
UvA-DARE is a service provided by the library of the University of Amsterdam (https://dare.uva.nl)

UvA-DARE (Digital Academic Repository)

Optical noise and mesoscopic correlations in random media

Scalia, P.S.

Publication date
2011

Link to publication

Citation for published version (APA):
Scalia, P. S. (2011). Optical noise and mesoscopic correlations in random media. [Thesis,
externally prepared, Universiteit van Amsterdam].

General rights
It is not permitted to download or to forward/distribute the text or part of it without the consent of the author(s)
and/or copyright holder(s), other than for strictly personal, individual use, unless the work is under an open
content license (like Creative Commons).

Disclaimer/Complaints regulations
If you believe that digital publication of certain material infringes any of your rights or (privacy) interests, please
let the Library know, stating your reasons. In case of a legitimate complaint, the Library will make the material
inaccessible and/or remove it from the website. Please Ask the Library: https://uba.uva.nl/en/contact, or a letter
to: Library of the University of Amsterdam, Secretariat, Singel 425, 1012 WP Amsterdam, The Netherlands. You
will be contacted as soon as possible.

Download date:24 May 2023

https://dare.uva.nl/personal/pure/en/publications/optical-noise-and-mesoscopic-correlations-in-random-media(75208c74-52cc-481d-b1ff-1a7529cbedfc).html


CHAPTER1

Introduction

In this introduction we outline the main features that characterize the transport of light
and the origin and propagation of optical noise in random photonic media. Furthermore
some general measurement methods are explained.

1.1 The noise is the signal 1

Imagine the following situation: you have bought your favorite band’s latest CD,
you rush home to play it on your hi-tech stereo system, but the moment the music
comes on you realize that there is something seriously wrong. Bzzz....Vsss...Frr.
That is what comes out of your subwoofers, mixed with your favorite artist’s voice.
In other words noise is at work, and is disrupting your music.

Noise manifests itself by introducing random fluctuations on an otherwise stable
and constant signal and is commonly seen as a problem that limits the capability
of our systems, and the accuracy of our measurements. In the example above,
noise restricts the performance of our sound system and prevents us from enjoying
our music. As a more technical illustration, thermal noise, due to the random
movements of atoms and molecules, can often mask a weak effect that we want to
isolate and measure.

On the other hand, noise does not possess only detrimental properties. In fact,
its features can be exploited to extract important information from the systems that

1 quote attributed to Rolf Landauer [1]
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are the object of our study, or even more: noise itself can turn out to be the source
of a new physical phenomenon. For instance, thermal noise is at the base of the
phenomenon known today as Brownian motion, named after the botanist Robert
Brown who discovered it in 1828 [2].

The importance of noise analysis resides in the fact that often fluctuations can
offer a wealth of information that is not directly obtainable from measurements
that target average quantities. Furthermore these fluctuations are, in some cases,
an order of magnitude bigger than the average values. These general properties
have determined the success of techniques aimed at isolating and investigating the
noise content of a given signal.

Noteworthy examples of the crucial role played by noise span across many fields
of science. In biology for example, by exploiting non equilibrium fluctuations it is
possible to bias Brownian motion in order to drive the action of micro motors [3, 4].
Noise has recently been recognized as the mechanism underlying the generation of
rogue waves. Rogue waves are gigantic waves that can appear all of a sudden in the
open sea and are believed to be the cause of many inexplicable accidents [5]. It has
been shown, in optical experiments, how from a noisy background high intensity
peaks may arise, providing a plausible explanation for the generation of rogue ocean
waves and the means to tune and tame them [6–10]. In geophysics, seismic noise
has been recognized as a novel and powerful tool. Important examples consist in
obtaining precise information about the Earth’s crust and helping predict volcanic
eruptions [11–13]. In photonics, laser noise has been identified as a very efficient
random number generator, important in the production of security codes [14–18].
The properties of noise have been extensively taken advantage of in studying dis-
ordered electronic systems [19, 20]. The propagation of noise through electronic
systems has also been used to investigate interesting properties of graphene, a new
and very promising material both for fundamental studies and applications [21].

Noise mechanisms can be external but also intrinsic to the system being studied.
The motion of the micro motors from the example above can be driven by imposing
external fluctuations on the system. By contrast, the quantum intensity fluctuations
present in a laser beam are inherent to laser light. These fluctuations are evidence of
the discrete nature of photons and are the root cause of the the phenomenon known
as photon shot noise. Photon shot noise marks the transition from the classical
world into the the quantum one and cannot be eliminated. The classical world is
ruled by fluctuations whose intensity is higher than the level determined by shot
noise. Classical fluctuations above the shot noise limit can be reduced. When we
achieve sub-shot noise2 fluctuations we make the transition into the quantum world,
governed by the laws of quantum optics.

Quantum optics, whose theoretical foundations were laid by Roy Glauber [23],
has played a pivotal role in developing methods to reduce noise in light beams in
order to demonstrate the quantum nature of light. These efforts have culminated in
the generation of non classical states like squeezed and Fock states [24–29]. Among

2Sub-shot noise fluctuations can be achieved by using advanced quantum optics methods. That
does not mean that we have eliminated shot noise. By reducing the noise of one observable below
the shot noise level, we inevitably increase the noise of another observable of the system [22].
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1.2. Important concepts in the physics of propagation of light in disordered media

the technological applications, noteworthy is the use of squeezed light to improve
the sensitivity of gravitational wave detectors [30–32]. A complete overview of the
many facets of optical noise in photonics is given in [33].

The physical systems of interest to us here are multiple scattering media. One of
the main characteristics of these systems consists in the fact that light is scattered
many (∼ 103) times before it is allowed to leave the medium. By increasing the
scattering strength the light-matter interaction in these media can be maximized.
Our goal is to investigate the propagation of optical noise through strongly scat-
tering media to extract information about the modalities of light transport and the
properties of our systems. Optical noise is determined by the intensity fluctuations
of an optical signal. In experiments, the optical signal is in many cases the light
emitted from laser systems, whose noise properties are crucial to correctly interpret
the results. In the following sections, we give an overview of a selection of tech-
niques widely used in the investigation of random media with light, and introduce
in more detail the concept of noise for laser systems.

1.2 Important concepts in the physics of propaga-

tion of light in disordered media

1.2.1 Mesoscopic optics

Our investigations take place in the realm of mesoscopic physics, and in the follow-
ing we will introduce some general definitions and length scales. The key parameter
useful to establish distinctions among transport of light on different length scales is
the mean free path `, that is the mean distance between two consecutive scattering
events. Macroscopic optics describes propagation of light on length scales much
larger than `. Microscopic optics deals with transport of light on length scales
much smaller than the mean free path and it is required a detailed knowledge of
the position and shapes of the scatterers. The prefix ’meso’ in the word mesoscopic
means intermediate. Mesoscopics describes physics at a length scale intermediate
between the microscopic and the macroscopic length scales. Important mathemati-
cal inequalities in mesoscopic optics that relate relevant length scales to each other
are the following

`� L� λ, (1.1)

λ� `� L, (1.2)

λ ∼ `� L, (1.3)

where λ denotes the wavelength of light and L the sample size. These three in-
equalities describe different transport regimes. Eq. (1.1) identifies the situation in
which light does not undergo any scattering event and the interaction between light
and the system is minimal. Eq. (1.2) defines the diffusion regime, it implies that
light undergoes many scattering events before it escapes the medium. The last in-
equality, eq. (1.3), describes the localization regime, a type of transport whereby
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due to strong scattering and interference effects light is trapped inside the sample
for a long time before it is allowed to exit the system [34, 35].

1.2.2 Random walk for light

Propagation of light in a random medium can be modelled by means of random
walk theory. It is found that random walk is at the heart of the diffusion model. In
this sense we can think of the transport of light in a random medium as a diffusion
process. In optics, an example of a diffusion process corresponds to placing a local-
ized source in a random medium and investigating the transport of its intensity. In
one dimension we have that the diffusion equation for the probability density p(x, t)
is given by

∂p(x, t)

∂t
= D

∂2p(x, t)

∂x2
, (1.4)

with initial condition
p(x, t = 0) = δ(x), (1.5)

where D is the diffusion coefficient and x is the spatial variable. Eq. (1.4) is the
diffusion equation. The diffusion equation is widely used in physics and describes
an ample class of phenomena, such as heat transport. In our case we assume that
light undergoes a diffusion process in our random material and our initial condition,
eq. (1.5), corresponds to requesting a source of light localized at x = 0 at t = 0.
The solution to the one dimensional diffusion equation is given by

p(x, t) =
1√
4πDt

exp

(

− x2

4Dt

)

, (1.6)

whereas the solution in s dimensions is

p(x, t) =
1

(4πDt)
s
2

exp

(

− r2

4Dt

)

, (1.7)

where r = |x| . We are interested in calculating the mean square displacement r2,
where the overbar denotes averaging on the distribution. The calculation yields

r2 = 2sDt. (1.8)

In multiple scattering theory the diffusion coefficient can be identified withD = 1
sv`,

where v is the transport speed of light [36]. Furthermore we can also write v = N`
t

where N is the number of diffusion steps. Substituting in eq. (1.8) we obtain

r2 = 2N`2. (1.9)

The total mean square displacement is related to the distance d between the first
and last steps taken by the random walker

d ≡
√

r2 =
√
2N`. (1.10)
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integrating 
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Figure 1.1: The integrating sphere in a reflection (left), and transmission (right) configura-
tion spatially integrates the light transmitted or reflected by the sample prior to detection.
The baffle protects the detector from light specularly reflected from the sample.

1.2.3 Total transmission and reflection

One of the classical and most widely used methods to characterize the transport of
light in complex optical media consists in performing total transmission and total
reflection measurements. The key instrument to these techniques is the integrating
sphere. An integrating sphere is used to maximize the collection of light exiting
the sample, in transmission or reflection, and measures the intensity of the light
integrated over the solid angle. The main sample parameter obtainable is the mean
free path `. Optical measurements that make use of integrating spheres correspond
in electronics to conductance measurements. The main components of a total re-
flection or transmission setup are presented in fig. (1.1). In electronics it is only
feasible to perform measurements that spatially integrate the electron charge. By
contrast, in optics angle resolved measurements are possible and widely used to
characterize and investigate the transport of light in the medium. This is possible
thanks to the phenomenon of speckle that will be illustrated in the next section.

1.2.4 Speckle and coherence area

The speckle pattern is a granular distribution of light that can be observed on a
screen upon shining coherent light on a disordered medium, both in a reflection or
transmission configuration. The speckle pattern manifest itself as random series of
alternating bright and dark spots that demonstrate the occurrence of constructive
and destructive interference phenomena surviving the scattering events, as illus-
trated in fig. (1.2). The interference takes place among the scattering light paths,
once they emerge from the medium. By contrast, shining incoherent light on the
disordered medium would wash out the all interference phenomena and the speckle
pattern.

Related to the concept of speckle is the one of coherence area. The coherence
area is the area over which coherence is retained. In practical terms, given a speckle
pattern, its coherence area can be obtained by performing an autocorrelation of the
intensity distribution. One of the main points regarding a speckle pattern is its
high intensity fluctuations. To show this we calculate the relative fluctuations of
a speckle pattern. We write the total field Etot as a superposition of all the fields
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Figure 1.2: A speckle pattern results as coherent light propagating along scattering paths
interferes on an observing screen. The fluctuating nature of the speckle pattern, that dis-
plays a series of dark and bright spots, is due to the random phase difference accumulated
as light proceeds along the paths.

propagating through the medium

Etot =
∑

i

E0 exp(iφi), (1.11)

where φi is the phase of the i − th field accumulated on propagation along the
i − th scattering path. For simplicity we assume here that each field has the same
amplitude E0 . The total intensity Itot is given by

Itot = EtotE
?
tot = |E0|2

∑

i,j

exp i(φi − φj). (1.12)

Furthermore we have

I2tot = |E0|4
∑

i,j,k,l

exp i(φi − φj + φk − φl). (1.13)

Now we can calculate the relative fluctuations of a speckle pattern

I2tot − Itot
2

Itot
2 =

(

2|E0|
4 − |E0|

4
)

N2

|E0|
4
N2

= 1, (1.14)

where the overbars denote ensemble averaging and N the total number of fields. We
have exploited the fact that the phases are random variables; therefore in eq. (1.13)
when calculating the ensemble averages the only values that yields values different
from zero are the ones in correspondence of which φi = φj and φk = φl or φi = φl
and φj = φk. It is shown that the fluctuations of a speckle intensity pattern are of
order one.

1.2.5 Scattering theory in a waveguide

The use of the scattering theory applied to a waveguide geometry is widely used
in mesoscopic physics, and it will be employed mainly in chapter 2 and chapter
4 of this thesis. One of the main reasons of its success is the fact that, due to
the boundary conditions, the number of propagating modes is quantized and well
defined. These modes are also called channels.
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1.2. Important concepts in the physics of propagation of light in disordered media

Figure 1.3: Simple schematics of the waveguide model. The scattering matrix M is com-
posed of the sub-matrices r, t, r′, t′. The matrix r (t) describes reflection (transmission)
from modes ain to aout (bout). The matrix r′ (t′ ) reflection (transmission) from modes
bin to modes bout (aout).

In this section we will give the general fundamentals. The scattering system
is characterized by its scattering matrix M . The waveguide structure allows for
the establishment of a basis for the matrix M , so that the fields interacting with
the system can be described in terms of their modes. The scattering matrix is a
2N×2N matrix, where N is the number of modes supported by the system, defined
as

(

Eaout

Ebout

)

=M

(

Eain

Ebin

)

, (1.15)

The E’s are vector matrices of length N that describe the amplitude of the modes
a and b. In a waveguide geometry N is determined by the transversal dimensions
and by the wavelength of the incoming beam. The scattering matrix relates the
field in the incoming modes to the field in the outgoing modes, and describes the
effect of the system. The scattering matrix M can be further specified as

M =

(

r t′

t r′

)

, (1.16)

with r, t, t′, r′ N × N matrices that describe reflection and transmission of the
incoming fields. Energy conservation imposes that in passive systems with no gain
or absorption M is unitary

(

M †M =MM † = 1
)

. Furthermore, if the physical

system supports time reversal M is also symmetric
(

M =MT
)

. This waveguide
model is illustrated in fig. (1.3). More explicitly we can write

Eaout
=

Ebout
=

rEain
+ t′Ebin

tEain
+ r′Ebin

, (1.17)

where the role of the sub-matrices of M becomes more apparent. Eqs. (1.17) can
be further simplified depending on the problem at hand. If, for instance the system
under investigation is very thick,

(

L
` � 1

)

, then we could neglect contributions from
t and t′. Random matrix theory (RMT) deals with the probability distribution of
the matrix entries, decided according to a certain set of assumptions, and extracts
the values and correlations among the eigenvalues and eigenvectors, from which the
properties of the systems are inferred [37].
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Figure 1.4: Difference between correlated and uncorrelated scattering paths. Two inten-
sities I1 (dashed line) and I2(solid line) propagate through a multiple scattering medium.
The stricken scatterers are depicted with black circles. (left) Independent scattering paths
give rise to uncorrelated transmitted intensities. Negative exponential statistics applies.
(right) Intersecting scattering paths give rise to correlated transmitted intensities and to
a deviation from negative exponential statistics.

1.2.6 Speckle statistics

Speckles have a well determined and robust statistical representation given by a neg-
ative exponential distribution. This is a consequence of the central limit theorem
in the sense that the total field, depicted as Etot in fig. (1.2), acquires a Gaussian
distribution. This holds true because each field and phase component are indepen-
dent from one another and from all the other fields and phase elements [38]. It
can be shown that from a Gaussian distribution for the field descends a negative
exponential distribution for the intensity [39].

The negative exponential distribution to which the intensity speckle pattern
obeys can be used to infer the feature of light transport in the medium. In other
words negative exponential speckle statistics is a consequence of the independent
light paths along which the incoming light propagates. Therefore, if the propagating
paths in the medium are not independent from each other but intersect multiple
times the central limit theorem does not hold any longer, and deviations from
negative exponential statistics are observed. The parameter that is commonly used
to quantify this deviation is called the universal conductance, indicated with g,

defined as [40]

g ≡
∑

a,b

T ab. (1.18)

where Tab is the transmission coefficient from channel a to channel b and the overline
denotes ensemble averaging. The relevant parameter used to quantify interference
between paths is g−1. A comparison between correlated and uncorrelated intensities
is depicted in fig. (1.4). More specifically, it can be shown that to account for the
possibility for interference between paths in the medium the exponential probability
distribution has to be modified according to the formula by Nieuwenhuizen and Van
Rossum [41]

P

(

I

I

)

= exp

(

−I
I

)

{

1 +
1

3g

[

(

I

I

)2

− 4

(

I

I

)

+ 2

]}

. (1.19)

A similar formula was also derived by Shnerb and Kaveh [42]. The role of the
parameter g is of great importance as it is thought to signal the proximity of the
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1.2. Important concepts in the physics of propagation of light in disordered media

Figure 1.5: Principle of the coherent backscattering cone. The oscillating curves (solid
lines in grey) depict interference patterns for a fixed distance d between the first and
the last scatterer (full circles). The interference between the light propagating along
the direct (solid lines) and reverse paths (dashed lines) is always fully constructive in
the backscattering direction (θ = 0). Away from the backscattering direction dephasing
occurs and the interference contribution decreases. Summing over all possible interference
contributions gives rise to the coherent backscattering cone (solid curve in black). With
kin and kout we refer to the incoming and outgoing light. With kr

in and kr
out we refer to

the incoming and outgoing light that propagates along the reverse paths.

Anderson (or strong) localization. Localization occurs for g = 1. The study of g
is also of importance in the transport of light through absorbing and amplifying
random media [43], [44].

1.2.7 Coherent backscattering cone

The coherent backscattering cone is a demonstration that interference phenomena
can survive averaging over disorder. The basic idea is illustrated in the following.
Let us imagine to shine coherent light on to a multiple scattering object, which is
not completely opaque, and observe the transmitted output onto a screen: we would
see a granular pattern, the speckle pattern. A speckle pattern would appear also in
a reflection configuration. We refer here to the light that has diffused through the
medium and, after a certain number of scattering events, emerges from the random
medium on the side of the incident light.

Let us analyze in more detail what happens in a reflection configuration If we
changed the configuration of the scatterers and perform the experiment again we
would see a different pattern. Each new configuration for the scatterers would lead
to a new speckle pattern. We can speculate over what happens when the speckle
pattern is averaged over many different configurations. This type of averaging is
called ensemble average or average over disorder. Naively, one may expect all the
different interference contributions to be averaged out. Only a flat intensity profile
would be left. This is not the case as there is one interference effect that survives
the ensemble averaging: that is the interference between the direct and the re-
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verse paths. Along the reverse paths light propagates following exactly the same
trajectory as for the direct paths but in the opposite direction. These two paths
have exactly the same length inside the medium and interfere fully constructively
in the backscattering direction. Summing over all paths gives rise to the coherent
backscattering cone. The cone profile shows a maximum enhancement of two along
the backscattering direction with respect to the diffuse background. The enhance-
ment then gradually decreases as we move away from the tip of the cone, along its
wings. We can think of the interference between the direct and the reverse paths as
a Young’s double slit experiment with the two slits being represented in this case by
the two scatterers positioned at the beginning and at the end of the paths. Let us
consider the two scatterers to be placed along the same vertical line, their distance
being d, the produced interference pattern is given by

I = E2
0 [1 + cos(kd sin θ)] , (1.20)

with k being the module of the wavevector relative to the incoming light field, θ the
angle measured from the perpendicular to the sample surface, and E0 the module
of the incoming field. The interference pattern assumes maxima for kd sin θ = 0
and is always fully constructive in the backscattering direction, where θ = 0. An
important feature of the cone is that the wings carry information about the low order
scattering events while its tip is the result of high order scattering events. To see this
we have to use the results from subsection 1.2.6. As light follows a random walk in
the material we can write, by using eq. (1.10), that d =

√
2N`. As N gets bigger d

gets larger. As d increases the fringe of the interference pattern become increasingly
closely spaced and sharp, with the sharpest interference fringes corresponding to the
longest paths, and contributing to the cusped shape of the tip of the cone. For each d
we always have constructive interference in the backscattering direction. Therefore
in the backscattering direction we have contributions from all path lengths. As we
move away from the backscattering direction some dephasing occurs, due to the
building up of path difference between the direct and reversed paths, decreasing
the interference contrast. It is remarkable that interference effects survive ensemble
averaging.

Another key feature to the cone is the fact that its FWHM (full width half
maximum) is inversely proportional to k`−1. The coherent backscattering cone has
been measured for the first time in 1984, the obtained enhancement then was very
low and the explanation given for the measurements was not correct [45]. In 1985
in two seminal papers two groups showed clear cones with high enhancement and
gave the correct interpretation for the phenomenon [46, 47]. The theory for the
coherent backscattering cone was mainly developed in [48, 49].

We now proceed highlighting the impact of constructive interference in the co-
herent backscattering cone theory, following [50]. Let us consider the situation
shown in figure (1.5). A wave impinges on a semi-infinite slab with wave vector kin

and exits the medium with wavevector kout. The light undergoes multiple scatter-
ing inside the medium. The first scattering event takes place at rfs while the last
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1.2. Important concepts in the physics of propagation of light in disordered media

one at rls. The outgoing field amplitude A (kin,kout) is given by

A (kin,kout) =
∑

rfsrls

f (rf , rl) exp [i (kin · rf − kout·rl)] , (1.21)

with f (rf , rl) being the amplitude of the wave propagating from rfs to rls. The
intensity is the interesting observable and to calculate it we have to compute
|A (kin,kout)|2 = A (kin,kout)

?
A (kin,kout). We obtain

|A (kin,kout)|2 =
∑

rf ,rl

∑

rf1,rl1

H exp i [kin · (rf − rf1) + kout (rl − rl1)] , (1.22)

with H = f (rf , rl) f (rf1 , rl1)
?
. Let us focus our attention on the product

f (rf , rl) f (rf1 , rl1)
?
. We can write

f (rf , rl) =
∑

m

am(rf , rl) =
∑

m

|am| exp (iδm) , (1.23)

with δm being the phase accumulated along the path m. We can then write

f (rf , rl) f (rf1 , rl1)
? =

∑

m,n

|am (rf , rl)| |an (rf1 , rl1)| exp i (δm − δn) , (1.24)

and therefore eq. (1.22) becomes

|A (kin,kout)|2 =
∑

rfrl

∑

rf1rl1

∑

m,n

O exp i [kin· (rf − rf1) + kout (rl1 − rl)] , (1.25)

with
O = |am (rf , rl)| |an (rf1 , rl1)| exp i (δm − δn) . (1.26)

The next step we take is calculating |A (kin,kout)|2, that is the average of the
intensity on the disorder; this type of averaging is called ensemble averaging. The
quantity (δm − δn) is the difference between two multiple scattering paths and is
a fluctuating random variable, therefore in general exp i (δm − δn) = 0. The only
exception occurs when δm − δn = 0. This situation manifests itself in two cases

1. The two amplitudes step through the very same path and also the direction
of propagation is the same

2. The two amplitudes step through the very same path but the direction of
propagation is not the same: they propagate along opposite directions.

In case (1) rf = rf1 and rl = rl1 while in case (2) rf = rl1 and rf1 = rl. Therefore
for case (1) we have

|A (kin,kout)|21 =
∑

rf ,rl

∑

m

|am (rf , rl)|2, (1.27)
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and in case (2)

|A (kin,kout)|22 =
∑

rf ,rl

∑

m

|am (rf , rl)|2 exp [(kin + kout) (rf − rl)] . (1.28)

Adding up the two contributions we have

|A (kin,kout)|2 =
∑

rfrl

f (rf , rl)
2
(1 + exp [(kin + kout) (rf − rl)]) . (1.29)

Eq. (1.27) does not depend on the backscattering angle and is called incoherent
contribution or diffuson. Eq. (1.28) is angle dependent and is called coherent con-
tribution or cooperon. Eq. (1.28) represents the most interesting case as it highlights
the interference between direct and reverse paths and assumes its maximum value
of 1 in the backscattering direction when kin + kout= The coherent contribution is
also known as the coherent backscattering effect.

After this overview of the main ingredients used in mesoscopic optics, in the
next sections we will introduce some concepts crucial to understand noise analysis.

1.3 Noise spectral density

Let us consider a signal i(t). The Fourier transform of i(t) is given by

i (Ω) =
1

T

∫ T
2

−T
2

i (t) exp (i2πΩt)dt. (1.30)

where T is the measurement time. The average power is given by

i2 =
1

T

∫ T
2

−T
2

i2(t)dt. (1.31)

It can be shown [51] that

i2 =

∫ ∞

0

S (Ω) dΩ, (1.32)

with S(Ω) known as the noise spectral density, defined as

S (Ω) ≡ 2

T
|i (Ω)|2 . (1.33)

An important theorem, the Wiener-Khinchin theorem, relates the correlation func-
tion i (t) i (t+ τ) to S (Ω) in the following way

S (Ω) =

∫ ∞

0

i (t) i (t+ τ) exp (i2πΩτ) dτ. (1.34)
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1.4. The shot noise formula

1.4 The shot noise formula

In this section we give a brief outline of the basic steps necessary to recover the
shot noise formula. The shot noise formula is crucial in the field of photon detection
because it corresponds to the signature that the detected photons are in a coherent
state, which is the usual state for the photons emitted by a laser operating above
threshold. Let us consider a stream of photons that impinge on a photon detector
at random times, with the detection events being independent from one another.
These two properties correspond to requiring that the distribution of the photons
is Poissonian. Our goal is to calculate the power spectrum S (Ω) of this train of
pulses. The total current i(t) is given by

i(t) =

N
∑

k=1

g(t− tk), (1.35)

where g(t) indicates the shape of the pulses and tk indicates the instant at which
the pulses are acquired. Let G (Ω) be the Fourier transform of g(t)

G (Ω) =

∫ +∞

−∞

g (t) exp (i2πΩt)dt. (1.36)

By making use of the fact that the pulses occur at random times and are independent
from one another we obtain, by using eq. (1.33),

S (Ω) =
2N |G (Ω)|2

T
, (1.37)

where S (Ω) indicates the average power spectrum. In case we have an electric
current with electrons of charge e, whose charge is localized in a needle-like pulse,
we can pose g(t) = eδ(t). That leads us to

S (Ω) = 2ei, (1.38)

with i = eN
T . Eq. (1.38) is the shot noise formula that makes clear that the spectrum

of a train of random pulses is frequency independent and depends on the average
current intensity and the electron charge.

1.5 Photon statistics and the Fano factor

Photon statistics allows to investigate the fluctuations of light. The Poisson distri-
bution plays a central role as the photons emitted by a laser above threshold obey
Poisson statistics. Poisson statistics emerges by considering emission of indepen-
dent photons and is characterized by the fact that the variance of the distribution
equals the mean number of photons. Commonly, all fluctuations are referenced to
the variance of a Poisson distribution according to the following scheme
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(∆n)
2
> n, (1.39)

(∆n)
2
= n, (1.40)

(∆n)
2
< n, (1.41)

where with (∆n)
2
we indicate the variance (∆n)

2 ≡ n2 − n2 of the photon dis-
tribution and with n the average number of photons. Eq. (1.39) identifies the
super-Poissonian regime, eq. (1.40) the Poissonian regime and eq. (1.41) the sub-
Poissonian regime. A useful figure of merit, widely used in the quantum optics
community, is the Fano factor that quantifies the light fluctuations. The Fano
factor F is defined as

F ≡ (∆n)2

n
. (1.42)

This figure of merit compares the fluctuations of a distribution to the ones of a
Poisson distribution, that displays F = 1. The Fano factor is used to quantify
light fluctuations as well as electron fluctuations in electronic systems, but the
fluctuations exhibited by photons and electrons are profoundly different from one
other, as we are going to explain in the following section.

1.6 Photon and electron intensity correlations

In this section we will introduce some of the main differences between light and
electrons and analyze them in terms of their statistical consequences. It is in fact
these statistical properties that are probed and extracted in experiments where
noise is the main observable.

A crucial difference between photons and electrons is that they obey two dif-
ferent types of statistics. Electrons obey Fermi statistics and are fermions while
photons are bosons and obey Bose-Einstein statistics. More specifically, fermions
are bound by the Pauli principle that states that no more than a single electron
can occupy a quantum state. On the contrary, photons are not subjected to this
restriction, so there is no limit to the number of photons that can occupy a state.
This important difference between photons and electrons, and the fact the electrons
are charged particles and photons have no charge, implies that the mechanism for
which correlations are developed are different.

Correlations are best individuated by resorting to Hanbury-Brown and Twiss
type experiments [52], illustrated in fig. (1.6), where intensity-intensity correlations
between two streams of particles are measured. The measured quantity is defined
as

g(2) =
I1(t)I2(t+ τ)

I1(t)I2(t)
, (1.43)

where I1 and I2 refer to the intensity measured by the two detectors involved in
the experiment and τ is the time delay between the events registered by the two
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Figure 1.6: Schematic description of a typical Hanbury-Brown and Twiss experiment.
b.s. stands for beam splitter. a) Intensity correlations between two streams of photons are
measured by collecting the intensities at two detectors. As soon as one of the two detectors
records an event the measurement starts at time τ = 0 and it is stopped when photons are
collected by the other detector (start-stop measurements). The main aim of the experiment
is to measure g(2). b) Typical outcomes of the experiment. In case of photons emitted
in a random fashion (solid line) there will be no correlation displayed at any time and
g(2) = 1. In case of bunched events (dashed line) there will be high probability to register
clicks at τ = 0 because photons belonging to the same bunch will be distributed by the
beam splitter on the two detectors. Correlations are therefore present. Consequently, in
the short time regime (τ < τc, with τc the coherence time of the source) g(2) > 1. As
time goes by photons will be collected that belong to different bunches and the intensity
correlation will decay to the value assumed in the no correlation case, when the photons
are emitted in a random fashion. Antibunching (dotted line) is displayed for example by
single photon sources. In this case the emitted photons are equally spaced in time and
at τ = 0 we will have an anticorrelation because if a single photon illuminates one of the
two detectors it cannot simultaneously trigger the other. Consequently, in the short time
regime g(2) < 1. Also in this case if the measurements are performed over a time exceeding
the coherence time of the source all correlations vanish.
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Figure 1.7: Schematics of a setup to investigate transmission of electrons through meso-
scopic conductors. A bias voltage V is applied between the two contacts and electrons flow
through the conductor. The values Tn are the transmission probabilities that the electrons
have to traverse the system.

detectors. The initial experiments aimed successfully at using correlations to mea-
sure the diameter of distant stars. Subsequently this type of experiments were
intensively used to confirm or disproof statements about the nature of light and
its particle-wave duality. While measuring intensity-intensity correlations for pho-
tons is routine nowadays, the demonstration of the fermionic Hanbury-Brown and
Twiss experiment, whereby electrons show anti bunching, has been performed only
recently, given to many experimental challenges that had to be overcome [53, 54].

1.7 Fluctuations of photons and electrons in meso-

scopic systems

Correlations allow for a different behaviour of noise for photons and electrons. In a
mesoscopic conductor these correlations are responsible for a decrease of the electron
noise power from the classical value given by Poisson statistics.

Let us consider a mesoscopic conductor. As shown in eq. (1.38) the noise power
is given by

SP = 2ei, (1.44)

where the subscript P refers to the Poisson distribution obeyed to by electrons. In
this case the intensity is [55, 56]

i =
2e2

h
V
∑

n=1

Tn, (1.45)

where Tn indicates the transmission probabilities in the conductor, h Planck’s con-
stant and V a given applied voltage. Eq. (1.45) is reminiscent of the classical Ohm

relationship I = σV where σ is the conductance. In this case σ = 2e2

h is the con-
ductance quantum. A schematic setup that illustrates the main components of an
experiment in mesoscopic electronics is presented in fig. (1.7). The noise formula
at zero temperature yields [57, 58]
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S = 2e
2e2

h
V

N
∑

n=1

[Tn(1− Tn)]. (1.46)

The (1− Tn) factor states the decrease of the noise induced by the Pauli principle.
Notice that Tn � 1 implies Poisson statistics because F = 1, having defined F ≡ S

Sp
.

This property can be seen by using eqs. (1.45) and (1.44). If Tn = 1 or Tn = 0 there
is no contribution to the shot noise, in other words fully open or closed channels
do not contribute to the shot noise and induce a suppression of the shot noise with
respect to the Poisson value. In particular the case Tn = 1 shows the action of the
Pauli principle: a completely open channel means that the stream of electrons passes
undisturbed and there are no fluctuations, S = 0, because the exclusion principle
dictates the number of electrons that each state is allowed to have. Therefore the
values that contribute to the depletion of the shot noise are the highly transmitting
channels and the almost closed ones. A clear example of this depletion mechanism
manifest itself in disordered conductors where the probability distribution of the
transmission eigenvalues is bimodal [59, 60], that means that almost fully open and
closed channels are a majority in disordered conductors. In this case eq. (1.46) leads
to [61]

Fout =
1

3
. (1.47)

We notice immediately a reduction of 2
3 in the noise power with respect to the

Poisson value. Eq. (1.47) holds true when L � `, where ` is the mean free path.
The other intriguing property of formula (1.47) is that F goes back to one when L
reaches and becomes greater than the localization length, ξloc because in this case
the transmission probabilities becomes very small. Formula (1.47) is a signature
that the transport in the medium is of diffusive nature. It is very interesting that
this noise suppression takes specific values for different systems, for example 1

2 for
a symmetric double-barrier junction [62, 63], and 1

4 for a chaotic cavity, [64, 65].
Thus, by investigating the noise it is possible to identify different states of electron
transport in the medium.

In optics, theory and experiments about the propagation of optical noise have
made their appearance at a later stage, that means that still much effort has to
be channelled in this field. Beenakker et al. [66] showed that the propagation of
coherent radiation in disordered media is given by

Fout = 1 + (t†t)mm(Fin − 1) + 2f(ω0, T )
[t†(1− rr† − tt†)t]mm

(t†t)mm
, (1.48)

where Fin is the Fano factor of the incoming radiation, Fout the Fano factor of the
outgoing radiation, t and r represent the transmission and reflection matrices, f the
Bose-Einstein function, and m the mode of the incoming radiation. For Fin = 1 we
revert to an incoming radiation in a coherent state. The function f is negligible at
optical wavelengths and room temperatures, therefore normally so is the third term
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Figure 1.8: An electronic spectrum analyzer (esa) is employed to investigate the noise
content of the optical signal. The frequency of the optical carrier ω is in the Terahertz
range while the spectrum analyzer processes frequencies Ω up to the Gigahertz range. The
analyzer downshifts the frequency content of the signal and allows thus for its investigation
over a frequency range which is easier to detect.

in eq. (1.48). It is seen that in an passive system with no absorption conservation of
energy implies rr†+tt† = 1. Therefore in this case Fout = 1 for an incoming radiation
in the coherent state with Fin = 1. Absorption and gain in the system imply that its
scattering matrix is no longer unitary and rr†+ tt† 6= 1. Furthermore for gain f < 0
while for absorption f > 0. These considerations lead for both gain and absorption
to Fout > 1,with Fin = 1. The case of absorption is particularly interesting as it
can be compared to the suppression observed in the case of disordered conductors.
In an absorbing random photonic material, illuminated with light in the coherent
state in a transmission configuration we have

F = 1 +
3

2
f, (1.49)

when L � ξa, where ξa is the absorption length [67]. This interesting photonic
analogue to the electronic case has has not been observed yet, mainly because the
function f at room temperatures is minuscule. In contrast to the electronic case,
where localization restores Poisson statistics, in this case localization has no effect
on the outgoing Fano factor.

1.8 Laser light fluctuations

It is crucial to understand the origin of the light fluctuations displayed by laser
light, as the the laser is the main light source used in our experiments.

One source of the fluctuations of the emitted radiation is given by spontaneous
emission. Spontaneous emission noise is of quantum origin and is due to the in-
evitable presence of radiation that is randomly emitted from the amplifying laser
medium and interferes with the light generated by stimulated emission. Light emit-
ted by spontaneous emission has no phase relationship with light emitted by stimu-
lated emission and that creates phase and intensity fluctuations. Phase fluctuations
lead to a broadening of the spectral feature of the emitted radiation. In the following
we will be interested in intensity noise.

The full quantum model of laser noise takes into account the pump noise, the
vacuum noise due intracavity losses and introduced at the output coupler, sponta-
neous emission noise and dipole fluctuation noise [68–71].
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1.8. Laser light fluctuations

The intensity laser spectrum can be broadly divided into a low frequency spec-
trum and a high frequency spectrum. The low frequency part of the spectrum
contains most of the features specific to our laser system, like for example the re-
laxation oscillation, related to fluctuations of the pump power, whose frequency
depends on many parameters (among others intracavity power, resonator losses,
gain medium, round trip time of the resonator).

Broadly speaking there are two types of laser optical noise: classical noise and
quantum noise. Classical noise encapsulates all types of optical noise that can
be reduced by resorting to better optical components, stabilizing the laser cavity,
reducing the vibrations of the system, etc. The amount of the reduction depends
on the ability of the experimentalist and the quality of the optical and electronic
components. To highlight these technical causes, this type of noise is also termed
technical noise.

The minimum noise level is intrinsic to the fundamental nature of light. This
noise level is called shot noise, also known as quantum noise to stress the particle
nature of light of being composed of photons. The main experimental difference
between these two types of noise is their scaling with optical power. Classical noise
scales quadratically as function of power while quantum noise scales linearly. These
two important signatures are commonly used to tell one type of noise from the
other. Classical noise is very often called excess noise to stress the fact that the
intensity of its fluctuations stays above the shot noise level, which is then regarded
as a reference level. The shot noise divides the classical world from the quantum
world. Using methods employed in quantum optics it is possible to reach below the
quantum noise level. The most common technique to reduce the noise below the
shot noise level is squeezing [25].

There is a distinction that needs to be made. In literature, the word quantum
noise is used invariably in relation with more than one cause. For example, it is
spoken of shot noise as quantum noise but also spontaneous emission noise is labelled
as quantum noise. It is also often spoken of the quantum noise limit (QNL) but it is
not clear at a first glance which quantum noise it is referred to. The word quantum
noise refers to all light fluctuations that are quantum in essence and require quantum
mechanics to be fully accounted for. In this fashion spontaneous emission noise is
quantum noise as well as shot noise. However these two types of noise refer to
different quantum mechanisms: spontaneous emission occurs when an atom, in an
excited state, for example in a laser medium, relaxes down onto a lower excited state
and emits a photon. Shot noise refers to the intensity fluctuations of light in the
coherent state and it is evidence of the corpuscular nature of light. It is then more
precise and accurate to say that a laser is shot noise limited rather than quantum
noise limited, meaning that its intensity noise spectrum is at the shot noise level.

In our experiments we use an electronic spectrum analyzer to investigate the
noise content of our signal as it is schematized in fig. (1.8). Two main frequency
scales are important for our experiments. The laser frequency, that for light emitted
at 800 nm is in the Terahertz regime, and a slower varying frequency, often in the
MHz regime, that is the detection frequency of the spectrum analyzer. Investigating
the low frequency spectrum of the laser corresponds to observing the system for a
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long time. Over such a long time many disturbances have the chance to disrupt
the signal and being detected. On the contrary, studying the high frequency noise
spectrum is equivalent to looking at the system’s short time behaviour. Over such
a short time span most of the noise sources can not manifest themselves. In this
situation the only noise present is the photon shot noise. At high radio frequencies
(RF) vacuum noise due to intracavity losses becomes negligible and what is left is
the vacuum noise introduced by the outcoupling beamsplitter which gives rise to
the shot noise. All classical noise sources become negligible.

1.9 This thesis

Only recently techniques and ideas borrowed from the investigation of disordered
electronic systems and the field of quantum optics have been combined and em-
ployed to investigate transport of light in complex optical systems theoretically
[72–75] as well as experimentally [76, 77]. In this thesis we focus our attention on
optical noise in disordered optical systems. In more detail, we will investigate the
propagation of radiation with Fano factor higher or equal to 1 in photonic random
media.

In chapter 2, we investigate the total reflection of excess and shot noise off
TiO2 samples, showing different scaling for classical and shot noise in reflection.
Furthermore, we predict and observe a liner dependence of the total reflection on
the incoming Fano factor and confirm that optical noise is an alternative method
to extract the sample’s mean free path. In chapter 3, we make use of coherent
backscattering noise measurements to investigate the transport of optical noise as
function of the order of scattering and compare noise measurements to the ones
of classical intensity coherent backscattering . We demonstrate experimentally an
enhancement higher than the classical value of two for the excess noise measure-
ments. In this chapter we also theoretically show that the enhancement of the noise
cone contains information about the mesoscopic properties of the system, allowing
to extract the g value of the system. Finally, in chapter 4 we present a setup and
measurements aimed at directly inducing and detecting mesoscopic correlations in
strongly scattering nanowires systems.
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