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Chapter 5

Infinitary second order languages

5.1 Discussion

We have shown in Theorem 2.1.1 that A(L2, ω) is consistent with ZFC. But
is A(L2,ℵ1) consistent with ZFC? It is easy to show by a simple cardinality
argument that A(L2,ℵ1) does not necessarily hold:

In any finite vocabulary with a binary predicate there are 2ℵ0 many L2-
theories. In a finite vocabulary with a binary predicate there are 2ℵ1 models
of cardinality ℵ1 which are pairwise non-isomorphic. It is clear that if 2ℵ0 < 2ℵ1 ,
then there are two second order equivalent non-isomorphic models of cardinality
ℵ1. However, if 2ℵ0 = 2ℵ1 we don’t know what happens:

5.1.1. Question. Is it consistent that 2ℵ0 = 2ℵ1 and A(L2,ℵ1) holds?

In Chapter 2 we saw the result of Ajtai that it is independent of ZFC whether
all countable models in any finite vocabulary can be characterized up to isomor-
phism by their second order theories. By appropriate coding sentences of second
order logic are natural numbers and second order theories are real numbers. Via
coding, countable models are also real numbers, so the question whether any two
different reals of the latter type correspond to two different reals of the former
type is meaningful. We note that first order theories also correspond to real num-
bers but all countable models can not be characterized up to isomorphism by
their first order theories.

All models of cardinality κ can be characterized up to isomorphism by a Lκ+,κ+
sentence, as we will show. Let A be a model of cardinality κ. Let (aα : α < κ)
be a well-ordering of the domain of A. Let φA be the sentence

∃(xα)α<κ(
∧
φ∈Lω,ωatomic{φ(xα1 , . . . , xαm) : A |= φ(aα1 , . . . , aαm)}

∧
∧
φ∈Lω,ωatomic{¬φ(xα1 , . . . , xαm) : A |= ¬φ(aα1 , . . . , aαm)}

∧∀y
∨
α<κ y = xα)
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52 Chapter 5. Infinitary second order languages

The sentences of the form φA say that there is a sequence of elements which
satisfies exactly the same atomic formulas as the elements (aα : α < κ) satisfy in
A and there are no other elements. It is clear that for each sentence of the form
φA there can be only one model up to isomorphism which satisfies φA. However,
these sentences have the same cardinality as the model in question. In this paper
we are interested in the possibility of characterizing models up to isomorphism
by theories, where the sentences have cardinality smaller than the model.

We make the following observations about the possibility to characterize mod-
els up to isomorphism by infinitary languages. In the countable cardinality of the
models Lω1,ω-equivalence implies isomorphism. Generally L∞,ω equivalence is
equivalent to the existence of a back-and-forth set. Back-and-forth-equivalence
implies isomorphism only in the countable cardinality so L∞,ω is not good in
characterizing uncountable models up to isomorphism. Nadel and Stavi [21] have
investigated logics L∞,λ and showed that these are not successful in character-
izing all models up to isomorphism in cardinality λ, where λ is an uncountable
successor cardinal.

Thus infinitary languages are not sufficient for characterizing all models up
to isomorphism in an uncountable cardinality λ, if we don’t allow the infinitary
language to have sentences of cardinality λ. Higher order languages are also
not very successful. As they have only continuum many theories they cannot
characterize all models up to isomorphism in a cardinality which has more than
continuum many models.

5.2 Regular cardinals

We have introduced the infinitary second order language L2
κ,ω for a regular car-

dinal κ in the preliminaries. We will now prove that it is independent of ZFC
whether all models of cardinality κ in any finite vocabulary can be characterized
up to isomorphism by their L2

κ,ω-theories. Sentences of L2
κ,ω correspond to subsets

of cardinals λ < κ so this logic is not ”too strong”.

5.2.1. Remark. We decided to formulate our theorems for L2
κ,ω because it is

a natural logic. However, most of our results hold equally well for a fragment
of L2

κ,ω which contains atomic formulas, in which ordinals smaller than κ are
characterizable and which is closed under second order quantifiers, first order
quantifiers and finite connectives. We don’t know whether this fragment is a
proper fragment of L2

κ,ω.
The logic L2

κ,ω has the following properties in models of cardinality ≥ κ:

1. All sets in H(κ) are characterizable.

2. The isomorphism type (in the sense of Lemma 1.2.8) of the model in ques-
tion is characterizable.
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3. The logic is closed under quantifying over sets in H(λ+), where λ is the
cardinality of the model in question.

4. The logic is closed under negation and finite conjunction.

It might be the case that L2
κ,ω is the least logic satisfying the conditions 1.-4.

above, but we have not found a proof for that.

5.2.2. Theorem. If κ is a regular cardinal and there is a second order definable
well-order of the powerset of κ, then A(L2

κ,ω, κ) holds. In particular A(L2
κ,ω, κ)

holds if V = L.

Proof. We omit the details as the proof is entirely similar to the proof of
Theorem 2.1.1. See also the proof of Theorem 5.2.3 below.

As in Theorem 2.1.1, a model can be coded into an n-ary relation R ⊆ κn.
By Lemma 1.2.11 all ordinals smaller than κ are characterizable. For all n-tuples
of ordinals smaller than κ we can say whether the tuple belongs to or does not
belong to the least subset of κn in the well-order which is isomorphic with the
model. The canonical well-order of L up to sets of cardinality κ is second order
characterizable in any cardinality κ.

�

In Theorem 5.2.2 we saw that A(L2
κ,ω, κ) holds in L at any regular cardinal κ

as there is a second order definable well-order of the powerset of κ. In fact we
will get a better result:

5.2.3. Theorem. Let κ be a regular cardinal and let H(κ+) ⊂ L[X] for some set
X with X ⊆ λ < κ. Then A(L2

κ,ω, κ) holds.

Proof. Let A and B be two models of cardinality κ. By assumption A and
B belong up to isomorphism to L[X] and hence are isomorphic to some sets in
L[X]. In the infinitary second order language L2

κ,ω we can talk about the least
subset of κn in the canonical well-order of L[X] which is isomorphic to A. We
will now describe how this is done.

In the logic L2
κ,ω all ordinals α < κ are characterizable by certain formulas

θα(see Lemma 1.2.11). Now the set X is characterizable in a model of cardinality
κ by the formula

∃ <∗ (φ(κ,ε)(A,<
∗) ∧ ∀x(P (x)↔

∨
α∈X

θα(x)))

In the above formula φ(κ,ε) denotes the formula which characterizes (κ,<) and
A denotes the domain of the model in question. We denote this formula which
characterizes X by φX .
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If the set X and an ordinal α < κ+ are given, the αth level of the sets
constructible from X is second order characterizable from these parameters. Also
the canonical well-order of Lα[X] is second order definable on Lα[X] from X and
α. Let φLα[X](Y,X, α) be a second order formula which says that Y is the αth
level of the sets constructible from X(up to isomorphism) and let φ<Lα[X]

(Z,X, α)
be a second order formula which says that Z is the canonical well-order of the
αth level of the sets constructible from X(up to isomorphism).

As usual, we assume that the model in question has been coded into an n-ary
relation R. We are interested in sentences of the following form:

There are X, a, M , < and R0 such that the following hold:

1. φX(X)

2. a is an ordinal

3. φLα[X](M,X, a)

4. φ<Lα[X]
(<,X, a)

5. R0 ∈M ∧R0
∼= R ∧ ∀R1((R1 ∈M ∧R1

∼= R)→ (R0 < R1 ∨R0 = R1))

6. (α1, . . . , αn) ∈ R0

The first four formulas say that a is an ordinal, X is what it is supposed
to be (up to isomorphism), M is La[X] (up to isomorphism) and < is <La[X]

(up to isomorphism). The fifth formula says that R0 belongs to La[X] and it is
the least model in the canonical well-order of La[X] which is isomorphic to the
model in question. The sixth formula says that a tuple (α1, . . . , αn) belongs to
R0. Similarly we can say that a tuple does not belong to R0.

If two models of cardinality κ are now L2
κ,ω-equivalent, then they satisfy all

the same sentences of the form above. Thus they have the same set R0 and
consequently they are isomorphic.

�

5.2.4. Corollary. It is consistent that there is a measurable cardinal κ and
A(L2

λ,ω, λ) holds for any λ > 2κ.

Proof. There is a model of ZFC [24] such that there is a measurable cardinal
κ and every set is constructible from a certain subset of the powerset of κ.

�

5.2.5. Question. Are the following conditions equivalent?

1. There is an L2
κ,ω-definable well-order of the powerset of κ.



5.2. Regular cardinals 55

2. A(L2
κ,ω, κ).

Ajtai proved the following theorem in case κ = ω, see Theorem 2.3.1.

5.2.6. Theorem. Let κ be a regular cardinal. It is consistent with ZFC that
there are two ZF -equivalent non-isomorphic models of cardinality κ. The models
are also Lnκ,ω-equivalent for all n.

Proof. We add a Cohen-generic subset G to κ. The forcing conditions are map-
pings of cardinality smaller than κ from κ to {0, 1}. We define the model
(FG ∪ κ,<κ, RG). Here FG is the set of all subsets of κ which agree with G
everywhere except in a set of cardinality smaller than κ, <κ is the natural order
of κ and RG is a relation which tells which elements of κ belong to which sets in
FG. The model (F−G ∪ κ,<κ, R−G) is defined in an analogous way.

We note that this forcing is < κ-closed so it does not add any new subsets to
cardinals smaller than κ. If κ is inaccessible, all cardinals below κ are preserved
and κ remains inaccessible.

No forcing condition can determine the model (FG ∪ κ,<κ, RG) in any way,
as a forcing condition defines the value of G only in a subset of κ which has
cardinality less than κ. For any forcing condition p there are two generic filters
G and G′ containing p such that

V G = V G′ , (̇FG ∪ κ,<κ, RG)V
G

= (̇F−G ∪ κ,<κ, R−G)V
−G

and
(̇FG ∪ κ,<κ, RG)V

−G
= (̇F−G ∪ κ,<κ, R−G)V

G

.

Thus the models (FG ∪κ,<κ, RG) and (F−G ∪κ,<κ, R−G) are ZF -equivalent
with parameters from the ground model. As the forcing does not add any new
subsets to any cardinals smaller than κ, by Lemma 1.2.12 the models are L2

κ,ω-
equivalent. But they are not isomorphic: the well-ordered structure (κ,<κ) is
rigid, so every subset of κ would be mapped in an isomorphism to itself. However
G ∈ (FG ∪ κ,<κ, RG) and G /∈ (F−G ∪ κ,<κ, R−G), so there is no isomorphism.

�

5.2.7. Theorem. Let M be a transitive model of ZFC and let κ be a regular
cardinal in M . If we force a Cohen subset for κ in M , in the generic exten-
sion there are two ZF -equivalent non-isomorphic models of cardinality λ in all
cardinalities λ ≥ κ.

Proof. We have proved that adding a Cohen subset to a regular cardinal κ
produces two models of cardinality κ which are non-isomorphic but satisfy the
same formulas of the language of set theory with parameters from the ground
model. In fact Cohen subsets produce such models in all cardinalities λ ≥ κ.
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This is because we can extend the universes of the models defined in Theorem
5.2.6 by adding λ new elements and putting them to some new unary relation.
These new models can be constructed from the models introduced in Theorem
5.2.6 and the term λ, and thus they are ZF -equivalent.

�

5.3 Independence

We have proved that it is independent of ZFC whether A(L2
κ,ω, κ) holds at a

regular cardinal κ. It happens that these are also relatively independent of each
other, as the following theorem demonstrates.

5.3.1. Theorem. Let J be a finite set of regular cardinals. It is consistent that
A(L2

κ,ω, κ) fails for all cardinals κ in J and holds at every regular cardinal κ not
in J .

Proof. We start from L and use iterated forcing to add Cohen subsets to
all cardinals in J , adding a Cohen subset first to the smallest cardinal in J
and proceeding this way from down to up. We note that GCH holds in L and
adding a single Cohen subset preserves GCH so GCH is preserved all the way
through our forcing. Also cardinals are preserved. Let κ be a cardinal in J . It
follows from the Factor Lemma that the iterated forcing can be decomposed into
P<κ ∗ Pκ ∗ P>κ as follows. The forcing P<κ preserves GCH and cardinals and
Pκ adds a Cohen subset to κ. Thus after P<κ ∗ Pκ we have GCH, cardinals are
preserved and A(L2

κ,ω, κ) fails because of the proof of Theorem 5.2.6 applied after
P<κ. The forcing P>κ is κ+ closed and thus does not add any subsets to cardinals
smaller than or equal to κ. Consequently, P>κ does not chance the truth value of
A(L2

κ,ω, κ), which is false after the forcing P<κ ∗ Pκ.
Let now κ /∈ J . Our forcing can be decomposed to P<κ ∗ P>κ. The forcing

P<κ adds some Cohen subsets below κ and P>κ adds subsets only to cardinals
greater than κ. Thus after the forcing H(κ+) ⊆ L[X] for some X ⊆ λ < κ and
from Theorem 5.2.3 it follows that A(L2

κ,ω, κ) holds.

�

5.3.2. Theorem. Let J be a set which contains some successor cardinals and
possibly ω. It is consistent that A(L2

κ,ω, κ) fails for all κ ∈ J , and holds for all
successor cardinals outside J and for all inaccessible cardinals which do not have
a cofinal subset in J .

Proof. Let L be the ground model. We make an iterated forcing with full
support in all limit stages, which proceeds from down up and adds Cohen subsets
to all cardinals in J . Menas calls it backward Easton forcing [19].

The forcing conditions are as follows:
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1. If ω ∈ J , then P0 is the set of finite partial functions from ω to {0, 1}.
A forcing condition p is stronger than forcing condition q if and only if p
extends q. If ω /∈ J , then P0 is the trivial forcing.

2. Assume α = β+ and Pγ has been defined for all γ ≤ β.

If ℵα ∈ J , we define Pα to be the set of sequences pγ, γ ≤ α where the γth
coordinate belongs to Pγ for each γ < α, and the αth coordinate is a forcing
name Ẋ such that p � α  Ẋ is a partial function from ℵα to {0, 1} and
|Ẋ| < ℵα. If p and q are two conditions of length α, then p is stronger than
q if and only if p � α is stronger than q � α and p � α  “p(α) and q(α) are
partial functions from ℵα to {0, 1} which have cardinality smaller than ℵα
and p(α) ⊇ q(α)”.

If ℵα /∈ J then Pα is the trivial forcing.

3. If α is a limit ordinal, forcing conditions in Pα are tuples p of length α such
that for each β < α, p � β  p(β) ∈ Pβ. This forcing has full support in
all limit stages, which means that in limit stages all coordinates of a forcing
condition may be non zero. A forcing condition p is stronger than a forcing
condition q if and only if p � β is stronger than q � β for each β < α.

We will inductively show that for all cardinals κ the following conditions will
hold after the forcing:

1. κ remains a cardinal.

2. If κ is ω or a successor cardinal, A(L2
κ,ω, κ) fails iff κ ∈ J . If κ is inaccessible

cardinal and there is no cofinal subset of κ in J then A(L2
κ,ω, κ) holds.

3. Generalized Continuum Hypothesis holds up to cardinal κ.

Let us assume the claim holds for all cardinals below κ. By the Factor Lemma
the forcing can be decomposed into parts:

P<κ ∗ Pκ ∗ P>κ
in such a way that after the forcing P<κ Induction Hypothesis holds below κ and
if κ ∈ J , then Pκ adds a Cohen subset to κ, and if κ /∈ J , then Pκ is the trivial
forcing. The forcing P>κ is κ+-closed, so it does not make any chance to Induction
Hypothesis in cardinals less or equal to κ.

If κ ∈ J , then the Cohen forcing makes A(L2
κ,ω, κ) false, and adding a single

Cohen subset does not make GCH false at κ.
If κ /∈ J , the trivial forcing does not make GCH false at κ. Also H(κ+) ⊆

L(X) for X ⊆ λ < κ which codes all the previously added generic subsets, so
from Theorem 5.2.3 it follows that A(L2

κ,ω, κ) holds.
We still need to show that GCH is preserved at limit cardinals.
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1. Assume λ is a singular limit cardinal. From the Induction Hypothesis we
know that GCH holds below λ. Because our ground model was L and
the failure of the SCH(λ) implies 0] exists, after our forcing it can’t be
that ¬SCH(λ). Thus SCH (λ). Now λ is a strong limit cardinal so 2λ =
λcf(λ) = λ+ by SCH(λ).

2. Let κ be an inaccessible cardinal. All subsets of κ in V G are constructible
from a single set of cardinality κ which codes all the generic sets added
below κ. Thus the powerset of κ has cardinality κ+.

�

5.3.3. Remark. If we allow J to be a proper class in the assumption of Theorem
5.3.2, the theorem seems still to be valid. Then we just need to use a proper class
of forcing conditions and the length of the iteration is a proper class.

Ajtai’s original proof (see Theorem 2.3.1) did not only show the independence
of A(L2, ω), but it showed the independence of whether n:th order equivalence
implies isomorphism for countable models for arbitrary n ≥ 2. This is also true
for the generalization of Ajtai’s result to arbitrary regular cardinals, Theorem
5.2.6, which we presented earlier in this chapter. When we use iterated forcing
and add Cohen subsets first to smaller cardinals and then to bigger cardinals,
adding Cohen subsets to bigger cardinals does not change (infinitary) second order
equivalence of models at smaller cardinals. However, it might change (infinitary)
higher order equivalence of models for some stronger higher order logics. The
following question is an example about the problem:

5.3.4. Question. Let P be an iterated forcing which adds first a Cohen subset
to ℵ0 and then a Cohen subset to ℵ1. Let MG

0 and M−G
0 be the usual models

constructed from the generic set and its complement in cardinality ℵ0. Are the
models MG

0 and M−G
0 third order equivalent after the forcing?

5.4 Singular cardinals

In this chapter we have already given a generalization of Ajtai’s result to regular
cardinals. Next we will turn our attention to the case of singular cardinals. For
the case of regular cardinals the languages L2

κ,ω had an important role. For the
singular cardinals κ we introduce a language which has the same role as the
languages L2

κ,ω had for regular cardinals κ:

5.4.1. Definition. Let κ be a singular cardinal. We define L2
κ =

⋃
λ<κ L

2
λ+,ω.

Note that the set of L2
κ-formulas is closed under finitary first order connectives

and quantifiers, but not under conjunctions or disjunctions of length cf(κ).
Two important facts about the languages L2

κ are the following:
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1. Every ordinal α < κ is characterizable in L2
κ.

2. Every formula of L2
κ can be expressed as a formula of the language of set

theory using a subset of some λ < κ as a parameter.

As the formulas of L2
κ are the formulas of L2

λ,ω for regular cardinals λ < κ, the
above facts follow from Lemma 1.2.12 and Lemma 1.2.11.

5.4.2. Theorem. If V = L then A(L2
κ, κ) holds for any singular cardinal κ.

Proof. We showed before in Theorem 5.2.2 that if V = L then all L2
κ,ω-

equivalent models of cardinality κ are isomorphic for any regular cardinal κ.
Because all ordinals less than κ are characterizable in L2

κ, the proof we used there
works without any changes for L2

κ.

�

5.4.3. Theorem. Let κ = ℵα be a singular cardinal. There is a forcing extension
of L in which A(L2

κ, κ) fails and all cardinals are preserved.

Proof. Let L be the ground model. As in Theorem 5.3.2, we use the full
support iterated Cohen forcing. This time we add generic subsets to all regular
cardinals smaller than κ.

Recall that for each regular ℵβ < κ our forcing creates two models MG
β and

M−G
β of cardinality ℵβ which are L2

ℵβ ,ω-equivalent and non-isomorphic. We define

the models MG
κ and M−G

κ as follows:

MG
κ contains the α-sequences which satisfy the following conditions:

1. If β < α and ℵβ is regular, the βth coordinate is either MG
β or M−G

β ,

2. If β < α and ℵβ is singular, the βth coordinate is ∅,

3. The set of indexes β where the βth coordinate is M−G
β is not cofinal in α.

Similarly we define M−G
κ to contain those α-sequences which satisfy the fol-

lowing conditions:

1. If β < α and ℵβ is regular, the βth coordinate is either MG
β or M−G

β ,

2. If β < α and ℵβ is singular, the βth coordinate is ∅,

3. The set of indexes β where the βth coordinate is MG
β is not cofinal in α.
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Clearly the models are non-isomorphic as there is no sequence in M−G
κ which

could be mapped to the sequence in MG
κ which contains only the models MG

β .
We will now prove that the models are L2

κ-equivalent. Assume not. Then

there is a forcing condition p such that p  φ̇ ∈ L2
κ ∧ φ̇(ṀG

κ ) ∧ ¬φ̇( ˙M−G
κ ) for

some forcing name φ̇. Thus there is some generic filter G such that p ∈ G and
V G |= φ(MG) ∧ ¬φ(M−G). The sentence φ is a sentence in the language of set
theory with a subset of some ℵγ+ < κ as a parameter.

We will now construct another generic filter G′ which contains p such that

φ̇V
G

= φ̇V
G′

. The elements of G′ are made from elements of G by the following
modification:

1. Up to stage γ+ (where the formula φ appears) no modification is done.

2. In the the domain of p no modification is done.

3. Above stage γ+ outside the domain of p the forcing condition is chanced
to its mirror image, i.e., the domain remains the same but zeros and ones
chance places.

Clearly p ∈ G′. Also up to stage γ+ the generic sets G′ and G agree about

everything, so φ̇V
G

= φ̇V
G′

. After stage γ+ the generic set G′ adds essentially
complements of those sets which G adds to all regular cardinals. There is a
difference only in the domain of p which is always of a smaller cardinality. In
particular MG

β = M−G′
β and M−G

β = MG′

β for all γ+ < β < α. Also V G = V G′ .

Now ṀG
V G
′

= M−G and ˙M−GV
G′

= MG, i.e., the models chance places in the
generic extensions. However, the formula φ is the same and V G = V G′ so φ can
not be true in one model and false in the other.

�

We will next present a model of ZFC in which the infinitary second order
languages cannot characterize all models in any cardinality.

5.4.4. Corollary. Assuming the consistency of an inaccessible cardinal, there
is a model of ZFC in which A(L2

κ, κ) fails for all singular cardinals κ and
A(L2

κ,ω, κ) fails for all regular cardinals κ.

Proof. We start from a model of ZFC which satisfies V = L and there is an
inaccessible cardinal. Let λ be the least inaccessible cardinal in that model. We
proceed from down to up and add by iterated Cohen forcing generic subsets to
all regular cardinals smaller than λ. At limit stages we take full support. After
the forcing A(L2

κ, κ) fails for all singular cardinals κ < λ and A(L2
κ,ω, κ) fails for

all regular cardinals κ < λ and λ remains inaccessible. Thus V
(V G)
κ satisfies ZFC

and A(L2
κ, κ) fails for all singular cardinals κ and A(L2

κ,ω, κ) fails for all regular
cardinals κ.
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�

5.4.5. Question. Is it consistent with ZFC that there is a singular cardinal
κ such that A(L2

κ,κ) fails but A(L2
λ,ω, λ) does not fail in cofinally many regular

cardinals λ below κ?

5.5 A(L2
κ,ω, κ) at a measurable cardinal

In this section we prove two theorems of the form “If A(L2
λ,ω, λ) holds for all

regular cardinals λ below a suitable large cardinal κ then A(L2
κ,ω, κ) holds. The

large cardinals we are dealing with are the measurable cardinals and the Σm
n

indescribable cardinals, which we will define next.

5.5.1. Definition. A cardinal κ is Σm
n indescribable if for all U ⊆ Vκ and for all

Σm
n sentences φ if (Vκ, ε, U) |= φ then there is an α < κ such that (Vα, ε, U∩Vα) |=

φ.

5.5.2. Theorem. If A(L2
λ,ω, λ) holds for every regular cardinal λ below a Σ2

1

indescribable cardinal κ then A(L2
κ,ω, κ) holds..

Proof. Assume towards contradiction that A(L2
κ,ω, κ) fails. As we will see in

Lemma 6.1.10 below, the failure of A(L2
κ,ω, κ) is Σ2

1 in models of cardinality κ.
Then by Σ2

1 indescribability there is an α < κ such that (Vα, ε) |= φ, where φ
expresses the negation of A(L2

κ,ω, κ) at the cardinality of the model in question.
But then A(L2

κ,ω, κ) fails at the cardinality of Vα, so κ is not the first cardinal
where A(L2

κ,ω, κ) fails, contradiction. In fact we need here only an apparently
weaker version of Σ2

1 indescribability: we don’t need to use any subset of Vκ as a
parameter.

�

5.5.3. Theorem. If A(L2
λ,ω, λ) holds for every regular cardinal λ below a mea-

surable cardinal κ then A(L2
κ,ω, κ) holds.

Proof. Assume that is not the case. Then A(L2
λ,ω, λ) holds for every regular λ

below a measurable cardinal κ, but there are two models A and B of cardinality κ
which are L2

κ,ω-equivalent but not isomorphic. Let j be an elementary embedding
from V into a transitive class M with critical point κ. Since j is an elementary
embedding, j(κ) is the least cardinal κ′ such that M |= ¬A(L2

κ′,ω, κ
′). We will

show that A(L2
κ,ω, κ) fails in M , which will be a contradiction. We assume that A

and B are subsets of κn. Then j(A) and j(B) are subsets of j(κ)n. A = j(A)∩κn
and B = j(B)∩κn, thus the models A and B belong to M . Similarly any subset
of κ in V belongs to M . Thus the models A and B are L2

κ,ω-equivalent but not
isomorphic in M .
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