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Chapter 2 
 

Stochastic processes 
 
 
At the heart of most valuation and all risk management calculations are assumptions about the 
stochastic processes of the relevant variables. Stochastic processes required for valuation are 
often of a different nature than the stochastic processes required for risk management. 
 
For the valuation of embedded options it is important that the underlying stochastic model is 
arbitrage free. Arbitrage free means that it is not possible to generate a non-zero payoff without 
any initial investment. A convenient way to accomplish this is the use of a so-called ‘risk-
neutral’ model. The risk-neutral stochastic processes used in this thesis are described in section 
2.1.  
 
For risk management it is more important that the stochastic processes are as realistic as possible 
reflecting the dynamics of the underlying stochastic variable. This means that a ‘real-world’ 
model is required. The real-world stochastic processes used in this thesis are described in section 
2.2. 
 

2.1 Risk Neutral Stochastic Processes for Valuation 
 
In this thesis the topics regarding valuation of embedded options require arbitrage free stochastic 
processes for interest rates and equity prices. The stochastic processes used are members of a 
more general class of models, the affine jump-diffusions. This section describes this general 
class of models and the specific interest rate and equity model used in this thesis. This will be 
preceded by a short introduction in the notion of martingales and measures. The section ends 
with a short discussion about stochastic processes for valuation of unhedgeable insurance risks.   

2.1.1 Martingales and Measures 

The foundation of option pricing theory is the assumption that arbitrage opportunities do not 
exist. Another important underlying concept is completeness of the economy. If in an economy 
the payoffs of all derivative securities can be replicated by a self-financing trading strategy, the 
economy is called complete. If no arbitrage opportunities and no transaction costs exist in an 
economy, the value of a self-financing trading strategy should be equal to the value of the 
corresponding derivative. If this would not be the case, arbitrage opportunities exist. 
 
Harrison and Kreps (1979) and Harrison and Pliska (1981) brought the concepts of arbitrage free 
and completeness together in what is called ‘The Fundamental Theorem of Asset Pricing’. Any 
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asset which has strictly positive prices for all future times is called a numéraire. Numéraires can 
be used to denominate all prices in an economy (instead of Euro’s or Dollars). A martingale is a 
stochastic process with a zero drift. Harrison and Kreps (1979) and Harrison and Pliska (1981) 
proved that a continuous economy is complete and arbitrage free if for every choice of numéraire 
there exists a unique equivalent martingale measure. In other words, given a choice of numéraire, 
there is a unique probability measure such that the relative price processes are martingales. This 
important result is very useful for option valuation. 
 
For example, say that price at time t of an option H maturing at time T relative to the price of 
security M is defined as V. Then under the relevant measure QM the process V is a martingale. 
This means that: 
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where EM[] is the expectation under the relevant measure. By choosing a convenient numéraire 
the option price calculation can be simplified considerably in some cases.  
 
Usually as a starting point the riskless money-market account is used as the numéraire. Under the 
unique probability measure corresponding to this numéraire the expected return on all assets is 
equal to the risk-free rate. Therefore, this measure is called the risk-neutral measure, usually 
denoted as Q. Often stochastic processes intended to be used for valuation are defined in the risk-
neutral measure. However, sometimes it is more convenient to change to another measure. 
 
Consider two numéraires N and M with the martingale measures QN and QM. Geman et al (1995) 
proved that the Radon-Nikodym derivative that changes the equivalent martingale measure QM 
into QN is given by: 
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Girsanov’s Theorem states that if this Radon-Nikodym derivative can be written as: 
 

(2.3) 
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where WM is a Brownian motion under the measure QM. This leads to: 
 

(2.4)  
t NMMN dttdWdWordsstWtW
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So in order to use Girsanov’s Theorem the process (t) has to be found that yields (2.3). An 
application of Ito’s Lemma shows that d(t) = (t)(t)dWM , showing that (t) is a martingale 
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under the measure QM under the condition 2
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2.1.2 Affine Jump-Diffusions 

The stochastic processes used in this thesis for interest rates and equity prices are part of a 
broader class of models, called the affine jump-diffusions. A class of affine models was 
introduced first in the context of interest rates by Duffie and Kan (1996). Later this is generalized 
by Duffie et al (2000) and Duffie et al (2003). The class of affine jump-diffusions provides a 
flexible and general model structure combined with analytical tractability. The latter feature 
facilitates the calibration and simulation of such models. Well known term structure models that 
are members of this class are, amongst others, the models of Hull and White (1993), Cox et al 
(1985) and Longstaff and Schwartz (1992). Next to the equity price model of Black and Scholes 
(1973) also the stochastic volatility models of Heston (1993), Schöbel and Zhu (1999) and the 
stochastic volatility with jumps model of Bates (1996) are members of this class. 
 
The class of affine jump-diffusions can be defined as follows. Let X be a real-valued n-
dimensional Markov process satisfying: 
 
(2.5)    ( ) ( ) ( ) ( ) ( )dX t X t dt X t dW t dZ t     

 
Where W(t) is a standard Brownian motion in n, ()  n, ()  n x n, and Z is a pure jump 
process whose jumps have a fixed probability distribution v and arrive with intensity (X(t)). The 
jump times of Z are the jump times of a Poisson process with time-inhomogeneous intensity. 
Poisson processes are further highlighted in section 2.2. The process X is affine if and only if the 
diffusion coefficients are of the following form: 
 
(2.6) 0 1( )x K K x       for K=(K0,K1)  n  n x n 
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(2.8) 0 1( )x l l x       for l=(l0,l1)    n 

 
(2.9) 0 1( )r x x       for =(0,1)  n  n x n 

 
where r(x) is the short term interest rate. Now it can be proved that the characteristic function of 
X(t), including the effects of any discounting, is known in closed form up to the solution of a 
system of Ordinary Differential Equations. Duffie et al (2000) show that for u  Cn the Fourier 
transform  (u,X(t),t,T) of X(t), conditional on filtration Ft , is given by: 
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where A() and B() satisfy the following system of Ricatti equations: 
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with boundary conditions A(T) = 0 and B(T) = u. The ‘jump transform’  () is given by: 
 

(2.13) ( ) ( )n
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In general the solutions of A()and B() have to be computed numerically, although the well 
known models mentioned above result in explicit expressions for A() and B(). 

2.1.3 Gaussian interest rate models 

In this thesis the underlying interest rate model for the valuation is the class of multi-factor 
Gaussian models. Special cases of this class of models are the 1-factor and 2-factor Hull-White 
model, which are often used in practice. These models are appealing because of their analytical 
tractability. 
 
The Gaussian interest rate models are also a special case of the affine term structure models 
introduced by Duffie and Kan (1996). The m-factor Gaussian model describes the stochastic 
process for the instantaneous short rate as follows3: 
 
(2.14) )()()( ttYtr  1  
 
(2.15) ( ) ( ) ( )QdY t CY t dt dW t     
 
where WQ(t) is a m-dimensional Brownian motion under the risk-neutral measure and C and  
are m x m matrices. C is a diagonal matrix. 
 
The function (t) is chosen in such a way that the fit of the model to the initial term structure is 
perfect. The covariance matrix of the Y-variables is equal to ’. 
 
The analytical tractability of this model makes it possible to obtain bond prices analytically, from 
which swap and zero rates can be derived. The price at time t of a zero bond maturing at time T 
is given by: 

                                                 
3 See Brigo & Mercurio (2006) for an extensive explanation of and pricing formulas for the 2-factor Gaussian model. 
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The expression for A(t,T) is further specified for the 1-factor and 2-factor case in chapter 4.  

2.1.4 Stochastic volatility model for equity prices 

In a seminal paper Black & Scholes (1973) made a major breakthrough in the pricing of equity 
options. The underlying stochastic model for equity prices has become known as the Black-
Scholes model. The Black-Scholes model assumes the volatility to be constant. However, in 
practice the volatility varies through time. For this reason a significant literature has evolved on 
alternative models that incorporate stochastic volatility. Next to leading to more realistic 
dynamics of the stochastic process for equity prices, these models have the advantage that they 
provide a better fit of the model to actual market (option) data. This is an important feature for 
being able to adequately price more exotic options such as embedded options in insurance 
products. Well known stochastic volatility models are the models of Hull and White (1987), 
Stein and Stein (1991), Heston (1993) and Schöbel and Zhu (1999).  
 
The aim in chapter 4 is to combine a stochastic volatility model for equity prices with a 
stochastic interest rate model. Van Haastrecht et al (2009) show that it is possible to obtain an 
explicit expression for the price of European equity options when the Schöbel and Zhu (1999) 
model is combined with a stochastic Gaussian model for interest rates, explicitly taking into 
account the correlation between those processes. That makes this combined model suitable for 
valuation of the Guaranteed Annuity Options in chapter 4. 
 
In the Schöbel and Zhu (1999) model, the process for equity price S(t) under the risk-neutral 
measure Q is:  
 

(2.17) 0
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( ) ( ) ( ) (0)
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Here v(t), which follows an Ornstein-Uhlenbeck process, is the (instantaneous) stochastic 
volatility of the equity S(t). The parameters of the volatility process are the positive constants κ 
(mean reversion), v0 (short-term mean), ψ (long-term mean) and τ (volatility of the volatility). 

2.1.5 Stochastic processes for valuation of unhedgeable insurance risks 

The valuation of insurance liabilities also requires the valuation of (unhedgeable) insurance risks. 
For example, mortality models for the valuation of mortality or longevity liabilities (or 
derivatives) are given by Dahl (2004), Schrager (2006), Cairns et al (2006b) and Bauer et al 
(2008). The models of Dahl (2004) and Schrager (2006) belong to the general class of affine 
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jump-diffusions defined in paragraph 2.1.2 and as a result allow for closed form expressions of 
the survival rate.  
 
Usually insurance risk models are calibrated to historical data and are therefore defined in the 
real world measure, denoted by P. Given the techniques mentioned in paragraph 2.1.1, one could 
apply a change of measure to risk neutral measure Q, under which the insurance liability can be 
valued. However, in this case one crucial condition is not satisfied, being the completeness of the 
economy. As explained in paragraph 2.1.1, the completeness of the economy forces the risk 
neutral measure Q to be unique. The market for insurance risks is far from complete, meaning 
that the insurance risks are unhedgeable and therefore a range of possibilities for Q exist. As 
mentioned by Cairns et al (2006a) the choice of Q needs to be consistent with the limited market 
information, but beyond this restriction the choice of Q becomes a modeling assumption.  
 
An alternative method for valuation in incomplete markets is the use of utility functions and the 
principle of equivalent utility, see Young and Zariphopoulou (2002), Young and Moore (2003) 
and Young (2004). This principle implies that the maximal expected utility with and without the 
specific insurance risk are examined. The compensation at which the insurer is indifferent 
between the two alternative alternatives yields the value of the unhedgeable insurance risk. 
However, this approach is currently only feasible for relatively simple products.   
 

2.2 Real World Stochastic Processes for Risk Management 
 
As mention above, for risk management it is particularly important that the stochastic processes 
used realistically reflect the observed characteristics of the underlying stochastic variable. In 
chapter 5 and 6 parametric models are fit to yearly observations, leading to time series of fitted 
variables. Stochastic processes have to be fit to these time series, for which the Autoregressive 
Integrated Moving Average (ARIMA) models can be used. These are described in paragraph 
2.2.1. The stochastic processes needed in chapter 7 are of a different nature and are described in 
paragraph 2.2.2. 

2.2.1 ARIMA Time Series Models 

A seminal work on the estimation and identification of ARIMA models is the monograph by Box 
and Jenkins (1976). Additional details and discussion of more recent topics can be found in for 
example Mills (1990), Enders (2004) and Hamilton (1994). An important issue is whether a time 
series process is stationary, meaning that the distribution of the variable of interest does not 
depend on time. If this is not case, the first step would be to difference the time series until the 
differenced time series is stationary. Box and Jenkins found that usually only one or two 
differencing operations are required. 
 
The general ARIMA(p, d, q)  model for a time series of a variable yt can be written as: 
 
(2.19) *d

t ty y  
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where the ‘s and ‘s are the unknown parameters, the ’s are independent and identically 
distributed normal errors and  d represents the differencing, meaning 0yt = yt, 1yt = yt – yt-1,  
2yt = (yt – yt-1) - (yt-1 – yt-2), etc. The parameter p is the number of lagged values of yt, 
representing the order of the autoregressive (AR) dimension of the model, and q is the number of 
lagged values of the error term, representing the order of the moving average (MA) dimension of 
the model. 
 
Box and Jenkins define three steps for the development of an ARIMA model: 
 

1) Model identification and model selection: determining the values for p, d, q. 
2) Parameter estimation: either by using Maximum Likelihood or (non-linear) Least 

Squares estimation. 
3) Diagnostic checking: testing whether the estimated model meets the specifications of a 

stationary univariate process.   
 
Often an extension is needed to allow the modeling of multivariate time series. This requires a 
multivariate generalization of the ARIMA process, see for example Verbeek (2008). 

2.2.2 Poisson processes and renewal processes 

The required stochastic processes in chapter 7 are of a different nature than those described 
above. Poisson processes and the related renewal processes are convenient concepts for 
modeling the development process of individual claims. For an extensive overview of these 
techniques, see Cook and Lawless (2007).  
 
Poisson Processes   A Poisson process describes situations where events occur randomly in such 
a way that the numbers of events in non-overlapping time intervals are independent. Poisson 
processes are therefore Markov, with an intensity function: 
 

(2.20)    
0

Pr ( ) ( ) 1
| ( ) lim ( )

t

N t t N t
t H t t

t
 

 

   
 


 

 
Where N(t) is the cumulative number of events occurring over the time interval [0,t] and H(t) is 
the process history. In the case where (t) is constant, (t) = , the process is called 
homogeneous. Otherwise, it is inhomogeneous. The above specification implies: 
 

(2.21) ( ) ( ) ~ ( )
t

s

N t N s Poisson u du
 

  
 
    

 
Position Dependent Marked Poisson Process (PDMPP)  In chapter 7 the individual claims 
process is modeled as a PDMPP. A marked Poisson process with intensity (t) and position-
dependent marks is a process 
 
(2.22)   1,....,

( , )i i i N
T Z
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where the claims counting process N(t) is an inhomogeneous Poisson point process with intensity 
(t), points Ti and marks Zi. The (Zt)t>0 are mutually independent, are independent of the Poisson 
point process N() and have time-dependent probability assumptions. 
 
Renewal processes   Related to the Poisson process is the renewal process, in which the waiting 
(gap) times between successive events are statistically independent: that is, an individual is 
‘renewed’ after each event occurrence. Renewal models for waiting times are defined as 
processes for which 
 

(2.23)    ( )
| ( )

N t
t H t h t T      

 
where h() is the hazard rate and 

( )N t
t T   is the time since the most recent event before t.  

 
Often used models for the time to an event, say T, are the Exponential, Weibull and the 
Gompertz distribution. These distributions have the convenient property that the hazard function 
has a simple form. The following hazard functions g(u) are implied by these distributions: 

-   T ~ Exponential()    h(u) =  (constant hazard) 
-   T ~ Weibull(,)       h(u) = u-1  
-   T ~ Gompertz(,)     h(u) = eu 

 
Other possibilities are a piecewise constant specification for the hazard rate or the Cox 
proportional hazard model (see Cox (1972)).  
 
 
 




