
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Multi-view 3D human pose recovery in complex environment

Hofmann, K.M.

Publication date
2011

Link to publication

Citation for published version (APA):
Hofmann, K. M. (2011). Multi-view 3D human pose recovery in complex environment. [Thesis,
fully internal, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/multiview-3d-human-pose-recovery-in-complex-environment(2212ac5d-25e8-4c82-939d-c0edb2936211).html


3 Single-frame 3D Human Pose
Recovery

3.1 Overview

Here, we discuss the probabilistic pose recovery approach in single frames,
i.e. using multi-view image data collected at a particular time instant.

Efficiency is an important design consideration. Single-frame pose re-
covery is implemented by a multi-stage cascade architecture, where can-
didate poses are increasingly pruned by the successive processing stages.
Early processing stages are characterized by lighter computational costs
per candidate pose, and a higher degree of inherent parallelism. For
example, the pose hypothesis stage is performed by each camera inde-
pendently. The computational burden is shifted as much as possible to
an off-line stage, by matching a set of pre-rendered 2D pose (shape) ex-
emplars, compactly organized in a pre-computed tree structure. Later
processing stages are characterized by higher computational costs per re-
maining candidate pose and a stronger interaction across camera views.
Take, for example, the use of stochastic, gradient-based optimization for
local pose optimization.

The current system also has some limitations. Like previous 3D pose
recovery systems, it currently cannot handle a sizable amount of external
occlusion. It furthermore assumes the existence of a 3D human model
that roughly fits the person in the scene. Naturally, performance will
depend on the fit of the model used with respect to the subject present in
the scene. In the experiments of this chapter (Section 3.6) as well as the
next chapter (Section 4.4), we use the same generic model for the different
male adults in the experiments. The problem of shape model adaptation,
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CHAPTER 3. SINGLE-FRAME 3D HUMAN POSE RECOVERY
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Figure 3.1: Overview of the single-frame pose recovery framework. See
Section 3.1.

i.e. the optimization of the shape model used, will be discussed in Chap-
ter 5, Section 5.2. Lastly, the system expects subjects to be roughly in a
standing position for pose initialization, for computational cost reasons.

Figure 3.1 presents an overview of the proposed framework. Image
preprocessing determines a rough region of interest in the 3D scene and in
the various camera views, based on foreground segmentation and volume
carving (Section 3.3). In the hypothesis generation stage (Section 3.4),
candidate 3D poses are obtained by matching a pre-computed library of
2D pose exemplars containing silhouette data in the individual camera
views. For efficiency, matching is performed hierarchically using a tree
structure; the latter was constructed on top of the exemplar library off-
line. A pose selection stage follows that maps matched 2D pose exemplars
to 3D poses and estimates the corresponding posteriors (Section 3.4.4).

In the subsequent hypothesis verification stage (Section 3.5), the can-
didate 3D poses are projected to all camera views and ranked according
to a multi-view likelihood measure. This involves three sub-stages. In
the first sub-stage, the projections of candidate 3D poses into the cam-
era views are approximated with the above-mentioned library of 2D pose
exemplars, assuming orthographic projection. Because these 2D poses
exemplars are already computed, the projection involves a simple table
look-up operation, thus it can be computed very efficiently. The second
sub-stage uses perspective projection and graphical rendering. Due to
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3.2. 3D HUMAN SHAPE MODEL AND POSE DESCRIPTION

the change of assumed projection, accuracy of verification is increased.
Furthermore, the on-line graphical rendering enables the use of feature
cues besides shape, e.g. incorporation of appearance (texture). See Sec-
tion 5.1 for a method to incorporate automatic learning of an appearance
model into the system. In the last sub-stage, a gradient-based procedure
optimizes the pose parameters in continuous parameter space.

As mentioned above, an increased computational effort is spent in the
later stages as the 3D pose space is successively pruned. We address the
issue of the potentially unfavorable combinatorics of our exemplar-based
pose representation by reducing the number of solutions at each process
stage by ranking, non-maxima suppresion and truncation. First, obtained
solutions are ranked according to their likelihood/posterior values. A
non-maxima suppression procedure (implemented as a single pass over
the solutions) removes solutions which have lower likelihood/posterior
values than similar solutions, given a criterion for similarity (e.g. dis-
tance in image or pose space); it is applied to ensure diversity in the
solutions produced. The remaining list of solutions is truncated by size,
maintaining the most likely/probable solutions.

In the following sections, main system parameters are denoted by
variables. For an overview of the actual values used in the experiments,
see Appendix A.

3.2 3D human shape model and pose description

We use an articulated model with linearly tapered superquadrics [Jak-
lic et al., 2000] as geometric primitives for torso, neck, head, upper and
lower arm, hand, upper and lower leg, and foot, assuming body symmetry.
Tapered superquadrics include such diverse shapes as spheres, ellipsoids
and hyperrectangles and yield a good trade-off between desired accuracy
and model complexity (i.e. number of parameters) [Gavrila and Davis,
1996]. The parameter space ~si of each superquadric i comprises parame-
ters for length (a1, a2, a3), squareness (e1, e2) and tapering (tx, ty). The
generating function for a vertex on the superquadric surface is

ζ(u, v) =





a1 cos
e1 u cose2 v(tx sin

e1 u+ 1)
a2 cos

e1 u sine2 v(tx sin
e1 u+ 1)

a3 sin
e1 u



 (3.1)
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CHAPTER 3. SINGLE-FRAME 3D HUMAN POSE RECOVERY

where the angle parameters u, v are in the ranges −π
2 ≤ u ≤ π

2 , −π ≤
v ≤ π.

A complete shape model ~qshape is represented by the parameters for
each superquadric (Equation (3.2)).

~qshape = (~storso, ~sneck, ~shead, ~su.arm, ~sl.arm, ~shand, ~su.leg, ~sl.leg, ~sfoot) (3.2)

Joint articulation is described by transformation of 4-dimensional ho-
mogeneous coordinates x

x′ = Hx , H := H(R(φ, θ, ψ),~t) (3.3)

where H contains a 3× 3 rotation matrix and a 3× 1 translation vector.
Limb transformations not at the model root (i.e. the torso center) are
represented by a kinematic chain

H = H1H2 . . . Hk (3.4)

along the respective joints.
Each degree of freedom is expressed using Euler angles, which are

converted to above mentioned rotation matrix using the Z-Y-Z convention
[Spong and Vidyasagar, 1989], i.e. by a concatenation of three rotations
around one angle each (φ, θ, ψ) along the Z, then Y and again Z axis.
Shoulder, pelvis and head joints are mathematically modeled using all
three Euler angles, i.e. three degrees of freedom each, while the elbow
and knee joints are modeled as having one degree of freedom each.

The choice of Euler angles as representation for the rotations along the
kinematic chain should be discussed, as there are other representations
that do not exhibit some of their disadvantages, e.g. inherent singularities.
Using quaternions, the composition of rotations is more easily expressed
and the phenomenon of gimbal lock, i.e. the loss of one degree of freedom
in certain angle configurations, can be avoided. Alternatively, twists and
exponential maps have been successfully used to represent human motion
[Bregler et al., 2004]; their main advantage is that kinematic chain up-
dates, e.g. differential motions during tracking, can be expressed by linear
equation systems. We could have chosen an alternative representation in-
stead of Euler angles, but did not see clear benefits to do so. Using Euler
angles, we do not need to convert from a different representation for ren-
dering a pose (see Section 3.5). Because we pre-compute all poses in our
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3.3. IMAGE PRE-PROCESSING AND MATCHING

discrete pose space in the pose detection stage (see Sections 3.4), we use a
combination of Euler angles mostly as a “tag” associated with each pose,
and the use of an alternative representation would not provide significant
advantages. One exception to this is the prediction mechanism which
will be discussed in Section 4.3; here we optimize on the pose parame-
ters directly. In this case, we carefully avoid singularities by performing
non-linear optimization only on angle changes of small magnitude and
converting all Euler angles to a canonical representation if necessary.

Given the body parts torso, neck, head, upper arm, lower arm and
hand, we represent a 3D upper body pose as a 17-dimensional vector of
joint angles

~πub =
(

xx, xy, xz, φt, θt, ψt, φh, θh, ψh, φ
l
s, θ

l
s, ψ

l
s, θ

l
e, φ

r
s, θ

r
s , ψ

r
s , θ

r
e

)

(3.5)

of which the parameters ~x ≡ (xx, xy, xz) denote the position of the root
of the articulated structure, which is, in our case, the torso center. Note
that we keep θh fixed in our experiments, effectively making the upper
body representation a 16-DOF model.

A 3D full body pose is then described by a 25-dimensional pose vector

~πfb =
(

~πub, φ
l
p, θ

l
p, ψ

l
p, θ

l
k, φ

r
p, θ

r
p, ψ

r
p, θ

r
k

)

(3.6)

with additional parameters for the pelvis and knee joint angles. Note
that the resulting transformation matrices Hi (for a joint i) depend both
on pose and shape parameters, i.e. Hi ≡ Hi(~qshape, ~πfb).

Because we are recovering only upper-body pose, we will shorten the
notation of ~πub to ~π for the remainder of this chapter. Figure 3.2 provides
a visualization of the body model as well as the joint angles defined in
Equations (3.5) and (3.6).

3.3 Image pre-processing and matching

See Figure 3.1. The aim of the pre-processing stage is to obtain a rough
region of interest, both in terms of the individual 2D camera views and
in terms of the 3D space. Due to the considered dynamic environment,
segmenting the foreground by background modeling [Zivkovic, 2004] in
the separate camera views is error-prone; moving objects or people in the
background might create spurious foreground blobs and therefore false
regions of interest. See Figure 3.3, top two rows.
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CHAPTER 3. SINGLE-FRAME 3D HUMAN POSE RECOVERY

Figure 3.2: Visualization of the shape model, including a description of
the Euler angles in Equation (3.6).

Figure 3.3 also illustrates that the human silhouettes are not neces-
sarily segmented in a quality suitable for solving pose recovery by Shape-
from-Silhouette techniques outright (see discussion in Section 2.1.1). In
order to take some advantage of the additional information provided by
multiple camera views, nevertheless, we fuse the computed foreground
masks by means of volume carving (Laurentini [1994]). The scene of inter-
est is represented by a cuboid of size (Sx×Sy×Sz) = (10 m×10m×2m),
the short side being oriented along the ground plane normal vector. We
use a resolution of (Dx×Dy×Dz) = (200×200×75) grid divisions, which
provides for a coarse, but sufficient reconstruction. After removing 3D
blobs that are too small (i.e. consisting of less than NVoxelThresh = 5000
voxel elements, amounting to a volume of approximately 0.33 m3) or lie
too far away from the ground plane, connected voxel components of a min-
imum height and size give an estimate of the number of people and their
rough 3D location in the scene. More specifically, given the voxel infor-
mation, we compute the accumulated projection image along the ground
plane normal direction and require a certain minimum “mass”mmin in the
resulting image, in our case 50%, to form a 3D blob that is recognized as
an object. We also remove parts of the legs in our volume reconstruction,
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3.3. IMAGE PRE-PROCESSING AND MATCHING

by removing voxels less than htorso = 70 cm above ground; body pose
initialization is thus restricted to roughly standing position (a condition
which can be relaxed, when allowing for a larger search space for the torso
parameters at the next processing stage). Projecting the reconstructed
voxels onto the camera images produces an improved foreground mask.
See Figure 3.3, third row, where various shadows, the train passing by,
and the other 3D person blob, currently not under consideration, have
been eliminated.

The voxel information in combination with our camera calibration
yields information about the image scales and regions of interest to be
used in the forthcoming hypothesis generation stage (Section 3.4). We
can get an image scale estimate to be used in this step by estimating the
“foot point” of the subject on the ground plane by projecting the voxel
blob centroid onto the plane, followed by projecting the upper body model
and comparing to the fixed exemplar size of the 2D pose exemplars (see
Section 3.4). We can use either this image scale or a range of scales
around it for further processing.

The input images are stored at the relevant scales for further pro-
cessing, together with corresponding foreground edge images as well as
distance transformed images for later matching. Edge segmentation is
performed by the Canny algorithm [Canny, 1987], where the previously
computed foreground images serve as a binary mask, i.e. the presence of
edges is only permitted in regions with foreground support. The distance
transformation of the edge images is computed as a multi-feature chamfer
distance transform [Barrow et al., 1977, Gavrila, 1998], where the edge
features are distinguished by their edge orientation.

Feature matching using the chamfer distance transformed images works
as follows, given an example with two exemplars s1 and s2 (see Figures 3.4
and 3.5 for an illustration). To compute the uni-directional chamfer dis-
tance of exemplar s1 on exemplar s2, we compute the distance trans-
formed image IDT

s2 of the features of s2 and correlate the feature points
in s1 with the image by computing the average over all grayscale values
over the feature set.

dunic (s1, s2) =
1

|s1|

∑

{x,y}∈s1

IDT
s2 (x, y) (3.7)

The bi-directional chamfer distance is a symmetric measure where both
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CHAPTER 3. SINGLE-FRAME 3D HUMAN POSE RECOVERY

Figure 3.3: Image pre-processing in dynamic environment: (top row) in-
put image (second row) foreground mask based on background modeling
in the individual camera views. Note the artifacts introduced by shadow,
and people and a train moving in the background (third row) improved
foreground mask after volume carving, (re)projection and object selec-
tion, (bottom row) foreground edge image.
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3.3. IMAGE PRE-PROCESSING AND MATCHING

Figure 3.4: Illustration of chamfer distance transform and feature cor-
relation of two exemplars s1 (top) and s2 (bottom). From left to right:
exemplar feature points, chamfer distance transform, feature overlay for
correlation. Darker pixels correspond to lower distances and thus repre-
sent better matches. See Section 3.3.
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CHAPTER 3. SINGLE-FRAME 3D HUMAN POSE RECOVERY

Figure 3.5: Chamfer matching between exemplar and scene image. The
uni-directional chamfer distance is computed as the correlation of the
exemplar onto the distance transform image of the scene (left). The bi-
directional chamfer distance adds a term for the correlation of the scene
image with the distance transform image of the exemplar (right).

feature sets are correlated with respect to each other.

dbic (s1, s2) = dunic (s1, s2) + dunic (s2, s1) (3.8)

It is a more accurate measure regarding (dis)similarity of two feature
sets; for example, in case s1 is a strict subset of s2, the uni-directional
distance measure would result in an incorrect perfect match while the
bi-directional distance correctly accounts for the feature points in s2 but
not in s1. Evaluation of the bi-directional distance requires computation
of the distance transform image of s1, however, which might be expensive
to compute or store, for example with respect to the exemplar tree of
Section 3.4.2.

In the pose recovery system, exemplar features are matched with
scene image features using both the uni-directional chamfer distance (Sec-
tion 3.4.3) as well as the bi-directional chamfer distance (Sections 3.4.4,
3.5). See Figure 3.5 for example images of exemplar and scene, as well as
their respective distance transform images. For the bi-directional chamfer
distance between scene image and distance transform image of the exem-
plar, the scene image is cropped to include only feature pixels within a
certain distance to the exemplar feature pixels (we chose a border of 10
pixels).

3.4 Pose hypothesis generation and selection

See Figure 3.1. We generate pose hypotheses by processing the camera
views individually. We follow an exemplar-based approach and match
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3.4. POSE HYPOTHESIS GENERATION AND SELECTION

each camera view image with a pre-generated 2D pose exemplar library
with known 3D articulation. The challenge in creating an exemplar li-
brary is to establish a reasonable trade-off between representation speci-
ficity (i.e. the number of 2D pose exemplars, the dissimilarity between
neighboring 2D pose exemplars) and efficiency (both in terms of storage
and matching speed).

For efficiency, the exemplar library is matched hierarchically (Sec-
tion 3.4.3), building upon a method described by Gavrila [2007] in the
context of 2D shape-based object detection. Some algorithmic changes
were needed with respect to the off-line tree construction algorithm, for it
to scale to the size of the current exemplar library (which is about two or-
ders of magnitude larger), see Section 3.4.2. After the online per-camera
processing, a pose selection stage follows that maps matched 2D pose
exemplars to 3D poses and estimates the corresponding posteriors (Sec-
tions 3.4.4 and 3.4.5). This results in an overall candidate pose ranking
across all cameras.

3.4.1 2D pose exemplar generation

To obtain a discretized 3D pose space representation, we first define a
set of upper body poses by specifying lower and upper bounds for each
joint angle separately and discretize each angle. The Cartesian product of
these angles contains anatomically impossible poses; these are filtered by
collision detection using the 3D shape model (Section 3.2) and through
rule-based heuristics. See Appendix A for details.

The outcome, the set Π of “allowable” 3D poses, is used to generate a
2D pose exemplar library S by means of projection of the 3D shape model.
In our case, the 2D pose exemplars contain silhouette information only.
The main reason not to incorporate internal edges was that these are
hard to detect in typical scenery (i.e. contrast between arm and torso for
similar colored clothing) and we preferred in the early processing stages
to concentrate on the robust features. This had also the beneficial effect
to reduce the number of necessary exemplars. A further reduction in the
latter is achieved by the use of orthographic projection in computing S .
The silhouette edge points are stored together with their edge orientation
in order to enable multi-feature matching on the multi-feature distance
transform scene images (see Section 3.3).

The above-mentioned discretization of joint angles is chosen such that
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CHAPTER 3. SINGLE-FRAME 3D HUMAN POSE RECOVERY

the 3D pose space is adequately covered. Ideally, the similarity in appear-
ance of any projected 3D pose and the closest corresponding 2D pose ex-
emplar should lie within a user-supplied matching tolerance. We choose
discretization steps as listed in Table A.1 in Appendix A. Doing so, the
generated 2D pose exemplar library S (roughly of size 15 × 106) might
contain a number of similar exemplars; this redundancy will be reduced
in next subsection, where only a subset of S will be actually used for
matching. The chosen discretization values were heuristically determined
in preliminary experiments to yield a good trade-off between resulting
exemplar tree size and hierarchical matching accuracy (see Sections 3.4.2
and 3.4.3).

3.4.2 2D pose exemplar tree construction

The 2D pose exemplars are hierarchically organized in a tree structure,
for efficient matching. See Figure 3.6. The exemplars at the various levels
L of the tree, Sl, can be grouped based on their appearance (e.g. cham-
fer distance) (Gavrila [2007]) or based on a decomposition of the un-
derlying 3D joint angles (Stenger et al. [2006]). The appearance-based
grouping is attractive because of the compactness of the resulting repre-
sentation; similar 3D pose projections (e.g. front and back views) can be
grouped together even if they are distant in joint angle space. However,
the appearance-based grouping approach of Gavrila [2007] is not directly
applicable to our case since it has quadratic complexity in terms of the
number of exemplars (recall that we are dealing with about 15 × 106

exemplars, see Section 3.4.1).
We therefore use a hybrid approach for tree construction, combining

appearance-based grouping and discretization of underlying joint angles.
See Figure 3.6. The basic idea is to split the tree construction process in
two steps: first, the creation of the top L∗ levels, and then the creation
of the sub-trees that are attached to the nodes at level L∗.

First, we establish the maximum number of exemplars N∗ that is still
practically manageable for an appearance-based grouping approach with
quadratic complexity as in Gavrila [2007], given the processing environ-
ment at hand. We generate these N∗ (in our case, N∗ ≈ 20000) exemplars
with a coarser discretization of the allowable joint angles. Assuming a
roughly constant branch ratio B throughout the tree, N∗ specifies a tree
level L∗ (in our case, L∗ = 3). For the root l = 1 up to level L∗, we
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... ...

...

... ...

... ... ... ...

2D pose exemplar library S

L=4

L*=3

2

1

L+1

Figure 3.6: Schematized structure of the 4-level 2D pose exemplar tree
and its construction. First, N∗ exemplars (i.e. the set SL∗) are generated
for subsequent appearance-based grouping of the levels l = 1 . . . L∗ (top
triangle). Second, each pose exemplar in S is assigned to an exemplar
in SL∗ based on distance in appearance space. Third, N∗ sub-trees are
constructed by appearance-based grouping to build the levels L∗+1 . . . L+
1(lower triangles); the last level, representing the allowable pose space S ,
is discarded. See Section 3.4.2.
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CHAPTER 3. SINGLE-FRAME 3D HUMAN POSE RECOVERY

will construct the tree by appearance-based grouping using the recur-
sive partitional clustering method of [Gavrila, 2007, Section 3.2], with
the constraint of disallowing group sizes below a minimum and above a
maximum number of exemplars.

As a second step, each of the 2D pose exemplars S associated with
the allowable poses are assigned to one of the N∗ prototypes of S ∗

L, based
on smallest distance in appearance space. The assignment is computed
optimally by brute-force comparison of each allowable pose with each 2D
pose exemplar in S and selecting the exemplar with minimum appearance-
based distance. This approach is computationally intensive but can be
easily parallelized over all allowable poses and therefore distributed onto
multiple CPU cores and computers.

Third, we now construct the N∗ sub-trees one-by-one, as before, based
on apperance-based grouping, similar to Gavrila [2007]. For each sub-tree,
the assigned exemplars of the previous step are used in its construction.
The last level L + 1 of the tree is discarded, to reduce redundancy in
2D pose exemplar representation (e.g. poses with different arm positions
occluded by torso). The final tree has level L and each new leaf level
node {s|s ∈ SL} contains a pointer to the 3D poses Πs that corresponded
to the discarded children nodes.

This hybrid approach enables us to cluster a very large amount of
(allowable) poses to a tree-based hierarchy, but it has a disadvantage.
Assigning each allowable pose to one of the N∗ prototypes of level S ∗

L pos-
sibly violates the assumption of a roughly constant branch ration B; that
said, a forced constant branch ratio would be detrimental to the assump-
tion of appearance-based grouping, i.e. the more compact representation
of “ambiguous” exemplars. Because the exemplars S ∗

L are generated from
a coarser angle discretization, each region in state space is equally rep-
resented. In the worst case, this might mean that some exemplars in S ∗

L

are not assigned any allowable poses, which can be corrected by simply
removing the affected exemplars.

Also, an exemplar in S ∗
L might not be the optimal prototype for its

children exemplars on level L∗ + 1, i.e. not the exemplar with the small-
est mean dissimilarity to the other exemplars in the group, as otherwise
guaranteed by the appearance-based grouping [Gavrila, 2007]. We can
correct this by simply replacing the exemplars on level L∗ by the proper
prototypes and re-clustering all above levels.
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3.4. POSE HYPOTHESIS GENERATION AND SELECTION

To increase efficiency in the on-line matching process, we sub-sample
the exemplars in the tree depending on their assigned level by a factor rep-
resented by σl, l = 1, . . . , 4. Since the matching process only propagates
to lower levels for part of the exemplars on one level (see Section 3.4.3),
the biggest savings with respect to efficiency can be made on the higher
levels. We sub-sample every 3rd pixel of each exemplar at the first tree
level, every 2nd pixel on the second level and do not sub-sample anymore
on the 3rd and 4th levels, i.e. σ1 = 3, σ2 = 2, σ3 = 1, σ4 = 1.

3.4.3 Hierarchical Bayesian 2D pose exemplar matching

With the hierarchical 2D pose exemplar representation in place (Fig-
ure 3.6), we implement online 3D pose hypothesis generation by a tree
traversal process, following Gavrila [2007]. Tree traversal starts at the
root. Processing a node involves matching the corresponding (prototype)
2D pose exemplar with the image at some interest locations. For the lo-
cations where the distance measure between 2D pose exemplar and image
is below a user supplied threshold τ , the child nodes are added to the list
of nodes to be processed. For locations where the distance measure is
above-threshold, search does not propagate to the subtree.

The above coarse-to-fine approach is combined with a coarse-to-fine
approach over the transformation parameters (i.e., image translation).
Image locations on a grid γl, where matching is successful for a particular
non-leaf node, give rise to a new set of interest locations for the child
nodes on a finer grid γl+1 in the vicinity of the original locations. At
the root, the interest locations lie on a uniform grid over the image. The
combined coarse-to-fine approach in pose and transformation space leads
to massive efficiency gains (i.e. several orders of magnitude) compared to
the brute-force of matching the leaf level 2D pose exemplars (SL) one-by-
one at each image location. By following a path in the tree toward the
leaf node, both exemplar suitability and exemplar localization increase.
Final detections are the successful matches at the leaf level of the tree.

Gavrila [2007] sets matching thresholds τ based on the posterior for
the existence of a correct match at a current node sl at level l, after a
set of observations along the path from the root to that node. A match
is defined correct, if that particular node (i.e. the associated 2D pose
exemplar and associated image location) lies on the path from the root
to the best matching leaf level node (the “optimal” path). For notational
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CHAPTER 3. SINGLE-FRAME 3D HUMAN POSE RECOVERY

simplicity, we do not include in the remainder the subscripts regarding
to image location or an index denoting a particular node at level l. Let
s+l and s−l denote the event outcome that the corresponding 2D pose
exemplar sl matches correctly (target class) and incorrectly (non-target
class), respectively (i.e. p(s+l ) + p(s−l ) = 1). The observation obtained at
the l-th level of the tree, is denoted by Ol; in our case, this is the shape
dissimilarity measurement obtained using the uni-directional chamfer dis-
tance. Define O1:l = {Oi}

l
i=1 to be the observations from the top level up

to level l, along a particular path in the tree.
Under the Markov assumption along the path from the root to the

current node (with xl denoting either s+l or s−l )

p(Ol|O1:l−1xl) = p(Ol|O1−1xl) (3.9)

and considering three possible transitions from a parent node at level l−1
to a current node at level l

1. s+l s
+
l−1: both parent and current node lie on optimal path,

2. s−l s
+
l−1: parent lies on optimal path but current node does not, and

3. s−l s
−
l−1: parent does not lie on optimal path (and consequently,

neither does current node),

Gavrila [2007] derives the following recursive form of the posterior

p(s+l |O1:l) =
1

1 + αl
(3.10)

with (l > 1)

αl =
p(s+l−1|O1:l−1) p(Ol|Ol−1s

−

l s
+
l−1) p(s

−

l |s
+
l−1)

p(s+l−1|O1:l−1) p(Ol|Ol−1s
+
l s

+
l−1) p(s

+
l |s

+
l−1)

+

p(s−l−1|O1:l−1) p(Ol|Ol−1s
−

l s
−

l−1)

p(s+l−1|O1:l−1) p(Ol|Ol−1s
+
l s

+
l−1) p(s

+
l |s

+
l−1)

α1 =
p(s−1 )

p(s+1 )

p(O1|s
−

1 )

p(O1|s
+
1 )

Equation (3.10) describes how the probability that a particular node
provides a correct match during tree search (p(s+l |O1:l)) is based on the
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probability that the match is correct at the parent node (p(s+l−1|O1:l−1)),
the observations made at the current and parent node (Ol and Ol−1)
and likelihood functions for the three possible transitions from the par-
ent to the current node (p(Ol|Ol−1xlxl−1)). The likelihood functions are
derived from histogramming observations at the nodes of the template
tree on a training set, where the correct solution is known. For exam-
ple, p(Ol|Ol−1s

+
l s

+
l−1) is derived by collecting dissimilarity measurements

along the path from the top to the best matching 2D pose exemplar at
the leaf level.

For details regarding the model instantiation, see Gavrila [2007]. We
make use of a few simplifications in our implementation. Due to the
presence of only a single scale in our exemplar tree, transistions within
the classes do not depend on scale (see Gavrila [2007, Eqns. 12-14]). We
aggregate the dissimilarity measurements of both target and non-target
class per level, due to the scarcity of available training data and the
complexity of the tree. Distributions were fitted as described in [Gavrila,
2007, Sec. 5.2].

During the matching process, we use Equation (3.10) to discontinue
search below those tree nodes where the match is below a certain level-
specific threshold τl. The outcome of the pose hypothesis generation stage
is a list of leaf-level 2D pose exemplars sL ∈ SL with associated image
locations and posterior probabilities p(s+L |O). Non-maximum suppression
of the results removes lower-ranked matches of the same 2D pose exem-
plar nodes in an image neighborhood of uPosHyp pixels in x/y direction.
About KPosHyp ≈ 300.000 pose solutions pass this stage on average in
our experiments (derived from approximately 3.000 leaf level 2D pose
exemplars) and serve as input to the subsequent pose selection stage.

3.4.4 3D candidate pose selection

See Figure 3.1. Given a particular 2D pose exemplar sL ∈ SL that is hy-
pothesized by the previous processing stage, we now derive the posterior
for a 3D pose ~π that it represents (recall the last paragraph of Section
3.4.2). To emphasize the link between the 2D pose exemplar sL and un-
derlying pose ~π, we now denote in this section the former by sπ, changing
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the subscript. The posterior is given by

p(~π|O) =
p(O|s+π )

p(O|s+π ) |Πs| + p(O|s−π ) |Π \ Πs|
(3.11)

where |Πs| is the number of 3D poses associated with the 2D pose exem-
plar s, |Π| the number of allowable poses and |Π \ Πs| is the number of
allowable poses not associated with s. See Section 3.4.5 for details. Re-
garding observables O, we shift from the uni-directional chamfer distance
used for hierarchical 2D pose exemplar matching to the more acurate and
expensive bi-directional chamfer distance, for all shape matching in the
remaining process stages (thus p(O|s+π ) and p(O|s−π ) cannot be re-used
from the previous subsection).

In order to experimentally determine p(O|s+π ) and p(O|s−π ), we make
a number of simplifying assumptions, mainly to handle the scarcity of
available training data. We first assume that p(O|s+π ) does not depend on
the exact pose exemplar s+; the contributions of all s+ in the training set
are aggregated for the purpose of estimating the underlying probability
density function (PDF). We do however differentiate between p(O|s−π ) at
different s−π in order to account for different degrees of saliency of the 2D
pose exemplars (e.g. “arms outstreched“ more discriminative than “arms
along body”). We aggregate the contributions of all s− corresponding to
a particular top-level ancestor in the tree, and thus maintain |S1| separate
distributions.

The various distributions obtained by histogramming are subsequently
fitted. p(O|s+π ) is fitted by a log-normal distribution and p(O|s−π ) by
both log-normal and normal distributions. For the latter case, we choose
the distribution class with the lowest mean squared error with respect
to the learned histograms. The histograms associated with less salient
templates exhibit a right-tailed shape and are well-fitted by log-normal
distributions, while histograms associated with more salient templates
are more symmetric or rather slightly left-tailed and are better fitted by
normal distributions. Figures 3.7 and 3.8 shows the estimated distribu-
tion for the target class, as well as two of the estimated distributions
for the non-target class, for a less salient and a more salient exemplar
respectively.

Pose selection is implemented by extracting the poses of all matched
exemplars for each camera (Section 3.4), evaluating the pose posterior
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Figure 3.7: Example distribution O|s+π (aggregated for top-level exem-
plars; log-normal distribution fit).

probability (Equation (3.11)) and ranking the aggregated list. Non-
maximum suppression of the results removes lower ranked poses, where
the similarity with a higher ranked pose is below a threshold uPosSel. The
pose similarity measure we use is the mean distance between correspond-
ing 3D locations of the human body model

dx(π1,π2) =
1

|B|

∑

i∈B

de(v
i
1,v

i
2) (3.12)

where B is a set of locations on the human body model, |B| the number
of locations, vi is the 3D position of the respective location in a fixed
Euclidean coordinate system, and de(.) is the Euclidean distance. For the
set of locations, we choose torso and head center as well as shoulder, elbow
and wrist joint location for each arm. After non-maxima suppression, the
KPosSel best remaining solutions pass to the next processing stage.

Observe that pose selection by Equation (3.11) has the desirable prop-
erty that camera viewpoint selection is implicitly performed. “Bad”
viewpoints, which capture ambiguous poses (e.g. hands self-occluded by
torso), result in 2D pose exemplars with comparatively large |Πs| and
thus in decreased 3D pose posteriors.
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Figure 3.8: Example distributions O|s−π with associated top-level exem-
plars (two examplars out of 200 shown). The expected value of O|s−π
for the more salient exemplar (top; normal distribution fit) is noticeably
larger than that for the less salient exemplar (bottom; log-normal distri-
bution fit).
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3.4.5 Derivation of pose selection posterior probability

We now derive the posterior pose probability of Equation (3.11) which
maps 2D exemplar posteriors to 3D pose posteriors. Let Π be the set of
“allowable” 3D poses and S the associated 2D pose exemplar library (see
Subsection 3.4.1). Let sπ be the 2D pose exemplar associated with the
pose ~π and Πs the set of poses associated with the 2D pose exemplar s,
at the leaf level of the tree.

We expand the pose posterior p(~π|O) over all 2D pose exemplars S

and consider correct and incorrect matches (s+ and s−, respectively)

p(~π|O) =
∑

s∈S

p(~π, s+|O) =
∑

s∈S

p(~π|s+)p(s+|O)

=
∑

s∈S

p(~π|s+)
p(O|s+)p(s+)

p(O)
(3.13)

=
∑

s∈S

p(~π|s+)
p(O|s+)p(s+)

p(O|s+)p(s+) + p(O|s−)p(s−)

where p(s+) + p(s−) = 1.
Each pose is associated with exactly one 2D pose exemplar at the leaf

level of the tree, and one 2D pose exemplar s is associated with a number
of poses Πs. Therefore we model:

p(s+|~π) =

{

1 if ~π ∈ Πs

0 otherwise
(3.14)

and analogous

p(s−|~π) =

{

1 if ~π ∈ Π \ Πs

0 otherwise
(3.15)

It follows that

p(~π|s+) =
p(s+|~π)p(~π)

p(s+)
=

p(s+|~π)p(~π)
∑

~π′∈Π

p(s+|~π′)p(~π′)

=











p(~π)
∑

~π′∈Πs

p(~π′)
if ~π ∈ Πs

0 otherwise

(3.16)
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Note that in Equation (3.13), the sum is only non-zero for s = s~π, the
2D pose exemplar associated with pose ~π. By expanding p(s+) and p(s−)
over all poses Π, it also follows that

p(s+) =
∑

~π′∈Π

p(s+|~π′)p(~π′) =
∑

~π′∈Πs

p(~π′) (3.17)

p(s−) =
∑

~π′∈Π

p(s−|~π′)p(~π′) =
∑

~π′∈{Π\Πs}

p(~π′) (3.18)

Therefore, by substituting p(~π|s+), p(s+) and p(s−), the posterior can be
written as

p(~π|O) =
p(O|s+~π )p(~π)

p(O|s+~π )





∑

~π′∈Πs

p(~π′)



+ p(O|s−)





∑

~π′∈{Π\Πs}

p(~π′)





(3.19)

Assuming a uniform pose prior, i.e. p(~π) ≡ 1
|Π| , the term for the posterior

simplifies to Equation (3.11)

p(~π|O) =
p(O|s+π )

p(O|s+π )|Πs|+ p(O|s−π )|Π \Πs|

where |Πs| is the number of poses associated with the 2D pose exemplar
s, and |Π \ Πs| is the number of allowable poses not associated with s.

3.5 3D Candidate Pose Verification and Optimiza-
tion

See Figure 3.1. After the previous pose selection stage, which ranks pose
hypotheses ~π generated from 2D matches from individual cameras, we
continue by verifying these over multiple cameras in three steps. In the
first step, described in Section 3.5.1, the 2D pose exemplars are mapped
onto existing 2D pose exemplars of the other camera views by ortographic
projection. No rendering is necessary. The two following steps improve
verification accuracy by making use of on-line rendering with perspective
projection (Section 3.5.2) as well as local optimization in a continuous
pose space (Section 3.5.3).
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Figure 3.9: Example of a combination of corresponding exemplars across
multiple views. The epipolar lines of the other cameras are depicted in
green. Verification matching is done along the epipolar line of the camera
the exemplar was originally matched in.

3.5.1 Pose verification using 2D pose exemplars

In this first step, we map a 3D pose generated by one camera to the
corresponding 2D pose exemplars of the other cameras and match these
onto their respective images. Due to the use of orthographic projection
throughout this and the previous stages, the mapping from a pose as
observed in camera ci to the corresponding pose in camera cj is achieved
by modifying the torso rotation angle ψtorso relative to the projected angle
between cameras ci and cj on the ground plane. The mapping from a 3D
pose to a 2D pose exemplar is then easily retrieved from a look-up table
after re-discretizing the angle to one of the values present in the poses of
our library S .

For each pose ~π, we also need to obtain a 3D position ~x in the world
coordinate system from the 2D location of the match on the image plane.
We therefore backproject this location by determining the optical ray
through the 2D location of the match. On this ray, we sample 3D points
at various depths, which we then project in the other camera images
and match the corresponding exemplars at the respective positions. See
Figure 3.9 for a visualization. The 3D points are chosen such that we
sample densely enough in the other camera views to cover every pixel
along the reprojected epipolar line. To this end, we use the Bresenham
algorithm [Bresenham, 1965] to discretize the respective epipolar line.
The Bresenham algorithm is an algorithm to determine the pixels in image
raster space that should be set in order to form a close approximation to a
straight line between two given points. Additionally we restrict sampling
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to 2D image locations where there is foreground support.
The multi-view pose probability for a pose ~π is modeled as the product

of the probabilities in each view (see Equation (3.11))

p(~π|O) =

C
∏

c=1

p(~π|Oc) (3.20)

where O is the set of observations from the three cameras and p(~π|Oc) is
the posterior term from Equation (3.11). For each pose ~π, the 2D loca-
tion with the highest probability per camera is kept; triangulation of point
pairs and averaging then yields a 3D position ~x in the world coordinate
system. In case of an inconsistent triangulation being generated, i.e. if
the distance between triangulated point pairs exceeds a certain thresh-
old, the respective pose hypothesis is discarded. Admittedly, this is a
somewhat “greedy” approach of selecting the best 3D position ~x. An al-
ternative method would be to evaluate Equation (3.20) for the Cartesian
product of matches in all cameras, with an additional consistency term
that penalizes inconsistent triangulations. We decided against this due
to the computational overhead, the additional weighting parameter that
would be required to be determined, and because preliminary experiments
suggested no significant change in performance.

We now convert each pose from its exemplar representation to its
embedded representation in the world coordinate system. We generated
each exemplar by rendering the shape model using orthographic projec-
tion and with the torso center being in line of the camera center ray.
This has implications on the values of the torso rotation angles associ-
ated with each pose contained in the 2D exemplars. When matched on
images captured by a perspective camera (e.g. the CCD cameras used
to film the experimental sequences), we need to account for a systematic
error being made when matching at positions not on the camera center
ray. See Figure 3.10. To this end, we add a correction angle ψcorr

t to the
torso rotation angle ψt. The correction angle is smallest for projections
(i.e. subjects) close to the camera center and largest for projections close
to the image borders. Its magnitude reaches at most half of the horizontal
camera viewing angle (≈ 22◦, 24◦ and 27◦ for our three cameras); usual
values in our sequences decribe rotations between ≈ 5◦ and 15◦.

We obtain a ranked list of candidate 3D poses {~π, ~x} according to
the posterior of Equation (3.20) and, as in Section 3.4.4, perform non-
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top view

camera

torso 
t
corr

Figure 3.10: Correction angle ψcorr
t to the torso rotation angle ψt when

transferring poses from the 2D exemplar representation to the world co-
ordinate representation using perspective projection (Subsection 3.5.1).
The dashed lines delineate the camera viewing angle.

maximum suppression based on threshold uPosV erEx for pose similarity
(Equation (3.12)). The best KPosV erEx remaining candidate poses pass
to the next processing stage.

3.5.2 Pose verification by rendering

In this processing stage, the candidate 3D poses are rendered on-line
assuming perspective projection, and ranked according to a multi-view
probability based on chamfer-distance based likelihoods per camera. The
probability per camera is

p((~π, ~x)+|Oc) =
p(Oc|(~π, ~x)

+) p((~π, ~x)+)

p((~π, ~x)+) p(Oc|(~π, ~x)+) + p((~π, ~x)−) p(Oc|(~π, ~x)−)
(3.21)

where we model the observation prior as the sum of two conditional “tar-
get” (~π, ~x)+ and “non-target” classes (~π, ~x)−, similar to Equation (3.11).
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Figure 3.11: Class-specific likelihood distributions for shape-based pose
hypothesis verification (see Equation (3.21)).

Above mentioned multi-view probability is then computed as the product
of the per-camera probabilities.

p((~π, ~x)+|O) =

C
∏

c=1

p((~π, ~x)+|Oc) (3.22)

Similarly, we compute a multi-view likelihood as the product of per-
camera likelihoods

p(O|(~π, ~x)+) =
C
∏

c=1

p(Oc|(~π, ~x)
+) (3.23)

Figure 3.11 shows the target and non-target class distributions of Equa-
tion 3.21 learned over our whole data set. The class-specific likelihoods
were computed by shape-matching with ground truth (~π, ~x)+ and non-
ground truth poses (~π, ~x)−.

Equation (3.22) represents a computationally expensive step in the
evaluation cascade due to on-line graphical rendering across multiple cam-
era views, but provides a more accurate likelihood evaluation. Poses are
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not approximated by a subset of shapes anymore, and the assumption
of perspective projection is more realistic. As before, we perform non-
maximum suppression based on threshold uPosV erRdr for pose similarity
(Equation (3.12)). The best KPosV erRdr remaining candidate poses pass
to the next processing stage.

3.5.3 Local pose optimization

We overcome the limitation of our discrete, exemplar-based representa-
tion by performing a local optimization of the pose parameters in con-
tinuous space using the gradient ∇p(O|(~π, ~x)). For efficiency reasons,
this optimization is only performed on a subset of the best-ranked results
(KPosV erRdrOpt) of the preceding processing stage. Rendering makes it
difficult to compute gradients, due to the contour discretization to pixel
level, which makes ∇p(O|(~π, ~x)) non-differentiable with respect to its pa-
rameters. In previous work (Hofmann and Gavrila [2009b]), we computed
a local gradient approximation using central differences for each pose pa-
rameter, i.e. one gradient entry is

(p(O|(~π, ~x) +
1

2
~ǫ)− p(O|(~π, ~x)−

1

2
~ǫ))/ǫ (3.24)

with ~ǫ ≡ (0, . . . , 0, ǫ, 0, . . . , 0) and ǫ chosen according to the input image
resolution. This has the disadvantage of making gradient computation
costly and requiring the suitable setting of the difference delta constant ǫ,
such that the discretized contour output changes yet the finite difference
result is sufficiently accurate. Here, we instead perform a local shape-
based optimization using the analytical gradient of a close approximation
of the model contour, i.e. of densely sampled vertices on the contour.

More precisely, we adopt the approach we are using for integrated
shape model and pose adaptation in Chapter 5, with the difference that
we are only adapting the pose (and not the shape model) at one sin-
gle time step. For further details regarding the objective function us-
ing sampled contour vertices and the optimization strategy, we refer the
reader to Section 5.2.5. Regarding Equation (5.10), we set the parame-
ter λ = 0 because we are only considering a single frame here, and the
term Et minimizes texture variance across multiple frames. Likewise, for
local pose optimization, the penalty term Ep is only composed of the
penalty sub-terms that affect pose parameters (see Equation (5.20)). For
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the purposes in this section, the optimization process terminates after a
maximum number of iterations is reached (in our case, 80) or if ||~gi|| < ǫ.

After the local pose optimization process, the shape-texture likelihood
of Equation (3.22) is computed for each optimized hypothesis and the set
of all hypotheses is re-ranked accordingly.

3.6 Experimental results

We now describe the evaluation of our framework on experimental data.
For a description of our data set, see Section 2.2.3. The distributions
described in Sections 3.4.3, 3.4.4 and 3.5 were learned by a leave-one-out
approach for each test sequence.

3.6.1 Evaluation of 2D pose exemplar tree representation

We first evaluate the quality of the constructed 2D pose exemplar tree,
which was created using the hybrid clustering approach discussed in Sec-
tion 3.4.2. For this, we compare it to a tree clustered in joint angle pa-
rameter space by means of a hierarchical k-means algorithm, as proposed
for example in Stenger et al. [2006] in the context of hand tracking. The
trees contain the same exemplars at the leaf level SL and have the same
number of exemplars |Sl| at each level l. The quality of the tree struc-
tures is assessed by performing the single-view pose hypothesis generation
stage (Section 3.4.3) with user-specified and identical tree-level specific
thresholds τl, and by evaluating the 3D pose hypotheses associated with
the top ranked 2D pose exemplars. In the following comparisons, we re-
gard a 3D pose hypothesis as “correct” if the average pose error to the
ground truth (Equation (3.12)) is less than 10 cm.

Figure 3.12a shows the number of correct pose hypotheses in relation
to the number of top ranked 2D pose exemplars regarded for both tree
structures. The benefit of our hybrid tree clustering algorithm is clear:
we obtain about one order of magnitude more correct poses compared to
using the tree clustered in joint angle parameter space. To elaborate on
this comparison, Figure 3.12b shows the ratio of the number of correct
poses between both trees (i.e. nr. of correct poses in proposed tree divided
by nr. of correct poses in angle-clustered tree); it saturates at a value of
about 12. We additionally plot the same ratio normalized by the number
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of extracted poses associated with the top ranked 2D pose exemplars at
the leaf level in either tree. The proposed tree structuring still generates
about 9.5 times more correct hypotheses.

The considerably worse performance of tree construction by clustering
joint angles can be explained by the fact that equal distance in joint angle
space does not imply equal appearance similarity. Small changes of some
angles, in particular of the torso twist angle ψtorso, will have a large effect
on the projected silhouette given the arms that are extended and visible.
On the other hand, there will be no effect on the projected silhouette if the
arms are self-occluded by the torso. Appearance-based clustering results
in a representation that covers pose parameters space non-uniformly to
account for these effects.

3.6.2 Evaluation of pose hypothesis verification

We proceed with a quantitative analysis of the pose hypothesis verifica-
tion component of our system (see Section 3.5). Figure 3.13 shows the
average pose error of the solution with the smallest pose error (Equa-
tion (3.12)) among the K best-ranked solutions, averaged over the frames
of the data set. We see the benefit of our cascaded pose recovery approach
(Sections 3.5.1–3.5.3) in the successive decrease of the average pose error.
Figure 3.13 also shows that, if we are able to select the correct solution
among the 10 (50) best ranked solution, we have the potential to reduce
pose error to 8 (7) cm. Of course in practice, we do not know which
solution has the smallest pose error, pose errors produced by the overall
system tend to be larger, see next subsection.

We now evaluate the performance of the local pose optimization stage
(see Section 3.5.3) separately. To this end, we created 2200 test input
poses from 10 different images of our data set by random perturbations
πGT + N (0,Σ) of the ground truth pose πGT, with varying covariances
Σ. See Figure 3.14, we observe a clear benefit of pose optimization in
reducing the mean pose error.

3.7 Summary and discussion

In this chapter we have presented a multi-stage framework for single-
frame pose recovery from multiple cameras. A per-camera hypothesis
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Figure 3.12: (a) Number of correct pose hypotheses with respect to the
number of top 2D pose exemplars. (b) Ratio of the number of correct pose
hypotheses between both trees. (a) and (b) are obtained by averaging over
frames and cameras.
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Figure 3.13: Mean pose error of the best solution among the K best-
ranked, averaged over the frames of the data set, after processing stages
of Sections 3.5.1–3.5.3.
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Figure 3.14: (a) Plot of the mean pose error in cm (Equation (3.12))
before and after gradient-based local pose optimization (Section 3.5.3).
(b) Example of local pose optimization, before (top row, avg. error 8.7
cm) and after (bottom row, avg. error 5.9 cm).
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generation stage uses probabilistic shape matching by means of a pre-
generated exemplar tree in order to generate a set of 2D pose exemplar
hypotheses. This is followed by a probabilistic pose selection stage which
maps the matched 2D pose exemplars to 3D pose hypotheses ranked by
their posterior probability. In the subsequent candidate pose verification
and optimization stages, the most promising pose candidates are further
pruned and optimized over all cameras. The output of the system is a
list of multiple pose hypotheses ranked by their probability.

We showed in the experiments that our proposed 2D pose exemplar
grouping algorithm provides substantial performance gains over angle-
based grouping, at the increased cost of computing the appearance-based
grouping of the tree off-line. We furthermore demonstrated the benefit
of our multi-stage cascaded pose recovery approach, by showing that the
lowest pose error among the best-ranked solutions consistently decreases
after each stage.

Future work includes further analysis and optimization of the num-
ber of exemplars include in the tree with respect to the number of dis-
cretized poses in the allowable pose space and the dimensionality of this
space. Our parameter choices were primarily motivated by empirical ob-
servations from prelimiary experiments with several exemplar hierarchies.
While they arguably work well, some improvement in performance might
still be gained by systematic optimization over all system parameters (see
Appendix A). The cost of doing so seems quite prohibitive however, as
any change of the tree induces an expensive construction step.

The system presented in this chapter serves as the basis for the tempo-
ral integration and prediction algorithms presented in the next chapter.
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