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Chapter 4

Generalized quantifiers

4.1 The countable case

In this chapter we ask whether higher order logics can be replaced in the above
results by a logic with generalized quantifiers. A clear limitation is provided by
the following result [9]:

4.1.1. Theorem (Hella). Let n be a natural number. Let {Qi : i ∈ I} be a set
of generalized quantifiers of arity ≤ n and let κ be any infinite cardinal. Then
there are two models of cardinality κ which are L({Qi : i ∈ I})-equivalent but not
isomorphic.

In view of the above theorem, in order to characterize all models of an infinite
cardinality by their theories in a logic L({Qi : i ∈ I}), the arity of the generalized
quantifiers of the logic has to increase beyond any finite bound. On the other
hand, if we let the arity grow we can find a generalized quantifier logic L such
that A(L, κ) holds provably in ZFC. We will next give the definition of the above
mentioned language in case κ = ω.

4.1.2. Definition. Let (Ar)r∈R be an indexing of all countable models in finite
vocabularies by real numbers, i.e., for any countable model A in a finite vocabulary
there is exactly one r ∈ R such that A is isomorphic to Ar.

The language L∗ = L(Qr,s : r, s ∈ Q) contains atomic formulas, is closed
under negation, conjunction and first order existential and universal quantifiers.
L∗ is also closed under the quantifiers

(∗) Qr,sx̄
1, . . . , x̄n(φ1(x̄1), . . . φn(x̄n))

for all r, s ∈ Q. The notation x̄k is a shorthand for xk1, . . . , x
k
Nk

, where xnm 6= xpo
whenever m 6= o or n 6= p.

The formula (∗) is defined to be true in a model M if and only if |M| = ℵ0

and (M,φM
1 (·), . . . , φM

n (·)) is isomorphic to a structure At such that r < t < s.
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46 Chapter 4. Generalized quantifiers

We can’t prove in ZFC that there is any such indexing (Ar)r∈R of the count-
able models, which is definable in the language of set theory. But we fix one such
indexing no matter whether it is definable or not.

4.1.3. Theorem (Weinstein (unpublished)). 1

In any model of ZFC there is a countable language L∗ such that A(L∗, ω)
holds.

Proof. Let A be a countable model in a finite relational vocabulary (R1, . . . , Rn).
Note that constants can be coded into unary relations and n-ary functions can
be coded into n+1-ary relations so restriction to relational vocabularies does not
make the result less general. The sentence Qr0,s0x̄

1, . . . , x̄n(R1(x̄1), . . . , Rn(x̄n))
is true in a model A if and only if the r such that Ar which is isomorphic to
(A,RA

1 , . . . , R
A
n) (and thus isomorphic to A itself) is between r0 and s0. Let now

A and B be two countable non-isomorphic models in vocabulary τ . Now A is
isomorphic to some Ap and B is isomorphic to some Aq for different p and q. Let
r0 and s0 be such that r0 < p < s0 and either q < r0 or s0 < q. Then

A |= Qr0,s0x̄
1, . . . , x̄n(R1(x̄1), . . . , Rn(x̄n))

but
B |= ¬Qr0,s0x̄

1, . . . , x̄n(R1(x̄1), . . . , Rn(x̄n)).

�

4.2 The uncountable case

Theorem 4.1.3 can be generalized to any infinite cardinality as we will do next.
The proof is based on an idea of Per Lindström [14]. First we will give the

definition of the relevant logic:

4.2.1. Definition. Let (Af )f :κ→{0,1} be an indexing of all models of cardinality
κ in finite vocabularies.

Define the sets Xα and X ′α as follows: Xα = {f : κ → {0, 1} : f(α) = 0},
X ′α = {f : κ→ {0, 1} : f(α) = 1}.

Let Lκ∗ = L(QS
α : α < κ, S a finite set of variables) contain atomic formulas,

be closed under negation, conjunction and first order existential and universal
quantifiers. Let S be any finite sequence of finite sequences of distinct variables
(S = (x̄1, . . . , x̄k)). Let Lκ be also closed under the following quantifiers QS

α and
RS
α:

QS
αx̄

1, . . . , x̄k(φ1(x̄1), . . . φk(x̄
k))

1This result and its proof is presented here with the permission of Professor Scott Weinstein.
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RS
αx̄

1, . . . , x̄k(φ1(x̄1), . . . φk(x̄
k)).

The formula QS
αx̄

1, . . . , x̄k(φ1(x̄1), . . . φk(x̄
k)) is true in a model M iff |M| = κ

and (M,φM
1 (·), . . . , φM

k (·)) is isomorphic to an Af such that f ∈ Xα.
The formula RS

αx̄
1, . . . , x̄k(φ1(x̄1), . . . φk(x̄

k)) is true in a model M iff |M| = κ
and (M,φM

1 (·), . . . , φM
k (·)) is isomorphic to an Af such that f ∈ X ′α.

Note that there are countably many finite vocabularies, and for any finite
vocabulary there are at most 2κ pairwise non-isomorphic models of cardinality κ
with the vocabulary. Thus an indexing (Af )f :κ→{0,1} of all models of cardinality
κ in finite vocabularies always exists though may be impossible to define in the
language of set theory.

4.2.2. Theorem. Let κ be an infinite cardinal. There is a language Lκ∗ of car-
dinality κ such that A(Lκ∗, κ) holds.

Proof. Any f : κ→ {0, 1} can be expressed as an intersection of κ many sets
of the form Xα and X ′α, namely {f} =

⋂
{Xα : f(α) = 0} ∩

⋂
{X ′α : f(α) = 1}.

On the other hand, if f and g are two different functions from κ to {0, 1}, there
is an Xα such that one of f and g belongs to Xα and the other does not.

As in the previous theorem, assume without loss of generality that a model A
of cardinality κ has a relational vocabulary R1, . . . Rn.

The sentenceQαx̄
1, . . . , x̄n(R1(x̄1), . . . , Rn(x̄n)) is true in a model A if and only

if the f such that Af which is isomorphic to (A,RA
1 , . . . , R

A
n) (and thus isomorphic

to A itself) belongs to Xα. The sentence Rαx̄
1, . . . , x̄n(R1(x̄1), . . . , Rn(x̄n)) is

true in a model A if and only if the f such that Af which is isomorphic to
(A,RA

1 , . . . , R
A
n) (and thus isomorphic to A itself) belongs to X ′α.

Let τ be a finite relational vocabulary (Rm1
1 , . . . , Rmn

n ) where the superscripts
denote the arities of the relation symbols. Let A and B be two non-isomorphic
models of cardinality κ with vocabulary τ . Let P be a sequence of variables
which corresponds to arities of the relation symbols i.e. P = x̄1, . . . , x̄n such that
each x̄p contains mp variables. Now (A,R1(·)A, . . . , Rn(·)A) (which is isomorphic
to A) is isomorphic to some Af and (B,R1(·)B, . . . , Rn(·)B) (which is isomorphic
to B) is isomorphic to some Ag and f 6= g. So there is an β such that one
of f and g (say f) gets value 0 at β and the other gets value 1. Now A |=
QP
β x̄

1, . . . , x̄n(R1(x̄1), . . . Rn(x̄k)) but B |= ¬QP
β x̄

1, . . . , x̄n(R1(x̄1), . . . Rn(x̄k)).

�

Hella’s result 4.1.1 showed that in order to characterize all models of cardinal-
ity κ the arity of the quantifiers in the language must be unbounded. However,
if we look at the proof above we see that if we want to characterize all models of
cardinality κ in a fixed finite vocabulary, the arity of quantifiers in the language
can be bounded.
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4.2.3. Remark. Many cardinality quantifiers are expressible in second order
logic. In the logics L2

κ+,ω even more cardinality quantifiers are expressible. If
an ordinal α is characterizable in second order logic then, as we show below, the
quantifiers ∃≥ℵα and ∃ℵα are definable in second order logic. This is also true
for infinitary second order languages. Consequently if κ is a regular cardinal and
α < κ is an ordinal, the quantifiers ∃≥ℵα and ∃ℵα are definable in the logic L2

κ,ω.
Assume now α is characterizable in second order logic (or in infinitary second

order logic). We will introduce a sentence which defines the quantifier ∃ℵα:
The sentence says that there are U , V , c and < such that the following hold:

1. The relation < defines a well-order in the unary predicate U ,

2. Unary predicate V contains those elements x satisfying the following:

• x ∈ U
• x has infinitely many predecessors

• For all y < x: |{z : z < y}| < |{z : z < x}|,

3. c is the greatest element of V and (V \ {c}, <� V \ {c}) ∼= (α, ε),

4. ∃π (π is a bijection from {y : y < c} to {y : φ(y)}).

When an ordinal α is given, 1.-3. characterize the cardinal ℵα. Finally 4.
says that there is a bijection from this cardinal to those elements which satisfy the
formula φ. Thus this sentence is equivalent to ∃ℵαxφ(x). By replacing bijection
by injection in 4. we get a sentence equivalent to ∃≥ℵαxφ(x).

4.2.4. Definition. We define the ordinal ε0 as follows: α0 = ω , αn+1 = αωn,
ε0 = sup{αn : n ∈ ω}.

4.2.5. Lemma. The ordinal ε0 and all ordinals α < ε0 are characterizable by
second order formulas.

Proof. We prove the claim by induction on ordinal α. Let αn, n ∈ ω, be as in
Definition 4.2.4. First of all, it is clear that ε0 and all the ordinals αn are second
order characterizable.

All ordinals smaller or equal to α0 are finite or ω and are thus second order
characterizable.

Assume all ordinals smaller or equal to αn are second order characterizable.
The ordinal αn+1 is second order characterizable and if αn < α < αn+1 then α
is of the form αmn + αn · m′ + β for some (unique) natural numbers m and m′

and ordinal β < αn. Now α is second order characterizable as αn, m, m′, β,
ordinal addition, ordinal multiplication and ordinal exponentiation are second
order characterizable.
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�

We say that a model A is monadic if the vocabulary of A contains only unary
relation symbols, and no constants or function symbols.

4.2.6. Theorem. For any monadic model A of cardinality smaller or equal to
ℵε0 there is a second order sentence φA which characterizes the model A up to
isomorphism.

Let κ be a regular cardinal. For any monadic model A of cardinality smaller
than ℵκ there is an L2

κ,ω-sentence φA which characterizes the model A up to iso-
morphism.

Proof. Let the vocabulary of A be P1, . . . , Pn where each predicate has arity
1. Consider formulas φ(x) of the form

∧
1≤m≤n ψm, where each ψm is either Pm(x)

or ¬Pm(x). It is clear that if B is a model in the same vocabulary as A and for
each formula of the form above the cardinality of elements satisfying the formula
is the same in A and B, then the models A and B are isomorphic. Thus if we
have in our language cardinality quantifiers which correspond to |φ(·)A| for the
φ’s of the form above, then we can write a sentence which tells cardinalities of
these sets and this sentence characterizes A up to isomorphism.

Now the first part of the theorem follows from Remark 4.2.3 and Lemma 4.2.5.
The second part follows from Remark 4.2.3 and the fact that every ordinal smaller
than κ is characterizable in Lκ,ω (see Lemma 1.2.11).

�

Note that ℵε0 is not an upper limit of those cardinalities where all monadic
structures can be characterized by a second order sentence. We can iterate the
idea of the proof of Lemma 4.2.5 and get bigger countable ordinals α such that all
ordinals up to α are second order characterizable. However, as there are uncount-
ably many countable ordinals and countably many second order sentences, there
is some countable ordinal α and a monadic stucture A of cardinality ℵα such that
A can not be characterized by a second order sentence. But the infinitary second
order language L2

ω1,ω
is strong enough to characterize all monadic structures of

cardinality < ℵω1 .




