventional ensembles

factor for RMT. The successful implication of RMT methods in condensed matter physics

motivated a fundamental revision of the conventional classification. This revision was also

meant to include some of the widely applied Hamiltonians in the formalism. For example

those describing superconductors or quarks do not have the symmetries of any classical

Wigner-Dyson ensemble.

A major advancement was due to the work of Efetov [41] built upon the earlier ideas of

Wegner. He showed how to approximately map the problem of calculating disorder averages

of products of amplitude Green functions for a single particle in a random potential on a

supersymmetric nonlinear σ-model. The same nonlinear σ-models can be used to describe

the conventional random matrix ensembles in the limit of large matrix sizes. By developing

this formalism, he made a major step in relating RMT to the microscopic description

of disorder. Efetov’s method have since been applied to several transport problems and

motivated condensed matter and high energy physicists to study each others calculations.

This unprecedented proximity has lead to the solution of several long-standing problems

that were outside the range of all previous methods.

The successes of nonlinear supersymmetric σ-model has also inspired mathematicians

in their rigorous treatment of ergodic operators in spectral theory. Zirnbauer has diagnosed

the method in the perspective of Cartan’s symmetric spaces defined in the representation

theory [149]. He presented an extended classification of random matrix theories based on

the symmetric spaces. Several physical systems are then classified in this scheme, which is

conjectured to exhaust all possible universality classes in disordered single particle (non-

interacting) systems and none else will be found [3, 110].

Another advancing front for using the concept of RMT in modeling physical systems has

been set by defining specific matrices for describing “toy models”. Although, these models

are sometimes too specific to be classified in the universal scope of RMT, this front has

also reached outstanding successes in recent years [21]. One example is the non-Hermitian

disordered tight-binding model by Hatano and Nelson [62], which shows a delocalization

transition. Their model was motivated by its application to a special mapping of flux lines

in certain superconductors to a bosonic system with a random potential.

In the rest of this section we review some properties of the ensemble of banded random

Hermitian matrices, which has recently attracted a lot of attention due to its success in

describing several phenomena related to Anderson localization. Then, we introduce a new

class of non-Hermitian random matrices that fully describe the propagation of polarization

waves on a chain of scatterers with dipole interactions. The mapping of this model on the

real physical system is exact and it can hardly be called a toy model. The scaling properties

of the latter model is exploited in chapter 4, using numerical analysis.

3.3.1 Banded matrices

A lot of recent developments in RMT has been motivated by the efforts for understanding

Anderson localization transition in disordered medium. Anderson localization in electronic

systems is extensively studied in the form of the Anderson tight-binding Hamiltonian with

on-site disorder [72].

Hij =
∑

i

Ei |i〉 〈i|+
∑

<ij>

|i〉 〈j| , (3.8)

where the index i points to the isolated energy states and the second summation goes

over the nearest neighboring energy sites on a lattice. The on-site energies are randomly
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selected from a box distribution in [−W
2 ,

W
2 ] For this model all states are exponentially-

localized in one and two dimensions. In three-dimensional space there exists a metal-

insulator transition at W = 16.5. This behavior is in accordance with the single parameter

scaling theory [1, 101]. Despite the success of applying statistical physics methods to the

2-d problem, no analytical treatment has been put forward for solving the Anderson model

in 3-d. All the current theoretical understanding is based on the perturbation expansion

for 2 + ǫ dimension built upon the 2-d solution. Information for the 3-d system has been

extracted mostly from numerical analysis. The localization behavior of the Anderson model

changes by introducing long range interaction between sites. Anderson points out to this

fact already in his original “absense of diffusion” article by restricting the potential (coupling

between energy sites) to decay faster than 1/r3 [7].

Numerous models with long-range hoping have been built on top of the Anderson model

to study delocaliztion transition. Among the most successful efforts was the introduction

of the ensemble of power-law banded random matrices (PLBRM). It was introduced and

systematically studied by Mirlin et. al. [93].

The introduction of PLBRM allowed for the effects of the Anderson localization to be

correctly incorporated at the level of random matrix theory. Transition from localized to

extended eigenstates has been analytically proven in the PLBRM ensemble for both weak

and strong coupling. In these Hermitian random matrices the off-diagonal elements decay

as 〈|Hij|2〉 = (b/|i−j|)2µ for |i−j| > b, where b is called the bandwidth. All eigenvectors are

localized for µ > 1, the tight-binding limit, and are extended (metallic) for µ < 1, as in the

conventional Wigner-Dyson random matrices. At µ = 1, eigenstates show critical statistics

for any width of the band. Because of the common characteristic behavior between this

ensemble and 3-d Anderson model, PLBRM has attracted a lot of attention in recent years.

A closely related Hamiltonian was previously suggested by Levitov [79] to describe local-

ization of vibrational modes in a disordered lattice in presence of dipole-dipole interactions.

The interaction potential was annexed in the form of Dij ∝ |ri − rj|−µ to the Anderson

model. He showed that for µ > d, where d is the dimensionality of space, all states remain

localized. For µ < d all states escape localization due to a diverging number of resonances

between spectrally apart energy levels. For µ = d, delocalization is weak and states are

critical. An ingenious mapping on this model was used by Al’tshuler and Levitov [5] to solve

the scattering of charged particle from a disordered target of charged atoms considering the

Coloumb interactions. They have adopted the creative title of “Weak chaos in a quantum

Kepler problem” for their article, in contrast to a Sinai billiard that is fully chaotic. In their

model, localization is shown to prevail in the momentum space instead of position, which

means that the particle momentum will stay bounded in certain limits instead of diffusing.

This was a clear illustration that the spatial extent of wavefunction is not always a good

indicator of Anderson localization.

The modern treatment of PLBRM model in the weak-coupling regime is partly based

on the Levitov’s method. A mathematically rigorous foundation has been laid by Kravtsov

and Yevtushenko, upon which on can now apply this method to a variety of almost diagonal

matrices. It has been dubbed the method of Virial expansion, since the influence of coupled

resonances is ordered by the number of involved states. This method has been since applied

to several matrix ensembles [53, 74, 96]. We have used the method to solve a new class of

non-Hermitian matrices, which are important for describing the collective excitation modes

in a chain of scatterers coupled by dipole-dipole interactions.
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3.3.2 Complex-symmetric matrices

Most of the models in condensed matter physics concentrate on Hamiltonians or unitary

scattering matrices. Meanwhile, Green matrices emerge as a new class of random matri-

ces, which deal with several problems in atomic physics and optics. The entries of these

Euclidean matrices are the pairwise Green functions that connect a collection of points in

space, hence the name Euclidean. This collection forms an ordered or disordered cloud

in space after putting a point-like polarizable scatterer on each point. Examples for such

a system are atom gases on resonance [9] or collections of metallic nanoparticles [123].

Motivated by the advances in nano-fabrication, this models have also become relevant for

describing many artificially made systems like plasmonic metamaterial structures or an-

tenna arrays [6, 70, 141]. Despite this wide range of applications, these matrices have not

yet been well studied in the mathematical framework of RMT. The only relevant available

system is the Gnibre ensemble of complex matrices, which removes the restriction of Her-

miticity from the convensional Wigner-Dyson classes. However, the conditions of Green

matrices being complex-symmetric and Euclidean, are both relaxed in the Gnibre ensem-

ble. Very recently, Green matrix ensembles have been systematically studied by analytic

tools such as self-consistent analysis of the resolvent [58] in ordered to describe physical

phenomena such as Dicke supperradiance and random lasers [118].

Since Green matrices are non-Hermitian, their eigenvalues are complex. The eigen-

vectors form a complete (bi-orthogonal) basis, unless the matrix is defective. Defective

matrices form a subset of measure zero for a randomly generated ensemble. The orthogo-

nality condition is set by the quasi-scalar product of each two distinct eigenvectors:

〈

ψ̄m

∣

∣ ψn

〉

≡
∑

i

ψm(xi)ψn(xi) = 0, (3.9)

where |ψn〉 is a right eigenvector of M; M|ψn〉 = εn |ψn〉. Because of the symmetry in the

Green matrix, there is a one-to-one relation between the left and right eigenvectors. As a

choice, the eigenvectors are normalized to unity: 〈ψn| ψn〉 = 1. The quasi-scalar product

of an eigenvector with itself is a non-zero complex number for non-defective matrices.

3.4 Statistical probes in simulations and experiments

As we have emphasized several times in the previous pages, any quantitative analysis of

a disordered medium has a statistical side to it. That is why in the mathematical treat-

ments of this sort, all results are probabilistic and often accompanied by the phrase “almost

surely”. In this respect, RMT is an ideal tool for providing quantitative predictions and

suggesting certain experimental or numerical measures. Most of the possible RMT calcula-

tions are on the eigenvalues and their correlations. However, in certain cases, eigenfunctions

have also been studied for example to investigate their critical scaling behavior.

In the rest of this section, we review a few of these probes and predictions that are

more relevant to the study of classical waves in disordered systems. We present some basic

derivation of these quantities just to give a flavor of how a random matrix treatment looks

like. These derivations are among the simplest examples and yet are very insightful as they

can cover several experimental situations.
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Figure 3.1: The distribution of eigenvalue spacing for the GOE ensemble of random matrices is very

close to the Wigner surmise (dashed line). In the localized regime the eigenvalues are not interacting

and their spacing follows the Poisson distribution (full line).

3.4.1 Level-spacing distribution

The distribution of separations between successive eigenvalues is perhaps one of the first

and yet very outreaching predictions of RMT. The huge datasets available from neutron

scattering experiments in the 1950’s made it possible to draw the precise distribution of

energy level spacings. However, theoretical predictions were missing at the time. It was

Wigner who guessed the following distribution, nowadays known as Wigner’s surmise:

P (x) =
πx

2
e−

1

4
πx2

, (3.10)

with x = |s|
∆ the level spacing divided by its average. It turned out to be a remarkably

good description for the observed data. Later, it was found out that Wigner’s formula is

not exact for any random matrix from GOE but the variation from the exact calculation is

merely around 2%. Similar forms can describe GUE and GSE level spacing distributions,

with the prefactor proportional to sβ. Equation (3.10) is exact for an ensemble of 2×2 real

symmetric matrices H with a Gaussian distribution of the independent matrix elements:

P (H) ∝ e−c(H2
11
+H2

22
+2H2

12
), (3.11)

where c is an arbitrary constant. Hereby we shall go through this derivation just to present

a simple example for a RMT computation.

Since H is real and symmetric, it can be diagonalized by an orthogonal transformation:

(

H11 H12

H21 H22

)

=

(

cos θ sin θ

− sin θ cos θ

)(

E + s
2 0

0 E − s
2

)(

cos θ − sin θ

sin θ cos θ

)

, (3.12)

with the transformation Jacobian

J(E, s, θ) ≡ ∂(H11,H12,H22)

∂(E, s, θ)
= s, (3.13)
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By using this Jacobian and the invariance of
∑

H2
ij under orthogonal transformation, we

can now write the joint probability distribution

P (E, s, θ) = A|s|e−c(2E2+ s2

2
), (3.14)

with A the normalization factor. The dependence on E and θ can be integrated out. The

resulting probability for the level spacing reads

P (s) = c|s|e−c s2

2 , (3.15)

with mean value ∆ ≡ 〈|s|〉 =
√

π
2c . After putting back this average in Eq. (3.15), we read

out the Wigner surmise of Eq. (3.10).

The experimental significance of the Wigner’s distribution becomes more evident when

it is contrasted with the distribution of level spacing in a localized system. In such a

system, eigenfunctions have negligible overlap and pose no correlation (repulsion) between

the adjacent eigenvalues. Thereby, eigenenergies are randomly distributed. In the case of

random distribution of eigenvalues with a mean spacing of ∆, one can write the probability

of having a spacing s as

P (s)ds = lim
m→∞

(

1− s

m∆

)m ds

∆
= e−

s
∆

ds

∆
. (3.16)

This construction can be pictured as sectioning the spacing s intom equal parts, multiplying

the probabilities of not finding a level in any of those intervals with the probability of finding

one in the last interval with a size of ds, and taking the limit of m to infinity. This is the

usual path for deriving the so-called Poisson distribution

P (x) = e−x. (3.17)

The poisson distribution is compared with the Wigner’s surmise for GOE in Fig. 3.1. The

evident difference can be a very convincing experimental probe for the delocalization tran-

sition. However, as said before, measuring the isolated energy levels of a closed system

with proper resolution is often an insurmountable challenge for the experiments. Therefor,

many observations have focused on studying the properties of scattering matrices, which is

the topic of the following section.

3.4.2 Open transmission channels

Scattering matrices for elastic scatterers are unitary by definition. In a transport configu-

ration, the eigenvalues of the matrix product t†t are taken as the transmission coefficients

Ti of the eigenmodes of the system. These “modes” are the columns or rows of the matrices

that result from a singular value decomposition of the full scattering matrix, and can be

used as a basis for describing any scattering event. Once again, the fundamental assumption

of RMT implies that the correlation between the eigenvalues is solely due to the Jacobian
∏

i<j |Tj − Ti|β from matrix elements to eigenvalues. This “geometric” correlation leads

to the eigenvalue repulsion. The probability distribution of the transmission coefficients

P ({Ti}) can be pictures in the form of a partition function for a Gibbs gas at temperature

β−1 on a line with a logarithmic repulsion u(Ti, Tj) = − ln |Ti − Tj | between the classical

particles at positions xi = Ti.

For the eigenvalues of transmission matrices, unlike the energy levels of a Hamiltonian,

there is the extra constraint 0 ≤ Ti ≤ 1 imposed by the unitarity. Due to the eigenvalue
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repulsion, they are pushed against these bounds and the final distribution has a bimodal

form. For the CUE ensemble, which for example describes the transport of electrons through

a quantum dot in presence of magnetic field, this bimodal distribution in symmetric around
1
2 and has the form

ρ(T ) =
N

π

1√
T
√
1− T

, (3.18)

with N the total number of channels. The easy way to prove this result is to take this

distribution as an ansatz, integrate the interaction potential u(T − T ′) weighted by this

density at point T ′ and show the result is invariant with respect to T . This distribution

is slightly different from the other bimodal distribution of eigenvalues for a quasi one-

dimensional system such as a wire:

ρ(T ) =
Nℓ

2L

1

T
√
1− T

, (3.19)

with length L and mean free path ℓ. The latter result is obtained from the Dorokhov-Mello-

Pereyra-Kumar (DMPK) equation [37, 89], which takes into account the evolution of the

eigenvalue distribution with the increasing wire length. This equation will be presented in

the following section.

The bimodal distribution of transmission eigenvalues is rather surprising and has far

reaching consequences. Of special interest are those eigenmodes with almost unity trans-

mission. Their mere existence means that given enough control on the incident channels,

one can completely circumvent the disordered structure and transport the whole wave en-

ergy without any backscattering. Evidence for this counter-intuitive phenomenon has been

recently shown by Vellekoop and Mosk [136], using their invention of wave-front shaping.

3.4.3 Anderson localization in waveguide geometry

Picking the scattering matrix from the CUE ensemble is an over-simplified picture for

describing the wave transport through a disordered wire or waveguide. In such a system,

one has to take into account the dependence of the transmission probability distribution on

the increasing length of the system. This can be done either by using the supersymmetric

σ-model approach [40, 92] or by using the DMPK equation [14]. In the latter method, the

evolution of the probability distribution with the increasing length of the wire is written

in the form of a multi-variate advection-diffusion equation, with the length L playing the

role of time. The drift is caused by the added randomness in the incremental length and

the interaction is due to the Jacobian. In its derivation, only up to the second moment

of correlation between transmission eigenvalues is considered to be important. It is more

convenient to write the equation in terms of {xi}, which are called the Lyapunov exponents

and are related to {Ti} by Ti = cosh−2 xi. For the conventional Wigner-Dyson classes, the

DMPK is given by

∂

∂L
P ({xi};L) =

1

2γℓ

N
∑

i=1

∂

∂xi

(

∂P

∂xi
+ βP

∂Ω

∂xi

)

, (3.20)

Ω = −
N
∑

j=1

N
∑

k=j+1

ln | sinh2 xj − sinh2 xk| −
1

β

N
∑

j=1

ln | sinh2 2xj| (3.21)
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3.4. Statistical probes in simulations and experiments

with γ = βN+2−β andN the number of modes propagating in the wire or in the waveguide.

The DMPK method provides detailed information about the eigenvalue distribution for

arbitrary number of channels, unlike the diffusive σ-model that requires N ≫ 1.

Although, the solution to the DMPK equation has been found for any arbitrary length [16],

it is more straightforward to start from the long-wire limit. In this case, the wire becomes

insulating. The xi’s have then diffused far apart with a separation much larger than unity;

1 ≪ x1 ≪ x2 ≪ · · · ≪ xN . One can thus approximate the hyperbolic sine function in

Eq. (3.20) by an exponential. As a result, all the variables in the DMPK equation decouple

and each of them can be found by solving the following Fokker-Planck equation:

∂P (xi, L)

∂L
=

1

2γℓ

∂2P

∂x2i
− 1

ξi

∂P

∂xi
, (3.22)

with ξi = [1+ β(i− 1)]/γℓ the localization length of the i-th mode. The solutions have the

following Gaussian form

P (xi) ∝ e
− γℓ

2L

(

xi−
L
ξb

)2

, (3.23)

In the limit of a long wire, the conductance is given by the smallest Lyapunov exponent

and decreases exponentially with the length gD ∝ e−L/ξ1 with ξ1 the localization length.

Distribution (3.23) means that the dimensionless conductance of the long wire follows a

log-normal distribution with the following average and variance:

〈ln gD〉 = −2L

γℓ
, (3.24)

var(ln gD) =
4L

γℓ
. (3.25)

The equidistance distribution of the Lyapunov exponents in the long and localizing

wires persists in the metallic regime as well, for L < ξ. Therefore, the Lyapunov exponents

have always a uniform density ρ(x) = NL/l for 0 < x < L/l. Transforming this result to

the eigenvalue distribution will result in the bimodal form of Eq. (3.19).

Equation (3.24) has a very important consequence for experiments, which is often over-

looked. The variance of log-conductance is twice its average. The distribution of the

conductance itself will be then much broader in shape, which means that one should expect

largely fluctuating conductances in the localized regime when the realization is changes. As

a result, larger statistics must be collected in comparison with usual Gaussian distributed

parameters. Furthermore, the Thouless criterion gD = 1 is a blurred indicator for the

localization threshold. Relying on the dimensionless conductance for determination of the

localization transition threshold can be misleading if the collected statistics is not large

enough.

For circumventing this restriction, Garcia and Genack has suggested to use another sta-

tistical measure for the transition threshold. Their parameter var(Sa) is in average equal

to the Thouless conductance gD but is self-averaging at the same time: has a Gaussian dis-

tribution. Sa the total transmission of the disordered waveguide normalized by its average.

The average and variance are taken over several realizations. As a second advantage, this

parameter relaxes the condition of measuring the conductance in absolute terms. By using

this parameter, Chabanov et. al were able to put a conclusive, practical and quantitative

criterion for the localization crossover in a disordered microwave waveguide [28].

35



Random-matrix theory

0.0

0.2

0.4

In
te

n
si
ty

Position

1E-8
1E-7
1E-6
1E-5
1E-4
1E-3
0.01
0.1

In
te

n
si
ty

Position

Figure 3.2: Typical intensity distribution of eigenfunctions in metallic (solid line), insulating (dotted

line) and critical (dashed line) regimes. Left: linear scale, Right: semi-logarithmic scale. The critical

wavefunctions are recognized by their large fluctuations and non-localized spread.

3.4.4 Eigenfuntion statistics and Anderson localization

In three-dimensional disordered systems the transition from the insulating to the the metal-

lic regimes emerges as a true phase transition. The phase transition also occurs for other

dimensionalities when certain symmetries are broken or long range interactions and dis-

order correlations are present [43]. Close to the Anderson transition, wavefunctions show

critical statistical behavior. These critical states are peculiar for their spatial structure

that is multifractal [10, 43, 142]. A typical eigenfunction in the critical regime is plotted in

Fig. 3.2 and compared with eigenfunctions in localized or extended regimes. The illustrated

examples are generated using Levitov matrices with different decay exponents µ.

Here, we briefly review some general aspects of MF and their implications in the context

of the Anderson transition. Multifractality quantifies the strong fluctuations of the wave

function. It shows the non-trivial length-scale dependence of the moments of the intensity

distribution. The dependence can be investigated by varying the system size L, or alter-

natively if the system size is fixed, by dividing the system into small boxes of linear size

b and varying the box size. This property is quantified by using the generalized Inverse

Participation Ratios (GIPR)

Pq =

n
∑

i=1

(IBi
)q =

n
∑

i=1

[∫

Bi

I(r)ddr

]q

, (3.26)

where I(r) is the normalized intensity (equal to |ψ2(r)|/
∫

|ψ2(r)|ddr where ψ(r) is the

wave function) and IBi
is the integrated probability inside a box Bi of linear size b, with

λ≪ b≪ L where λ is the wavelength. The summation is performed on the whole sample,

which consists of n = (L/b)d boxes, and d is the space dimension. By definition P1 ≡ 1 and

P0 ≡ n.

At criticality, the ensemble averaged GIPR, 〈Pq〉, scales anomalously with the dimen-

sionless scaling length L/b as

〈Pq〉 ∼ (L/b)−d(q−1)−∆q ≡ (L/b)−τ(q) , (3.27)

where d(q − 1) and ∆q are called the normal (Euclidean) dimension and the anomalous

exponent, respectively. For a normal (extended) wavefunction, ∆q = 0 for every q. A

36



3.4. Statistical probes in simulations and experiments

(single-) fractal wavefunction with fractal dimension D is described by τ(q) = D(q − 1).

For critical states τ(q) is a continuous function of q that fully describes the MF.

Multifractality can also be derived from the probability density function (PDF) of the

logarithm of eigenfunction intensities, for which the GIPR are proportional to its moments.

This is easy to check using definition (3.26). In fact, the PDF and GIPR are analogous

descriptions of the eigenfunction statistics. Each of them may become handy, dependent

on the specific numerical or experimental investigation. This equivalence together with

Eq. (3.27) implies the following scaling relation for the PDF:

P(α̃) ∼ (L/b)−d+f(α̃) ,with α̃ ≡ ln IB

ln b
L

. (3.28)

The second term in the exponent, f(α), is called the singularity spectrum, and is related

to the set of anomalous exponents τ(q) by a Legendre transform

τ(q) = qα− f(α), q = f ′(α), α = τ ′(q). (3.29)

The quantity α introduced here is proportional by an irrelevant scaling prefactor to α̃, which

is used in the construction of PDF. However, especially for a skewed PDF, this prefactor can

significantly deviate from unity and therefore α and α̃ are not exactly equivalent quantities.

This difference is generally not so important for scaling arguments, but one has to deal with

it when extracting the singularity spectrum from the numerical or experimental data.

The singularity spectrum f(α) is the fractal dimension of the set of those points r

where the wave-function intensity, I(r), scales as L−α. In mathematical terms, it shows the

coexistence of several populations of singularities in the measure, which is the wave-function

intensity for this specific case. In the field-theoretical treatment of random-Schrödinger

Hamiltonians, MF implies the presence of infinitely many relevant operators [38, 98]. The

functional dependence of f(α) is an important and unique property of each universality

class. In the extended regime, P(ln IB) is strongly peaked near α = d, since the short-range

fluctuations are washed out in the box integration. First order perturbation theory for

an Anderson transition in 2 + ǫ dimensions [142] results in the “parabolic approximation”

for the MF wave functions [10, 26]. This result, ∆q = γq(1 − q), corresponds to f(α) =

d− (α−d−γ)2/4γ, where γ is a constant in the order of ǫ. A similar approximation applies

to metallic (diffusive) states in three dimensions [4, 48] due to weak localization, although

with γ ≪ 1. This is sometimes called weak MF.

Recently, an exact symmetry relation

∆q = ∆1−q, (3.30)

was theoretically predicted for the set of anomalous exponents [94]. This symmetry is not

trivial at all and has directly observable consequences in the measurement of the eigen-

functions. It relates the probability of finding bright points to the one for dark points. For

example, as a result of this symmetry, the eigenfunction intensity cannot be lower than a

certain threshold in a finite sample ( finding such points has an exponentially vanishing

probability). This threshold is set by the size of the sample and the fact that the eigenfunc-

tion intensity at one point cannot be larger than one due to normalization. In chapter 5 we

will present the experimental verification of this symmetry for ultrasound measurements.

The numerical and analytical investigations of the 3-d Anderson model and certain

random matrices suggest that MF may exhibit itself also for off-criticial states on both

sides of the transition [32]. The MF concept was extended to the boundaries where it

behaves differently with respect to the bulk [126].
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Figure 3.3: The schematic probability distribution function of the log-intensity parameter α for the

three regimes of metallic, insulating, and critical.

3.5 Perturbation results for almost-diagonal Green matrices

Finally, after the long introductory review, we will here present our results on the criti-

cal behavior in a class of Green matrices. The general properties of these matrices were

introduced in Sec. 3.3.2. We now analyze a special case of collective excitation of electro-

magnetic waves on a periodic chain of dipolar scatterers with site disorder induced due to

varying polarizability. The L× L matrix (with L the number of sites) that fully describes

this system has the following form

Dij = δijEi + (δij − 1)gij , (3.31)

with gij the Green function connecting the points xi and xj on the lattice. Here, we consider

the linearly decaying Green function, which has the same asymptotic behavior as the full

Dyadic Green function for dipole-dipole interaction. The simplification does not change the

statistical behavior of interest. The off-diagonal elements are thus given by

gij =
1

Wk
eık|i−j|, (3.32)

with k describing the free-space wavenumber normalized by the periodicity of the lattice

and W a measure for the diagonal disorder. Larger value of W means higher degree of

disorder and thus smaller coupling. The diagonal elements are distributed uniformly in

[−1
2 ,

1
2 ].

We will show that the eigenvectors of these matrices scale critically with increasing

matrix size. The MF properties of the eigenfunctions in the weak coupling regime will be

derived by using the perturbation method. Large disorder or weak coupling corresponds

to Wk ≫ 1. In this regime, the density of states is determined only by the distribution of

the diagonal elements and hence is uniform. Therefore, we assume that all eigenvectors are

characterized by the same scaling exponents and we define the ensemble average GIPR as

〈Pq〉 =
1

L

L
∑

n=1

L
∑

i=1

|ψn(xi)|2q. (3.33)
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Figure 3.4: Comparison between the singularity spectrum for complex-symmetric Green matrices

(solid line) given by Eq. (3.45) and their orthogonal counterpart (dashed line) given by Eq. (3.47).

The moments of the eigenvectors can be extracted from the powers of the diagonal elements

of the Green functions and therefore can be computed using the method of virial expansion.

In the lowest order of virial expansion, which corresponds to a pure diagonal matrix,

the eigenvectors consists of only one non-zero component and therefore all moments are

equal to one due to normalization: 〈Pq〉(1) = 1.

In the next order of the virial expansion, the contribution to the eigenvectors moments

from all possible pairs of two levels of the unperturbed system should be taken into account.

Thus we need to calculate the moments of the eigenvectors of the following 2× 2 matrices:

M(i, j) =

(

Ei gij
gji Ej

)

, (3.34)

Denoting the moments of the second component of the corresponding eigenvectors by

Pq(i, j), we have

〈Pq〉(2) =
1

L

L
∑

i6=j

(Pq(i, j) − 1) (3.35)

The subtraction of 1 in the equation above eliminates the contribution already taken

into account in the diagonal approximation.

The off-diagonal element is generally a complex number; gij = gji = hije
ıφij By the

assumption of weak coupling |h| ≪ 1 and writing the eigenvectors of M(i, j) explicitly, we

obtain:

Pq(i, j) =

∫ 1/2

−1/2
dE1

∫ 1/2

−1/2
dE2(Q((E1 − E2)/h) +Q((E2 − E1)/h)),

Q(x) =





4

4 +
(

x−
√

(x2 + 4e−2iφ
)(

x−
√

(x2 + 4e2ıφ
)





q

. (3.36)
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where we have dropped the ij subscripts for simplicity. In the limit h → 0 one can show

that Q(r) = θ(r) and thus Pq = 1. This result corresponds to the diagonal approximation

and is cancelled by −1 in Eq. (3.35). In order to find first non-trivial contribution, we need

to compute a term that is linear in h. To this end, we first differentiate Eq. (3.36) with

respect to h, then change the integration variables {E1, E2} → {E1, x = (E1 −E2)/h} and

consider the limit h→ 0:

lim
h→0

dPq

dh
= −2

∫ ∞

−∞
dx xQ′(x) ≡ −F (q, φ), (3.37)

The expansion of Pq then takes the form:

Pq = 1− |h|F (q, φ) +O(h2). (3.38)

Collecting the contributions from all the off-diagonal elements we obtain

〈Pq〉 = 1− 1

Wk

1

L

∑

i6=j

F (q, k|i − j|)
|i− j| . (3.39)

After expanding F (q, φ) in the Fourier series F (q, φ) =
∑

p cp(q)e
ıpφ we find

1

L

∑

i6=j

F (q, k|i − j|)
|i− j| =

1

L

∑

i6=j

c0(q)

|i− j| +
1

L

∑

i6=j

∑

p 6=0

cp(q)e
ıpk|i−j|

|i− j|

= 2c0(q) lnL+O(1), (3.40)

The final result for GIPR reads:

〈Pq〉 = 1− 2c0(q)

Wk
lnL, (3.41)

with

c0(q) =
1

π

∫ 2π

0
dφ

∫ ∞

−∞
dx xQ′

x(x, q, φ), (3.42)

and Q defined in Eq. (3.36), which can be written as

Q(x, q, φ) =







4

4 +
∣

∣

∣
x−

√
x2 + 4e−2iφ

∣

∣

∣

2







q

. (3.43)

Comparing this result with the scaling of the moments by changing the system size

〈Pq〉 ∝ L−dq(q−1), (3.44)

we find the expressions for the fractal dimensions

dq =
2c0(q)

Wk(q − 1)
. (3.45)
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One can check that in the case of the orthogonal matrices, i.e. when φ = 0, the old result

can be reproduced after the change of the variable x = (2w − 1)/
√

w(1− w):

c0(q) = 2

∫ ∞

−∞
dx xQ′

x(x, q, 0)

= 2

∫ 1

0
dw

qwq−3/2(2w − 1)√
1− w

= 2
√
π
Γ(q − 1/2)

Γ(q − 1)
(3.46)

dq(φ = 0) =
4
√
π

Wk

Γ(q − 1/2)

Γ(q)
(3.47)

The result for complex-symmetric matrices deviates only slightly from the one for the

orthogonal case as can be seen in Fig. 3.4.

3.6 Concluding remarks

In this chapter, we tried to present a brief overview of some the statistical measures that

can be useful in studying localization of waves in classical or quantum systems. We also

showed some basic examples of how these results are derived in the scope of random matrix

theory. The major reason for presenting these results was to emphasize the importance

of statistical analysis in the experimental investigation of random media, especially in the

context of Anderson localization.

In the following two chapters, we will present two cases were these statistical measures

are applied to recognize the presence of localization. In chapter 4, polarization waves on

a chain of scatterers are studied by numerical diagonalization of the describing scattering

matrices and a regime of critical scaling is revealed. In chapter 5, experimental data on

localization of ultrasound have been analyzed in the context of multifractality. This inves-

tigation has resulted in the first experimental observation of strong multifractality near the

Anderson localization transition [47].
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