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Chapter 6

A(L2, ω) and large cardinal axioms

6.1 Large cardinals

In this chapter we will discuss how some large cardinal axioms are related to
A(L2, ω). First we will discuss consistency of some large cardinal axioms with
second order definable well-orders of the reals. Then we will show that if there
are enough large cardinals then A(L2, ω) is false. We will also show that the
sentence “There are two L2

κ,ω-equivalent non-isomorphic models of cardinality κ”
is Σ2

1, i.e., third order Σ1 in models of cardinality κ. In the end we will discuss
third order definable well-orders of the reals and forcing axioms.

From the proof of Theorem 2.1.1 and some well-known facts about the consis-
tency of well-orders of the reals with large cardinals we get the following results:

6.1.1. Theorem (Ajtai [2], Silver [24], Martin and Steel [17]). It is con-
sistent that there is a measurable cardinal and A(Σ1

4, ω) holds. It is consistent that
there are n Woodin cardinals and A(Σ1

n+3, ω) holds. The above results are relative
to consistency of the relevant large cardinal axioms.

Proof. The existence of a measurable cardinal with a ∆1
3 well-order of the reals

is consistent [24], so by Theorem 2.1.1 it is consistent that there is a measurable
cardinal and A(Σ1

4, ω) holds. Also for each natural number n it is consistent to
have n Woodin cardinals and a Σ1

n+2 well-order of the reals [17]. From Theo-
rem 2.1.1 it follows that it is consistent that there are n Woodin cardinals and
A(Σ1

n+3, ω) holds.

�

We will next prove several lemmas which are needed to prove Theorem 6.1.6:
“If there are enough large cardinals then A(L2, ω) fails.”

6.1.2. Lemma. It is possible to code all finite vocabularies as natural numbers by
some Gödel numbering.
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64 Chapter 6. A(L2, ω) and large cardinal axioms

Proof. Divide the set of prime numbers to infinitely many infinite parts Pn
in some second order characterizable way. Then take a countably infinite set
of constants and a countably infinite set of relation and function symbols of
each arity, and assign in some second order characterizable way a different prime
number code for any symbol. Now a finite vocabulary can be coded as the number
which we get if we multiply all codes of the symbols in the vocabulary with each
other.

�

6.1.3. Lemma. Given a finite vocabulary σ, the set of L2-terms in vocabulary σ
is second order definable on (ω,<). Also the set of free variables in a L2-term is
second order definable on (ω,<). Given an infinite model A in vocabulary σ, a
L2-term t and an assignment of L2-variables s which contains the free variables
of t in its domain, the interpretation of term tAs is second order characterizable.

Proof. We define the rank for L2(σ)-terms as follows:

1. Constants and variables have rank 0.

2. If rank of terms t1, . . . , tn have been defined and F is an n-ary function
symbol in σ or n-ary second order function variable then rank F (t1, . . . tn)
is sup{rank (ti) +1: 1 ≤ i ≤ n}.

A set t is an L2(σ)-term iff the following hold:
a) There is a set X such that t ∈ X and every set in X is either an L2(σ)-

term of rank 0 or is a result of applying a function in σ or a second order function
variable to sets in X.

The condition a) can be formalized in second order logic.
For an L2(σ)-term t define X ′ to be the smallest set which satisfies the con-

dition a) above. X ′ is the set of subterms of t and it is characterizable in second
order logic. Once we have X ′ characterized, we can characterize the rank for terms
in X ′ and by induction on rank characterize the free variables of all subterms and
interpretations of subterms with a given assignment.

�

6.1.4. Lemma. A(L2, ω) is true in V if and only if it is true in L(R).

Proof. We define inductively the rank for L2
κ,ω formulas φ as follows:

1. rank(φ)=0 for atomic φ.

2. rank(
∧

Ψ)= rank(
∨

Ψ) = sup { rank (φ)+1 : φ ∈ Ψ}.

3. If φ = ¬ψ, φ = ∃xnψ, φ = ∀xnψ, φ = ∃Xn
i ψ, φ = ∀Xn

i ψ, φ = ∃F n
i ψ or

φ = ∀F n
i ψ then rank(φ)=rank(ψ) +1.



6.1. Large cardinals 65

In case of second order formulas, conjunctions and disjunctions are of length 2
and rank is always finite. More generally L2

κ,ω formulas have rank less than κ.
Given a finite vocabulary τ , the second order formulas in vocabulary τ are

inductively characterizable in a similar way as terms in Lemma 6.1.3. Also for
any L2(τ)-formula the set of its subformulas is characterizable. In this set we can
define the rank for all subformulas, and by induction on the rank the set of free
variables in a given subformula. An interpretation for finitely many first order
and second order variables in a countable model can be coded into a real number.
Consequently every interpretation which exists in V exists in L(R). The truth
predicate for a countable model A, i.e., the set of ordered tuples 〈φ, s〉 such that
A |=s φ is inductively characterizable. This means that the truth predicate for
formulas of rank 0 is characterizable, and if the truth predicate for formulas of
rank < n is characterizable, then it is characterizable also for formulas of rank n.
Finally the truth predicate is characterizable as the union of these “partial truth
predicates”. The truth predicate is definable in L(R) because it is an inductive
definition and its existence is provable from ZF . Axiom of Choice may be false
in L(R) but it is not needed. Also the truth predicate of V equals truth predicate
of L(R) because they are determined by the reals and V and L(R) have the same
reals.

Let us now look at the sentence which says that A(L2, ω) fails:
The sentence starts with ∃τ∃A∃B∃ΠA∃ΠB and then the conjunction of the

following:

• A and B have vocabulary τ .

• |A| = |B| = ω.

• ¬A ∼= B.

• ΠA is a truth predicate of second order formulas for A and ΠB is a truth
predicate of second order formulas for B.

• ΠA and ΠB contain exactly the same sentences.

If the sentence is true in one of V and L(R) then all the sets witnessing the
truth of the sentence exist also in the other. Thus the sentence is also true in the
other and the claim follows.

�

The proof of the next theorem of Woodin can be found in Woodin’s book [31].

6.1.5. Theorem. If δ is a limit of Woodin cardinals and there exists a measur-
able cardinal above δ, then no forcing construction in Vδ can change the theory of
L(R).
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6.1.6. Theorem. If there is a measurable cardinal above a limit of Woodin car-
dinals then A(L2, ω) fails.

Proof. Assume there is a measurable cardinal above a limit of Woodin cardi-
nals. We add a Cohen generic real G to V as in Theorem 2.3.1. Now A(L2, ω) is
false in V [G]. By Lemma 6.1.4 A(L2, ω) is false in L(R)V [G]. By assumption and
Theorem 6.1.5 A(L2, ω) is false in L(R)V and by Lemma 6.1.4 A(L2, ω) is false in
V .

�

We note that the proof of Lemma 6.1.3 works also for L2
κ,ω(σ)-terms in cardi-

nality κ.

6.1.7. Lemma. Given a finite vocabulary σ the relation ”X is an L2
κ,ω(σ)-sentence”

is second order characterizable in a model of cardinality κ.

Proof. The second order sentence says that there is a set Y = Y1∪Y2 contain-
ing X such that every set in Y1 is either L2

κ,ω(σ)-term of rank 0 or is a result of
applying functions in σ or second order function variables to elements in Y1. Also
every element in Y2 is either L2

κ,ω atomic formula or is formed from other sets in
Y by operations described in Definition 1.2.13 and Y is the smallest set satisfying
this definition. By this definition Y is the set of subformulas and subterms of X.
The sentence says further that there is a function F which maps all the elements
of Y to the set of their free variables and F maps X to ∅.

�

6.1.8. Definition. Let A be a model and τ be a finite vocabulary. The truth
predicate T for the logic L2

κ,ω(τ) in the model A is a binary relation. As elements
it has ordered pairs of L2

κ,ω(τ)-formulas and interpretations of less than κ many
variables of Lκ,ω(τ) in the model A satisfying the following conditions:

1. If ti and tj are L2
κ,ω(τ) terms and variables of ti and tj belong to the domain

of an interpretation s, then 〈ti = tj, s〉 ∈ T if and only if (ti)
A
s = (tj)

A
s .

2. If R is an n-ary relation symbol in τ and t1, . . . tn are L2
κ,ω(τ)-terms such

that their variables belong to the domain of s, then 〈R(t1, . . . tn), s〉 ∈ T if
and only if 〈(t1)As , . . . (tn)As 〉 ∈ RA.

3. If X is an n-ary relation variable and t1, . . . tn are L2
κ,ω-terms such that

their variables belong to the domain of s, then 〈X(t1, . . . tn), s〉 ∈ T if and
only if 〈(t1)As , . . . (tn)As 〉 ∈ XA

s .

4. 〈¬φ, s〉 ∈ T if and only if 〈φ, s〉 /∈ T .
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5. If Ψ is a set of L2
κ,ω(τ)-formulas and for all φ ∈ Ψ it is defined whether

〈φ, s〉 ∈ T or not, then 〈
∧

Ψ, s〉 ∈ T if and only if 〈φ, s〉 ∈ T for all φ ∈ Ψ.

6. If Ψ is a set of L2
κ,ω(τ)-formulas and for all φ ∈ Ψ it is defined whether

〈φ, s〉 ∈ T or not, then 〈
∨

Ψ, s〉 ∈ T if and only if 〈φ, s〉 ∈ T for some
φ ∈ Ψ.

7. 〈∃xαφ, s〉 ∈ T if and only if 〈φ, s′〉 ∈ T for some interpretation s′ such that
s and s′ are the same except possibly in xα.

8. 〈∀xαφ, s〉 ∈ T if and only if 〈φ, s′〉 ∈ T for all interpretations s′ such that s
and s′ are the same except possibly in xα.

9. 〈∃Xαφ, s〉 ∈ T if and only if 〈φ, s′〉 ∈ T for some interpretation s′ such that
s and s′ are the same except possibly in Xα.

10. 〈∀Xαφ, s〉 ∈ T if and only if 〈φ, s′〉 ∈ T for all interpretations s′ such that
s and s′ are the same except possibly in Xα.

11. 〈∃Fαφ, s〉 ∈ T if and only if 〈φ, s′〉 ∈ T for some interpretation s′ such that
s and s′ are the same except possibly in Fα.

12. 〈∀Fαφ, s〉 ∈ T if and only if 〈φ, s′〉 ∈ T for all interpretations s′ such that s
and s′ are the same except possibly in Fα.

6.1.9. Lemma. If Π is a set of ordered pairs of L2
κ,ω(τ)-sentences and assign-

ments for less than κ variables in a model A then there is a second order sentence
with a third order parameter Π which is true if and only if Π is the truth predicate
of A.

Proof. This is just formalizing Definition 6.1.8 in second order logic. This
is possible because given a model A of cardinality κ in a vocabulary τ , the set
of L2

κ,ω-terms, formulas, free variables in formulas, assignments for less than κ
variables and interpretations of terms with given assignments including the free
variables of the term are second order characterizable. From these it follows that
the case of atomic formulas is definable in second order logic. The other cases
are definable as well, because we need to quantify only over sets of cardinality κ
in the truth definition. Note that we cannot quantify over the truth predicate in
second order logic because it is too big and we need a third order quantifier for
that. But given a model and a predicate, checking whether the predicate is the
truth predicate for the model is possible in second order logic.

�

6.1.10. Lemma. “There are two L2
κ,ω-equivalent non-isomorphic models of car-

dinality κ” is a Σ2
1 property in cardinality κ.
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Proof. In the following Σ2
1-sentence φω(Y, Z) says that (Y, Z) has ordertype

of (ω,<), φvoc(x,X, Y, Z) says that X has vocabulary x, where x is a natural
number with respect to (Y, Z), φκ(X) says that X has cardinality κ(where κ is
the cardinality of the model in question). The formula φtruth(Π, X, x, Y, Z) says
that Π is a truth definition of L2

κ,ω(x) in X. The formula φsentence(A, x, Y, Z) says
that A is a L2

κ,ω sentence in vocabulary x. The formula φ¬∼= says that two models
are not isomorphic to each other.

The sentence starts with ∃Y ∃Z∃σ∃A∃B∃Π1∃Π2 and then the conjunction of
the following:

• φω(Y, Z)

• φvoc(σ,A, Y, Z) ∧ φvoc(σ,B, Y, Z)

• φκ(A) ∧ φκ(B)

• φtruth(Π1,A, σ, Y, Z) ∧ φtruth(Π2,B, σ, Y, Z)

• ∀A(φsentence(A, σ, Y, Z)→ (Π1(A, ∅)↔ Π2(A, ∅)))

• φ¬∼=(A,B)

�

Some large cardinal axioms imply that there is no second order definable well-
order of the reals. In particular this holds for large cardinal axioms that imply
the Projective Determinacy, as we will show in the next section. These axioms
possibly imply that A(L2, ω) fails. If that is the case, we can ask the question:
does A(L3, ω) hold? By the following theorem most large cardinal axioms are
consistent with A(L3, ω) (relative to the consistency of the large cardinal axiom
in question).

6.1.11. Theorem. A(L3, ω) is consistent with practically all known consistent
large cardinal axioms.

Proof. Let the ground model be a model of ZFC which satisfies your favorite
large cardinal axiom. By a result of Abraham and Shelah [1] it is possible to force
a third order definable well-order of the reals with a small forcing1. In the generic
extension A(L3, ω) holds because of the same reasoning as in Theorem 2.1.1. If
the large cardinal axiom was preserved in the forcing, then the generic extension
satisfies the large cardinal axiom and A(L3, ω).

�
1If κ is a large cardinal we say that a notion of forcing P is small (relative to κ) if |P | < κ.

Practically all large cardinals are preserved in small forcings [11] (Theorem 21.2).
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6.2 Forcing axioms

As we already noted in Chapter 2, it is an open question whether Martin’s axiom
is consistent with A(L2, ω). Unlike the consistency of the Proper Forcing Axiom
and Martin’s Maximum, the consistency of Martin’s axiom +2ℵ0 = 2ℵ1 = ℵ2 can
be proved from the consistency of ZFC.

6.2.1. Lemma (Vitali [30], Mycielski and Steinhaus [20]). If there is a
second order definable well-order of the reals, then there is a second order defin-
able non-measurable set of reals. If Projective Determinacy holds, then all second
order definable sets of reals are Lebesgue measurable. Consequently if Projective
Determinacy holds, there is no second order definable well-order of the reals.

Proof. Recall the construction of a non-measurable set of reals by Vitali.
We define an equivalence relation in the interval [0, 1]: x ∼ y ⇔ x − y is a
rational number. By the Axiom of Choice there is a set which contains exactly
one member from each equivalence class. Such a set turns out, as is well-known,
to be non-measurable. If < is a second order definable well-order of the reals then
there is a second order definable non-measurable set of reals. We can define this
set to contain the <-least element from each equivalence class.

By a result of Mycielski and Steinhaus [20], every second order definable set
of reals is measurable assuming Projective Determinacy.

�

Next we will note that if the Proper Forcing Axiom holds, then there is no
second order definable well order of the reals. Consequently one cannot use
Ajtai’s proof to show the consistency of A(L2, ω) with the Proper Forcing Axiom.
If A(L2, ω) is consistent with the Proper Forcing Axiom, then A(L2, ω) can hold
without a second order definable well-order of the reals.

6.2.2. Theorem (Steel). The Proper Forcing Axiom implies that there is no
second order definable well-order of the reals.

Proof. The Proper Forcing Axiom implies that Axiom of Determinacy holds
in L(R), which in turn implies Projective Determinacy [27].

�

6.2.3. Question. Is the Proper Forcing Axiom consistent with A(L2, ω)?

6.2.4. Theorem. Assuming the consistency of the relevant large cardinal axioms
it is consistent that Martin’s Maximum holds with A(L3, ω).
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Proof. By Paul Larson’s result [13] Martin’s Maximum is consistent with the
existence of a well-order of the reals definable in H(ℵ2) without parameters.

By Lemma 1.2.9 we can quantify over elements of H(ℵ2) in third order logic
thus Martin’s Maximum is consistent with a third order definable well-order of the
reals. Consequently it is consistent that Martin’s Maximum holds and A(L3, ω)
holds.

�


