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Chapter 2

Ajtai’s result, the countable case

2.1 A(L2, ω) and L2-definable well-order of the

reals

In this chapter we will present two theorems by Ajtai which show that A(L2, ω)
is independent of ZFC. After that we will discuss some related topics concerning
countable models.

We recall that Ajtai proved the independence of A(L2, ω) from ZFC. We will
now present the first part of the proof of Ajtai:

2.1.1. Theorem (Ajtai [2]). If there is a second order definable well-order of
the powerset of ω, then A(L2, ω) holds. If the well-order is Σ1

n for n ≥ 2, then
A(Σ1

n+1, ω) holds.

Proof. We will show that if there is a second order definable well-order of
the reals, A(Σ1

k, ω) holds for certain k. Let us assume our second order definable
well-order of the reals is ∆1

n for some n ≥ 2. We make the assumption n ≥ 2
to make complexity calculations simpler; in all our applications n ≥ 2 so it
does not do any harm. Note that if a well-order is Σ1

n then it is Π1
n because

x < y ⇔ x 6= y ∧ ¬y < x. Similarly every Π1
n well-order is Σ1

n. Thus a well-order
is Σ1

n iff it is Π1
n iff it is ∆1

n. Also two models are Σ1
n-equivalent iff they are Π1

n-
equivalent as we will show. Assume not: there are Σ1

n-equivalent models A and
B which are not Π1

n-equivalent. Assume φ is such a Π1
n formula that A |= φ and

B 2 φ. Now ¬φ is such a Σ1
n formula that A 2 ¬φ and B |= ¬φ, so the models

are not Σ1
n-equivalent, which is a contradiction. The proof that Π1

n-equivalence
implies Σ1

n-equivalence is the same.
As we have shown in Lemma 1.2.8, a model of cardinality ℵ0 in a finite vo-

cabulary is isomorphic to some models which have ω as universe. These models
can be coded into n-ary relations on ω in a second order definable way, and the
set I of codes of models which have ω as their universe and are isomorphic to
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20 Chapter 2. Ajtai’s result, the countable case

the model in question is second order characterizable in the model in question.
As there is a second order definable well-order of the reals and a second order
characterizable bijection from ωn to ω, we can talk in second order logic about
the least subset A0 of ω which is mapped to a set in I by the bijection. For each
natural number n we can say in second order logic that n belongs to A0, and also
that n does not belong to A0. If two countable models in a finite vocabulary have
the same second order theory then they have the same set A0. Consequently they
have the same isomorphism type and they are isomorphic.

We will next present the definition of these sentences mentioned above and
calculate the complexity of them. Let Φ be the second order sentence:

∃N∃0′∃1′∃+′ ∃ ·′ ∃ < ∃πn∃Ā0∃A′0∃A∗0
(def(N, 0′, 1′,+′, ·′) ∧ def(πn) ∧ θĀ,τ
∧ ψ∼=(Ā0) ∧ φcode(Ā0, A

′
0) ∧ ηn(A′0, A

∗
0) ∧

∀Ā1∀A′1∀A∗1((θĀ1,τ ∧ ψ∼=(Ā1) ∧ φcode(Ā1, A
′
1) ∧ ηn(A′1, A

∗
1)

→ (φ′(A∗0, A
∗
1) ∨ ∀x(A∗0(x)↔ A∗1(x)))) ∧ A∗0(47)).

(2.1)

Here is an explanations of the different components of the sentence:

• def(N, 0′, 1′,+′, ·′) is the Π1
1-formula which defines the structure (N, 0, 1,+, ·),

• def(Πn) is the first order formula which defines a bijection from Nn to N ,
see Lemma 1.2.4.

• θĀ,τ is a first order formula which says that Ā is a sequence of relations on
N such that the arities correspond to arities of relations in τ .

• ψ∼=(Ā0) is a Σ1
1 formula which says that A (i.e., the model itself) is isomor-

phic to Ā0.

• φcode(Ā0, A
′
0) is the first order formula which says that (A0) is the subset of

Nn which codes Ā0, see Lemma 1.2.8.

• ηn(A′0, A
∗
0) is the first order formula which say that A∗0 is the image of A′0

under πn, see Lemma 1.2.4.

• φ′(A∗0, A∗1) is the ∆1
n-formula which says that A∗0 is strictly smaller than

A∗1 in the well-order of the powerset of N defined by φ′. The formula φ′

is formed from φ by replacing 0 by 0’, 1 by 1’, + by +’, · by ·′ and by
relativising all the first order and second order quantifiers to N .

• A∗0(47) is the first order formula which says that the natural number 47
(in the sense of N) belongs to A∗0. Similarly we could say by a first order
formula that n belongs to (or does not belong to) A∗0 for any chosen n.
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The formula

((θĀ1,τ ∧ ψ∼=(Ā1) ∧ φcode(Ā1, A
′
1) ∧ ηn(A′1, A

∗
1))

→ (φ′(A∗0, A
∗
1) ∨ ∀x(A∗0(x)↔ A∗1(x))))

has the same complexity as ¬φ′(A∗0, A∗1), which is ∆1
n, as φ′ is ∆1

n. Then the
formula

∀Ā1∀A′1∀A∗1((θĀ1,τ ∧ ψ∼=(Ā1) ∧ φcode(Ā1, A
′
1) ∧ ηn(A′1, A

∗
1))

→ (φ′(A∗0, A
∗
1) ∨ ∀x(A∗0(x)↔ A∗1(x))))

has complexity Π1
n. Now the formula

def(N, 0′, 1′,+′, ·′) ∧ def(πn) ∧ θĀ,τ
∧ ψ∼=(Ā0) ∧ φcode(Ā0, A

′
0) ∧ ηn(A′0, A

∗
0) ∧

∀Ā1∀A′1∀A∗1((θĀ1,τ ∧ ψ∼=(Ā1) ∧ φcode(Ā1, A
′
1) ∧ ηn(A′1, A

∗
1))

→ (φ′(A∗0, A
∗
1) ∨ ∀x(A∗0(x)↔ A∗1(x)))) ∧ A∗0(47)).

has complexity Π1
n and the formula (2.1) has complexity Σ1

n+1. The sentence Φ
is true in A, hence true in B. So A ∼= B. Thus A(Σ1

n+1, ω) has been proved.

�

2.1.2. Corollary (Ajtai [2]). If V = L then A(L2, ω) holds.

Proof. In L there is a second order definable well-order of the powerset of ω
(See the notes about L on page 14 in the preliminaries).

�

The well-order of the reals in L is ∆1
2, thus if V = L then Σ1

3-equivalence implies
isomorphism for countable models. More generally, if there is a Σ1

n well-order of
the reals, any two countable Σn+1-equivalent models are isomorphic. Hence they
are second order equivalent and the full second order theory of a countable model
is determined by its Σn+1-theory.

However, it does not follow that every second order sentence is equivalent to
a Σ1

n+1 sentence for countable models [22] (Corollary 14.5 VIII(b)).

2.1.3. Corollary (Ajtai [2], Harrington [8]). A(L2, ω) is consistent with
V 6= L.

Proof. By a result of Harrington [8] it is consistent with ZFC that the con-
tinuum is as big as desired but has a ∆1

3-definable well-order.

�
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If we have a second order definable well-order of the reals with a parameter1 r
then any two countable models which satisfy the same second order theory with
parameter r are isomorphic. This can be seen by just adding a parameter to the
proof of Theorem 2.1.1. However, in this article we do not give much attention
to the case where we allow parameters: We are generally interested in possibility
to determine isomorphism types of models by their theories in languages having
sentences smaller than the cardinality of the model. Thus using a real parameter
in a language to determine isomorphism type of a countable model (a real) is a
bit disappointing.

However, we note the following result of Harrington [8]: It is consistent with
ZFC that Martin’s Axiom holds, the continuum is as big as wanted and there is
a second order definable well-order of the reals using a real parameter. It follows
that there is a model of ZFC in which the following hold:

1. Martin’s Axiom

2. For some real parameter r, second order equivalence with the real parameter
r implies isomorphism for countable models.

2.1.4. Question. Is Martin’s Axiom consistent with A(L2, ω)?

A second order definable well-order of the reals is also consistent with mea-
surable and Woodin cardinals, which cannot exist in L. We will return to these
large cardinals in Chapter 6.

By Theorem 2.1.1 A(L2, ω) is consistent. In all our examples where A(L2, ω)
holds this is based on a second order definable well-order of the reals.

2.1.5. Question. Is it consistent with ZFC that A(L2, ω) holds, but there is no
second order definable well-order of the reals?

2.2 Optimality

We proved before that A(Σ1
3, ω) is consistent with ZFC. We will show next that

A(Σ1
1, ω) is not consistent with ZFC.

2.2.1. Theorem. For any infinite cardinal κ there are two non-isomorphic Σ1
1-

equivalent models of Peano Axioms of cardinality κ. In particular there are two
Σ1

1-equivalent countable models of Peano Axioms which are not isomorphic.

1The logic for second order logic with a real parameter is L2(Qr), the second order logic
with a generalized quantifier Qr. The quantifier Qr is defined as A |= Qr(x)φ(x) ⇔ |{x : A |=
φ(x)}| ∈ r. Note that if we have (ω,<) in the model (either in the vocabulary of the model or as
interpretation of second order variables) then the formula ψ(X) = ∀x ∈ ω(X(x)↔ Qry(y < x))
defines the real r as a subset of ω.
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Proof. We start by proving the claim for κ = ω. This proof works equally
well for all κ < 2ℵ0 . For κ ≥ 2ℵ0 the claim follows from a simple cardinality
argument.

We construct an elementary chain of length ω1 of countable models of Peano
Axioms. Let A0 be the standard model of arithmetic. We recall that there are
2ℵ0 different types in arithmetic. If A ⊆ ω, then by the Compactness Theorem
ΣA = {θn(x) : n ∈ A} ∪ {¬θn(x) : n /∈ A}, where θn(x) says that the n:th prime
number divides x, is a consistent set of formulas. Thus if A ⊆ ω, B ⊆ ω and
A 6= B, ΣA and ΣB can be completed to types and these types are different.
In any countable model only countably many types ΣA are satisfied, so by the
Compactness Theorem there is always a countable elementary extension which
realizes some new type ΣA. It is thus easy to get an elementary chain of length ω1

of countable non-isomorphic models of Peano Axioms. However, we want some
of the models in the chain to be Σ1

1-equivalent. In order to do that, we make
sure that the Σ1

1 sentences true in the models of the chain are increasing. Thus
for each Σ1

1 formula ∃Rφ which is true in the standard model of arithmetic we
put a new relation to the vocabulary of A0 and interpret it in such a way that
the formula φ is satisfied. If Aα+1 satisfies some Σ1

1 sentences (in the original
vocabulary) which are not true in Aα then we add new relations to the model so
that every Σ1

1 sentence is satisfied by a relation in the model. We are making the
vocabulary bigger and bigger, but it does not matter. If σ is the vocabulary of
Aα and τ is the vocabulary of Aβ, α < β, then Aα 4 Aβ � σ. Since there are only
countably many Σ1

1 sentences, there is such an α < ω1 that from α forward all
models in the chain are Σ1

1-equivalent. Thus from some α forward, all models in
the chain are Σ1

1-equivalent but not isomorphic.

The above proof works equally well for all cardinalities ℵα < 2ℵ0 . In any
cardinality κ there are 2κ nonisomorphic models of arithmetic. Therefore Σ1

1-
equivalence does not imply isomorphism in cardinalities κ ≥ 2ℵ0 and thus Σ1

1-
equivalence does not imply isomorphism in any infinite cardinality.

�

Theorem 2.2.1 is formulated for Peano Axioms, but the proof works equally
well for any theory which has 2ℵ0 many types and more than continuum many
non-isomorphic models in all cardinalities greater than or equal to the continuum.

We showed above that A(Σ1
1, ω) does not hold. We proved earlier that A(Σ1

3, ω)
holds in L. However we don’t know yet whether A(Σ1

2, ω) is consistent.

2.2.2. Question. Is it consistent with ZFC that A(Σ1
2, ω) holds?

2.2.3. Question. If V = L, are there two countable non-isomorphic models
which have the same monadic second order theory?
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2.3 Failure of A(L2, ω)

We will now recall the second part of the independence proof of Ajtai [2].

2.3.1. Theorem (Ajtai). It is consistent with ZFC, that there are two count-
able non-isomorphic models which satisfy the same sentences of the language of
set theory. In particular the models are second order equivalent and Ln-equivalent
for all n.

Proof. We add a Cohen-generic real to the set theoretic universe. Recall that
the forcing conditions are functions from finite subsets of ω to {0, 1}. A forcing
condition p is stronger than a forcing condition q iff p extends q. If G is a subset
of ω, we denote by FG the set of all subsets of ω which differ from G only in
finitely many points. Let now G be a generic real and −G the complement of
G. We are discussing the models (FG ∪ ω,<ω, PG) , where <ω is the natural
order of ω and PG is the relation which tells which natural numbers n belong to
which sets in FG, and the corresponding model to −G.2 We denote these models
MG and M−G. We claim that these two models satisfy the same sentences of
the language of set theory, but are not isomorphic. If some formula φ(x) of the
language of set theory is satisfied by MG, then by the Forcing Theorem 1.2.17 it
is forced by some forcing condition p. But p is finite and does not determine MG

at all. Assume p  φ(ṀG) ∧ ¬φ(Ṁ−G). So there is a generic filter G containing
p such that V G |= φ(MG) ∧ ¬φ(M−G). Now consider another generic filter G′

which agrees with G on the domain of p but is the complement of G outside
the domain of p. Now V G = V G′ , but the models MG and M−G swap places:

(ṀG)V
G

= ( ˙M−G)V
G′

and (ṀG)V
G′

= ( ˙M−G)V
G

. Thus the forcing condition p
can not force any formula of the language of set theory with parameters from the
ground model to be satisfied in MG and false in M−G.

But (FG ∪ ω,<ω, PG) and (F−G ∪ ω,<ω, P−G) are non-isomorphic: Since ω is
a rigid structure, in an isomorphism every set in FG should be mapped to exactly
the same set in F−G. But this is impossible because G /∈ F−G.

�

Note that in the proof we do not assume anything about the ground model.
Consequently if we add a Cohen real to any model of ZFC, as is done in the
proof, A(L2, ω) fails in the generic extension.

2.3.2. Remark. If two countable models are not isomorphic to each other then
they can be separated by some Lω1,ω-sentence. The logic Lω1,ω is related to Dy-
namic Ehrenfeucht-Fräıssé games, see for example [28] for the definitions. For

2In fact the union of the relations <ω and PG is ∈, so we could also form the model in
vocabulary {∈} instead of {<ω, PG}. We follow here Ajtai, whose vocabulary is maybe more
intuitive than the alternative vocabulary.
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any non-Lω1,ω-equivalent countable models A and B there is an α < ω1 such that
I has a winning strategy in Dynamic Ehrenfeucht-Fräıssé game EFDα(A,B).
The least such α is called the Scott Watershed for A and B. The bigger the Scott
Watershed is, the harder the models are to distinguish by an Lω1,ω-sentence. The
models MG and M−G satisfy the same sentences of the language of set theory, so
they are in a way hard to distinguish from each other. However, the Scott Water-
shed of the pair (MG , M−G) is a very small ordinal: ω + 1. Thus the difference
between MG and M−G is not of the kind that is well reflected in the approach of
Ehrenfeucht-Fräıssé games.

In the proof of Theorem 2.3.1 we added one generic real to the set theoretic
universe and got two second order equivalent non-isomorphic models. But actu-
ally by a little modification of the proof, we can add many generic reals to the
universe and get many countable second order equivalent non-isomorphic models:

2.3.3. Theorem. Let κ+ be an infinite cardinal. There is a cardinals preserving
notion of forcing P that forces that there are κ+ countable ZF -equivalent non-
isomorphic models.

Proof. We add κ+ generic reals to L. Forcing conditions are finite functions
from κ+ × ω to {0, 1}. A forcing condition p is stronger than another forcing
condition q iff p extends q. If G is a generic set for this notion of forcing, for all
α < κ+, fα = {n : G(α, n) = 1} is a generic real. Note that for all α < β < κ+,
fα and fβ differ in infinitely many points. Thus if we construct models around fα
and fβ as in Theorem 2.3.1, we get countable non-isomorphic models. We denote
these models by M fα and M fβ . We will show that the models are ZF -equivalent.
Assume not: then by the Forcing Theorem 1.2.17 there is a forcing condition
p and a ZF -sentence φ with possibly parameters from the ground model such

that p  φ(Ṁ fα)∧¬φ(Ṁ fβ). So there is a generic filter G containing p such that
V G |= φ(M fα)∧¬φ(M fβ). But there is another generic filter G′ which agrees with
G in all ordinals different from α and β, agrees with G in α and β in the domain
of p and chances digits of α to digits of β and vice versa outside the domain of p.

Now V G = V G′ , p ∈ G′ and the interpretations of Ṁ fα and Ṁ fβ swap places in

the two generic extensions. Thus it is impossible that p  φ(Ṁ fα) ∧ ¬φ(Ṁ fβ).

�

2.4 The Fräıssé Hypothesis

Given a language L, a cardinal κ and a model class C we can ask whether A(L, κ)
restricted to C is true, i.e., whether any two L-equivalent models of cardinality
κ which belong to C are isomorphic. In this section we will discuss the following
model classes: the ordinals, the linear orders and the models of arithmetic.

Recall the definition of the Fräıssé Hypothesis, Definition 1.1.3.
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2.4.1. Theorem. The Fräıssé Hypothesis implies that there is a third order de-
finable well-order of length ω1 of a subset of the reals.

Proof. The ordinal ω1 is characterizable in third order logic in any countable
model as a third order predicate (a set of sets). In third order logic we can also
characterize a truth definition for all countable ordinals, i.e., a mapping from ω1

to the second order theories of the ordinals in ω1. For details see Definition 6.1.8
and Lemma 6.1.9. We fix some Gödel-numbering of second order sentences and
consider second order theories as real numbers. From the Fräıssé Hypothesis it
follows that countable ordinals have different second order theories and thus our
mapping maps them to different reals. Thus we have a third order characterizable
injective mapping from ω1 to the reals. So we have a third order definable well-
order of length ω1 of a subset of the reals.

�

2.4.2. Theorem. If there is a second order definable well-order of length ω1 of
a subset of the reals then the Fräıssé Hypothesis holds.

Proof. Let X be the subset of the reals in the assumption and let α be a
countable ordinal. In the second order definable well-order of X there is the α:th
real in the well-order of X. In second order logic we can talk about this real by
sentences of the following form:

“There is an initial segment of the well-order of X which has the same order
type with this model and the supremum of this initial segment contains (or does
not contain) n.”

If α and β are different countable ordinals, then X has an α:th real a and a
β:th real b and a 6= b. Thus there is some n ∈ ω where a and b disagree and for
this n the ordinals α and β disagree about a second order sentence of the above
form.

�

2.4.3. Theorem. Consider the following conditions:

1. There is a second order definable well-order of the reals.

2. A(L2, ω).

3. The Fräıssé Hypothesis.

4. There is a third order definable well-order of a subset of the reals which has
length ω1.

5. There is a second order definable well-order of length ω1 of a subset of the
reals.
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The following implications hold:
1.⇒ 2.⇒ 3.⇒ 4.
5.⇒ 3.

Proof. 1. ⇒ 2. Theorem 2.1.1. 2. ⇒ 3. is trivial. 3. ⇒ 4. Theorem 2.4.1.
5.⇒ 3. Theorem 2.4.2.

�

Recall that the implication 2.⇒ 1. in Theorem 2.4.3 above is an open question.
From the next Theorem it follows that the negation of the Fräıssé Hypothesis
implies ω1 6= ωL1 . As a consequense implication 2.⇒ 3. is proper, as after adding
a Cohen real to L countable ordinals still satisfy different second order theories.

2.4.4. Theorem. Assume A is a countable model in the universe of constructible
sets, and M is a transitive model of ZFC containing all ordinals. Then for any
model B in M , if M |= A ≡L2 B then A ∼= B.

Proof. Given a countable model in L (say A), we can say in second order logic
which second order sentences it satisfies in L. This is because without too much
trouble we can relativize all second order quantifiers to L. Also there is a second
order sentence φ which says that the model in question is countable in L. Assume
now M |= A ≡L2 B. As B |= φ the model B is countable in L. As A and B
satisfy the same second order sentences in L, it follows from Theorem 2.1.1 that
A and B are isomorphic.

�

At this point we note that A(L2, ω) and the Continuum Hypothesis do not
decide each other in any way. We give the following examples:

1. A(L2, ω) and the Continuum Hypothesis both hold in L, see Theorem 2.1.1.

2. If we add ℵ2 Cohen generic reals to L (see Theorem 2.3.3), then A(L2, ω)
and the Continuum Hypothesis both fail.

3. Harrington[8] gives a model of ZFC in which the continuum is large but
has a ∆1

3 well-order. From Theorem 2.1.1 it follows that in Harrington’s
model the Continuum Hypothesis fails but A(L2, ω) holds.

4. If we add one Cohen generic real to L, as is done in Theorem 2.3.1, then
A(L2, ω) fails but the Continuum Hypothesis holds.

We will next define the diamond principle ♦ and show that ♦ does not decide
A(L2, ω) either.
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2.4.5. Definition. The diamond principle ♦ is the following condition:
There exists a sequence of sets 〈Sα : α < ω1〉 with Sα ⊂ α, such that for every

X ⊂ ω1, the set {α < ω1 : X ∩ α = Sα} is a stationary subset of ω1.

We will now introduce a forcing which makes ♦ true. We use the forcing from
Jech [11], exercise 15.23.

2.4.6. Lemma. (Folklore) Let Q = {〈Sβ : β < α〉, α < ω1}, where Sβ ⊆ β for all
β < α. Let p be stronger than q if and only if p extends q. Let G be Q-generic.
Then V [G] |= ♦.

Proof. We will show that
⋃
G is a ♦-sequence. Thus we need to show that

for any forcing names Ċ and Ẋ, if p  (Ċ is closed unbounded subset of ω1 and
Ẋ ⊆ ω1) then there is a q stronger than p such that q = 〈Sβ : β ≤ α〉 and
q  (α ∈ Ċ and Ẋ ∩ α = Sα).

So assume p  (Ċ is a closed unbounded subset of ω1 and Ẋ ⊆ ω1). We will
define inductively an ω-sequence of forcing conditions in such a way, that the
upper limit of this sequence will do the job. We use len(p) to denote the length
of the forcing condition p.

1. p0 = p

2. p1 is a forcing condition strictly stronger than p0 such that p1  α1 ∈ Ċ for
some α1 > len(p0). This is possible because p0 proves that Ċ is unbounded
subset of ω1.

3. p2 is a forcing condition strictly stronger than p1 such that it decides Ẋ∩α1,
and len(p2) > α1. This is possible because our forcing is ℵ0-closed and it
does not add any new subsets to countable sets. Thus Ẋ ∩ α1 is some set
from the ground model and there is some forcing condition which decides
which set from the ground model it is.

4. p3 is a forcing condition strictly stronger than p2 such that p3  α2 ∈ Ċ for
some α2 > len(p2).

5. p4 is a forcing condition strictly stronger than p3 such that it decides Ẋ∩α2,
and len(p4) > α2.

...

Let α be the supremum of the ordinals len(pn), n ∈ ω. Since the sequence
α1, α2, . . . converges to α and Ċ is closed, q  α ∈ Ċ for any q which is stronger
than all pn:s. Also for any β < α there is some forcing condition pn which decides
whether β ∈ Ẋ. Now we can define q to be as pn:s for β < α and at α we can
define it to be Ẋ ∩ α.
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�

In L the ♦ principle holds and A(L2, ω) holds. We just showed that ♦ can
be forced to be true by a small forcing which does not destroy large cardinals.
Thus we can have a model with ♦ and infinitely many Woodin cardinals with a
measurable cardinal above them (assuming the consistency of the large cardinal
axiom above). Then, looking ahead, from Theorem 6.1.6 it follows that ♦ is
consistent with the negation of A(L2, ω).

Ajtai [2] has proved that it is consistent with ZFC that there are two differ-
ent countable ordinals which satisfy the same standard ZF -formulas. However,
the model of ZFC in the proof is not necessarily transitive, so there might be
some non-standard ZF or second order formulas which do not agree about those
ordinals.

Marek [16] notes without a proof that in the Levy model, where all cardinals
below the first inaccessible cardinal are collapsed to countable ordinals, the Fräıssé
Hypothesis fails. He also notes a result of G. Sacks that if ωL

1 is collapsed to ω,
then the Fräıssé Hypothesis fails. We will next present a proof for this. Note
that the failure of the Fräıssé Hypothesis is consistent relative to the consistency
of ZFC.

2.4.7. Theorem (Sacks). It is consistent with ZFC that the Fräıssé Hypothe-
sis fails.

Proof. Let L be the ground model. We make a forcing which collapses ω1 to
ω. The forcing conditions are injective functions from finite subsets of ω to ω1.
A condition p is stronger than a condition q iff p extends q.

We make the following remark: The forcing is homogeneous (see [23] for the
definition), and consequently if a is an element of the ground model, φ is a second
order sentence and p  φ(a) then 1  φ(a). This is because in this forcing any
forcing condition can not determine the generic extension in any way. If G is a
generic filter for this forcing and p is a forcing condition then there is another
generic filter G′ containing p such that V G = V G′ .

We claim that after the forcing there are two different ordinals smaller than ωL
2

which have the same second order theory. Assume not. Then after the forcing all
ordinals smaller than ωL2 have different second order theories. For each ordinal
α < ωL2 , the relation 1  φ(α) is definable in the ground model and the real
rα = {n : n is a Gödel number of such a second order sentence φ that 1  φ(α)}
is definable in the ground model and belongs to the ground model. Now the
mapping α 7→ rα is an injective mapping from ω2 to the reals and it exists in L
which is a contradiction.

�
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We will give another proof for the consistency of the existence of two non-
isomorphic second order equivalent countable linear orders. In the proof we con-
struct two linear orders, which “look like” the two models in the proof of Theorem
2.3.1.

2.4.8. Theorem. It is consistent with ZFC that there are two (or κ+) countable
non-isomorphic second order equivalent linear orders.

Proof. Recall the models (FG ∪ ω,<ω, PG) and (F−G ∪ ω,<ω, P−G) from the
proof of Theorem 2.3.1. We expand these models by adding linear orders (“lexi-
cographic orders”) to the sets FG and F−G. In ”lexicographic order” X < Y iff
there is an n ∈ ω such that below n the sets X and Y have the same elements,
but n /∈ X and n ∈ Y . Note that these lexicographic orders are characterizable in
second order logic in the models in question, so the expanded models are second
order equivalent.

Now we want to modify these lexicographic orders in such a way that they
reflect the structure of the sets in FG and F−G. For each subset X of ω we
construct the following linear order denoted by <X :

We denote by <1
X the following linear order: In the beginning there are four

points. After the four starting points there is a Q-component. Then if X has the
first digit zero there are two points in the linear order. If X has the first digit one
there are three points in the linear order. If <n

X has been defined, we denote by
<n+1
X the linear order which has <n

X in the beginning, then a Q-component and
then two points (if the n+ 1st digit of X is 0) or three points (if the n+ 1st digit
of X is 1). Finally we define <X=

⋃
n∈N <

n
X .

The construction is characterizable in second order logic, so the mapping
X 7→<X with domain FG is characterizable by a L2 formula in (FG ∪ω,<ω, PG).
Similarly the mapping X 7→<X with domain F−G is characterizable by a L2

formula in (F−G ∪ ω,<ω, P−G).
Now we can define the linear order <G as follows:

dom <G=
⋃

X∈FG
dom <X

where dom <X ∩dom <Y = ∅ for all different X and Y . If x and y are in dom <G

then x <G y iff one of the following holds:

1. There are X and Y such that x ∈ dom <X and y ∈ dom <Y and X is
smaller than Y in the lexicographic order of FG.

2. There is X such that x ∈ dom <X and y ∈ dom <X and x <X y.

The construction of <G is second order characterizable in (FG ∪ ω,<ω). In a
similar way we can characterize another linear order <−G in (F−G ∪ω,<ω, P−G).
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Because (FG ∪ ω,<ω, PG) and (F−G ∪ ω,<ω, P−G) are second order equivalent,
also the linear orders <G and <−G are second order equivalent.

But the models are not isomorphic. The model constructed from −G does not
have an interval which starts with four points, then has ω copies of Q-components
and some points between the Q-components as we will describe below: For each
k ∈ ω between the k + 1st and k + 2nd Q-components there are 2 points when
the kth digit of G is 0 and there are 3 points when the kth digit of G is 1.

If we add κ+ generic reals as in Theorem 2.3.3 then we get κ+ non-isomorphic
second order equivalent linear orders.

�

2.4.9. Theorem. It is consistent with ZFC that there are two countable second
order equivalent non-isomorphic models of arithmetic.

Proof. Let α and β be second order equivalent countable non-isomorphic or-
dinals, which consistently exist by Theorem 2.4.7. Let σ be a minimal type [12].
We extend the prime model of arithmetic by taking α-canonical and β-canonical
extensions over the type σ. That is: we take the Ehrenfeucht-Mostowski models
which are generated by the sequences of elements of the minimal type σ, and we
let the generating sequences have order types α and β. The models are second
order equivalent, but they are not isomorphic as there is no order preserving map-
ping of the generators of the first model to the generators of the second model.
It is also impossible to have an isomorphism from one model to the other which
would map the set of generators to a set other than the generators in the other,
because both structures are rigid [12] (p.70).

�

2.5 Submodels

In this section we discuss elementary submodels. As we will see, the concept of
second order elementary submodel is too strong to be useful. However, using
Ajtai’s technique we will prove a theorem which demonstrates the possibility of
having a stronger version of first order elementary submodel.

2.5.1. Definition. A �∗L2 B means A is a second order elementary submodel
of B. This means: A is a submodel of B and for any second order formula
φ(X1, . . . Xn, x1, . . . , xm) and relations A1, . . . An ∈ A and elements a1, . . . , am ∈
A,

if A |= φ(A1, . . . An, a1, . . . , am) then B |= φ(A1, . . . An, a1, . . . , am).
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Clearly it is impossible to have A �∗L2 B when A 6= B, as A satisfies the
formula saying that every element belongs to it in A but that is not the case in
B.

We need a weaker formulation for second order elementary submodel:

2.5.2. Definition. A �L2 B if A ⊆ B and for any finite sequence of parameters
ā ∈ A (A, ā) ≡L2 (B, ā).

Is it possible to find non-isomorphic models A and B such that A �L2 B? In
fact we will prove a stronger result: we will give such models A and B that A ⊆ B,
A � B and (A, a1, . . . , an) and (B, a1, . . . , an) satisfy the same formulas of the
language of set theory for all first order parameters a1, . . . , an ∈ A. This result
is easy to get if one thinks models of empty vocabulary in different cardinalities,
but we give an example were both models A and B have the same cardinality ℵ0.

2.5.3. Theorem. It is consistent with ZFC that there exist two models A and B
of cardinality ℵ0 satisfying the following: A ⊆ B, A � B and (A, a1, . . . , an) ≡ZF
(B, a1, . . . , an) for all elements a1, . . . an ∈ A.

Proof. We force ω generic reals to the set theoretic universe. Forcing condi-
tions are finite functions f : ω×ω → {0, 1}, and a forcing condition p is stronger
than a forcing condition q iff p extends q.3 If G is a generic set of conditions
and i ∈ ω we say that Gi = {n : G(i, n) = 1} is the ith generic real. De-
fine domA =

⋃
i∈6N domAi, where Ai is the Ajtai model constructed from the

ith generic real. Define <A= the natural order of ω. Define PA =
⋃
i∈6N P

Ai .
Define similar way domB =

⋃
i∈2N domAi, <

B= the natural order of ω and
PB =

⋃
i∈2N P

Ai .
The models are not isomorphic because B contains some subsets of ω which

A does not contain, and in an isomorphism every subset of ω is mapped to itself.
We claim that (A, a1, . . . , an) ≡ZF (B, a1, . . . , an) for arbitrary a1, . . . an ∈

A. Suppose not: there is a forcing condition p and a formula φ such that p 
φ(Ȧ, ȧ1, . . . , ȧn) ∧ ¬φ(Ḃ, ȧ1, . . . , ȧn). Let G be a generic filter which contains
p. It is possible to construct another generic filter G′ such that V G = V G′ ,

ȧ1
V G = ȧ1

V G
′
, . . . , ȧn

V G = ȧn
V G
′

and ḂV G = ȦV G
′
. This is possible because

the forcing condition p is finite. For those i which determine the interpretations
of the forcing names ȧ1, . . . , ȧn we let G and G′ agree about everything4. In
the domain of p we let G and G′ agree about everything. Otherwise we let G′

produce in the indexes 6N those generic reals which G produces in the indexes

3In fact this forcing is the same as the usual Cohen real forcing where the forcing conditions
are finite functions from ω to {0, 1}, but we feel that this formulation is more intuitive here.

4ȧ1 is either a natural number or a subset of ω. If it is a natural number then the interpre-
tation of (for example) ȧ1 is determined by the trivial forcing condition. If ȧ1 is a subset of ω
then ȧ1 is the same as one of Gi:s (where i ∈ 2N), except for finitely many digits. Thus it is
determined by Gi = {n : G(i, n) = 1}.
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2N, and in the indexes N\6N those generic reals which G produces in the indexes
2N + 1. Because of p it may be impossible to produce exactly the same generic
reals, but it is possible to produce reals which are the same except in finitely
many digits. However, finitely many digits do not make any difference to the

model ȦV G
′

and we get ḂV G = ȦV G
′
. But now it can not be so that p 

φ((Ȧ, ȧ1, . . . , ȧn)) ∧ ¬φ((Ḃ, ȧ1, . . . , ȧn)).

�




