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Chapter 1

Introduction

1.1 Introduction

We shall investigate whether second order equivalence of two models, or equiv-
alence in some stronger logic than second order logic, implies isomorphism of
the models in certain cardinalities. We always assume that our vocabulary is
finite. The notation which is not yet explained can be found under the heading
“Notation” on page 2 or by using the index.

1.1.1. Remark. We are assuming through this paper that a vocabulary is finite.
This is done because if the vocabulary is finite, the isomorphism type of the model
is characterizable inside the model in second order logic. In infinitary second order
logic L2

κ,ω the isomorphism type of the model is characterizable if the vocabulary
is smaller than κ, and our assumption is stronger than what is needed.

There are some open questions about whether our results can be generalized to
bigger vocabularies. An example of such a question is whether it is consistent with
ZFC, that in any countable vocabulary any two countable L2-equivalent models
are isomorphic.

Suppose L is a logic [3] (Chapter 2, Definition 1.1.1). The L-theory of a model
is the set of L-sentences true in the model. Two models are said to satisfy the
same L-theory if they satisfy the same L-sentences.

1.1.2. Definition. The expression A(L, κ) refers to the following condition: For
any models A and B of cardinality κ, if A and B satisfy the same L-theory then
they are isomorphic.

We use the expression A(ZF, κ) to denote the condition “For all models A and
B of cardinality κ in a finite vocabulary, if A and B satisfy the same sentences
(with the model as a parameter) in the language of set theory then A ∼= B.” Note
that ZF is not a logic as two isomorphic models can satisfy different sentences in
the language of set theory.

1



2 Chapter 1. Introduction

1.1.3. Definition. We call A(L2, ω) when restricted to ordinals the Fräıssé Hy-
pothesis. This is the Hypothesis: All countable ordinals have different second
order theories.

Ajtai [2] has proved that A(L2, ω) is independent of ZFC. We are looking
for related results in the cardinality ℵ0 and similar results in bigger infinite car-
dinalities. The name “Fräıssé Hypothesis” has been used by Wiktor Marek. The
Fräıssé Hypothesis has been studied by Fräıssé [6] and Marek [15], [16].

Our results are relative to the consistency of ZFC. If we assume more than
the consistency of ZFC it is always explicitly mentioned.

In Chapter 2 we will recall the proof of Ajtai and use his method to prove
various results related to A(L2, ω) in the countable cardinality.

In Chapter 3 we will develop a forcing technique for coding subsets of ordinals
by collapsing certain cardinals. This forcing is used to prove for example the
following: If κ is a cardinal in L there is a transitive model of ZFC in which
A(L4, λ) holds for exactly those cardinals λ which are smaller or equal to κ.

In Chapter 4 we will show that if κ is a cardinal, there is a language Lκ∗

with κ many generalized quantifiers such that A(Lκ∗, κ) holds. Given a cardinal
κ the language Lκ∗ may be different for different models of ZFC containing κ
and it is also possible that no such Lκ∗ is definable in the language of set theory.
This result for κ = ω is due to Scott Weinstein [29] and the generalization for
uncountable κ is based on an idea of Per Lindström [14].

In Chapter 5 we will use Ajtai’s method to prove that it is independent of
ZFC whether A(L2

κ,ω, κ) holds for a regular cardinal κ. We will also prove that
for different regular cardinals κ and λ, A(L2

κ,ω, κ) and A(L2
λ,ω, λ) are independent

of each other. We will also give an analogous result for singular cardinals.
In Chapter 6 we will investigate the relation between A(L2, ω) and various

large cardinal axioms. If there are infinitely many Woodin cardinals and a mea-
surable cardinal above them, then A(L2, ω) fails. Assuming the consistency of
relevant large cardinal axioms, if n is a natural number, there is a model of ZFC
in which there are n Woodin cardinals and A(L2, ω) holds. As n grows bigger,
more complex second order sentences seem to be needed to characterize all count-
able models up to isomorphism. A(L3, ω) is consistent with Martin’s Maximum
and practically all large cardinal axioms.

Notation

The expression ZF -formulas refers to formulas in the language of set theory, i.e.,
first order language in a vocabulary with one binary relation ∈. ZF -equivalence
of two structures, denoted by A ≡ZF B, refers to the condition that A and B
satisfy the same sentences of the language of set theory, i.e., for any sentence φ
in the language of set theory V |= φ(A) ↔ φ(B). If L is a logic A ≡L B refers
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to the condition that A and B satisfy the same sentences of L. H(κ) refers to
the set of sets hereditarily smaller than κ, i.e., {X : the transitive closure of X
has cardinality less than κ}. The symbol � means “restricted to”. Depending on
context this can mean a reduct of a model to a smaller vocabulary or restriction
of some operations to some set. The notation φM(·) refers to the set of tuples
which satisfy the formula φ in model M. The forcing name of a given set X is
denoted by Ẋ. Interpretation of a set in a given model of ZFC is denoted by the
set with the model of ZFC as superscript: for example ωL

1 means ω1 of L. The
reals mean the same as the powerset of ω.

Notation which is not explained is standard as used for example in Jech’s book
[11].

1.2 Preliminaries

1.2.1 The logics Ln

In this section we will present some fundamental definitions and lemmas about
higher order logics, forcing and L. This section does not contain any new results.
In the rest of the paper we have clearly marked results of other mathematicians
that we use. All the results which are not marked for somebody else are, according
to our knowledge, new.

1.2.1. Definition. An n-ary relation Rn
i ⊆ (dom(A))n is definable in a lan-

guage L in a model A if there is an L-formula φ(x1, . . . , xn) such that R =
{(a1, . . . , an) : A |= φ(a1, . . . , an)}.

A class of structures C is characterizable in a logic L if there is an L-formula
φC(X1, . . . , Xm) such that in any model A it holds that A |=s φC(X1, . . . , Xm)
⇔ (A, (X1)As , . . . , (Xm)As ) ∈ C. When C is a singleton class {B} we say that the
model B is characterizable in L.

1.2.2. Definition. Each second order function variable Fm
i has a finite arity

m. Each second order relation variable Rn
j has a finite arity n.

Given a vocabulary τ , the set of L2[τ ] terms is the smallest set which contains
first order variables, contains first order constants in vocabulary τ , is closed under
functions in vocabulary τ and is closed under second order function variables.

Given a vocabulary τ , the set of L2[τ ] atomic formulas is the smallest set which
contains equalities of L2[τ ] terms and contains the formulas Rm

i (t1, . . . , tm), where
each tn is an L2[τ ] term and Rm

i is either a relation symbol in τ of arity m or a
second order relation variable of arity m.

Second order logic, denoted by L2, is the smallest logic which

1. Contains atomic formulas,

2. Is closed under negation and conjunction,
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3. Is closed under first order existential and universal quantifiers and

4. Is closed under second order existential and universal quantifiers.

Assume we have defined Ln. An n+ 1st order relation variable Rt
i has a type

t which is a finite set of types of nth order relation variables.
The set of n + 1st order atomic formulas is the smallest set which contains

the nth order atomic formulas and the formulas Rt
i(R

t′
j ), where Rt

i is an n + 1st

order variable of type t, Rt′
j is an nth order variable of type t′ and t′ ∈ t.1 The

n+ 1st order logic Ln+1 is defined to be the smallest logic which

1. Contains atomic formulas

2. Is closed under the same operations as Ln and in addition closed under
n+ 1st order existential and universal quantifiers.

If A is a model and s is an assignment of variables of Ln+1 we have A |=s

Rt
i(R

t′
j ) iff (Rt′

j )As ∈ (Rt
i)

A
s .

We use L2 to refer to second order logic. In L2 we can quantify over all finitary
relations over the universe of the model, thus our second order logic means the
second order logic with full semantics. There are also other second order logics
which do not use full semantics such as monadic second order logic where we can
quantify over unary relations only, and second order logic with Henkin semantics
[10]. More generally Ln refers to nth order logic with full semantics.2

1.2.3. Definition. Let n ≥ 1 be a natural number. An Ln formula is Σn−1
0 and

Πn−1
0 if it does not contain any nth order quantifiers. A formula is Σn−1

k+1 if it is
of the form ∃R̄φ, where R̄ is a sequence of nth order variables and φ is a Πn−1

k

formula. A formula is Πn−1
k+1 if it is of the form ∀R̄φ, where R̄ is a sequence of

nth order variables and φ is a Σn−1
k formula. A property is said to be ∆n−1

m , if it
is both Σn−1

m and Πn−1
m .

1.2.4. Lemma. The following are characterizable in second order logic in any
model A of infinite cardinality κ:

1. A relation R is a function.

2. A relation R is an injection.

3. A relation R is a bijection from the set {x : φ(x, ā)} to the set {x : ψ(x, ā)}.

4. The set {x : φ(x, ā)} is infinite.

1To keep things simple we do not allow third order or higher order function variables.
2There are several ways to define Ln. By and large they are all equivalent (at least as long

as they allow to prove Lemma 1.2.9).
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5. The set {x : φ(x, ā)} is finite.

6. A tuple (X,<X) is a linear order, i.e., <X is a linear order in the set X .

7. A tuple (X,<X) is isomorphic to (ω,<).

8. A tuple (X,<X) is well-founded.

9. A tuple (X,<X) is a well-order.

10. A tuple (X,<X) is isomorphic to the model (κ,∈).

11. A tuple (X,+′, ·′, 0′, 1′) is isomorphic to the model (N,+, ·, 0, 1).

12. A tuple (X,Rn1
1 , . . . R

nm
m ) is isomorphic to a tuple (Y,Rn1

m+1, . . . R
nm
2m).

13. The canonical bijection π from κ×κ to κ and its inverse function: π(α, β) =
γ , π−1(γ) = (α, β).
The canonical bijection πn from κn to κ and its inverse function: πn(α1, . . . αn) =
γ, π−1

n (γ) = (α1, . . . αn).

14. A tuple (S, S ′) is the transitive closure of a ∈ R with respect to (R,R′), i.e.,
S is the set of those elements b in the domain of R such that there is a finite
sequence a1, . . . an in the domain of R so that R′(a1, a), R′(a2, a1), . . . R′(an, an−1)
and R′(b, an) and S ′ = R′ ∩ S × S.

Proof. In each case we give the relevant sentence. The natural numbers in
the sentences (for example 1. in sentence number 2.) refer to the sentences in the
list with the corresponding number.

1. ∀x∀y∀z((R(x, y) ∧R(x, z))→ y = z)

2. 1. ∧ ∀x∀y∀z((R(x, z) ∧R(y, z))→ x = y)

3. 2. ∧ ∀x∀y(R(x, y) → (φ(x, ā) ∧ ψ(y, ā))) ∧ ∀x∃y((φ(x, ā) → R(x, y)) ∧
(ψ(x, ā)→ R(y, x)))

4. ∃R∃z(φ(z, ā) ∧ θbij(R, ā)),
where θbij(R, ā) expresses the condition that R is a bijection from the set
{x : φ(x, ā)} to the set {x : φ(x, ā) ∧ ¬x = z}.

5. ¬4.

6. The relevant sentence is the conjunction of the following:

• ∀x∀y(x <X y → (X(x) ∧X(y)))

• ∀x¬x <X x
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• ∀x∀y∀z((x <X y ∧ y <X z)→ x <X z)

• ∀x∀y((X(x) ∧X(y))→ (x = y ∨ x <X y ∨ y <X x))

7. The sentence expresses the conjunction of the following:

• 6.

• {x : X(x)} is infinite

• ∀x(X(x)→ ({y : X(y) ∧ y <X x} is finite))

8. ¬∃R∃yψ, where ψ expresses the conjunction of the following:

• {x : R(x)} is infinite

• R(y)

• ∀x(R(x)→ (X(x) ∧ ∃z(R(z) ∧ z <X x)))

9. 6. ∧ 8.

10. 9∧∀x(X(x)→ ¬∃Rψ), where ψ expresses the condition that R is a bijection
from the set {y : X(y)} to the set {y : y <X x}))

11. ∃ < ∀H∀j (φlinear(<,X)
∧ ∀x∀y(x < y ↔ (x 6= y ∧ ∃z(z +′ x = y)))
∧ ∀x∀y(x = y +′ 1′ → ¬∃z(y < z ∧ z < x))
∧X(0′) ∧X(1′) ∧ ¬0′ = 1′

∧ φf (+′, X) ∧ φf (·′, X)
∧ ∀x∀y(x+′ 0 = x ∧ x+′ (y′ + 1) = (x+′ y) +′ 1)
∧ ∀x∀y(x ·′ 1′ = x ∧ x ·′ (y +′ 1′) = (x ·′ y) +′ x)
∧ φbij(H, j))

In the above formula φlinear(<,X) says that < is a linear order in X, the
formula φf (+

′, X) says that +′ is a function from X × X to X and the
formula φbij(H, j) says that if H is an injection from {x : x < j} to {x :
x < j}, then H is a bijection.

12. ∃Pψ, where ψ expresses the conjunction of the following:

• P is a bijection from X to Y

•
∧

1≤i≤m(∀x1, . . .∀xniR
ni
i (x1, . . . xni)↔

(∃y1, . . .∃yni(
∧

1≤j≤ni P (xj, yj) ∧Rni
m+i(y1, . . . yni))))

13. ∃Pψ, where ψ expresses the conjunction of the following:

• P is a bijection from κ× κ to κ

• P ((α, β), γ)
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• ∀α∀β∀α′∀β′(P (α, β) < P (α′, β′)↔ (β < β′ ∨ (β = β′ ∧ α < α′)))

• ∃P∃α′2, . . . ,∃α′n−1θ, where θ expresses the conjunction of the following:
a) P is a bijection from κ× κ to κ
b) P ((α1, α2), α′2)∧

∧
2≤m≤n−2 P ((α′m, αm), α′m+1)∧P ((α′n−1, αn−1), α′n)

c) ∀α∀β∀α′∀β′(P (α, β) < P (α′, β′)↔ (β < β′ ∨ (β = β′ ∧ α < α′)))

14. ∀x∀yψ, where ψ expresses the conjunction of the following:

• S(x)→ R(x)

• (S(x) ∧ S(y))→ (S ′(x, y)↔ R′(x, y))

• S(a)

• ((S(x) ∧R(y, x))→ S(y))

• ∀P∀P ′∀w((∀x∀y(P (x)→ R(x)∧((P (x)∧P (y))→ (P ′(x, y)↔ R′(x, y))∧
P (a) ∧ ((P (x) ∧R(y, x))→ P (y)))) ∧ S(w))→ P (w))

The first four formulas say that (S, S ′) is a transitive set (with respect to
R′) which contains a, and the last formula says that (S, S ′) is the smallest
such set.

�

In the following theorem we say that a relation E is extensional if the exten-
sionality axiom ∀x∀y(∀z(zEx↔ zEy)→ x = y) holds.

1.2.5. Theorem (Mostowski’s Collapsing Theorem). If E is a well-founded
extensional relation on a class P , then there is a transitive class M and an iso-
morphism π between (P,E) and (M,∈).

Proof. We define the function π by transfinite induction on the well-founded
class P :

π(x) = {π(y) : E(y, x)}.

It is clear from the definition that ran(π) is a transitive class. We will show
that (ran(π),∈) is isomorphic to (P,E). We will prove that π is one-to-one.
Assume not: Then there is an element z ∈ P of the least possible rank such that
z = π(x) = π(y) for some x 6= y. As x 6= y by symmetry and extensionality
axiom we can assume there is an element a0 such that E(a0, x) and not E(a0, y).
As π(x) = π(y) there is some element b0 such that E(b0, y) and π(a0) = π(b0).
But this contradicts the assumption that z was of the least possible rank.

We will now prove that xE y ↔ π(x) ∈ π(y). Assume xE y, then by definition
π(x) ∈ π(y). Assume then π(x) ∈ π(y). By definition π(x) = π(z) for an element
z such that zEy. Since π is one-to-one we have x = z and thus xEy.

�
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1.2.6. Definition. We say that a second order formula φ(X, Y ) is a second
order definable well-order of the reals if in the model (N,+, ·, 0, 1) the formula φ
defines a well-order of the subsets of the universe of the model.

We say that a second order formula φ(X, Y ) is a second order definable well-
order of the powerset of κ if in the model (κ,∈) the formula φ defines a well-order
of the subsets of the universe of the model.

Let τ = {R1, . . . , Rn} be a relational vocabulary and let the arity of Ri be ki
for each i. We will next introduce a way to code a model of infinite cardinality κ
in vocabulary τ into a subset of κm, where m = Σ1≤i≤nki.

1.2.7. Definition (Coding a model into a subset of κm).
Let B = (κ,RB

1 , . . . , R
B
n ) be a model of cardinality κ in the vocabulary τ . Given

an order < of order type κ on B,3 the relations of B can be coded into an m-ary
relation Xm

n ⊆ κm in the following way: any sequence of ordinals belongs to Xm
n

iff for some i it is of the form

( 0, 0, . . .︸ ︷︷ ︸
Σj<ikj times

α1 + 1, α2 + 1, . . . αni + 1, 0, 0, . . .︸ ︷︷ ︸
Σi<j≤nkj times

)

for some ordinals α1, . . . αni such that B |= Ri(α1, . . . αni). The ordinals αi, αi+1
etc. refer to elements of κ which have order type αi, αi + 1, etc. with respect to
<.

1.2.8. Lemma. Let A = (A,RA
1 , . . . R

A
n) be a model of infinite cardinality κ in a

finite vocabulary τ . Let #Ri = ki for each i and m = Σ1≤i≤nki. Then:

• A is isomorphic to some models which have κ as universe.

• The set IA of those subsets of κm which are codes of models isomorphic to
A is L2-characterizable in A.

Proof. Obviously any bijection from A to κ generates a model isomorphic to
A which has κ as universe.

In (B, <) the relation Xm
n (introduced in Definition 1.2.7) is L2-definable and

each relation RB
i is second order definable from Xm

n . Let ψ(Xm
n ,B, <) be the

following second order formula which says that Xm
n is the code of B with respect

to <:
∀x1, . . .∀xm(Xm

n (x1, . . . xm)↔
∨

1≤i≤m

φi)

where φi is the conjunction of the following formulas4:

3The reader may wonder where does < come from. If the model does not contain a copy
of (κ,∈) we can build such a copy by second order quantifiers. We have formulas of the form
∃K∃E(φκ,∈(K,E) ∧ . . . ), where φκ,∈ characterizes (κ,∈).

4To be precise the formulas below, such as xj = 0 are not formulas in our language. However
0, immediate predecessor of an element and immediate successor of an element(all with respect
to <) are definable so it is possible to write the expressions below formally.
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•
∧
j≤Σt<ikt

xj = 0

•
∧
j>Σt≤ikt

xj = 0

•
∧
j∈1+Σt≤ikt,...ki+Σt≤ikt

xj 6= 0 ∧R(x1+Σt≤ikt − 1, . . . xki+Σt≤ikt − 1).

Let C ⊆ κm. C is a code of a model isomorphic to A (with respect to <) iff

∃P k1
1 ∃P k2

2 . . . ,∃P kn
n ∃T ((φbij(T,A, dom(<)) ∧

∧
1≤i≤n

φi) ∧ ψ(C, (κ, P1, . . . Pn), <)),

where φbij(T,A, dom(<)) says that T is a bijection from A to dom(<), ψ is defined
above and φi is the following formula:

∀x1, . . . ,∀xki(Ri(x1, . . . xki)↔ Pi(T (x1), . . . T (xki))).

�

1.2.9. Lemma. a) Let φ be a second order formula in a finite vocabulary τ , A a
model of cardinality κ with vocabulary τ , and let s be an assignment of the free
variables of φ in A. Then φ with the assignment s is equivalent to a ZF -formula
in H(κ+) with A and s as parameters, i.e., there is a formula θ in the language
of set theory such that A |=s φ ⇔ H(κ+) |= θ(A, s). More generally an nth
order formula in a model A of cardinality κ with assignment s is equivalent to a
ZF -formula in H((in−2(κ))+) with A and s as parameters.

b) Let τ be a finite vocabulary and assume we have fixed some second order
characterizable way to code models in the vocabulary τ by subsets of κ. There is a
translation which translates every ZF(I)-sentence5 φ in (H(κ+), IA,∈) to a second
order sentence φ∗ in the vocabulary τ in such a way that (H(κ+), IA,∈) |= φ ⇔
A |= φ∗ for any model A of cardinality κ in vocabulary τ . More generally, there
is a translation which translates every ZF (I)-sentence φ in H((in−2(κ))+) to an
nth order sentence φ∗ in such a way that (H(in−2(κ)+), IA,∈) |= φ⇔ A |= φ∗.

Proof. a) Assignments of finitely many first order and second order variables
in the model A belong to H(κ+). To formalize truth definition of φ in A with an
assignment s we need only quantify over those assignments which are in H(κ+).
Generally third order variables are sets of second order variables and have car-
dinality at most 2κ, fourth order variables have cardinality at most 2(2κ) and so
on. It follows that interpretations of finitely many nth order variables belong
to H((in−2(κ))+) and the truth definition of an nth order formula φ with an

5This means we have added an extra unary predicate I to H(κ+) and interpreted it as the
set of those subsets of κm which are codes of models isomorphic to A. A ZF (I)-sentence is a
first order sentence in vocabulary {∈, I} where ∈ is a binary relation symbol and I is a unary
relation symbol.
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assignment s in a model A can be formalized in H((in−2(κ))+) with A and s as
parameters.

b) In second order logic we can quantify over transitive closures of the sets in
H(κ+) in the following way. If R is a well-founded binary relation which satisfies
the extensionality axiom ∀x∀y(∀z(Rzx ↔ Rzy) → x = y), then (dom(R), R)
is by Mostowski’s Collapsing Theorem 1.2.5 isomorphic to a transitive set. If
R is also either empty or has a maximal element (i.e., ∃y ∈ dom(R)¬∃xRyx),
then (dom(R), R) is isomorphic to (TC(a), ε) for some a ∈ H(κ+). On the other
hand, if a ∈ H(κ+) then |TC(a)| ≤ κ and there is a well-founded and extensional
relation Ra ⊂ A×A such that (dom(R), R) is isomorphic to (TC(a), ε). Thus in
second order logic we can in a sense quantify over transitive closures of sets in
H(κ+).

Let ψ(R) be a second order formula which says that R is a well-founded
binary relation which satisfies the extensionality axiom and is either empty or
has a greatest element.

We can define two sets R and R′ to be equal if and only if there is an iso-
morphism from (dom(R), R) to (dom(R′), R′). Now we can define x =∗ y to be
ψ(Rx) ∧ ψ(Ry) ∧ (dom(Rx), Rx) ∼= (dom(Ry), Ry).

We can define ∈ as follows: Rx ∈∗ Ry iff ∃v∃w∃Q∃Tψ, where θ expresses the
conjunction of the following:

1. x is maximal element in Ry

2. R′(w, v)

3. Q = (P,Ry � P ) is the transitive closure of w with respect to Ry (See
Lemma 1.2.4(14))

4. T is an isomorphism from (dom(Rx), Rx) to Q

Let then x ∈∗ y = ψ(Rx) ∧ ψ(Ry) ∧ ∃x∃y∃Q∃Tθ. Let then (¬φ)∗ = ¬(φ∗),
(φ ∧ θ)∗ = φ∗ ∧ θ∗ and (∃xφ)∗ = ∃Rxφ

∗.
We have shown that any ZF -sentence in H(κ+,∈) is equivalent to an L2-

sentence in the model A.
By Lemma 1.2.8 the relation IA is also second order definable so the claim

follows.
Next we will generalize the above result for n > 2. First we will define the

concept of a hereditarily monadic variable. For a start we say that a monadic
second order variable is hereditarily monadic. If we have defined what it means
for an nth order variable to be hereditarily monadic, we define an n + 1st order
variable to be hereditarily monadic iff it has arity 1 and its only argument is
a relation of one type: hereditarily monadic nth order variable. It is easy to
prove by induction that in a model of cardinality κ there are in−1(κ) hereditarily
monadic nth order relations, i.e., interpretations of hereditarily monadic n:th
order variables.



1.2. Preliminaries 11

Now the above proof works for Ln+1 when we replace first order variables by
hereditarily monadic nth order variables and second order variables of arity m by
n + 1st order variables which have as arguments only hereditarily monadic nth
order variables.

We denote An = {A : A is a hereditarily monadic nth order relation over
A}. Thus |An| = i2n−1(κ) and in Ln+1 we can quantify over subsets of (An ×
An). Certain subsets B of An × An correspond to transitive closures of sets in
H((i2n−1(κ))+), namely those sets B such that (dom(B), B) satisfies the axiom
of extensionality, B has a largest element and B is well-founded. As before, we
can define two sets of the above form to be the same if they are isomorphic and a
set a belongs to another set b if and only if there is an element b0 in the domain
of b which belongs to the greatest element in b, and the transitive closure of b0

with respect to b is isomorphic to a. Also, we can characterize the set of those
sets of the form κn which are isomorphic to A, so IA is characterizable as well.
Thus there is a translation of ZF (I)-sentences of (H((i2n−1(κ))+), I,∈) to Ln+1-
sentences in the model A, likewise there is a translation of ZF (I)-sentences of
(H((i2n−2(κ))+), I,∈) to Ln-sentences in model A.

�

1.2.2 Infinitary second order languages

We will next define second order infinitary language L2
κ,ω. The nth order infinitary

languages Lnκ,ω can be defined in an analogous way.

1.2.10. Definition. Let n ∈ ω and let κ be a regular cardinal. The logic L2
κ,ω

is the smallest logic which

1. Contains all atomic formulas,

2. Is closed under negation, conjunctions of size less than κ, disjunctions of
size less than κ, first order existential and universal quantifiers and second
order existential and universal quantifiers6.

1.2.11. Lemma. Let κ be a regular cardinal. In the logic Lκ,ω all ordinals (α,<)
smaller than κ are characterizable.

Proof. This is done by induction on the ordinal α < κ. Assume the Induction
Hypothesis holds for all β < α, i.e., there are formulas θβ(y) which characterize
(β,<) for ordinals β < α. Now the formula which characterizes (α,<) is∧

β<α

∃y(y < x ∧ θβ(y)) ∧ ∀y(y < x→
∨
β<α

θβ(y))

6We allow here both second order relation variables and second order function variables
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�

We will now present a lemma which is needed to show the indenpendence
of A(L2

κ,ω, κ) at a regular cardinal κ. In Definition 1.2.13 we will give an exact
coding of L2

κ,ω-formulas as set theoretic objects and prove the lemma.

1.2.12. Lemma. Let n ∈ ω. Every formula of L2
κ+,ω can be defined in (V,∈) (or

in (H((κ+)+),∈)) by a ZF -formula using a subset of κ as a parameter.
If κ is an inaccessible cardinal, every formula of L2

κ,ω can be defined in (V,∈)
(or in (H(κ+),∈)) by a ZF -formula using a subset of some λ < κ as a parameter.

The next definition proves Lemma 1.2.12.

1.2.13. Definition. We will introduce a coding where all L2
κ,ω formulas are

coded by subsets of κ, or in fact by subsets of ordinals smaller than κ. First
the atomic formulas:

1. A symbol in the vocabulary of the model which has been assigned a prime
number code n by a chosen Gödel numbering (as described in Lemma 6.1.2)
is 〈1, n〉.

2. xα = 〈2, α〉.

3. cα = 〈3, α〉.

4. Rn
α = 〈4, n, α〉, these are the codes for relation variables.

5. F n
α = 〈5, n, α〉, these are the codes for function variables.

6. F n
i (t1, . . . , tn) = 〈6, F n

i , t1, . . . , tn〉.

7. ti ≡ tj = 〈7, ti, tj〉.

8. Rn
i (t1, . . . , tn) = 〈8, Rn

i , t1, . . . , tn〉.

We describe now how to code objects of the above form by subsets of κ in a
systematic way. There is a second order definable bijection from κ to κ× κ (see
Lemma 1.2.4(13)). The objects are coded in such a way that the nth κ codes the
nth coordinate in the tuple. For example cω+1 has in the beginning of the first κ
three ones and the rest are zeros. In the beginning of the second κ it has ω + 1
ones and the rest are zeros, and all the other κ:s have just zeros. The code of
F 1

1 (cω+1) has 6 ones in the beginning of the first κ, code of F 1
1 in the second κ

and in the third κ the subset of κ coding cω+1 we just described.
By this coding the predicates “X is a L2

κ,ω(τ) term” and “X is a L2
κ,ω(τ)

atomic formula” are characterizable in second order logic.
The non-atomic formulas are coded as follows:
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1. ¬φ = 〈9, {φ}〉.

2.
∧
X = 〈10, X〉.

3.
∨
X = 〈11, X〉.

4. ∃xαφ = 〈12, xα, {φ}〉.

5. ∀xαφ = 〈13, xα, {φ}〉.

6. ∃Rn
αφ = 〈14, Rn

α, {φ}〉.

7. ∀Rn
αφ = 〈15, Rn

α, {φ}〉.

8. ∃F n
αφ = 〈16, F n

α , {φ}〉.

9. ∀F n
αφ = 〈17, F n

α , {φ}〉.

These are coded by subsets of κ in a similar way as atomic formulas except
that there are also sets of formulas. For example objects of type 2 are coded by
10 ones in the first κ and in the second κ a code for the set X. X is a set of
formulas of size less than κ and we use again the second order definable bijection
from κ to κ× κ. The first κ codes some formula in X, the second κ codes some
other formula in X, if there is any, and so on until after some α many κ:s there
are no more formulas in X and the rest are just zeros.

We have defined L2
κ,ω-formulas as subsets of κ, but in fact in all subsets coding

a L2
κ,ω-formula the set of ones is not cofinal in κ. Thus we can as well think them

as subsets of some α < κ when we have cut away the zeros from the end. This
proves Lemma 1.2.12.

We will next present the definition of generalized quantifiers:

1.2.14. Definition. Suppose τ is a finite relational vocabulary {R1, ..., Rk}, where
Ri is ri-ary. Suppose K is a class of τ -structures, closed under isomorphisms.
We get an extension of first order logic by adding to the syntax a new quantifier
symbol QK, a new formula generation rule

• If φ1, ..., φk are formulas, then so is QKx
1
1...x

1
r1
, ..., xk1...x

k
rk

;φ1, ..., φk.

The semantics is defined as follows:

• M |=s QKx
1
1...x

1
r1
, ..., xk1...x

k
rk

;φ1, ..., φk if and only if 7

(dom(M), P1, ..., Pk) ∈ K,

where
Pi = {(s(xii), ..., s(xiri)) : M |=s φi}.

7Here dom(M) means the domain of the model M .
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The extension of first order logic is denoted Lωω(QK).

Note that K is always definable in Lωω(QK) by the sentence

QKx
1
1...x

1
r1
, ..., xk1...x

k
rk

;R1(x1
1, ..., x

1
r1

), ..., Rk(x
k
1, ..., x

k
rk

).

We will next give some examples of generalized quantifiers:

1. The cardinality quantifier Qα, “There are ℵα-many”:

A |= Qαxφ(x, ȳ)⇔ |{x : A |= φ(x, ȳ)}| ≥ ℵα.

2. Härtig quantifier I, the “equicardinality quantifier”:

A |= Ix, y(φ(x, z̄), ψ(y, z̄))⇔ |{x : A |= φ(x, z̄)}| = |{y : A |= ψ(y, z̄)}|.

Lots of cardinality quantifiers Qα of the form 1. are definable in L2, see
Remark 4.2.3. From Lemma 1.2.4 (3.) it follows that Härtig quantifier is also
definable in L2.

1.2.3 The constructible universe L

In 1938 Kurt Gödel introduced L, the class of constructible sets, see for example
[7]. Recall the V -hierarchy of sets:

• V0 = ∅.

• Vα+1 = P(Vα).

• Vα =
⋃
β<α Vβ for α limit ordinal.

• V =
⋃
α∈On Vα.

The L-hierarchy is similar to the V -hierarchy, except that in the successor
steps we take only the definable powerset def(Lα), i.e., the set of those subsets
of Lα which are definable in Lα using elements of Lα as parameters.

• L0 = ∅.

• Lα+1 = def(Lα).

• Lα =
⋃
β<α Lβ for α limit ordinal.

• L=
⋃
α∈On Lα.

A few notes about L: GCH holds in L. The operation def(Lα) can be defined
as the closure of Lα ∪ {Lα} under certain finitely many “Gödel functions”:



1.2. Preliminaries 15

1. G1(Y, Z) = {Y, Z},

2. G2(Y, Z) = Y × Z,

3. G3(Y, Z) = {(u, v) : u ∈ Y ∧ v ∈ Z ∧ u ∈ v},

4. G4(Y, Z) = Y − Z,

5. G5(Y, Z) = Y ∩ Z,

6. G6(Y ) =
⋃
Y ,

7. G7(Y ) = dom(Y ),

8. G8(Y ) = {(u, v) : (v, u) ∈ Y },

9. G9(Y ) = {(u, v, w) : (u,w, v) ∈ Y },

10. G10(Y ) = {(u, v, w) : (v, w, u) ∈ Y }.

By induction it can be proved that |Lα| = |α| for all infinite α. All Gödel
functions are second order characterizable so the operation def(Lα) is second
order characterizable.

For each Lα there is a canonical well-order of Lα denoted by <Lα . If α < β
then <Lβ is an end extension of <Lα . We will next describe how the canonical
well-order is defined.

The well-order is defined by induction on α. Assume we have defined <Lα .
We will define next <Lα+1 . The idea is that in the beginning is <Lα , then Lα and
then the rest of Lα+1 in the order

i) How many times Gödel functions need to be iterated starting from the ele-
ments of Lα in order to reach the elements in question.

ii) Which Gödel functions need to be used.

iii) To which sets in Lα the Gödel functions need to be applied (here we can
use the already defined canonical well-order of Lα and define the element which
can be reached from smaller elements to be smaller).

We will next present a technical definition for the idea described above:

1.2.15. Definition. We define Wα
0 = Lα ∪ {Lα},

Wα
n+1 = {Gi(Y, Z) : Y, Z ∈ Wα

n , i ∈ {1, . . . , 10}}.

1. <0
α+1 is the well-ordering of Lα ∪{Lα} that extends <Lα such that Lα is the

greatest element.
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2. <n+1
α+1 is the following well-order of Wα

n+1:

x <n+1
α+1 y iff one of the conditions below hold:

a) x <n
α+1 y

b) x ∈ Wα
n and y /∈ Wα

n

c) x /∈ Wα
n and y /∈ Wα

n and one of the following holds:

• “The least i such that ∃u, v ∈ Wα
n (x = Gi(u, v))” < “the least j such that

∃s, t ∈ Wα
n (y = Gj(s, t))”

• “The least i such that ∃u, v ∈ Wα
n (x = Gi(u, v))” = “the least j such that

∃s, t ∈ Wα
n (y = Gj(s, t))” and

“the <n
α+1-least u ∈ Wα

n such that ∃v ∈ Wα
n (x = Gi(u, v))” <n

α+1 “the
<n
α+1-least s ∈ Wα

n such that ∃t ∈ Wα
n (y = Gi(s, t))”

• “The least i such that ∃u, v ∈ Wα
n (x = Gi(u, v))” = “the least j such

that ∃s, t ∈ Wα
n (y = Gj(s, t))” and “the <n

α+1-least u ∈ Wα
n such that

∃v ∈ Wα
n (x = Gi(u, v))” = “the <n

α+1-least s ∈ Wα
n such that ∃t ∈ Wα

n (y =
Gi(s, t))” and “the <n

α+1-least v ∈ Wα
n such that x = Gi(u, v)” <n

α+1 “the
<n
α+1-least t ∈ Wα

n such that y = Gi(u, t)”.

Now we let <α+1=
⋃
n∈ω <

n
α+1 ∩(P (Lα)× P (Lα)) (where P (Lα) refers to the

powerset of Lα).
For limit ordinals γ we define <Lγ=

⋃
α<γ <Lα.

The inductive definition of the class function α 7→<Lα is clearly definable in
the language of set theory. Looking at the definition, in order to define <Lα from
α there is no need to quantify over sets outside H(|α|+). Now it follows from
Lemma 1.2.9 that the function f : |α|+ → H(|α|+), f(β) =<Lβ is second order
characterizable in any model of cardinality |α|. It follows that in L in a model of
cardinality κ there is a second order characterizable well-order of the powerset of
κ: X < Y ⇔ ∃α(X <Lα Y ).

If X is a subset of an ordinal we can form the class L[X], the least transi-
tive model of ZFC containing all ordinals and X.8 The construction of L[X] is
similar to the construction of L except that we are allowed to intersect any set
with X (this can be done by adding 11th Gödel function G11(Y ) = Y ∩X). By
a reasoning similar to what was presented above, if X is second order characteri-
zable in a model then the functions α 7→ Lα[X] and α 7→<Lα[X] are second order
characterizable in the model.

8The structure of any set can be coded by a subset of some ordinal so we can make this
assumption w.l.o.g. The assumption “X is a subset of some ordinal” turns out to be very useful
as in infinitary second order languages L2

κ,ω we can characterize all subsets of ordinals smaller
than κ.
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The class L[X], the least transitive model of ZFC containing all ordinals and
X, should not be confused with L(R), the least model of ZF containing all the
reals.

1.2.4 Forcing

Forcing is a method invented by Paul Cohen in 1963. He used forcing to prove
independence of the Continuum Hypothesis from ZFC [4], [5]. Forcing is a
very general method for proving independence results and constructing different
models of ZFC. The invention of forcing has had huge impact to the development
of set theory.

The idea of forcing is briefly as follows: We have a transitive model M of
ZFC. Inside M we can form a forcing language which describes the model M [G]
which is the smallest transitive model of ZFC extending M and containing G.
What kind of generic set G a forcing adds depends on the type of the forcing. The
notation p  φ means that p forces φ i.e. whenever p ∈ G then M [G] |= φ. We
don’t give a detailed introduction to forcing here as it is a broad and complicated
topic. For a reader who wants to study forcing we recommend Jech [11].

We present without proofs the following fundamental theorems about forcing.
The proofs can be found for example from [11].

1.2.16. Theorem (The Generic Model Theorem). Let M be a transitive
model of ZFC and let (P,<) be a notion of forcing in M . If G ⊂ P is generic
over P , then there exists a transitive model M [G] such that the following hold:

1. M [G] is a model of ZFC.

2. M ⊂M [G] and G ∈M [G].

3. M [G] and M have the same ordinals.

4. If N is a transitive model of ZF such that M ⊂ N and G ∈ N , then
M [G] ⊂ N .

1.2.17. Theorem (The Forcing Theorem). Let (P,<) be a notion of forc-
ing in the ground model M . If σ is a sentence of the forcing language, then for
every G ⊂ P generic over M ,

M [G] |= σ ⇔ (∃p ∈ G)p  σ.

In the left-hand-side σ one interprets the constants of the forcing language ac-
cording to G.

The most important forcings used in this paper are the following:
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• Cohen forcings: If κ is a regular cardinal in M there is a Cohen forcing
(which is a different forcing for different cardinals κ) which adds a new
subset to κ.

• Cardinal collapses: If κ and λ are infinite cardinals in M such that κ < λ
there is a forcing which adds a bijection from κ to λ, i.e., collapses λ to
κ. After the forcing λ and all cardinals strictly between κ and λ are not
cardinals anymore.

• Iterated forcing: Iterated forcing was developed by Solovay and Tennen-
baum [26] in a paper where they proved the independence of Souslin Hy-
pothesis from ZFC. Iterated forcing is a technically complicated topic and
instead of defining iterated forcing here we refer to Jech [11]. The idea is
that by iterated forcing we can do α many successive forcings, where α is
the length of the iterated forcing.

We say that at a limit ordinal γ the support of a forcing condition p of
length γ is the set of those ordinals α < γ where p(α) is non-zero. A forcing
can have at a limit ordinal (for example) the following:

Finite support: Any forcing condition p has finite support.

Countable support: Any forcing condition p has countable support.

Full support: A forcing condition may have whole λ as support.

Direct limit: p ∈ Pα if and only if ∃β < α (p � β ∈ Pβ and ∀ξ ≥ β p(ξ) = 1).

Inverse limit: p ∈ Pα if and only if ∀β < α p � β ∈ Pβ.

1.2.18. Lemma (The Factor Lemma). Let Pα+β be a forcing iteration of 〈Q̇ξ :
ξ < α+ β〉, where each Pξ, ξ ≤ α+ β is either a direct limit or an inverse limit.

In V Pα, let Ṗ
(α)
β be the forcing iteration of 〈Q̇α+ξ : ξ < β〉 such that for every

limit ordinal ξ < β, Ṗ
(α)

ξ is either a direct limit or an inverse limit, according
to whether Pα+β is a direct limit or an inverse limit. If Pα+β is an inverse limit
for every limit ordinal ξ ≤ β such that cfξ ≤ |Pα|, then Pα+β is isomorphic to

Pα ∗ Ṗ (α)
β .

1.2.19. Definition. A forcing is κ-closed if for any increasing sequence of con-
ditions of length less than κ there is a condition which is stronger than all the
conditions in the sequence.

A forcing satisfies the κ-chain-condition if any antichain of forcing conditions
(i.e., a set of pairwise incompatible conditions) has cardinality less than κ.

A κ-closed forcing does not add any new subsets to cardinals smaller than κ.
A κ-chain-condition forcing does not collapse cardinals greater or equal to κ.


