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Chapter 3

Fourth order logic

3.1 Coding subsets by collapsing cardinals

In Chapter 2 we showed that it is independent of ZFC whether A(L2, ω) holds.
A natural question is whether analogous results can be proved for other higher
order logics Ln or various uncountable cardinals κ. Our results in this chapter
were inspired by the following theorem of Ajtai [2].

3.1.1. Theorem (Ajtai). There is a model of ZFC in which A(Ln, ω) fails for
every n ∈ ω but A(ZF, ω) holds.

Proof. [sketch] We add first a Cohen real G to L as in Theorem 2.3.1. After
this forcing there are two ZF -equivalent non-isomorphic models of cardinality ω
and GCH holds.

Next we will make G definable by a ZF sentence. For all natural numbers
n we add by Easton forcing ℵω+n+2 Cohen subsets to ℵω+n for those n where
the nth digit of G is 1. After the forcing G is definable by a ZF -formula as the
function f : ω → {0, 1},

• f(n) = 0, if GCH holds at ℵω+n

• f(n) = 1 if GCH does not hold at ℵω+n

is definable by a ZF -formula. It follows that after the forcing the canonical
well-order of L[G] is definable by a ZF -formula and A(ZF, ω) holds after the
forcing. By Lemma 1.2.9 the truth of Ln sentences in a model of cardinality
ω are determined by sets in H((in−2(ω))+), thus the two models remain non-
isomorphic and Ln-equivalent for all n.

�
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36 Chapter 3. Fourth order logic

Next we will give some motivation to our definition of a forcing PX′,κ, which
is used a lot in this chapter. The forcing uses some ideas of Kenneth McAloon
[18].

Assume M = L[X], λ is a cardinal and X ⊆ λ. Assume also that M and L
have the same cardinals, κ = ℵMα is a cardinal in M and GCH holds above κ in
M . We will next introduce the forcing PX,κ, which makes X definable from κ,
but does not add any new subsets to κ. Let X ′ be a subset of λ \ {β : β is a
limit ordinal} such that X ′ and X contain the same information1. The forcing
is an iterated forcing of length λ with full support at all limit stages. The idea
is that PX,κ collapses ℵα+ω·β+2 to ℵα+ω·β+1 for β ∈ X ′, and does not collapse
any other cardinals. After the forcing X ′ (and hence X) is definable from α as
X ′ = {β < λ : ℵL

α+ω·β+2 is not a cardinal}. Next we will give an exact definition
of the forcing conditions:

3.1.2. Definition (PX′,κ). The forcing conditions are sequences (pβ)β<λ such
that the following hold:

1. If 0 ∈ X ′, then P0 is the set of partial functions from ℵα+1 to ℵα+2 of
cardinality smaller than ℵα+1. A forcing condition p is stronger than a
forcing condition q if and only if p extends q. If 0 /∈ X ′, then P0 is the
trivial forcing.

2. Assume β = γ + 1 and Pγ′ has been defined for all γ′ ≤ γ.

If β ∈ X ′, we define Pβ to be the set of sequences pγ, γ ≤ β where the γth
coordinate belongs to Pγ for each γ < β and the βth coordinate is a forcing
name Ẏ such that p � β  Ẏ is a partial function from ℵα+ω·β+1 to ℵα+ω·β+2

of cardinality smaller than ℵα+ω·β+1. If p and q are two conditions of length
β then p is stronger than q if and only if p � γ is stronger than q � γ and
p � β  (p(β) and q(β) are partial functions from ℵα+ω·β+1 to ℵα+ω·β+2 of
cardinality smaller than ℵα+ω·β+1 and p(α) ⊇ q(α)).

If β /∈ X ′ then Pβ is the trivial forcing.

3. If β is a limit ordinal, the forcing conditions in Pβ are the tuples p of length
β such that for each γ < β p � γ  p(γ) ∈ Pγ. This forcing has full
support in all limit stages, which means that in limit stages all coordinates
of a forcing condition may be non zero. A forcing condition p is stronger
than q if and only if p � γ is stronger than q � γ for each γ < β.

3.1.3. Lemma. Assume M = L[X], λ is a cardinal and X ⊆ λ. Assume also
that M and L have the same cardinals and GCH holds above κ in M . Let G be
a PX,κ-generic set over M . M [G] |= X ′ = {β < λ : ℵL

α+ω·β+2 is not a cardinal}.

1For example for all α < λ : α ∈ X ↔ α+ 1 ∈ X ′.
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Proof. We prove by induction on β that after Pβ the claim holds for all γ ≤ β,
i.e., for all γ ≤ β, ℵL

α+ω·γ+2 is a cardinal iff γ ∈ X ′. The rest of the iterated forcing
is ℵα+ω·(β+1)-closed and does not add subsets to ℵα+ω·β+1 so the claim follows.

1. Let β = 0. If 0 /∈ X ′ then P0 is the trivial forcing and the claim holds.
If β ∈ X ′ then Pβ collapses ℵα+ω·β+2 to ℵα+ω·β+1. The forcing Pβ is <
ℵα+ω·β+1-closed and has cardinality ℵα+ω·β+2 (because GCH holds above
κ = ℵα), so other cardinals and GCH above κ are preserved.

2. Let β = γ+ 1 and assume Induction Hypothesis holds for γ. If β /∈ X ′ then
Pβ is the trivial forcing and the claim holds. If β ∈ X ′ then Pβ collapses
ℵα+ω·β+2 to ℵα+ω·β+1. Note that Pβ is < ℵα+ω·β+1-closed and has cardinality
ℵα+ω·β+2, because GCH above κ holds. It follows that Pβ preserves other
cardinals. Also GCH above κ is preserved so the claim holds.

3. Assume β is a limit ordinal and the Induction Hypothesis holds for all
smaller ordinals. The forcing Pβ has cardinality at most ℵα+ω·β so it does
not collapse any cardinals greater than ℵα+ω·β. Also ℵα+ω·β is not collapsed
because there are cofinally many cardinals below which are not collapsed.
GCH above κ is also preserved.

4. The whole forcing PX,κ has cardinality at most ℵα+ω·λ so cardinals greater
than ℵα+ω·λ are preserved. The cardinal ℵα+ω·λ itself is preserved, as cofi-
nally many cardinals below it are preserved.

�

3.1.4. Theorem. Let κ be a cardinal in L. There is a model of ZFC in which
2κ = 2ℵ0, A(L4, κ) holds, A(L2, κ) fails and all cardinals ≤ κ of L are preserved.

Proof. Let L be the ground model. We make an iterated forcing which has
three parts and length κ+ + 1. After the forcing fourth order equivalence implies
isomorphism in cardinality κ but second order equivalence does not.

1. First we add 2κ Cohen-subsets to ω. This forcing does not collapse any
cardinals and after the forcing 2ℵ0 = 2κ.

2. Now let G be the generic set we added in step 1. and let Π be a bijection
from 2ℵ0 to 2κ in V [G]. We want to make G and Π definable from κ in the
language of set theory, but not to make them second order characterizable
in cardinality κ.

As G and Π are of cardinality smaller or equal to 2κ = κ+, there is a subset
X of 2κ which codes them both. Let X ′ be a subset of 2κ \ {γ : γ is 0 or
a limit ordinal } such that X and X ′ are definable from each other. We
will now make one such X ′ definable from κ in the language of set theory.
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Let Ẋ ′ be a canonical name for X ′. After the forcing P0 the GCH holds
above κ, Ẋ ′ has cardinality 2κ, and the cardinals are the same as in L, so
by Lemma 3.1.3 P0 ∗ PẊ′,κ does not add any new subsets to κ and makes

Ẋ ′ definable from κ in the language set theory.

3. In the last step we add ℵα+ω·κ++1 Cohen subsets for κ+. This does not col-
lapse cardinals or add new subsets to κ. Now Ẋ ′ is definable in H((i2(κ))+)
so by Lemma 1.2.9 there is a fourth order definable well-order of the power-
set of κ and a fourth order definable bijection from the powerset of κ to the
reals. Now as in Theorem 2.1.1 we can have fourth order sentences which
say “There are R0 ⊆ κ and R′0 ⊆ ω such that R0 is the least subset in the
well-order isomorphic to the model in question and Π maps R0 to R′0 and
R′0(8743)”. Sentences of this form determine the isomorphism type of the
model so A(L4, κ) holds after the forcing. A(L2, κ) fails after the forcing as
it fails after the first Cohen forcing2 and we did not add any subsets to κ
after that.

�

3.1.5. Theorem. Let κ be a cardinal in L. There is a model of ZFC in which
2κ = 2ℵ0, and A(L4, λ) holds and A(L2, λ) fails in any cardinality λ ≤ κ.

Proof. Let L be the ground model. We use an iterated forcing which has the
following steps:

1. We add 2κ = κ+ Cohen subsets to ω. Cardinals are preserved in this forcing
and after this forcing 2λ = 2κ = κ+ for any λ ≤ κ. Also A(L2, λ) fails for
all λ ≤ κ, see Theorem 5.2.7 below.

2. Now let G be the generic set we added in step 1. and let {Πλ : λ ≤ κ} be
a set such that each Πλ is a bijection from 2ℵ0 to 2λ in V [G]. Let Ẋ ′ be
a subset of 2κ \ {γ : γ is 0 or a limit ordinal} which codes G and all the
bijections Πλ.

As in the previous theorem P0 ∗ PẊ′,κ makes X ′ definable from κ and adds
the same subsets of κ as P0 alone.

3. In the last step we add ℵα+ω·κ++1 Cohen subsets to 2κ.

After the forcing A(L2, λ) fails for every λ ≤ κ as we did not add any new
subsets to λ after step 1. After the forcing A(L4, λ) holds for all λ ≤ κ
as in H(i2(λ)+) there is a definable well-order of the powerset of λ and a
definable bijection from 2λ to 2ω.

2Theorem 2.3.1 proves this for κ = ω and Theorem 5.2.7 below proves the uncountable case.
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�

3.1.6. Theorem. Let κ be a cardinal in L and let n be a natural number greater
or equal to 2. There is a model of ZFC in which A(Ln, κ) fails but A(Ln+2, κ)
holds.

Proof. Let L be the ground model. Our iterated forcing has the following
steps:

1. We add 2κ Cohen subsets to ω. After this step A(Ln, κ) fails for every n,
2κ = 2ω, GCH holds above κ and all cardinals of L remain cardinals.

2. Let Ẋ ′ be a canonical name for a subset of κ+ \ {γ : γ is a limit ordinal or
0} which codes the generic set added in step 1. and a bijection Π from 2ω

to 2κ. The second step is PẊ′,in−2(κ) This step does not add any subsets to
in−2(κ).

3. Cohen forcing which adds ℵα+ω·2κ+1 subsets to in−1(κ).

After the forcing A(Ln, κ) fails as it fails after the first Cohen forcing and
no subsets are added to in−2(κ) after that. After the forcing X ′ is definable
in H((in(κ))+) and thus there is an Ln+2-characterizable well-order of the
powerset of κ and an Ln+2-characterizable bijection from 2κ to 2ω. It follows
that A(Ln+2, κ) holds.

�

Note that there are several open questions left, for example the following:

3.1.7. Question. Does A(Ln+1, κ) hold after the above forcing? Or does it de-
pend on κ and n whether A(Ln+1, κ) holds after the above forcing?

3.1.8. Theorem. Let κ be a cardinal definable in L. There is a model of ZFC
in which A(Ln, κ) fails for any n but A(ZF, κ) holds and all cardinals ≤ κ of L
are preserved.

Proof. This is just an obvious generalization of Ajtai’s theorem 3.1.1. Note
that the theorem could be also proved by using the forcing PX,κ. Let L be the
ground model. We do an iterated forcing with two steps:

1. Let P0 be a forcing which adds 2κ = κ+ Cohen subsets for ω. After this
forcing there are two ZF -equivalent non-isomorphic models of cardinality
κ in a finite vocabulary. The models are also Ln-equivalent for any natural
number n. This forcing does not collapse any cardinals and also GCH
above κ is preserved. After this forcing 2κ = 2ω.
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2. In the second step we make the Cohen subset G which we added in step
1 and a bijection Π from 2κ to 2ω definable in the language of set theory.
We make this in such a way, that the truth of all Ln sentences in models
of cardinality κ is preserved, and after the forcing the powerset of κ has a
ZF -definable well-order and there is a ZF -definable bijection from 2κ to
2ω. Consequently A(ZF, κ) holds after the forcing.

As κ is a definable cardinal in L, also ℵκ+ω is a definable cardinal in L.
As GCH holds above κ in L[G], the truth of Ln sentences in models of
cardinality κ in L[G] is determined by sets which are hereditarily smaller
than ℵκ+ω. We will introduce a forcing which makes G and Π definable in
the language of set theory but does not add any sets which are hereditarily
smaller than ℵκ+ω.

Let X ⊆ κ+ be a set which codes G and Π. Let P1 be a forcing which adds
ℵκ+ω+α+2 Cohen subsets to ℵκ+ω+α for those α for which α ∈ X. After the
forcing we can read X as the function from κ+ to {0, 1} which maps α to
0 if GCH holds at ℵκ+ω+α and to 1 otherwise. Now as X is definable by a
ZF -formula we have a ZF -definable well-order of the powerset of κ and a
ZF -definable bijection from 2κ to 2ω. It follows that A(ZF, κ) holds.

�

3.2 Solovay’s result on complete second order

sentences

In this section we will present a Solovay’s result about complete second order
sentences, Theorem 3.2.3, and prove some related results.

3.2.1. Definition. A L-sentence φ is a complete L-sentence, if all such models
A and B that A |= φ and B |= φ are L-equivalent.

Note that an equivalent definition would be that for all L-sentences ψ, φ |= ψ
or φ |= ¬ψ.

3.2.2. Definition. We use S(L) to denote the hypothesis that any complete L-
sentence φ has at most one model up to isomorphism.

We use S(L, κ) to denote the hypothesis that any complete L-sentence φ has
at most one model of cardinality κ up to isomorphism.

The following is an unpublished result of Solovay [25].

3.2.3. Theorem (Solovay). It is independent of ZFC whether S(L2) holds.
However, it is provable in ZFC that models which satisfy the same complete
second order sentence have the same cardinality.
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Proof. Let V = L and let φ be a complete second order sentence. If there were
more than one non-isomorphic models of φ then there would be some model A
which is the <L-least model of φ and some model B of φ which is not isomorphic
to the <L-least model of φ. But now φ can not be complete because A satisfies
second order sentence “is isomorphic to the <L-least model of φ” and B does not.

We have proved earlier that if we add a Cohen-generic real G to L, we get
L2-equivalent non-isomorphic models (FG ∪ ω,<ω, PG) and (F−G ∪ ω,<ω, P−G).
In fact the models satisfy the same complete second order sentence. This sentence
says: The universe of the model is ω∪{X ⊆ ω : |X ∩−G| < ℵ0} where G is some
Cohen-generic3 subset of ω over L such that all reals are constructible from G,
and there is also the natural order of ω and a relation which tells which elements
of ω belong to which subsets of ω.

We will now show that models which satisfy the same complete second order
sentence have the same cardinality. Assume not. Then there are models of
different cardinalities which satisfy a complete second order sentence φ. Some of
these models is of the smallest cardinality where there is a model of φ and some
others are not. Assume A is a model of φ of the least possible cardinality and B
is a model of φ of some bigger cardinality. Now in B the second order sentence
“there is a model of φ which has cardinality less than cardinality of this model”
is true and in A it is false. Thus φ is not a complete second order sentence.

�

3.2.4. Lemma. Assume L∗ is a logic extending L2 such that L∗ has relativization
property (see [3] for the definition) and κ is a cardinal characterizable by an
L∗-formula. If there is a well-order of the powerset of κ characterizable by an
L∗-formula in models of cardinality κ, then S(L∗, κ) holds.

Proof. Let φ be a complete L∗-sentence and let A and B be models of φ of
cardinality κ. Let < be the well-order of the powerset of κ characterizable by an
L∗-formula. As there is a model of φ of cardinality κ there is a model of φ of
cardinality κ which is up to isomorphism the <-least model of φ. Because φ is
a complete L∗-sentence and the property “is isomorphic to the <-least model of
φ” is expressible by an L∗-sentence, every model of φ is isomorphic to the <-least
model of φ. It follows that A and B are isomorphic.

�

3We can say in second order logic that G meets all dense subsets of the Cohen real forcing
over L. This is because in the Cohen real forcing over L the set of forcing conditions is countable
and hence characterizable in second order logic in any transitive model of ZFC. Consequently
we can quantify over dense subsets in second order logic and “G is a Cohen generic subset of ω
over L” is expressible in second order logic. All “Ajtai models” over Cohen generic subsets of
ω over L are ZF -equivalent (follows from the proof of Theorem 2.3.1 ) thus the sentence is a
complete second order sentence.
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The following theorem is essentially Theorem 4 in Ajtai [2].

3.2.5. Theorem (Ajtai). It is consistent with ZFC that S(L2, ω) fails but
S(L3, ω) holds.

Proof. [sketch] We describe the forcing of Ajtai which adds a Cohen real to
L and makes it third order characterizable. The idea is to add first a Cohen
real to L and then make that Cohen real third order characterizable by adding
uncountable branches to suitably chosen Suslin trees.

After we have added a Cohen real there are two non-isomorphic countable
models which satisfy the same complete second order sentence, i.e., S(L2, ω) fails.
Adding new subsets to ω1 does not make those models isomorphic or chance truth
of second order sentences, thus in the end S(L2, ω) fails. On the other hand, there
is a third order definable well-order of the reals, so S(L3, ω) holds by Lemma 3.2.4.

�

3.2.6. Definition. Let L∗ be a logic. A categorical L∗-theory is an L∗-theory
which has exactly one model up to isomorphism. A categorical L∗-sentence is an
L∗-sentence which has exactly one model up to isomorphism.

3.2.7. Theorem. Assume the Fräıssé Hypothesis holds. There is a cardinal κ
and a model A of cardinality κ such that A satisfies a categorical L2-theory but
there is no model of cardinality κ satisfying a categorical second order sentence.

In case V = L we can replace “categorical second order sentence” by “complete
second order sentence” above.

Proof. There is a second order sentence φ which says that the model has
cardinality ℵα where α is the order type of a well-ordered predicate U , see Remark
4.2.3 below. Assume the Fräıssé Hypothesis holds and α is a countable ordinal.
Consider the theory Tα = {φ}∪{ψU : α |= ψ}∪Uω where ψU is the relativization
of a second order sentence ψ to U and Uω is a sentence which says that U is
countable. Any model of Tα has cardinality ℵα, U has order type α and the
whole model has order type ℵα. Consequently every model of Tα is categorical.
As there are uncountably many countable ordinals α but only countably many
categorical second order sentences, in some cardinality ℵα no model satisfies a
categorical second order sentence.

In case V = L every complete second order sentence is categorical so the claim
follows.

�

3.2.8. Theorem. Let κ be a cardinal in L such that κ and all smaller cardinals
are definable in L, i.e., in the model (L,∈). There is a model of ZFC in which
S(L2, λ) holds for all λ < κ but S(L2, κ) fails and all cardinals ≤ κ of L are
preserved.
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Proof. Let L be the ground model. We add a Cohen subset G to κ. This does
not add any new subsets to cardinals smaller than κ so S(L2, λ) is preserved for
all λ < κ. In cardinality κ there are now two non-isomorphic models which satisfy
the same complete second order sentence φ. The sentence φ says that the model
has as universe the ordinal κ and a set of subsets of κ which differ from a Cohen
generic subset of κ over L in less than κ digits, and there is epsilon relation in
the model. This can be said in second order logic as the notion of forcing which
adds a Cohen subset for κ to L has κ forcing conditions, and we can quantify over
dense subsets of this notion of forcing in a model of cardinality κ.

�

3.2.9. Theorem. Let κ = ℵα be a cardinal such that κ and all smaller cardinals
are definable in L and let n ≥ 3 be a natural number. There is a model of ZFC
in which S(Ln, λ) fails for all λ ≤ κ but S(Ln+2, λ) holds for all λ ≤ κ and all
cardinals ≤ κ of L are preserved.

Proof. We use the iterated forcing developed earlier in this chapter. Let L be
the ground model.

1. We add 2κ Cohen subsets to ω. After this forcing the cardinals are preserved,
i.e., every cardinal of L remains a cardinal. Also for any infinite cardinal
λ ≤ κ it holds that 2λ = 2κ and GCH holds at and above κ.

As this notion of forcing has cardinality κ+, after the forcing we can quantify
over dense subsets of this forcing in L3 in any model of infinite cardinal-
ity. From a generic set over this forcing we can construct countable ZF -
equivalent non-isomorphic “Ajtai models” (see Theorem 2.3.3) and we can
expand these models to have cardinality λ ≤ κ as is described in Theorem
5.2.7. Consequently A(Ln, λ) fails for any λ ≤ κ after this forcing.

2. We add a definable well-order for the powersets of all cardinals λ ≤ κ as
follows. Let Ẋ be a canonical name for a sequence (Ẋβ : β ≤ α) such that
each Ẋβ is a canonical name for a well-order of the powerset of ℵβ. Let Ẋ ′

be a canonical name for a subset of κ+ \{γ : γ is 0 or a limit ordinal} which
codes Ẋ. The next step is the forcing PẊ′,in−2(κ).

This step does not add any such subsets to in−2(κ) which were not added
in step 1. Thus S(Ln, λ) remains false.

3. The last step adds ℵα+ω·κ++1 Cohen subsets to in−1(κ). After this step
S(Ln, λ) remains false for all λ ≤ κ. After the last step there will be a
definable well-order of the powerset of λ in H(in(λ)+) and from Lemma
3.2.4 it follows that S(Ln+2, λ) holds.

�




