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Perspectives on an Integrated Computer Learning Environment / André Heck –
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Chapter 1

Introduction

This thesis is about my research and development work in the last decade that aimed
at improving the contribution of information and communication technology (ICT) to
inquiry-oriented mathematics and science education at secondary school level.
I focussed in my development work on the design and implementation of an integrated computer environment for learning mathematics and science in an inquiryoriented approach. Much of this was realized in the environment named Coach (Heck,
Kedzierska,
& Ellermeijer, 2009), which has been under continuous development in the

past twenty-ﬁve years at the University of Amsterdam. This hardware and software
environment can be described in one sentence as a single, activity-based, open computer working environment that is designed for the educational setting and that oﬀers
its users a versatile set of integrated tools for the study of natural phenomena, mathematics, science, and technology. The versatility of the tools oﬀered to students and
teachers is illustrated by the following application areas: data collection (through measurement with sensors or collection of data on video clips and digital images); control
of processes and devices; processing and analysis of data; construction, simulation,
and validation of computer models; design, implementation and use of model-based
animations; authoring of activities; and reporting of results. In this thesis I report on
my contributions to the video analysis tool, the data processing and analysis tools,
and the modeling tool. Part of my development work also concerned the design of
sample activities for the purpose of exploring the potential of new and improved tools.
My research activities were mainly exploratory case studies on the performance
of secondary school students and the usability of developed tools in ICT-supported
practical investigation tasks in the classroom and in out-of-school research projects.
In most of these studies, pre-university (vwo) students carried out quantitative mathematical modeling activities using ICT, that is, they explored mathematical models
with the support of ICT tools in order to come to grips with natural phenomena
and to interpret real data. By real data I mean data collected by students in experiments and secondary data originating from professional empirical research. I speak
of practical investigations instead of investigations to emphasize that students often
did experiments or practical exercises and used tools in their investigative work. My
exploratory case studies served many goals: (1) They were meant to gain insight in
the needs of secondary school students for doing authentic inquiry work. (2) They
helped me specify requirements for an integrated computer learning environment from
1
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a mathematical point of view. (3) They served to test the usability and scope of (prototypical) implementations of particular tools for collecting, processing, and analyzing
data. (4) They gave an impression of the potential of ICT regarding the realization of
challenging, cross-disciplinary practical work in which secondary school students were
engaged in activities such as experimenting, data collection and data analysis in much
the same way as scientists and practitioners.
In summary, my research and development work was set up to contribute to many
perspectives on ICT-supported practical investigations and research projects at upper
secondary level. Its scope was limited to educational and software design perspectives
on ICT use in inquiry activities in which students learn to apply and deepen their
knowledge of mathematics and science. In fact, its main focus was on ICT-supported
practical investigations and research projects at pre-university level in which students’
work resembled the ways in which scientists explore phenomena.
This introductory chapter is organized as follows. Regarding the motivation and
scope of my research and development work, I describe the main components of
the multiform context of my study. To this end, I present in the ﬁrst section the
educational context, and especially changes in the Dutch curricula for pre-university
mathematics and science education in the last decade. In the second section I go
brieﬂy into previous research and development work at AMSTEL (Amsterdam Mathematics Science and Technology Education Laboratory) that laid the foundations for
my study. In the third section I point at the multiformity of ICT tools for secondary
mathematics and science education and at the diﬀerences between ICT usage in these
disciplines, which called for an investigation into the possibilities of an integrated computer environment for learning and doing both mathematics and science. In the fourth
section I describe the aims and set-up of my research and development work. Finally
I outline the structure of this thesis.

1.1

Educational Context

In this section I give a general perspective on the changes in upper secondary mathematics and science education that were relevant for my research and development work
and that took place from 1998 until 2011. In particular, the following two changes had
a large impact on my research and development work: (1) the new organization of the
upper secondary education system as ‘Tweede Fase’ (Second Stage), which emphasizes
a broad general education preparing students for modern society and which aims at
improvement of the coherence between subjects by clustering them in four proﬁles; and
(2) the advocacy of pedagogical reforms, lumped together as the ‘Studiehuis’ (Study
House) concept, in which self-regulated learning and competencies (including inquiry
skills and ICT skills) are emphasized in order to better prepare students for higher education and for life-long learning. These innovations in secondary education coincided
with large investments in infrastructure (computers and networks) and in schooling
of teachers and managers, and with curriculum reforms for mathematics and science.
These changes at organizational, pedagogical, and curricular level created new opportunities for realizing ICT-supported practical work by students in mathematics and
science education. With this in mind I brieﬂy discuss seven aspects of the educational
context in which my R&D work took place.
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1. The Introduction of Proﬁles
Until 1998, upper secondary students had been free to pick their own combination of
examination subjects. This free choice was replaced by a selection of one of four ﬁxed
subject combinations. These so-called proﬁles are: (1) Nature and Health; (2) Nature
and Technology; (3) Economics and Society; and (4) Culture and Society. The ﬁrst
two proﬁles form the category of Nature Proﬁles; the last two proﬁles are categorized
as Society Proﬁles. All proﬁles consist of a common core of subjects plus a number of
specialized subjects and an optional component. The common core of subjects provides
transferable knowledge and skills of general value and is expected to prepare students
for modern society. Mathematics is no part of the common core but a compulsory
specialized subject in all proﬁles. The specialized subjects in the proﬁle determine
for which higher education studies a student can apply. The optional part allows
individual accents: A student has some freedom in the selection of two more subjects,
depending on the school policy and on the personal abilities and interests.
The main motives for the introduction of proﬁles were to ensure that students would
follow a coherent study programme and would be better prepared for higher education,
which would hopefully lead to an increased success rate in higher education. Practical
investigations and the so-called proﬁle project, which is a rather large research or
design project that students conduct at the end of their school career, were introduced
so that students could demonstrate competencies that they had acquired through
education. More freedom was built into the proﬁles in order to accommodate individual
diﬀerences of students and to oﬀer school opportunities to stress distinctive features.
The introduction of the Nature Proﬁles in the Second Stage was relevant for my
research and development work because a coherent study programme oﬀers teachers
and students opportunities to engage in activities that draw upon more than one
discipline. For example, in comparison with the situation before the introduction of
the Second Stage, one may expect that it is easier for students in the Nature and
Technology proﬁle to study a cross-disciplinary topic because they share a common
core of basic knowledge of mathematics and science, due to the fact that they have all
received instruction in mathematics, physics, and chemistry. If the ideal of a common
core of transferable knowledge and skills is not yet realized in school because of diﬀerent
instructional approaches in the various disciplines, it seems at least possible (though
not easy) through a team eﬀort of teachers to gear the disciplines for one another.
This goal was one of the motives for my R&D work toward an integrated computer
environment for learning mathematics and science in an inquiry-oriented approach.
2. The Change of Content in Mathematics Education
The contents of many subjects in Dutch secondary education have changed substantially in the last decades, but this holds in particular for mathematics and science
education. For example, the introduction of the Second Stage in 1998 implied the
introduction of new national curricula for mathematics and science. More recently,
the introduction of the Renewed Second Stage in 2007 coincided with the introduction
of the concept-context approach by science curriculum innovation committees. In this
subsection I only point to major changes in Dutch mathematics education, acknowledging that the changes in science disciplines were large as well, because I expect
that this suﬃciently helps the reader comprehend the context of students’ practical
investigations and proﬁle projects falling in the category of quantitative mathematical
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modeling using ICT. In science subjects, practical work of students already existed
before the introduction of the Second Stage in the form of descriptive investigations,
with an emphasis on observing and reporting about it, and practical investigations,
with an emphasis on performing a practical experiment in the school laboratory. In
mathematics education, investigative student work was new.
In mathematics education, a problem-oriented approach focusing on application
and modeling was introduced in the Netherlands in 1989, when the mathematics curriculum taught at secondary school was split into two types, namely, Mathematics A
and B. The introduction of Mathematics A, which had been developed for students
preparing for studies in economics, social sciences, and humanities, reﬂected the international trend to emphasize that everyone must have some minimal mathematical,
scientiﬁc, and technological knowledge and skills, as well as insight in applications
of mathematics, science, and technology in order to take fully part in the modern
society (cf., Osborne & Hennessy, 2003). In practice, Mathematics A was applicationoriented by means of context problems from daily life (See, for example, Doorman et
al., 2007; Van den Heuvel-Panhuizen & Wijers, 2005). The content of Mathematics B
initially remained more classical and essentially consisted of the mathematics that was
considered necessary for technical studies and studies in mathematics and science at
university level. Gradually, context problems also found their way into Mathematics B
and many mathematical concepts (for example, diﬀerentiation and integration) were
placed in a framework of application of mathematics. Thus, problem solving in the
sense of solving ‘real world’ problems using mathematics was introduced in both mathematics curricula. I deliberately write ‘real world’ between quotes because the contexts
were and still are often criticized as being rather stretched and artiﬁcial. More realistic
applications of mathematics and non-trivial problem-solving activities for which students do not yet have a routine solution strategy seemed mainly realizable in practical
investigations and student research projects, once these curriculum elements had been
introduced in the Second Stage.
The mathematics curricula were drastically restructured in the Renewed Second
Stage, which started in 2007. They were replaced by proﬁle-speciﬁc curricula called
Mathematics A (Nature and Health, Economics and Society), Mathematics B (Nature
and Technology), Mathematics C (Culture and Society), and Mathematics D (optional
mathematics for the Nature and Technology proﬁle), which all have their own aims
and content. What the intended curricula unites is the vision that
“mathematics education needs a good balance between mathematics as an
independent discipline—a way of thinking in which abstraction, generalization, and formal manipulation play an important role—on the one hand,
and mathematics as an instrument for modeling problem situations, as a
tool that can be applied in practical, technical, and scientiﬁc situations.
The calibration of this balance will diﬀer on school type and proﬁle.”
The above statement is Viewpoint 2 of the vision document ‘Rijk aan betekenis’
(cTWO, 2007) of the mathematics curriculum innovation committee cTWO, summarized and elucidated by Siersma and Drijvers (2007). In pre-university education,
Mathematics A should prepare students for university studies with social, economic,
business, or medical-biological characteristics. The intended curriculum has a content
that focuses on applied analysis, statistics and probability, and uses concrete applications to build mathematical concepts. Mathematics B should prepare students for
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studies in exact or technical sciences. The intended curriculum has a content in which
analysis and geometry are emphasized with suﬃcient attention to algebraic skills, formula manipulation, reasoning, proofs, and applications in authentic situations. It
uses the coherence of mathematics to build mathematical concepts, and it aims at
an improvement of the transfer of knowledge and skills to and from science subjects
taught at school. Mathematics D is an optional subject that aims at deepening of
understanding and extension of mathematical knowledge and skills. cTWO has identiﬁed in both Mathematics B and D activities like structuring and abstraction, logical
reasoning and proving, analytical thinking, modeling, and problem solving to form the
thread through the curriculum. These activities, which are referred to as the central
mathematical thinking activities, are linked with the core concepts of number, formula, function, change, space, and chance. Despite the diﬀerences between the four
mathematics curricula it is fair to say that in all of them application of mathematics
and mathematical modeling are considered key elements.
All practical investigations in the classroom and all out-of-school proﬁle projects
reported about in this thesis were carried out by students with a Mathematics A or
B background (both before and after the renewal of the Second Stage), or took place
in the context of Mathematics D. All activities fell in the category of ICT-supported
quantitative mathematical modeling. Naturally, the increased interest of curriculum
developers, researchers, and teachers in applied mathematical modeling, in computerbased modeling using a system dynamics approach, and in having students actively
engaged in the full modeling cycle was relevant for my R&D work. As a matter of
fact, many of the practical investigations carried out in the classroom were designed
in such way that students were expected to be able to come to grips with a problem
situation by applying their mathematical knowledge and skills in non-routine ways.
3. The Increased Emphasis on Competencies
The mathematics curricula in the Second Stage originally had a common set of skills in
which the balance was more on the side of task-oriented performances than on cognitive
abilities, probably because such skills were considered as trainable and easier to assess.
They were grouped into four categories: (1) information skills; (2) research skills;
(3) technical-instrumental skills; and (4) orientation toward tertiary education and
profession. The skills were described via rather detailed attainment targets. Looking
at the attainment targets regarding research skills (Kok, 1996), I cannot escape the
impression that they were based on the idea that doing research is a body of techniques
that can all be learned by practice. In this perspective, a person who has mastered
the relevant techniques can successfully do research. However, there is no empirical
evidence for this process approach. In my view, strong mathematical knowledge and
skills are necessary, but not suﬃcient conditions for being able to conduct a real
mathematical investigation.
The same idea of the existence of a body of essential techniques for doing research
underpinned the listings of attainment targets for biology, chemistry, and physics
(Gravenbergh, 1996). All lists contained detailed attainment targets that reﬂected the
following steps in the so-called scientiﬁc method:
• Formulate a research question.
• Set up a hypothesis.
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• Design and carry out an experiment to test the hypothesis.
• Make relevant observations and collect data.
• Analyze data and draw conclusions.
• Report results.

There is in fact not much evidence for the existence of a general scientiﬁc method applicable to a broad range of science ﬁelds (cf., Hodson, 1998). Actually the steps listed
above constitute a rather simple descriptive model of actions that one can identify
when experienced researchers are at work and that they do in an iterative or otherwise non-linear process. But even without the existence of a standard procedure with
determined outcomes, it may give adequate guidance and scaﬀolds to students in learning to do investigative work and it may be more eﬀective than a discovery approach
in which students have to ﬁnd out autonomously what doing scientiﬁc research means
(cf., Kirschner, Sweller, & Clark, 2006; Mayer, 2004). It may provide students and
teachers a practical scheme to organize work in a proﬁle research project. For example,
it may help students split their work into parts with short-term goals and intermediate
products such as a work plan, literature review, a research question, a hypothesis, or a
formulation of expectations about results, a research design, an overview of collected
data, and so forth. These intermediate products are all concrete results of work that
can be discussed with the teacher, who can point out strengths and weaknesses, make
suggestions for improvements, guide students into new directions, and may use the
intermediate results as a basis for the assessment of the students’ process of doing
research. The empirical fact that many schools and teachers apparently organize the
proﬁle projects of their students in this way is reﬂected in the common structure of
many proﬁle reports.
The original listings of detailed attainment targets for skills that students are expected to acquire or improve through education did not promote coherence in the
mathematics and science education and they gave students a limited, fragmented view
of the various disciplines (cf., Hodson, 1998). This was recognized by the Dutch curriculum innovation committees and they jointly reformulated the entire skills domain
for the new curricula in similar, less detailed terms. Regarding research abilities it was
brought more in line with a holistic view on processes in science education and on investigations by students, and with the currently more popular opinion that “students
learn to do scientiﬁc investigations by actually doing scientiﬁc investigations, simple
ones at ﬁrst but complete investigations none the less, becoming more sophisticated as
conﬁdence and experience increase” (Woolnough, 1989, p. 121). This perspective on
practical work by students emphasizes a shift toward realistic investigative tasks and
higher-order learning goals, such as acquisition of scientiﬁc literacy, inquiry abilities,
and a hands-on + minds-on mentality. From this viewpoint, students are encouraged
to explore mathematics and science in authentic problem situations and to acquire
and practice in this way several competencies, with the main role of the teacher to
help students learn to do scientiﬁc inquiry of good quality.
The new broad formulation of research abilities, did not release curriculum developers and educational researchers from being speciﬁc about their interpretation of terms
like scientiﬁc inquiry, scientiﬁc investigations by students, and quality of research. In
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practice, they often returned to statements that refer to the way scientists and practitioners do research, presented in an idealized form as an inquiry cycle (similar to the
scientiﬁc method), and to statements that advocate inquiry-based or problem-based
teaching and learning of mathematics and science (See, for example, Lederman, 2004).
Various pedagogical models for inquiry were developed in the past, for example, discovery learning, guided inquiry learning, and the learning cycle. When a learning
cycle was used to structure inquiry-based lessons it reﬂected more or less the selected
deﬁnition of the inquiry cycle. As Lunetta, Hoﬀstein, and Clough (2007) found in an
extensive review of the literature about inquiry learning and teaching at secondary
school, this quite often still led to listings of essential features of classroom inquiry,
listings of fundamental abilities required to do scientiﬁc inquiry, and to listings of
fundamental understandings about scientiﬁc inquiry (See, for example, Bybee, 2002;
Bybee, Taylor, Gardner, et al., 2006; Llewellyn, 2002; National Research Council,
2000; Wenning, 2005). For judgment of the quality of scientiﬁc research, educators
and educational researchers made use of listings of features such as the list of concepts
of evidence created and maintained by Gott, Duggan, and Roberts (2003).
I did the same for positioning the work presented in this thesis. I framed my
research and development work, which aimed at improving the contribution of ICT
to inquiry-oriented mathematics and science education at secondary school level, by
adopting the following deﬁnition of inquiry (Linn, Davis, & Bell, 2004, p. 4):
“We deﬁne inquiry as the intentional process of diagnosing problems,
critiquing experiments, and distinguishing alternatives, planning investigations, researching conjectures, searching for information, constructing
models, debating with peers, and forming coherent arguments.”
Note that this deﬁnition of inquiry applies for both mathematics and science. Popular pedagogical approaches that give space to inquiry activities are inquiry-based
science education and problem-based learning. In essence they are all problem-based
approaches, that is, approaches in which learning begins with a problem to be solved
and problems are posed in such way that students need to gain knowledge before they
can solve the problem. But inquiry-based science education goes beyond it with the
importance given to the experimental approach. In the student inquiry activities that
I designed in my research study I did not emphasize the inductive approach in teaching, but focussed more on guiding students to conduct a cyclic and iterative inquiry
process and making them aware of the link between modeling and experimenting.
Types of investigative classroom activities ranged from structured inquiry, in which
students investigated a given problem or question through a prescribed procedure, to
guided inquiry, in which students designed or selected procedures to investigate a given
problem. Therefore I prefer to speak of inquiry-oriented mathematics and science education. I often used the learning cycle to design practical investigation for students:
I structured and analyzed many of the mathematical modeling activities in my case
studies on the basis of the modeling cycle of Blum and Leiß (2005, p. 1626).
A third aspect of the increased emphasis on competencies in secondary mathematics and science education was the general acceptance of the role of ICT to support
the learning process of the students while doing research activities. All competenciesrelated aspects put together can be looked upon as ingredients of the third stage in
the gradual change in educational research and practice from attention on knowledge
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transfer, through education based on information-processing learning theories, toward
a focus on knowledge construction as the underpinning cognitive theory on learning
and instruction. This change did not only take place in the Netherlands, but actually
on an international scale in various forms (cf., Steﬀe & Gale, 1995, and references
herein), although the road to educational practice is still long and not always clearly
visible. In this thesis I describe the steps I made on the road toward what could be
labeled as ICT-supported, inquiry-oriented mathematics and science education. In
particular, I describe my contribution to the design, implementation and evaluation
in school practice of an integrated computer learning environment that is meant to:
• facilitate the students’ construction of in-depth and integrated understanding of
mathematics and science concepts and processes through inquiry;
• change the computer into an instrument to explore real-world phenomena;
• involve students in activities similar to what scientists and practitioners engage
in and thus lead to authentic mathematics, science, and technology learning. To
this end, students are oﬀered tools for collecting, visualizing, processing, and
analyzing data, and for creating computational models and animations;
• be universal and applicable at many levels of education, in several curricula, and
in various types of instruction, and be adjustable by teachers to their students’
abilities.
The last point is important because it allows teachers to organize instruction such that
students can ﬁrst master basic skills and then gradually progress to more complex
abilities. Authenticity of student activities is discussed in the next paragraph.
4. The Call for Authentic Student Activities
The original listings of detailed attainment targets for skills that students are expected
to acquire or improve through education did not promote coherence in the mathematics
and science education and they gave students a limited, fragmented view of the various
disciplines. This was recognized by the Dutch curriculum innovation committees and
they jointly reformulated the entire skills domain for the new curricula in similar, less
detailed terms. For example, all examination programmes for science disciplines used
the following statement regarding research: “The candidate can prepare and carry out
scientiﬁc research, handle the collected research results, and draw conclusions from
them.” This new formulation of research abilities was more in line with a holistic
view on processes in science education and on investigations by students, and with
the currently more popular opinion that students learn to do scientiﬁc investigations
by actually doing scientiﬁc investigations. From this viewpoint, students should be
encouraged to explore mathematics and science in authentic problem situations, with
the teacher merely helping students to learn to do scientiﬁc inquiry of good quality.
The new formulation of abilities that students are expected to acquire or improve
through education also reﬂects the current goal of mathematics and science education
to increase students’ mathematical and scientiﬁc literacy. I concur with Hodson (2009)
and other educational researchers (e.g., Roth et al., 2008) that there are at least three
major goals of mathematics, science and technology (MST) education:
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1. Learning MST, by which is meant the familiarity and understanding of ideas
and concepts inherent in these ﬁelds.
2. Learning about MST, which adopts a much broader view of MST, focusing on
the philosophy, history, and methodology of these ﬁelds.
3. Learning to do MST, by which is meant that the learner gains the ability to
engage in and develop expertise in mathematical and scientiﬁc inquiry and in
problem solving.
The cited authors distinguished a fourth purpose of MST education, namely, engagement in sociopolitical action, but this hardly played a role in my work. My focus was
on providing students with opportunities to experience how mathematics and science
is enacted, that is, with authentic mathematics and science, and in particular on providing students with ICT tools that allow them to act as scientists and practitioners
(without requiring that they behave exactly as professionals do).
Here, one of the underpinning views is that learning becomes more meaningful
when it is done in a context. Authentic learning, interpreted in this thesis narrowly
as working on real-world, complex problems, with the goal to come to grips with phenomena through scientiﬁc methods, is generally considered to motivate students and
to lead to better understanding (Palmer, 2009). From this perspective, the task of
the teacher or a developer of instructional materials is to give students ample opportunity to engage inside and outside school in authentic learning activities. The main
instructional purposes of the practical investigations in the classroom that I designed
and ﬁeld-tested in my R&D work were to give students opportunities to
• build up general competencies such as research abilities, ICT skills, communication skills, and so on;
• deepen or enlarge existing mathematical and scientiﬁc knowledge; and
• become more proﬁcient in applying knowledge and skills in practical situations.
Some of these practical investigations were starting points of proﬁle research projects
of students. Notwithstanding that in these cases the student researchers had prepared
themselves through a practical investigation, and notwithstanding that their project
was part of the examination programme for which a suﬃcient mark was needed for
obtaining a secondary school diploma, I considered these student research projects to
have still many characteristics of authentic activities. For example, the students had
indeed to demonstrate the achieved level of knowledge, skills, and attitude in the form
of a research report or a presentation of original work on a topic of their own choice.
They had to demonstrate their research abilities, ranging from choosing a manageable
problem, formulating a good research question, and structuring their work to drawing
conclusions and presenting the results. Like many curriculum developers and teachers
would do, I saw the projects still as a chance to expose students to the real world of
research and design, and as an opportunity to let students enjoy doing research and
development on a subject they personally relate to.
At this point it is good to realize that researchers on mathematics and science
education use the adjective authentic in various ways. They use terms like authentic
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science, authentic practice, authentic learning, authentic inquiry, authentic modeling, and so on (See, for example, Edelson & Reiser, 2006; Palm, 2002; Roth, 1995;
Roth et al., 2008; Schwartz & Crawford, 2004; Vos, 2011; Weiss, Herbst, & Chen,
2009; Woolnough, 2000). The meaning of the adjective ‘authentic’ is so diverse, even
when connected with a single noun, that it is wise to ﬁrst explicate the meaning of
cross-disciplinary authentic inquiry by students that I use in the context of practical
investigations and proﬁle projects reported about in this thesis. I refer to an authentic
student inquiry activity as a investigation that is carried out by students and has many
of the following characteristics:
• Students work on a (preferably self-chosen) rather challenging, ill-deﬁned or illstructured, open-ended problem that is rooted in a real life situation instead of
a more abstract or ideal situation.
• Students do not follow some standard recipes, but they examine their problem
from diﬀerent perspectives, using a variety of resources and high-order skills.
Think, for example, of research abilities such as choosing a manageable problem,
formulating a good research question, structuring work, and so forth.
• A broad range of competencies is required to make the project a success. Think
of making good use of ICT for information gathering, data acquisition, data
processing and analysis, problem-solving, and reporting.
• The students’ work is open-ended in the sense that there exist multiple methods
or approaches to obtain many possible or even competing results. The student
researchers actually decide if the investigation is ﬁnished for whatever reason.
• It oﬀers students the opportunity to be in contact with contemporary, crossdisciplinary research and to learn about the nature of mathematics and science.
• Students disclose their own understanding through a portfolio or a polished
product like a report, paper, or presentation.
These characteristics are rather similar to the design characteristics of authentic tasks
distinguished by Reeves, Herrington, and Oliver (2002). I call an inquiry activity
‘cross-disciplinary’ when more than one discipline contributes in an essential way to
the process of coming to an understanding of the problem situation. The practical
investigations and the student research projects presented in this thesis were almost
all rooted in applied mathematics and physics. I use the term ‘cross-disciplinary’ and
not a term like ‘inter-disciplinary’ to emphasize that all disciplines are required to
get satisfactory results: The whole is more than the sum of the parts. Mathematical
modeling and scientiﬁc experimentation went together in many of the inquiry activities
reported about in this thesis.
5. The Introduction of the Study House Concept
At the same time when the Second Stage started, pedagogical changes and an alternative organization of the learning processes in upper secondary education were
advocated and ﬁrmly promoted as the so-called ‘Studiehuis’ (Study House) concept.
It stands for an educational approach with more emphasis on self-regulated learning by
students and on active engagement of students in the learning processes. Traditional
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teaching is consider exceptional in the Study House concept. Instead, the teacher’s
role comprises to provision of support, selection of resources, and coaching of students (See, for example, Kok, 1996). ICT was expected to support the new vision on
teaching and learning. Taking the Study House perspective, it is logical that students
get open, multifaceted tasks that involve searching for and making use of information
resources, generating questions and problems to be solved, generating and researching conjectures, constructing examples, proposing explanations, debating with peers,
making predictions, communicating results, and so on. These types of actions can be
found in similar listings of facets of scientiﬁc inquiry (e.g., National Research Council,
1996). They are considered fundamental in an inquiry-oriented approach to mathematics and science education, in which students have ample opportunity to design
and carry out practical investigations, learn about research, and do research projects.
This is the approach that I explored to some extent in my classroom studies and to a
considerable extent in the associated proﬁle projects.
6. The Proliferation of ICT Tools in Education
The current general consensus amongst many people working in education and educational research is that the main focus of ICT in education should be the improvement
of the quality of teaching and learning. The attention has shifted from learning-fromtechnology to learning-with-technology, in which technologies are used as cognitive
tools and mindtools (Jonassen, 2006), and to learning-through-technology, that is,
learning to think through new media. But all this is easier said and written down
than done, regardless of the manifest role of ICT in daily life. Also, a degree of ‘interpretative ﬂexibility’ surrounds all learning technologies (cf., Hennessy, 2006; John
& Wheeler, 2008; Keengwe, Onchwari, & Wachira, 2008; Osborne & Hennessy, 2003;
Ruthven, Hennessy, & Deaney, 2008), that is, each learning technology has diﬀerent
meanings and interpretations for various stakeholders.
Therefore, it comes as no surprise that the design, implementation, and use of the
integrated computer environment for learning mathematics and science in an inquiryoriented approach discussed in this thesis took input from many perspectives. For
example, this versatile hardware and software system should support the three modes
of using a computer in education distinguished by Kaput (1992) as an educational
medium, as a set of tools, and as a toolmaker/mediumbuilder, respectively, depending
on the goals that its user (teacher or student) has. The mediative and representational
perspective on educational technology brought up by Kaput and colleagues in various
papers (e.g., Goldin & Kaput, 1996; Kaput, 1998; Kaput & Schorr, 2008; Shaﬀer &
Kaput, 1998) also inﬂuenced my research and development work. In this perspective
one views the eﬀects of technologies as operating to a large extent through the ways
that they alter the environments for learning, thinking, representing, communicating,
and acting in the world. In this view, technology aids to representational translations and transformations during problem-solving and inquiry activities. Kaput and
Shaﬀer (2002) referred to the processing power of new cognitive technologies as the new
representational infrastructure of computational media, which co-acts with students
and teachers, that is, which guides or is guided by its users.
The design of a computer-mediated representational infrastructure for learning
takes years of design and implementation, not only at technological level, but also at
pedagogical and curriculum level, and mostly in combination with content development
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and applied research on mathematics and science education. Successful embedding of
technology in educational practice has many facets and depends on many factors; it
is a combination of technology, pedagogy, curriculum, professionalization of teachers,
school culture, and many more things that matter. See, for example, Roschelle et
al. (2008a,b) and Ellermeijer (2004) for discussion of these facets in the context of the
SimCalc project and the Coach project, respectively.
Not only changes and advances in computer technology continuously ask for revisions of perspectives on the use of ICT in education. The same holds for changes in
pedagogical visions, such as the contemporary perspective on practical work in mathematics and science education that promotes practical work and research projects in
which students are engaged in activities that resemble those of scientists and practitioners (cf., Gott & Duggan, 1995; Wellington, 1998; Woolnough, 2000). The point
of view taken in my work was that educational technology should provide students
a suitable computer-mediated, representational infrastructure for conducting such investigations. The envisioned role of ICT was to support meaningful learning through
interactive multimedia simulations, modeling activities, and working with real data.
It matched the following potential of ICT in inquiry-based science education (Novak
& Krajcik, 2004, p. 99):
“Various learning technologies embedded within the curriculum can promote in-depth learning. They allow students to engage in aspects of inquiry
that they would not otherwise be able to do. Learning technologies allow
students to explore their “What if..?” questions. They allow students to
use similar tools and engage in similar activities of scientists. Because less
time is needed for gathering and recording data, more time is available for
interpreting and evaluating data.”
7. Changes in Examination
In Dutch secondary education, the majority of the examination programmes are nowadays assessed in a nationwide written exam and in a school examination that consists
of an examination ﬁle on the achievements of a student during the Second Stage. This
examination ﬁle contains assessment results of the following formats: results of written tests with open and closed questions; reports or presentation sheets of practical
investigations; proofs of mastered competencies, including results of empirical work;
and the proﬁle project, which is a masterpiece in which a student shows that (s)he
has mastered the proﬁle-speciﬁc competencies and can apply them autonomously in a
substantially large project with a study load of eighty hours (or more when the work
is done in teams). Important in the context of my study was that with the advent
of school examinations in the Second Stage, non-traditional formats for assessing students’ knowledge, understanding and skills became possible that are more appropriate
for assessing students’ practical work. The students’ reports on practical investigations were valuable resources in my classroom research. The reports of proﬁle projects
oﬀered me the opportunity to review these projects in much the same way as a referee
of a submitted paper in a scientiﬁc journal would do, without being in close contact
with the student researchers in all phases of their projects and in this way possibly
inﬂuencing the authenticity of their work.
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R&D at AMSTEL

The foundations for my study were laid by previous research and development work at
AMSTEL (Amsterdam Mathematics Science and Technology Education Laboratory),
a former institute in the Faculty of Science at the University of Amsterdam, that was
aimed at improvement of primary and secondary mathematics, science, and technology education through the use of ICT in inquiry-oriented teaching and learning (cf.,
Ellermeijer, 2004). Especially the state of development of the Coach environment at
the start of my R&D work in 1998 played a role. Below I describe this starting point.
Hardware and software are needed for data logging and for computer-based modeling in inquiry-oriented science education. Coach was developed for this purpose and
with the vision of improving the quality of teaching and learning in science education
through ICT. An interface for connecting sensors and actuators to a computer and the
MS-DOS based software package IP-Coach 4 were released in 1993 for carrying out
computer-based data logging and modeling. The name of the software environment
reﬂected its purpose: IP stood for Interface Program’, which refers to interfacing of
sensors and actuators to the computer, and Coach referred to coaching and support
of learning (De Beurs & Ellermeijer, 1996; Ellermeijer, 2004).
The STOLE Concept
IP-Coach 4 was one of the ﬁrst implementations of the STOLE concept, which was
an acronym for Scientiﬁc and Technical Open Learning Environment (Ellermeijer,
1988). In this concept, a hard- and software environment was envisioned in which
tools for measuring, data processing, and modeling are integrated in a single system
that supports students’ learning in an inquiry-oriented approach of science education.
STOLE focused on essential elements of doing investigative work, which included the
following activities:
• Setting up and controlling experiments.
• Collecting data from experiments.
• Displaying measurement data graphically and analyzing data.
• Retrieving information and making hypotheses.
• Proposing and constructing computer models.
• Testing models, including comparison of model results with those from experiments.
Other central ideas in the STOLE concept were the following:
• Students are expected to be actively engaged in realistic investigations using the
environment, while the teacher facilitates the learning process.
• The environment should reﬂect innovation in science itself and be suitable for
a wide range of science experiments, serving many science topics and many
teaching and learning approaches, but it should be all by itself content-free (i.e.,
the user should be able to add contents).
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• The system is an integrated collection of tools that can be frequently used during
science lessons and practical investigations. This goal is also based on the idea
that the learning curve of becoming accustomed to and proﬁcient with the hardand software environment should be as smooth as possible and should follow the
‘learn once and use frequently’ philosophy.

Software tools selected for STOLE were grouped into functional modules that combined instruments needed by a student at a certain stage of a scientiﬁc investigation.
The student was central in this concept and it should be possible to adapt the environment to the student’s level and to the science curriculum in which the student and
his or her teacher participate.
The Renewed STOLE Concept
In the nineties, a new vision on practical work in science education arose that promoted practical work and research projects in which students would be engaged in
activities that resemble those of scientists and practitioners (cf., Gott & Duggan, 1995;
Wellington, 1998; Woolnough, 2000). The changed technological and pedagogical circumstances asked for a revision and extension of the STOLE concept, especially for the
design phase of student-directed practical work and research projects. In this phase,
a student researcher needs information: (s)he must analyze the scientiﬁc problem,
simulate a model, or look up information about work of others. Thus, the computer
is considered more than only a tool to collect, process, and analyze data. It must also
give access to information resources and allow the display of information in various
formats. The resources may be supplied on a CD-ROM or through Internet and they
can be in various formats (sound, picture, video, digital image, hyperlinked text, and
so on). The display of information and the inquiry nature of students’ activities ask
for multiple linked representations in multimedia-based activities.
The application area of the computer environment was envisioned to become larger
than science investigations: The ﬁeld of technology also seemed appropriate for students undertaking design projects in which control of models is realized through computer models and programmable microworlds. Thus, the role of data logging with
sensors connected to the computer became less prominent than before. The focus
turned more on learning science and technology by practical work and by doing authentic investigations or design activities.
It was also envisioned that it should be possible to ﬁne-tune the whole cycle of doing
investigations and design work. This meant that a teacher should be able to design
a sequence of activities for a particular investigation or design, and to organize these
activities in a project to structure the instructional materials (experiments) for his or
her students. This steering of the learning process by adapting or authoring student
activities and bringing them together in a project is more important in lower secondary
education than in upper secondary education. At lower secondary level, a teacher may
not want to put the burden of selecting appropriate displays of information to his or her
students and (s)he may want to provide information in an informal, qualitative, more
visual or playful way. This is the reason that authoring of multimedia-based activities
becomes important too. At higher secondary level, students are even expected to
author activities themselves: from scratch or by selecting tools independently from
prior choices made in an activity.
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This renewed and extended STOLE concept of an integrated, tool-based environment suitable for an inquiry-oriented approach to science and technology learning, in
which students and teachers work with multimedia-based activities and create such
activities themselves by using a variety of resources, can be looked upon as a predecessor of the idea of working in a virtual learning environment. It was ﬁrst implemented
in Coach Junior, released in 1998. This marked the start of my study. The immediate goal was to implement the renewed and extended STOLE concept in the
MS-Windows version of IP-Coach 4. It led to the release of Coach 5 in 2001. I
used pre-releases to explore possibilities of the existing tools for mathematics education
(Heck, 2000a-c). Since then, the quality of data processing and data analysis has been
improved, more tools for video capture and measurement on digital images and video
clips have been incorporated (also due to rapid advancement of ubiquitous technology
at consumer level), authoring of activities and the structural organization of activities
have been upgraded, and new modeling tools like graphical modeling and computer
animations have been developed, amongst many other things. I report in this thesis about computer-based quantitative modeling in practical investigations rooted in
mathematics in combination with other disciplines and about the tools needed for this
purpose. Regarding development work, I report on my contributions to the functional
design of the video analysis tool, the data processing and analysis tools, and the modeling tool. These tools have all been incorporated in the current version 6 of Coach.
For a quick impression of Coach 6, the reader is referred to Section 3.1.

1.3

Multiformity of ICT Tools

Physics was the ﬁrst subject in Dutch secondary education in which computer-based
data logging and modeling were embedded in practical work because the concepts
and skills of these activities had in fact already been included in the physics syllabus
since 1988, schools had received extra budget to acquire the necessary equipment, and
a national project for in-service training of physics teachers had taken place. From
that time on, data logging and modeling became popular in the schools and much
instructional material was developed: ﬁrst for physics, later for chemistry and biology.
Technology education used the context of measurement and control systems in the
daily life for practical work in ICT. The tools for data acquisition, data analysis, control
of devices and processes, and computer modeling implemented in Coach gradually
became the standard for practical work in Dutch science education.
The developed instructional material was aimed at laboratory work in each science
discipline separately and less at immediate use in the regular classroom when studying
problem situations of variable origin. But technological advancement does not stop:
At the time when I started my R&D work, one of the new technologies with high
educational potential was video analysis. Digital cameras and webcams became more
and more consumer products and thus aﬀordable for schools to use in the classroom.
Video analysis was welcomed by educators and educational researchers because of the
possibility to bring in numerous problem situations on which students could work
in science classes. In comparison with traditional laboratories, it also seemed easier
to engage students in the research process by having them involved in the creation
of the digital videos. Another anticipated advantage of video analysis and digital
image analysis was that this was a common technology in all science disciplines and
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could be expected to be useful in all science disciplines taught at school, and even
for mathematics education. Besides the enhancement of the teaching and learning of
mathematics and science, video analysis was considered a cost-eﬀective way for doing
investigations: One does not need expensive measurement equipment to collect data
and re-use of digital videos is easy and gives students a better view of the experimental
setting in which the video was captured, when compared with use of experimental data
obtained by measuring with technical equipment (See, for example, Bryan, 2010).
The use of ICT in Dutch mathematics education developed in a completely diﬀerent
manner. Pocket calculators, without graphing facilities, had replaced mathematical
tables and the slide rule at school. Special purpose computer programs, often created
by teachers or educational researchers interested in computers and software, were sporadically used. Despite many governmental stimulation projects in the late eighties
and early nineties, technology use in mathematics education did not catch on in that
period. It remained sporadic and experiments with computer work were mostly restricted to special subject areas like statistical data analysis, simulation of dynamical
models, graphical analysis of functions, and geometry.
The situation changed with the introduction of the Second Stage in 1998, when new
curriculum content had to be developed and the status of ICT in education was redeﬁned to play an important role in the learning process of students. Functional use of
the graphing calculator and some computer programs was included in the attainment
targets of speciﬁc mathematical domains (cf., Drijvers & Doorman, 1996; Proﬁ-team,
1996-1998). The graphing calculator started to dominate Dutch upper-level mathematics education, mainly due to its advantage of being an aﬀordable, portable, private,
easy-to-use, and ready-to-hand device that could be used for the core of mathematics
taught at upper secondary school. Publishers also started to supplement their textbooks with dedicated computer programs. These programs had a more open character
than the earlier educational software environments. They were created for drawing and
manipulating graphs, dealing with matrix computations, working with statistical data,
studying 2D and 3D geometry, doing numerical computations, and so on. For each domain there seemed to exist at that time separate, dedicated tools: Cabri Geometry
and other dynamic geometry systems for geometry; VU-LosOp for solving equations;
VU-grafiek and the graphing calculator for investigating graphs; VU-Dynamo and
Dynasys for simulation of dynamical systems; ORstat for operations research and
linear programming; VU-Stat for statistics education; Derive for formula manipulation; Java applets for learning various mathematic concepts; and so on. How
well-thought, highly interactive, user-friendly and goal-oriented these software packages were, they formed a grab-bag of mathematical software packages, which in many
cases did not work well together or with oﬃce software like text editors, spreadsheet
programs, and presentation tools. By the way, oﬃce software had not been designed
for educational purposes, but nevertheless penetrated education and started to play
an important role herein. In summary, the Dutch mathematics education community
had not yet adopted the STOLE concept of tool integration.
It was certainly considered a disadvantage that the use of ICT in Dutch mathematics education and in science education had each gone in diﬀerent directions. Although
everyone acknowledged that diﬀerences between the use of mathematics in the various disciplines cannot be ignored, at the same time all agreed that this should not
lead to the situation that a student does not recognize similarities anymore. Many
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noticed that the transfer problem was reinforced by the diﬀerence in the use of ICT
tools. For example, in mathematics lessons, a student was used to plot the graph of a
function on a graphing calculator by entering a formula, while in science lessons the
same student could obtain a graph of a relationship between two measured quantities
or a graph computed via a simulation program. Kok (1996, p. 13) already brought up
to the attention of teachers that gearing of ICT could help to bridge the gap between
mathematics and science. Mathematics teachers were invited to ask themselves the
following questions:
“What position does the graphing calculator get in the science subjects?
What other ICT applications get a lot of attention in these subjects? At
many schools the package IP-Coach is for example used in physics and
chemistry. It is interesting to look into possibilities that such a package
has for mathematics. And in the other way around, VU-grafiek might
be useful in these subjects.”
Although this quote shows great optimism to break down the walls between mathematics and science subjects, in reality the road to better connections between the ﬁelds
regarding ICT usage turned out to be long and winding. At least it supports the motivation at the start of my study to explore the possibilities of an integrated computer
learning environment for mathematics and science education, and to work on the design and implementation of such an environment. In particular, I investigated how an
integrated computer learning environment could contribute to the realization of better connections between the disciplines in case of practical investigations and proﬁle
projects. I deliberately developed mathematics-intensive cross-disciplinary practical
investigations that had in common with science that an empirical veriﬁcation of the
usability of a mathematical model was possible and that shared with mathematics the
focus on consistency and generality of the methods used. In the choice of the content
of the developed practical investigations, which are discussed in subsequent chapters
of this thesis, the following unordered, non-exhaustive list of guiding principles was
used. A subject must preferably
• make students curious and challenge them;
• invite students to explore on their own and do experiments;
• originate from real practice and have a contemporary and recognizable character;
• be rich in mathematical and scientiﬁc methods, as well as rich in the use of ICT;
• be scalable to the ability level and number of participating students and to the
scope of the students’ work;
• bring to the forefront highlights of a discipline; and
• lead to an assessable deliverable.
For this kind of activities I explored how a single, versatile computer learning environment could be a supportive means in the teaching and learning processes and in inquiry
activities of students, and how it could improve the quality of the students’ work.
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1.4

Aims and Set-Up of the Study

The general purpose of my research and development work in the last decade was to
improve the contribution of ICT to inquiry-oriented mathematics and science education at secondary school level. In particular, I aimed to contribute to
• the development of an open activity-based computer working environment that
oﬀers its users a versatile set of integrated tools for the study of natural phenomena, mathematics, science and technology; and
• perspectives on the role of ICT in quantitative mathematical modeling by secondary students.
More speciﬁcally, I aimed at contributing to the development of an integrated computer
learning environment by making recommendations about the functional design on the
basis of classroom experiments and sample activities, and by exploration and analysis
of educational needs and possibilities, especially regarding inquiry activities. The
second purpose of the classroom experiments was to explore how ICT can contribute
to the realization of students’ practical work that resembles applied mathematics and
science practice. This is how I mainly interpreted the authentic nature of students’
practical work: activities in which they do research in much the same way scientists
and practitioners do and in which they use high-quality tools that are similar to
professional tools, but that have been designed for educational purposes.
Instead of an iterative in-depth classroom study into one particular subject or
domain, or into a particular type of educational technology, I decided to carry out exploratory case studies in a variety of subjects—human growth, gait analysis, shapes of
bridges and hanging chains, survival analysis, weather data, bouncing balls, and quantitative pharmacology—and in a variety of technological tools—data logging, video
analysis, computer modeling—so that I could contribute to many perspectives on
ICT-supported practical investigations and research projects at secondary level. It is
noted that the focus of my research was not on the construction of a framework for
teaching and learning practical work, scientiﬁc inquiry or modeling. I also did not
design and research a learning trajectory for studying a particular subject or domain,
with the aim of generating empirically grounded domain-speciﬁc theories. The interested reader is referred for this type of research to recent studies in the context of
Dutch secondary mathematics and science education such as, for example (the list is
not exhaustive), the doctoral theses of Hubers (2003), Smits (2003), Van Rens (2005),
Schalk (2006), Hendrikse (2008), Westra (2008), and Ormel (2010).
The scope of my study was limited to pedagogical and software design perspectives
on ICT use in inquiry activities in which students develop mathematical and scientiﬁc
literacy. Driving questions were:
• How can the use of ICT and in particular of an integrated computer learning environment contribute to the realization of challenging, cross-disciplinary practical
work of good quality, in which pre-university students can work with real data,
apply mathematical methods and techniques in concrete problem situations, improve their mathematical and scientiﬁc knowledge and skills, and increase their
mathematical and scientiﬁc literacy?
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• What integrated tools should the computer learning environment provide for
inquiry-oriented mathematics and science education? What are the requirements
for the computer learning environment from a mathematical point of view and
do they link up with requirements coming from science ﬁelds?
In other words, the two main results at which I aimed in my study were: (1) better understanding of how, why, and to what extent ICT tools can support students in
their learning and practice of scientiﬁc inquiry; and (2) more insight in what it takes to
develop an integrated computer environment for learning mathematics and science in
the context of inquiry-oriented approach, the usability of which is explored within educational practice. In both explored perspectives, I used a speciﬁc computer learning
environment, namely, Coach (Heck, Kedzierska,
& Ellermeijer, 2009), to learn lessons

from developing ICT tools that are integrated in an open, activity-based, multimedia
authoring environment for mathematics and science education, and to learn lessons
from exploring their usability in speciﬁc practical investigations for upper secondary
students, in sample activities, and in usability studies. Here I take from the ﬁeld of
human-computer interaction the following deﬁnition of usability of ICT (ISO 9241
standard, Part 11, 1998; a revised and renamed standard on Ergonomics of Human
System Interaction was published in 2008), also referred to as a characteristic of ‘quality in use’ (Bevan, 1999): “The extent to which a product [service or environment]
can be used by speciﬁed users to achieve speciﬁed goals with eﬀectiveness, eﬃciency
and satisfaction in a speciﬁed context of use.” My users were mainly pre-university
students learning and doing scientiﬁc inquiry work in the context of practical investigations and proﬁle projects as part of their education in mathematics and science
and teachers of mathematics and science at secondary schools. Because of the wide
range of my users with diﬀerent backgrounds and diﬀerent levels of knowledge and
experience regarding scientiﬁc inquiry and ICT, it seems better to speak of the aim
of achieving ‘quality in use for all’ (Bevan, 2001). One of the biggest barriers in usercentered design for all is that the provision of appropriate functionality and support
for computer-mediated activities for all is impossible, if taken literally. The heterogeneity of the intended group of users was also in my development work a constant
point of attention in the design of ICT tools. Other usability principles, although not
components of the ISO deﬁnition, that I took into account, like many other practitioners (e.g., Sharp, Rogers, & Preece, 2007), regarding use of ICT in education were:
(1) the principle of learnability, that is, the ease with which new learners learn to use
the ICT tools and experienced students use the ICT tools to do more; (2) the principle
of memorability, that is, the ease with which students remember how to use the ICT
tools; and (3) the principle of ﬂexibility, that is, the multiplicity of ways to interact
with the integrated ICT tools.
In my study, research and development were intertwined. Focus was on students’
working with real data and on the design of supportive tools. The intention was to
bridge the gap between mathematics and science education at school on the one side
and modern research carried out by professionals on the other side, through provision
of a suitable computer learning environment for inquiry-oriented mathematics and
science education. A single ready-to-use framework for this work was not available
(or at least was not found). The approach in my study was therefore to select elements from several frameworks for research and development in ICT-rich mathematics
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and science education that seemed promising for application and adaptation. Design
research, case-based design of educational software, frameworks on using multiple representations, frameworks on evaluating inquiry activities of students, and models of
modeling were the main sources of inspiration.
Design research has become a popular research methodology in mathematics and
science education (cf., Kelly, Lesh, & Baek, 2008; Van den Akker et al., 2006), but it
is subject to many interpretations and this is reﬂected in the use of various synonyms
such as design-based research (Kelly, 2003), development or developmental research
(Richey & Nelson, 1996; Van den Akker, 1999), design experiments (Brown, 1992;
Cobb et al., 2003; Collins, 1992), user design research (Carr-Chellman & Savoy, 2004),
and didactic engineering (Artigue, 1994). Whatever deﬁnition is used, the main common characteristic is that design and research processes are integrated. For the purpose
of my study, the following deﬁnition from Wang and Hannaﬁn (2004, p. 2) can be used:
“Design-based research is a research methodology aimed to improve educational practices through systematic, ﬂexible, and iterative review, analysis, design, development,
and implementation, based upon collaboration among researchers and practitioners in
real-world settings, and leading to design principles or theories.” Below, I go through
the key ideas of design-based research that I adopted for my work.
Looking at design research aspects of my study, it can be characterized as type I
design research in the typology of Richey and Nelson (1996; see also, Richey, Klein,
& Nelson, 2004, p. 1102): “The product development process used in a particular
situation is described and analyzed, and the ﬁnal product is evaluated.” Within the
distinction made by Van den Akker (1996, p. 6) between formative and reconstructive
studies, my research work belonged to the ﬁrst category and, like in many formative design research studies, the roles of designer and researcher coincided within the
development context. In Van den Akker’s labeling (1999, p. 6), my work would be
considered an explorative design study: I did not aim at statements of general nature,
at developing theories, and at generating empirically grounded understanding of students’ inquiry processes. Instead I aimed at clarifying the design problem-in-context
and at generating tentative design ideas, thus obtaining results that were context and
product speciﬁc and that directed the development work.
From design research I took the perspective that it involves design of an intervention or experiment in the real word, that the output of my research must have practical
value to real world users, and that teachers are involved in the research. This is why
I also paid attention to implementation issues at school and to questions like “How
can teachers set up and guide students’ inquiry activities?” Throughout the period
when I did the research and development work reported in this thesis, I cooperated
with mathematics and physics teachers in all classroom experiments, partly thanks to
the NWO-project ‘Teacher in Research’. I did three types of case studies:
1. Classroom research studies, in which students did practical investigations on the
basis of specially designed instructional materials.
2. Field experiments, in which ICT innovations were tried out on a small scale and
not necessarily in the classroom.
3. Usability studies, in which I evaluated the potential of a speciﬁc ICT tool or
a set of integrated tools in a particular subject or domain, leading to a set of
sample activities.
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My exploratory case studies served many goals:
• They were meant to gain insight in the needs of secondary school students for
doing authentic inquiry work.
• They helped me specify requirements for an integrated computer learning environment from a mathematical point of view.
• They served to test the usability and scope of (prototypical) implementations of
particular tools for collecting, processing, and analyzing data.
• They gave an impression of the potential of ICT regarding the realization of
challenging, cross-disciplinary practical work in which secondary school students
were engaged in activities such as experimenting, data collection, and data analysis in much the same way as scientists and practitioners.
In the classroom experiments, leading questions were: “How did the designed instructional materials and the ICT tools function in school practice?”, “Were learning goals
achieved?”, “Did the students use the ICT tools in the envisioned way?”, and “How
could the instructional materials and the ICT tools be improved?” In other words,
the exploratory case studies did not focus on a single or central research question, did
not include a control group for eﬀect comparison, and did not have the characteristics
of a (quasi-)experimental design in which evidence of instructional eﬀects is collected.
Nonetheless, they were a source of considerable qualitative and quantitative data about
ICT-supported student inquiry in practice and about the validity of the learning environment design and prototype functionality in diverse real-world contexts, with the
goal of removing bugs and ﬁxing technical ﬂaws in otherwise functional designs.
I also took the cyclic and iterative process of design, which includes cycles of innovation and revision, and applied it to the development of tools in the computer learning
environment for inquiry-oriented mathematics and science education. I hardly applied
it to the development of the instructional materials for use in the classroom experiments. Otherwise stated, the case studies themselves were the cycles in my design
research aiming at the development of an integrated set of tools for inquiry-oriented
mathematics and science education. The cyclic research and development phase, occurring after an explorative phase in which a theoretical and practical orientation took
place, is illustrated in Figure 1.1. In this thesis I mainly report on this phase.
vision on ICT-supported quantitative mathematical modeling

theoretical and
practical orientation

field
experiment

sample
activity

classroom ..... classroom
case study
case study

profile
project

integrated computer learning environment
explorative phase

phase of research and development cycles

Figure 1.1: The set-up of the study from a design research point of view.
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Decisions about the tool design were often made during implementation in response
to context demands, which were found during classroom experiments and during the
design of learning activities, and based on prototypes of the software tools. A cyclic
structure in the tool development was therefore one of the characteristics, which typically went through the following phase of planning, development, testing, and release.
The design of a new tool or improvement of an existing tool often started with a
project deﬁnition in which the technological and educational goals were speciﬁed, design criteria were formulated, and similar tools in other educational software were
inspected. Hereafter brainstorm sessions aiming at a functional speciﬁcation took
place, followed by a prototypical implementation. The prototype was tested within
a small community of researchers and experienced teachers: Some sample activities
were developed to explore the functionality and ease of use of the tool for educational
purposes and to generate new and better ideas. Adaptations were made on the basis
of these experiences. This spiral model of prototype development and enhancement
led to a new version of the tool that could be ﬁeld tested (again in collaboration with
experienced teachers), and ﬁnally be tested in classroom experiments. Depending
on the experiences in the ﬁeld tests and classroom experiments, a new development
cycle started or the ﬁnal tool was included in the release of the computer learning
environment. The released version of the tool was then ready for broad evaluation,
including the adoption by a broader group of users. But this broad evaluation was
hardly part of my research and development work. In other words, my R&D work was
mostly restricted to the ﬁrst three phases of the Integrated Learning Design (ILD)
framework for design-based research (Bannan-Ritland, 2003), namely: (1) informed
exploration, which means exploring theory, users and their needs; (2) enactment, that
is, the design, implementation and formative testing of a prototype in as many cycles
as necessary; and (3) local evaluation, which means evaluating the local impact of the
prototype on its users and going back to the enactment phase if necessary.
The above phases in a product development cycle resemble the following usercentered design activities taken from the ISO 9421-210 (2010) standard: (1) understand and specify the context of use; (2) specify the user and organizational requirements; (3) produce design solutions to meet user requirements (typically in the form of
prototypes); and (4) evaluate the designs against requirements. When these humancentered design activities are applied to software design for education and when emphasis is put on the understanding and speciﬁcation of the users, the activities and the
context of use, and on the evaluation of the design by case studies in the envisioned
context of use, then one speaks of a case-based design of educational software (Khan,
2008). The case-based design process can be split into three parts that resemble the
three phases of design research identiﬁed by Cobb et al. (2003), namely, preparing,
conducting, and retrospectively analyzing a design experiment. Kahn (2008) identiﬁed
them as the planning, development, and testing part of the case-based design process,
and she linked the following ﬁve sequential phases of the design process into these
parts: (1) studying pedagogical theory in preparation for the next phase; (2) making
a conceptual design of the educational software; (3) constructing the program architecture; (4) developing a prototype; and (5) testing of the prototype. As shown in
Figure 1.2, taken from Kahn (2008, p. 427), case studies inform phase 2 and 4, and
teachers’ feedback informs phase 2, 4 and 5.
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Pedagogical
Theory

Planning
2

Development

Testing

Conceptual
Design

3

Program
Architecture

4

Development

5

Testing

Phases

Previous
Research
Case
Studies
Teacher
Feedback

Educational Software Development

Figure 1.2: Phases of a case-based design process of educational software.
My personal experience, shared by others in the development team, is that this way
of educational hard- and software development is quite eﬀective when combined with
other concerted actions for implementation in educational practice. I combined this
type of usability evaluation of educational applications of ICT with expert evaluations
of developed prototypes. I applied standard methods in the case studies and expert
studies for usability evaluation, categorized by Tselios, Avouris, and Komis (2008)
in the following four groups of methods: (1) usability inspection methods; (2) user
testing methods; (3) exploratory methods; and (4) analytical evaluation methods.
The theoretical rationale of tool integration was that the use of multiple external representations is crucial for deep understanding of real phenomena and that this
process of understanding is promoted when learners are not distracted by technical
burdens that could have been avoided by the provision of tools that work well together.
This view was underpinned by theoretical frameworks such as the Kaput-Goldin representational framework for mathematical cognition and learning (cf., Goldin, 2008;
Goldin & Kaput, 1996; Kaput, 1992, 1994) and the Rule of Five framework on multiple representations (cf., Dick & Edwards, 2008). How strong my motivation for using
multiple representations in mathematics and science education was, it did not mean
that I closed my eyes for diﬃculties associated with using multiple representations.
The cognitive load is deﬁnitely enlarged when multiple representations come into play
and it has been reported in many research studies (cf., Ainsworth, 2006, 2008) that
learners ﬁnd retrieving information from representations, moving between and within
representations, and coming up with appropriate representations diﬃcult. But I believe that teachers can guide and support their students in learning to read and use
information from representations and to work eﬀectively with multiple representations.
I also concur with Kaput (1992, pp. 533-543) that computer technology, through
the dynamic linking of representations and immediate feedback, can assist students
in their learning process from concrete experiences to ever more abstract objects and
relationships of more advanced mathematics and science, and can support visualization and experimentation with aspects of investigated phenomena. Ainsworth (2008)
summarized a number of heuristics that could be used to guide design of eﬀective
multi-representational systems and that are obviously connected with principle(s) of
multimedia learning listed by Mayer (2005, 2009) and with principles of cognitive load
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theory (cf., Kalyuga, 2009; Oviatt, 2006; Plass, Moreno & Brünken, 2010; Sweller,
2005; Sweller, Van Merriënboer, & Paas, 1998).
Most student activities for classroom experiments were developed with the instruction theory of authentic education in mind. I interpreted the authentic nature of the
activities as the opportunity for students to work with real data, which they collect
themselves or get from real and recent research work, and to apply mathematical
methods and techniques in much the same way as practicing professionals. This was
also a leading design principle for the development of the integrated learning environment: It must enable students to do investigations such that their work has a strong
resemblance with the work of professionals. Authentic tasks can often be characterized
as challenging, complex, open-ended, cross-disciplinary, and requiring a strong commitment and broad range of skills. I structured and analyzed many of my quantitative
mathematical modeling activities in the case studies on the basis of the modeling cycle
of Blum and Leiß (2005, p. 1626). In this thesis I discuss the potential role of ICT in
these investigative activities with reference to this modeling cycle.

1.5

Structure of the Thesis

This thesis is divided into four chapters. In Chapter 1 I summarize the context,
rationale, aim, and set-up of my research and development work. In Chapter 2 I
report on results of classroom studies on ICT-supported practical investigations. In
Chapter 3 I describe sample activities for students and usability studies in which the
full potential of new tools was explored. In Chapter 4 I recap and discuss the results
and conclusions of the reported research and development work, I reﬂect on my work
as a whole, and I go into possible implications for future research and development.
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Chapter 2

Classroom Studies

I conducted various exploratory case studies on the performance of secondary school
students and the usability of developed tools in ICT-supported practical investigation tasks in the classroom. In most of these studies, pre-university students carried
out quantitative mathematical modeling activities using ICT, that is, they explored
mathematical models with the support of ICT tools in order to come to grips with
natural phenomena and to interpret real data. The authentic nature of the practical
investigations can be interpreted as the opportunity for students to work on real-world
problems, with the goal to come to grips with phenomena through scientiﬁc methods.
Students worked directly with high-quality data in much the same way as scientists
and practitioners do and they explored mathematics and science in authentic problem
situations, with the teacher helping them to learn to do scientiﬁc inquiry of good quality. Data were collected by the students themselves or originated from professional
data bases and published research studies.
In this chapter I report on the results of classroom studies on ICT-supported practical investigations. It is organized as follows. In the ﬁrst introductory section I explain
how the reports in subsequent sections have been compiled from papers published
in conference proceedings and journals. These papers, together with corresponding
instructional materials, can be found on the CD-ROM that is part of the presented
research and development work. Because the research settings and methods applied
in the case studies had much in common I also brieﬂy discuss these aspects of the case
studies in the introduction. The classroom studies have been grouped on the basis of
the subject of the students’ investigations and on the characteristics of the ICT use.
This led to the following categorization:
• Student work with real data, tables, and graphs in the context of human growth.
• Investigation of shapes of real objects through digital image analysis and mathematical modeling.
• Video analysis of human locomotion.
• Video-based practical work at pre-vocational secondary school level.
• Spreadsheet-based investigation in the context of survival analysis of clinical
data and in the context of handling weather data.
25
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• Computer-based modeling in the context of quantitative pharmacology, and particularly in the context of alcohol metabolism.
• Combination of video analysis and computer-based modeling in a study of bouncing balls.

The instructional materials of the practical investigation tasks of the ﬁrst and third
category (modeling human growth and gait analysis, respectively) were used by quite a
few students as starting point of their proﬁle research projects. In this thesis I mainly
report on the student work and the use of ICT in the practical investigation tasks
listed above.

2.1

Introduction

In most of the exploratory case studies, the main subject of my research was the student learning of quantitative mathematical modeling using ICT, with a special interest
in the usability of the applied ICT tools. The chosen approach in the student practical investigations was mostly guided instruction, in which students were introduced
in inquiry work and in the use of particular ICT tools for doing research on the basis
of knowledge and skills that they were supposed to have mastered before. A strong
motivation for the instructional development was to confront students with real world
problem situations and to let them experience that, with the mathematics and science knowledge and skills that they already possessed, they could in principle carry
out practical work that resembles what scientists and practitioners do. Students were
expected to develop and practice research abilities by carrying out small investigation
tasks, using techniques and ICT tools that are common in scientiﬁc inquiry. In most
cases, the students carried out the practical investigations in small teams.
In short, the exploratory case studies served the following goals: (1) They were
meant to gain insight in the needs of secondary school students for doing authentic
inquiry work. (2) They helped me specify requirements for an integrated computer
learning environment from a mathematical point of view. (3) They served to test the
usefulness and scope of (prototypical) implementations of particular tools for collecting, processing, and analyzing data. (4) They gave an impression of the potential of
ICT regarding the realization of challenging, cross-disciplinary practical work in which
secondary school students were engaged in activities such as experimenting, data collection, and data analysis in much the same way as scientists and practitioners.
I cooperated with mathematics and physics teachers in all classroom studies, partly
thanks to the NWO-project ‘Teacher in Research’. The instructional materials were
created in close collaboration with these secondary school teachers, who always had
more than twenty-ﬁve years of experience in teaching and in creating instructional
materials (two of them were authors of mathematics textbooks used in Dutch schools).
The classroom study always took place at the schools where the collaborating teachers
worked. These schools always had adequate or really good ICT facilities for their
teachers and students. Naturally, the fact that the teachers had collaborated in the
instructional design and had much teaching experience, as well as the fact that the
school were well-equipped for computer-based inquiry work by students inﬂuenced
the research outcomes. But I am of opinion that innovations in education are better
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tried out ﬁrst under conditions that seem optimal, before testing them broadly under
regular conditions, for example with less experienced teachers, or at schools with
less good facilities. In exploratory case studies, this selection of schools and teachers
involved allows to explore the potential of innovations. Naturally, when an innovation
seems promising, it must be evaluated more broadly under conditions regularly found
in educational practice. But this ﬁnal phase, which is for example present in the
Integrative Learning Design framework for design-based research of Bannan-Rittland
(2003), was beyond the scope of the work presented in this thesis.
In most case studies, the teachers involved in the instructional design were also
the leading persons in the classroom who guided the students in their practical work.
Whenever possible, I took in the classroom the role of observer of the activities in which
the teachers and students engaged. This often turned into participatory observation:
Then I took on an active role during practical investigations by assisting students in
their data collection, answering their questions, and by giving advice. At the same
time, by asking questions during practical investigations I could probe the students’
understanding of the problem situation and their inquiry skills. In-class impromptu
interviews with students occurred while they were engaged in data collection or data
handling, usually following up a comment or questions made by a student to his or her
teammate(s), other classmates, the teacher, or to the researcher. But I always tried to
avoid a strong inﬂuence from my part on the students’ way of working and reasoning.
For this reason, I prepared myself for every classroom meeting with students by making
a list of things I aimed to ﬁnd out about the students’ inquiry learning and about
their envisioned use of ICT tools. Classroom observations and in-class impromptu
interviews were recorded as ﬁeld notes, to which I also added personal impressions of
how the instructional materials had functioned.
Classroom observation, and participatory observation in particular, is a standard
research method for data collection in design research. Other classical methods for
data collection that I applied in my exploratory case studies were:
• Interviews with teachers after each lesson to record their impressions of the activities and of how the instructional materials and the ICT tools had functioned.
• Audio and video recording of teacher instructions and group discussions of student teams in the classroom, which I afterwards used to compare my classroom
observations and the teacher’s impressions (but I hardly transcribed them verbatim).
• Computer registration of student activities with screen capture software to ﬁnd
out what the students had really done, for example, when they were unobserved
by the teacher and the researcher.
• Completed worksheets and reports of students, which gave an impression of the
quality of the students’ work and indicated whether the students had in the ﬁrst
place been able to meet the learning goals of the instruction.
• Questionnaires for students, mostly used to ﬁnd out how they had experienced
the lesson activities and whether this was in accordance with their expectations
of doing practical investigations. I probed what students thought of the subject
of study, the instructional materials, the use and quality of the ICT tool, and so
forth.
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I did not apply all research methods in each and every classroom study, but always
strived for a multi-method approach to data collection in order to increase trustworthiness of the results and ﬁndings. The aim of all data collection was to answer my
leading questions in the exploratory case studies such as “How did the designed instructional materials and the ICT tools function in school practice?”, “Were learning
goals achieved?”, “Did the students use the ICT tools in the envisioned way?”, and
“How could the instructional materials and the ICT tools be improved?”
The reports on the outcomes of the classroom case studies, presented in the next
sections, have all been structured in the following way:
• Reference to the full publication(s) about the described practical investigation.
• Introduction to the subject of the practical investigation and an outline of the
research objectives regarding the students’ learning of doing scientiﬁc inquiry by
use of ICT tools, and the research instruments.
• Short description of the classroom study, which includes data about the participants, time and place of the experiment, the learning objectives, and the lesson
design, the instructional materials, and the envisioned use of ICT.
• Summary of the main results and ﬁndings of the classroom study.
• Possible extensions of the subject of study, with references to publications of the
author for the interested reader.
The reports about the classroom studies are deliberately held short because of the
amount of case studies to discuss (ten studies) and because the interested reader can
anyway get more information from the papers published in journals and conference
proceedings, which can be found together with corresponding instructional materials
on the accompanying CD-ROM. However, three exceptions to this general rule have
been made: The classroom studies about human growth and gait analysis are discussed
in more detail because the instructional materials of these practical investigation were
used by quite a few students as starting point of their proﬁle projects. I elaborate
on the classroom study about bouncing balls because classroom experiences were only
discussed in detail in an unpublished Dutch manuscript (Heck, 2008f).
The number of classroom studies was large because I wished to cover many different types of data collection and data handling, using various ICT tools. Table 2.1
illustrates the broad range of inquiry activities and ICT tools involved. Regarding the
use of the Coach environment, Table 2.1 also shows that a large variety of ICT tools
was covered by the classroom case studies: handling given data, image measurement
and analysis, video analysis, text-based and graphical modeling, regression analysis,
and a combination of measurements and modeling. Measurements with sensors, image
measurement, control experiments, and more combinations of ICT tools in version 6
of Coach were explored through sample activities and ﬁeld experiments. They are
discussed in the Chapter 3.
Instead of choosing an in-depth approach investigating a few inquiry techniques
and ICT tools, I selected a breadth-ﬁrst approach in which a broad collection of inquiry activities and a versatile set of ICT tools were explored to get a more holistic
view of ICT-supported practical investigations by students. One of the goals of my
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work was after all to contribute to the development of an integrated computer learning environment for inquiry-oriented mathematics and science education, which is by
deﬁnition a general purpose system. It is true that for each implemented component
in the envisioned system, and also in Coach, a dedicated computer program may
be more sophisticated, but it is the integration of a variety of ICT tools in a single
environment that determines the usability of a computer learning environment. This
is the key point in the STOLE concept outlined in Section 1.2.
subject

ICT tool

human growth

Coach 5 measurement activity
without an
interface
Coach 5 image
measurement
and analysis

image analysis
of bridges and
hanging chains
modeling shapes
of bridges and
hanging chains

Coach 5 textbased modeling

gait analysis:
case study 1

Coach 5 video
analysis

gait analysis:
case study 2

Coach 5 video
analysis

video-based
practical work
at pre-vocational level
survival analysis

Coach 5 video
analysis

analysis of
weather data

Excel
spreadsheet

alcohol metabolism

Coach 6 graphical modeling

bouncing balls

Coach 6 video
analysis and
graphical
modeling

Excel
spreadsheet

data collection and data handling
collection
processing
analysis
data from Dutch
graphical repregraph sense;
growth studies
sentation; inbasic statistics;
crease diagram
regression with
simple functions
measurement on
comparison of
regression with
given video clips
graphs for difquadratic funcin which all
ferent problem
tions
frames are equal
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Table 2.1: Overview of tool use, data collection and data handling involved in the
classroom case studies on practical investigations by secondary school students.
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2.2

Student Work with Real Data about Human
Growth
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Introduction
The Dutch human growth study of 1997 (Wit, 1998; Fredriks, 2004) was used to
create ICT-based instructional materials for students who were in their ﬁrst year of
the Second Stage of pre-university education (age 15-16 yr.) and had no experience
with practical investigation tasks. Much of the work could have been done with a
spreadsheet software like Excel, but I chose for Coach because for some assignments
I needed a regression tool that could be interactively used and such a tool had been (at
that time) newly designed and implemented in Coach 5, ready for local evaluation
in practice. The students in this classroom case study had not worked with Coach
before. The motivation to work with scientiﬁc data was that, although body growth of
children is often used in mathematics textbooks as an example for discussing processes
of change, statistics, and discrete and continuous models of growth, the real world
context is in many exercises only used for dressing up a mathematical problem or as
an ideal illustration of a mathematical concept, resulting in unrealistic data presented
in textbooks.
In this case study I explored the ICT-supported graph sense of the students and I
aimed at getting answers to the following questions:
• Do the instructional materials and the chosen instructional setting enable students, who have no prior practical experience with Coach, to acquire the skills
and experience to use the tabular and graphical tools eﬀectively in their study
of human body growth?
• What do students think of the use of the software?
• What do students think of the subject, the instructional materials, and the use
of real data?
• Since it is the ﬁrst time that the students do practical work in the context of
mathematics all by themselves with a computer, how do they like it and what
diﬃculties do they encounter?
The research instruments used to get answers to these questions were classroom
observations, teacher interviews, video recordings (including video capturing of computer work), a questionnaire, the reports of the students about their work, and the
underpinning Coach result ﬁles.
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The Classroom Experiment
Twenty-six vwo-4, Mathematics A students (13 male and 13 female; age 15-16 yr.), who
had chosen for the Culture & Society or the Economics & Society proﬁle, participated
in the experiment. The practical assignment was not part of the students’ examination
portfolio because it was their ﬁrst experience with a practical investigation in the
context of mathematics, but instead it was graded as a regular test in the semester.
The students worked in pairs for two weeks in March 2001. Estimated study load was
6 to 8 hours. In the ﬁrst week, work took mainly place in the computer laboratory
during the regular mathematics lessons (of 45 minutes). The mathematics teacher and
the researcher were present as assistants. In the second week, the students could make
use of the computer facilities at school to work autonomously on the assignments.
Instructional materials were developed in accordance with the learning objectives
to let students
• work with real data and with diagrams that are actually used in health care;
• experience how much useful information can actually be obtained from diagrams;
• see that the change of a quantity is often as important and interesting as the
quantity itself;
• practice ICT skills; and
• carry out practical work in which they can apply much of their mathematical
knowledge.
The instructional material consisted of the following three compulsory assignments,
of which the ﬁrst one took place in the regular classroom and the other two in a
computer laboratory at school:
1. The Dutch Growth Study of 1997. A quiz gives the students an idea of how much
they already know about body growth and puberty. A newspaper article introduces
the fourth national growth study and illustrates the relevance of growth data.
2. Mean Height Growth. Students familiarize themselves with the main tools of
Coach 5 for studying human growth. They learn how to make data plots and increase
diagrams of height in relation to age, and they learn how to interpret these diagrams
in the context of child growth.
3. Secular Height Growth in 1980-1997. Secular growth means the changes in the
development of children from one generation to another. In this task, students use the
data from the Dutch surveys of 1980 and 1997 to study the changes in mean height
for Dutch boys and girls in this period. Questions stimulate students to formulate and
underpin their conclusions.
Finally, the students selected one of the following subjects to investigate independently in teams of two:
A. Growth Charts of Native Dutch Children (no use of ICT in this activity). Students
familiarize themselves with the growth charts for native Dutch children and with the
mathematical terminology. They learn how these diagrams are made, what they mean,
and how they are used. They also compare their own height and weight with their
peer group.
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B. Mathematical Model of Height Growth for Girls. Students compare the mean height
growth for girls with Turner syndrome with the growth for healthy girls and they make
a quadratic model of the height growth for girls from age 3 until puberty.
C. Mean Weight Growth. Students investigate the mean weight growth for healthy
Dutch boys and girls in relation to age. They look for similarities and diﬀerences, and
they make a simple mathematical model of weight-for-age for children until puberty.
D. Mathematical Weight-for-Height Model. Students investigate the mean weight
growth for Dutch children in relation to height and make a mathematical model of
weight-for-stature.
In data handling, representing the data in tabular and graphical way is an essential
step to start making sense of the data in relation to the problem situation. For
example, data graphs are used to detect and clarify patterns in large numerical data
sets and to make trends evident. In the activities of the practical investigation about
human growth, the main role of ICT was to help visualize, process, and analyze real
growth data. Computer use is convenient in such work because the computer screen is
suﬃciently large for displaying growth diagrams and increase diagrams such that one
can discover diﬀerences in mean body growth between boys and girls. The diagrams
on the left-hand side of Figure 2.1, which is a screen dump of a Coach activity, are
about mean height growth of Dutch children in relation to their age.

Figure 2.1: Screen shot of a Coach activity about the mean height and the increase
in mean height for Dutch boys and girls.
Two things catch the eye in the increase diagrams, which were constructed by a
built-in data processing function: (1) the growth spurt during puberty; and (2) the
fact that this occurs for boys later than for girls, and with higher intensity. Students
were prompted by questions in the compulsory activities to ‘look behind the data or
graph’, that is, to connect the graphical information with the context. I use here
the terminology of Shaughnessy (2007, pp. 989–991) for levels of graph sense, who ex-
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tended earlier work of Curcio (1981, 1987) in which she had distinguished the following
three components of graph sense: (1) ‘reading the data or graph’ [i.e., locating presented information and translating it into other form of communication]; (2) ‘reading
between the data or graph’ [i.e., interpreting and integrating presented information];
and (3) ‘reading beyond the data or graph’ [i.e., generating information by extending
and predicting data and by inferring of data]. These levels of graph sense were also
covered in the student activities. Regression analysis is a typical example of ‘reading
beyond the data or graph’ and this was applied by students doing assignments B, C,
or D via the (at that time) newly developed function ﬁt tool of Coach 5.
At this point I would like to point out that it is also instructive to investigate
diagrams for children with growth disorders. The diagrams on the right-hand side of
Figure 2.1 are about mean height growth of healthy Dutch girls and girls with Turner
syndrome. Two symptoms of Turner syndrome can be found in the diagrams: slow
growth and no pubertal growth spurt. For girls with Turner syndrome the growth rate
looks after the age of three like a linear function of age. In other words, the mean height
of girls with Turner syndrome in relation to age can be described mathematically by
a parabola. As a matter of fact, the quadratic model describes it up to a millimeter.
This underpins the idea to explore a quadratic model for the growth of healthy girls
in their childhood (from age 3 to the onset of puberty), which is a component of
the Infancy-Childhood-Puberty (ICP)-model for human growth (Karlberg, 1989). It
is then useful that a Coach user can manually ﬁt the data by using the mouse to
translate and stretch the graph of a template function selected as the regression curve;
see Figure 2.2 (taken from Ellermeijer & Heck, 2002, p. 53).

Figure 2.2: Screen shot of a manual function ﬁt of the childhood component of the
ICP-model for human growth via the regression tool of Coach 5.1.
The regression tool instantly gives in return to mouse actions in the regression
window the updated graph and the updated parameter values of the template function.
The dynamics and instant feedback of the regression tool helps the user match a graph
with data. In this particular case, students doing assignment B were expected to search
for a parabola that on the one hand ﬁts well the mean boys height between 3 and 10
years of age, and that on the other hand reaches its maximum at the age of 20 years,
when height growth usually stops. The formula of a parabola, y = ax2 +bx+c, has been
selected as function type in the above screen shot; the selected column corresponds
with the mean height of Dutch boys. The icon of the pin on the screen shot is such
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that the approximation has been ﬁxed at that location. By dragging another point of
the parabola with the mouse one can now re-scale the graph. When the ﬁxed pin is
released by double clicking, then one can translate the parabola, that is, independently
change the parameter c. This quadratic model is one of the regression models that can
be described by a formula of type y = μf (νx+ρ)+σ, where f is a simple mathematical
function and μ, ν, ρ, σ are parameters, and that have been implemented in Coach.
Results and Findings
I summarize the outcomes of the classroom experiment in the same order as the
questions in the introductory paragraph.
Performance of the students. The strongest impression made the good quality of the
students’ work in general. An example is the following description of the diﬀerence in
height and height increase between healthy girls and girls with Turner syndrome:
“The diﬀerence in height for girls with and without Turner syndrome is
not so big until the age of two. You can also see that they skip puberty
more or less. Where a healthy girl starts growing faster during puberty
and you can see a peak in the diagram, this is not the case for girls with
Turner syndrome. They grow as it were constant.”
The students who wrote this in their report made good sense of the height diagram
and of the increase diagram, regardless of the weaknesses in the formulation from
mathematical point of view.
The abilities of students to create and interpret graphs has been focus of numerous
research studies (See, for example, Leinhardt, Zaslavsky, & Stein, 1990, and references
therein). Classroom observations indicated that the students in this classroom experiment usually had no problems with interpretation tasks up to intermediate level.
Local processes such as point reading were easy for them. However, most of the questions in the learning material were interpretation tasks on a global level and could be
characterized as interval reading. In general, the students had no diﬃculties with these
tasks. Interval/point confusion was not noticed. Maybe that the authors’ attention to
unambiguous phrasing of questions paid oﬀ or that the focus on interval tasks simply
avoided the confusion.
Only one question in the activity about height-for-age, namely “Who grows faster,
boy or girl, and at what age?”, put some students on the wrong track. They did
not use the increase diagrams to answer the question, but they instead confused the
statement “boys growing faster than girls” with “boys being taller than girls” and
used the graph of the diﬀerence in height between boys and girls for their answer.
This is an example of the slope/height confusion, meaning that the students confused
the quantity and the change of a quantity. However, it may well illustrate that the
students were not used to think of change of a quantity as an interesting quantity itself.
This was noticed in assignment C, which is essentially the same as the activity about
height growth (weight instead of height). Yet no student team investigated increase
diagrams.
Students’ opinions about the use of Coach. The students quickly familiarized with
Coach. They reported that they liked the quick and easy way of creating graphs
from tables, and vice versa. They appreciated that they could copy and paste graphs
and tables into their report. They found it convenient that the instructions were not
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only presented on paper, but also inside the Coach activity. On the negative side,
students mentioned that saving results caused sometimes runtime errors1 and that
explanations were sometimes too vague for them. Some students reported diﬃculties
with getting the graphs exactly in the way they wanted them: Choosing unique names
for quantities and labeling axes seemed to be the biggest problems. Name clashing
troubled students who followed instructions literally and who forgot that names of
quantities must be unique. The students had hardly problems with a second vertical
axis in the diagram. They used it for the ﬁrst time when they were asked to plot the
diﬀerence in height of boys and girls. For example, one student team explained the use
of a second axis as follows: “The second vertical axis is for scaling the diﬀerence. This
way, you can see the line better and it is not so small.” Fortunately, when students
had diﬃculties with the software, this did not hinder them to get good results in the
end as teams often helped each other out.
As was noted in the paragraph about the classroom experiments, Coach has a
function ﬁt tool that enables students to work with various regression models. The
students could easily work with the tool, even though regression was no subject in the
mathematics curriculum, and it was observed that the students felt free to try any
function type in the tool. For example, the weight-for-length curve in assignment D
was ﬁtted by students as a modiﬁed rational function and as a modiﬁed exponential
curve. When asked a simple function ﬁt, most students interpreted this as a ﬁt with
a straight line; a quadratic ﬁt was apparently not simple for them. The students had
diﬃculty in analyzing a curve in pieces, or at least they did not do this if this was not
explicitly asked.
I end this paragraph with some general remarks. Girls performed better than boys
in this experiment and weak students had a chance to do better. Girls seemed to be
more interested in the subject of body growth and they paid more attention to the
report (even decorate it with pictures). This is also evident from the population of
students who chose the subject as human growth for their proﬁle project and used the
instructional materials as starting point for their research: All students were female.
Students’ opinions about the subject and the instructional materials. Almost all students found that the quiz and the newspaper article formed a nice introduction to the
subject. Half of the students found the 15-minutes demonstration of the software at
the beginning too short. From the students’ responses in the questionnaire no conclusion could be drawn whether the students rated the Coach instructions as clear and
suﬃcient. They had no complaints about the number of hints. All students reported
that the structure of the second activity, which consisted of explicit questions before
the task of answering the research question, helped them to formulate their summary
of height growth of Dutch children. Half of the students were of opinion that the third
activity about secular height growth, in which they got less procedural hints, linked
up well with what they had learned about Coach before. For them the gradual move
in the sequence of activities from a closed assignment with guiding questions and detailed procedural help for using the software environment to a more open-ended, less
pre-structured assignment worked well. But also half of the students found that this
assignment did not link up well with their mathematical knowledge.
1 The installation of the software on the computers in the computer laboratory diﬀered from the
way the Coach developers had intended. This was the main cause of the problems that students had
with saving results.
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Students’ experiences. All students indicated that they liked it that they were provided
the opportunity to choose the last assignment. Many of them admitted that they chose
the task that they guessed would be easiest, others (mostly girls) gave more personal
reasons. For example, one team wrote: “Turner syndrome looks to us an interesting
subject. You have to compute something about girls and then it is nice to see if
it matches with yourself.” None of the students found the assignments easy, but
their biggest complaint was that time was too short.2 No surprise that the students’
appreciation of the practical investigation ranged from statements like “We do not like
it much. We need more time for it.” to comments such as “We like it very much. You
get a lot of freedom. Only time was too short.” Some students preferred the normal
mathematics lessons in which the teacher is always around to help them. Others
enjoyed the freedom in this kind of activities or simply liked the subject. We quote
one student team: “It was fun to do; something diﬀerent from the textbook and an
interesting subject.”
Extensions
One can hardly expect that secondary school students discover a mathematical model
for human growth by themselves. But it is already nice if they can validate a proposed
mathematical model. A ﬁne model to test is the Infancy-Childhood-Puberty (ICP)
model developed by Karlberg (1989) for height in relation to age. This model breaks
down growth mathematically into three partly superimposed components:
1. Infancy (0-3 years). Restricted growth, in which the growth rate is a linear
function with respect to height, can be represented by the modiﬁed exponential
curve:
H1 = a1 − b1 e−c1 t ,
where the symbol t stands for age.
2. Childhood (from 3 years of age to the onset of puberty). A simple quadratic
function describes growth during this period quite well:
H 2 = a 2 t2 + b 2 t + c 2 .
3. Puberty. The contribution of the pubertal growth spurt to the ﬁnal height can
be modeled using a logistic function:
H3 =

a3
.
1 + ec3 −b3 t

Here, a1 , b1 , c1 , a2 , b2 , c2 , a3 , b3 , c3 are positive parameters, which must be estimated
from the growth data. The mean height for each age, H, is given by H = H1 +H2 +H3 .
One can use the following curve ﬁtting procedure (Heck, 2002b). First, note that the
childhood component is the only part of the model that is described by an unrestricted
growth process. Therefore, it makes sense to begin searching for a parabola that on
the one hand ﬁts well the height between 3 and 10 years of age, and that on the
other hand reaches its maximum at the age of 20 years, when height growth usually
stops. After subtraction of the extrapolated values of the childhood component from
the observed values during the periods before and after this phase, two additional
2 The students were right: The authors of the activities had underestimated the time that students
need to learn Coach in the ﬁrst activities, especially when small errors in the instructional materials
or students’ reading mistakes disturbed the learning process.
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components are extracted and modeled. The modiﬁed exponential regression model
and the logistic model can be applied for these two periods, respectively. To this end,
the logistic regression model has been added to the list of template models in version 6
of Coach. Heck (2004b, 2008c) presented a logistic model for mean weight of Dutch
boys and girls during adolescence. The above curve ﬁtting procedure is called the least
squares method of peeling-oﬀ functions (Foss, 1969) and is much applied in scientiﬁc
data handling. Examples of this approach in the context of human growth have been
presented in bilogistic modeling of weight as a function of age (Heck, 2004b; see also,
Heck, 2008c). These mathematical models describe the human growth quite well: For
example, the diﬀerence between computed and measured mean height of Dutch boys
turned out to be everywhere less than 0.5 millimeters. This is a beautiful result for a
formula that is completely built up from mathematical models that are all subjects in
the Dutch pre-university mathematics curriculum. However, one must not think that
the ICP model is the only successful mathematical model for height growth of boys
and girls. In the literature (e.g., Bock & Thissen, 1976; Jolicoeur, Abidi, & Pontier,
1991; Kanefuji & Shohoji, 1990; Susman, Murphy, Zerbe, & Jones, 1998) one can ﬁnd
a variety of mathematical models that could be explored by students.
But there are many more topics that students could investigate. They suggested
themselves the following new research questions for further practical work: “How can
it be that humans get taller every generation? Will this process ever stop and does
this hold for animals, too?”; “When does the mean height usually begin to decline?”;
and “How does your own height and weight or the data of your classmates compare
with the reference data?” The last suggestion is probably the most interesting and
most instructive. Students will then encounter as a matter of course many problems
in doing research, and not only mathematical problems. Some of the questions are:
How do you set up the research study? Are you going to measure growth parameters
or just ask participants? How do you deal with personal data? What if people refuse
to collaborate? How do you present your results? And so on. In this way students can
indeed experience many aspects of doing research. This has been realized in several
proﬁle projects, in which students used this practical investigation as a starter to
familiarize with the subject and have high-quality reference data.

2.3

Computer-Based Investigations of Mathematical Shapes of Real Objects

In this section I present two classroom studies about modeling shapes of bridges and
hanging chains: (1) an image analysis activity in a vwo-4, Mathematics B class; and
(2) a text-based modeling activity in a vwo-5, Mathematics B class.

2.3.1

Image Analysis of Bridges and Hanging Chains

References
A short paper appeared in 2002 in the ICTMT 5 Conference Proceedings; a longer,
more detailed version appeared in 2004 on the conference CD-ROM.
Heck, A., & Holleman, A. (2002). Investigating bridges and hanging chains. In M.
Borovcnik & H. Kautschitsch (Eds.), Technology in Mathematics Teaching Proceedings
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of the ICTMT 5 in Klagenfurt 2001, Schriftenreihe Didaktik der Mathematik v. 25
(pp. 409–412). Vienna: öbv&hpt Verlagsgesellschaft.
Heck, A., & Holleman, A. (2004). A practical investigation task with the computer at
secondary school: bridges and hanging chains. Extended paper in M. Borovcnik & H.
Kautschitsch (Eds.), Electronic Proceedings of ICTMT 5, Klagenfurt 2001. Vienna:
öbv&hpt Verlagsgesellschaft (CD-ROM).
Introduction
In this classroom study I used the video analysis tool of Coach 5 to let students
in their ﬁrst year of the Second Stage of pre-university education (age 15-16 yr.),
who had no prior experience with practical investigations and the video analysis tool,
collect real data from a digital image, in particular of a main span of a bridge and a
hanging chain. Using the regression tool they had to ﬁnd out whether a parabola is an
appropriate mathematical formula to describe the shape or not. Besides, students had
to use their physics knowledge about force as a vector quantity to reason why under
certain conditions a parabola describes the shape well and under other conditions not.
In this case study I explored the ICT-supported data handling and reasoning of
the students and I aimed at getting answers to the following questions:
• Do the instructional materials and the chosen instructional setting enable students, who have no prior practical experience with the video analysis tool of
Coach, to acquire the right skills and experience to use the video analysis tool
eﬀectively in their study of shapes of bridges and hanging chains?
• Does Coach, and in particular the video analysis tool, work without technical
problems when applied to explore a digital image?
• What do students think of the use of the software?
• What do students think of the subject, the instructional materials, and the use
of real data?
• Since it is the ﬁrst time that the student do practical work in the combined
context of mathematics and physics, how do they like it and what diﬃculties do
they encounter?
The research instruments used to get answers to these questions were classroom
observations, teacher interviews, video recordings (including video capturing of computer work), a questionnaire, the reports of the students about their work, and the
underpinning Coach result ﬁles.
The Classroom Experiment
Twenty vwo-4, Mathematics B students (16 male and 4 female; age 14-15 yr.), who had
chosen for a Nature proﬁle, participated in the experiment. The practical assignment
was not part of the students’ examination portfolio because it was their ﬁrst experience
with a practical investigation in the combined context of mathematics and physics,
but it was graded instead as a regular test in the semester. The students worked
in pairs for two weeks at the end of March 2001; estimated study load was 6 to 8
hours. In the ﬁrst week, work took mainly place in the computer laboratory during
two class periods of 45 and 90 minutes, respectively. The mathematics teacher and the
researcher were present as assistants. In the second week, the students could make use
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of the computer facilities at school to work autonomously on the assignments and one
mathematics lesson was spent to answers questions of students and help them further
with their investigation.
Instructional materials were developed in accordance with the learning objectives
to let students
• work with real data collected from digital images;
• apply mathematical models to investigate shapes;
• practice ICT skills, in particular use tools to collect data from video clips and
images; and
• carry out practical work in which they can apply much of their knowledge of
mathematics and physics.
The instructional material consisted of the following four assignments:
1. Bixby Creek Bridge. Students get acquainted with some facilities that Coach
provides for video analysis, but they only have to add some measurement points instead
of setting up the complete video measurement.
2. Zeeburger Bridge. Students apply what they learned in the ﬁrst activity to analyze
the shape of the Zeeburger Bridge and ﬁnd that a quadratic function describes the
shape of the main span quite well. They are guided through the whole process of
setting up a video measurement, including the choice of the coordinate system, the
calibration of length, and so on.
3. Five weights. Students explore a related, but simpler physical model, namely a
lightweight chain with objects of equal weight attached at equal horizontal distances
(See Figure 2.3). By measuring slopes and angles in the video clip, students are
expected to discover that the slopes of the right segments of the chain have a ﬁxed
ratio, namely 1:3:5. patterns. Students can explain this on the basis of fundamental
physics principles: They must only realize that force is a vector quantity and that
equilibrium of forces holds at each point of application where a weight is attached to
the chain. This simple observation about slopes can then lead to an explanation of
the fact that the points of attachment lie on a parabola.

Figure 2.3: Screen shot of a measurement of positions, angles and slopes in an image.
4. Necklace. The next step is to realize that from an analysis of slope ratios also
follows that the curve is not a parabola in case the weights are attached at equal
distances along the chain. Finally, students can utilize the ﬁxed ratio of positive
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slopes to approximate the free-hanging ‘ideal’ chain by modeling it in their mind as a
string of 2n + 1 beads, for large n, where the beads are close at equal distance of each
other. After the theoretical part, students could verify the non-quadratic shape of a
necklace hanging under gravity by measuring a digital image of such an object.
Results and Findings
From the questionnaire, ﬁlled out by 8 teams, the classroom observations and the
students reports I concluded that the students liked the practical work. Their enthusiasm was greater than in regular lessons. Most students worked without stops
and did their best to get accurate data in measurements. They quickly familiarized
themselves with Coach. Working with graphs and measuring positions, angles and
slopes in video clips caused no insuperable problems. A quotation of a female student
team illustrates this: “It is fun and it makes a change. It was not really diﬃcult, not
even the theoretical part. You must ‘see it’, and then it is easy. Please, do this more
often.” The assignments apparently went well together and the theoretical part about
the chain with 5 weights linked up well with the students’ physics knowledge: They
had just learned about force as a vector quantity. But the students diﬀered in opinion
about the connection with their mathematical background. Half of the students wrote
that this part of the assignment did not link up well with their mathematical knowledge. In fact, many of them needed assistance from the teacher, but they managed to
understand it and write the explanation in their own words (cf., Heck, 2007d).
In the reports, the presence of units of length for slopes indicated that some
students confused slope and increase of a quantity. Maybe this was caused by the
diﬀerence between mathematics, in which tangents are dimensionless, and science,
where slope is treated as a quantity. Another interesting diﬀerence between the use of
diagrams in mathematics and science popped up in the classroom experiment when
students were making graphs invisible in a plot. To their surprise, students got weird
diagrams with no coordinate system or no labels near the axes. They were apparently
thinking of a graph as a representation of a function, that is, as a representation of a
single object, so that it suﬃces to work with one variable. This is common in mathematics. In science however, a graph represents a relation between quantities. Then
one works with at least two variables.
The appearance of ‘weird graphs’ during the computer laboratory session could also
be attributed to the fact that at the time of the classroom experiment Coach only
allowed measurements on video clips and not on a single digital image. Nevertheless, it
could be used to measure on digital images by just converting them into video clips in
which all frames are equal and by making the time variable invisible in the diagrams.
But students could (and did) overrule this setting and obtain unexpected diagrams.
From this experience, the conclusion was drawn that indeed a dedicated digital image
analysis tool was needed in Coach. Since it is sometimes in reality diﬃcult, if not
impossible, to make a photograph straight in front of the real object, the decision was
made to design and implement a perspective correction tool for both digital image and
video analysis. It has proven its value in many case studies (cf., Heck, 2004a, 2008a-b;
Heck & Ellermeijer, 2009; Heck & Uylings, 2006, 2010a; Heck & Vonk, 2009).
Some students misunderstood the question in the third activity about the pattern
in the angles and slopes of the chain segments. They wrote that larger angle implies
larger slope, and that the tangent of the angle is equal to the slope. They were right
of course, but this was not the authors’ intention. Most students did not ﬁnd the
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pattern from their collected data. They found the pattern ﬁrst in the task to look at
angles and slopes for the points (0, 0), (1, 1), (2, 4) and (3, 9) in the standard parabola
y = x2 , and then checked if this also occurred more or less in the measured data.
Actually, this is not a wrong way of doing.
Extensions
Some students were a bit disappointed about the mathematical contents. They found
that the assignments focussed too much on learning Coach or on physics aspects, and
that they had less to do with mathematics. In retrospect, I must admit that they were
right. I could have gone further into mathematical modeling (as presented in Heck,
2007d) and I could have paid more attention to the role of symmetry, perspective,
and the coordinate system in the problems. Especially the eﬀect that a change of the
coordinate system has on the data and on the formulas would have been an interesting topic and a natural introduction to the study of invariance of properties of curves
under transformations. I also overlooked some opportunities while preparing the instructional material. For example, to convince students that really more is needed
than curve ﬁtting for deep understanding of a shape, I could have asked them to apply
the sinusoidal regression model y = a sin(bx + c) + d to the data collected for the Zeeburger bridge. They would have seen, maybe to their surprise, that this model works
as good as the quadratic model. But which one is correct? And what is meant by ‘correct’ ? Can a sinusoidal regression model approximate any piece of a parabola or are
there limitations? Similarly, the students could have validated that the ‘ideal’ chain
hanging under gravity with suspension points (−1, 1) and (1, 1), and with its minimum
at (0, 0) can be approximated very well by the rational formula y = 9x2 /(11 − 2x2 ).
What are actually the advantages of the exact formula for the catenary? Such tasks
and questions would have given the students more food for thought and they would
have revealed the dangers of so-called experimental mathematical modeling.
Students understood the universal application of digital image analysis and video
analysis. They suggested the following subjects of practical work in which video and
image measurement could play a role: the shape of the atrium at school, the streamline
of cars, the supporting power of a structure, movements in sports, collisions, and
acceleration, deceleration, and movements of objects. Many of them expected that
it would be more interesting and fun to work with video clips instead of with still
images. I am of opinion that the discrete modeling approach oﬀers an opening to the
investigation of other systems of masses acting under gravity on a rope and that the
scope of investigation can be broadened to anchor catenaries (Lamb, 2000), shapes
of suspension bridges, and to architectural structures. This kind of activities would
illustrate the use of common mathematical shapes and functions such as straight lines,
parabola, exponential and logarithmic curves, and it would reinforce some of the ideas
of calculus. But maybe more important, it would bring the real world into mathematics
lessons in an attractive way.

2.3.2

Modeling Shapes of Bridges and Hanging Chains

Reference
Heck, A. (2007). Modelleren van bruggen en bogen [Modeling bridges and chains].
Nieuwe Wiskrant, 27 (1), 42–52.
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Introduction
In this classroom study I explored whether the text-based modeling tool of Coach 5
could be eﬀectively used by students in their second year of the Second Stage of preuniversity education (age 16-17 yr.) for discrete modeling of mathematical curves. In
previous school years, these students had learned in mathematics and physics lessons
that a characteristic property of a quadratic function is that the increase diagram is
a straight line. In other words, the increase diagram of the increase diagram of a
quadratic function, referred to as the second increase diagram, is constant. In the
language of derivatives, it means that the second derivative is constant. But one
may wonder whether students really value this characteristic property of a quadratic
function and the parabola. This was explored in this case study with students who had
no prior experience with the modeling tool. It was in the strict sense not a classroom
study because the students obtained a home version of Coach so that they could
carry out their practical investigation at home, on the basis of instructional materials
with concrete exercises and tasks.
The Classroom Experiment
Twenty-four vwo-5, Mathematics B students (13 male and 11 female; age 16-17 yr.)
puzzled at the end of May 2001 in small teams of 2 to 3 persons with the help of the
text-based modeling tool of Coach 5 over the problem of how the consecutive ratios
1:3:5:7:. . . of positive slopes of equal sized segments with kinks at equal horizontal
distance lead to a parabolic shape. They started in their practical investigation with
the computer program shown in Figure 2.4. The model window is divided into two
parts: On the left-hand side is the actual program and on the right-hand side are the
initial values. As shown, x and y start at −5 and 25, respectively. Furthermore, dx
equals 1. This means that x each time increases with step size 1. On the left-hand side
it is visible that ﬁrst the value of dy is calculated and hereafter the new values of x
and y. Then it starts all over again, that is, on the left-hand side stands the repetition
with the code that is repeatedly executed until the condition x > 5 is satisﬁed. The
diagram window illustrates that the computer points lie on the standard parabola.

Figure 2.4: Screen shot of a Coach computer program generating points on the
standard parabola y = x2 .
None of the students had diﬃculties with understanding the above computer program.
Problems only arose when asked to adapt the computer program such that it works
for any step size dx, under the restriction that the direct formula y = x2 may not be
used. Students were expected to report how they had attacked and hopefully solved
the problem. At least, they had to show that their computer program worked well.
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Results and Findings
Creativity and perseverance of students were required to arrive at the following line
of computer code: dy = 2*x*dx + dx^2. Most students began ﬁrst to study a second
concrete case with a particular value of dx such as dx = 12 or dx = 14 in the hope
and expectation that they could learn from these cases. In the third assignment, the
complexity was increased: Now students had to make a computer program for the case
that (0, 10) and (10, 10) were the ‘suspension points’ and (5, 5) was the lowest point.
They also had to determine the mathematical formula of the quadratic function going
through these three points. In another exercise, students had to extend the computer
program such that it also computed the length of the parabola between (0, 10) and
(10, 10) via small step sizes. Finally they had to write a computer program that models
a chain hanging under gravity. Outcomes of student work were quite good, except
that some teams had not been able to successfully extend their computer program to
include computation of the length of a curve between two point or successfully write
a computer program for a hanging chain. In general, the students appreciated the
mathematical puzzle-like problem: It was fun to do and it gave a sense of satisfaction
when the puzzle had been solved after some serious eﬀort.
Extensions
In the speciﬁed paper I also discussed how a model of modeling, in this case the
modeling cycle of Blum and Leiß (2005, p. 1626) shown in Figure 2.5, can be used to
structure and analyze quantitative mathematical modeling activities about shapes of
bridges and hanging chains.

Figure 2.5: The modeling cycle of Blum and Leiß (2005, p. 1626).
In the paper, this idea of using the scheme of Blum and Leiß (2005) to describe
a possible route for the discovery and validation of a mathematical formula for the
shape of a main span cable of a suspension bridge and the shape of a hanging chain
was worked out. Below I outline this approach.
The ﬁrst transition in the modeling cycle of Blum and Leiß (understanding the
task) means that one must come from the real world situation to a situation model (cf.,
Leiß et al., 2010). This mental image of the situation often comes unconsciously into
being through informal knowledge and experience, as well as through knowledge of the
discipline. Such a mental image can be visual in the form of graphical representations,
but can also be constructed analytically through symbols and verbal descriptions. For
a model of a suspension bridge it may be an ideal image of such type of bridge in the
form of a schematic picture.
The simpliﬁcation and structuring continues in the modeling cycle until a ‘real
model’ with a concrete presentation of a question has been created. The search for
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the essence of the problem posed and the transformation from a situation model to an
abstract model of reality that is as simple as possible and that is free from distracting
details is often a phase of great creativity. In this case, the mental model of a chain
with equal weights hung up symmetrically at equal distances (horizontally or along
the chain) for the span of a bridge or a hanging chain serves this purpose.
Mathematization can take place, as in the instructional materials, by ﬁrst exploring
a real model of weights and measuring slopes and angles in a digital image, followed
by an explanation that builds upon equilibria of vector forces at points of attachment.
In order to come from a mathematical model to modeling results one can follow
various routes, for example the classical route with pencil and paper, in which an
algebraic/analytic approach via diﬀerential equations is tried, and a route in which
a computer model is implemented to ﬁnd and explore approximations. The second
approach was chosen in the practical investigation of the vwo-5 students.
Interpretation and validation of the mathematical model concerns three aspects
of quality: (1) the descriptive quality, [i.e., how well the model describes the available observations]; (2) the predictive quality [i.e., whether the model enables making
predictions that turn out to match well when veriﬁcation takes place]; and (3) the
explanatory quality [i.e., whether the model explains observations or leads to a better
understanding]. Comparison of model results with empirical data covers the ﬁrst aspect of evaluating the mathematical model. The predictive power of the mathematical
model is mainly in the wide applicability of the chosen approach. The explanatory
quality is rooted in the application of well-known physics concepts and laws.
I have often applied the model cycle of Blum and Leiß (2005) in the design and
evaluation of practical investigations. Another example, which is discussed in this
Section 2.8, is the modeling of bouncing balls (Heck, Ellermeijer, & Kedzierska,
2010a).


2.4

Video Analysis of Human Locomotion

In this section I present two classroom studies about modeling human locomotion:
(1) a video analysis activity in a vwo-5 Mathematics B class at school; and (2) a
motion analysis activity in a masterclass for interested students who were in their
penultimate or last year of pre-university education and for which the experimental
part took place at the University Sports Center. In both case studies, the authentic
nature of the practical investigations played a key role in the design of the student
activities. I interpreted in this case the authentic nature of the activities as the opportunity for students to work directly with high-quality, real-time data about human
gait in much the same way movement scientists do. Students were guided to use
the same theoretical framework, nomenclature, research methods, and techniques as
practitioners. In essence, the learning goals were to make their science learning resemble science practice, in which investigations can often be characterized as being
challenging, complex, open-ended, and cross-disciplinary, and as requiring a strong
commitment of participants plus a broad range of skills. For this purpose, I selected
a topic for which it is a priori clear that a deﬁnitive model that explains everything is
not available, but for which it is already possible to come to grips with phenomena by
way of experimenting and modeling on the basis of basic knowledge and skills learned
at school, and in which students could learn about commonly used research methods.
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Gait Analysis in the Classroom

Reference
Ellermeijer, T., & Heck, A. (2003). Walk like a physicist: An example of authentic education. In: Physics in New Fields. Electronic Proceedings of GIREP 2002. Retrieved
March 19, 2010, from http://pinf.fysik.lu.se/abstracts/fullText/148.pdf
Introduction
In this case study I explored whether ICT-supported gait analysis is a suitable subject
to introduce students to authentic scientiﬁc inquiry and I aimed at getting answers to
the following questions:
• Is the computer learning environment Coach a valuable tool for the students
in their practical work, in the sense that it supports them in obtaining, organizing, displaying, manipulating and analyzing data? In particular, does the video
analysis tool, which is a kind of research instrument heavily used in empirical
work of movement scientists, provide the students the opportunity to engage in
activities that scientists and practitioners are involved in as well?
• Does the instructional strategy of ﬁrst familiarizing students in a classroom
setting with the way practitioners work before engaging them in doing their own
gait analysis work well, that is, does the chosen setup make authentic science
feasible at student level?
• What diﬃculties do students encounter in their video analysis activities?
The research instruments used to get answers to these questions were classroom
observations, teacher interviews, video recordings (including video capturing of computer work), the reports of the students about their work and the underpinning Coach
result ﬁles.
The Classroom Experiment
Eighteen vwo-5, Mathematics B students (10 male and 8 female; age 16-17 yr.), who
already had some practical experience with Coach, participated in the experiment.
The practical assignment was not part of the students’ examination portfolio because
it was the ﬁrst time that students would do a complete video analysis activity (from
recording a video clip, to measuring interesting quantities, data handling, and analyzing/interpreting results), but it was graded instead as a regular test in the semester.
The students worked in pairs for three weeks in June 2002; estimated study load was
10 hours. In the ﬁrst two weeks, work took mainly place in the computer laboratory
during the regular physics lessons (two lessons per week of 45 minutes). The teacher
and the researcher were present as assistants. In the third week, the students could
make use of the computer facilities at school to work autonomously on the assignments
or continue working at home via the home version of Coach 5.
Instructional materials were developed in accordance with the learning objectives
to let students
• work with real data collected from video clips made by a webcam;
• carry out practical work in which they can apply much of their present knowledge
of mathematics and physics in a real life context, in this case human locomotion
such as walking, running, hopping, and so on;
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• practice ICT skills, in particular making a video clip and carrying out measurements on it with a data video tool;
• experience that diagrams that are used in practice are not just pretty pictures,
but convey much information about the real life phenomenon under study;
• be in contact with current research work, in this case movement science, including
the nomenclature and research methods used.

These objectives are rooted in the belief that one of the main purpose for doing
practical work is to experience authentic mathematics and science, and to enjoy and
become competent in it. I chose on purpose a complex, real-life phenomenon for which
a complete mathematical and biomechanical description fails and certainly would be
out of reach of students, because students can personally experience in this way that
simpliﬁed mathematical and physical models are nonetheless useful in the sense that
they can still yield interesting results and provide qualitative answers to research
questions.
The instructional material consisted of the following four assignments, of which
the experimental part took place in the computer laboratory at school:
1. Mathematical analysis of human gait. Students are introduced into the typical
normal walk cycle and the events of gait. They also practice their skills in using the
graphical facilities, the video analysis support, and the regression tool of Coach. In
the ﬁrst activity students explore in particular the movements of the arms during
normal walking. The arm motion with respect to the shoulder joint is similar to that
of a pendulum. In Figure 2.6 is shown a still of the video clip with measured points
marked and the diagram window that displays the measured horizontal positions of
the shoulder and the hand with respect to the ﬁxed coordinate system.

Figure 2.6: Screen shot of Coach activity 1: Arm movement during normal walking.
At ﬁrst sight, the shoulder moves horizontally with constant velocity. The horizontal
position of the hand, x(t), is mathematically modeled as a combination of a straight
line and a sinusoid, that is, by the formula x(t) = at+ b sin(ct+ d)+ e, with parameters
a, b, c, d, and e that must be estimated. This task prepares students to multi-step
regression (ﬁrst a straight-line ﬁt of the measured data and then sinusoidal regression
applied to the residual values) and to the use of a moving reference frame in video
measurement.
2. Swing phase in sauntering gait. Students analyze the motion of the swing leg
during a slow walk. They record the coordinates of the hip joint and the ankle joint

i

i
i

i

i

i

i

i
2.4. Video Analysis of Human Locomotion

47

of one leg with respect to the knee joint and they derive from these data the hip joint
angle and the knee joint angle of the leg as a function of time. They check via the
least squares method of peeling-oﬀ functions (Foss, 1969) how well these functions can
be approximated by sums of two sine functions: First they approximate the motion
by a single sine function, then they subtract this function ﬁt result from the original
data and approximate the residual data by a sine function again (cf., the upper-right
window of Figure 2.7). Instructions are detailed and guide students through technical
steps. It prepares them for further motion analysis.

Figure 2.7: Screen shot of a Coach activity with a video analysis of a normal walk of
a student in the physics classroom.
3. The gait cycle in sauntering gait. This activity is a continuation of the previous
one, but now the complete gait cycle is considered, that is, the sequence of motion
occurring from heel strike to heel strike of the same foot. On the left-hand side of
Figure 2.7 is shown a still from the recorded video clip of a student walking normally
in the classroom and the time-graphs of the measured angles of one full gait cycle.
In the upper-right window of the screen shot is shown that a sum of two sinusoids
with diﬀerent frequencies still is a rather good description of the knee joint angle
as a function of time. This means that the leg movement is well described by a
lateral and dynamically coupled oscillator model (cf., Holt, Hamill, & Andres, 1990;
Yam, Nixon & Carter, 2004). This holds for many human gait patterns. In addition,
students investigate the leg motion via the so-called hip-knee cyclogram, in which
the joint angles of knee and hip are plotted against each other. This diagram is a
parametric curve with respect to time. Characteristic points on the curve correspond
with distinct events during the gait cycle. Cyclograms change when gait conditions
alter. For example, cyclograms of uphill, downhill and level walk have diﬀerent shape;
Bartlett (2007, pp. 96–106) discussed the qualitative diﬀerences between cyclograms of
walking and running. In the lower-right window of Figure 2.7 is shown the cyclogram
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obtained by the students who studied a normal walk. The shape of the cyclogram
and the points marking important events in the stride such as heel-contact, heel-rise,
and toe-oﬀ are roughly the same as the diagram that can be found in the research
literature (cf., Goswami, 1998; Bartlett, 2007)
4. Investigating one’s own motion. The main purpose of the ﬁrst three activities was to
familiarize the students with the theoretical framework, terminology, research methods
and techniques of movement scientists and to prepare the students for the fourth
assignment, which is a small investigation task that they can carry out independently.
In this activity, the students perform a gait of their own choice and record the motion
with a webcam. Hereafter they collect and analyze data on their own video clip. To
limit the practical work to a rather short assignment, one can let the students only
construct the hip-knee cyclogram of their motion, let them compare their result with
one obtained by a fellow student, and ask for a short note about their ﬁndings. The
main mathematical issue in this activity is graph interpretation: students must relate
the diagrams that they create with real world events.
Results and Findings
For practical reasons a ﬁxed experimental setup was used for recording the video
clips of students. A webcam connected to a notebook computer was placed in the
physics classroom and the video capturing and processing software was prepared such
that one clip after another could be created without the need to set up everything
again. VirtualDub (Lee, 2011) was used for this purpose. At the time of the
classroom experiment, Coach had no built-in facilities to capture and process video
clips. Video processing tools are often needed to improve the quality of a video clip
(e.g., the brightness), to remove superﬂuous frames from a clip, and to compress it in
a manageable format. All this would have been too time-consuming for students to
do individually in this practical work.
The ﬁrst research question can be specialized into the following two subquestions:
1. Can pre-university students by using a webcam, a computer, and the video
analysis tool of Coach obtain a useful hip-knee cyclogram that resembles such
a diagram found in the research literature?
2. Is the mathematical analysis that the students practiced in the ﬁrst parts of the
practical investigations still applicable when it comes to exploring self-selected
gait patterns?
If the screen shot in Figure 2.7 of a student walking normally in the classroom did
not yet convince the reader that good results could be obtained by students, below in
Figure 2.8 is another screen shot of a successful video analysis of a student skipping in
the classroom. Figure 2.9 is a screen shot illustrating the result for a similar skipping
movement carried out on a motorized treadmill (taken from a student proﬁle project),
which enables the analysis of more than one gait cycle.
Let me use Figure 2.9 to explain how a student collects motion data with Coach.
In the upper-left window is shown a video clip of a student skipping on a treadmill.
Students gather data simply by clicking on points on the video clip: First they inform
the system that they want to reposition the origin of the coordinate system for each
frame of the video clip on the knee joint of the right leg and that they want to measure
in each frame the positions of two points, namely the hip and ankle joint. By measuring
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Figure 2.8: Screen shot of a Coach activity with a video analysis of a skipping
movement of a student in the classroom.

Figure 2.9: Screen shot of a Coach activity with a video analysis of a skipping
movement of a student on a motorized treadmill in a ﬁtness center.
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positions in polar coordinates, the hip and knee joint angles can easily be computed
from the measured quantities (yet this is an interesting geometrical task to derive the
right formulas). In the upper-right diagram the hip joint angle and the knee joint angle
are plotted against time. Using a treadmill, students can easily record more than one
gait cycle. This has the advantage that they can verify periodicity of the movements
and can ﬁlter irregularities if they wish. In the lower-left diagram is illustrated how
well the model of two sinusoids works for the knee joint angle as function of time in
skipping gait. The periodicity of the motion is nicely visualized in the cyclogram in
the lower-right window. The cross-hairs in the diagrams indicate that Coach is in
scanning mode: This means that pointing at a graph or a table entry automatically
shows the corresponding video frame and that selecting a particular frame highlights
the corresponding points in diagrams. This makes scrubbing, that is, advancing or
reversing a video clip manually, an eﬀective means to precisely identify and mark
interesting events in the movie and to relate them with graphical features.
All things considered, the body movements during locomotion are complex and
only simple mathematical and physical models are applied. Yet, one of the most
important messages coming from this classroom study is that it goes surprisingly well,
even when one uses simple recording apparatus like a webcam. The above screen shots
of Coach activities illustrate this. The hip-knee cyclogram of the skipping motion
may look a bit diﬀerent from the cyclogram of normal walk, but it still agrees with
diagrams found in scientiﬁc literature. No matter what the motion actually is—normal
walking, hopping, jogging, running, walking backwards, walking on your toes, walking
on high-heeled shoes, or stair climbing—students almost always got useful cyclograms
in the classroom experiment. Very few students in the classroom experiment had
insuperable diﬃculties with using the video tool, with creating the graphs, and with
applying a given regression model. This contributed to the students’ satisfaction. All
of them got results! The fact that students could work well with the video analysis tool
did not mean that there were no problems. Some students had conversion problems
with recorded video clips because Coach allowed at the time of the classroom study
only a limited number of compression and decompression techniques.
However, interpreting graphs in the context of body movements turned out to be
diﬀerent story. For many a student, comparing cyclograms of two diﬀerent gait patterns just meant writing down the diﬀerences between the diagrams without coupling
them to the motions in the video clips. I suspect that many a student did not quite
grasp the meaning and purpose of a cyclogram, even though the instructional material (after a ﬁrst adaptation) discussed the diagram extensively. This may also be the
reason that students did not bother much about the orientation of hip and knee joint
angles, so that their cyclograms occasionally were rotated or mirrored with respect to
the ones presented in the instructional material. Especially the convention of negative
knee joint angles seemed to be not understood or considered irrelevant. Discussing in
class a prototypical example of the use of a cyclogram is probably the recommended
remedy here.
Extensions
Multi-step regression is a common data analysis technique when data can be best handled by decomposing phenomena into several parts. For example, Heck and Uylings
(2005) applied it in the decomposition of the up- and downward winding of a yoyo into
a rotational motion and a vertical displacement. Heck (2004c) successfully applied a
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decomposition of the motion of a diver making a 3 21 forward somersault dive into a
parabolic motion of the center of gravity and a rotational motion of the diver in tuck
position (See also p. 104). Regression via the least squares method of peeling-oﬀ functions (Foss, 1969) is also a useful data handling technique with many applications. For
example, it can also be applied for simple sinusoidal regression analysis of tidal waves
(Van Gastel, Heck, & Uylings, 2008; see Section 3.3.3), for exploring a bi-exponential
model for the decay of beer foam in a glass (Heck, 2009a,b; see Section 3.5.3), and for
bi-exponential modeling in quantitative pharmacology (Heck, 2007a-c; see Section 2.7).
Apart from familiarizing secondary school students with useful data handling techniques, another important goal of the practical investigation was to bring them in
contact with motion analysis, that is, with the science of analyzing video clips of body
and body part motions in order to study the kinematics and the forces involved. The
availability of aﬀordable digital video and computer technology oﬀers students the
opportunity to actively engage in motion analysis. Gross (1998) reported about educational projects that meet this learning goal for undergraduate students in a biomechanics course about human movement. Staying closer to the practical investigation
about gait analysis, a motion analysis of the arm movement during gait would be a
natural extension of the presented work.

2.4.2

Gait Analysis in a Masterclass

Reference
Heck, A., & Holleman, A. (2003). Walk like a mathematician: An example of authentic
education. In T. Triandaﬁllidis & K. Hatzikiriakou (Eds.), Technology in Mathematics
Teaching, Proceedings of ICTMT 6 (pp. 380–387). Athens: New Technologies Publications.
Introduction
The main diﬀerences between the classroom study presented in Section 2.4.1 and the
masterclass discussed in this section were the following:
• The masterclass was organized for interested students who were in their penultimate or last year of pre-university education, whereas in the classroom experiment vwo-5 students from one class were obliged to do the practical investigation.
• The students in the masterclass spent a full day at the University of Amsterdam
to learn about motion analysis of human gait followed by home work, whereas
the students’ work in the classroom experiment was spread over several lessons
during three weeks.
• In the masterclass, experimental work took place in the University Sports Center. At this location experimental conditions could be more controlled through
motorized treadmills and more types of gait experiments could be carried out.
The Classroom Experiment
Eight vwo-5 and vwo-6 students (4 male and 4 female; age 17-18 yr.) participated
in the masterclass that took place on the 8th of November 2002 partly in a studio
classroom at the AMSTEL Institute of the University of Amsterdam, and partly at
the University Sports Center. All students used the masterclass as a start of their
proﬁle research project.
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The instructional materials outlined in Section 2.4.1 were used to introduce the
participants to motion analysis of human movement. Optional activities about the
following gaits were added to the instructional materials: walking backwards, jogging,
sprinting, race walking, and walking on high-heeled shoes. These activities were included to prepare students for comparison studies of various gait patterns and of gait
patterns for which the eﬀect of changing one independent experimental variable was
explored (for example, comparison of level walk with uphill and downhill walking).
In the sports center, students collected data about such gaits by use of a motorized
treadmill. Use of this equipment enables the recording of more than one gait cycle in
a video clip. This has the advantage that one can verify periodicity of the movements
and can ﬁlter irregularities if needed. More importantly, use of a motorized treadmill
allows a systematic change of conditions: Students walked and ran at diﬀerent speeds
set by the treadmill and with diﬀerent slope angles of the treadmill.
Using a motorized treadmill with adjustable speed, one can easily investigate the relationship between gait speed v and step frequency f. Humans choose a step frequency
or stride length that minimizes metabolic energy consumption. The step frequency
has been found empirically to obey the power law f = cv b , where c is a constant and
b ≈ 0.52 for normal gait speeds of adults (Bertram & Ruina, 2001). An alternative
v
formula taken from (Bellemans, 1981) is f = av+b
. It is based on the idea that a
person who walks in a relaxed manner automatically adjusts his or her stride length
to the gait speed in accordance with a linear relationship. Students can collect data
and compare the empirical data with the given mathematical models.
Results and Findings
All participants obtained good motion analysis results. Figure 2.10 illustrates the
results of a student running at a speed of 10 kilometers per hour. In this screen shot
of a Coach activity, the upper-left window shows a still of a video clip of a running
girl. Notice the homemade marker on her knee (expensive markers are not needed!):
That is where the origin of the coordinate system is placed in each frame of the video
clip. In the sports center, a student discovered that drawing a big dot with a nonpermanent marker pen on the knee joint works as well and does not hinder the leg
movement. This illustrates that this student was reﬂecting on what she was doing
and how she could improve the ease and quality of data collection. The measured
point P1 and P2 are visible on the hip joint and ankle joint, respectively. The polar
coordinates of these points have been used to compute the hip joint angle and the knee
joint angle. In the lower-left diagram, the hip joint angle and the knee joint angle have
been plotted against time. In the lower-right diagram one can see how well the knee
joint angle is modeled by a sum of two sinusoids. Two hip-knee cyclograms are visible
in the upper-right window: One parametric curve belongs to the running speed of
10 km/hr, the other curve is a background graph for a speed of 15 km/hr. Trying to
understand which one belongs to which curve is a good exercise in developing graph
sense. Students are able to bring this work to a success. For example, one student
team that was comparing hip-knee cyclograms of level walking on a treadmill with
walking on a 10% uphill slope reported:
“Full extension of the leg, that is, a knee angle of zero degrees, occurs less
in walking against a 10% slope. This is so because ﬁrstly you make more
steps and consequently your leg has less contact with the ground ﬂoor.
Secondly, if you have put your foot ﬂat on the ﬂoor, you still do not have a
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Figure 2.10: Screen shot of a Coach activity with a video analysis of a running
movement of a student on a motorized treadmill in a sports center.
knee angle of zero degrees because you walk uphill. The positive hip angle
is greater when you walk uphill, because then you have to raise your legs
more, with the consequence that the hip angle gets larger. The negative
hip angle becomes larger, because you leave your leg behind for a longer
time since your front leg needs more time to put enough force for getting
uphill.”
Compare this with the following conclusion of Goswami (1998, p. 26):
“The range of hip movement has, in fact, a linearly increasing trend as we
go from − 13◦ to + 13◦ slope [. . . ]. The knee angle behaves in an opposite
but remarkably symmetric manner. The total range of knee angle is a
linearly decreasing function of slope . . . ”
The students results were quite close to the conclusions in the scientiﬁc report. Their
terminology lacked precision, but in fact they did very well in their case study. They
did more than just writing down an empirical result: They also tried to explain the
results obtained from their data in terms of body motion. It is clear that for these
students the graphs are about something and that many things read in the diagrams
can be connected with the gait process.
The remarkable results of motion analysis of students are not occasional, but have
been repeatedly found in students’ proﬁle projects about human and animal locomotion. A nice example was published by Heck and Van Dongen (2008). Figure 2.11 is
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a picture taken from the student’s proﬁle report and shows the hip-knee cyclogram
obtained for a normal walk at a speed of 5 km hr−1 . Several gait events have been
marked in the diagram, the curve of which is best read counter-clockwise. There is a
very good matching between this diagram and Figure 4 in (Goswami, 1998, p. 20) and
with similar diagrams in textbooks (e.g., Bartlett, 2007, pp. 96-102). Figure 2.11 also
illustrates that students better understand the advantage of scrubbing the video clip
and inspecting the synchronized tables and diagrams at the same time. This appears
to be something that must be stressed in introductory practical video analysis work
because students tend to forget about it.

Figure 2.11: The measured hip-knee cyclogram for normal walk at a speed of
5 km hr−1 . Several gait events have been marked and the corresponding frame in
the video clip is shown (read counter-clockwise).
Improvements in the Computer Learning Environment
Video measurements of several consecutive gait cycles of human locomotion on a motorized treadmill brought to the fore the wish of users to automatically trace the
position of a special point in a video clip. Manual measurement in a video clip quickly
becomes a time burden in a research project. To get an idea: A measurement of the
leg motion during one gait cycle of about 1 second, recorded at 30 frames per second,
means that one has to click altogether at least 90 times on a video clip for measuring
the position of a single point. Thus, the measurement leading to a hip-knee cyclogram
would imply at least 270 mouse clicks. This is too time-consuming, extremely boring,
and limits the number of experiments in an investigation enormously. What needs to
be implemented in the computer learning environment is the possibility to track the
motion of an object (e.g., a marker or an eye-catching point). This has been implemented in version 6 of Coach and I will discuss it in the next chapter on the basis of
ﬁeld experiments and usability studies (See, for example, Section 3.2.3).
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Testing of a computer learning environment in educational practice reveals design
ﬂaws or limitations caused by design choices that had not been anticipated on before.
For example, Coach allows one background graph in a window for reasons of clarity,
but this means that a data plot in a measurement activity can only be compared with
one background data plot and not with two or more data plots. This hindered students
in their practical investigations when they studied the inﬂuence of a gait parameter
on the shape of a cyclogram. They had to use tricks to overcome this obstacle. For
example, one student team solved this problem in their study on the eﬀect of gait
speed in the following way: “. . . The only solution is to let all graphs have the same
graph size’ . . . ” The vague term ‘graph size’ means that the ranges of the plotted
quantities were chosen the same for all diagrams.
Another example of a user’s need that originated from practical investigations
about human locomotion was the availability of a sinusoidal regression tool that allows
curve ﬁtting with sums of two or more sinusoids. How instructive the least squares
method of peeling-oﬀ functions may be, it turns out to be time-consuming and limiting
the amount of data analysis in practical investigations when more than one data graph
has to be analyzed. Because the number of data points is too low for Fourier analysis,
it calls for high-resolution, spectral estimation tools and a sinusoidal regression tool
that works well for a small data set. After thorough evaluation of the educational
usability of many methods of spectral analysis (Heck, 2004d) on the basis of sample
data sets and computer simulations, I came to the conclusion that the following two
methods would be appropriate for inclusion in a computer learning environment: the
symmetry-adapted, modiﬁed Prony method described in detail by Smyth (2000) and
the R-ESPRIT method (Mahata, 2003). They have been incorporated in the signal
analysis tool of version 6 of Coach and I will discuss this tool in the next chapter on
the basis of ﬁeld experiments and usability studies (See, for example, Section 3.3.3).
Extensions

Figure 2.12: A screen shot of a Coach activity about ﬁtness cycling, with automated
tracking of three points (including the origin of a moving frame of reference located at
the knee joint). The diagram to the right shows the data plot of the knee joint angle
calculated from the measured position data of the hip and ankle joint of the right leg,
and a sine regression curve that ﬁts the knee angle data.
Many devices in a ﬁtness center such a rowing machines and exercise bikes can be used
for practical investigations about periodic human movements, in which the inﬂuence
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of various parameters can be explored. Figure 2.12, taken from (Heck & Ellermeijer,
2009) shows a screen shot of a Coach 6 activity in which the cycling movement has
been measured via automated point tracking and a sinusoidal ﬁt of the time evolution
of the knee joint angle has been determined. This type of investigation resembles the
gait analysis described in this section.

2.5

Video-Based Practical Work at Pre-Vocational
Secondary School Level

Reference
Heck, A., & Uylings, P. (2006). Capturing the real world in the classroom. The
International Journal for Technology in Mathematics Education, 13 (3), 107–116.
Introduction
For successful performance in practical investigations, students need to develop a broad
range of abilities that includes amongst others asking good questions, connecting a
real world phenomenon with the world of mathematics and science, setting up an
investigation or experiment, and collecting, representing, analyzing, and interpreting
information. In this particular classroom study, students in pre-vocational secondary
education developed and practiced such skills by carrying out a small investigation
task using digital video technology.
The video measurement project was part of the examination programme of the
vmbo tl-3 classes at the Bonhoeﬀer College in Castricum, the Netherlands. The
acronym vmbo stands for Dutch pre-vocational education. It was introduced in 1999
as education for practically inclined students following their primary education. It
takes four years of study and sixty percent of secondary school students in the Netherlands participate in this type of education. Students passing the examination may go
on to senior vocational education and prepare for a particular profession. The classroom study took place with students in the theoretical learning pathway (vmbo tl),
which prepares them for middle management and for secondary vocational training, or
for senior general secondary education. There exists undoubtedly some contradiction
between ‘vocational education’ and ‘theoretical learning pathway’. In general, there
seems to be a tendency to keep a tight hand on students in the classroom as the only
way to make them learn anything. Clarity and discipline in classroom activities are
the key words. How appropriate such an approach may be in itself, it can also lead to
a situation that practical investigative work by students, which is essential in science
education, is oﬀered in the same closed, ﬁxed manner as theory. This is a pity because
learning by doing and through lab work will have much more appeal for the students
than theory lessons and it will stimulate them to put more eﬀorts in their learning.
This case study was done to explore whether it is possible to entice vmbo tl-3 students
with practical work to a more active, self-responsible, and self-controlled way of learning. One of the purpose of this study were to get answers to questions such as “How
open can a task be for vmbo tl-3 students?” and “With how much responsibility can
they deal and when must a teacher bring structure to the activities in the classroom?”
The main objective of this project was to let students carry out a short investigation on a self-chosen motion, at their own educational level. They could show
an exploring attitude and adequate practical skills. This concerned the preparation,
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implementation, and completion of the investigation, as well as eﬀective collection,
processing, and presentation of data that were obtained from self-made video clips
Putting the video measurement project into the examination programme was a
sign of a high level of ambition of the teachers’ team within the theoretical pathway
at the Bonhoeﬀer College. Other teachers may ﬁnd it too ambitious. This is why the
students’ activities and their results were monitored, in order to ﬁnd answers to the
following questions: Are vmbo tl-3 students able to deal with the open task given to
them and what performances are turned in? Has the recording of the video clips by
students themselves additional value, or should one use prepared video clips instead?
Does the investment of time and energy still bring students some understanding of
mathematics and science? How could the instructional setting be improved to advance
the smooth running of things and to optimize the students results?
The research instruments used to get answers to these questions were classroom
observations, teacher interviews, audio recordings of teacher and teaching assistant
guiding and helping students, and the short reports of the students about their work.
The Classroom Experiment
Eighty vmbo tl-3 students (58 male and 32 female; age 14-15 yr.) in three classes
in the theoretical learning pathway did the video measurement project in March and
April 2004. The students did not have much experience with Coach: They had
seen it before used by the teacher and they had occasionally carried out themselves
measurements with sensors. A school network with suﬃcient computers and a wellequipped science lab were available at school. At the time of the project, ﬁve webcams
were available and a teaching assistant helped the students, if needed. The project
work was done under the responsibility and guidance of the students’ own physics
teacher. There were three teachers with diﬀerent backgrounds involved: One of the
teachers had much experience with video analysis activities. Another teacher was
familiar with computer supported lab work and demonstration experiments, but had
not used video analysis before. The third teacher hardly had experience with Coach
and acted more as a fast-follower. The most experienced teacher started with the
project in his class and the other teachers followed in their classes, taking advantage
of the ﬁrst ﬁndings. The consequences for the students’ activities and results in the
classrooms are discussed.
Instructional materials were developed in accordance with the learning objective
to let students carry out a short video-based investigation on a self-chosen motion,
at their own educational level. The student project work, which was planned for ﬁve
lesson hours of forty-ﬁve minutes, consisted of the following ﬁve components.
1. Introduction to video capture and measurement. The teacher gives a live demonstration of using the video software VirtualDub to capture a video clip with a webcam
and process the recorded movie. There are many technicalities and things to take into
account, but the idea of the demonstration is to show that any student is able to do
this as well; it is not only for ‘whiz kids’. When the teacher gives the second example
of video capture, the students make their own class notes. They are expected to rely
on their own notes when they themselves capture a video clip; no manual is provided.
Next, it is the turn of two students to capture a video clip in front of the class. If all
goes well, this gives each student the feeling that he or she will have success, too.
The teacher’s demonstration and the students’ recording of a video clip takes about
half an hour. So there is still some time left to practice measuring on a video clip.
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After a short demonstration, the students can practice a bit with video activities that
have been prepared for this purpose (Students only have to trace a point by mouse
clicking; the measurement settings and diagrams are preset). It is important that
the sample video activities are appealing. For reasons of attractiveness, especially for
the girls, the activity of a toddler on a slide in the playground has been chosen (See
Figure 2.13). Video clips with a sweet toddler seem more eﬀective than video clips
that are undoubtedly oriented toward physics, such as movies of falling balls, collision
of balls, or motion of objects on an air track.

Figure 2.13: Screen shot of a sample video activity to introduce video measurement.
2. How to make a useful video clip. Students get ﬁve video clips with the following type
of problems in capturing and measurement: brightness, occlusion, superﬂuous frames,
and perspective distortion. They must answer the following questions: (1) What is
wrong or problematic with the video clip? (2) Can one ﬁx the problem afterwards
with the video software? and (3) How could the mistakes have been prevented?
3. Video measurement explained. The teacher demonstrates how to create a Coach
video activity from scratch, how to embed the captured video clip, and how to carry
out a measurement on the movie. Things that pass under review are the coordinate
system and calibration, video compression, plane of motion and camera direction,
display of collected data in diagrams, and so on. It is intended that the teacher uses a
video clip that was recorded before in one of the lessons before as an inspiring example.
This demonstration also serves another purpose: It gives the teacher once more the
opportunity to explain the students what is actually expected from them.
4. Video capture. Students work in pairs and capture their video clips using a webcam.
They can get help from the teacher or the teaching assistant if necessary, but they
are expected to work as much as possible on their own, using their own class notes or
getting help from fellow students.
5. Collecting data and writing a short report. Students carry out a measurement on
their self-made video clip, create relevant diagrams, annotate graphs with relevant
information, and ﬁnally write a short report. This report may be a screen shot of the
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Coach activity with some words of explanation and conclusions; an example is shown
in Figure 2.14.

Figure 2.14: The full report of a student team about table tennis.
Results and Findings
The ﬁrst time that the most experienced teacher did the classroom experiment, unforeseen technical problems popped up. Although every student team succeeded in making
a useful video clip, capturing and embedding the video clip in a Coach activity was
hindered by the following things:
• Because some students forgot to use video compression they ﬂooded the computer network at school with ﬁles of 60 MB or larger, which essentially meant
a collapse of the network. Without serious video compression (e.g., MPEG-4
Video Codec V2), the ﬁles were also too big to use diskettes as transport media.
• The network installation of Coach at school prohibited that students could
save video clips in a Coach project; these rights were only reserved for teachers.
Transport of video clips from a laptop to the school computer via a memory
stick could also be done only by the teacher or teaching assistant.
Each team spent about twenty minutes capturing a video clip. Most of the time
was required for ﬁnding one’s way in the menu items of VirtualDub to specify correct
settings of the software. Consequently, students paid less attention to setting up the
experiment in an adequate way. Many of them wanted to capture immediately and
hardly did a test run to see whether the quality could be improved. Also, students often
forgot about a measuring stick in the movie clip for calibration purposes. If the teacher
had stressed in the previous lessons that the best camera direction is perpendicular
to the plane of motion (in order to avoid perspective distortion), then the students
did this well. However, if the teacher had not emphasized this, students sometimes
made less useful video clips. While capturing, students seemed to forget their research
questions; they simply recorded the phenomenon without consulting their notes. The
lesson to be learned from this is that one should require from students a better plan
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for their work and that one should not expect that all goes well the ﬁrst time students
produce a video clip for data collection purposes.
The main conclusion about capturing a video clip with VirtualDub by vmbo tl-3
students was that, despite its success, it was a bit too time-consuming to do with the
whole class at once. It involved too many technicalities that distracted the students
from setting up their experiment in an appropriate way, and it made them rely on
teachers and assistants for help. In common practice there is not many staﬀ available
to support a lesson or lab session. For this reason, advice was sent to the Coach
developers to adjust and extend the video tool for the purpose of making the process
of capturing and measuring a video clip easier. This will be further discussed when
the design of the video analysis tool for Coach 6 is explained, but at this stage it
suﬃces to remark that for this version of the software the ﬁle structure of an activity
has been completely changed so that the video clip itself is part of a Coach ﬁle, ﬁle
compression is automated, and capturing is possible within the software environment
so that an external program for recording is unnecessary and a recorded video clip can
be used immediately after capturing.
The experience of the teacher with the learning environment and with video measurement, as well as the availability of laptop computers and the choice of location
to capture the video clips, had a great impact on the scenes recorded. The least experienced teacher chose a setting with which he felt most comfortable, namely the
science laboratory and a limited choice of subjects to record: rolling balls (12 teams)
and bouncing balls (3 teams). However, one student team got inspired and recorded
a cutting motion with their ﬁngers. Figure 2.15 shows part of their report.

This graph is more readable. You see that the ﬁnger goes up and down, because we made
a cutting movement. The movement is irregular, because the ﬁnger goes sometimes
faster. The height is measured on the y-axis, the highest point is 5 cm. The time is
measured in (s). The total time of the graph is 5 seconds. The initial point of the
graph is (0, 3.0). The end point of the graph is (5, 3.5).
Figure 2.15: Part of the report of a student team on a cutting motion with ﬁngers.
In the class of the teacher who already had experience with Coach, but not with
video analysis, work was also done within the science laboratory only. However, students were stimulated to make a subject choice of their own. This led to a variety of
video clips: rolling and bouncing balls, springs, a pendulum, jumping from standing
position, hitting each other, hand waving, and the moving second hand of the clock
in the science laboratory. The subjects in the class of the most experienced teacher,
who also used two laptops in order to be able to capture anywhere in school, were the
most variable: Flight of a paper airplane, rope-skipping, darts throwing, throw-in of a
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soccer ball, projectile motion of a table tennis ball, skipping, and doing a handstand
are nice examples. The creativity of the students was certainly switched on.
In all classes, students did their best to obtain accurate data in their video measurement, explain the graphical representations, and link up the graphs with the phenomenon in the real world that they had recorded. They used mathematics and physics
beyond their expected level. Note in the fragment of the report shown in Figure 2.15
that the student read out coordinates of points without any mistake and paid attention to units of quantities. The student sought for an explanation for the irregular
graph in terms of the real world motion. In Figure 2.16, which shows a fragment of
the report of a student on a bouncing ball, there is a similar attempt to explain the
form of the graph in physical terms.

In this graph are arcs, these arcs arise because the ball is bouncing all the time. In the
beginning the arcs are high because the ball has a high speed because it is released at a
height of 1 meter. Hereafter the arcs get smaller because the ball reduces speed. This
is a uniformly decelerated movement. Y=m in meters, X= time in seconds
Figure 2.16: Part of the report of a student team on a bouncing ball.
In practice, many vmbo tl-3 students tended to be easily satisﬁed with one graphical representation of collected data, regardless of its suitability. To make sure that
students used all standard diagrams of motion, instructional materials were adapted
by inclusion of a Coach activity with three diagrams as shown in Figure 2.13). Students had to explicitly report on all three graphs. Because of the experience in the
ﬁrst classroom experiment that vmbo tl-3 students had diﬃculty with understanding
horizontal displacement on a vertical axis, instructional materials were adapted so
that time was plotted against horizontal position, as shown in the upper-right window
of Figure 2.13. These are lessons that can almost only be learned by instructional
designers in classroom practice.
Extensions
In summary, the involved teachers and I were quite pleased with the enthusiasm and
performance of the students in their project work. The students were able to create
interesting and useful video clips and they could carry out meaningful measurements.
Also, they could link the recorded motion with graphical representations and physics
concepts better than usual (if at all) with pencil and paper. The classroom study
provided many ideas for improvement of the video analysis module in the computer
learning environment and for the design of new video tools. It also provided useful
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information for the experimental physics exam with video analysis at school. It conﬁrmed that use of computers in science exams constitutes an interesting development
and is a good addition to the traditional written exams (cf., Boeijen & Uylings, 2004).
Practical assignments like the one presented in this paper provide powerful training
and preparation to the students, next to the exciting and challenging content itself. It
is expected that this kind of activity contributes to the quality of proﬁle projects of
vmbo students.

2.6

Spreadsheet-Based Data Handling

In this section I present two classroom studies about spreadsheet-based data handling: (1) survival analysis of clinical data by vwo-5, Mathematics A students; and
(2) a spreadsheet-based modeling activity in a vwo-3 class. In both case studies,
learning objectives were to let students work with realistic data sets and to let them
experience that data handling is not just application of standard recipes, but may
involve setting up statistical models and underpinning the assumptions herein. The
spreadsheet program Excel was used to remove the drudgery of data manipulation
and to let students focus on the modeling aspects of the assignments.

2.6.1

Survival Analysis of Censored Clinical Data by Students

Reference
Van den Camp, W., & Heck, A. (2003). Survival analysis by students. In T. Triandaﬁllidis & K. Hatzikiriakou (Eds.) Technology in Mathematics Teaching, Proceedings of
ICTMT 6 (pp. 388–394). Athens: New Technologies Publications.
Introduction
The current presentation of statistics and data analysis in mathematics textbooks at
secondary level may give students the wrong impression that data handling is in fact
nothing more than applying some standard recipe. They are not confronted with
questions such as “Do the data make sense?”, “What statistical model seems applicable and for what reason?”, “Do you need more data for making sound conclusions?”,
and “How do you deal with large data sets?” In other words, the development of
algorithmic-procedural skills is overemphasized in textbook treatment of probability
and statistics at secondary level and not enough attention is paid to modeling and
interpretive skills. This lack of focus on how to collect and manipulate data meaningfully, using ICT tools, becomes a serious handicap for students when they collect and
explore data in a research project.
Statistical reasoning and thinking are crucial when data sets are incomplete. The
handling of so-called censored observations is one of the main issues in survival analysis. This classroom study was about a practical investigation task in which students
computed survival probabilities for patients treated after a cardiac arrest. The data
set came from a clinical trial of patients. It consisted of censored observations, which
means that some of the data were not available during the whole period of the trial.
Interpreting such data and drawing conclusions involves assumptions on censoring.
The students investigated various points of view and they were invited to come up
with alternatives. They used a spreadsheet program to compute survival probabilities
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so that they could avoid laborious tabular work and could focus on statistical reasoning, that is, on making sense of statistical information, on constructing models, and on
interpreting results, instead of on ﬁlling out tables. In this classroom study I explored
whether this extracurricular topic of survival analysis provides a nice opportunity for
students to apply their knowledge of statistics to a real world problem and to get
acquainted with a modern, much used statistical application, and whether statistical
thinking, which involves according to Ben-Zvi and Garﬁeld (2004, p. 7) “understanding of why and how statistical investigations are conducted and the ‘big ideas’ that
underlie statistical investigations,” becomes an attainable learning goal in this way. I
aimed at getting answers to the following questions:
• What do students think of the subject, the instructional materials, and the use
of real data?
• Do the instructional materials and the instructional setting enable students to
(i) understand the big ideas in survival analysis;
(ii) work meaningfully with statistical data, including formulating their own
ideas; and
(iii) acquire the skills and practice to use a spreadsheet program eﬀectively.
The research instruments used to get answers to these questions were classroom
observations, teacher interviews, video recordings (including video capturing of computer work), audio recordings, a questionnaire, the reports of the students about their
work and the underpinning spreadsheets.
The Classroom Experiment
Eighteen vwo-5, Mathematics A students (5 male and 13 female; age 16-17 yr.) participated in May 2003 in the classroom experiment. All students had the following learner
proﬁle: They had chosen the proﬁle Culture & Society, which prepared them for a university study in the humanities. They were not conﬁdent about their mathematical
competencies. While teachers of disciplines with a social and cultural context were
very pleased with the engagement of the students in their lessons, the mathematics
teacher had to deal with a passive attitude.
The practical assignment was not part of the students’ examination portfolio, but
it was graded as a regular test in the semester. The students had to report about
their work on the basis of their spreadsheets and they had to hand in a diskette with
their computer results. Although the learning outcomes were assessed with respect to
statistical literacy, reasoning, and thinking, the main criteria for grading the students’
work were: “Did they give a clear account of what they had done in their analysis and
why?” and “Did they express a clear statement of their points of view with respect
to handling censored observations and of the conclusions drawn?” These criteria were
communicated at the beginning of the classroom experiment. The students worked
in pairs for three weeks; the estimated workload was 8 hours. Work took mainly
place behind the computers in the multimedia center of the school during the regular
mathematics lessons and the teacher was acting as an assistant, who occasionally
clariﬁed the instructional materials to individual teams. The students could also work
autonomously at this location during school hours or at home. This cooperative,
student-centered, non-intimidating setting of guided inquiry was chosen in the hope
and expectation that this would enhance students’ statistical reasoning and thinking.
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Instructional materials were developed in accordance with the learning objectives
to let students
• work meaningfully with real data coming from a clinical trial on treatment after
a cardiac arrest;
• experience that statistical work is more than applying some cookbook recipe;
• look upon a statistical problem from various points of view and comment on
methods;
• develop their own statistical models, explain their choices, and draw conclusions;
• learn and practice skills with respect to data manipulation in the spreadsheet
program Excel.
The instructional materials were an adaptation of the paper of Borovkova (2002)
written for a summer course for mathematics teachers to a lesson design, including instructional materials at secondary student level. Although the instructional materials
looked similar to an ordinary mathematics textbook chapter, the students’ activities
fulﬁlled the characteristics of open-ended tasks that stimulate students to think critically and require from them explanation of the chosen strategy(ies) at each step. There
was scarcely a closed question with a single correct answer. The problem activity was
based on a real world situation in order to capture students’ interest and to make it
relevant and convincing to the students. The students’ text consisted of the following
four parts:
1. The problem situation. Students are brieﬂy introduced to survival analysis and
censored observations in the context of a clinical trial of patients treated after a myocardial infarction. Censoring means that because of external causes it is not possible
to get the desired information during the whole time of research from all the patients.
For instance, while studying survival time after cardiac arrest, some patients might die
from another cause or stop their participation to the clinical trial. In such instances it
is not clear what to do with this patient information. The students work during most
of the investigation task with the data shown in the table below.
Starting point is a clinical trial of 146 patients after cardiac arrest. These 146 patients
were kept track of during the next 10 years, as far as this was possible.
The table below lists the data known about the patients:
A
year since
entry into
the study
1
2
3
4
5
6
7
8
9
10

B
alive at
beginning
of the year
146
116
88
57
45
41
28
20
11
8

C
number
dying during
the year
27
18
21
9
1
2
3
1
2
2

D
cumulative
number of
deaths
27
45
66
75
76
78
81
82
84
86

E
number of
censored persons
during the year
3
10
10
3
3
11
5
8
1
6

F
cumulative number
of persons
censored
3
13
23
26
29
40
45
53
54
60

Column E: the number of patients whose situation was no longer kept
track of from that year on, i.e., the number of censored individuals.

Data from a clinical trial on myocardial infarction (taken from the students’ text).
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2. Examples from ‘familiar’ statistics. The classical gambler’s ruin example of throwing a coin repeatedly until heads comes up is used to let students recall the systematic
method of computing probabilities of events through a tree structure of chances and
to let them practice the statistical terminology and notation. The students apply survival analysis techniques to the gambler’s ruin example and to some invented data of
a clinical trial in which censoring of observations does not yet play a role. Students
who feel not conﬁdent about their spreadsheet skills are invited to practice ﬁrst with
a supplementary tutorial note on working with Excel.
3. Handling survival data with censoring; simple ways to estimate survival probabilities. The data of the clinical trial with censored observations prevent the use of
standard methods of statistical summarization and inference already known to the
students. The concrete problem in this part of the learning material is to estimate
the ﬁve year survival probability of a patient on the basis of the given survival data.
The students are confronted with three rather naive points of view: (P) Eliminate all
individuals who are censored and use the remaining ‘complete’ data; (Q) Eliminate all
persons who are censored in the ﬁrst 5 years and use the remaining data; and (R) Consider all persons who are censored in the ﬁrst 5 years as survivors and count them as
such, that is, treat them as if they did not die from heart disease. The estimated probability of surviving the ﬁrst 5 years after treatment of the heart failure would range
from overly pessimistic to overly optimistic using the above data set and the above
points of view (11.6%, 35%, and 48%, respectively). Since these survival probabilities
are so diﬀerent, the importance of reﬁning the points of view becomes quite obvious
to the students. They are explicitly asked to reﬂect on the given points of view, to
try to formulate better alternatives, and to calculate the survival probabilities of all
methods under consideration. Questions run like “Which of the two points of view
is most credible and on what grounds?” and “Using the tabular data, decide which
point of view is taken here. How do you get to your conclusions?”
4. The life-table or actuarial method. This section gives a more reﬁned technique
for computing survival times used by statistical practitioners. Depending on how one
looks at the censored data, one will still obtain diﬀerent survival probabilities, but
the diﬀerences are smaller than before. The two points of view on censoring in the
actuarial method presented in the instructional material are: (A) Anyone censored in
a year is immediately censored at the beginning of that year; and (B) Anyone censored
in a year is censored at the end of that year. Once more, the students are explicitly
asked to reﬂect on these points of view, to try to formulate an alternative, and to
substantiate their own point of view.
Results and Findings
From the questionnaire and some informal conversations with students during the
lessons it is clear that the students very much appreciated the use of a spreadsheet
program. They felt that they had acquired good skills in working with Excel during
the tasks. This seemed valuable to them because they thought it useful for work in
other disciplines as well. The collaborating teacher and the researcher were also quite
pleased with the role that the computer environment had in this experiment, but for
other reasons than the students: They found that it provoked the students to work
in an active way and to talk extensively and thoughtfully about the statistical and
computational problems involved within their team, with the teacher, and with other
groups of students. Signiﬁcantly, their discussion was almost exclusively on the tasks,

i

i
i

i

i

i

i

i
66

Chapter 2. Classroom Studies

a phenomenon the teacher had hardly seen before during the regular paper-and-pencil
work in the classroom.
The spreadsheet program allowed the students to work with formulas in an active
way, which is less intimidating than the usual way of working with formulas on paper. The most important diﬀerence between spreadsheet and pencil-and-paper work
is that the variables in a spreadsheet program do not have a name. Instead, the role
of variables is played by cells. The cell itself corresponds to the concept of variable,
whereas the content of the cell corresponds to the current value of the variable. Combining variables into new values, that is, creating formulas is done by pointing to the
cells containing the values needed. Neuwirth (1995) called his technique the gestural description of mathematical formulas. In other words, the spreadsheet program
emphasizes the process character of a formula, that is, the use of a mathematical formula as a way to describe a process of computing a result. In pencil-and-paper work
however, the students’ success in dealing with formulas depends to a large extent on
how far they have succeeded in learning to look at formulas as mathematical objects.
It is known that this shift in focus from process to object character of formulas and
functions is diﬃcult for many students (cf., Tall et al., 2001). Certainly this holds
for the participants of the classroom experiment, whose algebraic thinking was weak.
The computer results revealed that they had sometimes found good solutions to the
exercises, but that they had not been able to express their answers in terms of formulas.
The active students’ attitude had substantial impact on the quality of their results. This might easily have been overlooked if the researcher had only read their
reports, because the students’ understanding of the subject was better than their
written reports suggested. Listening to the conversations amongst the students and
discussing the answers with them brought this to the fore. Therefore I concluded that
the question whether the learning materials and instructional setting enabled students
to understand the ‘big ideas’ in survival analysis can be answered in the aﬃrmative.
The main grounds for this conclusion were that some students were able to come up
with such alternative points of view on censoring which they could only have achieved
because they really had a good idea of what they were doing, felt conﬁdent enough to
come up with original ideas, and knew what survival analysis is all about.
The above conclusion can also be underpinned with the solutions students gave for
the ﬁnal problem in which they were asked to compare the actuarial method described
in Section 3.2 of the instructional materials with methods used before in Section 3.1
of the instructional material and to reﬂect upon two points of view of censoring in the
actuarial method. These points of view were: (A) censoring at the end of the year,
with formula s(t) = d(t)/n(t);
and (B)

 censoring right at the beginning of the year,
with formula s(t) = d(t)/ n(t) − w(t) . Here n(t) denotes the number of patients at
the beginning of year t still participating in the study, d(t) is the number of patients
dying that year, w(t) is the number of persons censored during that year, and s(t) is
the probability to die during that year of the study. One example of students’ good
reasoning, but weak documentation from a mathematical point of view is the following:
“You could say that the values of Section 3.2 are better than those in 3.1. The reason
is that the points of view in 3.2 are more clear and logical in the ﬁrst place. Secondly,
the points of view (A) and (B) are derived from viewpoint (Q). In these points of view,
the data censored in the year are subtracted and not, like in point of view (P), that
none of the censored data are taken into account.”
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The students also had to formulate a better or intermediate point of view and
to express this both in everyday words and in a formula. One team was unable to
give a formula related with their point of view. Because of unavoidable interaction
between teams,
 the solution chosen by half of the teams was represented by the formula
s(t) = d(t)/ n(t) − 0.5w(t) , which is a quite complicated formula for students at this
level. In fact, only one team could give this formula in Excel without bracketing
errors; the other teams described it in words and actions, and seemingly entered
the numerical values one by one in their sheet. One team explained their choice as
follows: “Point of view (C) must be exactly in the middle, so we take the formula
s = d/(n − 0, 5w). This formula means that censored data are subtracted midyear, we
assume that in the middle of the year censored
Two teams came
 data are halfway.”

up with the formula s(t) = d(t)/n(t) + d(t)/ n(t) − w(t)
2, which was easier to
use in Excel and was also easier to understand as lying between the given points of
view. One team came up with a really original idea: They decided to use the average
number of censored persons per year, and this average being six persons for the given
data set, proposed the formula s(t) = d(t)/(n(t) − 6). Their explanation was: “We
think that this is a better solution because it balances between the two extremes of
not including some things at all or counting very accurately.” This kind of statistical
reasoning exceeded all expectations that the instructional designers had beforehand.
Extensions
The work climate and the performance of the students in the classroom experiment
was unusually good. Probably, the instructional materials and the instructional setting let the students overcome their math anxiety, in particular their fear of using
formulas and their lack of conﬁdence in their own answers to mathematical questions.
They could discuss problems with peers or the teacher in a non-intimidating setting.
The mental blockade that the students could not overcome in regular lessons when
they worked with formulas on paper turned out to be absent when they worked with
formulas in a spreadsheet program. They were also able to make their own choices for
handling censored observations, to explain the methods they had chosen, to compute
survival probabilities, and to draw conclusions from the computations. These results
of the classroom study indicate that development of statistical literacy for all students
at secondary level can be realized through the use of suitable ICT. More classroom
experiments, using a variety of real contexts, are needed for exploring the full potential
of ICT-supported statistical inquiry by students and for a broader perspective on the
embedding of probability theory and statistics in the mathematics curriculum.

2.6.2

Handling Weather Data

Reference
Van den Camp, W., & Heck, A. (2004). Wat heb je aan het gemiddelde? [How useful
is an average?]. Nieuwe Wiskrant, 24 (2), 33–38.
Introduction
In statistics assignments in lower secondary education at havo and vwo level,3 students normally work with small series of observations in simple, often artiﬁcial and
3 havo is the Dutch acronym for senior general secondary education, which is a 5-years programme
that prepares for higher vocational education (e.g., at universities of applied sciences). vwo stands
for pre-university education.
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invented contexts and without ICT tools. This diﬀers much from the way in which
statistics is used outside the school situation, in practice. The risk is that students
be introduced to all kinds of statistical notions, computational methods and graphical
representations, but that they only get a vague idea how to apply this knowledge and
skills to structuring and interpretation of real data sets. This may play tricks on the
students when they carry out practical assignments and the proﬁle project in upper
secondary education.
One can anticipate this by starting already in lower secondary education practicing
meaningful processing and analysis of data sets of medium size. The most appropriate
work format may be a small, spreadsheet-based practical assignment. Added value
of such assignment in lower secondary education is that the students already become
acquainted with such work at an early stage of their school career and can combine
this with learning to use a spreadsheet program eﬀectively.
This classroom study addresses the research question whether a spreadsheet-based
investigation of a realistic data set in a small practical assignment by students in lower
secondary education is viable. With this goal in mind, the assignment “How Useful
is an Average?” was developed and tried out in a vwo-3 class. Aim of the classroom study, especially regarding the use of ICT, was to get answers to the following
questions:
• Is the assignment for the students realistic and motivating?
• Is a spreadsheet program a helpful tool for students in their the computational
work?
• Is working with absolute and relative cell pointers in a spreadsheet program like
Excel viable for students of this age?
• Can a spreadsheet program help students to come to underpinned conclusions
about a posed complex problem?
• Have the students been prepared well through the instructional materials for
doing a small investigation on their own?
The research instruments used to answer the research question were a pretest,
classroom observations, informal interviews with students, the report of the students
and the underpinning Excel sheets.
The Classroom Experiment
Twenty vwo-3 students (9 male and 11 female; age 14-15yr.) at gymnasium level participated in June 2004 in the classroom experiment, in which they explored precipitation
data originating from the Royal Netherlands Meteorological Institute (KNMI). They
used arithmetic means in various ways for the answering of concrete questions about
the weather. One of the notions was moving average, but unlike climate scientists do, it
was not used in the practical assignment to smoothen sharp ﬂuctuations in the weather
observations so that a trend becomes more visible. In this assignment students had
to concentrate on computing with averages over various, possibly overlapping, time
periods and noticing what was the eﬀect of the choices.
The mathematical notion of moving average is no part of the Dutch mathematics
curriculum. The reasons may be that it only makes sense for large data sets. The
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data set that the students used in the assignment “How Useful is an Average?” was
suﬃciently large. It concerned the daily precipitation data of the weather station De
Bilt over the year 2000, taken from the Climate Atlas of the Netherlands (Heijboer
& Nellestijn, 2002). Students may understand the concept of moving average and be
able to do computation, but the thought of using it may simply not occur to them
in a contextualized presentation of a question. This gap between arithmetic mean as
algorithm and the qualitative properties of the average plus application in concrete
situations is conﬁrmed in educational research (cf., Bakker, 2004, section 4.3; Garﬁeld
& Ben-Zvi, 2008, ch. 9; Konold & Pollatsek, 2004).
Instructional materials were developed in accordance with the objectives to let
students learn to
• view statistics in a more realistic way;
• do investigations at an early stage;
• eﬀectively use ICT tools for the processing and analysis of large data sets; and
• reﬂect on statistical methods, in this case on the variable use of arithmetic mean
in a concrete context.
The instructional materials consisted of a student text with assignments and a handout for introducing the use of a spreadsheet in the context of weather data. The
student text starts with rather closed questions and tasks (Figure 2.17), moves toward
more open questions (Figure 2.18), and ends with suggestions for small investigations
(Figure 2.19). The students work from the beginning with the spreadsheet program
Excel and with ﬁles containing daily precipitation data in tabular form. Students
who are not so familiar with working in Excel may ﬁrst work through a tutorial on
the software and an accompanying spreadsheet. In the original planning, one lesson
(of 45 minutes) was meant for brushing up one’s knowledge and skills of using Excel,
two lessons for the exercises (open and closed questions), and two lessons for a short
investigation by students on their own.
The aim of this practical assignment is to place the students’ work with the average
of a series of observations in a meaningful context. Focus is not on the algorithm to
compute the arithmetic mean, because this is what students are already good in,
but instead on the position that this notion has in the processing of data and in
statistical reasoning. In the chosen context of Dutch weather, data can be grouped in
various ways for computations of mean values in various time periods, depending on
the problem posed:
• You need the average of all data (What is the average daily precipitation in the
year 2000? );
• You need the average of consecutive groups of numbers, for example each time
for a period of one week or one month (What is the most rainy month in the fall
of 2000? );
• You need the average of overlapping series of numbers, for example the average
over the last 10 days, for every day in a period of one month or a year (What is
the most rainy period of 10 days in 2000? );
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• You need the average of more than one series of numbers, but the series of
numbers are separated by unneeded data (What was the most rainy summer
month in the last thirty years? Was spring more rainy than autumn in 2000? ).

The above list of diﬀerent ways of using the arithmetic mean indicates that alternative
conceptions of students may be expected.
At the travel agency “Beautiful Holland ” one can book holidays in places all over the Netherlands.
Because customers like good weather they think that their holiday is spoiled when it rains too
much. The travel agency wants to advertise an insurance against rainy weather during holidays.
They think about the following setup: Because an average precipitation of 0.1 mm/day in De
Bilt has been reported 25.5 times over the year 2000, persons who book in the Netherlands a
“holiday with insurance against rainy weather ” get refunding of 50% of the costs of the booked
stay if the average precipitation in the booked period is greater than the yearly average. Not
knowing whether this promotional action is too expensive or not, the board of the travel agency
has asked a meteorologist to prepare a table and graph representing for each day in 2000 the average
precipitation of that day plus the preceding nine days. This means that you always look at a
period of ten days and that you compute on the last day of the period the average precipitation of
the time period under consideration. For holidays of eleven days, twelve days, and so on, you can
do the same investigation, but at the travel agency “Beautiful Holland ” they know from experience
that a ten-days holiday was most popular in recent years. This is why they look for the moment
only at risks for 10-days holidays. The ﬁrst day for which this calculation can be done with the
precipitation data of the year 2000 is the 10th of January.
Exercise 4. Why can’t you do the calculation for the 5th of January, using the table in the
spreadsheet Average precipitation for 10 days.xls?
Exercise 5. In case you want a solution regarding the insurance for the ﬁrst 9 days of January,
what suggestion would you make? Come up with a realizable and defensible proposition.

Figure 2.17: Fragment of the instructional material with closed exercises.
We now want to investigate holidays of 15 days that are all within the period of the 6th of July up
to and including the 28th of August. The travel agency chooses in favor of the promotional deal:
“50% of your travel costs refunded when the average precipitation during holidays is more than x
mm per day.”
In order to avoid that the costs of this insurance become too high, the agency does not want to pay
for more than 10% of the holidays. You may assume that all booked holidays are evenly spread
over the given period.
Exercise 13. Do your own investigation and give advice about the values of x that may be selected
to meet the requirements of the travel agency. Write the advice down on at most one A4-sized
page. Add to your advice as appendix the Excel ﬁle in which you worked as much as possible with
formulas. Make sure that your ﬁles are neatly arranged.

Figure 2.18: Fragment of the instructional material with open exercises.
4. When do we go camping?
Suppose that your class goes camping for 5 days. Which period is then best? First select the
criteria that you want to take into account. Is precipitation, temperature, or hours of sunshine
important? Or do want take other things under consideration? Explain your choices and clarify
which period is in your opinion best for camping. Also submit the ﬁles that you have used. Log
your work.

Figure 2.19: Fragment of the instructional material with investigation tasks.

i

i
i

i

i

i

i

i
2.6. Spreadsheet-Based Data Handling

71

The instructional materials do not contain the term ‘moving average’, but the
nomenclature contains expressions like ‘10-days preceding average’ and ‘17-days ambient average’. This terminology is deliberately used in the student text to specify the
precise period over which the average is computed and to specify whether the computed average is connected with the starting-point, midpoint or end point of the time
period. It is considered unimportant that these terms do not belong to the common
mathematics jargon, as long as the meaning of the terms are clear to students.
The practical assignment has been tried out in a gymnasium-3 class of twenty
students, with a good attitude towards studying and with good study results. Because
this is not a common situation for third classes, the assignment should be tried out in
several other classes. However, it is expected that this assignment is suitable for all
classes, even for havo-3.
Results and Findings
The results and ﬁnding are presented in three parts: (1) the pretest results; (2) experiences with the closed part of the practical assignment; and (3) experiences with the
open part of the practical assignment, which the students carried out in pairs.
Pretest results.
Through a pretest I investigated whether the students in the vwo-3 class perhaps
already had a well developed insight in the versatile use of the arithmetic mean at the
beginning of the practical assignment. Students were for example asked to choose in
various contexts from four ways to group data for computing averages as mentioned
in the previous paragraph. The analysis of the answers of the students showed that
the pre-knowledge of the students was diverse. For example, in the ﬁrst context in the
pretest—“You have the daily weather data of the last thirty years. You want to know
how many years in this period of 30 years had the lowest average temperature in the
month of January.”—44% of all students chose a wrong answer.
It took about half of the students more than one lesson to work through the handout on working with Excel. This revealed that the spreadsheet program was not
used much by this group of students after they had learned to work with the tool in
earlier study years. A classroom experiment in a vwo-5 class about survival analysis
(Van den Camp & Heck, 2003) revealed the same problem. The conclusion is obvious:
Once learned, working with a spreadsheet must be maintained, otherwise learning to
use the tool is meaningless.
Experiences with the closed part of the practical assignment.
It turned out that the student could manage well the closed part of the practical
assignment. Lively discussions arose about the (un)fairness of choices that students
had made. The students’ reports were quite acceptable.
Students did not ﬁnd Exercise 4 (Figure 2.17) very diﬃcult, but their answers
revealed that they sometimes forgot that the data were real and that one could look
them up and extend them by use of the climate atlas. However, about Exercise 5 the
student’ opinions on ‘reasonable’ and ‘doable’ diﬀered much. Many students were of
opinion that one could use for the 6th of January the average of January 1 up to and
including January 6. When the teacher asked whether customers would think the same
they changed their mind. Many students proposed a realistic solution of the problem
at hand, such as “just put the last nine days of 1999 in the table, too.” Sometimes
the thoughts of the students drifted too much away from the mathematics toward the
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context of a travel agency. An example is the following answer: “I would make an
arrangement that the insurance does not apply when you go those ﬁrst 9 days, but
that you would get a discount on travel costs. In this way you still attract persons to
travel, because it is cheaper.” The teacher had a discussion with four teams about the
realistic nature of the problem posed. These students were of opinion that most travel
agencies only oﬀer holidays that can be booked during the season for complete weeks.
Then bookings from Tuesday to Thursday are not possible. This point of view of the
students indicates that the assignment was realistic to them, sometimes perhaps too
realistic so that the mathematical thinking suﬀered from it.
Experiences with the open part of the practical assignment.
The format in which the students were expected to answer Exercise 13 in the more
open part of the assignment (Figure 2.18) was unclear for all students. The authors
had in mind that the students would for example write a letter to the travel agency,
but the students gave short answers in common school language, with most often a
spreadsheet as underpinning resource and not much explanation. At hindsight, the
presentation of the question was unclear on this point. A better idea would have been
to explicitly ask for a advisory letter and pay, together with the teacher of Dutch
language, attention to the quality of such letter.
Classroom observations of the more open part of the assignment revealed that students had diﬃculties in using Excel or at least did not use the spreadsheet program
eﬀectively: In particular, these problems were about absolute and relative cell references. It would have been wiser to pay attention to these two spreadsheet concepts
in the tutorial sheet on working with Excel and to explain the advantages and disadvantages of using each type of cell references. In the educational research literature
(e.g., Haspekian, 2003, 2005a,b), the versatile use of cells in spreadsheet programs, alternative conceptions of students, and the instrumental genesis of the spreadsheet tool
are discussed in depth. In other word, the tasks in the hand-out about working with
Excel should be more tailor-made for speciﬁc problems that occurred or could occur
in this practical assignment. In the classroom experiment, students lost much valuable
time with solving problems in use of the spreadsheet program. The open part of the
assignment before the small students’ investigation had been planned for two lesson
hours, but it took more time, namely nearly four lessons. This limited the time for
gaining experience with doing an investigation. With a better tutorial about the use
of the spreadsheet program, the time needed for the renewed assignment is estimated
as: one lesson Excel + three lessons for the assignment (+ two lessons for a small
investigation task by students). Because of lack of time in the classroom experiment,
the last research question “Have the students been prepared well through the instructional materials for doing a small investigation on their own?” could not be answered
adequately because only a few students came to work on the open investigation shown
in Figure 2.19.
The unease of some students with the spreadsheet program came to the fore when
these students did the computational work ﬁrst with a calculator and then copied
the results in the spreadsheet. Small changes in the presentation of the question then
resulted in a lot of computational work. A positive eﬀect was however that it motivated
the students to make the step to using formulas in the spreadsheet program. The
students learned by own experience what a spreadsheet really is and what advantages
it oﬀers.
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Various groups of students formulated their reasoning in clear words. Figure 2.20
shows the answer of a student team to Exercise 13 (Figure 2.18). This answer is,
despite a counting error of 39 days, clear and matches the setting of the spreadsheet.
The students had not seen (or they had forgotten), like many students, that the unit
for precipitation is 0.1 mm. The students’ answer also does not reveal insight in the
assumption that one can take the year 2000 as starting-point, provided that this a
‘regular’ year regarding precipitation.
Exercise 13
The company want to pay back 50% of the costs of 15-days travels in which on average x
mm of rain per days falls (period from July 6 up to and including August 28). To make
sure that the costs do not become too high, they do not want to pay for more than 10% of
the holidays.
In the period from July 6 up to and including August 28 there exist 39 15-days holiday
that are completely within this period. 10% of this is therefore 0.1×39 = 3.9 travels, i.e.,
4 travels that must be paid back.
In order to compute how many travels must be paid back you must calculate the 15-days
average and then determine a cut-oﬀ. When the average is above the cut-oﬀ value, the
travel is paid back, otherwise not.
Because the company wants to pay back only 4 travels, I advise to set the cut-oﬀ value on
30.8 mm, because then they only have to pay back 3 travels. See Exercise 13.xls for data.

Figure 2.20: The answer of a student team to Exercise 13.
A number of students had not quite grasped the idea that the year 2000 was
more or less randomly chosen as a kind of ‘standard year’ for making mathematically
underpinned statements. The student text does not emphasize this enough. For a
high-performing class it would be interesting to compare the results of 2000 with
results for other years and verify whether the choice of the reference year matters
much, or not at all.
Extensions
Additional small practical assignments at havo/vwo lower level in the context of
weather forecasting were developed and tried out in classroom:
Is the Weather Well Represented? (2 havo/vwo)
Students verify whether the graphs and table about weather in their textbook are in
agreement with the data on the website www.knmi.nl of the Royal Dutch Meteorological Institute (KNMI). This promotes a critical look at data in the textbook.
The Wind Rose. (3 havo/vwo)
Students explore wind data at particular locations and make wind roses. A meteorological wind rose is a form of circular diagram in which the frequencies of the eight
principal wind directions and strength of the wind at a particular location over a speciﬁed time period are represented. In this way, the students get acquainted with a map
diagram that is not present in any of their textbooks, but which they can understand
and work with on the basis of their existing mathematical knowledge. One could say
that this prepares students for the nationwide examination, in which new or less familiar graphical representations pop up regularly. In addition, a link is made between
mathematics and earth science.
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Computer-Based Modeling in Quantitative Pharmacology
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dynamical systems at secondary school. In addition, the classroom study was a usability study of the graphical, system dynamics-based modeling tool of Coach 6. This is
the reason for including more than one reference.
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Introduction
In May and June 2007, a small team of university lecturers and secondary school teachers jointly developed and piloted an e-class for 4th and 5th grade students (age 15-17
yr.) at both pre-university and general vocational level (vwo and havo, respectively).
The goal was to develop and try out innovative ways of teaching mathematics that
would enable schools to oﬀer optional courses such as Mathematics D and Nature, Life,
and Technology (also named Advanced Science, Mathematics, and Technology) for
small numbers of students. The e-class concept can be summarized as web-supported
instruction in a blended learning approach. This means that one of the ideas behind
the set-up of an e-class was to develop a rich virtual learning environment (henceforth
abbreviated as VLE) equipped with study guides, digitized instructional materials,
software for learning and doing mathematics and science, video instructions, animations, (self-)assessments, communication tools for students and teachers to chat and
discuss, and so forth. Central was the blended approach, considered as a combination
of online learning and face-to-face education at school. Actually, the broader deﬁnition of Heinze and Procter (2004) for blended learning in higher education—“learning
that is facilitated by the eﬀective combination of diﬀerent modes of delivery, models of
teaching and styles of learning, and founded on transparent communication amongst
all parties involved with a course.”—seemed more applicable to the e-class setting.
This deﬁnition of blended learning was adopted by the designers of the e-classes,
acknowledging that there is no universally accepted deﬁnition (Whitelock & Jelfs,
2003; Bonk & Graham 2006) and that there are some serious doubts about its conceptual integrity (Oliver & Trigwell, 2005).
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The set-up of the pilot e-class on discrete dynamical systems was both simple and
complex. The instructional materials consisted of the digitized chapter on number sequences, recursive formulas, and discrete dynamical systems from a brand-new mathematics textbook, supplemented by investigative activities. Everything was stored in a
master copy of the e-class inside the VLE, from which clones were constructed for use
by real classes. Topics for the optional investigative activities were: numeric approximation of roots of quadratic and cubic polynomial equations, exploring mathematical
models of bouncing balls, and compartmental modeling of the intake and clearance of
drugs in humans, in particular of alcohol. Students could build and simulate models of
discrete dynamical systems with the computer learning environment Coach. Instructions for learning to work with software and demonstrations of worked-out examples
were given through screencasts created by the teacher to gear with students’ needs and
made available in the VLE. A screencast, a term coined by Udell (2004, 2005), is “a
digital movie in which the setting is partly or wholly a computer screen and in which
audio narration describes or explains the story on the on-screen action.” Students got
weekly on-line assignments, which they submitted digitally. At home they could get
assistance in a chat room from peers and the teacher: they could discuss exercises, ask
each other for further information or explanation, and so on.
The complexity of the e-class setting lay in the well-known fact that use of ICT in
education does not always lead to better quality of teaching and learning. Two major
challenges were: (1) How to ﬁnd the right mix for a blended learning arrangement
with regard to content, knowledge construction, andcommunication within a regular
curriculum setting (John & Wheeler, 2008; Kerres & De Witt, 2003; Laurillard, 2002)
that leads to meaningful learning? and (2) How to initiate, sustain, and structure
interaction, and how to enhance its quality (Hannaﬁn, 1989)? In the design of the
pilot e-class, decisions were mainly based on the teachers’ experiences, research-based
design principles of multimedia learning (cf., Mayer, 2005), and principles of learning
sciences for the design of pedagogical arrangements (cf., Sawyer, 2006).
About three hundred students from 4th and 5th grade (age 15-17 yr.) at both preuniversity and general vocational level, from ﬁfteen classes at four schools in the region
of Amsterdam, participated in the case study. Only a minority of the students belonged
to the envisioned group of motivated and mathematically competent students who
would choose Mathematics D in their Nature & Technology proﬁle. However, because
the new style of teaching and learning was also considered relevant for mathematics
courses at other levels of education, the new approach was piloted with a diverse group
of students to get experiences from many directions. For example, the investigative
activities about alcohol metabolism were tried out in a havo-4 class (with students
in the Nature & Technology proﬁle) and two vwo-4 classes, one with students who
had chosen for Mathematics A in the Nature & Health proﬁle and one with students
taking the Mathematics B programme in the Nature & Technology proﬁle. In this
section I only present the experiences with the e-class concept and the outcomes of
the e-class about discrete dynamical systems and applications in the context of alcohol
metabolism. In this case study I aimed at getting answers to the following questions:
• How do teachers and students experience the e-class?
• Do the instructional materials and the chosen instructional setting enable students, who have no prior practical experience with the Coach, to get started

i

i
i

i

i

i

i

i
76

Chapter 2. Classroom Studies
with mathematical modeling and the graphical system dynamics-based modeling
tool of Coach?
• How can a process of repeated modeling cycles be realized in an instructional
sequence about quantitative pharmacokinetics and alcohol metabolism?

The research instruments used to get answers to these questions were evaluation
reports of the students, interviews with students and teachers, a questionnaire at the
end of the pilot project, and student work.
The Classroom Experiment
All course materials were made available online in a Sakai-based VLE. The choice
for Sakai (http://sakaiproject.org) was based on the fact that almost full responsibility for the e-class could be transferred to the individual teacher who could, for
example, select his or her own assignments from the master copy of the e-class, adapt
the instructional materials to the ability level of his or her students, invite students
and colleague teachers, select or deselect ways of communication, write a study planner, add their own screencasts, give the e-class a more personal touch, and so forth.
Students were requested to hand in their answers to some of the online assignments
through the request-and-delivery system for exercises inside the VLE: This homework
was mainly a Word document, an Excel sheet, a Coach result ﬁle, or another kind
of digital document. Students got partial credit for their homework. The drop box
facility of the VLE was convenient for personal transfer of documents between a student and the teacher (for example, to get dedicated help or advice on a task, or for the
simple reason that homework could not be delivered within the scheduled time frame).
Weekly meetings between teacher and students were scheduled, because face-to-face
contact remained highly valued. Sometimes these contacts stimulated the teacher to
create a screencast for the purpose of procedural scaﬀolding. The course ended with a
written test and a computer-based assessment. Thus, the assessment of the students
was in accordance with the way they had studied the subject contents.
I was the main designer of the supplementary investigative activities, including
those about quantitative pharmacology. The subject of modeling intake and clearance of alcohol in humans was a deliberate choice for providing students insight into
processes of pharmacokinetics and physiology via compartmental modeling and for
discussing a topic that many a student could personally relate to. Graphical modeling software provided the tools for computer modeling. Many of the mathematical
models were simple enough so that students with limited experience in modeling could
still implement them. From instructional point of view I considered it relevant that
there exist several models that students could use to investigate the blood alcohol
concentration (BAC)-time proﬁle after consumption of one or more alcoholic drinks.
The versatility of the models was expected to contribute to the students’ understanding that the quality of a model depends on the requested descriptive, predictive, and
explanatory power as well as on the modeler’s preferences, background, and goals.
Students were invited to explore with the computer models eﬀects of various scenarios of alcohol consumption, in an attempt to answer questions such as “Does it
matter in the long term whether you drink fast or slowly?”, “Does it matter for the
alcohol intake and clearance whether the consumption is after a meal or not?”, and
“Are there gender diﬀerence in human alcohol metabolism?” Exploration of such
questions was expected to give students a broad idea of alcohol pharmacokinetics (cf.,
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Greefrath, Siller, & Weitendorf, 2011) and to provide them with examples of compartmental models that can also be applied in investigations of similar processes of
change. Results from computer models were compared with measured data obtained
with breath analysis equipment. For this purpose, secondary data were mostly used
in the classroom. Such data were considered useful in discussions about the quality of
various models and reminded students of the fact that understanding of the mathematical models was not the only instructional goal; understanding of the investigated
phenomena was also considered important.
The broad range of models for intake and clearance of alcohol in the human body
ensured that students had the opportunity to practice evaluation and revision of models, and in this way would get acquainted with the concept of model progression.
In principle, they could develop the critical attitude that is necessary for successful
modeling of biological, chemical or physical phenomena. All models presented in the
instructional material, ranging from the simplest linear elimination model to a rather
sophisticated physiology-based compartmental model, are actually used in pharmacokinetics studies (cf., Atkinson et al., 2007; Lands, 1998; Norberg, 2001; Shargel,
Wu-Pong, & Yu, 2005). This implied that the students’ investigation work was not
only fun to do, but also resembled research practice. However, the following comment must be given: In order to be able to start with the modeling activities early
in the mathematics curriculum, even before students learn about the exponential and
logarithmic function, the mathematical models in the instructional materials were all
discrete dynamical systems, even though the modeled physiological processes are continuous. In higher education and in pharmocokinetics research one would use diﬀerential equations and a more complete range of mathematical functions. An e-class about
continuous dynamical systems, based on the same principles of web-supported instruction in a blended approach, has been developed in the meantime (Heck, Houwing, Val,
et al., 2009).
Dealing with a versatile set of models of alcohol metabolism in humans was also
meant to give students a good idea of the common method of working in mathematical
modeling: First one simpliﬁes the situation to such an extent that a simple model can
be constructed. Hereafter one evaluates this model, preferably by comparing it with
experimental data, and one adapts it if necessary. In the process of evaluation, parameter estimation plays an important role as well and one better not underestimates the
complexity of ﬁnding suitable parameter values. Adaptation of the model normally
means that one makes the model more complicated by taking more factors that cannot really be neglected into account or by undoing some earlier simpliﬁcations (This
may also mean that more complicated relations between variables are used instead of
increasing the number of variables in the mathematical model). One comes into the
process of simplifying ﬁrst and then adding step-by-step more details to the model,
with the purpose of matching the model better with reality.
For the instructional design I considered the progressive aspect of modeling as
a pointer to a suitable manner to introduce it to students: In line with the welldocumented instructional strategy of gradually introducing learners to increasingly
more sophisticated or comprehensive subject matter (cf., Gagné, 1985; Rosenshine,
1995), it seemed me best to let students ﬁrst work with a simple model and improve it
by changing or adding details before they construct models from scratch. I motivated
the change of models of alcohol metabolism by letting students compare the results of
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computer models with real data. The mathematical models used in the instructional
materials were:
(1) the open 1-compartment model of Widmark (1932) with zero-order elimination;
(2) a hybrid open 1-compartment model with zero-order elimination and ﬁrst-order
absorption;
(3) the open 1-compartment model of Wagner and Patel (1972) with clearance described by Michealis-Menten kinetics; and
(4) the 3-compartment model of Pieters, Wedel, and Schaafsma (1990).
In the ﬁrst three models, the main point was that the relations between variables became increasingly more complex; in the fourth model, the number of variables in the
model was increased by the simple fact that more compartments were involved. In
addition to model progression, I also used in the beginning small exercises and closed
questions, and gradually moved to more open tasks and reduced support. Other
mathematical models of alcohol metabolism such as the 2- and 3-compartment models of Norberg and colleagues (2000, 2001) or the physiology-based model of Umulis,
Gürmen, Sing, and Fogler (2005) could have been included in the instructional materials, but this would have been beyond the learning objectives. I only implemented these
more advanced model in Coach to explore the scope of the graphical modeling tool.
Anyway, 2- and 3-compartment models leading to bi- and tri-exponential models of
concentration-time proﬁles were included in the instructional materials in the context
of elimination of pain-alleviating drugs, using real data collected from research literature. In addition, the instructional materials treated modeling of repeated intravenous
administration and oral administration of drugs.
Students were guided in the instructional materials to convert the mathematical
models into computer models via the graphical, system dynamics-based modeling tool
of Coach 6. This modeling tool allows students to create and run numerical models
and to compare modeling results with experimental data. A text-based, equationsbased, and graphical editor is provided. The ﬁrst type of modeling is programming
in a language that is dedicated to mathematics, science, and technology education.
The last two types of modeling support a system dynamics approach that is the basis
of a graphical, aggregate-focused software such as stella (Steed, 1992). This type
of modeling system uses aggregated amounts, that is, quantities (commonly called
levels or stocks) that change in time through physical inﬂows and outﬂows, as the core
elements of a model. Not only physical ﬂow, but also information ﬂow determines the
systems behavior over time. Information ﬂow is best understood as an indication of
dependencies or inﬂuences between variables in the model. These relations are made
explicit in the form of mathematical formulas and graphical or tabular relationships.
The variables involved can be levels, ﬂows, parameters, and auxiliary variables.
The level/ﬂow modeling language has a graphical representation in which a user
can express his or her thoughts about the behavior of a dynamical system, and these
ideas are then translated into more formal mathematical representations. The conventional symbol of level and ﬂow is a rectangular box and a double arrow with a valve,
respectively. A single arrow commonly represents information ﬂow. Auxiliary variables and parameters appear as circles and circles with small handles on both sides,
respectively. An example of a graphical model is shown Figure 2.21.
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Figure 2.21: Screen shot of a graphical model implementing the Pieters 3-compartment
model of alcohol metabolism and the calculated concentration-time curves in a simulation, with a background data plot of measured blood alcohol concentration (BAC)
after drinking 3 standard units.
A graphical model represents a computer program that commonly implements an
iterative numerical solution of a system of diﬀerential equations. In this particular
case it represents a computer model for the Pieters 3-compartment model of alcohol
metabolism, which is given be the following model equations:
dC1
k1
=−
·C1 ,
dt
1 + a · C12

k1
dC2
=
·C1 −k2 ·C2 ,
dt
1 + a · C12

dC3
vmax
= k2 ·C2 −
·C3 ,
dt
km + C3

with initial conditions [C1 (0), C2 (0), C3 (0)] = [C0 , 0, 0], where C0 = D0 /V , that is, the
initial amount of alcohol D0 divided by the so-called volume of distribution V of the
central compartment, and where C1 , C2 , and C3 are the alcohol concentrations in the
stomach, the small intestine, and the central compartment, respectively, related to the
volume of distribution of the third compartment. Figure 2.22 is a common pictorial
representation of the compartmental model, in which the volumes of distribution of the
compartments are not speciﬁed but hidden in the parameters. It strongly resembles
the structure of the graphical model shown in Figure 2.21.
oral intake
of alcohol
vmax
C1
stomach

k1

C2

small intestine

k2

C3

km + C3

central compartment

Figure 2.22: Pictorial representation of the Pieters 3-compartment model.
The ﬁrst diﬀerential equation in the Pieters model, which models emptying of the
stomach, does not represent a simple ﬁrst-order process, but a feedback control is builtin that depends on the instantaneous concentration in the stomach, C1 . In this way,
the eﬀect of an empty or full stomach on alcohol clearance can be taken into account
mathematically. The clearance of alcohol from the human body has been modeled by
Michaelis-Menten kinetics, which would lead to an almost linear elimination for high
alcohol concentrations. The diagram on the right-hand side in Figure 2.21 illustrates
that the Pieters 3-compartment model describes, for suitable parameter values, rather
well the measured BAC data, originating from breath analyzer data of the author after
drinking 3 glasses of red whine at once on an empty stomach early in the morning. In
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the computer model a negative value has been chosen for the feedback parameter a to
get an accelerated intake of alcohol, because drinking happened after fasting.
Results and Findings
From evaluation reports of students, interviews with students, and a questionnaire
at the end of the study year (175 responses from 3 schools; 88 male and 87 female
students at pre-university level; 53 students who had chosen the Nature & Technology
proﬁle) can be concluded that most of the students appreciated that they could
• work with and learn from screencasts;
• consult their peers and the teacher in the chat room;
• plan more or less their working hours;
• learn a lot, in a mixed and attractive approach; and
• build and simulate graphical models in Coach 6. They liked the software, once
they got more familiar with it through the screencasts and by helping each other.
The majority of the students considered the course as more demanding and taking
more time than usual. About one quarter of the students found the course too diﬃcult,
and about half of the students found it diﬃcult, but manageable. About half of the
students brought up that they had much more homework than usual. Many students
characterized the ﬁnal computer assignment as diﬃcult. The teachers in the design
team had actually been too optimistic about the amount of work for the students.
But also the participating teachers had been busy in the e-class of the pilot project.
Especially, the weekly grading of homework handed in by the students was timeconsuming and stressful. Also, teachers had to regularly log into the VLE to check if
everything was going well and if their students needed a helping hand. Teachers received more emails than usual from their students that needed to be answered. Despite
the work it took, almost all teachers looked back at the pilot project as a successful
enterprise, with great prospects. Many of the participating teachers continued to run
an e-class in the following years, sometimes in a less labor-intensive setting.
From both teachers’ and students’ point of view, one of the most successful components in the e-class were the screencasts. The aims of screencasting were simple: to
allow students to
• see and hear the thinking and explanation of a teacher when presenting a workedout example;
• watch whenever and as many times they want;
• go step by step through an instruction; and
• look at the whole process and not only at the ﬁnal result of an exercise or activity.
The main beneﬁts of the screencasts in the e-class were that they supported student
learning outside the classroom, functioned in case of software instruction better than
user manuals or help pages, and helped the teacher in the sense that (s)he could
make optimal use of the face-to-face contact time with students. As Garner (2008)
suggested, use of screencasts for feedback to student assignments and for answering

i

i
i

i

i

i

i

i
2.7. Computer-Based Modeling in Quantitative Pharmacology

81

student questions in areas of conceptual diﬃculty is also a strong option for learning
support. But honestly, the screencasts were in the e-class more applied to help students develop procedural ﬂuency in using the modeling tool and doing the given tasks.
Experience (e.g., Bennedsen & Caspersen, 2005; Fahlberg-Stojanovska & Stojanovska,
2007) is that screencast-based exercises encourage students and provide them the necessary scaﬀolds to carry out mathematical tasks and to practice skills. The success
of the applied form of screencasting can be underpinned by research-based principles of multimedia learning (cf., Mayer, 2005, 2009) and cognitive load theory (cf.,
Kalyuga, 2009, ch. 2; Mayer, 2005). In comparison with user manuals, screencasts as
demonstrations or tutorials of software packages reduce cognitive load because of the
multimedia principle, the modality principle, the redundancy principle, the signaling
principle, the personalization, voice and image principles, the self-regulation principle, the split-attention eﬀect, and the worked-out example eﬀect. These and other
principles of the cognitive theory of multimedia learning by Mayer (2005, 2009) and
cognitive load theory (e.g., Kalyuga, 2009; Plass, Moreno, & Brüncken, 2010) also
provide good guidelines for the design of e-classes from usability perspective. They
seem to have been applied until now in the e-classes more for promoting acquisition of
procedural knowledge than for supporting development of conceptual understanding.
Although the process of learning to use the graphical modeling tool was for both
teachers and students quite smooth, many of them had to get used to the fact that,
whereas the computer modeling tool has only a limited set of graphical elements to
build a model and a small set of rules of combining them, it still allows its user to
express a solution to a problem in many ways. As a matter of fact, many a mathematician seems to dislike that graphical modeling often leads to diﬀerent pictures of a
mathematical model, which may reﬂect diﬀerent styles of students’ thinking and working, whereas there is in their expert opinion one suitable mathematical representation
and mode of operation. For example, the word problem of a tank that contains at the
beginning a solution of 100 kg salt, that is cleaned with fresh water every hour such
that 20% of the remaining quantity of salt is removed, and to which every hour 16 kg
salt is added, is modeled by the recurrence relation St = 0.8 · St−1 + 16, S0 = 100.
Once formulated in this mathematical form, it is in the eyes of expert mathematicians
just a matter of technique to solve the problem. But they ignore then that the above
recurrence relation is just one way of writing down the relationship between consecutive elements in the sequence, and that the graphical modeling activities may assist
students in such versatile thinking and form a pathway for the students to a better
understanding and appreciation of conventional mathematical expressiveness. During
the pilot study of the e-class, vwo-4 students came up in their homework assignments
with the three well-functioning types of graphical models shown in Figure 2.23 (the
hidden formulas for the ﬂows are written underneath the icons).

Figure 2.23: Graphical models of the recurrence relation St = 0.8·St−1 +16, S0 = 100.
The graphical model on the left side indicates the student’s understanding that
there is a certain amount of salt in the tank (the level) and a change of this amount
(the ﬂow) that can be speciﬁed by a mathematical formula. No distinction has been
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made between inﬂows and outﬂows of salt, as is done in the other graphical models.
This student apparently had realized that an outﬂow is the same as an inﬂow with a
minus sign in the associated formula and created a picture that actually represents the
relationship ΔSt = 16 − 0.2St. In the graphical model on the right side, the diﬀerence
ΔSt is decomposed in an addition of 16 and a subtraction of 0.2St . The graphical
model in the middle is close to the recurrence relation in the sense that the right arrow
represents that the current amount of salt is simply replaced by the formula shown in
the left arrow. In the e-class, teachers did not ﬁnd a need to use some metaphor, such
as the commonly applied bathtub-water ﬂow system, for introducing graphical system
dynamics-based modeling to their students. They were satisﬁed with their approach
to start with the mathematical notions of sequence and recurrence relations and treat
the graphical model as a pictorial representation of a computer program for computing
sequences, for which programming details become temporarily visible when the user
points with the mouse to an icon and become editable when the information behind
the icons is explicitly requested in a dialog window.
Because of limited time for the e-class pilot at the end of the study year, the process of repeated modeling cycles in the context of quantitative pharmacology could
not be fully explored: The students only carried out the ﬁrst part of the instructional
materials about the open 1-compartment model of Widmark (1932) with zero-order
elimination of alcohol. The introduction of the subject of alcohol metabolism and the
graphical implementation of the Widmark model went rather smoothly. Reﬁnements
of the so-called Widmark factor as a gender-speciﬁc function of human body weight
and body height (Seidl, Jensen, & Alt, 2000), as well as reﬁnements of the volume
of distribution as a gender-speciﬁc function of human body weight and age (Watson,
Watson, & Batt, 1980) allowed students to run simulations that addressed questions
about the inﬂuence of gender and human body composition on alcohol metabolism.
The main problems with the graphical modeling tool arose when drinking scenarios
had to be implemented using step functions. Students were not familiar with such
mathematical functions and how they can be used to construct piecewise-deﬁned constant functions. The notation used in the Coach software for deﬁning step functions
and repeated step functions actually worsened the conceptual problems. The usability
of the software was in this respect not matching the students’ ability level. But most
students could construct computer models of various drinking scenarios after explanation of step functions by their teacher, although it remained to a certain extent rather
cumbersome. As a matter of fact, at the time of the pilot of the e-class, a drinking
scenario could not be implemented via a manually drawn graph. A connection between a model variable and a manually created data graph would have made it easier
for students to specify drinking scenarios because step functions could formally have
been avoided in this approach. In other words, this classroom experiment gave input
for the (re)design or extension of a useful graphical modeling tool.
Extensions
The design of the instructional materials about quantitative pharmacology was done
in the expectation that it would not be used for one course in an particular study
year, but instead would be spread out over two or three years during which students
learn more mathematics. On purpose it only treated discrete dynamical systems.
Therefore, an extension towards modeling of continuous dynamical systems in the
context of pharmacology or other processes in life sciences would be a logical next step.
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Another direction of extending the supplementary activities could be the exploration
of compartmental models in other life science applications.

2.8

Video Analysis and Modeling of Bouncing Balls
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Introduction
In this case study I explored how a model of modeling, in this case the modeling cycle
of Blum and Leiß (2005) shown in Figure 2.24, could be used to structure and analyze a practical investigation about the behavior of bouncing balls. I investigated the
potential role of technology and ICT in the practical investigation based on the steps
in the modeling cycle. For example, with a high speed camera students could explore
the motion of a bouncing ball in great detail and computer modeling enabled them
to relate empirical results to physics theory. The instructional sequence was designed
such that students could experience that reality (the measurements) is not automatically in line with the predictions of the theory (the models), but often even strikingly
diﬀerent. This was done to motivate a process of repeated cycles from measurement
to interpretations, and in this way it realized a rich laboratory activity. The practical
investigation was made possible by the integrated ICT tools in Coach 6 for measurements on videos made by a high speed camera (via automated point tracking), and
for modeling, simulations and animations.
I chose the subject of motion of bouncing balls for the following reasons:
• The physics (Newton’s laws of motion and concepts of energy) and the mathematics (processes of change and kinematic graphs) are still simple enough to be
accessible to most of the students.
• An experiment with a falling object, in which data are collected with a stopwatch
and meter stick, using sensors such as a microphone or a sonic ranger, or via
webcams and video analysis tools, is rather easily carried out.
• Students are from personal experience aware of aerodynamic eﬀects on falling
objects, which can be incorporated in the computer models.
• One can compare measured data with modeling results in various ways (heighttime proﬁle, ﬂight times, duration of bouncing, etc.).
A lot of attention went in the instructional activities to the validation of (intermediate)
mathematical models in the hope and expectation that looking at various models of
one and the same phenomenon would promote a critical attitude of students.
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In this case study I explored whether such a modeling approach was possible and
appealing for pre-university students with a Nature & Technology proﬁle. From software development point of view I was interested in the question whether the students
could easily make use of the hybrid structure of the modeling tool of Coach 6 that
combines a classical system dynamics approach with event-based modeling for processes that change abruptly. In short, I aimed in this case study at getting answers to
the following questions:
• To what extent is the idealized modeling route in the instructional materials
practicable for students?
• Do the instructional materials and the chosen instructional setting, in which
both the video analysis tool and the graphical system dynamics-based modeling
tool of Coach play an important role, enable students to investigate bouncing
balls at a good level of quality?
In the second question I operationalized the quality of the students’ work as the level
of agreement of their written work with the intended high quality outcome from the
author’s point of view, which was in the exercises and tasks based on components
of the framework of concepts of evidence (Gott, Duggan, & Roberts, 2003) such as:
distinguishing the independent variable and the dependent variables; understanding
calibration and sampling in measurement; understanding the notion of accuracy, precision and outlier in data collection, also in connection with the choice of the measurement instrument; table and graph comprehension; explicating assumptions connected
to steps in the modeling process; making hypotheses about certain aspects of the phenomenon or model; coping with side eﬀects of numerical methods; and understanding
that a series of experiments and data collection by other measurement methods can
add to the reliability and validity of evidence of a mathematical model.
The research instruments were an informal interview with the collaborative physics
teacher, the students’ reports, and the underpinning Coach ﬁles.
The Classroom Experiment
Eighteen vwo-5 students (age 16-17 yr.), who had chosen the Nature & Technology
proﬁle, participated in this case study in June 2007 as a practical investigation in
physics. The students were familiar with video analysis and graphical modeling because they has studied falling objects in this way in the previous school year. Earlier in
2007 they had done graphical modeling in biology lessons in an ecological experiment
about permeability of soils. The students had also participated in the mathematics
e-class that had numeric approximation of roots as supplementary practical investigation. The students worked in pairs in the physics case study, but they formed not
necessarily the same teams as in the e-class. They used the Studio MV version of
Coach 6 so that they could also work at home with the software environment on video
analysis and computer modeling, at a distance from the physics teacher. Due to lack
of time at the end of the study year, the students only did the modeling of bouncing
balls with no aerodynamics involved (exercises 13 up to and including exercise 24 from
the instructional materials). This implies that they did not go repeatedly through the
modeling cycle and that I only could compare the quality of their answers to the
exercises with the responses that I expected or hoped for. In the ﬁnal lesson in the
study year, the physics teacher discussed aerodynamics eﬀects and more elaborated
computer models of the behavior of bouncing balls.
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The main objectives of the developed student activities were (cf., Hestenes, 1992,
1996, 2008, 2010):
• to engage secondary school students in modeling activities and give them a feel
for what models and modeling mean in the practice of mathematicians and
physicists; and
• to focus on basic physics models that make the structure and coherence of scientiﬁc knowledge more evident.
There are various views on scientiﬁc modeling and how students can develop modeling
competencies (cf., Van den Berg, Ellermeijer, & Slooten, 2008). But, as Doerr and
Pratt (2008, p. 261) pointed out, the collective epistemological perspective is that
“modeling is the activity of mapping from one system to another. This
activity is driven by the need to describe, explain, and/or predict some
particular phenomena of interest to the modeler. Elements from the real
world of the experienced phenomena are selected, organized, and structured in such a way that they can be mapped onto a model world. This
model world necessarily simpliﬁes and distorts some aspects of the real
world while maintaining other features and allowing for manipulations of
these features (or objects) in accordance with the rules of the model world.”
In other words, the model is separate from the world to be modeled. In this view,
a model is a constructed system of objects, relationships, and rules whose behavior
resembles that of some other system in the real world of phenomena. The rules of the
model world come in the presented modeling activities from mathematics and physics.
Another common epistemological underpinning of scientiﬁc modeling is that it is
a cyclic or iterative process. Doerr and Pratt (2008, p. 261) brought forward that
“the source of this iteration comes from the attempts at validation in the
real world of the outcomes of the manipulations of the objects in the model
world. This validation can take several diﬀerent forms. In some cases, the
validity of outcomes is simply measured against the criteria of usefulness
for some particular purpose. In other cases, validity is determined by comparison to other models or to other experienced phenomena or to predicted
data. The outcomes of the validation process result in either a satisfactory
model or generate another cycle of modeling activity.”
The cyclic nature of this modeling paradigm is generally presented in variations
of moves between the real world and the model world. The model of Blum and
Leiß (2005), shown in Figure 2.24, is one of the most popular models of mathematical
modeling in mathematics education research. Other models of mathematical modeling have be proposed by Blomhøj and Jensen (2007), Galbraith and Stillman (2006),
Hestenes (2008, 2010), Maaß (2006), and Voskoglou (1994, 2007), to name a few.
Acknowledging that models of modeling are mostly used as theoretical framework
for educational research to describe the ideal modeling process, to formulate modeling
competencies, to classify modeling task, to discuss obstacles of students during the
distinct modeling phases and transitions (cf., Gallbraith and Stillman, 2006; Maaß,
2006, 2010), and that these models do not imply that one necessarily steps during
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modeling through each and every phase in a modeling cycle in the given ordering, I
developed instructional materials based on the model of Blum and Leiß (2005, p. 1626).
Below I present the instructional design based on the ideal-typical seven modeling steps
for studying the motion of the bouncing balls.

Figure 2.24: The modeling cycle of Blum and Leiß (2005, p. 1626).
The modeling process begins with a reality-based problem: “What is the behavior
of a bouncing ball?” When trying to come to grips with this problem situation,
one sets up a mental model of the situation, the so-called situational model. This
model originates from past experience or by experimenting with balls. Possible driving
questions in this step of the modeling cycle are: “What eﬀect does the ground surface
have on the bouncing motion?”, “What eﬀect have the choice of material, the size,
shape, or temperature of the object on the motion and can this be understood?”,
“What eﬀect had the medium in which the ball moves?”, “Can the bounce time, that
is, the time it takes for a ball to come to rest, be computed and predicted?”, “How
often does a ball bounce?”, and so on. Making sketches of the problem situation often
supports the thinking process that conﬁnes the problem situation to a manageable
situational model: In this case, it is limited to the motion of a hollow ball ﬁlled with
air, bouncing vertically without spin on a hard, horizontal surface. The ball can be
a soccer ball, tennis ball, or a table tennis ball; the surface can be a hard ﬂat ﬂoor
or table. This can be seen as preparing the second step of conscious simpliﬁcation,
structuring and idealization of the situational model to a real model. Assuming that
the motion of a bouncing solid rubber jazz ball dropped from a certain height above
a hard ground surface is studied leads to a simpler real model, in which aerodynamic
eﬀects can be ignored. Furthermore, a strategic choice of the modeler can be to ﬁrst
study a simpler but related problem; in this case it is the free fall of an object (without
aerodynamics). This real model can be more easily mathematized than the real model
of a bouncing object.
In the mathematization step, a modeler moves from the real world to the mathematics world. There are diﬀerent kind of moves possible. For example, in case of a free
falling object, one can carry out experimental modeling, that is, data collection via
an experiment followed by regression analysis. The adjective ‘experimental’ indicates
that the model is not supported by scientiﬁc reasoning other than that the mathematical function appears to describe the measured data quite well. In the instructional
materials, students are invited to study a free falling object with a video analysis
of a recorded experiment and experimental modeling of the motion via regression.
Figure 2.25 is a screen shot of the video analysis.
In the lower-left window is a still of the original video clip of the experiment in
which a person standing on a ladder lets a ball fall down from a height of 4.5 m.
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Figure 2.25: Screen shot of a Coach activity with a video analysis of a free falling
ball and modeling via a regression curve.
Data collection using this video clip is a bit problematic because of the perspective
distortion. To handle this problem, Coach provides a tool to correct the perspective
view of an image plane of motion. Details about the software implementation of the
perspective correction tool and more inspiring examples of its use can be found in
(Heck & Uylings, 2006; see also Section 3.2.2). The upper-left window in the above
screen shot shows the result of rectifying the video clip to a fronto-parallel view of the
scene. Automated point tracking makes the data collection in the rectiﬁed video clip
easy (cf., Heck & Ellermeijer, 2009; Heck & Uylings, 2005, 2006, 2010a; Heck & Vonk,
2009; see also Section 3.2.3). The windows on the right-hand side show the tabular
and graphical results of measuring the height of the ball with respect to time. In the
graph window, the (numerical) derivative of the vertical position has been computed
as well: It is a straight line of which the slope is close to the acceleration of gravity.
It also motivates a parabolic regression curve to ﬁt the data.
Note that in the above approach, the measured data are not used to validate the
mathematical model, but instead are mathematically processed and analyzed so that
the mathematical model follows from the data set. This is not unusual in practice.
For example, Blomhøj and Jensen (2003) presented an example of a lesson design in
which the mathematization of a pharmacological process of clearance of a drug also
happens in reverse order: First a suitable regression formula in the form of a sum of two
exponential functions is determined for the concentration-time proﬁle and hereafter a
two-compartmental model is developed that has the regression formula as its solution.
In the instruction sequence of the e-class on quantitative pharmacokinetics, presented
in Section 2.7, I sometimes took this approach via the least squares method of peelingoﬀ functions (Foss, 1969).
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Experimental modeling via regression is practical, gives excellent results, and may
serve as a ﬁrst run through the cyclic modeling process, but it would be more informative and more satisfactory if one could underpin it with a mathematical model using
elementary concepts of kinematics. Here, theory of diﬀerential equations and computer modeling come into play. Figure 2.26 is a screen shot of a graphical modeling
activity about a free falling object.

Figure 2.26: Screen shot of a Coach activity with a computer model of a free falling
ball and a comparison of modeling results with empirical data.
The graphical model represents a computer program for a system of diﬀerential equations that originates from Newton’s laws of motion. I refer to Section 2.7 (p. 78) for
a brief explanation of the meaning of the common icons in the graphical model. The
diagram on the right-hand side right illustrates that the vertical position of the ball
computed in the model matches very well with the measured data.

Figure 2.27: Screen shot of a Coach activity with a computer model of a bouncing
solid rubber jazz ball and a comparison of modeling results with empirical data.
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The instructional sequence continues with the addition of air drag to the mathematical modeling, followed by the discussion of modeling a bouncing jazz ball for
which air drag can be ignored. Figure 2.27 illustrates that the graphical model of a
bouncing ball compared to the graphical model of a free falling object in Figure 2.26
only diﬀers by the presence of an event icon (the thunderbolt icon labeled ‘Bounce’).
At the discrete time event when the ball hits the table one must instantly update the
velocity in order to change the direction of motion, that is, to change the velocity.
Let us look at the details of this event: It is triggered when the height becomes less
than or equal zero. Because of energy loss due to inelastic collision—one notices that
the maximum heights of the bouncing ball decrease in time—the downward velocity changes into an upward velocity and its magnitude is decreased by multiplication
with a damping factor between 0 and 1. This damping factor is commonly called
the coeﬃcient of restitution. The yellow sticker, which pops up when one keeps the
cursor for a while on top of the events icon, contains the following computer code:
Once (Height<=0) Do Velocity := -damping*Velocity EndDo. The choice of the
word Once in the computer code instead of If is important. In the latter case, the
condition would be checked each time when the computer program passes this piece of
code and it is then possible that the sign of the velocity is forever changing, while the
ball position remains negative. In order to avoid such erratic behavior and inconsistencies an event has been implemented in Coach 6 according to the principle of software
triggering: As soon as some particular condition is fulﬁlled, a once-only action is put
in running and only at the point that this condition is not satisﬁed anymore, then
the event can occur anew. In this case study I explored whether students could easily
understand the event-based modeling.
The graph window in the upper-right corner of the screen shot in Figure 2.27
contains the motion graph computed via the computer model and the measured data
points at the background. It shows that the model graph and the measured data match
well for the particular type of ball that was used in the experiment (a solid rubber
jazz ball, also known as a super ball). For many a teacher and student this is often the
point to stop work and continue with another topic. This is a pity, because what does
one learn then about the motion of a bouncing ball in general? Can one predict the
bounce time, given the initial position and speed of the ball as well as the coeﬃcient of
restitution? Do the computed bouncing time and measured bouncing time match? In
what sense does bouncing on the moon diﬀer from bouncing on earth? I am of opinion
that such questions need to be addressed, too. Mathematics and physics go hand in
hand when one attacks such questions. What is more, when one would investigate
bouncing table tennis balls through experiments and mathematical modeling, then
one would quickly ﬁnd that empirical results and modeling results diﬀer for simple
mathematical models. See, for example, Figure 2.28.
In the rest of the instructional sequence, students gradually study more advanced
models of bouncing balls. In increasing order of model complexity, the activities
concern:
• The simple model (without air drag) of the motion of a bouncing table tennis
ball on the basis of sound registration of bounces [When the ﬂight time between consecutive bounces is plotted against the time of a bounce, a linear data
plot is expected (cf., Aguiar & Laudares, 2003; Bernstein, 1977; Stensgaard &
Lægsgaard, 2001).].
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Figure 2.28: A comparison of a model of a bouncing table tennis ball (neglecting air
resistance) with measured data (obtained via high speed video recording).
• the simple model (without air drag) of a bouncing table tennis ball on the basis
of a high speed video clip.
• A model with air drag included for a bouncing table tennis ball.
• A model with air drag included, but now with a non-constant coeﬃcient of
restitution for a bouncing table tennis ball (cf., Hubbard & Stronge, 2001) .
The ﬁnal activity results in a good match between model and experiment (Figure 2.29).

Figure 2.29: A comparison of a model of a bouncing table tennis ball, which includes
air resistance and a non-constant coeﬃcient of restitution, with empirical data.
All tasks and exercises in the instructional materials have been designed to promote
successful modeling by students. For each step of the modeling cycle, students carry
out relevant tasks and exercises that guide them through a particular modeling step.
Two examples of such tasks in the structuring step toward a real model are:
Exercise 6 (motion of a falling ball)
a) What forces act on the ball as soon as ball drops from the hand of the experimenter?
b) Which force do you think plays the most important role in the computation of
the height-time curve?
c) Mention some factors that could inﬂuence the motion of the ball.
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Exercise 18, ﬁrst two subtasks (motion of a bouncing table tennis ball)
When you listen to the sound that a bouncing table tennis ball make, you hear that
the time interval between two consecutive ground contacts gets shorter.
a) What does this shortening of time interval between consecutive bounces mean
for the heights that the ball reaches?
b) What could cause this shortening of time?
Such tasks and exercises are expected to help students come to grips with the real
world problem situation, transform it into a manageable real model, move to a mathematical model, solve this mathematical model, interpret and validate the solution.
This is the same approach of guiding students through the modeling cycle that was
applied in the instructional sequence about quantitative pharmacology, discussed in
the Section 2.7. Here, the underlying idea is that students must ﬁrst gain suﬃcient
experience with the steps in the modeling cycle before they can independently carry
out scientiﬁc modeling (e.g., in a proﬁle research project). Students are ﬁrst helped
to overcome possible blockages in steps of the modeling cycle. In the above example,
the students are explicitly asked to identify relevant factors and make simplifying assumptions. Like Galbraith and Stillman (2006), I used the modeling cycle to identify
possible student blockages whilst undertaking modeling tasks during transitions in the
modeling process and to design tasks and exercises that help students overcome these
blockages. In contrast with the approach taken by Maaß (2006, 2010) and Blomhøj
and Jensen (2007), less focus is in the students activities on the development of modeling competencies based on single steps of the modeling process and on metacognitive
and reasoning competencies that do not belong to a speciﬁc modeling step but are
needed throughout the whole modeling process. In the latter approach, tasks in single
modeling steps would be directed and rephrased toward modeling competency: “making assumptions” would become “being able to make assumptions” and “simplifying a
problem” would be transcribed into “being able to simplify a problem”. My choice for
focussing on activities that lead to successful scientiﬁc modeling also explains why I
consider a good match between modeling results and empirical results very important
and why this is stressed in the validation of the mathematical model. Without experimentation and video recording of the motion of the table tennis ball with a high speed
camera, and without careful validation of the intermediate models one would never go
so many times through the modeling cycle until one arrives at a good description of
the bouncing table tennis ball. In my opinion, students should not only understand
the modeling process, but also be educated to strive for models of good quality, which
describe empirical data, have predictive power, and lead to sensible explanations or
better understanding of real phenomena.
Results and Findings
The ﬁrst research question “To what extent is the idealized modeling route in the
instruction materials practicable for students?” could only be answered on the basis
of partial information because the students who participated in this case study only
did the modeling of bouncing balls with no aerodynamics involved (from Exercise 13
up to and including Exercise 24 in the instructional materials; see Table 2.2). However,
they had studied the motion of a free-falling object in the previous study year with the
same teacher and in accordance with the ﬁrst part of the instructional materials, that
is, using video analysis and graphical modeling. This is in fact the envisioned way of
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using the instructional material: splitting the modeling of the motion of bouncing balls
into separate smaller case studies and treating these studies across several school years.
The teacher also used Coach activities from the instructional materials for discussion
in the classroom of aerodynamic eﬀects on the motion of a bouncing ball. From the
teacher’s interview and the students’ reports I concluded that the idealized route seems
practicable for students who already have suﬃcient physics background knowledge and
have already suﬃciently practiced video analysis and computer modeling.
Task
Description/Goal
3.2 Experiments and measurements
13
Video analysis of a bouncing ball on the basis of a given video clip recorded by a
student with a webcam.
Timings of ground contact and determination of time intervals between bounces.
Judgment of the accuracy of the measured data.
14
Simultaneous video- and sound recording of a vertically bouncing table tennis ball with
a webcam and a sound sensor.
Timings of ground contact, determination of time intervals between bounces and
estimation of the bounce time from sound data.
Judgment of the accuracy of the measured data.
15
Video analysis of a vertically bouncing table tennis ball.
Timings of ground contact, determination of time intervals between bounces and
estimation of the bounce time from the video clip.
Comparison of results of video analysis and sound analysis.
16
Video analysis of a vertically bouncing table tennis ball on the basis of a given video
clip recorded with a high speed camera.
Construction of height-time and velocity-time graphs and determination of times of
ground contact, length of time between consecutive bounces, and bounce time.
Comparison of results from video measurements in movies recorded at diﬀerent frame
rates.
3.3 A simple mathematical model of a bouncing ball
17
Characterization of height-time graphs in term of the bouncing process: ideal and
frictionless collision, inelastic collision, and real bouncing.
18
Qualitative analysis of a table tennis ball that bounces vertically on a table.
Explanation of energy loss.
19
Energy loss for an inelastic collision when air resistance is ignored.
Experimental determination of the energy loss via a video measurement.
20
Analysis of the velocity-time of a vertically bouncing ball.
21
Text-based computer modeling of a bouncing ball.
22
Graphical modeling of a bouncing ball and the Runge-Kutta method.
Comparison of the computer modeling results with empirical results.
3.4 Modeling with mathematical formulas
23
Proof of mathematical formulas for the coeﬃcient of restitution and bounce time of an
ideal bouncing ball without friction.
Application of the formulas in case of measured data.
24
Mathematical analysis of a sound registration of a bouncing table tennis ball.

Table 2.2: Overview of the activities from the instructional materials that were carried
out by the vwo-5 students participating in this case study.
As I already mentioned before, the second question “Do the instructional materials
and the chosen instructional setting enable students to investigate bouncing balls at a
good level of quality?” was only answered by retrospective inspection of the students’
reports and their underpinning computer ﬁles. In cases where students had not been
able to solve a problem or carry out a task, they had been invited to write down what
they had thought about or what they had attempted, so that at least an impression of
their ideas and work was possible. When students’ work diﬀered from my own ideal-
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ized answers and results, I tried to infer from the language use of the students in their
reports and from the mathematical representations (graphs and tables) that they had
used what diﬀerences actually occurred and whether the source lay in the students’
lack of mathematics or physics knowledge and understanding, in possible weaknesses
in modeling competencies, or in lacking abilities in working with the computer learning environment. The idealized answer or result was not just a correct answer to a
question, but it meant in some cases more that students wrote sensible statements
about the accuracy of experimental data and could make suggestions for improvement
of experiments. I present in the below paragraphs my ﬁndings and follow the ordering
of the activities in the instructional materials, as tabulated in Table 2.2.
The ﬁrst task of analyzing a video clip (Exercise 13 ) caused no serious problems
for the students: They apparently had mastered the instrumental skills for using the
video analysis tool. Maybe because the students were not fully aware that it would
be convenient for comparison of measured data with modeling results to set time
t = 0 at the frame in which the girl in the video clip drops the ball, no student team
calibrated time in this way. Because the computer learning environment oﬀers the
opportunity to translate background graphs horizontally one can afterwards match
the time scales of the measurement and the computer model. However, the students’
work could be a sign that they just started a video measurement without giving much
thought about time calibration. For the rest, the students’ work was of good quality.
For example, they made sensible statements about the accuracy of the measurements
and the experimental setting: They identiﬁed the rather low frame rate of the video
clip as the most important cause of imprecise timings of bounces and of spreading
in calculated time intervals between two bounces. The following quote illustrates
this: “The time interval that the ball in in contact with the ground is very short.
So it is in a video measurement very diﬃcult tho found the bounce point, since the
video clip is a sequence of pictures. The more frames per second recorded, the better
the measurement results will be.” This statement illustrates that the students were
well aware of the diﬀerence between time in the real world and time in the movies.
Whereas time is in the real world a continuous, irreversible quantity that cannot be
ﬁxated to a particular value, time is in a video clip a notion open to interpretation
(Boyd & Rubin, 1996). In a video clip, time is a discontinuous quantity, which is
only experienced as continuous and with which one can manipulate: One can play
a movie faster or slower, step frame by frame through a video clip, play a movie in
forward and backward direction or pause it (for example to have a close look or to do
a measurement or calibration). Time is controllable in a video clip and all students
know this through the various technologies that they use in their daily lives.
In Exercise 14, all students were able to mention the two most important causes of
shortening of time intervals between bounces: air resistance and energy loss during the
bounce due to deformation of the ball. Because of the closed character of the question,
students gave no further motivation of their answers. But students undoubtedly had
alternative conceptions of the bouncing process. For example, it seemed not clear to
every student that the start of the sound peak indicated the start of ground contact.
The following statement illustrates this: “I think that the accuracy of a sound measurement may be better than that of a video measurement, because in case of noise
you cannot really ‘miss’ anything. But it is so that you have a long moment (some
ms) of sound, you must guess a bit where the bounce took place (average or something
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alike).” This lack of full understanding of the data collection may be caused because
the students did not really do the experiment themselves, but instead only replayed
and used a pre-recorded synchronized video and sound measurement. If they had in
reality carried out the experiment, they might have had a better understanding of the
experimental setting. Laboratory experience seems indispensable in science education.
It may also explain why one student team wrote: “Video measurement is in this case
more accurate, because we cannot determine whether the ball bounces straight when
we only have a sound fragment.” This team wanted evidence of the ‘correct’ motion
of the bouncing ball and apparently did not realize or had forgotten that video and
sound recording were synchronized in the Coach activity. The main reasons for this
are in my opinion that secondary school students are in general not provided with
many opportunities to familiarize with synchronous recordings in an experimental setting and often do not beneﬁt optimally of the video scrubbing technique for ﬁnding
information in video clips.
The next two tasks (Exercise 15 and 16 ) are related with the previous one and
therefore the ﬁndings are the same. Most students indeed considered a video measurement in a video clip with 30 frames per second less accurate than a sound measurement
with a higher sampling rate. They also noted that data collection by manual pointclicking in a video clip may lead to noisy signals because one may not always select
the same spot on the ball. Questions about accuracy apparently triggered students to
think about the data collection process. The almost full responsibility of preparing the
video measurement (e.g., making a convenient choice of coordinate system, calibration
of distance, and so on) did not cause problems and in the instructional sequence I had
already taken care of successful point tracking settings (Note: it is a great advantage
of an activity-based computer learning system that an author or teacher can decide
upon what to prepare in advance and what to leave to his or her students).
Although the responses to Exercise 17 indicated that some students were deceived
by the meaning of word elastic in common language, most students were able to link
the given three graphs to the ideal and friction-less collision, inelastic collision, and
real bouncing process. Some students were from physics point of view very accurate
in the motivation of their answer, illustrating that they not only possessed physics
knowledge, but also knew how to apply it in concrete cases.
The students gave in Exercise 18 good arguments for the shortening of the time
intervals between bounces. The fact that in the video clip recorded at a frame rate of
250 fps it is really visible that the speed of the ball before the bounce is greater than
after the bounce brought the students to the idea that loss of energy during the bounce
is a more important factor in the bouncing motion of the ball than air resistance while
the ball is in the air. Two student teams also showed good understanding of how to
ﬁnd evidence for this. One of these teams wrote: “Because this is a measurement
with so many frames per second, it is possible to do an accurate measurement. You
can compute in a diagram the derivative of height and hereafter once more take the
derivative so that you get acceleration, yes one has thought about this. You can
see from the acceleration whether a ball is more slowed down by air friction or by a
bounce.” The other team also revealed in their response their understanding that one
can use a calculated variable or graphical representation as a means to distinguish
between the importance of factors on the motion of the ball.
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The focus of Exercise 19 was on the energy loss in an inelastic bounce of a ball
and the students were asked to compute the percentage of loss of kinetic energy at
the bounce of a table tennis ball via a video analysis of a movie recorded at a frame
rate of 250 fps. I had in mind that the student would do a line ﬁt of the data shortly
before and after the bounce, as shown in Figure 2.30. The slopes of the line ﬁts would
then give values for the velocity of the ball immediately before and after the bounce.

Figure 2.30: Video analysis of a bouncing table tennis ball via a movie recorded at a
frame rate of 250 fps.
However, the students gave several incorrect answers and used incorrect formulas for
the percentage of loss of kinetic energy. The main cause of the mistakes in velocity
estimations from the video clip was that many a student assumed that the ball bounced
when the ball was at its lowest point in the video measurement and then they used the
neighboring points to estimate the velocities of the ball. Linear regression, as shown in
the above ﬁgure, makes this implausible. As a consequence of their approach, students
underestimated the speed after the bounce. Surprisingly, another problem was that
students used wrong formulas such as:
energy loss = speedafter /speedbefore × 100 ,
energy loss = speed2after /speed2before ×100 ,
energy loss = speedafter /speedbefore × 100 − 100 .
This may indicate that students had serious weaknesses in algebraic thinking and
algebraic manipulation.
The analysis of the velocity-time graph in Exercise 20 generally caused no problem,
but sometimes the wording of the students was a bit clumsy. Sketching the kinetic
energy proﬁle revealed some alternative conceptions such as the assumption of linear
increase and decrease of kinetic energy in time interval between two bounces.
In Exercise 21, students were asked to adapt a text-based computer program for
a free-falling ball to the case of a bouncing ball and they managed to do this without
serious problems. Some students could even give a good explanation for the problem
with the numerical method that after many bounces, when the height of the ball in
the computer model gets small, suddenly it becomes negative and drifts away (See the
screen shot of student work in Figure 2.31). An example of a reasonable explanation
from a student team: “The model approximates the situation in steps. Therefore it
happens sometimes that the ball only bounces under h = 0. When the ball after that
does not get above h = 0 after the bounce, then it will accelerate in the downward
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direction, which explains the sudden decrease at the end of the graphs.” Assuming
that these students did not get help from a more knowledgeable person, their report
showed that they knew what they had been doing in the computer model. From the
outcomes of Exercise 22, in which students had to do use the graphical mode of the
modeling tool in Coach and had to switch from Euler’s numerical method of solving
diﬀerential equations to a Runge-Kutta method, I came to the same conclusion that
most students knew what they had been doing in the modeling activity.

Figure 2.31: A text-based model of a bouncing ball written by a student team, which
illustrates numerical problems after a while in the computer simulation.
The outcomes of the last two tasks (Exercise 23 and 24 ) made clear that the
students could work well with given algebraic formulas and use empirical data to do
calculation based on the given formulas. But proving the correctness of the mathematical formula for the bounce time was beyond their ability level. I guess that I
demanded too much from the students with regards to their level of algebraic skills.
In summary, I concluded from the students’ reports and their computer ﬁles that
the quality of the students’ work matched in general well with the intended high quality outcome from the author’s point of view. The tasks and exercises were practicable:
computer modeling went without much trouble or blockages and the students’ answers
gave the impression that they knew what they had been doing in the modeling activities. Use of given mathematical formulas in a physics context worked ﬁne, but
independent derivation of formulas and the requested algebraic manipulation turned
out to be beyond the algebraic skills level of the majority of the students
Extensions
An interesting and challenging problem situation for students is the bouncing ball on
an oscillating platform that introduces students also into the concept of chaos (cf.,
Verhulst, 2009, ch. 6; Cristina Vargas, Huerta, & Sosa, 2009). An animation linked to
the computer model can visualize the chaotic motion in an appealing way, which may
even help students better understand the behavior of this system. See Figure 2.32, in
which modeling results are shown for a ball bouncing √
on a platform that oscillates as
a sine function with amplitude yplatform = −A ε sin (t/ ε), where A and  are positive
numbers and ε is small. Figure 2.32 illustrates that for A = 5 and ε = 0.001 the ball
keeps bouncing periodically, and that for a very small change of the parameter value
into ε = 0.00099 the ball lies after some time simply on the oscillating platform.
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Figure 2.32: Modeling and animation of a bouncing ball on an oscillating platform.
The diagrams illustrate diﬀerent behavior for a very small change in the value of the
parameter ε.
Students could also investigate the inﬂuence of temperature, ball type and ground
surface on the bouncing motion. Alternatively, they could investigate two-dimensional
bouncing and include exploration of the eﬀects of spin on the motion of the ball. The
interested reader is referred to the many articles in physics education journals such as
The American Journal of Physics (e.g., Cross, 1999a, 2002a,b, 2010a; Lewis, Arnold,
& Griﬃths, 2011) and The Physics Teacher (e.g., Brody, 1984, 1990; Cross, 2010).
Another interesting approach to modeling bouncing balls that avoids the use of
discrete time events has been worked out by Bridge (1998): He assumed that the
ball during impact phase can be considered as an ideal spring following Hooke’s law.
This model can be implemented in Coach and gives a splendid match between model
and measurement, but it may be beyond the students’ ability level. A computer
simulation of this advanced model allows an estimation of the impact time: It is
about 1 millisecond and this is in good agreement with empirical results of a high
speed camera recording (Hubbard & Stronge, 2001).
Alternatively one could implement the spring-mass-damper model of a bouncing
ball, worked out by Nagurka and Huang (2006), to account for energy losses. A contact
time in the order of milliseconds would also be predicted from measurements of the
time it takes for a table tennis ball to come to rest when dropped from a certain height.
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Chapter 3

Computer Tools for Cross-Disciplinary
Work with Real Data

In this chapter I present exploratory case studies on working with real data in practical
investigation tasks using the versatile computer learning environment Coach 6. The
presented case studies are ﬁeld experiments and usability studies that were part of my
development work on the design and implementation of an integrated computer environment for learning mathematics and science in an inquiry-oriented approach. In the
spiral model of case-based design of educational hardware and software they played
an important role in testing and evaluating pre-release versions of tools of Coach 6
(cf., Section 1.4). But these studies served in fact many goals: (1) They were meant to
gain insight in the needs of secondary school students for doing authentic inquiry work.
(2) They helped me specify requirements for an integrated computer learning environment from a mathematical point of view. (3) They served to test the usability and
scope of (prototypical) implementations of particular tools for collecting, processing
and analyzing data. (4) They gave an impression of the potential of ICT regarding the
realization of challenging, cross-disciplinary practical work in which secondary school
students were engaged in activities such as experimenting, data collection, and data
analysis in much the same way as scientists and practitioners.
I published about the ﬁeld experiments and usability studies in conference proceedings and journals. In these papers I aimed to describe the potential of such a computer
environment via sample Coach activities, I discussed obstacles encountered while designing and carrying out the activities, and I brought up envisioned solutions in the
software environment. In all papers I gave examples of ICT-supported quantitative
mathematical modeling activities using an integrated tool set. In this chapter I have selected some of these papers and brieﬂy describe their contents. Although most papers
contain examples of integrated use of more than one tool, they have been categorized
according to the most eye-catching tool part. This led to the following sectioning
of the chapter: (1) overview of activity types; (2) digital image and video analysis;
(3) modeling; (4) combination of measurement with sensors, control of experiments,
and video; and (5) combination of video analysis and modeling.
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Overview of Activity Types

In several publications I gave an overview of the design and implementation of the
integrated computer learning and multimedia authoring environment called Coach.
Recent papers, on which the overview in this section has been based, are:
Heck, A. (2009). Bringing reality into the classroom. Teaching Mathematics and its
Applications, 28 (4), 164–179.
Heck, A., Kedzierska,
E., & Ellermeijer, T. (2009). Design and implementation of an

integrated computer working environment for doing mathematics and science. Journal
of Computers in Mathematics and Science Teaching, 28 (2), 147–161.
Heck, A., & Ellermeijer, T. (2010). Mathematics assistants: Meeting the needs of
secondary school physics education. Acta Didactica Napocensia, 3 (2), 17–34.
Coach 6 is a recent implementation of the STOLE concept of an integrated, toolbased environment suitable for an inquiry-oriented approach to science and technology
learning, in which students and teachers work with multimedia-based activities and
create such activities themselves by using a variety of resources. The STOLE concept,
acronym for Scientiﬁc & Technical Open Learning Environment and visualized in
Figure 3.1, was outlined in Section 1.2 (pp. 13–14).

resources
teacher’s
workbench
tools
student’s
workbench
network

external
resources

communication

Figure 3.1: Pictorial presentation of the STOLE concept for inquiry-based learning.
Software tools selected for STOLE were grouped into functional modules that combined instruments needed by a student at a certain stage of a scientiﬁc investigation.
The student was central in this concept and it should be possible to adapt the environment to the students level and to the science curriculum in which the student and
his or her teacher participate. The criteria for tool selection were the following:
• All the relevant tools (functions) for practical investigations must be included.
• Tools must be selected for functional use in investigations.
• The environment must be transparent for the data in all the modules in the
software package. Users should not have to make conversions because of the
format of data.
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• It must be possible to exchange data, models, and information between students
within and outside school. The environment must also work with data coming
from other resources.
• If a module in STOLE cannot be constructed, then it must be possible to work
with other software packages and exchange data.
• It must be possible for publishers to deliver templates, data, models, and information from science textbooks that can be processed by students.
In this section there is no need to discuss the historical evolution of the STOLE
concept; I only present the realization of this concept in Coach 6. Thus it suﬃces
to repeat the one-sentence description of Coach as a single, activity-based, open
computer working environment that is designed for the educational setting and that
oﬀers its users a versatile set of integrated tools for the study of natural phenomena,
mathematics, science and technology. A closer look at the elements of this description
reveals that the environment is meant to
• aid students in collecting, processing, and analyzing various types of data, to
provide visualization and analysis tools, and to oﬀer opportunities for creating
computational models and animations;
• be universal and applicable in several curricula, in various instruction models,
and at many levels of education, and be adjustable by teachers to their students’
abilities;
• transform mathematics and science lessons into learning activities in which students are deeply engaged in building up and practicing knowledge, experience,
and skills. In other words, active learning is fostered;
• change the computer into an instrument that allows students to explore realworld phenomena, helps them develop deep understanding of mathematical, scientiﬁc, and technological concepts, and supports communication of students’
ideas and results; and
• involve students in similar activities to what scientists, engineers, and practitioners engage in and thus lead to authentic mathematics, science, and technology
learning, in which various higher-order thinking skills like problem solving, critical thinking, creativity, and connecting contexts with fundamental concepts in
mathematics and science are highly valued (See, for example, Chinn & Malhotra,
2002; Edelson, Gordon, & Pea, 1999; Edelson & Reiser, 2006; Roth et al., 2008).
Coach activities are mostly based around the selected tools for collecting, generating,
processing, or analyzing data. Teachers can use ready-made activities or author new
activities, and they can organize them in projects to structure the lesson materials
(experiments) for their students. Activities typically contain components of various
types:
• Texts with explanations and/or instructions of activities.
• Pictures to illustrate experiments, equipment, and context situations.
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• Video clips or digital images to illustrate phenomena or to use for measurements.
• Representations of measured data and computed results as graphs, tables, meters, or digital values;
• Models (text-based, equations-based, or graphical) to describe and simulate phenomena.
• Programs to control devices and systems, and to make mathematical computations.
• Animations to dynamically represent and interact with models of phenomena
and with control programs, and to give visual feedback to measurements.
• Links to Internet sites and other external resources for students.
Basic descriptions of several types of activities and concrete examples are given in the
following subsections, but at this point it is good to realize that all kinds of activities
can be combined and are supported in a single computer working environment instead
of a suite of separate programs.

3.1.1

Data Logging

In a data logging activity, that is, a measurement activity with sensors, students
gain insight into setting up an experiment and collecting data with sensors that are
connected through an interface with a computer or directly attached to a hand-held
device. This understanding of doing an experiment helps students process and analyze
the data, and interpret the graphical representations of the data. It helps even more
because the data are dynamically linked with diﬀerent representations such as graphs
and tables during and after the measurement, and because this measurement can be
replayed on the computer screen as many times as wanted. Experiments are quite
easily set up (by dragging and dropping sensor icons on the virtual interface panel on
the computer screen or by automatic sensor recognition) with a variety of interfaces
supported and a large library of calibrated sensors (for temperature, light intensity,
sound level, etc.) available. Experimenters can select an appropriate measurement
method (time-based, event-based, or manual measurement, with or without triggering)
and a useful measurement setting (duration and sample rate).
The above description could give the impression that students must do all the things
mentioned to carry out a measurement activity, but this is not true. For young pupils,
everything may be prearranged in such way that they cannot (accidentally) modify
the activity. More experienced students may get access to measurement settings or the
choice of sensors. Senior students may get maximum freedom of work for end-users,
which is pretty close to the facilities for authors of Coach activities. This approach
leads to a learning trajectory for doing measurements that works well in school practice
(cf., Van den Berg & Ellermeijer, 2006). It is noted that the same strategy can be
applied in other types of Coach activities.
Figure 3.2 shows a screen shot of the measurement (red dots) and the signal analysis
(blue graph) of the voice sound ‘eeh’ recorded with the eSense interface, which is
mostly used at primary school or by novice users. The diagrams show that the sound
signal is well described by a sinusoidal signal that consists of four frequencies. A visual
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representation of the eSense interface is also present in the activity screen to make
the experimental set-up clear to students. A text window is used for explanation and
description of tasks.

Figure 3.2: Measurement and signal analysis of voice sounds with the eSense interface.

3.1.2

Control

A control activity oﬀers several modes of programming with varying levels of diﬃculty.
These modes are a manual control mode, an instruction mode, a microworld programming mode, and a free programming mode using the Coach language. They can be
used to create and execute programs for automated measurements (e.g., an automated
pH titration system in which a titrator is controlled while measuring with a pH sensor),
for manipulation of measurement data (e.g., converting voltage signal from a sound
sensor to decibels), for programming any phenomenon (mathematical, scientiﬁc, natuR
ral, artiﬁcial, or whatsoever), and for control of systems such as LEGO
models, such
as in the computer microworld for manipulating a robot arm in Figure 3.3. Control
activities give students the opportunity to create physical artifacts, such as vehicles,
line-followers, and robots, and program them with interesting behavior. In this way a
design project becomes a fun project and at the same time students learn a lot about
the obstacles that technicians, engineers and technical designers have to overcome in
similar work.

Figure 3.3: A computer microworld for manipulating a robot arm.
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Digital Image and Video Analysis

Figure 3.4: Video analysis of a 3 21 forward somersault dive.
Figure 3.4 is a screen shot of a video analysis of the motion of a diver making a
3 12 forward somersault dive from the 3 meter springboard. The upper-left window
shows a still of the video clip in which the diver starts leaving the tuck position.
The video clip originates from the website of the video measurement system ViMPS
(www.physik.uni-mainz.de/Lehramt/ViMPS) and the below analysis (Heck, 2004c)
follows the description of May and Kayser (2003). The open red dots mark locations
of the head of the diver measured by point-clicking in selected frames of the video clip.
The closed dark blue dots show the trajectory of the center of mass, which is estimated
by mathematical analysis of the motion of the diver’s head. This analysis is based on
the assumption that the motion can be decomposed as a parabola, representing more
or less the motion of the center of mass under gravity, and a sinusoid, describing the
rotational motion of the body in tuck position. Regression analysis on the basis of
the least squares method of peeling-oﬀ functions (Foss, 1969) is the computational
engine. In the lower-left window in Figure 3.4 are shown the y-t diagram of the data
and a quadratic function ﬁt, which represents the trend of the motion of the head. In
the next step one ﬁts the residue to a sinusoid, that is, one subtracts the quadratic
ﬁt from the data and determines a sinusoidal regression curve. The results is shown
in the lower-right diagram. The sum of the quadratic and sinusoidal ﬁt describes the
vertical position of the head of the diver quite well; see the corresponding curve in the
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upper-right diagram. A similar analysis can be carried out for the horizontal motion
of the head, but in this case the trend function is linear. The linear and quadratic
trend functions of the horizontal and vertical position of the head, respectively, can
be used as coordinate functions of a certain imaginary point and displayed as overlay
in the video clip. The trajectory of this imaginary point (closed blue dots in the video
window) suggests that this point is close to the center of mass of the diver.
Secondary school students do not often get the opportunity to analyze phenomena that can be decomposed into parts, but many examples presented in this chapter
and the previous one show that this is a missed opportunity. It severely limits the
quantitative mathematical modeling to simple models and simple phenomena. With a
little bit of extra eﬀort, more interesting phenomena can be investigated by students.
In this case for example, they may explore the rotational motion around the center
of gravity and investigate how changes in the moment of inertia aﬀect the rotational
velocity of the diver when he opens his tuck position. This particular type of investigation actually brought a weakness in the video analysis tool to the fore: When polar
coordinates are used for measuring rotational motion, one does not obtain a continuous graph; instead one is confronted with a graph that has jumps of size 2π (or 360◦).
One can repair this by mathematical processing of the data, but it would be much
easier to have this automatically done upon request while collecting data. A simple
algorithm can keep track of this, provided that rotational motion between two frames
in a video clip is in reality not too big: if for two consecutive measured angles φn and
φn−1 holds that φn − φn−1 > π, then one must subtract 2π from the measured angle
φn (i.e., φn ← φn − 2π); if φn−1 − φn > π, then one must add 2π to the measured
angle φn (i.e., φn ← φn + 2π); otherwise, no adjustments to measured values are done.
Such requirements and improvements of tools often originate from concrete activities
in usability studies, ﬁeld experiments, and classroom experiments. This is the reason
why case-based design of educational software is often more eﬀective than design from
behind the software engineer’s desk.
Several mathematical tools come into play in video analysis activities for processing
and analyzing measured data: numerical diﬀerentiation to obtain velocity and acceleration, curve ﬁtting, formula manipulation in order to get formulas of interest, and
graphing functions. But also the video analysis tools used in practical investigations
are varied: video capture; adjustment of the quality of video clips and digital images;
transformations of movies and images such as rotation, reﬂection and perspective correction; automated point tracking in video clips; usage of moving reference frames;
and measurement tools for distance, angle, area, etc. In the discussion of case studies
in this chapter, several of the video analysis tools and many of the issues of accuracy
of webcams in 2D motion analysis identiﬁed by Page et al. (2008) pass in review.
I close this subsection by brieﬂy lingering upon the educational beneﬁts of video
analysis in mathematics and science education. Reported educational beneﬁts are
often about the eﬀects of video analysis, also referred to as Data Video and VideoBased Laboratory (VBL), on conceptual understanding of kinematics concepts and
kinematics graph interpretation skills and on student motivation, attitude, and timeon-task (See, for example, Beichner, 1996, 1999; Escalada & Zollman, 1997; LarkinHein & Zollman, 2000; Koleza & Pappas, 2008; Zollman & Brungardt, 1995).
The ﬁrst reported beneﬁt of VBL is the positive eﬀect of the feature of viewing a
motion graph simultaneous with a video replay on student motivation, time on task,
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and graph sense (Larkin-Hein & Zollman, 2000; McCullough, 2000; Zollmann & Brungardt, 1995). A simultaneous view of graphs and video means in Coach in the ﬁrst
place that the video clip on which one measures and the corresponding mathematical representations such as graphs and tables are always synchronized. Pointing at a
graph or a table entry automatically shows the corresponding video frame and selecting a particular frame highlights the corresponding points in diagrams, when scanning
mode is on. This makes scrubbing, that is, manually advancing or reversing a clip,
an eﬀective means to precisely identify and mark interesting events in the video clip
and to relate them with graphical features. This supports students to transition between graphs and physical events and is probably the main reasons for the reported
improvements in graph sense due to VBL. This does not mean that non-linked or semilinked multiple representations could not play a role in student activities: Özgün-Koca
(2008) reported that semi-linked representations could be as eﬀective as fully linked
representations in video analysis activities in mathematics classrooms.
Because the video tool of Coach 6 oﬀers the possibility of automated point tracking, simultaneous view of graphs and video can also mean direct feedback in the form
of real-time graphing, similar as in measurements with sensors (data logging, also
known as Microcomputer-Based Laboratory [MBL]), that is, the real-time pairing of
events and the mathematical representations. In my opinion, this pairing of events
and representations may clarify the use of a variable as a symbol for a variable object, in addition to the use of a variable as a placeholder and a polyvalent name (cf.,
Freudenthal, 1983; Heck, 2001). It ampliﬁes the notion that a motion graph is not a
static picture, but represents the position of a moving object through coordinates that
change in time or derived quantities that are time-dependent. In other words, it ampliﬁes the notion of a motion graph as a pictorial representation of a dynamic process.
When video capture via a webcam and automated point tracking can be combined in
a computer learning environment (not yet implemented in Coach), then the webcam
would become just another sensor attached to the computer and the contributions
of data logging to graph sense identiﬁed in many research studies will probably also
hold for VBL (cf., Boujaoude & Jurdak, 2010; Lapp & Cyrus, 2000; Linn, Layman, &
Nachmias, 1987; McRobbie & Thomas, 2000; Mokros & Tinker, 1987; Newton, 2000;
Nicolaou, Nicolaidou, Zacharia, & Constantinou, 2007; Russel, Lucas, & McRobbie,
2003, 2004; Stylianou, Smith, & Kaput, 2005; Thornton & Sokoloﬀ, 1990; Trumper,
1997). The same characteristics that explain the eﬀectiveness of data logging in teaching and learning science—elimination of the drudgery of data collection and graph
construction, use of multiple modalities in exploring phenomena, no need of formulas
for graph construction, and the ease of use of the tools, amongst others—seem to
apply obviously for the extended VBL as well, but I wrote ‘probably’ because two
major lessons learned from micro-analytic studies such as carried out by Lindwall and
Ivarsson (2004, 2010) in comparing data logging with simulation-based software in a
predict-observe-explain (POE) approach are: (1) Details of the used technology and
the designed activities strongly inﬂuence the learners’ actions and the learning outcomes. (2) With regard to the design of educational technology and the eﬀectiveness
of the technology in practice, the proof of the pudding is in the eating.
Another important feature of VBL is that it mimics a technique often used in
movement science. This means that students can act in research projects like movement scientists: They record video clips of a motion in which they are interested with
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a webcam or digital video camcorder; they measure on these movies and analyze the
collected data. I refer to (Gross, 1998; Heck, 2009a,b; Heck & Ellermeijer, 2009; Heck
& Holleman, 2003; Heck & Van Dongen, 2008) for illustrative examples, which show
that video and image measurement have great potential for studying everyday scenes
of motion and for linking mathematics and science with the real world. The user must
decide in such activities about many things, like: how to make the best video recording; how to enable calibration afterwards; what number of data points to measure;
which coordinate system to use; in which frames of the video to measure; and so forth.
Some advantages of video and image measurement (Laws & Pﬁster, 1998), compared
to measurements with sensors and traditional laboratory work, are:
• It is an easy, fast, broadly applicable, and attractive method of collection data
in practical work for students who grow up with video technology and who can
devise in this way their own projects.
• Simple mouse clicking and automated point tracking replace the tedious work of
manual recording of data and allow students to concentrate on the investigated
phenomena. Data can be veriﬁed later on and, if necessary, be corrected.
• The experimental set-up is rather simple. This saves time, lowers costs, and takes
away many of the practical issues that must be dealt with in a real experiment.
• Processes which are too diﬃcult or impossible to measure with sensors can be
studied. The range of projects has been increased now that aﬀordable high speed
cameras have become available (cf., Heck & Ellermeijer, 2009; Heck, Knobbe,
Nijdam, Slooten, & Uylings, 2011; Heck & Uylings, 2010a, 2011; Heck, Uylings,
& Kedzierska,
2010; Heck & Vonk, 2009; Koupil & Vı́cha, 2011; Mathavan,

Jackson, & Parkin, 2009; Vollmer & Möllmann, 2011b).

Figure 3.5: Screen shot of a photogrammetry activity with image rectiﬁcation and
regression.
An example of a measurement on a digital image that is otherwise diﬃcult to realize
is shown in Figure 3.5, in which the shape of the Golden Gate Bridge is investigated.
The digital image to the left is the original picture, but it is perspectively distorted.
Thus, data collection must be done in a modiﬁed image, in which a fronto-parallel view
of the bridge has been realized. For details how to rectify the image (and video clips)
I refer to (Heck & Uylings, 2006; Heck & Ellermeijer, 2009) and Section 3.2.2. An
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important point that is illustrated by this particular example is that computer technology can also be used to raise mathematical or scientiﬁc questions: In the diagram
to the right, several regression curves that successfully match the recorded position
data of suspension cable are drawn, but which one is the best? On the basis of what
criteria? In popular wording: tool use can turn brains on (Heck, 2007d).

3.1.4

Modeling and Simulation

In Section 2.3.2 I already discussed a classroom study in which the text-based modeling
tool of Coach 5 had been used to mathematically model the main span of a bridge.
In Coach 6, three types of model editors have been made available: a text-based,
equations-based, and graphical editor. In Figure 3.6 is shown a graphical model of the
main span of Golden Gate bridge that is based on the approximation of the suspension
cable by kmax straight line segments with horizontally equidistant joints. It leads to
a parabolic approximation (Heck, 2007d; Heck & Holleman, 2002b) that matches
well with the measurements of the shape of the main span through digital image
measurement as shown in Figure 3.5. The meanings of the icons in the graphical model
are similar to those of system dynamics-based software like stella and powersim,
which use a stock/ﬂow metaphor for dynamically changing systems: There are icons for
state variables (stocks, also called levels), rates of change (ﬂows), auxiliary variables,
constants, and information arrows. The graphical elements represent a computer
model, which provides in many cases an iterative numerical solution of a system of
diﬀerential equations. Research (e.g., Löhner, 2005) seems to indicate that graphical
modeling oﬀers students an easier-to-use and richer framework for understanding the
structure of a dynamic system in comparison with text-based modeling, and that
it allows students to build more complex models of high quality, because they can
concentrate on qualitative speciﬁcations during initial stages of the modeling process
and do quantitative, formula-based speciﬁcations at later stages. The use of the various
modeling modes is ﬂexible in the sense that a student can start the creation of a model
in graphical mode and then switch to the text mode or equation mode to add to or
change the model (See Figure 3.7). Once the model has been created, it is easy to
modify its results by changing values of parameters. Students can use this to test
a hypothesis and to compare empirical data with results obtained from a theoretical
model (as shown the diagrams in in Figures 3.6 and 3.7).

Figure 3.6: A graphical model of the shape of the Golden Gate Bridge and hypothesis
testing.
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Figure 3.7: An equations-based model of the shape of the Golden Gate Bridge equivalent to the model in Figure 3.6.
As discussed in Section 2.8, the modeling tool of Coach 6 has been designed such
that it combines a classical system dynamics approach with event-based modeling
for processes that change abruptly. More examples of this hybrid structure will be
discussed in subsequent sections.
I end this section with spending a few words on why computer modeling is considered an important component of an integrated computer environment for learning
mathematics and science in an inquiry-oriented approach. First and above all, a modeling approach to teaching and learning mathematics and science may provide students
knowledge about the nature of these ﬁelds, in which modeling is a key activity, and
may help them learn and appreciate mathematics and science that assists (in combination with other abilities) in the construction and interpretation of scientiﬁc models.
Like Van der Valk, Van Driel, and De Vos (2007), I consider a scientiﬁc model as a
representation developed and underpinned by scientiﬁc principles for the purpose of
analyzing a speciﬁed target, which may be a system, a phenomenon, a process, an
object or an idea. The main purpose of modeling is usually to describe, predict, explain, or understand the target. The above working deﬁnition of a scientiﬁc model is
in line with the one given by Schwarz and White (2006), except that they include the
option of using more than one representation: A scientiﬁc model is broadly deﬁned as
“a set of representations, rules, and reasoning structures that allow one to generate
predictions and explanations” (p. 166). These authors use the term scientiﬁc modeling to mean (p. 167): “the process used in much of modern science that involves
(a) embodying key aspects of theory and data into a model (frequently a computer
model), (b) evaluating that model using criteria such as accuracy and consistency, and
(c) revising that model to accommodate new theoretical ideas or empirical ﬁndings.” I
speak of a mathematical model if the focus is on the structural characteristics (rather
than, for example, physical characteristics) of the target and, more importantly, the
representations of the target come from the ﬁeld of mathematics (e.g., it is a graph, a
table, a formula, a function, an equation, a diﬀerential equation, a phase plot, etc.).
I was in my thesis work particularly interested in ICT-supported quantitative mathematical modeling. The adjective ‘quantitative’ emphasizes that the quality of a mathematical model is always determined by the answers to the following three questions:
(1) How good does the model describe empirical data? (2) What is the predictive
power of the model? and (3) Does the model lead to a better explanation or under-
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standing of the empirical results? My focus on ICT support in the modeling process
had several sources, but the main ones were: (1) ICT extends the scope of what
students can explore and takes away the drudgery of computational work. (2) The
authenticity of many a practical investigation is increased by ICT because it reﬂects
the use of computers for modeling in scientiﬁc practice. (3) Mathematics and science
curricula gradually put more emphasis on computer-based mathematical models and
modeling. In the Dutch science curriculum, system dynamics-based graphical modeling has been advocated (cf., Savelsbergh, 2008). From this point of view, it is almost
compulsory that a versatile integrated computer learning and authoring environment
contains a modeling tool of this type, in addition to the facility for writing and running computer programs written in a programming language. The graphical, system
dynamics-based modeling tool is expected to provide an easy-to-use graphical interface for specifying the structure of a system dynamics-based model of a system and
the interaction between its objects, and for running the computer model in order to
study the behavior of the system. It allows solving realistic problems that cannot be
solved analytically, or at least not at the students’ level of mathematics and science
knowledge. Students are provided a means to model complex, real-world phenomena
and they may get in this way a broader, more complete view of models and modeling
in scientiﬁc practice: It may give them, for example, a good impression of the eﬀorts
that professional modelers have to put in for obtaining valid and reliable results and
for the obstacles that these modelers face and must overcome. Another beneﬁt of
using a graphical computer model in a modeling-oriented approach to mathematics
and science education is that the model structure is easily modiﬁed, allowing tryouts
of diﬀerent modeling ideas. Last but not least, modeling can also be a fun activity
for students, not related to classical school mathematics and science topics. I give one
example of this kind.

Figure 3.8: Screen shot of a model and simulation of a cost-beneﬁt analysis of a
business.
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Figure 3.8 is a screen shot of a modeling activity of two vwo-students who constructed a computer model for the cost-beneﬁt analysis of a pizzeria, of which the
owner wanted to expand business but needed ﬁnancial advice. The model was supposed to help answering the following questions of the owner of the pizzeria: Is it
proﬁtable to expand business? What will be the cost per pizza after expansion? How
many people will probably come per day? How much money will be earned or lost
one hundred days after the re-opening of business. Variables built into the computer
model were, for example, the payment of the advisors, the ﬂuctuating costs for ingredients of pizzas, random numbers of new customers and of persons who stop coming
to the pizzeria, and rent. The imagination of the students seemed unlimited.

3.1.5

Animation

Figure 2.32 in Section 2.8 was a screen shot of a Coach activity in which an animation
linked to the computer model was used to visualize the chaotic behavior of a ball
bouncing on an oscillating platform. Animations are considered useful when: (1) data
in graphs or in tables are expected not to be enough for students to fully understand
the underlying principles of a phenomenon; and (2) they help motivate students to
actively explore computer simulations by interactive change of conditions via sliders
or buttons. An example of the ﬁrst type of use is illustrated in Figure 3.9.

Figure 3.9: A manipulable, model-driven animation of the water level in a tank.
It is a screen shot of a modeling activity of a water tank, which is ﬁlled by a tap and
(at the same time) depleted by a small drain or hole at the bottom of the tank. It
contains a manipulable animation that mimics the one created in the Co-lab project
(Savelsbergh, Bell, Bossler, et al., 2003; Manlove, Lazonder, & De Jong, 2006), in the
framework of collaborative, scientiﬁc discovery learning with computer simulations
and animations, and in the environment developed by Estrada-Medina and ArenasSánchez (2006) to study the relation between accumulation of a quantity and its rate
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of change. The ﬁlling rate is adjustable by opening or closing the tap in the control
panel. The depletion rate is given by Toricelli’s theorem. It depends on the size
of the drain, which is also adjustable, and on the water height. In the screen shot,
the diagrams illustrate that the water level ﬁrst decreased until an equilibrium state
was reached and hereafter increased when the drain size was halved after about 1200
seconds. All representations can be viewed simultaneously during execution of the
model. The main idea behind this manipulable animation is that students can ﬁrst
interact with the realistic animation and explore the context situation before trying
to fully understand the underlying model.
The above animation has been constructed with animated graphics objects like
rectangles, ellipses, vectors, and pictures, which have been linked to model variables
to control their positions or sizes. In other words, the computer model is the engine
which contains all the rules and formulas governing the variables involved and which
leads to data as input for the animation. Parameters in the model have been linked
to sliders, which can be used before or during the simulation to set values.
If the author of an activity does not want to supply the model on which the animation is based, then (s)he can hide it and create a more traditional simulation and
animation environment. In other words, an author can create a microworld for learning. I give two examples of such use of animation. The ﬁrst one, shown in Figure 3.10,
is about the use of the animation tool to construct graphical representations that are
intermediate between the animated phenomenon and the conventional motion graphs.

Figure 3.10: Various dynamic representations of an animation representing the 100
meter run of four girls.
It is a kind of combination of trace graphs and discrete graphs like Doorman (2005)
used for students’ exploration of the motion of a tropical storm and the dynamic icon
representations and stamp graphs of Ploetzner and colleages (2008, 2009) for studying
the motion of a runner. The realistic phenomenon is a 100 meter run of four runners on
a track viewed from above. The screen shot is inspired by one of the learning activities
of the study “Graﬁeken leren met de computer” (Kanselaar, Van Galen, Beemer, et
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al., 1999), in which originally the software Measurement in Motion was used to
measure on video clips. Many questions and tasks can be asked, ranging from “Which
runner passes the 20 m line ﬁrst?” to “Figure out who is running in which lane.” The
screen shot contains various dynamic representations that are in practice not all used
together in one activity; they have only been put together to show the technological
possibilities for designing a hypothetical learning route that could lead to student
understanding of kinematics graphs.
The second example of using animation to design a simulation environment for
exploring a phenomenon is shown in Figure 3.11: It is a screen shot of an activity
designed for students to explore the physics of elastic 1D-collisions by setting masses,
initial positions, and initial velocities before running the simulation, and to relate
the motion of the balls to the shape of the kinetic energy, momentum, position, and
velocity graphs (cf., Simpson, Hoyles, & Noss, 2005; De Jong, Martin, Zamarro, et al.,
1999). The students can predict the graphs (within the software) before running the
simulation and compare their predictions with the simulation results. They can explore
the situation freely or work through various scenarios suggested in assignments (e.g., a
hint to investigate the motion of the center of mass). Such simulations and animations
are not only expected to promote understanding of physics, but in the end they may let
students appreciate more the physics and mathematics that underpins the underlying
model and handles all scenarios. Another reason for doing this kind of activities
has been given by Araujo, Veit, and Moreira (2008): They reported improvement of
kinematics graphs interpretation by computational modeling activities.

Figure 3.11: A manipulable animation of a 1D elastic collision.
Use of animation is not restricted to modeling activities. As a matter of fact,
the dynamically represented quantities can come from various sources: from variables
deﬁned in a control program or microworld, and from data measured with sensors.
For an example of an animation driven by measured data I refer to the animation of
the Atwood machine presented by Kedzierska,
Van Buuren, Ellermeijer, and Uylings

(2009). Figure 3.12 shows a screen shot of a SimCalc-MathWorld lookalike activity
(Kaput & Schorr, 2008): Here a microworld (lower left window), which was prepared by
the author of the activity, is intended to be used by students to deﬁne a velocity graph
(lower-right window), to determine the position-time graph (lower-middle window),
and to create an animation (top window) of the corresponding motion of a bicyclist.
The position of the cyclist in the animation window corresponds with the computed
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position of the cyclist at a certain time and the arrow represents the velocity of the
cyclist at that moment. Students can explore kinematics graphs in the realistic context
of cycling provided by the microworld. In Section 3.4 I change the control program
such that the sound level measured by a sensor determines whether the cyclist moves
forward, constructing in this way a funny applause meter (Figure 3.39).

Figure 3.12: Animation of a piecewise constant velocity function speciﬁed in a
microworld.
It is a pleasant surprise that several secondary school students are able to create
sophisticated animations and are keen on doing this. An example is the catching game
shown in Figure 3.13, which is an animation driven by a computer model that uses
events and randomization. My experience, also with computer modeling, is that if one
can appeal on the imagination of students, marvelous computer models, programs,
and animations can come out of their hands.

Figure 3.13: Screen shot of a computer game implemented by a secondary school
student as a model-driven animation.

3.2

Digital Image and Video Analysis

Several of my papers serve the following purpose: (1) illustrating the importance of
features like perspective correction and automated point tracking in a video analysis
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tool for doing small practical investigations; and (2) explore the attractiveness of
high speed video clips in mathematics and science education. In Section 3.2.1, in
which the elongation of a Coil Spring Slinky hanging under gravity is measured and
mathematically modeled, I illustrate how a digital camera or a webcam can be used
to measure a physical system in static equilibrium and I discuss some ﬁndings and
requirements for an image analysis tool that follow from this usability study. In
Section 3.2.2, a straightforward application of perspective correction in crime scene
photogrammetry is presented and linked to other ways of using ICT in combination
with digital images. Section 3.2.3, in which an investigation of moving coins on a
horizontal table is discussed, exempliﬁes that perspective correction, automated point
tracking, and the use of high speed video clips in a video analysis activity can play an
important role in enhancing students’ understanding of physics of real phenomena.

3.2.1

Image Analysis of a Hanging Slinky

Reference
Heck, A., & Uylings, P. (2009). Hoe hangt een slinky? [How does a Slinky hang?],
Signaal, 30, 9–13.
Introduction
In Section 2.3.1 I discussed a classroom experiment in which the video analysis tool
of Coach 5 was used to collect data from a digital image, or more precisely from a
video clip in which each frame is the same still image. It turned out that this unusual
application of a video tool for image measurement caused some problems in practice: It
resulted in more work and discomfort for students, teachers, and authors of activities.
Identiﬁed drawbacks were:
• Some of the tools for movies often do not make sense for an image measurement.
Think of time recordings, time calibration, moving origin, and playing speed.
• The linking between graphical and table representations and the image measurement is somewhat diﬀerent. In image measurement, the ordering of marking
points may be irrelevant and may not be connected with time.
• One cannot simply use a single picture; one must always duplicate it. This is
space consuming.
The conclusion was quickly drawn that indeed a dedicated digital image analysis tool
was needed in Coach. The design goals were kept simple for a prototypical version: (1) mimic as much as possible the tools from the video analysis environment;
(2) remove or disable irrelevant tools from data video; and (3) add tools relevant
for image measurement (e.g., a tool for counting objects in regions). The following
four purposes of image measurement were distinguished: (1) recording coordinates of
points, for example, points on a curve (the corresponding diagram and table have no
time component); (2) working with strobe photographs (time is implicitly involved);
(3) counting of objects in regions; and (4) measuring properties like distance, angle,
area, shape. In terms of functionality, common formats of digital images (bitmap, jpeg,
etc.) and simple modiﬁcations of digital images like change of brightness, contrast, and
orientation (rotation and reﬂection), all for the purpose of making the measurement
process easier, were expected to be supported.
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In the released version (since 2005), only point-by-point data collection, that is,
recording coordinates of one points after another, and measurement of one sequence
of points were made available. Anticipated diﬀerences with video measurement were:
(1) Tracing of measurement is always on. (2) No frame bar is needed because the link
between a table entry or point in graph and the corresponding measured point can
be made visible by highlighting. (3) Rows in a corresponding data table are linked
to points on the image instead of frames in a video clip. (4) Measurement on strobe
photographs must be speciﬁcally requested, because by default it is assumed that the
variable time is not involved.
A variety of instructive experiments can be done using a low cost digital camera (a
webcam, a camera of a mobile phone, etc.). Alternatively one can use digital images
from Internet. Gil, Reisin, and Rodrı́guez (2006) presented some examples of the use
of digital images for analyzing the shape of an object and a curve in space, such as
the characterization of the geometry of a shadow, the trajectory of a water jet from
a hose, catenaries, reﬂection caustics, beam deﬂections, and more. Foong and Lim
(2010) discussed how the density of a watermelon ﬂoating in a pail of water can be
estimated with diﬀerent levels of simpliﬁcation. Medeiros, Tavares, and Duarte (2009)
described how one can create strobe-like photographs from a video recording with a
low cost apparatus. Heck (2004e, 2008d) presented activities for mathematical modeling of shapes of eggs. In all examples, computer-based quantitative mathematical
modeling was used to describe data measured on a digital image. In the usability
study discussed in this section, a slinky hanging under gravity was modeled via basic
principles of mathematics and physics, that is, it was not merely described by experimental mathematical modeling such as regression analysis. Modeling results were
compared with measurements on a digital image to evaluate the quality of the model.
Usability Study
A Slinky is a toy consisting of a helical spring that stretches and can be used in
physics education to enliven discussion of physics principles such as wave mechanics.
Its behavior is sometimes counter-intuitive: For example, when a Slinky hanging under
gravity in equilibrium is released, the top of the spring toy begins to fall, but the
bottom remains absolutely stationary. Only when the entire Slinky has collapsed onto
itself, the bottom begins to move. This is easily conﬁrmed by video recording of this
motion with a high speed camera. But also a Slinky hanging in static equilibrium under
gravity is worth studying. Two questions that students can investigate are: (1) Where
is the center of mass of a suspended Slinky? and (2) How does the elongation of a
Slinky depend on its number of coils? These questions have been addressed in various
journals for physics teachers (e.g., French, 1994 [corrected by Hosken, 1994]; Gluck,
2010; Newburgh & Andes, 1995; Sawicki, 2002; Serna & Joshi, 2011; Toepker, 2004).
Digital image measurement is an outstanding example of a method to collect data
for comparison between experiment and theory. It oﬀers the opportunity to validate
various mathematical models of a suspended Slinky.
Assume a Slinky of mass M with a total of N coils and undistorted length L0
that is hung up on one of its endpoints such that the lowest coil does not rest on
the ﬂoor and the Slinky is in static equilibrium, hanging under gravity. One very
much simpliﬁed model for this situation is shown in Figure 3.14, taken and slightly
modiﬁed from (Newburgh & Andes, 1995). It considers the Slinky as a system of N
weights, each of mass m and thickness δ, sequentially linked with massless springs
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with spring constant k. Thus: M = N m and L0 = N δ. Weights are numbered in the
upward direction, starting with index 1, and distances between consecutive weights
are denoted y1 .

Figure 3.14: Schematic of a simple model of a Slinky.
Assuming that Hooke’s law holds for a Slinky, the following formula for the total
length L of the stretched Slinky can be derived:
L = L0 + 12 N (N − 1)u,
where u is the displacement between the ﬁrst and second coil, that is, u = Δy1 .
Because of static equilibrium: u = mg/k. The two most important conclusions drawn
from this mathematical model are: (1) The distance between two consecutive coils
increases linearly in the upward direction. (2) The increase in length of a Slinky at
rest to a Slinky hanging in static equilibrium under gravity depends quadratically on
the number of coils.
The quality of the above model can be explored by comparing the mathematical
predictions with empirical data obtained through digital image measurement. When
this was done with the digital image measurement tool of Coach, an inconvenience
of the (current) implementation of the tool became apparent: Because one cannot
zoom in on a particular point of a digital image, one cannot beneﬁt from the high
resolution of the digital image for measurement purposes. Instead one must work with
the resolution set by the dimensions of the image measurement window. This is why
in Figure 3.15 the digital image has been rotated clockwise ninety degrees to get the
image as large as possible in the direction one is interested in. This inconvenience is
actually a consequence of the fact that technological progress surpasses development of
a tool: Nowadays low cost cameras create high resolution images so that much detail
is available in a digital image. It is therefor recommended that a digital image measurement tool provide zooming facility for collecting accurate data on high resolution
images.
The Slinky used in the experiment had an undistorted length L0 = 0.0575 m, mass
M = 0.231 kg, a diameter of 0.069 m, and N = 86 coils. It follows that δ = 0.0006686 m
and m = 0.002686 kg. The linear regression curve of Δpi plotted against the coil
number i with δ = 0.0006686 gave u = 0.00044 m. This value was used to get the best
quadratic ﬁt for the height of the ith coil: height = 0.00022i(i − 1) − 0.04743. Ideally
the constant term in the right-hand side of the previous equation should be equal to
zero. The graph of measured data in the middle frame compared with the quadratic
ﬁt suggests a stronger distortion near the bottom of the Slinky, that is, a larger spring
constant near the ends of the Slinky. There can be various reasons for this: Heavy use
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of the Slinky may have caused it, and one must also not forget that a certain minimum
force is required to pull coils apart (cf., Gluck, 2010; Mak, 1987).

Figure 3.15: Screen shot of an digital image analysis activity.
Intuitively, the center of mass of the Slinky hanging under gravity is expected by
many a student to be halfway, that is, at the coil in the middle of the Slinky. This is
wrong! The mathematical model allows a computation leading to the answer:




N +1
N −1
position of center of mass =
L+
L0 .
3N
6N
When the number of coils, N , is large, then the above approximate answer is the same
as the one published by Hosken (1994):
position of center of mass ≈ 13 L + 16 L0 .
This answer diﬀers from formulas in the literature that ignore the thickness of the
Slinky. However, when the number of coils is suﬃciently large, then L0 is small compared with L and the second term can be ignored. This kind of reasoning can be
promoted in a modeling approach to mathematics and science education and is in my
opinion reachable for secondary school students.
When the above mathematical model was applied to the Slinky used in the experiment, it was found that the displacement u between the ﬁrst and second coil was less
than the thickness of the Slinky. This means that the lower coils were not all parted in
reality. This was also clearly visible in reality and in the digital image. The number of
0
non-parted coils can be estimated as kL
Mg . The height of the non-parted coils is twice
as large as the elongation of the same number of coils would have been under that
assumption of inﬁnitely thin material. This leads to the following small correction for
L̄
the previously found position of the center of mass: − m̄
6M , where m̄ and L̄ are the
mass and length of the pack of non-parted coils, respectively.

3.2.2

Perspective Correction Applied in Crime Scene Photography

References
Heck, A. (2008). Wiskundige CSI [Mathematical CSI]. Euclides, 83 (7), 353–356.
Heck, A. (2008). Een wiskundige thriller [A mathematical thriller]. Signaal, 29, 6–8.
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Introduction
One of the identiﬁed problems with measurement on digital images and video clips is
that the camera often cannot be oriented fronto-parallel to the plane of interest, with
the consequence that Euclidean properties such as length, angles, and parallelism of
lines are distorted. Computer vision provides methods for correcting this perspective
distortion, that is, for transforming the digital image such that the geometrical relationships are those which would be seen had the photograph of the plane of interest
been taken with the camera fronto-parallel to the plane. This process is called (image)
rectiﬁcation. Projective geometry lays the mathematical foundation of this discipline.
See Figure 3.5 and Figure 2.25 for examples of screen shots containing a recorded and
rectiﬁed digital image and video, respectively. The map between the perspective image
and the world plane is a plane projective transformation, a 2D homography. Correcting perspective distortion is a matter of determining the eight degrees of freedom of
the homography. The rectifying homography is computed from scene geometric information, speciﬁcally parallelism, angles between lines, and ratios of length along lines
in diﬀerent direction. A full description of the mathematics of image rectiﬁcation of
planes can be found in (Liebowitz, 2001; Liebowitz & Zisserman, 1998) and in many
textbooks on computer vision (e.g., Hartley & Zisserman, 2004).

Figure 3.16: Perspective correction of the image of a tennis court.
I use Figure 3.16, taken from (Heck, 2004a), to exemplify in what way the perspective distortion of a plane can be corrected in Coach 6. The plane of interest is
a tennis court’s ground surface. In reality, the outermost lines of the tennis court are
two pairs of parallel lines; but this is not the case in the photograph of the tennis court.
The image transformation that restores this property is determined by mapping the
four corners of a rectangular part of the tennis court with a projective transformation to the corners of a rectangle in a new image. Actually, the orthogonality of two
pairs of parallel lines (highlighted in the image on the left-hand side of Figure 3.16)
determines the plane rectiﬁcation up to an unknown aspect ratio. This scaling can
be speciﬁed, if one wishes a rescaling to the real proportionality. In the image on
the right-hand side of Figure 3.16, the length-width ratio is not in agreement with
reality. For image measurement this does not matter as long as one appropriately
calibrates length in both directions. Also note that the rectiﬁed image is not equal
to the view from above. The basis of the rectiﬁcation method is that any projective
transformation can be uniquely written as a composition of three transformations,
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namely, a perspective mapping P that maps a quadrilateral into a parallelogram, an
aﬃne mapping A that transforms the parallelogram into a rectangle, and ﬁnally a
similarity transformation S with isotropic scaling that rotates, translates, and scales
the rectangle. For measurements in a rectiﬁed photograph or video clip it suﬃces to
ﬁnd appropriate transformations P and A. These transformations can be computed
from scene constraints, in this case the identiﬁcation of a rectangular object in the
plane of interest. Sometimes, the real world itself contains easily identiﬁable rectangular parts. In other circumstances, like in crime scene photogrammetry, one can
deliberately place a rectangular calibration object in the scene (See Figure 3.18), or
three circular perspective discs (Robinson, 2010, ch. 8). Occasionally one has to use
one’s imagination to deduce a rectangular part in the plane of interest. This has been
done in the video analysis activity illustrated in Figure 3.17.

Figure 3.17: Screen shot of a video analysis activity with students walking in a straight
line toward the camera at constant speed.
In the lower-left corner is the self-recorded video clip of two girls walking in front of
a building, in a fairly straight line in the direction of the camera. This video was used
in the second lesson of the classroom experiment with pre-vocational secondary school
students (Section 2.5) to illustrate that the plane of motion is preferably perpendicular
to the camera direction. The instructional task was to determine at what speed the two
girls walked. To this end, image rectiﬁcation can be applied to one of the following
planes: (1) the perspective correction of the imaginary vertical plane in which the
student on the right-hand side walked; and (2) the rectiﬁcation of the plane formed
by the paving stones. The result of the ﬁrst image rectiﬁcation is the video clip shown
in the upper-left corner of Figure 3.17. As vertices of the 4-gon that is in reality a
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rectangle I chose the left shoe and the head of the student on the right-hand side in
two separate video frames that are far apart from each other. The rectiﬁcation of
the footpath gives the alienating video clip in the lower-right corner. The rectiﬁed
image of the vertical plane was used to measure the distance walked by the student.
The data of this measurement are shown in the diagram in the upper-right corner,
together with a straight line ﬁt. Apparently the student walked at a constant speed.
The slope of the line implies a walking speed of 4.8 km/hr, which is a value that makes
sense. Students could validate this answer by using the other rectiﬁed video clip for
an alternative measurement and in this way practice good research methodology.
Usability Study and Adjoining Field Experiment
Crime scene photography is a real-world context in which image rectiﬁcation is applied
(cf., Robinson, 2010, ch. 8). This also provides a nice context for secondary school
students to study the mathematics of perspective drawing and imaging. A crime scene
photographer includes a perspective grid or perspective discs in the scene so that this
can be used afterwards to process the photograph and enable measurements in the
digital image. There is not much required for a perspective grid: Minimally it is just
a rectangle of known dimensions, but it is often a set of four square tiles with diagonal
lines drawn on top arranged such that together they form a larger square. Figure 3.18
shows the self-made perspective grid and its use in rectifying the image of a fake crime
scene set up in a workshop for secondary school teachers in mathematics.

Figure 3.18: Image rectiﬁcation of a ‘crime scene’ photograph on the basis of a perspective grid included in the scene.
Although the above screen shot gives the impression that the perspective grid is a
square in the rectiﬁed image, it takes quite some eﬀort to arrive at this result. When
one places the vertices of the 4-gon used for correction of perspective distortion one
by one at the four corners of the perspective grid, in each step the digital image is
transformed. At the end of this process it usually has resulted in a new image in which
the perspective grid is only a rectangle and not a square. One often has to rescale the
4-gon in several steps to arrive at a square perspective grid. In practice, students are
able to do the required steps of image rectiﬁcation, but they would be helped if the
proportionality could be maintained automatically during the process of rectiﬁcation,
so that squares and circles in reality become squares and circles in the rectiﬁed image.
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The original crime scene photograph can also be used in a geometrical construction
carried out for the purpose of measuring distances in the scene. Figure 3.19 shows
how grid extension and grid reﬁnement can be applied in a dynamic geometry software
package to specify a location of an object. The grid extension method is related to the
distance point construction of Pélerin (1505) and Alberti’s method for constructing
perspective drawings (cf., De Rijk, 2004; Edgerton Jr., 1996). The experience of students and the teacher in a ﬁeld experiment carried out in a Mathematics D class was
that the mathematical exploration of a photograph of a fake crime scene in the school
building was an exciting subject in which they learned much, but also had much fun.
It can be the ﬁrst step toward a proﬁle project on perspective in art.

Figure 3.19: Grid extension and grid reﬁnement of a crime scene photograph.

3.2.3

Using High Speed Video to Study Moving Coins

Reference
Heck, A., & Vonk, R. (2009). You must make money move. Physics Education, 44 (2),
188–194.
Introduction
Technological progress has led to the development of high speed cameras at low cost,
consumer level (See Vollmer & Möllmann, 2011a, for a discussion of high speed video
technology). These cameras provide students the opportunity to work directly with
high-quality video data in cases where motion was in the past too quick for recording
with a normal digital camera or webcam; for example, data collection of human and
animal locomotion or gathering of motion data in sports. They allow students to carry
out authentic activities in which they record video clips or image sequences of rather
fast motions and use them for a detailed investigation of a real-world phenomenon. In
addition to watching a video in slow motion, one can also take measurements on a high
speed video clip. In this case, automated tracking of a reference point on an object in
motion is a convenient, if not indispensable feature of a video analysis system.
Various methods exist for the automated tracking of reference points on moving
objects in a video. They can be based on image recognition techniques and the geo-
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metric properties of the objects of interest (Riera et al., 2003; Salumbides et al., 2002)
or on color discrimination (Bach & Trantham, 2007). The second method of point
tracking has been implemented in Coach as a DirectShow transformation ﬁlter,
which can be thought of as a program that connects a source, for example, a video
clip or a streaming video of a webcam, with the data video window, while at the same
time passing the recorded position data to the computer application. The algorithm
used in the tracking ﬁlter consists of two parts: (1) ﬁnding the best match of a given
model template in a subsequent frame, that is, locating the area that most resembles
the speciﬁed area; and (2) limiting the search area to reduce computing time or to
avoid ambiguity. The template that is tracked and that is selected by the user at the
start of the tracking process is an area bounded by a circle with a user-speciﬁed radius.
The comparison of an area with the model template is based on pixel intensities in
the three channels of the RGB color model. More speciﬁcally, the sum of the squared
diﬀerences of intensities between the image and model template is minimized in the
search algorithm. This method has been selected for template matching after testing
various commonly used algorithms on sample videos. The search area for the subsequent frame is a rectangle of user speciﬁed dimensions, centered on the position that
is found for the current frame (See, for example, Figure 2.12 and Figure 3.20). Despite
its simplicity, the tracking ﬁlter works well in many practical situations, and the need
for special illumination of the moving objects or other special scene preparation is
limited. It is mostly restricted to avoidance of: (1) severe distortion such as rotation
and deformation of the detected reference area; (2) accidental change in the coloring
of the moving objects because of changes in the incident light; and (3) occlusion of
the reference point, that is, temporary disappearance of the reference point within the
view ﬁeld (when it reappears again, then it is not guaranteed that the point is always
automatically found again). For example, the reference points in the scene shown in
Figure 2.12 (a video analysis of the leg motion of a student on an exercise bike in
a ﬁtness center) were a label on the shorts of the cyclist, a black dot made with a
whiteboard marker on the knee joint, and a simple homemade marker placed at the
ankle. The normal lighting of the ﬁtness center was used, and the video was created
under these circumstances by a CCD webcam with a speed of 30 fps. There were no
problems with the point tracking algorithm.

Figure 3.20: Screen shot of a video analysis activity on weightlifting, in which data
have been collected via automated point tracking.
Another example of point tracking is shown in Figure 3.20. The video clip on
the left-hand side comes from the television broadcasting of the women’s weightlifting
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competition at the Sidney Olympic Games in 2000. It shows Tara Nott failing in her
third attempt in the clean and jerk to lift 105 kg. The motion of the weights at the end
of the barbell are tracked and the heights are plotted in the diagram on the right-hand
side. The students’ task in a ﬁeld experiment is to relate the graphs with what goes
wrong in the clean phase of the lift. The point tracking works surprisingly well in this
case too, after experimenting with some search areas of various size.
On the basis of usability studies and ﬁeld experiments, the following features of
automated point tracking were implemented in Coach:
• Automated point tracking can be combined with manual video measurement.
• One can select a moving coordinate system and track its origin.
• When automated point tracking fails, one can interrupt it, move to the ﬁrst frame
where the tracking algorithm failed, reinitialize the model template or change its
settings and the dimensions of the search area, and continue automated point
tracking from this frame on, using the new settings.
• Point tracking can be combined with other video ﬁlters that have been implemented such as change of brightness and contrast, and correction of perspective
distortion.
Field Experiment
Having appropriate video analysis tools designed for educational purposes at their
disposal, students can explore many real-world phenomena at almost any level of
detail (See, for example, Koupil & Vı́cha, 2011; Mathavan, Jackson, & Parkin, 2009;
Vollmer & Möllmann, 2011b). A challenging example is ﬁnding a good explanation of
the motion of money in the following experiment: Six coins of the same denomination
are lined up, at equal distances, against a wooden stick. This stick, making a circular
movement, pushes the coins over a ﬂat piece of paper on a horizontal table. The origin
of this circle is at one side of the row of coins (in this case, near the upper left corner
of paper in the pictures in Figure 3.21 taken from a high speed video recording of the
experiment). The stick stops and the coins leave the stick (Figure 3.21(a)), having a
velocity perpendicular to the stick. Once the coins have stopped moving they seem to
lie on a parabola; at least Figure 3.21(c) suggests this conclusion. The students’ task
is to validate and explain this.

(a)
(b)
(c)
Figure 3.21: Frames from a video-recorded experiment with moving money. (a) Coins
leaving the wooden stick. (b) Moving coins. (c) Final positions of the coins.
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The mathematics and physics needed for the explanation of the phenomenon is not
beyond high school level. It might go in the following way and lay the foundation of
experimental veriﬁcation: At the point when the coins leave the stick, friction comes
into play. For each coin, the work done by the constant frictional force equals the
kinetic energy of the coin at the moment that it loses contact with the stick. This
implies that the distance traveled by each coin is proportional to the square of its
velocity when it loses contact with the stick. Because the stick makes a circular
movement, this velocity is proportional to the radial distance of the coin to the center
of rotation. This means that the distance traveled by a coin is proportional to the
square of its radial distance to the center of rotation. In other words, one may expect
that the coins, once they have stopped moving, lie on a parabola.
But when this mathematical model of the motion of the coins was validated by a
video analysis of an experiment with real coins, some unexpected problems popped
up. The ﬁrst assumption that caused a problem was the statement: “The stick stops,
and the coins leave the stick, having a velocity perpendicular to the stick.” Figure 3.22
is a screen shot of the activity in which the motion of the coins in the rectiﬁed video
clip was tracked. The coordinate system had been rotated such that the x-axis had
been aligned with the wooden stick when it stopped moving and the coins were leaving
the stick. Please note that the x-coordinate axis shown in Figure 3.22 is not aligned
anymore with the wooden stick because the frame shows the coins in the ﬁnal position
and the wooden stick had been moved a little bit further after the coins had left it (One
cannot manually stop the stick at once). The track of the sixth coin is shown in the
diagram window on the right-hand side and it is clearly not a vertical line. This means
that the velocity at the moment when the coin lost contact was not perpendicular to
the stick. A close look at the high speed video and measurement of distances of coins
to the rotation center revealed that, while the stick had been rotating and in contact
with the coins, the coins had in reality moved along the stick. In other words, the
coins had a non-zero horizontal velocity component when they lost contact with the
wooden stick. An open question, which could be discussed in classroom, remains why
and how this motion of the coins along the rotating stick took place.

Figure 3.22: Tracking of coins in a video analysis activity and the measured orbit of
the sixth coin.
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The above surprising experimental ﬁnding also raises questions about the following
statement: “Once the coins have stopped moving they seem to lie on a parabola.”
The ﬁrst thing done was to orientate the coordinate system in the video window such
that the sixth coin moved in a straight vertical line. Figure 3.23 shows clearly that
this horizontal axis was not aligned to the orientation of the stick at the moment
that the coins lost contact. This new choice of coordinate system had been driven
by mathematics, and less by physics or the experiment. The intended achievement
was only that the coins moved in a vertical line. Because this coordinate system in
Figure 3.23 is only rotated about 2.5 degrees with respect to the paper sheet, one can
understand that the human eye cannot distinguish between the motion with respect to
this coordinate system and the motion with respect to the paper sheet. The coins only
appeared to be moving parallel to the edge of the paper, but in reality they moved
perpendicular to a slightly rotated coordinate system. The diagram to the right in
Figure 3.23 shows the ﬁnal positions of the six coins in the new coordinate system.
The coins still seemed to lie on a parabola and regression analysis supported this view.

Figure 3.23: A more convenient choice of the coordinate system.
The case study continued with a detailed analysis of position-time and velocitytime graphs (Numerical derivative were computed via automatic spline smoothing to
get the best results). The interested reader is referred to the full paper of Heck and
Vonk (2009). Here, I only repeat the conclusions of the authors:
“The experiment with moving money was simple and it conﬁrmed at ﬁrst sight
the predictions made on the basis of mathematics and physics taught at high school
level. Taking a closer look with the help of appropriate ICT tools brought up some
peculiarities, initiating a search for a more satisfactory explanation. A more thorough
investigation of the phenomenon by high speed video analysis and a sound reasoning
based on physics and mathematics that was still at high school level brought measurements and theory again into agreement.
As in every good physics experiment at high school, the phenomenon under investigation and the modeling of it oﬀered students and teachers great opportunities
to discuss physics concepts, scientiﬁc methods of study, and the importance of experimental validation in science. The physics of both uniform and rotational motion
was present in the study of moving coins. Interpreting motion graphs, numerical differentiation, and regression techniques were some of the mathematical aspects that
came into play in the discussion of the problem situation. In conclusion, physics and
mathematics were natural ingredients in the students process of coming to grips with
the problem posed.”
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This case study also illustrates again that the perception of the quality of a mathematical model depends to a large extent on the accuracy that the modeler requires for
his or her description, prediction, explanation, and understanding of the phenomenon.

3.3

Modeling

One of the most important areas for mathematical modeling in chemistry education is
the study of chemical kinetics. In Section 3.3.1 I discuss a system dynamics approach
of chemical reaction systems, possibilities and obstacles of current graphical modeling
systems like stella and powersim in this context, and the design of a new graphical
element in the modeling tool of Coach that makes it easier to explore chemical kinetics
in this way.
Another area of chemical education at secondary school in which an integrated
computer learning environment could play an importation role is acid-base reactions
and titration. Here, (automatic) data collection with pH sensors is used in combination
with computer modeling of titration curves. The main ideas of the designed activities,
described in Section 3.3.2 are that students get a modern perspective on computer use
in the chemistry laboratory and that the computer models help them to enhance their
understanding of buﬀer solutions.
In Section 3.3.3 I present a case study in which a model for the moon-earth dynamical system, yielding the tidal movement on an all-ocean world, was implemented
in the graphical, system dynamics-based modeling environment of Coach 6. The
tool was also used to implement a mathematical model of the tidal behavior of the
well-known tidal river Thames as a function of the tides of the North Sea. Using
data sources on Internet with tidal data, the harmonic analysis for various ports was
reconstructed with advanced data analysis techniques implemented in Coach 6 for
sinusoidal regression.

3.3.1

Modeling Chemical Kinetics Graphically

Reference
Heck, A. (submitted). Modeling Chemical Kinetics Graphically.
Introduction
In literature on chemistry education it has often been suggested that students, at
high school level and beyond, can beneﬁt in their studies of chemical kinetics from
computer supported activities. Proposed activities range from computer-assisted instruction, data logging, use of dedicated packages, modeling with computer algebra
systems and other scientiﬁc computing environments, use of a graphical calculator and
a spreadsheet program to computer simulations and system dynamics-based computer
modeling. All of these approaches attempt to make the concepts related to chemical
equilibrium and chemical kinetics accessible or comprehensive for students, for example by giving students ﬁrst-hand experience with reactions through laboratory work
or by simulating and visualizing the reaction dynamics and the dynamic nature of
chemical equilibrium, and they attempt to help to remediate alternative conceptions
of students. I discuss the methodology, strengths, and weaknesses of the implementation of graphical, system dynamics-based software for modeling chemical kinetics.
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I propose an extension of classical graphical modeling that brings it closer to how
chemists think about chemical reactions and that could make it easier for students to
investigate chemical kinetics, especially in cases of non-trivial reaction mechanisms.
Illustrative examples are given. The proposed approach has also useful applications
in other subject areas.
Graphical System Dynamics-Based Modeling of Chemical Kinetics
I discuss the methodology, strengths, and weaknesses of the implementation of classical
graphical system dynamics modeling software for modeling chemical kinetics through
the following two examples: (1) a unimolecular chemical equilibrium system; and (2)
the Michaelis-Menten reaction mechanism.
As a prototypical example of using a graphical system dynamics-based model for
studying chemical kinetics I use the following cis-trans isomerization:
k1f

cis-Mo(CO)4 [P(n-Bu)3 ]2 − − trans-Mo(CO)4 [P(n-Bu)3 ]2 .
k1r

Figure 3.24: Screen shot of the graphical model of cis-trans isomerization, and
concentration-time graphs in a simulation starting from pure cis-Mo(CO)4 [P(n-Bu)3 ]2
at 80◦ C. Graphs created in a previous simulation at 85◦ C are also displayed, in gray
color at the background.
Figure 3.24 is a screen shot of the graphical model implemented in the modeling
tool of Coach 6. Four types of variables are present in this graphical model and
they are diﬀerently iconiﬁed: (1) a parameter (temperature T ); (2) auxiliary variables
(reaction rate constants k1f , k1r ); (3) levels, that is, aggregated amounts that change
over time (concentrations [cis], [trans]); and (4) ﬂows, which determine the dynamics
of the reaction system (rates of change of concentrations r1f , r1r ). Information arrows
indicate dependencies between these variables: For example, the arrows from T to k1f
and k1r indicate that the author of the model wanted to express that the forward rate
constant k1f and the reverse rate constant k1r both depend on the temperature T at
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which the reaction takes place. The following mathematical expressions were derived
from (Bengali & Mooney, 2003) and used in the simulation:
k1f = T · 108.87−

5195
T

,

k1r = T · 108.78−

5394
T

,

where temperature T has been speciﬁed here in Kelvin (instead of ◦ C) and rate constants are in s−1 .
The model window in the screen shot in Figure 3.24 illustrates what graphical modeling is all about: An author (curriculum designer, teacher, or student) literally draws
variables representing physical quantities or mathematical entities and the relations
between them. This contrasts with computer simulations where only the parameters of
a given model can be altered and not the underlying model. The graphical model can
be considered as a representation at conceptual level of the system dynamics, where
physical ﬂows represent rates of changes and information arrows indicate dependencies between quantities. Once the sketch of the model has been made, the details of a
model, that is, the algebraic formulas needed to build up the system of equations, can
be ﬁlled in by clicking on the icons and be hidden again. The general picture of the
model is considered most important for understanding. In this particular example,
the graphical model almost literally presents a chemical equilibrium.
A graphical, system dynamics-based model generally corresponds in mathematical
terms with a system of diﬀerential equations or ﬁnite diﬀerence equations. Under
the assumption that only elementary, unimolecular reaction steps are involved, the
graphical model of Figure 3.24 represents the following coupled diﬀerential equations
for the rate of change in the concentrations of the two species involved:
d [cis]
= −r1f + r1r ,
dt

d [trans]
= r1f − r1r ,
dt

where r1f = k1f · [cis] , r1r = k1r · [trans]. But the graphical model represents in fact
more: It also represents an automatically generated computer program that solves
this system numerically and allows the user to simulate the behavior of the modeled
reaction system and to interpret the modeling results.
In the context of chemical kinetics, students are immediately confronted in a simulation of a reaction system with potential alternative conceptions. In the example of
cis-trans isomerization, the visualization in Figure 3.24 allows for instance a student
to observe in the diagram with the concentration proﬁles that (1) it takes time before the equilibrium is reached; and (2) at equilibrium, the concentrations of cis- and
trans-complexes are not necessarily equal. More alternative conceptions about chemical equilibrium can be addressed by looking at rate-time and net rate-time graphs of
the chemical equilibrium. Some of the points that a student could notice in the graphs
on the right-hand side of Figure 3.24 are:
• The rate of the forward reaction decreases with time until equilibrium is reached
(and not to completion).
• The rate of the reverse reaction increases with time until equilibrium is reached.
• A system in equilibrium does not mean that the reactions ceased. It only means
that the net rate of concentrations is zero and that the forward and reverse
reaction rates are equal.

i

i
i

i

i

i

i

i
130

Chapter 3. Computer Tools for Cross-Disciplinary Work with Real Data

Executable models oﬀer students the opportunity to observe the eﬀects of changing
the model or, less dramatically, of changing the parameter values and initial conditions.
For example, by changing the initial concentrations of the cis- and trans-complex it can
easily be veriﬁed that the system will always reach the same equilibrium concentrations, no matter what the starting concentrations are. In fact, this kind of exploration
has already been anticipated in the model shown in Figure 3.24: The introduction
of temperature T , the change of which has been simpliﬁed by the incorporation of
a corresponding slider in the activity, was motivated by the wish to investigate the
eﬀect of temperature on the reaction system. Figure 3.24 shows the results of a simulation of the isomerization at 80 ◦ C. The graphs of the previous simulation at a higher
temperature of 85 ◦ C are shown in gray at the background to support easy comparison. A student could discover from the graphs that changing the temperature for this
chemical reaction
• does not necessarily mean that the concentrations at equilibrium are aﬀected;
• only aﬀects the time needed for the system to reach equilibrium; and
• may change the absolute magnitudes of the forward and reverse rates, also at
equilibrium.
The graphical modeling of chemical kinetics illustrated by the example of cis-trans
isomerization is rather simple. Other examples of reaction systems that can be dealt
with in this way are all unimolecular (cf., Chonacki 2004; Kosinsky 2001; Ricci and
van Doren 1997; Steﬀen and Holt 1993). Any other type of reaction system would lead
for stoichiometric reasons to a disconnected, from chemical point of view incomprehensible graphical model. Consider, for example, the gas-phase oxidation of nitric oxide:
2NO + O2 → 2NO2 . Although there exist more than one mechanism that leads to
third-order reaction kinetics (Tsukuhara, Ishida, & Mayumi, 1999), the simplest one,
namely a termolecular reaction mechanism, would already lead in a classical graphical system dynamics-based modeling approach to a disconnected picture, because one
could not simply draw physical ﬂow arrows from reactants toward products. The reason is that the meaning of the graphical modeling tool, which is based on the level-ﬂow
model in which the sum of inﬂows in a level variable is by deﬁnition equal to the sum
of outﬂows of this level variable (the so-called ‘principle of ﬂow balance’), does not
lead then to the correct coupled diﬀerential equations. In other words, if both an
arrow from [NO] toward [NO2] and an arrow from [O2] toward [NO2] were drawn, this
would mean that the increase in concentration of NO2 over time is equal to the sum
of the decrease in concentration of NO over time and the decrease in concentration of
O2 over time. This is from chemical point of view incorrect for the given reaction.
In fact, due to the selected graphical modeling approach of level-ﬂow diagrams,
which is based on a metaphor of water tanks and valves, the diagrams for bi- and
termolecular chemical reactions are inevitably disconnected. Forrester, the founder of
the system dynamics and level-ﬂow modeling approach in the context of socio-economic
systems, was aware of this limitation and wrote (Forrester, 1961, p. 70):
“It should be noted that ﬂow rates transport the content of one level to
another. Therefore, the levels within one network must all have the same
kind of content. Inﬂows and outﬂows connecting to a level must transport
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the same kind of items that are stored in the level. Items of one type must
not ﬂow into levels that store another type. For example, the network of
materials deals only with material and accounts for the transport of the
material from one inventory to another. Items of one type must not ﬂow
into levels that store another type.”
Clearly, chemical reactions do not meet this principle of material consistency in the
structure of a graphical model that is written in terms of levels interconnected by rates
of ﬂow: In a bimolecular reaction, two molecules may react to result in one molecule;
that’s chemistry! On the other hand, it must be stressed that the problem only lies
in the translation of the graphical model into the coupled diﬀerential equations that
describe the kinetics of the chemical reaction.
The fact that the conventions of a classical graphical, system dynamics-based modeling tool, which state how the coupled diﬀerential equations or diﬀerence equations
are to be generated from the graphical representation, are inconvenient for chemical
kinetics comes even more to the fore when complex chemical reaction networks are
modeled instead of elementary reactions. The following example, which is the simplest
(Michaelis-Menten and Briggs-Haldane) mechanism for a two-step enzyme-catalyzed
reaction, illustrate this:
k1f
k
E + S −− ES −−2f
→ E+P
k1r

where E, S, ES, and P are the unbound enzyme, substrate, intermediate enzymesubstrate, and product, respectively. One of the things students learn from or need to
accept in this mechanism is that a species can simultaneously be involved in more than
one reaction: The intermediate enzyme-substrate can both form a product as well as
the original substrate. All reaction steps are considered as elementary reactions. See
(Bruist, 1998) and (Halkides & Herman, 2007) for simulations of the reaction system
with a spreadsheet, and (Mulquiney & Kuchel, 2003) for simulations with a computer
algebra system. A steady-state approximation is used in most cases to simplify the
algebraic and computational work. A graphical model that represents this enzymecatalyzed reaction is shown in Figure 3.25. This graphical model, which Lee and Yang
(2008) implemented in powersim (www.powersim.no), does not reﬂect anymore the
underlying reaction mechanism.

k1f

Figure 3.25: A model of E + S − − ES −−2f
→ E + P in powersim.
k

k1r

This example makes clear that a standard, rather simple chemical reaction network already leads to a graphical model in which the chemical reaction mechanism is
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obscured by the spaghetti (and meatballs) tangle of arrows and boxes. When the reaction mechanism of the enzyme-catalyzed reaction becomes more complicated, the corresponding graphical model that represents the chemical kinetics readily gets snarled
up, to put it mildly.
Improved Graphical Modeling of Chemical Kinetics
The problem that graphical models based on the traditional level-ﬂow metaphor do
not present a clear overview of the chemical reaction mechanism except for simple
unimolecular reaction systems is known and suggestions for improvement have been
made. For example, the key ideas of chemical kinetics and thermodynamics have been
expressed in a bond graph approach (Cellier 1991, ch. 9) and the level-ﬂow metaphor
has been replaced in (Elhamdi, 2005; LeFèvre, 2002, 2004) by the so-called kinetic
process metaphor, which was inspired by graphical models of biochemical reaction
networks and metabolic pathway systems. But these alternatives for and extensions
of the traditional level-ﬂow metaphor are at the level of system dynamics specialists
and they are too complicated for use in chemistry education at high school level or
ﬁrst-year undergraduate level.
I present a simpler graphical approach to modeling of chemical reactions that covers
the basics of chemical kinetics. It is based on a graph theoretic description of reaction
kinetics that is similar to the oriented species-reaction graph introduced in (Craciun
& Feinberg, 2006) and the directed bipartite graph of a reaction network developed
by Vol’pert and Ivanova (1987) [ See also (Vol’pert & Hudjaev, 1985, ch. 12) ], more
thoroughly analyzed in (Ermakov & Goldstein, 2002; Mincheva & Roussel, 2007), and
for example implemented in a computer simulation and visualization environment for
metabolic engineering (Qeli, 2007). The graphical approach will be exempliﬁed by the
k

termolecular gas-phase oxidation of nitric oxide used before, 2NO + O2 −
→ 2NO2 .
For a thorough description of the improved graphical approach, I refer to the paper.
In short, the approach is based on the principle that a chemical reaction network can be
represented by a directed graph in which the set of vertices is partitioned into two sets,
namely a set of species nodes and a set of reaction nodes. This directed bipartite graph
is called a kinetic graph because it also incorporated information about the kinetics of
k
the chemical reaction. The kinetic graph of the reaction 2NO + O2 −
→ 2NO2 is shown
in Figure 3.26.

k

Figure 3.26: The kinetic graph of the reaction 2NO + O2 −
→ 2NO2 .
The kinetic graph of a chemical reaction network clearly suggests how the classical level-ﬂow formalism of graphical, system dynamics-based modeling tools could
be extended to function well for chemical reaction networks: A graphical icon for a
reaction, say an Erlenmeyer ﬂask symbol, must be added to the formalism and then
levels can represent concentrations of species involved in the reaction network, provided that ﬂows are between level icons and Erlenmeyer ﬂask symbols. Inﬂows of an
Erlenmeyer ﬂask symbol originate from reactants and outﬂows of an Erlenmeyer ﬂask
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symbol point at products in the chemical reaction that is symbolized by the Erlenmeyer ﬂask. The Erlenmeyer ﬂask symbol also represents the dynamics of the levels
connected with it via the stoichiometry of the reaction: The Erlenmeyer ﬂask symbol
is linked to a formula for the reaction rate, which depends on the kinetic coeﬃcient,
the concentrations of reactants and their stoichiometric coeﬃcients. The stoichiometric coeﬃcients determine the formulas for the inﬂows and outﬂows of the Erlenmeyer
ﬂask symbol.
The improved graphical modeling of chemical reaction, based on kinetic graphs,
leads to much clearer visual representations of chemical reaction networks for the
following reasons:
• Levels, ﬂows, and process elements give a visual overview of the reaction mechanism.
• The stoichiometry of a reaction already determines the formulas for the inﬂows
and outﬂows so that there is no need to use information arrows from the reaction
node toward these ﬂows.
An illustrative example, implemented in Coach 6, is the two-step enzyme-catalyzed
k1f
k
reaction E+S − − ES −−2f
→ E+P. The screen shot of the Coach 6 model of the enzymek1r

catalyzed reaction shown in Figure 3.27 reﬂects the underlying reaction mechanism
much better than the powersim model shown in Figure 3.25

k1f

Figure 3.27: Screen shot of the graphical model of the E+S − − ES −−2f
→ E+P network.
k

k1r

In a qualitative or semi-quantitative approach to chemical equilibrium phenomena
there is hardly any other instructional strategy than applying Le Châtelier’s Principle
or reasoning with the Equilibrium Law to explain how a system in equilibrium responds to an external perturbation such as addition of a reactant, depletion of a product, change in pressure or temperature, and so on. A quantitative approach seems
more suitable for discussing how chemical equilibrium is reached or how it changes
when conditions change. This holds especially when a modeling and simulation environment oﬀers tools to interactively change conditions during a simulation and allows
an easy implementation of event-handling such as response to a sudden change in
concentration, temperature, and so forth. Solomonidou and Stavridou (2001) pointed
at the potential of computer simulations and animations to help students construct
appropriate conceptions about Le Châtelier’s Principle and the Equilibrium Law.
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Interactive change of initial conditions and event-handling of sudden changes during a simulation run have been implemented in the Coach 6 environment. I exemplify
this with the equilibrium shift of a gas mixture of hydrogen, iodine, and hydrogen as
a response to a sudden change in hydrogen concentration and temperature. The reack1f
tion system under consideration is H2 + I2 − − 2HI, where second-order rate kinetics
k1r

is assumed given by the following coupled diﬀerential equations for the rate of change
in the concentrations of the three species involved:
d [H2 ]
dt
d [HI]
dt

=

−r1f + r1r ,

=

r1f − r1r ,

d [I2 ]
= −r1f + r1r ,
dt
(3.1)

2

where r1f = k1f · [H2 ] · [I2 ] , r1r = k1r · [HI] , and the Arrhenius equations for the rate
constants are given (Graven, 1956) for temperature T (in ◦ K) by kr = 7.18 × 1012 ×
e−24775/T and kf = 1.23 × 1012 × e−20646/T . It follows from these equations that the
forward gas phase reaction is exothermic. Figure 3.28 is a screen shot of a simulation
run based on this kinetic model.

k

1f
Figure 3.28: Screen shot of the graphical model of the H2 + I2 − − 2HI equilibrium

k1r

reaction and a simulation with user interaction and an event during model execution.
Figure 3.28 shows a simulation run starting with only a nonzero concentration of HI
at a temperature T = 721◦ K. After 6000 seconds the concentration of H2 is suddenly
raised by 0.002 M, which has an immediate eﬀect on the concentration time course.
This sudden change is realized in the graphical model by introduction of an event
(iconized by the thunderbolt symbol). The code behind this event icon is very simple:
Once t>6000 then [H2] := [H2] + 0.002. The eﬀect is that the equilibrium which
was almost established is shifted right to less dissociation of hydrogen iodine. After
a new equilibrium has been established, the user has pressed about 12000 seconds
after the start of the reaction the button in the control panel to cause a sudden raise
in temperature of 50◦ K. The eﬀect is that the equilibrium shifts to the left, that
is, more hydrogen iodide dissociates again. This is in agreement with Le Châtelier’s
principle that states that increasing the temperature will shift the equilibrium to the
left because the forward reaction is exothermic. Although the kinetic and thermodynamic approaches to chemical equilibrium phenomena are of diﬀerent nature, results
obtained by either method complement each other.
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It is worth mentioning that the improved graphical modeling approach also has
applications beyond chemical kinetics. This aspect is important in education because
it would most probably not be worth the eﬀort to add new elements to a general purpose graphical modeling tool if they were only relevant for a small part of the science
curriculum. Students and teachers have to use their time eﬀectively and economically.
Much is won when students and teachers can use one and the same modeling environment for many science subjects. Then they have ample opportunities to grow into
their roles of knowledgeable and skilled modelers of natural phenomena.
The following example illustrates that quantitative pharmacokinetic models can be
conveniently treated through the new graphical formalism. Figure 3.29 shows a graphical model and simulation of the pharmacokinetics of the metabolism of ecstasy in the
human body [taken from the instructional materials “Swilling, Shooting, and Swallowing” for Mathematics D, see also (Heck, 2007a-c)]. The improved graphical modeling
approach provides a connected diagram that indicates the ﬂow of the pharmacon in
the body over time.

Figure 3.29: Screen shot of a graphical model of pharmacokinetics of ecstasy in the
human body and a simulation run with real data in the background.
One ﬁnal remark about computer-based modeling of chemical kinetics has to do
with the eﬀectiveness of numerical methods for solving diﬀerential equations. When
realistic values are chosen for reaction rate constants in chemical reaction mechanism,
popular ﬁxed-time step methods such as the Euler method and the 2nd or 4th order
Runge-Kutta methods, in which the solver steps blindly from t to t + dt, require
such a small time step dt that the simulation may take hours to complete. In these
cases one needs a numeric algorithm that is more appropriate to solve a so-called
stiﬀ system of diﬀerential equations. The special purpose package KinSim developed
by Barshop, Wrenn, and Frieden (1983) for example uses a Gear-type method to
solve diﬀerential equations numerically. This is an example of an adaptive time step
solver, which automatically changes in each step of the algorithm the time step dt
in order to maintain the error of the numerical solution prescribed by the user. It is
recommended that a versatile computer learning environment that includes a modeling
tool has various numerical solvers for diﬀerential equations at its disposal. An explicit
adaptive Runge-Kutta method such as the Fehlberg method (1970) or the Cash-Karp
method (1990) will be suitable for general purpose; for stiﬀ systems of diﬀerential
equations, an implicit adaptive Runge-Kutta method based on the Radau or Lobatto
quadrature formulas (cf., Hairer & Wanner, 2010) can be recommended.
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ICT-Supported Study of Acid-Base Titration Curves
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164–174.
Introduction
The topic of acid-base reactions is a regular component of many chemistry curricula that requires integrated understanding of various areas of introductory chemistry.
Many students have considerable diﬃculties understanding the concepts and processes
involved. It has been suggested and conﬁrmed by research that students may beneﬁt
from computer-supported activities such as data logging, simulation, and modeling.
Diﬀerent methods of using computer acquisition and modeling to examine acid-base
titration are reviewed and in particular I discuss how a versatile, integrated computer learning environment like Coach can be successfully applied to this end. This
environment integrates, amongst other things, tools for data logging, control, and
modeling: Using an inexpensive step-motor buret, automated pH measurement in
acid-base titration can be realized and measured data can then be compared graphically and in tabular form with data computed via the (text-based or graphical) system
dynamics-based modeling tool. I present concrete examples, taken from an in-service
teacher training course developed in during the Socrates Comenius project ‘IT for
US—Information Technology for Understanding Science’ (www.itforus.oeiizk.waw.pl),
and culminating in the student practical investigation of analysis of acid in soft drinks.
Data Logging with an Automated pH Titration System
Traditionally, in a laboratory experiment of acid-base titration performed with a buretpH meter system, a student delivers small increments, dropwise at times, from a
buret, records pH as a function of titrant volume with a pH meter and constructs the
pH against volume plot for further analysis to determine the unknown concentration
of the sample or the ionization constant of the substance in the sample. The data
analysis can be done by pencil-and-paper, with the help of a graphing calculator, or
via a spreadsheet. However, doing both the data logging and data analysis in a single
computer environment has the following pedagogical advantages: It eliminates tedious
and repetitious operations, allowing the students to concentrate on data analysis, on
design of experiments, and on comparison of measured data with predictions from a
chemical model. In addition, use of an automated pH titration system oﬀers students
the opportunity to work directly with high-quality data in much the same way as
chemists do in the laboratory. They learn then how a computer is not only used to
measure data via sensors, but also can simultaneously control addition of reagents.
Last but not least, in an integrated computer environment students can process and
analyze their collected data and report their ﬁndings. All this is not still in the future
at secondary school level, but already available (e.g., Witteck & Eilks, 2006).
Figure 3.30 is a screen shot of a Coach activity, in which an inexpensive stepmotor buret is used to control accurately titration of a strong acid with a strong base.
The activity is shown in the format as it was prepared for students’ use by the author
of the activity. This author could have been a developer of curriculum materials or
a teacher. This screen shot shows several multimedia components: a picture of the
equipment and the experimental set-up, text frames for explanations and instructions,
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a frame with the initial computer program to control the step-motor buret, a table
window, and a graph window. Multiple representations are used here because it was
thought that one representation would become too complex to show all information
and that use of more than one representation would oﬀer a source of referential accuracy by providing redundancy. For example, it was considered helpful for a learner
to describe the setting of an experiment partly in textual format and partly in a pictorial format (because a picture may indeed say more than many words). Here, the
experimental set-up of a titration with an automated pH titration system is not only
described in a text window, but also shown in a separate picture. Instructions for setting up the experiment are in the screen shot of the Coach activity also divided over
several text windows for reasons of clarity. Multiple representations are used here to
provide complementary information, which is one of the pedagogical functions of multiple representations distinguished by Ainsworth (1999) in her functional taxonomy
of multiple representations. In the elaborated version known as the DeFT framework (Ainsworth, 2006, 2008) she considered in addition the design parameters that
are unique to learning with more than one representation (Think of the number and
forms of representations, distribution of information, support for translation between
representations, sequencing of representations) and the cognitive tasks that a learner
must undertake when interacting with multiple representations (For example, understanding representations and their relations with the domain, being able to translate
between representations, knowing what representations are appropriate for what tasks
and being able to construct or create them). Well-known principles of multimedia
learning (Mayer, 2009) can also guide the authoring of the student activities.

Figure 3.30: Screen shot of a Coach activity on titration with an automated pH
titration system.
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Mathematical Modeling of Acid-Base Titration
Typically, an acid-base titration curve is dissected into two segments, namely before
and after the equivalence point has been reached. In addition, separate calculations
are done for the diﬀerent segments in one of the following three ways:
1. Via approximate formulas that hold at certain stages of titration.
2. Via exact or approximate methods to compute the pH for a given titrant volume.
This leads to the problem of solving a polynomial equation in [H2 Slv+ ], where
the solvent is denoted by HSlv and its autoionization is 2HSlv  H2 Slv+ + Slv− .
3. As the inverse of the progress curve, that is, the graph showing the titrant volume
as a function of pH, determined with or without making approximations. In this
case one computes for a given pH what the corresponding titrant volume should
be.
In the ﬁrst method, which is still the common textbook treatment, separate approximate formulas are used for the starting point of the titration curve, for the equivalence
point, and for points in between. Autoionization of the solvent is in most cases ignored. A drawback of the ﬁrst method is that many a student gets confused by all
those mathematical formulas and has no clear idea why one has to consider these
distinct stages in titration and under what simplifying assumptions the formulas can
be applied safely. For example, in case of a titration of a monoprotic weak acid with
a strong base, when an approximate formula for the starting point is applied with a
very small acid concentration, one gets a much too high pH value, which may even
indicate a basic solution instead of an acidic solution. When the so-called HendersonHasselbalch equation is applied after addition of the base, but with very small titrant
volumes, addition of the base leads in the computation ﬁrst to a smaller pH before
it rises again, which is of course very strange. These problems can only be solved by
more robust mathematical methods. But these methods may be beyond the algebraic
skills of many a student. In that case, a computer algebra system possibly gives a
helping hand.
Explicit expressions for the shape of several aqueous acid-base titration curves
have been published before by Gordus (1991) and De Levie (1993, 1996) under the
assumption that autoionization of the solvent can be ignored. The Gröbner basis
technique (Heck, 1997), which has been implemented in computer algebra systems like
Maple or Mathematica, can also be used to derive the required polynomial equation
in [H2 Slv+ ] from the system of polynomial equations obtained from the following three
condition: (1) charge balance; (2) mass balance; and (3) chemical equilibrium. For
the titration of a weak monoprotic acid with a strong monoprotic base, the ﬁnal result
is that the [H2 Slv+ ] satisﬁes a third degree polynomial, which simpliﬁes to a simpler
polynomial of degree 2 when autoionization is ignored. The Gröbner basis technique
can also be applied to derive an explicit expression of the progress curve (graph of
titrant volume against pH, i.e., the inverse of the titration curve). One easily gets a
formula that is equivalent to the following formula published by De Levie (2001a):
Ka
w
Ca − [H+ ] + K+
Vb
[H+ ] + Ka
[H ]
=
.
Va
w
Cb + [H+ ] − K+
[H ]
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where [H+ ] stands for [H2 Slv+ ]. Thus, given pH and therefore given [H+ ], one can use
the above formula to compute a corresponding titrant volume Vb . The computed pair
(pH, Vb ) can be used either to plot the progress curve (graph of Vb as function of pH)
or the titration curve (graph of pH as function of Vb ). Generalizations to titration of
mixtures of acids or bases, to the polyprotic case, to general solvents, and to titration
of bases with acids are possible. The same computer algebra supported approach can
be extended to complexation, precipitation, and redox equilibria (De Levie, 2001b).
The Gröbner package of a modern computer algebra system can support the derivation of general mathematical formulas required for acid-base reactions. In my opinion,
this approach is feasible for chemistry students at university level. For secondary
school students however, it focuses in my opinion too much on mathematical concepts
and techniques instead of on chemical concepts. At this level, students will learn more
when they ﬁrst determine experimentally in laboratory sessions some titration curves
to get a feeling for what a titration curve is, how it is created, what is its shape in
general, and how it can be interpreted. After this practical experience students can
use computer models to explore titration curves in more detail without having the
need to calculate themselves pH by mathematical formulas that are actually meaningless to them. With the computer models they can compare, for example, experimental
titration curves with theoretical curves, determine ionization constants from real data,
and explore buﬀer solutions.
Computer Modeling of Acid-Base Titration
The possibility of using system dynamics-based modeling software for the calculation
of titration curves and for the comparison of real data with modeling results seems
to have been overlooked or not promoted in literature about chemical education. I
think that the main reason is that when one concentrates on mathematical formulas of
titration, system dynamics does not easily come into mind because this mathematical
ﬁeld is linked with diﬀerential equations. However, system dynamics-based modeling
software programs are nothing more, nor less than computer programs that can be
used to specify relationships between variables and to compute how these relationships
evolve. I illustrate this by a graphical computer model implemented in Coach 6 that
computes the progress curve and the titration curve for titration of a diprotic acid
with an aqueous strong monoprotic base. The calculation of the progress curves for
a titration of a sample of volume Vs and concentration Cs with a titrant volume Vt
and titrant concentration Ct is based on Equation (8) of (De Levie, 2001b), stated
in the following general form, with details hidden in functions Fs and Ft of [H+ ] and
coeﬃcients Ka :

[H+ ] − [OH− ] + Fs Cs
.
Vt = −Vs · +

[H ] − [OH− ] + Ft Ct
Here F = −Fa = Fb for each species participating in the titration (index ‘a’ refers
to acid and ‘b’ to base). The summation is only needed for mixtures, where each
component contributes its own F and its own concentration C.
In case of titration of a weak acid with a strong monoprotic base, the above formula
specializes to the following formula that can be used to compute the progress curve
(Vt as a function of pH):
Vb = −Va ·

[H+ ] − [OH− ] − Fa Ca
,
[H+ ] − [OH− ] + Fb Cb
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where Fb = 1 and Fa is given by any of the below formulas (De Levie, 2001a,b):
proticity of acid

Fa

monoprotic

Ka
[H+ ] + Ka

diprotic

triprotic

Ka1 [H+ ] + 2Ka1 Ka2
+ Ka1 [H+ ] + Ka1 Ka2

[H+ ]2

Ka1 [H+ ]2 + 2Ka1 Ka2 [H+ ] + 3Ka1 Ka2 Ka2
+
[H ]3 + Ka1 [H+ ]2 + Ka1 Ka2 [H+ ] + Ka1 Ka2 Ka3

Figure 3.31 is a screen shot of a graphical computer model that uses the above
formulas to compute the progress curve Vb as function of pH. The corresponding
titration curve (pH as function of Vb ) is drawn in the diagram next to the computer
model. To make things more concrete, I took the example of Breneman and Parker
(1991): the titration of sulfurous acid (pKa1 = 1.91, pKa2 = 7.18 at 25 ◦ C) with a
strong base (sodium hydroxide) and with concentrations Ca = Cb = 0.100 M.

Figure 3.31: Screen shot of a graphical model of diprotic acid–monoprotic strong base
titration.
Note that in the above graphical computer model, time is not the independent
variable, but pH. The only thing that happens when one runs the above model is that
pH is repeatedly incremented with a user-deﬁned step size dpH. The chemical relevance
of the value of parameters in the titration model is rapidly visualized: For example,
a student can easily investigate the relation between the shape of the titration curve
and the values of ionization constants of the acid and base involved.
A Practical Investigation: Analysis of Acids in Cola Drinks
As an example of a practical investigation for upper-level secondary school students
I brieﬂy describe results of an analysis of acids in various Cola drinks. Phosphoric
acid is a common ingredient in Cola drinks; it provides a taste that is both sweet and
sour, but it does not compete with other ﬂavors. There is some variability in both the
amount and composition of this acid in Cola drinks. The composition is aﬀected by the
following equilibrium of this weak aqueous triprotic acid: H3 PO4 + H2 O  H2 PO−
4 +
2−
2−
3−
+
+
H3 O+ , H2 PO−
4 + H2 O  HPO4 + H3 O , and HPO4 + H2 O  PO4 + H3 O ,
with equilibrium constants Ka1 , Ka2 , and Ka3 , respectively. The acidic mixture of a
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sample of fresh Coca-Cola Light (also known as Diet Coke) is investigated through
titration with a strong base (0.1 M sodium hydroxide). Citric acid, which is also
triprotic, is another common ingredient of soft drinks. It is certainly present in CocaCola Light because the product speciﬁcation of the bottle mentions the presence of
the nutritive acid E330 (The indication E338 reveals the presence of phosphoric acid).
Since the drink is not de-carbonated, the diprotic carbonic acid will also be present in
the sample of 30 mL. There are three unknown parameters in the model, namely the
concentrations of carbonic acid, phosphoric acid, and citric acid. By the method of
trial and improvement a reasonable 3-tuple of parameter values can be found so that
the titration curve computed with the model matches the measured titration curve.
By the way, the measurement was carried out with the step-motor buret adding slowly
the strong base to the sample while recording the pH of the solution. Figure 3.32 shows
a screen shot with the graphical model and a graph window with the computed (blue
line) and measured (red line) titration curves. The model is useful for understanding
the titration of complex solutions, with multiple polyprotic acids and bases.

Figure 3.32: Screen shot of a graphical model of titration of Coca-Cola Light with a
strong base and a comparison of the modeling results with a measured titration curve.
Classroom experience with students in their ﬁnal year of pre-university education
(age 17-18 years) was that they liked this kind of practical investigations and got a
good idea what the purpose of titration is, how polyprotic acids and bases can be
recognized, how one can deal with mixtures of acids or bases in titration, and how
titration is done in the reality of a chemistry laboratory. The concepts of acid-base
chemistry, pH, and titration came to life with this type of student activities.
These positive eﬀects of practical work on students’ understanding of acid-base
reactions and titration did not occur as a matter of course, but were more or less
orchestrated by the chemistry teacher. To ensure that students not just did their
experiments and reported their results without much reﬂection, it was considered wise
to provide students with guidelines for the report and to emphasize the expected
and required quality of both experimentation and reporting. Figure 3.33 illustrates
that the quality of the titration experiment indeed diﬀered from one student team to
another. This was not a big issue, at least when students paid attention to the quality
of their experimental results, when they could ﬁgure out what went wrong during
the experiments, and could formulate or make improvements. Students’ guidelines for
the reports, which concerned (1) the theoretical background of the experiment and
(2) the discussion of the obtained results and the conclusions drawn, turned out to
help improve the quality of the students’ learning and reporting process, and they
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increased the satisfaction with which both the chemistry teacher and the students
looked back at the practical investigation.

Figure 3.33: Titration curves obtained by two student teams. The quality of diagram
on the left-hand side is good, but the diagram on the right-hand side was obtained
under weaker experimental conditions: The speed of the step-motor buret was too fast
and the rotation speed of the magnetic stir bar in the beaker was too slow.

3.3.3

Modeling of Tidal Movement
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Introduction
Although the focus in most case studies in my education research was on quantitative
mathematical modeling and therefore the descriptive and predictive quality of models
was highly valued, I did not shun unrealistic models when they were part of an instructional approach aiming at understanding. Modeling tidal movement was an example
of this type of work. A model for the moon-earth dynamical system with the moon in
the equatorial plane that yields the tidal movement on an all-ocean world was expected
to give students insight in the origin and behavior of tides. The fact that one does not
live on such a world does not matter; more important is the basic understanding of the
phenomenon that follows from it. This over-simpliﬁed, all-ocean model with the moon
in the equatorial plane explains the basic period behavior of the tidal movement, the
so-called M2 tide produced by the moon. A similar model including the sun as well,
with semidiurnal M2 and S2 tides produced by the moon and the sun, respectively,
yields interference eﬀects as neap and spring tides when sun, moon, and earth are in
line (during new and full moon) and the lunar tide and the solar tide are reinforcing
each other. The presence of land not only makes high and low water observational,
it also changes the local phases and amplitudes in a dramatic way, both at sea and
over land, because ‘land gets in the way’ of the moving water. The (almost) periodic
tidal movement is only recognizable when many higher harmonics like M4, S4, and
other tidal constituents are produced. To describe and accurately predict tidal eﬀects
at seaports harmonic analysis is indispensable. To study the change in phase and
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amplitude as the tide runs up from a seaport into a convergent estuary, the behavior
of a tidal wave must be modeled.
Graphical Modeling of the All-Ocean Equilibrium Tide
I start with describing the lunar tide caused by the eﬀect of gravity in the earth-moon
system with the moon in the equatorial plane. Note that the earth and the moon rotate
about a common center just inside the earth’s surface. On the earth’s surface, there is
an imbalance between the centripetal (inward) and centrifugal (outward) accelerations.
The centrifugal acceleration is the same everywhere on the earth, but the gravitational
force due to the moon varies over the surface of the earth. This results in the tidal
force. The so-called equilibrium tide is that which would result from the tidal force if
the earth were completely covered by water and responded instantly to the changing
forces and there were no friction. As a result of the tidal force, the equilibrium tide
has two bulges, one toward the moon and another on the opposite side. Thus one
notices two high and two low water per lunar day. At the side nearest to the moon,
the gravitational force wins from the centrifugal force while on the opposite side of the
earth the centrifugal force is dominant. This suggests the widespread misconception
(cf., Viiri, 2000) that high water should be the result of the moon’s gravitational
pull. But how could the very small radial component of the tidal acceleration (in
the order of 10−7 times the earth’s acceleration of gravity) pull this oﬀ against the
earth’s acceleration of gravity? Obviously it will disappear completely in the balance
of the dominant normal (or buoyant) force and gravity. Actually, the equilibrium tide
is determined by the remaining tangential components of the tidal force, called the
tractive force. The mathematical formula for the tangential component of the tidal
acceleration of a point on the surface of the earth is given by:
aϕ = −

3 GmM
· R sin(2ϕ) ,
2 r3

where G is the gravitational constant, R is the radius of the earth, mM is the mass
of the moon, r is the distance between the centers of these two bodies, and ϕ is the
rotation angle. The tractive force is maximal for ϕ = 45◦ and ϕ = 135◦ . With respect
to the moon, the angle ϕ varies with a period given by the relative angular speed:
ϕ = ωt = 360t/T , where T is the period determined by the motion of the earth and
the moon.
Assuming that, for an equatorial sea channel, the work done on the water fully
originates from the tidal acceleration, then one gets the following equality of diﬀerentials: aϕ R dϕ = g dh, where g is the acceleration of gravity and h is the water level.
This immediately results in:
dh
dϕ dh
dh
aϕ R
=
=ω
=ω
.
dt
dt dϕ
dϕ
g
Together with the above expression for aϕ , this equation can now be used in a system
dynamics-based graphical model as shown on the left-hand side of Figure 3.34. This
over-simpliﬁed, all-ocean model turns out to give an M2 tidal amplitude of 27 cm. A
similar model including the sun as well yields interference eﬀects as neap and spring
tides. The right-hand side of Figure 3.35 illustrates this.
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Figure 3.34: Screen shot of a graphical model of the lunar equilibrium tide.

Figure 3.35: Screen shot of a graphical model of the equilibrium tide with eﬀects of
moon and sun combined (M2 plus S2 tide).
Harmonic Analysis of Tides by Students
Because of the geographic position and the size of the Netherlands every inhabitant is
familiar with tides. In the North Sea, the tides are semidiurnal, that is, the level rises
and falls cyclically on a twice-daily basis, and the graph of a tidal motion, measured
or computed for a coastal place or an oil platform, is periodic with the two low waters
of each tidal day being almost equal in height and with the same behavior of the
two high waters. A periodic function can under certain conditions be mathematically
described with sums of sine functions, but tidal curves are always approximated in
Dutch mathematics textbooks by a single sine function. Students search on Internet
for tidal data of a coastal town on a certain day or the yearly average, and then they
try to match the data found with a good sine ﬁt using graphical software or a graphing
calculator. It is true that limitations of this simple mathematical model are brieﬂy
discussed and that in particular the asymmetry between low and high tide is pointed at,
but textbook authors do not go further than a short reference to harmonic analysis and
a pointer for background information on Internet. They suggest students to explore
tidal motion further in practical work or a research project, but they do not give any
clue of how to do this with a chance of success. A citation of De Lange (2000, p 25),
in a paper on studying tidal motion in the classroom, is hardly encouraging: “The
students don’t have the tools to ﬁnd a better way of coping with the lack of symmetry

i

i
i

i

i

i

i

i
3.3. Modeling

145

of the real graph.” But, when students have access to a state-of-the-art signal analysis
tool, then it allows them to come up with a more realistic description of tidal motion.
Examples show that the parametric high-resolution methods of signal analysis that
were added to Coach 6 can indeed help in accomplishing and understanding tidal
harmonic analysis.
The ﬁrst example concerns the predicted tidal data at Flushing from May 21 till
May 23, 2006 (the black dots in Figure 3.36). By the least squares method of peeling-oﬀ
functions (Foss, 1969) using sinusoidal ﬁts, a student can determine an approximation
of the tidal data with sum of two sinuoids: She or he determines ﬁrst the best sine ﬁt,
subtracts it from the data, that is, computes the residue, and then determines the sine
ﬁt of the residue; the sum of these two sine ﬁts is a reasonable approximation of the
tidal data. This method is illustrated in Figure 3.36, in which Coach was used. A
similar approximation would have been obtained with the implemented Prony method
for spectral analysis (Mackisack, Osborne, & Smyth, 1994; Smyth, 2000).

Figure 3.36: Predicted tides at Flushing from May 21 till May 23, 2006, and two
approximations of the tidal curve.
Tidal currents are not everywhere on earth of the same type: There are coastal
areas with a diurnal cycle, that is, with a period of approximately 24 hours, and there
are locations on earth where one has two cycles per day, but the two high waters and
the two low waters have marked diﬀerences in their heights. Oﬃcial tide tables for
almost all coastal areas on earth can be found on Internet. This enables students to ﬁnd
places and time periods for which the tidal model of a single sinusoid works well and
those for which more sinusoidal terms, called harmonic constituents, are needed for a
good description of the tidal data. In Coach, this tidal harmonic analysis is best done
with the the R-ESPRIT method (Mahata, 2003). For example, if one models the tidal
data for Sewells Point, Hampton Roads in Virginia, from March 23 till March 25, 2006
(retrieved from the website www.tidesandcurrents.noaa.gov of the National Oceanic
& Atmospheric Administration in the United States of America) with eight sinusoidal
functions, then one gets the following formula (with the automatically chosen snapshot
dimension equal to 84):
41.11 +
+

35.12 sin(28.982t − 75.637) + 6.38 sin(30.002t + 6.794)
4.97 sin(15.052t − 152.698) + 4.95 sin(13.946t + 78.075)

+

0.45 sin(0.200t + 106.750) + 0.96 sin(27.990t + 92.143)

+

0.02 sin(31.472t − 24.033) + 0.02 sin(33.216t + 103.765) ,
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where t is the time (in hours) from the beginning of 2005 and the speed of each
constituent (if you wish, the frequency of each sine function) has the in tidal analysis
commonly used unit of degrees per hour. The standard deviation turns out to be
about 8 cm. One can extend this model to 16 harmonic constituents by applying the
same spectral analysis to the diﬀerence of the predicted tides and the approximation
already found. In Table 3.1, the ﬁve most important contributions in the Coach
model are compared with literature values of the harmonic constituents. One may
call this agreement between the Coach model and the literature values astonishing.
The labels M2 and S2 belong to the harmonic constituents that are linked with the
motion of the moon around the earth and the motion of the earth around the sun,
respectively, and which cause the semidiurnal tide. The N2 constituent takes into
account the eﬀect that the orbit of the moon around the earth is in reality not a circle
but an ellipse. The diurnal constituents K1 and O1 take into account (amongst other
things) the inclination of the earth’s equatorial plane with respect to the plane of the
moon’s orbit. Most (if not all) harmonic constituents can be related to astronomical
phenomena and therefore a tidal prediction is often referred to as astronomical tide.
In practice, the number of constituents needed for accurate tidal predication and the
amplitude, speed and phase of each harmonic constituent are often determined from
tidal records of three consecutive years. As a matter of fact, the speeds are always
ﬁxed and only the amplitudes and phases of the strongest tidal constituents that have
propagated to a point of interest must be determined by regression methods. Short
term tidal constituents (say for data periods up to one month) are also determined by
the Fourier harmonic analysis method. More examples can be found in the references
given at the beginning of Section 3.3.3.
Coach model
speed (◦/h)
28.982
28.438
30.002
15.052
13.946

amplitude (cm)
35.12
7.70
6.38
4.97
4.95

Literature data
speed (◦/h) amplitude (cm)
28.984
36.6
28.440
8.1
30.000
6.4
15.041
4.9
13.943
4.2

label
M2
N2
S2
K1
O1

Table 3.1: Comparison of the principle harmonic constituents at Sewells Point
(Virginia) from March 23 till March 25, 2006, found in Coach and provided by the
National Oceanic & Atmospheric Administration in the USA.
Tidal analysis becomes more interesting for students when they can investigate
tidal motion closer at home. Figure 3.37 is a Coach screen shot of a tidal analysis
of two consecutive days at Europahaven, namely May 24-25, 2005. It shows that
the phenomenon of double low water (also known as agger), which means that the low
water consists of two minima separated by a relatively small elevation, can be modeled
well by harmonic analysis. Actually the model consists of a fundamental tidal speed
and overtides, that is, harmonic constituents with speeds that are an exact multiple
of the fundamental constituent.
In order to get results with the R-ESPRIT method that are in good agreement
with recorded data or oﬃcial tidal predictions, the choice of the snapshot dimension
(one of the two parameters in R-ESPRIT) is important. One must determine this
parameter by trial and improvement when the automatic value does not work well.
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Figure 3.37: Screen shot of modeling double low water at Europahaven.
The Implemented Signal Analysis Tools
Tidal analysis is the third application of a sinusoidal regression tool that allows curve
ﬁtting with sums of two or more sinusoid; gait analysis was the ﬁrst application mentioned in Section 2.4, and an example of speech analysis was shown in Section 3.1.1.
It seems time to discuss the choice of the high-resolution, spectral estimation tools
implemented in Coach and motivate the design choices.
Signal analysis can display the 
frequency spectrum of a data set presenting a periodic signal of the form yt = γ + j ρj sin(ωj t + φj ). Peaks in the frequency spectrum correspond with frequency components ωj (Actually, in Coach it is written as
ωj = 2πfj and the fj ’s are called the frequencies in the spectrum). Once the frequency
components of a periodic signal have been found, the other parameters (amplitude ρj
and phase φj ) can be estimated by linear regression methods. The design choice for
Coach 6, after thorough evaluation of the educational usability of many methods
of spectral analysis (Heck, 2004d) on the basis of sample data sets and computer
simulations, was to provide four methods: (1) Fourier transform; (2) linear prediction; (3) R-ESPRIT (Mahata, 2003); and (4) the symmetry-adapted, modiﬁed Prony
method described in detail by Smyth (2000). These four methods diﬀer fundamentally.
Fourier transform and the linear prediction method were already available in version 4 of Coach. Fourier transform is a nonparametric method, in which the estimate
of the power spectral density (PSD) is made directly from the signal itself. In this case,
the periodogram is used as an estimate of the PSD. The linear prediction method is a
parametric method in which the signal whose PSD one wants to estimate is assumed to
be output of a linear system driven by white noise. The linear prediction method is an
example of an autoregressive (AR) method in which one ﬁrst estimates the parameters
(coeﬃcients) of the linear system that hypothetically ‘generates’ the signal. These parameters are then used to generate an artiﬁcial spectrum, called the pseudospectrum.
The linear prediction method was originally introduced to allow students to carry out
speech analysis. It was mainly kept for backward compatibility reasons.
R-ESPRIT and Prony are subspace methods, which are known to be best suited for
line spectra, that is, for spectra of sinusoidal signals, and are eﬀective in the detection
of sinusoids buried in noise when the noise-to-signal ratios are high. The methods
are called subspace methods because the autocorrelation matrix of the signal depends
on a subspace that is the direct sum of the noise subspace and the signal subspace.
They generate frequency component estimates for a signal based on an analysis of
eigenvalues and eigenvectors of the autocorrelation matrix of the signal.
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The R-ESPRIT method is a state-of-the-art subspace method that depends on two
parameters. Firstly, the number of frequencies determines the order of the sinusoidal
model of the signal. The second parameter in the R-ESPRIT method, the snapshot
dimension, is linked to the construction of the autocorrelation matrix of the signal.
To form the autocorrelation matrix of the signal, the data set is broken into small
overlapping fragments or snapshots of ﬁxed length using a sliding window technique
known as spatial smoothing. There exists no simple criterion for an automatic choice
of the best snapshot dimension. In Coach 6, the spectral analysis is done for all
values less than 100 and the best snapshot dimension in this range is selected. Higher
snapshot dimensions can only be set manually in the program.
A Prony method is a parametric method based on the autoregressive-moving
average (ARMA) model of the signal and generates frequency component estimates
for a signal based on a direct estimation of the parameters in this model. An analysis
of eigenvalues and eigenvectors of a matrix plays again an important role here. The
symmetry-adapted, modiﬁed Prony method described in detail by Smyth (2000) has
been implemented in Coach 6. There is in this Prony method only one parameter,
namely the model order, which equals the number of frequencies that one wants to
estimate. In R-ESPRIT and Prony, a pseudospectrum is generated after estimation of
the parameters in the model of the signal. Peaks in this pseudospectrum correspond
with frequencies components in the signal, but have no other meaning. The strengths
of the four signal analysis methods complement each other, so it is advantageous to
have all of them available in a computer learning environment for inquiry-oriented
mathematics and science education. There exist many more signal analysis methods,
but the usability in eduction at secondary school level makes it necessary to select only
a few signal analysis methods and to ﬁnd herein a good balance between simplicity and
range of applicability. Table 3.2 lists the strengths and weaknesses of the implemented
methods.
An additional example illustrates the application of the high-resolution methods.
In Figure 3.38 are shown on the left-hand side the data points of a recorded sound
signal consisting of two close frequencies created by two tuning forks. The eﬀect
that one would hear is known as sound beats. In the diagram is also the graph of
the approximation found by the R-ESPRIT method, the pseudospectrum of which is
shown in the middle. The frequencies found are 383 and 440 Hz, which is in excellent
agreement with the tuning forks actually used in the sound experiment. The graph of
the approximation is most convincing evidence of the quality of the spectral analysis.
This result could not be obtained with the method of Fast Fourier Transform or by
other low resolution signal analysis techniques.

Figure 3.38: Spectral analysis of sound beats.
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Strengths
Fourier transform
• Faster than other methods like linear
prediction or R-ESPRIT, especially
when the oscillation consists of pure tones.
• Very good at determining intensities in the
spectrum.
• Asymptotically eﬃcient, i.e., as sample size
goes to inﬁnity the Cramér-Rao bound is
approached.
Linear prediction
• Good frequency resolution, even if there are
few data points.
• Best model order can be automatically
estimated via Akaike’s Final Prediction
Error Criterion (Akaike, 1969).
• By using lower quality for the coeﬃcients,
the envelope of the spectrum (i.e., formants)
can be gained. This is, for example, useful
for determining resonant frequencies.
• Asymptotically eﬃcient, i.e., as sample size
goes to inﬁnity the Cramér-Rao bound is
approached.

R-ESPRIT
• Excellent resolution (R-ESPRIT
outperforms other methods).
• Works in general also good with small
snapshot dimensions.
• Allows large noise-to-signal ratios provided
that the sample size is large enough
to get good results.
• Less sensitive to noise-to-signal ratio in case
of close frequencies than other methods
(this is why it is also called a superresolution method).
• Asymptotically eﬃcient, i.e., as sample size
goes to inﬁnity the Cramér-Rao bound is
approached.
The symmetry-adapted, modified Prony method
• Resolution as good as autoregressive
methods, sometimes better.
• The only parameter needed is the model
order, i.e. the number of frequencies.
• Allows incorporation of zero frequency to
deal with a constant shift of the data.
• Symmetry adaptation improves frequency
estimation.
• Asymptotically eﬃcient, i.e., as sample size
goes to inﬁnity the Cramér-Rao bound is
approached.
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Weaknesses
• Very poor frequency resolution when few
data points are available.
• Increased data size improves resolution, but
it does not improve performance regarding
the variance of the frequency estimator.
• The noise-to-signal ratio must be small in
order to get good estimates.

• The more accurate the frequencies are determined, the less accurate are the intensities.
• Poor settings may lead to a spectrum that
lacks important details.
• Accuracy is lower for high-order models,
long data records, and large noise-to-signal
ratio (causing line-splitting or extraneous
peaks in the spectrum).
• Peak locations may slightly depend on
initial phase of a noisy sinusoidal signal.
• Slower than Fourier transform.
• Often fails for small sample intervals or large
noise-to-signal ratios (this can only improved
by increasing the order of the model).
• One must determine the order of the model;
no criterion implemented.
• No criterion for selection of snapshot dimension and occasionally high values are needed
for good performance.
• Computationally less eﬃcient than Fourier
transform for large data sets or large
snapshot dimensions.
• Increased data size improves resolution, but
it does not improve performance regarding
the variance of the frequency estimator.
• Biased frequencies estimates may occur
depending on the estimation of the
autocorrelation matrix.
• One must determine the order of the model;
no criterion implemented.
• Fewer frequencies than asked for when
the model in ill-chosen.
• Computationally less eﬃcient than Fourier
transform for large data sets or large
number of frequencies.
• Requires the computation of complex
roots of a polynomial.
• High decimal precision is often needed in
case of large model orders to avoid
numerical problems.

Table 3.2: Strengths and weaknesses of four signal analysis tools.
Tidal Waves in Convergent Estuaries
Returning to the subject of tidal movement, I would like to mention that Gastel, Heck,
and Uylings (2007) also explored how far one would get with studying the change in

i

i
i

i

i

i

i

i
150

Chapter 3. Computer Tools for Cross-Disciplinary Work with Real Data

phase and amplitude of tidal waves as the tide runs up from a seaport into a convergent
estuary, when a system dynamics-based modeling tool was used. The underlying
thought was that, in case one designs a computer environment for inquiry-oriented
mathematics and science education, teachers and instructional designers should at
least be supported in doing more advanced inquiry activities themselves. In other
words, one wants to get an idea of how large the research space is within which
the environment can be fruitfully used. The authors were able to model the tidal
behavior of the English river Thames as a function of the tides of the North Sea.
They managed to model the river such that the amplitudes and the phases of the
tidal movement turned out to correspond reasonably well with empirical data. Their
calculations conﬁrmed that the amplitude almost linearly increases during the ﬁrst
20 km, reaches a maximum at 33 km from the mouth (actually at the Tidal Barrier
at 40 km), and then decreases again. In other words, the quality of the model was
remarkably good, given all assumptions made. The interested reader is referred to the
original paper. Clearly this level of modeling is beyond what can be expected from
secondary school students.

3.4

Data Logging, Control, and Video Combined

In Section 3.1.5 (p. 114), where I described the possibility of creating animations driven
by computer models and programs, I promised the creation of a funny applause meter
in which the measurement of the sound level by a microphone is element of the control
program that determines whether the cyclist moves forward. I keep my promise with
Figure 3.39. It is an appetizer for a section about the use of various combinations of
data logging, control, and video.

Figure 3.39: Screen shot of a Coach activity in which data logging, control, and computer animation are combined to create a funny applause meter: During the computer
simulation, the cyclist moves forward when the sound level is high enough.
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Two examples of inquiry activities for students in which data logging was combined
with synchronized video recording are presented: (1) part of a proﬁle research project
of a secondary school student in which muscle activity during walking was explored;
and (2) a ﬁeld experiment in which vertical jumping was explored using a force plate
and a webcam. The third example, a ﬁeld experiment in which the pupil light reﬂex in
a human eye was explored, combines data logging, control, and video in one activity.

3.4.1

Gait Analysis via Electromyography

Reference
Heck, A., & Van Dongen, C. (2008). Gait analysis by high school students. Physics
Education, 43 (3), 284–290.
Introduction
Caroline van Dongen, a secondary school student preparing for medical studies, collected and analyzed in her proﬁle research project gait data in much the same way
movement scientists do, namely, via recording and measurement of motions with a
video tool and via electromyography, that is, measurement of muscle activity. The
authenticity of the student project was rooted in: (1) the use of inexpensive tools (a
webcam, a simple EMG/ECG set and Coach software), which were on the one hand
ﬁt for educational practice and on the other hand in essence close to the techniques
used by biomechanists; and (2) the student’s use of the theoretical framework, nomenclature, and research methods of practitioners. That is to say, the student conducted
many aspects of motion analysis herself: She formulated research questions about
a self-selected gait pattern, searched and studied background information (amongst
which articles and fragments of gait analysis books), designed and carried out experiments, processed, analyzed and interpreted collected data, and ﬁnally contributed to
a joint paper (Heck & Van Dongen, 2008).
The main research question in the proﬁle project of Caroline van Dongen was:
“What is the course of human gait?” This was specialized as follows:
1. “Which phases are distinguished in the gait cycle?”
2. “What muscle activity happens during gait?”
3. “How do bones and joints make gait possible?”
The ﬁrst and third subquestions were addressed by video measurement with a webcam
of the planar motion of the leg around the hip and knee joint during normal walk on
a motorized treadmill in a sports center; see Figure 2.11 in Section 2.4.2 (p. 54) for a
picture taken from the part of her research report in which she analyzed a hip-knee
cyclogram of normal walk. In this subsection, I discuss the student’s exploration of
muscle activity during normal walk via dynamic electromyography (EMG).
Electromyography by Secondary School Students
In case of measurement of activity of superﬁcial muscles, surface electrodes are placed
on the skin surface to detect the electric activity responsible for contraction of muscles
(Perry & Burnﬁeld, 2010). EMG recording is rather diﬃcult because correct placement
of electrodes is critical. Processing and interpreting an EMG for a muscle is also not
easy. Nevertheless, the proﬁle research project of Caroline van Dongen and other

i

i
i

i

i

i

i

i
152

Chapter 3. Computer Tools for Cross-Disciplinary Work with Real Data

secondary school students showed that they were able to get empirical results that
were qualitatively in agreement with results from research literature (e.g., Rose &
Gamble, 2006, p. 40). It is extremely useful in the experimental setting that Coach
allows simultaneous data logging and video capture. The video clip and the measured
data are synchronized: This means that pointing with the mouse at a point on the
graph or at a table entry automatically shows the corresponding video frame in the
video clip and that selecting a particular frame highlights the corresponding points
in diagrams, when scanning mode is on. Then, scrubbing reveals that peaks in the
clearly periodic EMG signals are consistently linked to certain gait events.
This research project oﬀered the student the opportunity to personally experience
the challenges faced in gait analysis. Although the student found it diﬃcult to process
and interpret the recorded EMG data, she managed to read oﬀ from the EMG signal
when muscle activity was on and oﬀ in various gait patterns. She also managed (See
Figure 3.41) to interpret the processed signal in terms of phases and events in the
gait cycle, simply by reasoning about what muscle groups are involved in producing
a particular body part movement. A concrete example shows what processing and
analysis of EMG data actually meant in practice.
The student studied the motion of the lower limb during normal walking and running at various speeds. The motion was ﬁlmed from the side by means of a webcam
recording at a speed of 30 frames per second while the subject was walking on a
motor-driven treadmill. EMG data of four muscle groups were obtained at various
gait speeds: the gluteus maximus, the hamstring, the quadriceps femoris, and the
gastrocnemius. The last muscle group is the big muscle group at the back of the lower
leg. Surface electrodes were placed in a bipolar arrangement, that is, two electrodes
were placed over a muscle about 2 cm apart and a third electrode was placed at an
electrically neutral site (in this case, the ankle). The still from the recorded video
on the left-hand side of Figure 3.40 illustrates the locations used for the EMG of the
gastrocnemius, following the recommendations of the SENIAM project (SENIAM is
an acronym for Surface Electromyography for the Non-Invasive Assessment of Muscles; www.seniam.org). A sample rate of 900 Hz was used. The right-hand side of
Figure 3.40 shows the graph of the raw EMG signal of the gastrocnemius, recorded for
walking at a speed of 2.5 km hr−1 . The EMG signal is clearly periodic, which indicates
that the recording was successful. Scrubbing, when the scanning mode in Coach is
on, reveals that the maxima and minima are consistently linked to certain gait events.
Figure 3.41 shows the graph of the processed EMG signal during one gait cycle:
Processing means here that the absolute value of the raw signal was taken with respect
to the zero level of the signal (so-called full-wave rectiﬁcation) and that the rectiﬁed
signal was smoothed via a moving average (A 9-point moving average was used). These
techniques exemplify the use of basic mathematics in biomechanics practice. Peaks
in the diagram correspond with muscle activity and corresponding gait events, which
have been found by scanning the graph while watching the corresponding video frames,
have been marked in the diagram. The most general conclusion of the student, based
on the processed EMG diagram, was that the gastrocnemius is predominantly active
during stance phase. This is in agreement with on-oﬀ diagrams shown in research
literature (e.g., Rose & Gamble, 2006, p. 40). A deeper analysis went as follows:
Peak values are at terminal stance and when the foot is taken oﬀ the ground. This
can be understood because, during this part of the stride, the muscle ﬁrst undergoes
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eccentric contraction, which controls the forward movement of the tibia over the ﬁxed
foot, Thereafter the gastrocnemius undergoes a concentric contraction which initiates
plantar ﬂexion, which begins the toe-oﬀ phase. At terminal swing, the muscle might be
used during foot descent in order to provide stability to the ankle joint in preparation
for foot contact. Beginning at foot strike and ending at midstance, the gastrocnemius
is probably used for shock absorption, stability, and progression of the limb.

Figure 3.40: Recorded raw EMG signal of the gastrocnemius for normal walking.

Figure 3.41: Processed EMG signal of the gastrocnemius for normal walking.
In summary, the practical investigation discussed in this subsection is an illustrative
example of how students can collect both qualitative and quantitative real-time data
of the human gait by means of an inexpensive digital camera. Using a rather simple
EMG set, they can simultaneously capture a motion on video and record the muscle
activity. Processing and interpreting an EMG for a muscle or muscle group is not
easy. But, from the EMG signal, students can read oﬀ when muscle activity is on and
oﬀ. They can often interpret the EMG signal in terms of phases and events in the
gait cycle, simply by reasoning about what muscle groups are involved in producing a
particular body part movement. The authenticity of the student activities is realized
by the opportunity for high school students to investigate a real-world motion in
much the same way as movement scientists would do. Students can learn how physics,
mathematics, and biology come together in such work.

3.4.2

Exploring Standing Vertical Jumps

Reference
Heck, A., & Uylings, P. (2010b). Een sprong voorwaarts met wis- en natuurkunde [A
jump forwards with mathematics and physics], Nieuwe Wiskrant, 29 (3), 37–47.
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Introduction
Mathematics and physics play an important role in movement science and sports
science: They are fundamental in modeling and analysis of all kinds of motions. In
this ﬁeld experiment, the main focus was on the human performance in standing
vertical jumps and on various experimental ways to determine the vertical height of a
jump. The work is similar to the analysis of standing vertical jumps done by Linthorne
(2001) using a force plate and dedicated software, but it diﬀers in the sense that in
the presented ﬁeld experiment synchronized data logging and video capturing was
utilized and the complete analysis took place in a single computer environment. Two
types of jumps were analyzed: (1) the squat jump, in which a jumper starts from
a stationary semi-squatted position and then vigorously extends the knees and hips
to jump vertically up oﬀ the ground; and (2) the countermovement jump, in which
a jumper makes a preliminary downward movement by ﬂexing the knees and hips
before a vigorous extension. The sequence of action for each type of standing jump is
schematically shown in Figure 3.42.

Figure 3.42: Sequence of actions in (a) a squat jump and (b) a countermovement jump.
The indicated jumper’s center of mass moves only in the vertical direction.
One warning must be made in advance with respect to the image sequences in
Figure 3.42: The suggestion is made that take-oﬀ happens when the legs are fully
extended. In reality this is not true. Another surprising issue may be that in biomechanics literature more than one meaningful deﬁnition of vertical jump height can be
found. Scholz, Bobbert, and Soest (2006) distinguished the following three deﬁnitions.
A common deﬁnition is the height gained by the body center of mass in the airborne
phase only. Under this deﬁnition and under the assumption that air resistance can
be ignored and that the relative positions of body segments do not change during
ﬂight, jumping height is determined by the take-oﬀ velocity, which is the velocity of
the center of mass at the instant of toe-oﬀ. Somewhat problematic in this deﬁnition
is that it is in practice not easy to determine the center of mass of a jumper: It is
not a ﬁxed position within the body, but changes in response to relative changes in
position of body segments. A segmental model is needed to calculate the center of
mass during the jump. A second meaningful deﬁnition of vertical jump height is the
total height gained by the center of mass during the jump, including the height gained
during the push-oﬀ phase. Thirdly, vertical jump height could be deﬁned with respect
to the ground ﬂoor. In the below analysis, I use the ﬁrst deﬁnition. In this case, ﬂight
height can be operationalized in terms of take-oﬀ velocity, vtake-oﬀ , which is in turn
determined by the kinetic energy imparted to the jumper’s body by the muscles. The
height gained by the body center of mass in the airborne phase, Δhair , can be obtained
by applying the law of conservation of mechanical energy to the ﬂight phase of the
jump between the instant of take-oﬀ and the instant the jumper reaches the peak of
the jump and has a vertical velocity equal to zero. In the absence of air resistance,
one can easily derive the following formula:
Δhair =

2
vtake-oﬀ
,
2g

i

i
i

i

i

i

i

i
3.4. Data Logging, Control, and Video Combined

155

where g is the acceleration of gravity. Thus, the ﬂight height of a jump can be calculated once the take-oﬀ velocity is known. The diﬃculty lies in the determination of the
take-oﬀ velocity: Video analysis or the use of a force plate, possibly in combination
with synchronized video capture, can help out.
As Aragón-Vargas (2000), Linthorne (2001), and Moir (2008) pointed out, other
methods can be used to calculate vertical jump heights. For example, the time in
air, tair , can be used to estimate the vertical jump height when air resistance can be
ignored. The formula can be easily derived as follows: In the airborne phase there
is only a constant acceleration −g of the moving body. Because the take-oﬀ velocity
is assumed to be in magnitude the same as the velocity at foot-strike and only in
opposite direction, the following equation holds: −g = (vfoot-strike − vtake-oﬀ )/tair =
−2vtake-oﬀ /tair . Thus: vtake-oﬀ = g tair /2. Substitution in the previous expression for
ﬂight height gives:
g tair
Δhair =
.
8
The diﬃculty lies in the determination of the duration of the airborne phase: video
analysis or the use of a force plate can again help out. Moir (2008) reported that
the method that uses the take-oﬀ velocity is preferred when a force plate is used.
Henceforth, I only discuss the use of a force plate in combination with the use of synchronized video capturing, provided by the Coach hardware and software, following
the approach of Linthorne (2001). It also illustrates the requirements of a versatile
set of data analysis tools for an integrated open computer environment for mathematics and science education. In particular, it illustrates the application of numerical
diﬀerentiation and integration.
The Squat Jump
The simplest case is the squat jump with the hands at the hips and with leg motion
as the dominant factor in the jump motion. Figure 3.43 is a screen shot of a Coach
activity in which the vertical ground reaction force F has been recorded through the
force plate with a simultaneous video recording through a webcam. This feature of
synchronized measurement and video recording allows easy determination of correspondences between graphical features and vertical jump events; see Figure 3.44. In
the diagram is also shown the constant body weight M , recorded at the jumper’s
initial stationary position on the force plate (≈ 517.5 N ≈ 53 kg).

Figure 3.43: The vertical ground reaction force trace from a subject performing a
squat jump.
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Figure 3.44: The force-time graph of a squat jump with annotated events and jump
phases.
The impulse-momentum method oﬀers a possibility to determine the impulse of
the body at take-oﬀ and knowledge about the jumper’s body weight leads then to the
take-oﬀ velocity. The impulse-momentum method is based on Newton’s second law
of motion, which can be written as an equation of the integral of the propulsion force
over time, known as the impulse due to the force, and the change in the momentum
of the body from the start of the jump motion to the take-oﬀ. Application of this
equation to the push-oﬀ phase of the standing vertical jump, starting from when the
jumper is in stationary position (vstart = 0 at tstart ) through to the instant of take-oﬀ
(at ttake-oﬀ ) and with the propulsion force equal to FGRF − M = FGRF − mg, where
FGRF is the ground reaction force measured with the force plate, m is the jumper’s
body weight in kg and M is the body weight in N, leads to:
 ttake-off
(FGRF − M ) dt = mvtake-oﬀ − mvstart .
tstart

When this is worked out for a stationary starting position one gets:
 ttake-off
FGRF dt − M tpush-oﬀ = mvtake-oﬀ ,
tstart

where tpush-oﬀ = ttake-oﬀ − tstart is the time needed to move the body from the start of
the standing jump to the take-oﬀ. The left-hand side of the last equation consists of
the impulse due to the ground reaction force and the impulse due to the jumper’s body
weight, which both can be determined from the force-time graph. The area under the
force-time graph can be determined in Coach through the area tool from the data
analysis facility (See Figure 3.45), which gives an estimate of 0.248 s for the duration of
the push-oﬀ phase, an impulse due to ground reaction force of about 219.6 Ns and an
impulse due to body weight of 128.3 Ns. These data would lead to a take-oﬀ velocity
of 1.7 m/s for a jumper with a body weight of 53 kg. Using the relationship between
jump height and take-oﬀ velocity, this would correspond with a ﬂight height of 14.7 cm.
The relationship between jump height and the duration of the airborne phase gives
then a ﬂight duration of 0.347 s, which is very close to the measured and observed
ﬂight time of 0.35 s. The latter empirical value of ﬂight time would correspond with a
ﬂight height of 15 cm. Although the qualitative interpretation of the force-time graphs
in relation to the jumper’s motion is considered more relevant for science education

i

i
i

i

i

i

i

i
3.4. Data Logging, Control, and Video Combined

157

than the numerical evaluation (cf., Cross, 1999b), it is nice when measurements and
theoretical results are so consistent.

Figure 3.45: Application of the area tool in Coach to the recorded force-time graph
in order to determine the impulse due to the reaction ground force for the squat jump.
The velocity-time graph can be constructed in Coach through application of the
integration tool from the data analysis facility to the propulsion force and dividing this
function by the jumper’s body weight. Figure 3.46 shows the result for the recorded
squat jump. Now the maximum velocity of the body center of mass is close to 1.85 m/s.

Figure 3.46: Application of the integration tool in Coach to the propulsion force-time
graph in order to determine the impulse due to the reaction ground force for the squat
jump.
The height-time graph can be constructed in Coach through application of the
integration tool from the data analysis facility to the velocity. Figure 3.47 shows the
result for the recorded squat jump. Now the maximum height of the body center of
mass with respect to the initial height is close to 37 cm and the height in the ﬁnal
jumper’s upright position is close to 12 cm. This might mislead to the conclusion that
the ﬂight height is expected to be close to 25 cm, which is higher than the height
predicted earlier from the take-oﬀ velocity. The error made is that the ﬂight height
must be determined from computed heights between the instant of take-oﬀ and the
instant of landing. If one does so, taking the average value of 23.5 cm of the heights
at take-oﬀ and landing, a ﬂight height of 13.5 cm is found. This value is close to the
previously determined ﬂight height.
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Figure 3.47: Application of the integration tool in Coach to the velocity-time graph
in order to determine the vertical height of the body center of mass during the squat
jump.
Some of the ﬁndings calculated from measurements with the force plate, such as
the results about take-oﬀ velocity, ﬂight time and jump height, can be veriﬁed through
video analysis of the squat jump. Figure 3.48 is a screen shot of a video analysis activity
in which the position of the hip joint during the squat jump is measured by automated
point tracking. The velocity curve is determined by numerical diﬀerentiation of the
position data. In scanning mode one can estimate the vertical position of the hip joint
with respect to the selected frame of reference at the instant of take-oﬀ and when
the highest position is reached: The values are 79 cm and 93 cm. At both instances,
the legs are almost stretched and thus the video analysis leads to a ﬂight height of
14 cm. This is close to values that were determined by other methods. Assuming that
the vertical velocity of the hip joint at the instant of take-oﬀ is equal to the take-oﬀ
velocity of the body center of mass would lead to a take-oﬀ velocity of 1.75 m/s. Again
this value is close to the ones reported earlier on the basis of measurements with a
force plate.
Even more interesting is the comparison of the height measurement in the video
analysis and the computed height based on the measurements with the force platform:
Figure 3.49 illustrates a very good match. It is always nice when empirical results and
theoretical results match so well. Students can also learn in this way that it is useful
to analyze data with various methods and compare the results. They can also explore
other vertical jumps like the countermovement jump or a running jump, and compare
the human performance. I only exemplify this for the countermovement jump.

Figure 3.48: Video analysis of the hip joint motion during a squat jump.
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Figure 3.49: Comparison of the height measured in the video and the height computed
on the basis of force platform measurements.
The Countermovement Jump
In the same manner as for the squat jump one can obtain the propulsion force-time
graph, the velocity-time graph, and the height-time graph with the help of the data
analysis tools of Coach for a countermovement jump. The results are shown in
Figure 3.50. In comparison with the squat jump there is now an extra phase at the
beginning of the jump in which the jumper moves from an upright standing position
downward by ﬂexing at the knees and hips before vigorous extension of knees and
hips again to jump oﬀ the force platform. Such a pre-stretch enhances the jump
performance. This can also be seen in the velocity-time graph in which the maximum
velocity is greater than in the squat jump presented earlier in this paper. Scanning the
vertical height-time graph would also reveal a higher ﬂight height (20 cm) than in the
squat jump (15 cm). Linthorne (2001) pointed out that the superiority in performance
of the countermovement jump lies in the fact that the ground reaction force at the
start of the upward phase is already much greater than body weight. The jumper thus
performs more muscle work early in the upward phase of the jump than in the squat
jump, and so the jumper reaches a higher take-oﬀ velocity. Such comparison studies
would give students a good impression of how movement scientists think and work.

Figure 3.50: The vertical ground reaction force trace of a countermovement jump and
a further analysis of motion data.
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Measuring the Pupil Light Reflex

Reference
Heck, A., & Bruidegom, B. (2007). Bridging between contexts and concepts: How data
video and computer modelling can help. In D. Benzie & M. Iding (Eds.), Proceedings of
IFIP Conference on Informatics, Mathematics, and ICT: a ‘golden triangle’, Boston,
MA, USA.
The Field Experiment
The pupil light reﬂex is the change of pupil area in response to a change of light.
Constriction of the pupil of the eye happens quickly and automatically in response to
a step-increase of light intensity. But a pupil cannot instantaneously reach its new
size when the level of illumination is suddenly increased: There is a delay in reaction
time (200-500 ms) and hereafter constriction can be approximated reasonably by an
exponential decay function. Hereafter, in case the step-increase was not too large,
the pupil re-dilates slowly almost back to its original size. This response is called
pupil escape. If, however, the increase in light intensity is very large, the pupil simply
constricts without re-dilation, a response named pupil capture. Pupil escape and
capture have been successfully modeled via nonlinear delay-diﬀerential equations (cf.,
Bressloﬀ, Wood, & Howarth, 1996).
The pupil light reﬂex aﬀects both eyes, even if only one eye is stimulated. This
fact is used in the following experiment: The right eye of a person is stimulated by
an oscillatory light stimulus via a bicycle lamp, which is periodically switched on and
oﬀ, and the pupil motion is recorded at the same time with a webcam operating at a
frame rate of 60 fps. A Coachlab interface connected with the computer is used to
control the lamp and to measure the light intensity in the test tube. At the beginning
of the experiment, the test tube with the lamp is held in front of the webcam so
that, if necessary, the recorded video and the light intensity measurement can be resynchronized by matching the ﬁrst increase of light intensity with the ﬁrst time that
the bicycle lamp is switched on. Hereafter the lamp is put in front of the right eye and
the data collection continues. Figure 3.51 shows the screen shot of the Coach activity.
Note that manual synchronization of the video capturing process and the data logging
afterwards can be required because of technological weakness of low cost webcams.
The timings visible in the screen shot reveal that this was in fact done. The lower-left
window is a visual representation of the Coachlab interface with the connected light
sensor and lamp. The upper-right window shows the control program to switch the
lamp on and oﬀ. The upper-left window contains the recorded video and the lower-left
window shows the graph of the measured light intensity during the experiment. All
windows are linked: so by comparing the step-increases of the light intensity with the
frames in which the pupil constricts, one can ﬁnd the delay in reaction time. The
measured reaction time is 0.25 s.
The recorded video is used to measure the diameter of the left pupil during the
second phase of the experiment. Automated point tracking makes this measurement an
easy task: Two opposite points at the boundary of the pupil are selected in the starting
frame and the coordinates of these points are automatically recorded in subsequent
frames. These recordings are used to compute the pupil diameter at any time during
the second phase of the experiment. Figure 3.52 is a screen shot of the video analysis
activity. The graph of the measured pupil diameter is shown in the right window.
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This diagram also contains the graph of the sinusoidal regression curve that ﬁts the
data. The period of the pupil oscillation is 4.3 s, which is in agreement with the period
of the measured light intensity.

Figure 3.51: Screen shot of a Coach activity that combines data logging, synchronized
video capturing and control of the experiment.

Figure 3.52: Screen shot of the video analysis of the pupil light reﬂex.

3.5

Video Analysis and Modeling Combined

The main focus in my research and development work described in this thesis was
ICT-supported quantitative mathematical modeling in the context of mathematics
and science education. I explored activities in which secondary school students can
develop mathematical models in order to come to grips with natural phenomena and to
interpret real data. By real data I mean data collected by the students in experiments.
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In this section I consider practical work in which data were collected through video
analysis and computer models were developed via the graphical, system dynamicsbased modeling tool of Coach 6. I report on seven ﬁeld experiments, which can be
categorized into two groups. The ﬁrst three ﬁeld experiments—modeling the motion
of a yoyo, a falling shuttlecock, and the decay of beer foam in a glass—were simple
experiments that students can do in class and for which they are expected to be able to
develop mathematical models that give a fair description of empirical data. In these
ﬁeld experiments, the usability of video analysis and graphical modeling tools was
also a point of attention. The last four ﬁeld experiments—modeling a falling chain
(related to bungee jumping), sprinting, bouncing gaits, and the giant circle on the
high bar—were more closely connected to the subject of how ICT can contribute to
the realization of challenging authentic student research projects. In most of these
case studies, motion analysis of sports movements was used to collect and analyze
motion data, and computer models were developed with the graphical modeling tool
in Coach, which were at a level of sophistication close to that of models created by
sports scientists. One could say that I explored in the last four case studies the frontiers
of research that students and teachers can do with a computer environment that is
primarily designed for mathematics, science, and technology education at primary and
secondary school level.

3.5.1

Modeling the Motion of a Yoyo

Reference
Heck, A., & Uylings, P. (2005). Yoyo Joy. In F. Olivero & R. Sutherland (Eds.),
Visions of Mathematics Education: Embedding Technology in Learning, Proceedings
of ICTMT 7, Vol. 2 (pp. 237–244). Bristol, UK: University of Bristol.
Introduction
All secondary school students investigate the motion of an object falling freely under
gravity. A challenging extension is obtained when one ties a cord to this object and
wraps it around an axle, that is, when one make a kind of yoyo out of it. The
constrained coupling of translation and rotation as well as the limited length of the
cord make the motion much more interesting. Students can collect experimental data
of the yoyo going up and down via video measurement. Mathematics and physics help
them to describe and understand the motion. With suitable system dynamics-based
modeling software they can create their model(s) and compare with reality.
Video Analysis of a Downward Yoyo Motion
Figure 3.53 is a screen shot of a video analysis activity in which the downward motion
of a self-made yoyo captured by a webcam was analyzed and mathematically modeled.
Because of the unusual size of this object, most students do not believe their eyes when
they look at the yoyo winding up and down slowly. One sees them thinking “How can
this yoyo move so slowly and still go all the way up? What trick is behind this?”
No trick at all! Mathematics and physics help students describe and understand the
motion. One is referred to the original paper for details of the algebraic modeling of
the unwinding yoyo based on fundamental physics concepts.
The ﬁrst step in the investigation was to collect data of the yoyo that was winding
down and up again. The position of the point near the rim of the disk and marked by
a sticker (P1) was measured in a slightly moving coordinate frame whose origin was
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the hand of the teacher holding the end of the cord of the yoyo. Automated point
tracking was used to collect coordinates of points of interest: The red boxes show the
areas that the software searched in the current frame of the video clip for the origin
and for the point marked by the sticker. In the upper-right diagram, the horizontal
position and the vertical position of the point P1 were plotted against time. This was
combined in the diagram with a sinusoidal ﬁt of the horizontal displacement of the
yoyo, due to an unintentional pendular motion of the yoyo, and a quadratic function
ﬁt of the vertical position during the ﬁrst phase in which the yoyo unwinds. These
trend curves were used as coordinate functions of a computed point that is displayed
in the video clip (P2): It turned out to be close to the position of the axle during the
unwinding phase of the yoyo.

Figure 3.53: Screen shot of a video analysis activity about the motion of a yoyo.
Experimental Modeling
The motion of the point P1 near the rim of the disk is a superposition of a translational
and rotational motion. I consider it important that secondary school students are
exposed during their physics education with several examples of motions that can be
best explored by decomposing the movements in two or more components. For an
object freely falling under gravity, the acceleration of the object is constant, and thus
the distance traveled by a free-falling object is quadratic in elapsed time after release
of the object. A ﬁrst guess could be to check whether the displacement of the center of
mass located at the axle of the yoyo: This motivated the quadratic trend curve of the
vertical position of the point P1. The rotational motion would then be an accelerated
circular motion around the axle and the vertical projection of this motion would be an
accelerated cycloid. For this viewpoint it would be wise to plot the vertical position of
the point P1 against the square of time. Then the graph can be described as the sum
of a straight-line approximation and a sinusoidal approximation of the residue. This
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is shown in the lower-left window of Figure 3.53. The lower-right window contains the
graph of the calculated orbit of the point P1 while the yoyo unwinds.
A System Dynamics Approach
A physical interpretation of the above description of the unwinding yoyo is as follows:
The center of mass moves downward with a constant acceleration that is numerically
much less than the acceleration due to gravity for a free falling object. The point P1
rotates around the axle with an angular velocity that increases linearly in time. It is
an exercise in trigonometry to compute from the vertical displacement of the axle and
its radius how much rotation already has taken place and to determine the coordinates
of the point P1. This has been applied in the modeling activity shown in Figure 3.54
below, which was created with the graphical system dynamics-based modeling tool
of Coach 6. The diagram in Figure 3.54 shows a phenomenal match between the
measured vertical position of the point P1 near the rim of the yoyo and the computed
y-value.

Figure 3.54: Screen shot of a modeling activity about the motion of a yoyo.
The meanings of the icons in the graphical model are similar to those of other
system dynamics-based software such as stella (Steed, 1992): There are icons for
state variables (levels or stocks), ﬂows, auxiliary variables, constants, and connectors.
What is special about the modeling tool of Coach 6 is the possibility of handling
discrete events in a rather easy way. In this particular case, one has to update the
velocity and acceleration at the following discrete events: Firstly, when the end of the
cord is reached and the yoyo starts rotating around a the turning point, and secondly
when the turn is completed and the yoyo continues winding upward. However, the
details have been hidden in the model shown in Figure 3.54: the ‘Events’ box on
the left in the graphical model contains the hidden subsystem that takes care of the
change of direction from downward to upward motion of the yoyo. The ‘Ycoord’ box
on the right contains the subsystem that computes the coordinates of point P1 at
any time t. The ‘a0’ box down in the middle contains the subsystem that computes
the constant acceleration determined by the physical dimensions of the yoyo, its mass
and the acceleration of gravity. All three subsystems are closed in Figure 3.54 to give
the simple, but still complete graphical model of the motion of the yoyo. Figure 3.55
shows the model with all subsystems opened; details can be found in the paper.
By creating open or closed subsystems of a model, an instructor can focus on the
overall structure of the model and zoom in on any subsystem for more details. In
other words, the information can be shown at diﬀerent levels of complexity. The use
of subsystems in graphical modeling is a kind of use of multiple representations to pro-
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vide complementary information (cf., the DeFT framework of Ainsworth, 2006): One
representation would become too complex to show all information; it seems better to
change the representation by a single mouse-click and to instantly alter the information level of the graphical model. This is an example of how principles of multimedia
learning, use of multiple representations, and user interface design play an important
role in the design and usability of a computer learning environment.

Figure 3.55: Screen shot of the modeling window with open subsystems.

3.5.2

High Speed Video Analysis of a Falling Shuttlecock

Reference
Heck, A., & Uylings, P. (2010). In a hurry to work with high speed video at school.
The Physics Teacher, 48 (3), 176–181.
Introduction
Casio Computer Co., Ltd., brought in 2008 high speed video to the consumer level
R
R
with the release of the EXILIM Pro EX-F1
and the EX-FH20
digital camera. The
EX-F1 point-and-shoot camera can shoot up to 60 six-megapixel photos per second
and capture movies at up to 1200 frames per second. All this, for a price of about
US $1000 at the time of introduction and with an ease of operation that allows high
school students to learn operate the camera within ten minutes. The EX-FH20 is
a more compact, user-friendlier, and cheaper high speed camera that can still shoot
up to 40 photos per second and capture up to 1000 fps. Yearly, new camera models
appeared and prices have gone down to about US $250-300. Technological progress
has actually led to the development of high speed cameras at such low cost, consumer
level (See, Vollmer & Möllmann, 2011a, for a discussion of the technology of high
speed cameras).
In this paper I intended to illustrate that with the advent of such high speed video
technology at the consumer level, or at least at a level that schools can aﬀord such
cameras for use in a science lab, video analysis in education has reached a next stage
of eﬀectiveness in understanding science. Students now have the opportunity to work
directly with high-quality video data in cases where motion was in the past too quick
for recording with a normal digital camera or webcam, for instance, data collection
of human and animal locomotion or motion in sports. It allows students to carry out
authentic activities in which they record video clips or image sequences of rather fast
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motions and use them for a detailed investigation of a real-world phenomenon (cf.,
Koupil & Vı́cha, 2011; Mathavan, Jackson, & Parkin, 2009; Vollmer & Möllmann,
2011b). They can work with software tools to measure on movies or image sequences
of real phenomena, to analyze collected data, to build and simulate computer models,
and to compare results from computer simulations with the obtained video data. In
this paper I also wanted to point out that for this kind of practical investigative work
it is convenient that the video analysis system which is used by the student provides
tools for perspective correction and tracking of points of interest.
As showcase example I chose a vertical fall experiment where the eﬀects of air
resistance are important and measurable. This topic is not new in education: In the
popular experiment of dropping coﬀee ﬁlters, balls, party balloons, or paper cones
(references in the original paper), students investigate the movement of an object
released at a certain height and they determine the inﬂuence of weight, size and shape
of the falling object on its motion. The intended audience of students (age 15-16
yrs.) carries out such experiments as practical classroom work using various data
collection techniques. In these experiments, which normally take two lessons, it is
almost always stated without support that the drag force acting on the falling objects
is approximately proportional to the square of their velocity. Students then use this
to explain how a constant terminal velocity is reached.
Many of the objects used in the previously mentioned experiments exhibit a scholastic and artiﬁcial character. For a follow-up investigation to be carried out one or two
years later, I selected the motion of a sports object, namely, a badminton shuttlecock.
It is known from classroom experience that investigating drag forces in a setting of
real-life sports constitutes a more interesting challenge to a high school student.
Another reason for choosing this object is that in the past studies have been published which used the vertical fall of a badminton shuttlecock to investigate various
models of air resistance: Peastrel, Lynch, and Armenti (1980) measured the times
required for a shuttlecock to fall given distances (up to almost 10 meters) and they
compared their data with the predictions of several models of air resistance. Their
least-squares analysis of distance-time data favored a resistive force quadratic in velocity. In an attempt to conclusively determine whether the drag force on a feather
shuttlecock in vertical fall is proportional to the velocity or the velocity squared,
McCreary (2005) recorded parts of the motion of a shuttlecock (immediately after the
start of the vertical fall, after a fall of 1.33 m, and after a fall of 1.88 m) with a high
speed camera that could record 250 frames per second and she analyzed her video clips
with the VideoPoint video analysis software. She concluded that the resolution of
the camera and the fact that she could only record parts of the motion of the shuttlecock instead of a complete trajectory made it impossible to ﬁnd conclusive evidence
of the value or the nature of the resistive force.
Technology at school level has improved to such an extent that a successful aerodynamics study is currently within reach of high school students. This study of the
motion of the free falling shuttlecock served as a pilot case of practical investigative
work intended for pre-university students. Next to the Casio high speed camera, the
Coach 6 computer learning environment for video analysis and graphical modeling
was used. The simulation results from the computer model were compared with the
video data. This case study was also done to get an idea whether this work is feasible
in upper secondary education and how much time it would cost students. Conclusion
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was that senior high school students (age 17-18) are likely able to ﬁnd in reasonable time strong support for the quadratic model of air drag of the shuttlecock from
this experiment. The results were in agreement with results of Cooke (1992, 1999,
2002) and of a more recent research study of Chen, Pan, and Chen (2009), which
illustrates that current technology contributes to the realization of students’ practical
investigative work that is pretty close to the level of experiments carried out by sports
scientists. On the basis of classroom experiences for many years with video recording,
video analysis, and graphical modeling, and on the basis of this pilot study it seems
fair to estimate that students in a pre-university stream can investigate the free fall
of a shuttlecock in one afternoon, provided that they are already familiar with the
techniques. For novices the estimated amount of time must be doubled.
Video Analysis and Modeling of a Free Falling Shuttlecock
In the experiment, a commonly available synthetic badminton shuttlecock was dropped
from a height of approximately 4.5 m and its motion was recorded with the Casio
EXILIM Pro EX-F1 digital camera at a resolution of 384×512 and a frame rate of
300 fps. No special arrangements such as extra light sources were set up. Image
rectiﬁcation was applied to the recorded movie clip and data for the vertical position
of the shuttlecock during the free fall were collected via automated point tracking.
The velocity of the shuttlecock was obtained by the built-in, quintic penalized splinesmoothing based algorithm (Ramsay & Silverman, 2005) for computing numerical
derivatives. Such advanced algorithms are needed in a computer learning environment
if one does not want to be confronted in students’ activities with technical obstacles
such as noise dominating data after numerical diﬀerentiation with ﬁnite-diﬀerence
formulas. Numerical diﬀerentiation will be further discussed in Section 3.5.5.
The velocity-time graph indicates that the falling shuttlecock reached after a short
time a constant velocity. In Figure 3.56, this information about the restricted range
in which the velocity is fairly constant has been used to perform a straight-line ﬁt of
the position-time graph. This method, which was advocated by Gluck (2003), gave a
value of 4.75 m/s for the terminal velocity.

Figure 3.56: Vertical position–time graph (magenta curve) and velocity–time graph
(green curve) of the falling shuttlecock. The linear function ﬁt of the position–time
graph shows the approach to linear motion after about 0.8 second.
The modeling of the motion of the free falling shuttlecock aimed to examine which
of the two models of air resistance, linear or quadratic drag, best describes the collected
data. In fact, students must realize that they better model the velocity instead of the
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position of the shuttlecock, because Newton’s second law of motion can be considered
in this case as a ﬁrst-order diﬀerential equation in the velocity v:

⎧
v
⎪
⎪
−1
for linear drag,
⎪g
dv ⎨  vT

 2
=
⎪
v
dt
⎪
⎪
g
−1
for quadratic drag,
⎩
vT
g is the acceleration of gravity, and vT is the terminal velocity of the shuttlecock. In
both cases, the diﬀerential equation can be solved analytically; this even holds for a
sum of linear and quadratic drag. This makes it possible to apply nonlinear leastsquares curve ﬁtting to the empirical data: for example, modiﬁed exponential curve
ﬁtting for the linear drag model. The results (best estimate and standard deviation
σ) are shown in Table 3.3. Clearly the model based on quadratic drag described the
empirical data better than the model with linear drag.
model
linear
quadratic

vT (m/s)
-7.36
-5.13

σ (m/s)
0.08
0.01

Table 3.3: Least-squares ﬁt of terminal velocity for linear and quadratic drag force.
But solving the diﬀerential equations analytically is beyond the mathematics level
of secondary school students. They could use instead a (graphical) modeling tool
to numerically solve the diﬀerential equations and compare modeling results with
empirical results. In the graphical, system dynamics-based modeling tool of Coach 6,
the equation of motion for both cases could be represented as in Figure 3.57; only the
mathematical formula behind the icon for the drag force would diﬀer for the two cases.
This graphical model can be considered as a representation at conceptual level of the
system dynamics, where relation arrows indicate dependencies between quantities.
Pre-university students seem to quickly grasp this idea.

Figure 3.57: A graphical model representing the equation of motion for an object that
falls vertically and is subject to air resistance.
For both the linear and quadratic drag model, one ﬁnds by trial and improvement the best value for the proportionality constant k so that the computer position
and velocity curves visually match best with the empirical data. Figure 3.58 and
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Figure 3.59 show the best simulation results for the position–time graph and the corresponding velocity–time graph for the linear and quadratic drag model, respectively.
The experimental quantities of position and velocity are displayed in these diagrams
as background graphs. The ﬁgures clearly illustrate that a much better match between
modeling results and empirical data was obtained for the quadratic drag model than
for the linear drag model. The parameter choice of the proportionality constant k in
the quadratic drag model corresponded with the drag coeﬃcient Cd = 0.47, which is
in good agreement with reported literature values (Cooke, 1992; 1999) ranging from
0.48 to 0.53, and led to the terminal velocity of −5.2 m/s, which was not far away
from the velocity found through experimentation.

Figure 3.58: The position–time graph and velocity–time graphs of the best simulation
for the linear drag model.

Figure 3.59: The position–time graph and velocity–time graphs of the best simulation
for the quadratic drag model.
The most important message coming from this ﬁeld experiment is in my opinion
that, supported by appropriate ICT tools, students can examine a drag model, instead
of simply assume or accept a given drag model. It promotes a critical attitude, in which
questioning and examining statements is considered normal.

3.5.3

Modeling the Decay of Beer Foam in a Glass

References
Heck, A. (2009). Bringing reality into the classroom. Teaching Mathematics and its
Applications, 28 (4), 164–179.
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Heck, A. (2009). Dit programma wordt u aangeboden door AMSTEL [This program
is oﬀered to you by AMSTEL]. Nieuwe Wiskrant, 29 (2), 37–45.
Introduction
Exponential growth and decay are mathematical models that can be applied to many
physical phenomena. Common examples of exponential decay in mathematics and
physics textbooks are cooling processes, radioactive decay, and discharge of a capacitor.
In this paper I described a fascinating example from real life for secondary school
students to investigate with inexpensive means, namely, the collapse of the head of a
beer poured into a glass. This example, which illustrates an entire investigation in a
Predict-Observe-Explain (POE) instructional approach to practical work, was part of
an e-class on continuous dynamical systems for the optional Mathematics D program
in the Netherlands. An e-class can be summarized as web supported instruction in a
blended learning approach; for more details about the e-class concept, I refer to the
descriptions of the e-classes on dynamical systems (Heck, Houwing & de Beurs, 2009;
Heck, Houwing, Val, et al., 2009). The e-class about continuous dynamical systems also
emphasized doing real experiments regarding phenomena that can be mathematically
modeled by diﬀerential equations. The experiments had to be simple enough so that
students could do them outside school. An example is the collapse of beer foam, which
can be modeled by an exponential decay model. When also the liquid content of the
glass is taken into account a linear system of diﬀerential equations comes into play.
All mathematics needed is part of the Dutch pre-university mathematics curriculum.
Video Analysis of the Head of a Beer
The experiment is simple and similar to the one described by Leike (2002) and by
Hackbarth (2006): a natural beer pour into a glass with height measurements for beer
and foam. Figure 3.60 shows a screen shot of a video analysis of the height of the beer
(BeerH, deﬁned as the height from the inside bottom of the glass to the beer/foam
interface) and of the head of an alcohol-free beer (WetFoamH, deﬁned as the height
from the beer/foam interface to the top of the foam). The movie has been recorded
within Coach via a webcam capturing at a speed of 1 frame per 4 seconds. It is an
example of low speed video technology, which is more popular in ﬁelds like astronomy
and biology. Some of the beer foam sticks to the side of the glass and this makes it
diﬃcult to get accurate measurements of the height of the head of the beer through
automated point tracking. Nevertheless, this noisy data set will do for the purpose of
the analysis of the experimental results.

Figure 3.60: Screen shot of a video analysis of the head of an alcohol-free beer.
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The exponential decay model of beer foam corresponds with the following ordinary
diﬀerential equation: WetFoamH (t) = − τ1 · WetFoamH(t) , where τ is a time constant
called the lifetime of the beer foam. In the diagram to the right in Figure 3.60, the
best exponential decay curve for the measured head of the beer is shown, using the
formula WetFoamH(0) · exp(−t/τ ), where WetFoamH(0) is the initial foam height at
time t = 0. The graph matches the data well, except at the early stage, and the
lifetime in this experiment is 131 seconds with initial foam height equal to 8.7 cm. In
connection with this exponential decay, an exponentially decelerating growth curve
ﬁts the measured height (BeerH) of the beer. It is expressed by a function of the
following type BeerH(t) = c − a · exp(−b · t), where the best parameter values were
a = 3.7 (cm), b = 0.04 (L/s), and c = 7 (cm).
The processes that play a role in the foam formation and retention are not simple
and form the trick of the trade of beer brewing. The key physical events of foam
formation, retention and adhesion are as follows (Lewis & Bamforth, 2006): (1) bubble
formation; (2) creaming; (3) drainage; (4) disproportionation; and (5) lacing. Dale,
West, Eade, et al. (1999) found that a simple exponential law models the ﬁrst phase of
the decay of beer foam mass, which may take about 300 seconds (depending amongst
other things on the type and temperature of the beer and the manner of pouring
the beer into the glass) and accounts for 85-90% loss of foam mass. But as drainage
proceeds, the foam structure changes from spherical to polyhedral bubble shapes and
it shrinks. The concentration of polypeptide material in the foam increases and the
foam coarsens through disproportionation (i.e., diﬀusion of gas from a small bubble to a
larger adjacent bubble). This consolidation phase can also be modeled by exponential
decay (Dale et al., 1999). Thus, the beer foam collapse is usually better modeled
through a bi-exponential model that consists of a fast and slow decay. Regression
analysis on the basis of the least squares method of peeling-oﬀ functions (Foss, 1969)
can be used successfully for ﬁnding suitable parameter values for the bi-exponential
model (Heck, 2009b).
Reﬁnement of the exponential model of the decay of the head of a beer will only be
necessary when one wants to put the dots on the i’s and add step-by-step more details
to the model with the purpose of getting a better match between model and reality.
This progressive aspect is common in quantitative mathematical modeling: First one
simpliﬁes the situation to such an extent that a simple model can be constructed.
Hereafter one evaluates this model, preferably by comparing it with experimental
data, and one adapts it if necessary. Adaptation of the model normally means that
one makes the model more complicated by taking more factors, which cannot really
be neglected, into account or by undoing some earlier simpliﬁcations. In my opinion,
students should get ample opportunity to experience through investigative work the
nature of modeling. I strongly believe that by looking at various models of one and the
same phenomenon a critical attitude of students is promoted. I illustrate this through
further modeling of beer foam collapse.
The beer model can be improved by separating the wet part of the beer foam from
the dry part of the foam, and by distinguishing between the contribution of drainage
and condensation to the beer foam collapse. I follow Hackbarth (2006), who introduced
dry foam height (DryFoamH) by DryFoamH = WetFoamH − (ﬁnalBeerH − BeerH),
where FinalBeerH is the height of the beer in the glass after the head of the beer has
disappeared (assuming that one does not take a drink). Hackbarth (2006) showed that
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the dry foam height can be mathematically modeled well through exponential decay
over the whole time period. The diagram in Figure 3.61 illustrates that this also held
for the recorded pour and decay of the beer in the experiment. The lifetime of dry
foam was 153 seconds, which is as expected more than the lifetime found for wet foam.
The initial dry foam height was 6.7 cm. In combination with the bi-exponential model
of the decay of the wet part of the beer foam, I obtained a tri-exponential model for
the decay of the head of the beer that described the measured decay in the experiment
very well (Heck, 2009b).

Figure 3.61: Screen shot of the exponential decay model of the dry foam height.
Besides the above experimental modeling, one can also model all parts of the
decay process via diﬀerential equations and numerically solve these equations with
a computer modeling tool. I used the graphical, system dynamics-based modeling
tool of Coach 6 for this purpose. It also illustrates an example of the use of the
extension of the graphical system dynamics-based modeling discussed in Section 3.3.1,
in which chemical kinetics was modeled graphically. Below I discuss two models used
for modeling the empirical data obtained in the experiment.
In the ﬁrst model, the exponential decay of beer foam and the increase in height
of the liquid beer are combined into the following system of equations:
d
d
WetFoamH(t) = −Collapse(t),
BeerH(t) = f · Collapse(t),
dt
dt
1
Collapse(t) = · WetFoamH(t),
τ
where f is the conversion factor that relates an amount of beer foam to an equivalent
amount of liquid beer. Figure 3.62 is a screen shot of the corresponding graphical
model, in which the Erlenmeyer ﬂask icon links the outﬂow of the foam height and the
inﬂow of the beer height. The diagram were obtained for parameter values τ = 100 (s),
f = 0.15, WetFoamH(0) = 10 (cm), BeerH(0) = 5.65 (cm).
A better match between experimental data and results from a theoretical model
can be obtained by separating wet and dry foam height, just like Hackbarth (2006) did,
and by assuming a nonconstant life time of the drainage. The diﬀerential equations of
the second model are:
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Figure 3.62: Screen shot of a coupled model of foam height and beer height.
d
d
DryFoamH(t) = −DryDecay(t),
WetFoamH(t) = −WetDrainage(t),
dt
dt
d
BeerH(t) = f · DryDecay(t) + WetDrainage(t)
dt
1
1
DryDecay(t) =
· DryFoamH(t), WetDrainage(t) =
· WetFoamH(t).
τdry
τwet
Figure 3.63 is a screen shot of the corresponding graphical model, in which the
following sigmoid function was chosen after trial and improvement for the lifetime of
the drainage process:
99.9
τwet = 0.1 +
.
1 + 1.2e(2−0.05t)
A very good match between the computed model results and the empirical data was
obtained. Figure 3.63 hardly leaves space for doubt. This makes the increase of the
liquid beer height also mathematically well modeled.

Figure 3.63: Screen shot of a coupled model of foam height and beer height with
distinguished dry and wet parts of the foam, and with a time-dependent lifetime of
the drainage of the beer foam.

3.5.4

Understanding the Motion of a Falling Chain

Reference
Heck, A., Uylings, P., & Kedzierska,
E. (2010). Understanding physics of bungee

jumping. Physics Education, 45 (1), 63–72.
Introduction
Changing mass phenomena like the motion of a falling chain, the behavior of a falling
elastic bar or spring, and the motion of a bungee jumper surprise many a physicist.
In this paper, an analogue of the ﬁrst phase of bungee jumping, when the bungee
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jumper falls down, but the bungee rope is still slack was discussed, namely, the fall of
an object connected to a hanging chain. In instructional materials, this phase is often
considered a free fall, but when the mass of the cord is taken into account, the object
reaches acceleration greater than g. This result is contrary to the usual experience
with free falling objects and therefore hard to believe by many a person, even by an
experienced physicist. But experiments do reveal the truth and students can do this
supported by ICT tools. In this paper, colleagues and I reported on an authentic
research project done by secondary school students and used their work to discuss
how measurements with sensors, video analysis of self-recorded high speed video clips,
and computer modeling allowed studying physics of bungee jumping and the motion
of a falling object connected to a hanging chain.
Authentic Inquiry by Secondary School Students
The bungee jumping project of Niek Dubbelaar and Remco Brantjes in 2003, at that
time secondary school students at the Bonhoeﬀercollege in Castricum, can be considered as an example of authentic inquiry by students according to the characteristics
present in Section 1.1 (p. 10). The work of the student researchers resembled the work
of scientists and practitioners regarding aﬀective and cognitive processes in authentic
inquiry. To begin with, there were: (1) the students’ intrinsic motivation to select the
subject of their investigation; and (2) the generation of their own research question(s).
The students wrote in their report that they teamed up to investigate the physics
of bungee jumping, triggered by their own interest and the article of Menz (1993)
on www.bungee.com. In particular, they were intrigued by the alleged greater-thang acceleration of a bungee jumper. The students formulated the following research
question: “How large is the acceleration in a bungee jump and to what degree is this
acceleration inﬂuenced by the relative mass of the rope and the jumper?”. They hypothesized that the acceleration would be greater than g and that this eﬀect would be
more dramatic if the rope was relatively heavy as compared with the jumper.
In order to ﬁnd quantitative support for their hypothesis, the students designed an
experiment in which they recorded with a webcam the motion of a dropped scale model
(an Action Man toy ﬁgure) and of dropped wooden blocks of various weight attached
to ropes of various stiﬀness, and they collected position-time data through video measurements. The students realized that working with a scale model of a bungee jumper
or a wooden block is not the same as investigating real bungee jumping, but that it
would provide them with enough information on what happens in reality and could
lead to a good understanding. This indicates a research design in which procedures
to address a problem are determined, variables to investigate are selected, control of
variables is thought of, and measurements are planned. Note that not the measured
position is the variable of interest, but a derived quantity, namely, acceleration. The
students had learned in previous video analysis activities that adequate numerical
derivatives could be obtained from measured position data.
After some trials, the students realized that the stiﬀness of the rope plays only a
minor role and that the mass ratio between rope and objects needs to be large enough
to notice an outstanding result. Therefore they repeated the experiment with objects
of larger mass ratio. This is another aspect of authentic inquiry: Researchers are
responsible for detecting ﬂaws in their experimental set-up and must decide how to
adjust their original plans. In this case, the students decided to change the mass ratio
and to concentrate on the moment when the object has fallen a distance equal to the
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rest length of the elastic (because they had observed that the acceleration is greatest
at this point of the motion). They collected more data and determined the graph of
the acceleration at this moment as a function of the mass ratio of elastic and block.
It is shown in Figure 3.64, together with
the graph of the following theoretical result

from (Kagan & Kott, 1996): a = g 1 + μ(4 + μ)/8 , where μ is the mass ratio of
the elastic and the wooden block. The students noted that these graphs were alike,
with the theoretical values just a bit higher. They attributed the diﬀerence mainly
to the development of heat during the motion. Again, this indicates a behavior of
the students that resembles the attitude of competent researchers, namely, the habit
of comparing own results with work of others and trying to explain diﬀerences by
scientiﬁc reasoning.

Figure 3.64: Graphical display of experimental results and ﬁt (red) and computed
values (purple).
The student researchers not only investigated the acceleration of a bungee jumper
by quantitative methods, but also tried to explain the greater-than-g acceleration both
on qualitative, theory-driven grounds, as well as through a more detailed mathematical
model of the phenomenon. The students followed the approach of Kagan and Kott
(1996), in which it was noted that here one does not deal with a falling rigid body,
but instead with a system consisting of the falling object and the rope. The main
point here is that the students’ work contained clear signs of their understanding that
observation, experiment, and theory are related tools for scientiﬁc thinking.
Not knowing that a Dutch secondary school physics teacher had written around
the same time about an experimental veriﬁcation of the physics of bungee jumping
(Biezeveld, 2003), the students wrote an article about their work that was published in
the Journal of the Dutch Physics Society (Dubbelaar & Brantjes, 2003). It triggered
quite a number of reactions in the journal and for almost a year on Internet. There
were complaints about the quality of physics teaching in the Netherlands, arguing that
obviously(!) a ≤ g and that the students’ work proved that the level of physics education in the Netherlands had decreased in the last decades. The editorial commentary
was subtle, but to the point: “The students who wrote the paper may consider it
a compliment that scepticism overcame professional physicists and physics teachers.
That’s how (or maybe it is just the point that) experienced intuition can be wrong.”
In other words, the students’ work revealed that in practice, scientists are not as rationally, non-algorithmic thinking and having an open mind as commonly pictured in
literature about science and scientists. In the same issue of the journal, Pasveer and
De Muynck (2003) agreed with the ﬁndings of the students and they explained that
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physics intuition is easily fooled, as everyone is taught the Galilean paradigm of the
motion of constant masses, according to which every acceleration must be produced by
a force. A launched rocket and a falling chain or slinky are important counterexamples
to this line of thought. Actually, believing the statement a > g means giving up or
generalizing the law F = m a.
Video Analysis and Computer Modeling
The students’ work led to an in-service training module on bungee jumping, which
was developed in the framework of the European project Information Technology for
Understanding Science. All teaching and learning activities, which can be downloaded
from the project’s website (www.itforus.oeiizk.waw.pl), are based on the use Coach for
data logging, video analysis, and for computer modeling, simulation, and animation.
With the advent of high speed video technology it has become possible to experimentally verify a theoretical model of the fall of an object connected to a hanging chain.
The experiment is simple: Two identical wooden blocks are dropped at the same time
from a height of a couple of meters. One block is in free fall and the other block is
chained. The chained block touches the ground earlier than the block that is in free
fall, which can be observed with the naked eye and can be recorded with a common
camcorder. This implies that the chained block must have acceleration greater than
the acceleration of free fall (assuming that air drag can be ignored in the experiment).
The motion of the blocks was recorded with a high speed camera at a speed of 300 fps
(a video clip is available at http://stacks.iop.org/physed/45/63/mmedia). The vertical position of the blocks can be automatically measured in the video analysis tool of
Coach via automated point tracking. Manual data collection would be too time consuming. Figure 3.65 shows the graphs of the measured distances of the blocks, relative
to the points where they were released (i.e., a coordinate system has been selected
with a positive vertical coordinate in the downward direction), and the velocity-time
graphs of the blocks. These graphs have been obtained with a numerical diﬀerentiation algorithm that is based on a penalized quintic spline smoothing technique (for
details about numerical diﬀerentiation algorithms in Coach, the reader is referred to
Section 3.5.5). The blue velocity-time graph, which is almost a straight line, belongs
to the free falling block. The red graphs, where the cross hairs in scanning mode meet,
belong to the chained block that has already traveled at the selected moment a greater
distance than the free falling object.

Figure 3.65: Video analysis of two dropped blocks. The red position and velocitytime
graphs relate to the chained block and the blue curves belong to the free falling block.
Kagan and Kott (1996) based their theoretical modeling of a falling object connected to a hanging chain on the conservation law of energy. Pasveer and De Muynck
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(2003) applied the following equation of motion:
F = p , where the left-hand side
is the sum of forces F acting on the object and the right-hand side is the derivative
of the momentum p of the moving object. However, they did not reproduce the main
result of Kagan and Kott (1996), namely, the exact formula of the acceleration of the
object during the fall. Colleagues and I resolved this in the presented paper. However,
the focus is here on the computer modeling based on the analysis of the phenomenon
based on mathematics and physics. Then it suﬃces to realize that one does not deal
with a falling rigid body, but instead with an object of changing mass. Therefore,
the traditional form of Newtons second law F =m a is not suitable here and should
be replaced by the following generalized form:
F = pobj = mobj vobj + mobj aobj ,
where mobj , vobj , aobj , and pobj represent the mass of the object (changing in time),
the velocity, acceleration, and momentum of the object, respectively, and F represents
a force acting on the object. The most interesting object is in this case the wooden
block together with its attached chain. The sketch of the experimental setting shown
in Figure 3.66 illustrates that the moving part on the right-hand side diminishes during
the fall because
part of the chain ‘moves’ to the left-hand side. This implies mobj < 0.

Because
F = mobj g, when only gravitational force is taken into account, and v > 0
in the direction of motion, a > g must hold!

Figure 3.66: Sketch of the block of mass M attached to a chain of length L that has
already fallen a distance y and is traveling at a speed v and acceleration a.
Let m denote the mass of the chain, then the moving mass mobj of the block plus
the chain on the right-hand side in the sketch shown in Figure 3.66 can be expressed
in mathematical terms as: mobj = M + 12 (L − y) m/L. Diﬀerentiation leads to the
following equation: mobj = − 21 mvobj /L. A complication is the question what to take
here as velocity of the object consisting of a wooden block and part of the chain. vobj
denotes the velocity with which the mass leaves the moving system. In this case, this
velocity therefore almost instantaneously decreases from v to 0 and is taken to be
the speed of the bend. Taking the viewpoint of Biezeveld (2003), the free side of the
bend falls with speed v, the ﬁxed side of the bend hangs still, and the bend, where
links of the chain in motion come to rest, moves at speed u = 12 v. Thus: vobj = 12 v,
where v is the velocity of the wooden block. This motivates the choice of the formula
g + 12 mobj · v/mobj behind the inﬂow a in the graphical, system dynamics-based model
shown in Figure 3.67. In this ﬁgure are also shown the position and velocity-time
graphs of a simulation run and the graph of the ratio a/g, which increases while the
chained block is falling. Parameter values have been chosen such that the modelbased graphs for the chained block are in good agreement with the graphs obtained
through measurements. Prediction and measurement match very well: The time that
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the chained block needed in theory to reach its lowest position for the given masses
and chain length is equal to the measured time and to the time found in a simulation
run within an error margin of 1%!
The computer model was also used to create an animation of the motion of the
chained and free falling block. The tool windows on the right-hand side of Figure 3.67
are a slider and an animation window that displays the simulation results as animations
where model variables are presented as animated graphics objects. A student can
interact with the model and the animation through a slider bar, that is, select the
value of the mass of the chain before the start of the simulation and also during the
model run. Animation allows students to concentrate on understanding a phenomenon
with the help of simulations before going into the details of how the simulations have
been implemented by means of computer models.

Figure 3.67: Screen shot of a Coach activity in which a graphical model implements
the motion of (1) a chained block; and (2) a free falling block. The position and
velocity-time graphs of a simulation run have been plotted. Parameter values have
been chosen such that the calculated plots for the chained block match well with the
measured data shown as background point plots. The graphical model is connected
with a slider and animation window.

3.5.5

Models of Sprinting

References
Heck, A., & Ellermeijer, T. (2009). Giving students the run of sprinting models.
American Journal of Physics, 77 (11), 1028–1038.
Heck, A. (2008). Wis- en natuurkunde van hardlopen [Mathematics and Physics
of Running]. In Werkgroep Natuurkunde Didactiek (red.), Docent in Ontwikkeling,
Verslag Woudschotenconferentie, Noordwijkerhout, 2008.
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Introduction
A biomechanical study of sprinting is an interesting task for students who have a
background in mechanics and calculus. These students can work with real data and
do practical investigations similar to the way sports scientists do research. Student
research activities are viable when the students are familiar with tools to collect and
work with data from sensors and video recordings, and with modeling tools for comparing simulation and experimental results. The cited papers describe a multi-purpose
system, named Coach, that oﬀers students and teachers a versatile integrated set of
tools for learning, doing, and teaching mathematics and science in a computer-based
inquiry approach. Automated tracking of reference points and correction of perspective distortion in videos, state-of-the-art algorithms for data smoothing and numerical
diﬀerentiation, and graphical system dynamics based modeling, are some of the builtin techniques that are suitable for motion analysis. Their implementation and their
application in student activities involving models of running are discussed. In this section I only focus on: (1) data smoothing and numerical diﬀerentiation of noisy data,
because these methods play an important role in motion analysis; (2) mathematical models of running, illustrating that diﬀerent types of models exist that describe
empirical data quite well; and (3) a ﬁeld experiment with secondary school students.
Data Smoothing and Numerical Diﬀerentiation
Derived quantities such as speed and acceleration are often needed in motion analysis.
The associated numerical diﬀerentiation methods must be sophisticated enough to deal
with noise in the signal. Otherwise, numerical derivatives might become noisy and
useless, especially when divided diﬀerence formulas for the ﬁrst and second derivative
are applied (See Figure 3.68). Popular data smoothing techniques such as moving
averages, Savitsky-Golay ﬁltering, and spline smoothing can reduce the noise in a
signal. Most of these methods are available in Coach, but special attention has been
paid to the the spline smoothing technique of equidistant data. Coach provides a
generalized cross-validatory penalized quintic spline smoothing technique. The method
is outlined in the following; details can be found in (Green & Silverman, 1994; Heckman
& Ramsay, 2000; Ramsay & Silverman, 2005).
Given a set of equidistant abscissae t1 , . . . , tn with corresponding ordinates y1 , . . . , yn ,
a penalized spline of order 2m (with 2m ≤ n) is a piecewise polynomial in ŷ of degree
2m − 1 that minimizes the penalized residual sum of squares
Cλ (t, y) =

n

i=1


|ŷ(ti ) − y(ti )| + λ
2

tn

(ŷ (m) (t))2 dt,

t1

where λ is a suitable penalization or smoothing parameter. The ﬁrst 2m−2 derivatives
of each local polynomial of the spline are continuous at each value of ti . A remarkable
theorem (de Boor, 2001) is that the spline function that minimizes Cλ (t, y) is a natural
spline, that is, the derivatives at the corners ŷ (j) (t1 ) and ŷ (j) (tn ) are zero for j =
m, . . . , 2(m − 1). The ﬁrst term in the above expression is the usual sum of squared
errors that is used for ﬁtting data by a spline. The second term, the integrated
square of the mth order derivative, is a measure of the roughness of the data. The
parameter λ is the smoothing parameter that controls the trade-oﬀ between ﬁtting the
data by minimizing the residual sum of squares and minimizing the roughness of the
approximation. For λ = 0 only ﬁtting of the data matters, so an interpolating spline
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through the data points will be obtained. As λ increases, more emphasis is placed on
penalizing roughness. When λ → ∞, only roughness matters and the standard least
squares ﬁt of the data using a single polynomial of degree m − 1 will be obtained.
There exist data-driven methods for automatic selection of the parameter λ. The
generalized cross-validation criterion developed by Craven and Wahba (1979) has been
implemented in Coach. Although the generalized cross-validation method is reliable,
it oﬀers only a reasonable smoothing parameter for exploratory work. It inevitably
involves judgment to select a suitable value of λ. For this reason a user can set the
value of λ.
The most common choice of the order m in the penalized spline smoothing is m = 2,
which results in a cubic smoothing spline. This was already implemented in Coach 5,
following the approach of Reinsch (1967). But it has as disadvantage that second
derivatives are by deﬁnition zero at the corners of the data set. This is an unwanted
side eﬀect in many a physics context: Acceleration is usually not approaching zero
at the beginning or the end of the movement of an object. Such erratic behavior in
numerical diﬀerentiation is referred to as endpoint error. In general, one is advised to
let m be equal to two plus the highest order derivative that is required so that one can
control the curvature of the highest order derivative. In a physics context one often
wants the second derivative or acceleration function and this would mean an advised
choice of m = 4. In Coach 6, the choice became m = 3, that is, penalized quintic
spline smoothing has been implemented to reduce the endpoint error. Other reasons
to reconsider the choice of the order m were that biomechanical studies (For example,
Vint & Hinrichs, 1996; Walker, 1998) support the choice of m = 3 as being most
suitable for obtaining the best possible numerical derivatives in motion analysis, and
that inﬁnite smoothing leads to a quadratic regression curve with which students are
familiar. Figure 3.68 illustrates the superiority of this diﬀerentiation method, when
applied to the drop of a golf ball (Vaughan, 1982), with the smoothing parameter
λ = 4.9 × 10−6 automatically obtained via the GCV criterion, in comparison with the
three-point diﬀerence method. The data come from the Biomechanical Data Resources
provided by the International Society of Biomechanics at www.isbweb.org/data/

Figure 3.68: The velocity and acceleration curves of the fall of a golf ball. A comparison
of numerical diﬀerentiation techniques.
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Another comparison of numerical diﬀerentiation techniques uses the modiﬁcation
by Lanshammar (1982) of the raw angular displacement data set of (Pezzack, Norman,
& Winter, 1977). This data set is used in the biomechanics community for benchmark
purposes. The screen shot in Figure 3.69 shows the graphs of the digitized reproduction of the analog acceleration data, the acceleration computed through a three-point
diﬀerence formula, and the acceleration computed through penalized quintic spline
smoothing with the smoothing parameter λ = 3.9 × 10−8 automatically obtained via
the GCV criterion. It is obvious which of the diﬀerentiation methods is best.

Figure 3.69: Acceleration curves for biomechanical benchmark data.
Mathematical Modeling of Running
Two types of models of running are discussed: (1) kinematic models based on Newton’s
second law of motion; and (2) kinetic models based on an energy balance.
The Kinematic Approach
All models of this kind are based on a(t) = Fpropulsive (t) − Fresistive (t), where a(t) is
the acceleration of the runner at time t, Fpropulsive is the horizontal component of the
propulsive force per unit mass (the normalized force at time t that the runner to be in
motion), and Fresistive is the force per unit mass that the runner has to overcome at
time t. I adopt the common approach in biomechanics and normalize quantities to
body mass. Keller (1973, 1974) assumed in his model of competitive running that the
propulsive term is constant for sprinting and that the dominant resistive eﬀects from
running mainly result from frictional losses within the body of the runner and can be
modeled by a term linear in speed. This model, in which air friction is neglected, can
be written for a runner who is initially at rest as v  (t) = F − v/τ , v(0) = 0, where F is
the constant force per unit mass that the runner exerts in the horizontal direction, v
is the velocity of the runner, and τ is a time constant. This initial value problem can
be solved analytically: v(t) = F τ (1 − e−t/τ ). The product F τ equals the maximum
speed of the sprinter. The distance D(t) covered in time t is found by integrating the
solution: D(t) = F τ 2 (t/τ + e−t/τ − 1). For small values of t, e−t/τ ≈ 1 − t/τ + 12 (t/τ )2
and this leads to the following approximate formula valid at the start of a sprint:
D(t) ≈ 12 F t2 . Using this approximation, a good estimate of the parameter F can be
obtained from a plot of the distance covered against time for the start of the sprint.
In combination with the maximum speed F τ , this value provides an estimate of the
parameter τ . These estimates of F and τ can be used as initial parameter values in
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an iterative regression method for the distance-time data, using the exact solution
of the initial value problem in v(t) as a regression function. Parameter values found
in this manner can be compared with the values obtained by linear regression in an
acceleration-speed data plot, or by cubic polynomial regression with the following
2
3
alternative approximate relation valid at the start of a sprint: D(t) ≈ F2t + F6τt .
It is interesting and instructive to discuss with students which regression method is
most reliable. It illustrates that mathematical formulas are not just a hobby of the
mathematics or physics teacher, but that they play in these models an important role
in the determination of good estimates for the model parameters.
Tibshirani (1997) removed the unrealistic assumption that a sprinter applies a
constant maximum force for the duration of a race. He chose a linear decrease of the
propulsive force in time. The equation of motion is: v  (t) = F − ct − v/τ , for some
constant c. This model can also be solved analytically: v(t) = k − cτ t − k e−t/τ , where
k = F τ + cτ 2 . In the Tibshirani model of sprinting, mathematical formulas again play
an important role in the determination of good estimates for the model parameters.
In this case study secondary school students used the graphical, system dynamicsbased modeling tool of Coach 6 in a sports motion context to create representations
of quantities and relationships where analytic solutions of equations were too diﬃcult
with respect to the students’ mathematics abilities or simply impossible. The need for
computer models is quickly felt when one wants to take several factors into account.
For example, the eﬀect of a head- or tailwind and air resistance is a drag force whose
empirical form is given by (Frohlich, 1985) Fdrag = 12 ρ Cd A(v − w)2 , where w represents the wind speed (positive and negative values indicate tailwind and headwind,
respectively), ρ is the air density, Cd is the drag coeﬃcient, and A is the cross-sectional
area of the sprinter. This eﬀect on sprint times and other eﬀects such as altitude, air
pressure, temperature, humidity, curvature of lanes at the sprint track can also be
easily incorporated in computer models.
Figure 3.70 is a screen shot of the analysis of the sprint of Carl Lewis in the 100 m
ﬁnal at the 1987 IAAF World Championships in Athletics in Rome using the windadapted Keller model. The graphical model in the upper left corner of the screen
shot is a visual representation of the following initial value problem D (t) = v(t),
v  (t) = Fpropulsive (t)−Fresistive (t)−Fdrag (t), D(0) = v(0) = 0, where Fpropulsive (t) = F ,
Fresistive (t) = v(t)/τ , and Fdrag (t) = c(v(t) − w)2 . It is assumed that the wind speed w
was constant during the run. The race was run with a +0.95 m/s tailwind. The table
in the upper-right corner lists the split times of the sprint of Carl Lewis (Moravec,
Ruzicka, Susanka, et al., 1988). The time was corrected for the relatively slow reaction
time of 0.196 s at the start. Speed and acceleration data, which are shown in the
diagrams as data points, were computed numerically from the split times through
generalized cross-validatory penalized quintic spline smoothing. They are referred to
as the measured speed and acceleration. Figure 3.70 shows the computed curves that
match the measured quantities. The values of the model parameters are F = 9.2 N/kg
τ = 1.343 s, and c = 0.00375 m−1 .
The Kinetic Approach
All models of this kind are based on an energy balance. Many forms of energy besides
mechanical energy play a role in human motion, including elastic energy, thermal energy, and chemical energy. In muscles, chemical energy is transformed into mechanical
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Figure 3.70: A simulation of the wind-adapted Keller model for the 100 m race of Carl
Lewis in the ﬁnals of the 1987 World Championships. A comparison of theory and
measurement.
energy. Mechanical energy degrades partly to thermal energy for concentric muscle
contraction (when the muscle is shortened). It can also be stored in tendons and
muscles as elastic energy when there is eccentric muscle contraction (the muscle is
extended). A power balance model based on a supply-demand approach describes the
energetics of many human motions, including running and other endurance sports (cf.,
Van Ingen Schenau & Cavanagh, 1990). The sum of all rates of ﬂow of energy into
and out of the human body equals the rate of change of energy of the human body.
The power balance method, which relates power production and power dissipation,
can be written as P = Pf + E  (t) + H  (t), where P represents the power which in
principle might be used to perform movements, Pf is the power loss due to friction,
E  (t) is the rate of change of the external mechanical energy (kinetic, rotational, and
potential energy of the body), and H  (t) is the power loss due to degradation of
mechanical energy into thermal energy. The power production P is usually the sum
of the power production by the aerobic (Paerobic ) and anaerobic (Panaerobic ) energy
production systems: P = Paerobic + Panaerobic . Ward-Smith (1985) assumed that
Paerobic = R(1 − e−λt ) and Panaerobic = Pmax e−λt , with R the maximum aerobic
power, Pmax the maximum anaerobic power at t = 0, and λ a constant. In addition,
he modeled the thermal power as H  (t) = α v(t), for a constant α. The friction term
and the rate of change of the external mechanical
were given in this model by

 energy
Pf = Fdrag v = 12 ρ Cd Av(v − w)2 and E  (t) = 12 v 2 = v · v  . All equations together
lead to:

dv
1
=
R(1 − e−λt ) + Pmax e−λt − αv − Kv(v − w)2 , v(0) = 0,
dt
v
where K = 12 ρ Cd A. There is only one problem with this diﬀerential equation: The
initial velocity v(0) = 0 gives an inﬁnite acceleration. Therefore it is better rewritten
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as an initial value problem for the kinetic energy:


d 12 v 2
= R(1 − e−λt ) + Pmax e−λt − α v − Kv(v − w)2 ,
dt

v(0) = 0 .

The 1987 sprint of Carl Lewis was also analyzed with the Ward-Smith model
expressed in the above diﬀerential equation. The parameters for the simulation shown
in Fig. 3.71 were R = 25 W/kg, λ = 0.03 s−1 , Pmax = 48.5 W/kg, α = 3.5 J kg−1 m−1 ,
K = 0.002 m−1 , and w = +0.95 m/s. Although the two models of sprinting are
qualitatively diﬀerent, they lead both to results that are in good agreement with
measured data. Sports scientists apparently make their choice of models on other
grounds.

Figure 3.71: Simulation of the Ward-Smith model for the sprint of Carl Lewis at the
1987 World Championships in Athletics. A comparison of theory and measurement.
Kinematic and kinetic models of sprinting can be used to discuss hypothetical
questions such as “How fast could Usain Bolt have run in the 100 m ﬁnal at the
Beijing Olympics 2008?” A recent analysis of Eriksen and colleagues (2009), which
was based on data smoothing, numerical diﬀerentiation, and extrapolation, reported
that a race time somewhere between 9.55 and 9.61 s could have been realized. The
wind-adapted Keller model, with parameter values chosen such that the measured
split times for the ﬁrst 80 m are in agreement with the computed split time, leads to
a similar race time estimation of 9.60 s. This model accurately predicts or apparently
aﬃrms the world record of Usain Bolt at the 2009 World Championships in Athletics
in Berlin (9.58 s). Helene and Yamashita (2010) used the Tibshirani model of sprinting
to compute biomechanical quantities such as maximum force, maximum power, and
the total mechanical energy produced by Bolt in both races. To their own surprise,
they came to the conclusion that all of these values were smaller in 2009 than in 2008.
Although the world record was broken in Berlin, Bolt’s physical performance was not
better than a year before in Beijing.
The last paragraph clearly illustrates the purpose of quantitative mathematical
modeling: to describe and predict data, and to explain or contribute to understanding
of a phenomenon. In my opinion, pre-university students should get ample opportunity
to work in this way with mathematical models. Theory and experiments are expected
to supplement each other in the student activities. I take the view that modeling is
not just the understanding of the (computer) model with the hope and expectation
that nothing went wrong during the theoretical work; it includes understanding of the
underlying physics principles and of the assumptions made in the modeling process, as
well as validation of the model on the basis of experiments. The latter point is in my
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opinion essential in good mathematics and science education. The words of the Nobel
Prize winner Martinus Veltman (cited by Mols, 2003)—“If one removes experiments,
physics becomes religion. Then the facts do not count anymore, but the opinions of
someone who was appointed pope”—also hold for science education.
Student Investigations
Although it is interesting to study sprinting models through performances of top-class
athletes, there is nothing more compelling than for students to investigate their own
running performances. This work can be realized in various ways. In the ﬁeld experiment, videos of sprints were taken during a one-day visit of upper secondary school
students to the Faculty of Human Movement Science of the VU University Amsterdam
and to the University Sports Center of the University of Amsterdam. The purpose
of this visit was to give the students an impression of what movement scientists do
and to introduce them into the ﬁeld of exercise physiology and measurement of energy
capacity. Some students had the opportunity to measure their oxygen consumption
in a bicycle ergometer test in the laboratory. At the sports center, the main focus
was on research methods to collect motion data. Students measured their heart rates
during running at various intensity levels, and assessed their anaerobic capacity via
the Wingate cycle ergometer test (cf., Inbar, Bar-Or, & Skinner, 1996), in which they
pedaled at maximal speed for 30 s against a high braking force. The students also used
a high speed camera to record a soccer kick and the take-oﬀ phase of a sprint, and used
a webcam to record 25 m sprints of other students. Back at school they analyzed their
videos and compared the measured and derived physical quantities with simulation
results from some of the models discussed before.
Figure 3.72 shows a screen shot of a video analysis of a 25 m sprint of a 16 year old
female student running near the wall of the sports hall. The upper-left corner of the
screen shot immediately reveals a problem when one wants to measure the position
of the sprinter in the recorded video clip: perspective distortion to the experimental
setting. A front view of the plane of motion is actually needed. Image rectiﬁcation
(See Section 3.2.2) is more or less possible by using the wall as rectangular object in
the plane of motion. The result is shown in the upper-right corner of Figure 3.72.
The video was also ﬂipped horizontally to get a motion from left to right, which
matches a traditional coordinate system with a positive axis pointing to the right.
Because the sprint took about 5 s and the frame rate of the recorded video was 30
fps, manual data collection was too time consuming, error prone, and tedious, and
therefore the data collection was done by automated tracking of the sprinter. The
result in the lower-left window in Figure 3.72 shows that this method is applicable
even under non-optimal conditions but might lead to noisy data. In this case, the
penalized spline smoothing method, which was outlined before, helped to obtain a
suitable speed-time curve (by manual selection of an appropriate penalization). The
speed-time data plot in the lower-right window in Figure 3.72 was approximated by
an exponential regression
curve according
to the Keller model with a nonzero initial


velocity: v(t) = 6.38 1 − e−0.802t + 1.25. The time constant τ was about 1.2 s, the
initial speed 1.25 m/s, and the maximum speed 7.6 m/s. These values correspond to
a horizontal propulsive force F per unit mass of 6.1 N/kg in the Keller model. These
values can be used for the parameters in a computer model. A comparison of the
Keller model with measured data points is shown in Fig. 3.73.
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Figure 3.72: Video analysis of a 25-meter race of a student.

Figure 3.73: of the Keller model for the 25-meter sprint of the student.
The descriptive power of the Keller model seems to be good for the measured
sprint data. When it was used to compute the expected result of a 100 m sprint by
this student, the race time of 14 s seemed unrealistic for someone who is not expected
to be able to maintain the maximum speed reached after 20 m for another 80 m. The
Tibshirani model predicts a more realistic race time of 15.4 s. It would have been
interesting to compare this theoretical result with the result of a real 100 m sprint by
the same student. In other words, the predictive power of the Keller model is not so
strong; the Tibshirani model seems to lead to more realistic results. It is important
that high school students get acquainted with this kind of working and reasoning with
(computer) models.
More details of the initial motion of a sprinting student can be found in the video of
the ﬁrst 6 m using a high speed camera with a frame rate of 300 fps. In this case point
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tracking becomes indispensable for collecting kinematical data. Figure 3.74 shows the
distance and speed-time graphs obtained. The speed curve, which was determined by
penalized spline smoothing, is the more interesting curve: increasing and decreasing
parts of the graph correspond with propulsion during foot contact and the ﬂight phase
when both feet are airborne, respectively. Diﬀerences in consecutive increases in the
speed-time graph indicate that the propulsive force of the right leg is stronger than
that of the left leg. This diﬀerence might be related to the left- or right-handedness of
the student, but it may also have to do with search of a good balance during take-oﬀ.
Anyway, the speed curve is closely related to real motion. The goal of this part of
the investigative work was to help students understand that a graph is a means rather
than an end in itself.

Figure 3.74: Video analysis of the ﬁrst 6 m of the sprint of a student recorded at a
frame rate of 300 fps and the distance and speed curves.

3.5.6

Modeling Bouncing Gaits
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Introduction
In this case study, human body motions such as bouncing on a jumping stick, hopping,
and making kangaroo jumps were explored through video analysis and computer modeling. Some mathematical models of these motions using basic biomechanical principles were developed and modeling results were compared with experimental data
obtained from video measurements. Three motions were discussed in details: (1) vertical bouncing on a jumping stick; (2) hopping upward; and (3) hopping forward like a
kangaroo. Highlight was the application of the model of a planar inverted spring-mass
system to kangaroo jumping. This rather simple model turned out to work qualitatively and quantitatively well for the complex motions of hopping, skipping, and
running at moderate speeds, that is, in so-called bouncing gaits. The examples of
video analysis and modeling activities presented in the paper give a good impression
of the potential of the subject of human gait for student practical investigations or
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proﬁle projects and as a context for applied mathematics and physics at secondary
and undergraduate level. They also give an impression of how close one can get to
contemporary biomechanical research.
Vertical Bouncing on a Jumping Stick
This part of the paper was based on an item in a 2008 nationwide secondary physics
computer-based examination in the Netherlands for pre-university students. The subject was video analysis and modeling of vertical bouncing on a pneumatic jumping
stick. In the case study it served as source of inspiration for describing some natural
gaits of humans and animals with an inverted spring-mass model.
The rather clear situation of a periodic motion of a person on a jumping stick (See
the left-hand side of Figure 3.75) can be described well with a model based on simple
mathematics and physics. The quality of the chosen model can be evaluated by comparing the model results with data acquired through video analysis of the motion. A
schematic drawing of the one-dimensional spring-mass model is shown in the right part
of Figure 3.75. In this model, the mass of the spring is ignored and, for convenience,
the period of one jump is divided into two phases, namely the aerial phase (with aerial
time ta ) and the contact phase (with contact time tc ). Furthermore it is assumed that
the jumper is able to vertically jump on the stick without changing posture and that
the body center is near the hand supports. At landing, the jumping stick has rest
length L. It is further assumed that during aerial phase only the gravitational force
Fg = −mg, where m is the body mass and g is the acceleration of gravity, plays a role
and that during contact phase also the spring force Fs = C(L − y) must be taken into
account, that is, for heights y ≤ L the linear elastic motion of the spring depends on
a spring stiﬀness C (for heights y > L, one may take C = 0).

Figure 3.75: The student with his jumping stick and the corresponding spring-mass
model.
The dynamics of the spring-mass system is now determined by a second order
diﬀerential equation and two initial conditions: a = y  = (Fg + Fs )/m = F/m,
with y(0) = y0 and y  (0) = v0 . This can be rewritten as a system of ﬁrst-order
diﬀerential equations: v = y  , a = v  = (Fg + Fs )/m, y(0) = y0 and v(0) = v0 .
This system of equations can be easily implemented in a graphical, system dynamicsbased modeling tool. The left-hand window in Figure 3.76 shows a graphical model in
Coach that numerically solves the system of equations. The diagram in the middle
shows the graph of the computed height and the point plot of the vertical heights
measured in a digital video recorded while the student was vertically bouncing on
his jumping stick. Simulation results match well with the measured data for suitable
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parameter values. The computer model gave the following values for quantities of
interest: tc = 0.27 s, ta = 0.31 s, and C = 12.7 kN/m. The measured data suggest
that a sinusoidal regression curve would also describe the data quite well, and indeed
it does from mathematical point of view. But the spring-mass model is considered
better than the experimental modeling via regression because it is based on physics
laws. According to this model, a sinusoidal displacement during contact phase is
followed by a parabolic aerial phase. This kind of judgment of the quality of a model
is what students should learn.

Figure 3.76: A graphical model implementing the one-dimensional spring-mass model
and the results of a simulation run compared with data obtained from a video analysis
of a movie clip.
Hopping Upward
One may truly wonder whether the previous one-dimensional spring-mass model is a
good model for human hopping in the upward direction without the use of a device.
The proof of the pudding is in the eating. So, for the purpose of data collection,
students went to the Sports Center of the University of Amsterdam in order to hop in
vertical and forward direction on a motorized treadmill. Motions were recorded with
a high speed camera at a speed of 300 frames per second so that as many details as
needed could be observed and a rather high time resolution was assured.
The exact solution of the one-dimensional spring-mass model can be determined
in the hope and expectation that one gets in this way more insight in the motion of
the body center during contact phase of upward hopping. The stance leg (in this case
actually both legs) is in this case modeled as a massless, linear spring with stiﬀness
C and rest length L. This is the starting point of mimicking gait models of Blickhan
(1989), McMahon and Cheng (1990), and many other biomechanical scientists. For
ease of computing, time t = 0 can be set equal to the moment that the leg makes ﬁrst
contact with the treadmill (In a video measurement in Coach one can easily calibrate
time in this way) and the landing speed can be assumed equal to −v. The vertical
position of the body center has been chosen to be the same as the position of the
hip joint of the hopping student (See Figure 3.77). Under the assumption that only
gravitational force and spring force play a role, Newton’s second law of motion and
Hooke’s law of elasticity lead to the following equation of motion for the height during
contact phase: my  = −mg + C(L − y), y(0) = L, y  (0) = −v. Let u = y − L be the
displacement during ground contact. Then the equation of motion can be rewritten
as follows: u + ω 2 u = −g, u(0) = 0, u (0) = −v, where the natural spring frequency
ω is given by ω 2 = C/m. This equation can be solved analytically and the solution is
a sinusoidal function. This solution can be used to ﬁnd a relationship between contact
time tc , landing speed v, and frequency ω: All one has to realize is that halfway contact
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time the stance leg is maximally bent and the speed of the body center is equal to zero.
In other words, the motion during contact phase depends on three out of the following
four factors: (1) the acceleration of gravity g; (2) the natural frequency ω of the springmass system; (3) the take-oﬀ and landing speed v; and (4) the contact time tc . Because
of the deﬁnition of the natural frequency one can exchange this factor by the spring
constant C (stiﬀness), provided that the body weight m is known. To conclude, by
using exact mathematical methods one can make grounded statements about a bodily
motion and investigate the dependencies of determining factors. Relationships between
parameters in a mathematical model may also be used to ﬁnd an initial parameter
value in a computer model that can subsequently be improved.

Figure 3.77: Video analysis of an upward hopping girl on a motorized treadmill that
is not turned on.
The exact solution of displacement can also be used to estimate the natural frequency and the landing speed on the basis of measurements. Figure 3.77 is a screen
shot of a video analysis using Coach. The sine curve matching best the data points
can be obtained with the data analysis tools. The following best parameter values
were found in this way: ω = 21.25 Hz and v = 2.5 m/s. This landing speed is only
a little bit greater than the speed of 2.3 m/s obtained by numerical diﬀerentiation of
the measured data. The estimated values give a contact time of 0.17 s, which is also
only a little bit less than the measured contact time of 0.19 s in the video clip (For
this precision one needs a high speed camera). The take-oﬀ speed can be used to
compute the duration of the aerial phase (cf., Section 3.4.2): ta = 2v/g, under the
assumption that the aerial motion depends only on gravity. This gives ta ≈ 0.47 s and
the estimated ﬂight time deviates little from the measured ﬂight time of 0.40 s.
In short, the one-dimensional spring-mass model applied to a person hopping upward using no special device leads to model results that are in good agreement with
results obtained from video analysis measurement on recorded movie clips. The agreement between model results and measured data gets even better when not a sinusoidal
regression curve for the measured data during stance phase is made, but instead one
tries to ﬁnd the best values for parameters in the spring-mass model (by the method
of trial and improvement). For the hopping girl in Figure 3.77 a very good match
between model and video analysis was found, which holds for nine consecutive hops,
using C = 19 kN/m and v = 1.95 m/s. This value of the stiﬀness is in good agreement
with values found in the literature (Farley et al., 1991). From these values one obtains
the following results: ω = 18.9Hz, tc = 0.19 s, and ta = 0.40 s. Whereas aerial and
contact time were almost equal for hopping on a jumping stick, they diﬀer for human
hopping without a device. Flight time is about twice the contact time. The stride
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period (T ) is the sum of the contact time and the ﬂight time. The video analysis gives
a stride period of 0.59 s, which corresponds with a hopping frequency (f = 1/T ) of
about 1.7 Hz
The graphical computer model in Coach can be extended to include the expressions for gravitational energy (with respect to the height taken equal to the spring-leg
length), the spring energy, the kinetic energy of the system, and the total energy of the
system. A student can then diagrammatically examine the diﬀerent forms of energy
during the motion and examine that conservation of energy holds for the model system. An animation can be used to investigate the inﬂuence of particular parameters.
Figure 3.78 shows how such an activity screen could look like.

Figure 3.78: Screen shot of a Coach activity consisting of a computer model and
an animation of a vertical spring-mass system, in which measured hip heights are
compared with computed results and energies are computed to examine forms of energy
and the law of conservation of energy.
Hopping Forward Like a Kangaroo
What should set the seal on the work is the application of a planar inverted springmass model to human double-legged forward hopping, that is, to a motion resembling kangaroo jumping. The model is in this case two-dimensional. So to start
with, the one-dimensional spring-mass model of upward hopping is extended. The
new model contains besides the kinematical variables (y, vy , ay , Fy ) also the variables
(x, vx , ax , Fx ), as it were doubled. Quantities like speed and force are decomposed in
the x- and y-direction for the contact phase. The aerial phase is modeled as a parabolic
trajectory of an object bouncing from the ﬂoor with center of mass at a certain height
and an angle of take-oﬀ velocity β, and then goes through air with only gravity force
acting on the object (It is assumed that there is no air drag). Another new parameter
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that comes into play is the leg angle of attack α, when the leg makes ground contact.
These angles are most easily deﬁned when one selects the stance point as the origin of
the coordinate system during contact phase, with the positive x-axis in the direction
of motion and the positive y-axis in the upward direction, and when we assume that
the stance leg lands at time t = 0: tan α = −y(0)/x(0) and tan β = v/u, where u is
the horizontal landing speed (equal to the speed of the motorized treadmill when the
gait is on such device) and −v is the landing and take-oﬀ speed. The planar inverted
spring-mass model for bouncing gaits such as hopping and running is schematized in
Figure 3.79.

Figure 3.79: Spring-mass model for forward hopping and running. A point mass m
supported by a massless spring with rest length L, spring stiﬀness C, leg angle of
attack α, vertical landing velocity −v, and horizontal landing velocity u.
The leg angle of attack and the angle of take-oﬀ velocity are not necessarily equal.
It is not diﬃcult to determine these angles in a recorded high speed video clip because
Coach, like any professional video analysis tool, provides its user a digital ruler, a
digital protractor, and graphs of position and velocity. Notice that one cannot freely
change the parameters α and β in a computer model for given values of leg length
and landing velocity if the model must be periodic. After all, the leg angle of attack
and the leg angle of take-oﬀ must be equal for a periodic motion. Under the given
circumstances the following condition can be used to distinguish between aerial and
contact phase: when y ≤ L sin α, there is ground contact and the leg can be considered
as a linear spring with stiﬀness C. This spring force during ground contact must be
decomposed into horizontal and vertical components in order to derive the equations
of motion. After moderate algebraic manipulation one obtains the following initial
value problem from Newton’s second law of motion:
gλx
x = −ωs2 x + 
,
x2 + y 2

gλx
y  = −g − ωs2 y + 
,
x2 + y 2

x(0) = −L cos α, x (0) = u, y(0) = L sin α, y  (0) = −v .


Here the parameters ωs = C/m, ωp = g/L, and λ = ωs2 /ωp2 have been introduced.
The main diﬀerence between vertical and forward hopping is that the leg length,
parameterized by λ, comes seriously into play in the modeling of the body motion
during ground contact. These equations of motion can also be derived through the
Euler-Lagrange formalism with the Lagrangianof the planar spring-mass, in Cartesian
coordinates, equal to L = 12 m(x2 + y 2 ) − 12 C( x2 + y 2 − L)2 − mgy. The main application of the analytical methods like the one discussed in this section is that it allows
investigating the inﬂuence of gait parameters on the body motion and researching
dependencies between the various parameters in the mathematical model.
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The equations of motion of the spring-mass model of forward hopping can be
implemented in the graphical modeling tool of Coach, although it is admittedly
beyond the ability level of many a student. One of the problems is how to deal
with the moving coordinate system from one stance point to the other. The fact
that Coach has been designed as a hybrid system that combines a classical system
dynamics approach with event-based modeling for processes that change abruptly
helps solve this problem. As triggering condition
the 
landing of a hopping person
 for
one can use the Boolean expression y ≤ ystart
y  < 0 x + xstart > 0, where the
initial conditions xstart and ystart are given by −L cos α and L sin α, respectively. The
event is deﬁned behind the red upper-left icon (landing) in the graphical model in
Figure 3.80. The idea behind the event handling is that one starts with a coordinate
system of which the origin coincides with the ﬁrst stance point. In the variable x0
one stores the current value of the x-coordinate of the origin of the moving coordinate
frame. Each time when the event of touch down occurs, the variable x0 is refreshed
with the x-coordinate of the new stance point via the assignment x0 := x0 + L cos α.

Figure 3.80: Screen shot of a simulation of the planar inverted spring-mass model of
forward hopping like a kangaroo.
In order to evaluate the suitability of the planar inverted spring-mass model for
human hopping like a kangaroo model results were compared with experimental results
obtained by motion analysis. To this end, the motion of a hopping girl on a motorized
treadmill going at a speed of 3 km/h was recorded on video and the height-time graph
was created via automated point tracking of a hip joint marker. This measurement
has been used as a background graph in the modeling activity to ﬁnd by trial and
improvement appropriate parameter values. It was quite tricky to set the values such
that the spring-mass model runs periodically for a long time: The value of the leg
angle of attack had to match with other parameter values in order that the take-oﬀ
velocity equals the landing velocity. But the reward was great: Figure 3.80 illustrates a
perfect match. The upper-right y-x diagram illustrates the periodicity of the simulated
motion. The parameter values found for the hopping girl weighing 53 kg were: C =
28 kN/m, u = 0.84 m/s, v = 1.95 m/s, L = 0.91 m, α = 86.0003. Other computed
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quantities were: ωs = 23.0 Hz, ωp = 10.8 Hz, ta = 0.40 s, tc = 0.20 s. What the results
indicate is that leg stiﬀness and spring frequency are greater in hopping forward like
a kangaroo than in hopping upward. Yet this had little or no eﬀect on aerial and
contact time. All this is not so very strange considering the low speed of the treadmill.
Apparently, only leg stiﬀness must be increased to maintain a short contact phase.
Epilogue
Mathematical models of the following bouncing gaits were constructed in this paper:
bouncing on a jumping stick, hopping, and making kangaroo jumps. This seems
very ambitious because such vivid motions are at ﬁrst sight not easily modeled. The
pushing-oﬀ and landing of a vertically hopping person savor strongly of the motion
of an extending and compressing inverted spring-mass system. All sorts of models of
this type are used in biomechanical studies. But how simple or complex must such
a mathematical model be to describe reality to a reasonable extent? Can students
at secondary and undergraduate level with modest knowledge of mathematics and
physics actually do such investigations?
It is striking that a relatively simple spring-mass model describes bouncing gait
patterns so well. Bullimore and Burn (2007) conﬁrmed that the model allows prediction of several gait characteristics such as contact time, vertical momentum, and
stride length. But they also noticed that it often overestimates the horizontal ground
reaction force, the ﬂight time, and the change of mechanical energy of the body center.
Geyer (2005) successfully adapted the spring-mass model to walking and running gait
patterns. The actual power of the mathematical models is that they help researchers
investigate various aspects of bouncing gaits, such as step frequencies, forces, stability
of gait patterns, costs of energy, and so forth, and compare gait patterns.
The second question was whether students at secondary and undergraduate level
with modest knowledge of mathematics and physics can actually do such investigations. My experience is that students with a keen interest and good ability in mathematics and physics can master the modeling process. Less gifted students are still
expected to be able to grasp the one-dimensional inverted spring-mass model, which
was after all used in a nationwide examination. More importantly, all students can
do with modest means biomechanical research in much the same way as motion scientists and they can practice herein mathematical knowledge and skills such as graph
comprehension, numerical diﬀerentiation and integration, data processing and analysis, regression, and so on. They can develop the critical attitude that is necessary
for successful modeling of natural phenomena. For this it is very important that the
students can compare the results of computer models with real data, preferably collected in an earlier measurement activity. Confrontation of a model with reality turns
graphical modeling not only into a fun way of learning, but it also makes it exciting,
challenging, and concrete work. It is joyful when experiment, model, and theory are
in good agreement, as was the case in this ﬁeld experiment.

3.5.7

Exploring the Giant Circle on the High Bar

Reference
Heck, A., Knobbe, D., Nijdam, N., Slooten, O., & Uylings, P. (2011). Exploring the
giant circle on the high bar with ICT tools. Proceedings ICTMT 10, Portsmouth, UK
(accepted).
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Introduction
Daan Knobbe and Nic Nijdam were secondary school students with artistic gymnastics
as a hobby. They jointly investigated the mechanics of the gymnastics swing around
the high bar. They not only did this to meet the curriculum requirement of a carrying
out a large research project, but also to satisfy their curiosity regarding the sports
science subject. With a high speed camera they recorded the motion of a backward
giant circle on the high bar. Hereafter they analyzed their data both quantitatively and
qualitatively. I present the results of their research work, which resembled the practice
of sports scientists, and discuss the authenticity of this project and the role of ICT.
This means that I go into questions like “What did the students actually do in their
project and what could they have done more or better?”, “How did ICT contribute
to the realization and the success of the sports science project of the secondary school
students?” and “To what extent did the students’ work resemble scientiﬁc practice?”
The Backward Giant Circle on a High Bar
The high bar is one of the six pieces of apparatus used in Men’s Artistic Gymnastics
competitions. A high bar routine consists of a number of circling skills, ﬂight elements,
and a dismount. The backward giant circle is used to link the circling techniques and
to provide the required ﬂight and rotation for ﬂight elements and the dismount. It is an
artistic gymnastics element in which the gymnast passes through a handstand position
above the bar and fully rotates around it, without releasing the bar at any time, without bending arms and knees, and with only smooth changes in hip and shoulder joint
angles that have little inﬂuence on the aesthetic execution (cf., www.fedintgym.com).
This at least is the description of a traditional backward giant circle in which the
gymnast extends his body close to the highest point of the circle, maintains it in the
downward phase and ﬂexes the shoulder and hip joints during the early upward phase;
see Figure 3.81.

Figure 3.81: Graphics sequence of the traditional technique of a backward giant circle,
in which the gymnast circles backwards (anti-clockwise direction) from a handstand
on the high bar through 360◦ [after (Hiley & Yealdon, 2001) and (Tsuchiya, Murata,
& Fukunaga, 2004)].
The students teamed up to investigate the mechanics of the backward giant circle
on the high bar, triggered by their own hobby and interests. They were given printed
copies of relevant literature (e.g., Hiley & Yeadon, 2001) to put them on the way. Their
physics teacher and gym teacher advised them during their research. The students
formulated the following main purpose of their study: “We investigate the inﬂuence of
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the shoulder and hip joint angles on the angular velocity in a backward giant circle on
the high bar and we investigate how a gymnast can optimize these and other factors
in his performance in order to achieve the highest possible angular velocity and still
perform well in the eyes of the gymnastics jury.”
Video Analysis of the Backward Giant Circle
In this paragraph I discuss the students’ experimental design, their data analysis, and
their use of ICT. In order to get a better impression of the students’ performance and
to assess their results, I have also redone the video analysis of one giant circle in a
more advanced way.
The Students’ Experimental Design
For the purpose of exploring the inﬂuence of the shoulder and hip joint angles on
the angular velocity in a backward giant circle with both quantitative and qualitative
methods, the student researchers designed an experiment in which they could collect
position, angle, velocity, and time data for a backward giant circle on a high bar
through video measurement and in which they could use video tools for analyzing
video clips of various types of swing motions. They did this as follows. The location
of their experiments was the practice room of their gymnastics club where the high
bar apparatus could be used on a quiet moment during daytime. A performance of
several subsequent giant circles was required for a good analysis of a backward giant
circle in which a gymnast just swings about the bar without the goal of increasing
or decreasing the angular velocity at the highest point above the bar. In order to be
able to make several full swings after another, the students used a training tool for the
apparatus that reduced the friction when the gymnast circled about the bar, made it
easier to do a full swing, and simpliﬁed the control over experimental conditions. The
student researchers used a point-and-shoot high speed camera operating at a frame
rate of 120 fps to get enough data for a quantitative video analysis and to get at
the same time a suﬃcient resolution quality of the video clip. Ideally, the camera for
recording the giant circle would have been positioned perpendicular to the plane of
motion, at a distance and height that reduce perspective distortions, and with the
camera oriented such that the x- and y-axis are aligned horizontally and vertically,
respectively. In reality, these experimental conditions were too diﬃcult to arrange and
the students had to use the perspective correction tool in the video analysis program
to handle perspective distortion.
Before recording body movements, a researcher must at least have an idea of what
(s)he will do with the video clips. The questions that the student researchers asked
themselves already give a clue of the type of body segments model of a gymnast
performing a backward giant circle that they had in mind. The rigid 3-segments model
is shown in Figure 3.82 (translated from the students’ report). To make it easier to
measure positions of wrist, elbow, shoulder, hip, knee, and ankle, the students attached
markers to the gymnast’s skin and shorts over the right body side joints. The markers
over elbow en knee joint were attached only to verify whether the arms and legs were
kept straight during the giant circle, but were not used in the video measurement
and in the biomechanical analysis of the motion. Body orientation was deﬁned as the
angle between the vertical and a line from the bar to the body center of gravity. The
body orientation angle, shoulder angle, and hip angle were estimated on the basis of
displacement data using the convention illustrated in Figure 3.82.
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Figure 3.82: Body segments model of a gymnast performing a backward giant circle.
White dots represent the wrist, elbow, shoulder, hip, and ankle markers, and the
location of the body center of gravity (CG).
Video Analysis by the Student Researchers
The students used the video analysis tool of Coach to measure the distance of the
body center of gravity and to compute its velocity during the giant circle. They used
a ﬁxed position for the body center of gravity, slightly above the hip joint as shown
in Figure 3.82. To calibrate distance, they used the known gymnast’s height and the
distance of the high bar at rest to the upper face of the landing mat.
The student determined the joint angle-rotation angle graphs in the following way.
They utilized the open source video analysis software Kinovea (www.kinovea.org)
to collect data about shoulder and hip joint angles for certain predetermined body
rotation angles per giant circle. The students decided to do measurements only at
body rotation angles 0◦ , 45◦ , 90◦ , 135◦ , 180◦ , 225◦, 270◦, and 315◦ for the 6th up to
and including the 10th giant circle in a sequence of 14 consecutive giant swings on the
high bar. The picture on the right-hand side of Figure 3.81 gives an impression of a
subject’s body conﬁguration at these rotation angles.
Using an Excel spreadsheet, the students averaged the measurements for the 5
consecutive giant circles in order to deal with small changes between giant circles. In
this way, they obtained a data plot of 8 points, in which the shoulder and hip joint
angle were plotted against the body rotation angle. In order to get line graphs, they
utilized the demo version of the Igor scientiﬁc graphing and data analysis program
(www.wavemetrics.com) for curve ﬁtting. They used a sinusoidal regression type.
Figure 3.83 shows the graphs obtained by the students.

Figure 3.83: The shoulder and hip joint angle plotted against the rotation angle of the
body center of gravity for a backward giant circle on the high bar.
The students qualitatively analyzed their graphs and they explored whether a
gymnast can return to handstand when his shoulder joint angle gets small during the
movement. They concluded that only a free hip swing to handstand on the high bar
would be possible; but this is not considered a giant circle. The motion analysis of the
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student researchers continued with reﬂection about other factors that inﬂuence the
performance of a backward giant circle on the high bar but are under less control of
the individual gymnast. Using qualitative arguments, based on fundamental biomechanics principles about angular motion such as moment of inertia, angular velocity,
and angular impulse, and based on formulas for these quantities in simple cases, the
students came to the conclusion that gymnasts can swing faster about the high bar
when they are less heavy and have a shorter distance between their body center of
gravity and the bar. In other words they looked into classical rotational mechanics
and applied it to the sports motion.
The behavior of the student researchers in their video analysis of the backward giant
circle on the high bar resembled the attitude of scientists in that they tried to explain
the eﬀects of various factors on the gymnast’s performance by scientiﬁc reasoning and
also by quantitative analysis, if possible. Their data collection, processing, and analysis
were based on the same methods that sports scientists use in practice and references to
research literature were made. The students also reﬂected on their research design and
the obtained results, looked for alternative methods and explanations of phenomena,
and made suggestions for further investigations in their detailed research report. This
is what professionals do in practice, too. In the choice of ICT, the student researchers
had the same attitude as many scientists: They used whatever tools were available to
them and seemed useful for their research aims.
Video Analysis Based on a Computed Body Center of Gravity
In reality, the body center of gravity is not always located at the same body point: Due
to changes in body conﬁguration, the location changes and may even be outside the
body (as shown in Figure 3.84). In a more advanced video analysis one would compute
the location of the body center of gravity during the giant circle from the recorded
position of the markers and from anthropometrical data for human body segments. It
is more work, but the procedure is standard (See, for example, Robertson, Caldwell,
Hamill, et al., 2004) and the beneﬁt is an improved quantitative video analysis of
the motion. I used the same ﬁve-segment model of the gymnast (two upper and low
extremities, plus the head and torso as one component) as Townend (1993) and utilized
anthropometrical data as presented in (Robertson et al., 2004) to predict the location
of the body center of gravity during the giant circle.
Figure 3.84 is a screen shot of the video analysis of one giant circle (actually the
6th in the uninterrupted sequence of 14 giant circles performed by the gymnast) based
on the described methodology. The upper-left window in the screen shot shows a
still from the recorded video clip in which the gymnast has bent his shoulder and hip
joints in the upswing phase of the giant circle. The points overlaying the video clip
are the measured positions of the shoulder, hip and ankle joints, and the computed
position of the body center of gravity with respect to the moving reference frame
that has the right hand of the gymnast as its origin. Because the spatial and time
data collected in the video clips and the corresponding mathematical representations
like graphs and tables are synchronized in Coach, pointing at a graph automatically
shows the corresponding video frame, and selecting a particular frame highlights the
corresponding points in diagrams, when scanning mode is on. This makes scrubbing,
that is, manually advancing or reversing a clip, an eﬀective means to identify and
mark interesting events in the video clip and to relate them with graphical features.
This feature is much used in motion analysis. In the diagrams of Figure 3.84 are
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shown sinusoidal regression curves for the data, the formulas of which have been used
in computer modeling of the motion to be discussed later.

Figure 3.84: Screen shot of a video analysis activity about one backward giant circle.
Going in clockwise direction through the above screen shot, the ﬁrst diagram consists of the distance-time graph of the body center of gravity and a curve obtained by
approximating the data with a sum of sine functions. In this particular case, a sum
of two sine functions (plus a constant) gives a remarkably good approximation. The
distance-time graph of the body center of gravity can be understood in the following
way. Initially, when the gymnast is in a handstand above the bar, his body is not fully
extended and the distance of the body center of gravity is not maximal. During the
ﬁrst phase of the down phase, this quantity actually increases to a peak value when
the body is close to horizontal orientation. Hereafter the distance of the body center of
gravity to the bar decreases to a (local) minimum when the gymnast passes under the
bar. His hip joint is maximally hyper-extended at this time. In the ﬁrst phase of the
upswing the gymnast closes his hip joint angle. First his body conﬁguration becomes
more extended, with the eﬀect that the distance of the body center of gravity to the
bar increases to a local maximum when his body is close to full extension. But as
the upswing phase continues, the gymnast’s shoulder and hip joint angles close more,
with the eﬀect that the distance of the body center of gravity to the bar decreases to
a minimum when the gymnast is already in the second phase of the upswing and is
going to pass the bar soon in handstand. The minimum distance of the body center
of gravity coincides more or less with the minimum of the shoulder joint angle. The
gymnast in the last part of the upswing extends the shoulder joint again so that the
distance of the body center of gravity to the bar increases.
The rotation angle-time graph and the angular velocity-time graph are displayed
together in the second diagram, in which the left vertical axis is used for the measured
rotation angle and the right vertical axis is used for the angular velocity. The time proﬁle of the angular velocity, which was determined via an advanced numerical method
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for computing smooth derivatives, can be understood in the following way. Angular
velocity increases in the downswing as the gymnast falls from the handstand position
above the bar and reaches a maximum value shortly before the gymnast passes below
the bar when the hip joint is maximally hyper-extended. The angular phase velocity
decreases when the gymnast starts moving to a more extended body conﬁguration and
progresses to the upswing. If the gymnast were a rigid body swinging about the bar,
then his angular would decrease monotonously in the upswing. The angular velocitytime graph reveals that this assumption is not true: The gymnast opens and closes his
shoulder and hip joint angles. The changes in body conﬁguration during the upswing
result in a second small peak in the graph due to closing of the shoulder and hip joint
angles. The local maximum coincides with maximal ﬂexion at the hip joint.
The hip joint angle-time graph and the shoulder joint angle-time graph show clearly
when the gymnast ﬂexed and extended his body, and they reveal that the gymnast
did not perform optimally. The relationships between shoulder joint angle, hip joint
angle, and distance of the body center of gravity, and certainly the special body conﬁgurations during the backward giant circle become more visible when these quantities
are plotted against the rotation angle. This has been done in the lower-left diagram
of Figure 3.84. These graphs are in good agreement with the graphs found by the
students (Figure 3.83) and graphs found in the research literature (e.g., Tsuchiya,
Murata, & Fukunaga, 2004; Sevrez, Berton, Rao, & Bootsma, 2009).
Modeling and Simulating the Backward Giant Circle
By use of basic principles of physics and simple models of the gymnast-apparatus
system one can already analyze the backward giant circle. For example, Townend
(1993) was able to estimate the magnitude of the reaction force experienced by the
arms and shoulders of the gymnast via a simple body model: He found a reaction
force of about four times the gymnast’s body weight. It is clear that a gymnast
has to be strong, as does the apparatus. Taking away simplifying assumptions, such
as rigidness of the gymnast, no friction, and inelasticity of the bar, complicates the
dynamics of the motion enormously and makes it diﬃcult to construct a computer
program that simulates the gymnast’s motion so that there is good agreement between
empirical data and modeling results. Such advanced models would be beyond the
abilities of secondary school students (and probably also beyond the level of physics
undergraduates). But students could explore simpler models under supervision of a
knowledgeable physics teacher.
Here I considered a model of the gymnast as a one-segment body consisting of a
slim, uniform, circular cylinder of variable length r and mass m attached to a rigid
axis of rotation and subject only to gravity. Note that this model is merely a mathematical model, which has little resemblance with reality, but nevertheless serves the
purpose of analyzing the swing motion, and note that it may be a source of inspiration for studying more complicated models. The equation of motion is written as
(Iω) = mgr sin θ, where θ is the angle of rotation, ω is the angular velocity, and I is
the moment of inertia given by I = 43 mr2 . Using the rules of diﬀerentiation and after
further algebraic manipulation, one gets the following system of diﬀerential equations:
θ = ω, ω  = (g sin θ − 83 r ω)/( 43 r). When input for initial values and data for r are
available, or when r is modeled by a given mathematical function, this system of differential equations can be solved numerically. Considering the movement as a periodic
motion, the function can be described as a sum of two sinusoids (This already gives a
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reasonable approximation). This was done with the graphical, system dynamics-based
modeling tool of Coach and the model results were compared with the data obtained
from a video analysis of the recorded motion of the backward giant swing performed by
one of the student researchers. The results are shown in Figure 3.85. The background
graphs came from the video analysis activity described before.

Figure 3.85: A graphical model implementing the system of diﬀerential equations
driven by the sinusoidal model of the distance r. The diagrams on the right-hand side
show the calculated graphs of the rotation angle and angular velocity, respectively,
together with graphs of experimental data.
The phase of the backward giant circle where the model results actually diﬀer from
the empirical data is the upswing phase, when the gymnast changes his conﬁguration
by strongly bending his shoulder and hip joints. Obviously our model of the gymnast
as a circular cylinder fails under these circumstances. But overall, the quality of this
rather simple model can be considered as remarkably good.
Once a computer model has been accepted as useful one can utilize it to examine what happens when the gymnast changes the timing of his movements. In this
way, one can search for a more optimal performance of a swing technique and learn
about possible improvements in techniques. In more advanced computer models, researchers use multiple-segment models of the human body, include elasticity of the
bar and friction, and they use joint angle histories or models of applied torques as
driving quantities for computer simulations. The interested reader is referred to the
biomechanics research literature (e.g., Arampatzis & Brüggeman, 1998; Sevrez et al.,
2009; Yeadon & Hiley, 2000).
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Chapter 4

Findings and Conclusions

In this chapter I recap and discuss the results and conclusions of the reported research
and development work, that is, I go into the main aspects of scientiﬁc inquiry and
authenticity addressed in the case studies and into the tool design of an integrated
computer environment for inquiry-oriented mathematics and science education. Finally, I reﬂect on my work as a whole and go into possible implications for future
research and development.

4.1

Analysis Framework

My reﬂection on the outcomes of the exploratory case studies is to a large extent
oriented toward answering the following two questions, which were driving the research
and development work:
• How can the use of ICT and in particular of an integrated computer learning environment contribute to the realization of challenging, cross-disciplinary practical
work of good quality, in which pre-university students can work with real data,
apply mathematical methods and techniques in concrete problem situations, improve their mathematical and scientiﬁc knowledge and skills, and increase their
mathematical and scientiﬁc literacy?
• What integrated tools should the computer learning environment provide for
inquiry-oriented mathematics and science education? What are the requirements
for the computer learning environment from a mathematical point of view and
do they link up with requirements coming from science ﬁelds?
In other words, my reﬂection is on the following goals of my research and development
work: (1) better understanding of how, why, and to what extent ICT tools can support
students in their learning and practice of scientiﬁc inquiry; and (2) more insight in
what it takes to develop an integrated computer environment for learning mathematics
and science in an inquiry-oriented approach, the usability of which is explored within
educational practice.
As was explained in Section 1.4, the exploratory case studies served many goals in
this respect:
203
i

i
i

i

i

i

i

i
204

Chapter 4. Findings and Conclusions

• They were meant to gain insight in the needs of secondary school students for
doing authentic inquiry work.
• They helped me specify requirements for an integrated computer learning environment from a mathematical point of view.
• They served to test the usability and scope of (prototypical) implementations of
particular tools for collecting, processing, and analyzing data.
• They gave an impression of the potential of ICT regarding the realization of
challenging, cross-disciplinary practical work in which secondary school students
engaged in activities such as experimenting, data collection, and data analysis in
much the same way as scientists and practitioners (without requiring that they
behave exactly as professionals).
The answering of the driving questions—How can ICT contribute to the realization
of authentic inquiry activities in which students develop mathematical and scientiﬁc
literacy? What kind of tool-based environment could support inquiry-oriented mathematics and science education?—depends much on the kind of scientiﬁc inquiry by
students that one has in mind and one’s view on how students can best learn to
do inquiry and develop research abilities. In my research study, I focussed on ICTsupported quantitative mathematical modeling activities, that is, on activities in which
students explore mathematical models with the support of ICT tools in order to come
to grips with natural phenomena and to interpret real data, which they often collect
themselves.
In most classroom case studies, I opted for a structured and guided inquiry approach, interpreted here as instruction in which students are ﬁrst directed in their
work—mostly in order to brush up required knowledge and skills, to make them familiar with ICT tools needed in the investigation, or to direct the pathway of inquiry—and
in which students at the later stage of the investigation can choose an optional activity or carry out a more open task in which they have to make own decisions on
how to proceed. From a research point of view, because of the explorative nature
of my study, I explored how the designed instructional materials and the ICT tools
functioned in school practice, whether learning goals were achieved, what obstacles
students encountered in their work, what recommendations for improvement of the
instructional materials and the ICT tools could be made, and so forth.
In the ﬁeld experiments and the usability studies, the type of inquiry more often
resembled an open investigation in which students could autonomously explore a phenomenon instead of using instructional materials prepared in advance to set out the
mathematical modeling route. In these case studies, I explored the potential of ICT for
realizing challenging, authentic practical work. They can also be considered as sample
activities showing teachers and students what is possible when appropriate tools are
available and inspiring them to let their students do similar inquiry activities. By the
way, three of these cases studies were strongly linked with student proﬁle projects:
1. Gait analysis via electromyography (Section 3.4.1).
2. Understanding the motion of a falling chain (Section 3.5.4).
3. Exploring the giant circle on the high bar (Section 3.5.7).
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My reﬂection on the outcomes of the ﬁeld experiments and usability studies concerns
to a large extent the design of an appropriate tool-based environment to support
inquiry-oriented mathematics and science education.
With regard to scientiﬁc inquiry, and in particular quantitative mathematical modeling, I structure my reﬂection around the following two aspects of practical work:
• Abilities that are considered central in scientiﬁc inquiry and quantitative mathematical modeling, and that the students practiced in the classroom activities
and ﬁeld experiments. One may think of abilities like planning, carry out and
evaluating an experiment, handling ICT tools, handling data, graph sense, symbol sense, making inferences and drawing conclusions, mathematizing, setting
up a computer model, representational ﬂuency, and so forth.
• Characteristics of practical investigations such as the level of authenticity, the
role of ICT, the developers’ objectives, the instructional design and activity
speciﬁcation, the quality of students’ work, students’ obstacles and blockages in
their investigations, and the level of engagement of the students.
My reﬂection on an appropriate tool-based environment for inquiry-oriented mathematics and science education is directed toward the design and implementation of such
an environment, based on the experiences obtained from the development of version 5
and 6 of Coach. I discuss how new ICT tools and improved versions of existing tools
functioned in practice and what potential they have for students’ practical investigations. I concentrate on video analysis, computer modeling, the combination of these
two types of activities, and on data analysis.

4.2

Aspects of Scientific Inquiry and Authenticity

In this section I reﬂect on the outcomes of the exploratory case studies presented in the
previous chapters concerning aspects of scientiﬁc inquiry and authenticity in the practical investigations, ﬁeld experiments, and usability studies. The ordering in which the
ﬁndings are presented is irrelevant. I start with quantitative mathematical modeling
abilities addressed and playing an important role in the practical investigations, and
then I continue with discussing some characteristics of the practical work, including
the authentic nature of the student activities.

4.2.1

Quantitative Mathematical Modeling Competency

I go into empirical inquiry and mathematical modeling competency via a framework
consisting of two strongly connected cycles and I go into other competencies relevant
for quantitative mathematical modeling.
Empirical Inquiry and Mathematical Modeling Competency
One could say that a person possesses quantitative mathematical modeling competency if (s)he is across several contexts able to autonomously and insightfully carry
through all aspects of a quantitative mathematical modeling process in order to come
to grips with natural phenomena and to interpret real data in a given situation (cf.,
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Blomhøj and Jensen, 2003, 2007; Jensen, 2007). It develops over a long series of
quantitative mathematical modeling activities inside and outside school, starting in
inquiry-oriented mathematics and science education with small scaﬀolded tasks and
ending with large autonomous investigations. The two major components of quantitative mathematical modeling, which each have their own cycle of sub-processes involved, are (1) mathematical modeling, and (2) the design and conduct of experiments
to generate useful data. In the instructional design of some mathematical modeling
activities described in Chapter 2 I used the mathematical modeling cycle of Blum and
Leiß (2005, p. 1626), shown in Figure 2.5 (p. 43), for the description of the cognitive processes involved in the mathematical modeling part. But too little attention
is actually paid in this framework to the process of creating and handling real data
for the purpose of comparing model results with empirical data. An inquiry cycle for
experimental investigative work should be added as a second dimension in the model
of modeling. Figure 4.1 combines an empirical inquiry cycle (with transitions 1, 2, iii,
iv, v, 6, 7) and the mathematical modeling cycle of Blum and Leiß (with transitions
1, 2, 3, . . . , 7) into a single framework. It resembles the MEI framework of theoretical
and empirical modeling (MEI/OCR, 2003) and the modeling-experimental bi-cycle of
Fuchs (2007, 2008) as a visual model for a form of the scientiﬁc method (Extended
by Fuchs to a quadruple-cycle by inclusion of processes related to hypothesizing and
generating good questions). It can be used for the following purposes:
• Structuring quantitative mathematical modeling activities.
• Analyzing students’ work and their modeling route. This includes identiﬁcation,
documentation, and analysis of students’ blockages, obstacles, or missed opportunities (cf., Galbraith & Stillman, 2006; Schaap, Vos, & Goedhart, 2011a;
Stillman, Brown, & Galbraith, 2010).
• Elaborating one’s view on quantitative mathematical modeling competency.

Figure 4.1: A model of quantitative mathematical modeling.
In Table 4.1 I exemplify the various stages and transitions in this framework in the
context of the student activity of mathematical exploration of shapes of objects, in
this case of a suspension bridge and a hanging chain (Section 2.3.2). These stages have
been discussed to a certain extent in Section 2.8 in the context of bouncing balls. For
another explanation of the theoretical modeling in a diﬀerent context, the interested
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reader is referred to a similar illumination of the steps in the modeling process by Leiß,
Schukajlov, Blum, et al. (2010).
General description of the transition
1. First, the real situation has to be understood, for example by starting with a photograph. An individual mental model of the
real situation must be constructed, which
can often be expressed in a schematic
drawing.

2. By structuring, making assumptions, and
simpliﬁcation one has to turn the situation
into a real model with a concrete presentation of a question: How does a nonelastic
chain with objects of equal weight, symmetrically attached at equal horizontal distance,
hang under gravity (ignoring the mass of the
chain)?
3. Using basic concepts of mathematics and
physics one mathematizes and transforms
the real model into a mathematical model,
(e.g., a diﬀerential equation). In case of a
small number of weights, a more appropriate
approach is a free-body diagram involving
gravitational and tension forces, and one can
reason about slopes of chain segments.
4. Then one applies mathematical knowledge,
skills, and tools to obtain mathematical
results (e.g., a solution of a diﬀerential
equation). The mathematical model may
also be transformed into a computer model
that is used to obtain numerical results.

5. By activating basic ideas again, one interprets the mathematical results in the real
world as real results for the given problem.
6. The next step in the modeling process is the
validation of the real results according to the
situational model, centered around questions
such as: Is the solution of the problem satisfactory, i.e., do the real results reasonably
and accurately describe or predict reality?
Are the assumptions or simpliﬁcations in the
model adequate or must they be reviewed?
7. The modeling ends with an exposition of a
ﬁnal answer to the original problem.

Sample result of the transition

ODE is y  = 1c for certain constant c.
The positive slopes of consecutive chain
segments between two weights have a ﬁxed
ratio, namely 1:3:5:7:. . .

The kinks in the chain are on a parabola.
By using a large number of weights in the
computer model, the shape of a suspension
cable of a bridge can be approximated.
Since the ratio of positive slopes is independent of the positioning of the weights (as long
as symmetry is maintained), the approach is
applicable for describing the shape of a
ﬂexible chain hanging under gravity in
mathematical terms.

The shape of the main span of a suspension
bridge is well described by a parabola.
The shape of a ﬂexible chain hanging under
gravity is certainly not well described by a
parabola.

Table 4.1: Steps in the model of quantitative mathematical modeling, illustrated for
the student activity of exploring the mathematical shape of a suspension bridge (continued on the next page).
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General description of the transition
iii. For exploration of the real model one makes
an experimental design. In this case, it can
be an image measurement in an experimental setting of a suspended bathtub chain
with ﬁve equal weights attached in such
manner that the horizontal distances
between the weights and the horizontal
distances between the outer weights and
suspension points are all equal.

Chapter 4. Findings and Conclusions
Sample result of the transition

iv. Next, data are collected, processed, and
analyzed to obtain experimental results.
Here, mathematical analysis of a digital
image of the experimental setting does the
job and the data processing is linked with
the theoretical model.
v.

The experimental results are interpreted as
real results. Here, regression analysis can
support the idea that the suspension points
and the kinks in the chain are on a parabola.
viii. One should not forget to compare experimental and mathematical results by means
of visual inspection and a thorough analysis
of the diﬀerences between these results in
order to judge if a satisfactory solution of
the problem is already in sight. Parameters
in mathematical models are adjusted to
optimize the matching of results.

See the picture in the previous transition.

Table 4.1: Steps in the model of quantitative mathematical modeling, illustrated for
the student activity of exploring the mathematical shape of a suspension bridge (continued from the previous page).
The seven steps in the mathematical modeling cycle presented in Figure 4.1 can
be related to the following modeling sub-competencies (Maaß, 2006): understanding, simplifying, mathematizing, working mathematically, interpreting, validating, and
presenting. The ﬁrst and last two steps in this modeling cycle are also present in the
empirical inquiry cycle and they are extended with the three steps that can be related
to the following inquiry sub-competencies: planning and designing an experiment,
conducting an experiment, representing, processing, and analyzing data, and interpreting experimental results. Two stages, one in each cycle, are directly linked when
experimental data are compared with model results.
It must be kept in mind that in reality the two cycles in this framework of quantitative mathematical modeling are not as disjoint as suggested: On the one hand, the
chosen mathematical model determines to a large extent how one sets up an experiment and handles the collected data; see, for example, the examination of the various
models of air resistance for a badminton shuttlecock (Section 3.5.2). On the other
hand, data handling may suggest a particular mathematical model; see, for example,
the sinusoidal modeling of joint angle-time proﬁles of human locomotion (Section 2.4),
the bi-exponential modeling in quantitative pharmacology (Section 2.7), and the biexponential modeling of the decay of beer foam in a glass (Section 3.5.3). In other
words, one can go in any order through both cycles. One can even switch half-way
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the theoretical modeling cycle, when a mathematical model has been derived, to an
experimental cycle to verify whether the model is promising. This can also be linked to
the parsimony principle that guides modeling: Simple models are in general preferred
and they are to be developed and validated ﬁrst to arrive at feasible models of low
complexity. This is why the modeling of alcohol metabolism in humans, presented in
Section 2.7, started with 1-compartment models based on simple mathematical formulas for absorption and elimination processes, and was continued with the exploration
of multi-compartment models when a more accurate and detailed description of the
metabolic process was needed. Another example is the modeling of the decay of the
head of a beer in Section 3.5.3, which started with a simple model of exponential
decay, but continued with more complex models when comparison of the model results with experimental results revealed a deviation in the ﬁrst stage of the decay. In
practice, quantitative mathematical modeling is often not a systematic, linear process
from problem to solution, nor a simple matter of going repeatedly through in itself
clear inquiry and mathematical modeling cycles. In order to overcome blockages in
steps of the empirical and theoretical modeling cycles, one may need to stray from the
straight and narrow, and ﬁrst explore experimental techniques or study theory.
The results obtained by quantitative mathematical models depend very much on
the decisions made during the inquiry and modeling process. For example, it depends
on the personal understanding of the problem situation, on the assumptions made, on
the way one structures and simpliﬁes the problem(s), on the design choices made for the
experiment, on the choice of mathematical tools and representations, and so forth. A
good illustration is the mathematical modeling of running presented in Section 3.5.5:
Two types of models for the same phenomenon were discussed, namely, kinematic
models based on Newton’s second law of motion and kinetic models based on an energy
balance for a runner. Whereas a kinematic approach focuses on the physics of motion
of the human body and body parts in running events, the kinetic approach aims at
strengthening the physiological basis of the mathematical models of running and at
developing methods to quantitatively evaluate the inﬂuence of technical, physiological,
and environmental variables on the performance in sports events.
In my opinion, students must and can be made aware of the dependency of outcomes on the choices made during the inquiry and modeling process; it is part of their
learning about scientiﬁc inquiry and modeling. This is one of the literacy aspects that
can be easily overlooked in secondary education, namely learning about the many ways
in which professional modelers work and think. After all, the majority of teachers and
educators have only limited personal experience with mathematical modeling, or more
generally, with scientiﬁc inquiry, and they depend on external resources to bring this
aspect to the fore in their instructional activities and in their guidance of students in
practical work.
Other Competencies Relevant for Quantitative Mathematical Modeling
It is also clear that other competencies besides empirical inquiry and mathematical
modeling abilities play an important role in quantitative mathematical modeling such
as self-regulation, collaboration, reasoning, appraisal of scientiﬁc literature, communication, and a critical attitude. Self-regulation, or self-regulated learning, is “an active,
constructive process whereby learners set goals for their learning and then attempt to
monitor, regulate, and control their cognition, motivation, and behavior, guided and
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constrained by their goals and the contextual features in the environment” (Pintrich,
2000, p. 453). Basic components are metacognition (i.e., the awareness, knowledge,
and control of cognition), motivation, and volition. It also plays a major role in the
decision making of when a satisfactory model is found and modeling can stop. For
example, in the video analysis of moving coins presented in Section 3.2.3, one could
easily have stopped work after carrying out the experiment and giving the ﬁrst and
most obvious explanation of the motion. Only after a detailed inspection of empirical results it turns out that the motion of the coins was more complex than initially
thought. Intrigued by this unexpected problems, one may be motivated to continue
with a more detailed analysis of the problem situation. In the image analysis of a
hanging Slinky (Section 3.2.1), the quality of the mathematical model was also iteratively improved, for example, by taking the thickness of the Slinky into account.
These two examples illustrate that the perception of the quality of a mathematical
model depends to a large extent on the accuracy that the modeler requires for his or
her description, prediction, explanation, and understanding of the phenomenon, and
on the modeler’s willingness to invest time and eﬀort.
Regarding the experimental part of the framework, a critical attitude is essential
for good planning, design, conduct, and evaluation of an experiment. I consider the
following two types of understanding necessary for development of empirical inquiry
competencies, including a critical attitude toward experimental work:
• Understanding the aim and nature of an investigation, the relevant disciplinary
concepts and ideas, the involved practical techniques, and the criteria used for
evaluation and testing the quality of empirical data. These are the components of
the PACKS (Procedural and Conceptual Knowledge in Science) model developed
by Millar, Lubben, Gott, and Duggan (1994).
• Understanding of concepts of evidence about design, measurement, data handling, and evaluation of the complete experimental task. This framework was
proposed by Gott and Duggan (1995) and expanded to a framework for practical work in science and scientiﬁc literacy through concepts of evidence and
argumentation (Gott & Duggan, 2007; Gott, Duggan, & Roberts, 2003). It
takes the point of view that one of the most important factors of success and
good quality in empirical inquiry work is the experimentalist’s ability to underpin his or her work on the basis of a set of ideas about claims and evidence, that
is, the experimentalist’s ability to express the thinking behind the doing.
I concur with Robert and Duggan (2007) that students’ understanding of ideas
about evidence (in the context of experimental work) can be developed by explicitly
and progressively introducing them the concepts of evidence required to conduct an
investigation, by doing this separately from teaching subject matter knowledge, and
by gradually increasing the openness of the tasks until they can do a holistic investigation such as the student proﬁle project. The classroom practical investigations based
on video analysis (summarized in Section 2.4 and 2.5) are to a large extent examples of this approach, in which students learned to eﬀectively use a video analysis tool
through problems that were not overwhelming diﬃcult regarding the substantive ideas
required to solve them. Only the authentic nature of the student activities and the
occasional introduction of a mathematical method and technique (such as numerical
diﬀerentiation and regression) added a substantive component to the tasks. In the
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open elements of the students’ tasks, such as the selection of the investigated motion,
the setting up of an experiment, the choice and use of options in a video measurement, the description of collected data in connection with the captured motion, and
the comparison of motion data sets, students were more intensively confronted with
concepts of evidence about design, measurement, data handling, and evaluation than
in the closed tasks.
Examples of self-regulation, collaboration, reasoning, appraisal of work of other
researchers, criticism, and communication abilities are: ﬁnding similar examples or
phenomena that one has explored before or knows about; looking for and appraising
known results that have been presented in scientiﬁc papers or books; taking one’s time
to mess around with the given problem until it becomes clearer and one gets ideas;
diagnosing obstacles encountered and thinking about steps to overcome them; selecting and using appropriate mathematical representations and procedures; selecting
and using appropriate ICT tools for parts in the investigation; arguing and justifying decisions made in an investigation; planning and managing time and eﬀort put
into (steps of) an investigation; monitoring the investigation and keeping the focus
on the chosen target; reﬂecting about and controlling one’s own thinking and the inquiry process; understanding the role of empirical data and mathematical models in
the process of exploring a given problem situation; discerning between relevant and
irrelevant data and handling lack, superﬂuity, or inconsistency of data; dealing with
uncertainty and ambiguity; understanding that more than one model may apply (depending on the target of the investigation); comparing own results with those of other
researchers; working systematically; realizing when to seek help or support; working
in a team; communicating eﬀectively; being aware of own strengths and weaknesses;
being curious; looking for alternative models or explanations; and so forth. The list
of quantitative mathematical modeling sub-competencies and abilities seems endless,
and the students must have a willingness to put these into action (cf., Maaß, 2006,
p. 116–117).
Henceforth, I only discuss a few aspects of quantitative mathematical modeling
competency because in the classroom case studies presented in Chapter 2 students
hardly went spontaneously and autonomously through the full inquiry and modeling
cycles, and because I did not assess their performance in investigative work for a variety of problem situations. I limit the discussion to sub-competencies and abilities in
which the use of ICT plays a role and makes a diﬀerence. The purpose of the ﬁeld experiments and usability studies presented in Chapter 3 was more to explore the design,
implementation, and educational potential of an integrated computer environment for
quantitative mathematical modeling than to explore students’ competencies. I only
use them occasionally to support my elaboration of certain aspects of scientiﬁc inquiry
and authenticity.

4.2.2

Design and Conduct of Experiments, and Basic Data
Handling

I present empirical ﬁndings about the students’ abilities to design and conduct an
experiment, and to work with experimental data. I focus on general ﬁndings, acknowledging that individual or team diﬀerences in the quality of experimental work
exist. For example, in the practical investigation of analyzing acids in various Cola
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drinks via automated titration (Section 3.3.2; pp. 140–142) it was observed in the
classroom and noticed in the students’ written reports that the quality of both experimentation and reporting varied. This was in this particular case not considered a big
issue, at least when students paid attention to the quality of their experimental results, when they could ﬁgure out what went wrong during the experiments, and could
formulate or make improvements. The main focus was still to learn to do experiments
of good quality and to report about the results in a clear way. But when students are
more familiar with the experimental techniques and possess a larger amount of subject
matter knowledge, one may expect more from the students’ quality of practical work.
Henceforth I discuss in this section only video analysis activities. The main conclusions regarding these activities (summarized in Section 2.4 and 2.5) are the following:
• If one considers a student who is able to carry out sub-processes of empirical
modeling on request as competent, then most participants in the classroom case
studies showed a suﬃcient level of competency. However, from an understanding
of evidence perspective (Gott & Duggan, 2007; Gott et al., 2003) there was still
room for improvement of the quality of the students’ inquiry work.
• A suﬃcient level of empirical modeling competency seems not reserved for upperlevel pre-university students only. Students in pre-vocational secondary education were also able to get an impression of what it takes to do a scientiﬁc inquiry
and develop inquiry abilities by carrying out a small investigation task at their
own educational level using digital video technology.
• The radius of action of video analysis, that is, the range of situations in which
a person is able to activate his or her video analysis competency, seems large.
Students who learned and practiced video analysis in one situation (e.g., gait
analysis) seemed to have no diﬃculty in applying video technology in other situations (at least not in situations that were close enough to contexts in which the
technology was introduced, such as in strongly related student proﬁle projects).
The surprisingly quick uptake of video analysis technology and motion analysis by
secondary school students does not mean that there are no comments on the quality of
the students’ work and on the support level of the video analysis tool. Below I underpin
the above ﬁndings by going more deeply into some classroom observations and some
ﬁndings obtained by inspection of students’ written accounts of the investigation.
Students’ Video Analysis Sub-Competencies
I go into some observed shortcomings of students in their experimental work. They
concern the experimental set-up, the data handling, and interpretation of measurements. This leads to a simple recommendation for an instructional sequence of video
analysis.
Students’ Shortcomings in Setting Up a Video Analysis Experiment
All students seemed to be aware of the fact that the quality of the video analysis
depends much on the accuracy of measurements in the video clip or digital image:
They put great eﬀort in correctly clicking on points of interest in the digital media.
One would expect that they also paid much attention and put great eﬀort in realizing
the best setting for capturing a video or digital image. But I seldom noticed the latter
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behavior amongst the participants of the practical classroom studies. For example,
not many students did a provisional video recording, as a try-out to see how capturing
would go and what could be improved in the experimental setting (including the
camera settings). No students repeated an experiment for reasons of reliability; all of
them seemed to be happy and satisﬁed with the ﬁrst successful recording of a motion.
Also, a common mistake was to forget to place a calibration object in the scene. In case
of investigations related to body motion, this was afterwards repaired by calibration on
the basis of measurements of human body segments or on the basis of default settings
in a scene (e.g., the default size of equipment used in the experiment). Students
seemed to understand that it is advantageous to position the camera fronto-parallel
to the plane of motion in order to minimize perspective distortion, but apparently did
not take the distance of the camera to the plane of motion or object of interest much
into account. I consider the students’ shortcomings in designing and conducting an
experiment which involves video recording and analysis of a motion more as lack of
experience in experimental work than as obstacles that are diﬃcult to overcome.
Students’ Shortcomings in Basic Video Data Handling
I noticed some shortcomings in the various ways students collected, handled, and interpreted video data. For example, although all students were able to identify problems
in video clips for further analysis and could easily work with video editing tools to
improve video clips by applying geometrical transformations or by making changes in
brightness and saturation, they seldom took initiatives to improve the video analysis in this way. In addition, students often ignored the problem of dropped frames
in their video capture and just accepted the data as collected. In the early experiments with the video analysis tool of Coach, students were actually hindered by the
fact that video capture and editing were not yet supported in the tool; these components of a video activity had to be done outside the environment with a program
like VirtualDub (Lee, 2011). Students also had technical problems with ﬁle managements because of insuﬃcient support in Coach at that moment for a broad range
of video compression formats; ﬁles often were diﬃcult to handle because of their size.
These technical problems and lack of support in the integrated tool-based environment
certainly had an impact on the students’ data collection in video activities.
Students’ Diﬃculties in Interpreting Results
Most students did not spontaneously and autonomously choose an appropriate coordinate system for their video and image analysis, but relied more on the default setting
of the video analysis tool. They were apparently not aware of the possibility of reducing the complexity of the data analysis by a smart choice of coordinate system. The
same holds for the graphical representations: Many students just accepted the default
display of video and image data generated by the video tool and they put little eﬀort
in improving it by other means than automatic zoom-to-ﬁt. Most students achieved a
basic level of interpretation of experimental results and linking data with the recorded
motion, but many of them did not spontaneously and autonomously use the replay
option or the video scrubbing technique to ﬁnd more details about the motion and the
connection of events in the video clip with features in the graphical displays. However, the real problem is here not the lack of students’ beneﬁt of features of a video
analysis tool, but their limited graph sense and underdeveloped representational ﬂuency (i.e., limitations in comprehension of multiple representations). This also came
to the fore when students compared data sets: They tended to focus on diﬀerences in
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basis features of motion graphs and to forget about what these diﬀerences meant in
terms of the recorded and analyzed motions and how the diﬀerences (and similarities)
could support claims made about the motions. Anyway, lack of graph sense and representational ﬂuency seemed to hinder students in extracting all information that was
intrinsically available in several linked representations and in evaluating the quality of
their experimental work (e.g., reﬂecting on how to represent data in order to arrive at
or underpin claims and conclusions).
A Recommendation for Instruction of Video Analysis
The observed students’ weaknesses in data collection and data handling in video analysis activities bring me to the following recommendation: In an introduction of students
to video analysis one better pays much attention to various aspects of experimental
set-up and data handling, and to the (further) development of graph sense and data
sense. Based on my experience in the e-class setting, I hypothesize that screencasts of
worked-out examples of video analysis will help students develop the required ﬂexibility in applying standard methods and techniques and a sense of quality of experimental
work and data handling.
Video Analysis at Pre-Vocational Level
It goes without saying that upper-level pre-university students outperformed prevocational secondary school students in understanding concepts of evidence in experimental work. But the video measurement project of vmbo tl-3 students, summarized
in Section 2.5, is an example of a rather open inquiry that is nevertheless within
reach of the target group of students at their own educational level. After a guided
introduction of video technology, the students were able to
• select a motion of their own interest,
• pose a question about this motion that could be investigated and answered by
means of video analysis,
• set up an experiment and record a video clip of the motion,
• use the video clip to measure and analyze the motion by means of a graph,
• draw a conclusion in the form of an answer to the posed question and underpin
it with the video analysis results, and
• write a short report in the form of a screen shot of their video activity containing
the research question, the answer to the posed question, annotated graphs, and
comments that underpin the answer.
This classroom case study clearly showed that quantitative mathematical modeling is not reserved for some privileged persons with high abilities, but can be done by
students with variable ability level, although the scientiﬁc nature and sophistication
of their work may diﬀer enormously. In secondary education, students with diﬀerent
levels of knowledge and skills can carry out inquiry activities, provided that the activities and expectations are ﬁne-tuned to the target group. For example, one of the
lessons learned from the video measurement project of vmbo tl-3 students was that for
this type of students it is even more important that technicalities in video capturing
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are reduced to the minimum and that video capturing is a built-in facility of the integrated tool-based computer environment for inquiry-oriented mathematics and science
education. Another lesson learned was that these pre-vocational students apparently
need explicit instruction and time to practice before they are ready for open tasks.
On the other hand, a short investigation like the one tried out in the classroom case
study may make students aware of quality aspects of experimental work and motivate
them to learn to improve their performance.
The Radius of Action of Video Analysis
The classroom case studies revealed that students had not much diﬃculty with transferring their knowledge and skills about video analysis from one context to another.
For example, they could easily plan to use an already learned and practiced video
technique in a new activity and then carry out the required work. This is important because, as the many examples of Chapter 3 illustrate, there is a broad range
of application areas of video analysis. The only problem was their tendency to forget to apply their sub-competencies in experimental work and the need of a teacher
to remind them. This supports the common sense that the critical attitude required
for the design, performance and evaluation of experimental work is only developed in
small steps and that this learning process depends much on the number and quality
of opportunities that one gets during a school career to learn and practice inquiry
abilities.
Another point, which popped up in the classroom study about bouncing balls
(Section 2.8) when students had to study data from a sound experiment, is that one
may not expect that students can use secondary empirical data without much diﬃculty.
Students may lack a full understanding of how the data were collected because they did
not do the experiment themselves and they may not have enough experience with the
particular kind of experimental work to know what went on. This ﬁnding might even
hold in cases where the data collection technology is the same. Therefore, it seems
advisable to let students often carry out all aspects of video analysis (including the
capturing of the video clip), before requiring that they can deeply analyze given video
clips. This is in line with the ﬁnding of Hug and McNeill (2008) that students respond
diﬀerently when evaluating data collected by themselves compared with secondary
data from others’ work and that they are more engaged with primary data.
Actually, my experience with vwo students who did a proﬁle project in which
video analysis played a large role—examples related to the classroom gait analysis
activity were projects concerning comparison of gait patterns (e.g., running, walking,
hopping) and gaits under various experimental conditions (e.g., change of type of shoes,
inclination angle of the ground surface), a study of the motion of the arms during
human gait, an analysis of horse gait patterns, and a motion analysis of a speed
skater—was that they apparently had developed through practical work at school
enough video analysis competencies or enough inquiry competencies to carry out their
experimental work at an appropriate level of quality and without a long learning curve
during their project. But this sample of students, who did their proﬁle projects within
the framework of outreach activities of the Faculty of Science of the University of
Science, was probably not representative for the majority of vwo students.
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Graph Sense

I summarize observations and ﬁndings about the graph sense of the students who
participated in the classroom case studies and I position these results in the wide
range of research literature on graphs and graphing. I brieﬂy discuss the envisioned
role of technology in the development of graphs sense and how the design of a graphing
tool inﬂuences the students’ performance.
The Notion of Graph Sense and its Importance
I deﬁned ICT-supported quantitative mathematical modeling as an exploration of
mathematical models with the support of ICT tools in order to come to grips with
natural phenomena and to interpret real data. The key aspect of this type of human
activity is making links between two worlds: (1) the world of real objects and observable or measurable things, in which one can do experiments, observe phenomena, and
collect data; and (2) the world of ideas, in which there is room for theories, models,
concepts, methods, and so forth, (cf., Millar, Tiberghien, & Le Maréchal, 2002). In
his modeling theory of cognition, Hestenes (2008, 2010) made the distinction between
mental models and conceptual models, that is, between private subjective constructions and manipulations in the mind of an individual and more objective scientiﬁc
knowledge generated and communicated in the world of scientists. This separation
between a mental world and a conceptual world can be useful to distinguish between
private mental conceptions or common sense and scientiﬁcally grounded cognition.
Like Bisdikkian and Psillos (2002, p. 193), I consider graphical representations as
bridges facilitating the world of real objects and observable or measurable things and
the world of ideas during any data handling process connected to students’ practical
work. The linking between graphical representations and each of these two worlds
involves comprehension and construction skills employed to bridge concepts, methods,
and ideas with real world phenomena by means of graphing. Conventional graphical
representations are one of the symbolic forms used to encode model structures and
therefore are part of Hestenes’ conceptual world. Invented graphical representations
and private sketches belong to the mental world. In my discussion of graph sense I
ignore the possible separation of the world of ideas into the mental and conceptual
worlds because I focus on conventional graphs used in science and learned at school.
What is more relevant is that I consider graphical representations as extremely valuable
tools for both making sense of information and for generating and communicating
information. This is expressed well by the maxim that “a picture tells more than a
thousand words.”
In this perspective, graph comprehension and graphs construction abilities are
essential for becoming a mathematically and scientiﬁcally literate person. Delmas,
Garﬁeld, and Ooms (2005) deﬁned graph sense as “the ability to recognize components of graphs, speak the language of graphs, understanding relationships between
tables and graphs, respond to questions about graphs, recognize better graphs, and
contextual awareness of graphs.” In this deﬁnition, graphs sense consists of a wide
range of abilities and it not only involves reading and making sense of graphs, but also
constructing or inventing graphs that best convey information and having a critical
attitude toward the use of graphs. This critical attitude is needed because diﬀerent
types of graphs are appropriate for diﬀerent purposes and one consequently has to
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make many decisions about how to visualize data. Friel, Curcio, and Bright (2001),
who introduced the construct of graph sense in statistical educational research from
a cognitive perspective, considered graph sense more as representing certain ways of
thinking with and about graphs than as a body of knowledge and skills that can be
transmitted to others. They expressed their view that “graph sense develops gradually as a result of one’s creating graphs and using already deﬁned graphs in a variety
of problem contexts that require making sense of data” (p. 145). They also reviewed
frameworks for characterizing the kinds of questions that graphs can be used to answer
and the instructional implications of the identiﬁed levels of graph comprehension. I
use one of these frameworks to discuss the graph comprehension skills of the students
who participated in the classroom case studies.
Levels of Graph Comprehension
The framework of Curcio (1981, 1987), which is much cited in mathematics education
research, consists of the following three kinds of levels of tasks, behaviors, and actions:
1. Reading data: locating presented information and translating it from graphical
into another form of communication such as text or a tabular representation. The
action is local and speciﬁc: For example, a student reads literally direct factual
information such as basic graphing resources (title, caption, legend, labels, axes,
scales, units, etc.) and single data values. Students must at least understand
the basic structure of a graph.
2. Reading between data: interpreting and integrating presented information. This
includes comparing data values, applying simple operations to data values, looking for relationships between quantities as shown on a graph, telling a story about
the graph, and so forth. This means that a student not only understands the
basic structure of a graph (described above), but also understands the relationship contained therein.
3. Reading beyond data: generating information. Students extend, predict, or infer
from data and/or tap existing schemata for information that is only implicitly
present on the graph. Typical examples are interpolation and extrapolation of
given data, noting trends and patterns, predicting, data smoothing, and regression analysis. This requires that a student understands the context in which the
data are presented, in addition to being able to read between data.
One can also look upon this categorization as a hierarchy of (1) an elementary level (locating, translating); (2) an intermediate level (interpreting, comparing, integrating);
and (3) an advanced level (extending, predicting, inferring). Shaughnessy, Garﬁeld,
and Greer (1996; see also, Shaughnessy, 2007) advocated the addition of a fourth level
to the above framework of graph comprehension: Reading behind data. This refers
to looking critically at graph use and connecting the graphical information with the
context by deep analysis and causal reasoning that is based on subject matter knowledge and experience. Typical examples of actions at this level are examination of the
data quality and the data collection methodology, suggestion of a possible explanation, and elaboration on alternative models and graphical representations. This level
of graph comprehension is more challenging than all other identiﬁed levels and it is
most strongly promoted and addressed in inquiry-oriented activities in which students
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produce and interpret their own data and report their ﬁndings. The ﬁeld experiments
and usability studies in Chapter 3 illustrate this type of behavior many times in activities that range from connecting concentration graphs with the progress of a chemical
reaction on the basis of theory of chemical kinetics (Section 3.3.1) to using own experiences to interpret motion graphs in the context of making a backward giant circle
on the high bar (Section 3.5.7)
Graph Comprehension Skills Observed in the Classroom
Many research studies (See, for example, Curcio, 1987, 2010; Åberg-Bengtsson &
Ottosson, 1995, 2006) have indicated that, although a majority of school children, even
at young age, seem to be able to understand the most prominent features of simple
graphical representations and can cope with the reading-oﬀ of values, students of all
ages often have notable problems in going beyond that elementary level and in drawing
conclusions from the data represented in a graph. The students who participated in
the classroom case studies were no exception: They had diﬃculties at all levels of
graph comprehension, except the ﬁrst level of reading data.
Reading Between Data
For example, at the level of reading between data, I observed during the gait analysis
activities of vwo-5 students and noticed in the students’ writings (Section 2.4.1) that
they had diﬃculties in interpreting graphs in the context of leg motion; this was more
challenging than constructing the graphs. For many a student it was quite diﬃcult to
learn from the instructional materials alone how a cyclogram represents a relationship
between hip and knee joint angles, and how it essentially summarizes the shape of
the leg during a gait cycle. Further explanation of the meaning of a cyclogram by the
teacher improved the students’ abilities in this respect. But even hereafter, comparison
of hip-knee cyclograms of self-recorded gait patterns often just resulted in writing
down diﬀerences between diagrams and focussing on local information presented in
the graphs, instead of describing how cyclograms summarized diﬀerent leg motions
and taking a global view of the presented motion data.
It turned out in this classroom study that reading between the data was more difﬁcult for many a student than I had expected, especially concerning the interpretation
of a hip-knee cyclogram. The fact that a cyclogram is a parametric curve with time
only implicitly involved certainly makes the graph interpretation tasks of analyzing a
cyclogram and comparing two cyclograms more challenging for students than doing
such tasks for angle-time proﬁles. But I also noticed that the students sometimes
seemed to have forgotten that they could beneﬁt from the video scrubbing technique
to connect graphical features with events in the video clip. Especially when comparing
two cyclograms, many students did not ﬁrst analyze each gait pattern by use of the
synchronized link between the recorded motion in the video clip and the cyclogram
before continuing with a discussion of the diﬀerences and similarities between the cyclograms and between the corresponding gaits. Instead, they immediately stepped into
the comparison of two graphical representations, the cognitive load of which is higher
without the synchronized video clips at hand. Maybe the students were hindered
here by the fact that their video analysis software did not support synchronization of
representations with more than one video clip at the same time.
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The student performance in reading between data improved in the second exploratory case study about gait analysis by students (Section 2.4.2) after I had improved the instructional materials in the sense of a more gentle introduction to the
hip-knee cyclogram and after I had realized a practical setting in which students could
record and explore more than one gait cycle in a video analysis activity. I think that
the longer duration of the recorded motion helped the students better connect the
graphs with the motion and describe the graphs in a more accurate way.
Reading Beyond Data
At the level of reading beyond data, I observed that vwo students apparently had few
diﬃculties with linking the real world context with graphs and reasoning about these
links in case the connections were direct, as in graphs of measured quantities with
respect to time. When the connections were more indirect, as in graphs of derived
quantities and in less common graphs such as cyclograms, the students had more
diﬃculty in understanding the link between the visual representation and the real
world object of study and in utilizing the connection for explanatory purposes.
For example, in the practical investigation about human growth (Section 2.2) I
observed that vwo-4 students had no problems with graph interpretation tasks up to
intermediate level of diﬃculty, but that they did not consider increase diagrams as
an obvious and natural way to investigate a process of change; they only used these
diagrams when explicitly asked. This may well illustrate that the students were not
used to think of change of a quantity as an interesting quantity itself. In other words,
it may reveal a weakness in the students’ ability to link the general concept of a
changing variable with a graphical representation of change of a quantity. This point
needs attention in instruction because increase diagrams and numerical diﬀerentiation
of data are important, generally applicable mathematical methods and techniques to
investigate processes of change.
Another example of students’ diﬃculties with reading and interpreting graphs
comes from the classroom experiments with vmbo tl-3 students doing video analysis
activities (Section 2.5). Many students had problems with understanding horizontal displacement on a vertical axis, that is, with the traditional choice of axes in time
proﬁles of quantities. Once time was plotted against horizontal position in the instructional materials, these students were more able to successfully interpret the measured
graph in relation with the recorded motion. This indicates that these students still
preferred an iconographic representation, that is, a graph in which the direction of
motion is the same as the direction of the axis on which the measured quantity is
projected, with the eﬀect that the graph looks like a map of the recorded motion.
Reading Behind Data
Having a look behind the data was promoted in various ways in the classroom studies. For example, the activities in the computer-based investigations of mathematical
shapes (Section 2.3) went beyond the level of empirical modeling by means of regression
analysis and causal reasoning: Students had to use physics knowledge to underpin the
models. In the instructional materials about quantitative pharmacology (Section 2.7),
I made use of the broad range of models for intake and clearance of alcohol in the
human body to ensure that students had the opportunity to practice evaluation and
revision of models, and in this way would get acquainted with the concept of model
progression. Similarly, a lot of attention went in the instructional activities about
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bouncing balls (Section 2.8) to the validation of (intermediate) mathematical models,
with the hope and expectation that looking at various models of one and the same phenomenon would promote a critical attitude of students. High speed video technology
was applied to get a closer look at the kinematics of a bouncing ball and to raise the
quality of the model. I hoped and expected that, by explicitly paying attention in the
tasks to looking behind the data, the students could develop the critical attitude that
is necessary for successful modeling of biological, chemical, or physical phenomena.
The classroom case studies in which students had the toughest challenge to look
behind the data were the spreadsheet-based data handling activities in which vwo-5
students worked with censored clinical data (Section 2.6.1) and in which vwo-3 students
explored precipitation times series data (Section 2.6.2). In both activities, students
had to critically analyze available data, create their own hypotheses and data models,
and compare statistical methods. But graph comprehension played a smaller role in
these activities than the understanding, interpretation, evaluation, and manipulation
of data. Therefore I come back to this issue when I discuss the students’ notion of
data sense.
Critical Factors Aﬀecting Graph Comprehension
Friel et al. (2001) considered four critical factors that aﬀect graph comprehension:
1. The purpose of using graphs (analysis, communication).
2. Task characteristics (visual decoding, perceptual judgment, relating graph features with a context).
3. Viewer characteristics (prior mathematical knowledge, familiarity with the context, proﬁciency with graphing tools, the repertory of strategies with visualization).
4. Discipline characteristics (data type and size of a data set, the way a representation provides structure for data, graph complexity).
They are not much diﬀerent from the factors that according to Shah, Freedman, and
Vekiri (2005) inﬂuence graph comprehension: task (user’s goal, extraction of information, scientiﬁc visualization, . . . ), display characteristics (format, use of symbols and
colors, . . . ), data (complexity, . . . ), and person characteristics (prior knowledge about
content, graphical knowledge, scientiﬁc literacy, . . . ).
The Purpose of Using Graphs
I took the identiﬁed factors that aﬀect graph comprehension seriously into account
when I designed classroom practical investigations and when I improved or designed
new tools of the integrated computer learning environment for inquiry-oriented mathematics and science education. I deliberately put emphasis in most investigation tasks
on making sense of data by graphs and graphing. I always emphasized that, in quantitative mathematical modeling, graphs have meaning in relation to the real world
context and are not just pretty pictures. I exposed students as much as possible to
problem situations in which graphs clearly convey information that may stay under
the surface in other representations. In particular, I provided them with opportunities
to experience that a data graph may make a trend in a data set more evident than a
table of recorded quantities (cf., Shah & Freedman, 2010; Zacks & Tversky, 1999).
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To illustrate this, the following examples from the classroom case studies may
suﬃce. Increase diagrams of height-age growth diagrams reveal a puberty growth
spurt and allow easy comparison of height growth of boys and girls (Section 2.2, p. 32).
Hip-knee cyclograms summarize gait patterns in an information-rich visual way and
oﬀer an objective way to compare gaits and to reason about leg motion (Section 2.4.2,
pp. 53–54). Concentration proﬁles in quantitative pharmacological studies illustrate
how intake and elimination of drugs takes place in the human body and in a graphical
format it is relatively easy to compare measured data with results from computer
simulations of pharmacokinetics (Section 2.7, p. 79).
Many examples of the expressive power of graphs can also be found in the ﬁeld
experiments and usability studies presented in Chapter 3; I mention a few. In the
context of chemical kinetics (Section 3.3.1, p. 128, p. 134) modeled concentration proﬁles reveal how a chemical reaction system adapts to changing chemical experimental
conditions. In gait analysis via electromyography, the dynamic linking of video clips of
gaits with EMG recordings enables the determination of muscle activity during various
gait phases (Section 3.4.1, p. 153). The diﬀerences between squat jump and countermovement jump can be explored by examination of force-time graphs (Section 3.4.2).
Inspection of velocity-time graphs of a falling badminton shuttlecock is an important
tool in deciding which model of air resistance best describes the motion of the falling
object (Section 3.5.2, p. 169). Details of the initial motion of a sprinting person can be
found in the velocity-time graph obtained by high speed video recording: increasing
and decreasing parts of the graph correspond with the propulsion during foot contact
and the aerial phase when both feet are airborne, respectively (Section 3.5.5, p. 187).
These examples illustrate my point of view that a graph is a means rather than an
end in itself.
Task Characteristics
I selected the contexts of the practical investigations such that the participating students could be expected to be already familiar with them or could easily recognize the
need to become more familiar with the related discipline characteristics. For example,
the case studies about human growth, human locomotion, and quantitative pharmacology always served a dual purpose: (1) learning to work with data in a graphical
way and (2) becoming familiar with the ways scientists and practitioners do investigations, collect data, and use visual representations in their work (cf. Miller, 1998).
The context of human locomotion (Section 2.4) was deliberately chosen to let students
explore a complex motion with which they were all familiar, but for which it was also
obvious that there does not exist a deﬁnitive mathematical and scientiﬁc model that
explains each and every detail. Yet the students were expected to learn that, with their
mathematics knowledge at secondary school level, they could make sense of recorded
data, use graphs in data analysis, relate graph features to events in the motion, and
could interpret and construct graphs in much the same way as motion scientists do.
Viewer Characteristics
In retrospect I consider the chosen instructional approach in the practical investigations successful insofar as the students became familiar and more proﬁcient with
commonly used mathematical methods and techniques, learned to use generally applicable ICT-tools in practical work, and got an impression of what it takes to do
an investigation. It turned out to be more complicated than expected to bridge the
gap between the informal knowledge and mental models of students about real-world
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phenomena on the one hand and the scientiﬁc practice in which these phenomena are
explored on the other hand. In the instructional materials for the case studies about
human locomotion and quantitative pharmacology, for example, I introduced the students to the scientiﬁc vocabulary used in these disciplines with the intention that they
would develop some sense of the beneﬁts of a clear and unambiguous terminology.
But in the students’ reports I noticed that the orientation to the scientiﬁc practice
had failed in the sense that most students kept using natural, imprecise language.
They apparently were not motivated enough to use scientiﬁc vocabulary; only in student proﬁle projects I noticed the willingness to use more frequently the language of
mathematics or science.
Discipline Characteristics
Concerning the design of the integrated tool-based computer learning environment,
much attention was paid to how graph interpretation and construction tasks could
be supported. Two ﬁndings from past research directed my work. Firstly, Cleveland
(1984) noted that the majority of scientiﬁc visualizations consists of graphs, in particular two-variable graphs (83% of all graphs) in which one variable is plotted against
another, such as scatter plots, time series plots, and function plots. Secondly, research
has indicated that scatter plots and line graphs are one of the most important, but
also most complicated types of graphs for secondary school students to master. It is
misleading to think that these graphs are for non-experts easy to read and to interpret
(See in the context of motion graphs, for example, Beichner, 1994, 1996; Billings &
Klanderman, 2000; McDermott, Rosenquist, & Van Zee, 1987; Radford, 2009; Testa,
Monroy, & Sassi, 2002; Zollman & Brungardt, 1995). The multiplicity of graphing
in the Cartesian plane—Ainsworth & Van Labeke (2004) distinguished in the context of graphical representation of processes of change between (1) a time-persistent
representation showing a rang of values over time; (2) a time-implicit representation,
which shows a range of values but not the time when these values occurred; and (3) a
time-singular representation showing only a single point of time—introduces a challenge of moving ﬂexibly among these graphical representations (See also, Yerushalmy
& Shternberg, 2006).
These two ﬁndings underpin the restriction to this type of graphs in the remainder
of this chapter. This does not mean that other graphical representations are secondclass representations and hardly occur in school practice. As a matter of fact and to
great surprise, researchers have found diﬀerences in visualization practices between
textbooks and scientiﬁc publications (See, for example, Roth, Bowen, & McGinn,
1999; van Eijck, 2006). In scientiﬁc research papers, more Cartesian graphs are used
and more graphing resources (labels, scales, units, legends, captions, etc.) to facilitate
graph reading are provided than in textbooks. In the practical investigations I promoted the use of scatter plots and line graphs, and I paid much attention to ways that
help making the dynamic nature of graphs more obvious to students. In Section 4.3
I present a few features of Coach 6 that are intended to help students in their work
with graphs.
Disciplinary Diﬀerences in Contexts and Language for Graphing
Friel et al. (2001) considered discipline characteristics as one of the critical factors
that aﬀect graph comprehension. But they were not thinking of the fact that students
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must overcome obstacles for applying what they learned about graphs and graphing in
mathematics lessons to other disciplines like science and economics. Research studies
have revealed that there exists a transfer problem in using graphs in various disciplines.
This was one of the reasons for Roth (2003) and coworkers (Roth & Bowen, 2001, 2003;
Roth & Lee, 2004; Roth & McGinn, 1998) to take a sociocultural orientation toward
graphing as social practice (in a school setting, at the workplace, etc.), instead of
the cognitive-psychological perspective. I refer to (Ellermeijer & Heck, 2002; Heck
& Ellermeijer, 2010) for a short discussion of diﬀerences between mathematics and
physics regarding contexts and language for graphs and graphing. Table 4.2 and
Table 4.3 list some identiﬁed diﬀerences in construction and purpose of graphs, and
the use of graphing language, respectively, between mathematics and physics.
Mathematics
Represents a single object, viz., a
function. Main purpose is to give a
single view of various aspects of a
given function.
Dimensionless numbers are represented. Scaling is by default linear.
Only one vertical axis.

Graph

Axes

Origin
Plot range

(0, 0) is the ﬁxed position.
In principle inﬁnite.

Slope/
Gradient

Dimensionless number having a
geometric interpretation only.

Physics
Represents a relationship between two
quantities. Main purpose is to explore
or to present the relationship between
quantities.
Values of quantities are expressed in
some unit. Scaling is a matter of
choice and may be nonlinear.
Dual-scaling is used.
Arbitrary position.
Determined by the ranges of the
quantities.
Represents the change of a quantity
with respect to another and is on its
turn a quantity with a unit.

Table 4.2: Diﬀerent contexts of graphing in mathematics and physics.
Mathematics
Tangent line, slope.
Origin (of coordinate system).
Domain and range (of a function).
Graph of y(x), x-y graph.
Set of 2-tuples (x, y).

Physics
Gradient, steepness.
Zero (of a quantity).
Range (of quantity values).
v-t diagram, x-t diagram.
Plot of y vs. x.

Table 4.3: Some diﬀerent languages for graphs.

ICT-Based Approaches to Develop Graph Sense
There are several approaches to mastery of graphing: For example, the spreadsheetbased, active graphing approach of Pratt (1995), Ainley (2000), and of Ainley, Nardi,
and Pratt (2001), and the data logging approach of Nicolaou, Nicolaidou, Zacharia, and
Constantinou (2007), Philips (1997), and of Van den Berg, Schweikert, and Manneveld
(2010). Research evidence suggests that when computer-based graphs replace the
drawing of graphs by hand, school children can learn to work with line graphs and
scatter graphs at an earlier age than with traditional progression because a lower
skill level of graphing is possible through the facilitation of data collection and data
analysis and the stimulation for students to talk to each other about the graphs on the
screen. This seems to contradict the reported diﬃculties of secondary school students
with interpretation and construction of graphs in paper-based activities (Leinhardt,
Zaslavsky, & Stein, 1990). Apparently, the aﬀordances of graphing software make
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the diﬀerence. Phillips (1997, p. 56) suggested that “the development of graphical
interpretation skills are more likely to be promoted by exposing children to a rich and
varied diet of graphical experiences, than by detailed attention to graphical syntax.”
Graphing Software and Spreadsheet Programs
Ainley (2000, p. 367) attributed success of an ICT-based active graphing approach to
the user’s control of the appearance of a graph: “Although, inevitably, any software
will be designed to use default options which determine the initial appearance of the
graph, the user’s power to control the appearance of the graph is a signiﬁcant aspect
of the nature of computer-based graphs.
• Computer-based graphs are dynamic, in the sense that their size and proportions
can be altered by dragging the corners of the graph. Unless the user has speciﬁed,
otherwise, the scales shown on the axes will change as the graph is distorted.
• The same set of data can be quickly and easily displayed in a wide range of
graphical forms, and the appearance of the graph can be changed through menus,
which control the scales on the axes, the orientation, the style of markings and
labels, and so on.
• Computer-based graphs can be created interactively: once the graph has been
produced, it will change as data on the spreadsheet is changed.
• Depending on the particular software being used, it may be possible to use
drawing tools to superimpose a line upon a graph, to facilitate reading the graph
or the interpretation of trends.”
Data Logging, Video Analysis, and Computer Simulation Systems
The fact that Ainley (2000) only considered graphing software and spreadsheet programs limited her thinking. In data logging, video analysis, and computer simulation
systems, the dynamics of graphs goes a step further: While one collects or computes
data, or while one replays the data creation, one can simultaneously see graphs and
tables growing in size. In other words, real time display of data is provided. This
helps students see a time series graph not simply as a static picture, but more as a
dynamic representation of a process of change, and it helps student link a graph with a
real-world phenomenon. Depending on the data logging system, it may be possible to
use drawing tools to predict a graph before a data graph is created by a measurement.
The last two features of graphing with data logging systems (dynamic representation
and linking with a real-world phenomenon) are important because from research it
is known that there are several areas of diﬃculties that students have with graphs
and graphing. For example, students may have diﬃculties in connecting graphs with
the real world, in linking graphs with concepts, and in transitioning between a graph
and events described by the graph. Students may also have diﬃculties in constructing
appropriate graphical representations to support conclusions or predictions (See, for
example, Tairab & Khalaf Al-Naqbi, 2004).
Reported Eﬀects of Data Logging on Graph Comprehension
I take the standpoint that when students at upper secondary education level carry
out a practical investigation they must already have developed some level of graph
sense in order to fully beneﬁt from the graphing facilities, that is they must already
sense what graphs represent and what purpose these representations serve, be able
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to read and interpret graphs in various contexts, have knowledge and skills to select,
construct and manipulate graphical representations that aid in making sense of data,
and be able to work suﬃciently ﬂuently and ﬂexibly with conventional mathematical
graphs. Research has shown that the use of ICT, and in particular systems for data
logging, video analysis, and for computer modeling, simulation and animation, helps
improve students’ graph comprehension.
For example, Svec (1999) concluded that data logging engendered conceptual change
in undergraduate physics students and improved students’ graph interpretation skills.
These ﬁndings were in line with results obtained in many other studies with students
of all ages and educational background, in which the use of data logging regularly led
to better scores on conceptual tests (See, for example, Boujaoude & Jurdak, 2010;
Lapp & Cyrus, 2000; Lo Cicero & Spagnolo, 2009; Linn, Layman, & Nachmias, 1987;
McRobbie & Thomas, 2000; Mokros & Tinker, 1987; Newton, 2000; Nicolaou et al.,
2007; Rogers, 1996; Russell et al., 2003, 2004; Stylianou et al., 2005; Thornton &
Sokoloﬀ, 1990; Trumper, 1997). Lindwall and Ivarrson (2004, 2010) claimed that
data logging worked better in this sense than computer simulation. They concluded
that the two main diﬀerence between the learning environments, as observed in the
analysis, were: (1) the kind of interpretive resources that were used in the coordination of actions and in the completion of tasks; and (2) the kind of discourse that
each environment promoted. But maybe the most important lesson learned from such
micro-analytic studies is the following: (1) details of the used technology and the designed activities strongly inﬂuence the learners’ actions and the learning outcomes;
and (2) with regard to the design of educational technology and the eﬀectiveness of
the technology in practice, the proof of the pudding is in the eating.
Reported Eﬀects of Video Analysis on Graph Sense
The positive eﬀects of data logging on graph comprehension are also reported in studies about the eﬀects of the use of video analysis tools on the students’ graph sense
(cf., Beichner, 1996, 1999; Escalada & Zollman, 1997; Larkin-Hein & Zollman, 2000;
Koleza & Pappas, 2008, McCullough, 2000; Zollmann & Brungardt, 1995). I refer
to Section 3.1.3 for a brief discussion of the educational beneﬁts of video analysis in
mathematics and science education. Struck and Yerrick (2011) reported that there
were even indications that high school student achievement was higher for velocitytime and acceleration-time graphs using the video analysis method compared with the
data logging method. However, their results may be inﬂuenced by their choice to use
two diﬀerent tools, namely, the PASCO Xplorer GLX hand-held for data logging
and the Vernier’s LoggerPro software on a desktop computer for video analysis.
A Comment on the Eﬀects of Data Logging and Video Analysis on Graph Sense
The positive eﬀects of data logging and video analysis technology on the development
of graph sense does not mean that graphs and graphing are easy for students and does
not take away misconceptions and graphical illusions or misinterpretations of graphs
in connection with real-world phenomena. Rodrigues, Pearce, and Livett (2001) for
example noted in their study with ﬁrst year university physics students that the use of
video analysis and data logging in practical work motivated their students and helped
them understand physics concepts and linking the graphs with the real-world motions
investigated, but also that the students used elements of the video analysis and data
logging to reinforce already existing ideas rather than challenging the robustness of
their existing ideas.
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Students’ Alternative Conceptions about Graphs and Graphing
Leinhardt et al. (1990) analyzed research on the interpretation and construction tasks
associated with functions and some of their representations. They distinguished the
following three main categories of students’ diﬃculties with learning to focus more
broadly on the overall shape of the graph or parts of graphs (pp. 37–39):
• Interval/point confusion, when students narrow their focus on a single point in
cases where they better consider a range of points.
• Slope/height confusion, which means that students confuse gradients (slopes)
with maxima and minima.
• Iconic interpretation, when students interpret a graph of a situation as a literal
picture of the situation.
In the classroom studies at vwo level I only encountered slope/height confusion in the
activities about human growth (Section 2.2), when students were asked the question
“Who grows faster, boy or girl, at what age?” This does not mean that the students
did not suﬀer from the other two identiﬁed diﬃculties, but only that they might not
have easily come to the surface in the exploratory case studies.
Leinhardt et al. (1990) categorized various other misconceptions and diﬃculties
in students’ understanding and use of graphical representations of functions. Their
list contains issues with notation and grammar, use of variables, and allowable types
of correspondences, as well as overemphasis of linear graphs through the origin and
diﬃculties with scaling. From my experiences in the classroom case studies, I conclude
that the ability to read scales seems to be one of the most important factors aﬀecting
the interpretation of graphs created by means of visualization tools.
For good understanding of a graph created in graphing software or a graphing
calculator one must realize what visual features of the graph will not change under
changes of the viewport, the data window, and the scaling used in the coordinate
systems (For example, intercepts of lines), and what will change when alterations
are made (For example, physical slopes of lines and angles between lines). Selecting
and constructing a suitable shape of a two-variable graph is an issue, particulary in
interpretation of graphs in situated contexts such as science. Leinhardt et al. (1990),
in their review of functions, graphs and graphing, noted the following:
• The issue of scale becomes more fundamental when using graphing technologies
(p. 17).
• Scale is an issue when using graphs for scientiﬁc data analysis and in computerbased instruction, but usually is not an issue when introducing graphing in
mathematics classes (p. 17). The scale is often assumed or given in mathematics
instruction (Normally the scale is the same on each axis).
• Change of scale is one of the main sources of graphical illusions that may become
obstacles in the process of abstracting from graphs as visual-concrete representations to graphs of symbolic representations (p. 19).
The use of graphing technology hardly played a role in the review of Leinhardt
et al. (1990) because the graphing calculator had not yet entered into the classroom
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at the time of writing of the reviewed research papers. But the common diﬃculties
students experience in understanding graphs, including the diﬃculties in choosing,
constructing, and scaling axes, and the diﬃculties in understanding transformations
of functions and changes of scale have been repeatedly found in subsequent research
studies on graph sense and on the use of graphing technology. Like Mitchelmore
and Cavanagh (2000) found in their research study about interpretation of linear and
quadratic graphs on a graphing calculator, I also observed in classroom experiments
and noticed in students’ reports that students often had a tendency to accept a graphic
image constructed in the software environment uncritically, without attempting a more
appropriate scaling and shaping of the diagram, and that they apparently did not
fully grasp the processes used by the software to display graphs. Only when students
started to author Coach activities as a form of reporting results or used Excel to
create graphical representations of data to be included in a report or a PowerPoint
presentation, they seemed to be more conscious of the main choices that could be
made in graphical displays (including selection of colors, symbols, and other display
characteristics). But they were driven then by decorative goals instead of mathematics.

4.2.4

Data Sense

I go into some aspects of data handling. The main topic is how students collected
and made sense of data in the classroom case studies, for example by video analysis,
computer modeling, and regression analysis.
Levels of Making Sense of Data
Making sense of data is a research ability that is central in quantitative mathematical
modeling because modeling results are always compared with real data. Data sense
can be deﬁned as the ability of persons to (1) derive meaning from data created by
others or by themselves, and (2) to generate data sets that help to come to grips with
an phenomenon or a situated problem. It refers to an understanding of data, the
way they are collected, organized, displayed, processed, created, analyzed, compared,
related to observed events, and how they are used in making inferences and drawing
conclusions. Because visual representations of data are the dominant scientiﬁc format
of representing data, data sense is closely linked with graph sense. Shaughnessy (2007,
p. 988) noted in the context of statistics learning and reasoning that “graphs are critical
for data representation, data reduction, and data analysis.” This explains why these
two notions are usually intertwined in research on mathematics and statistics education
and why the categorization of tasks, behaviors, and actions associated with graph
comprehension by Curcio (1981, 1987) and why Shaughnessy (2007; see also, Friel et
al., 2001) used the word ‘data’ in the labeling of the levels of graph comprehension.
Curcio (2010) recently referred to data-graph comprehension, to emphasize the direct
link between graph comprehension and data comprehension.
Data Collection and Data Creation
Data collection was part of most classroom case studies, but also secondary data
originating from scientiﬁc research studies were used. For example, published growth
data of the 4th Dutch Growth Study of 1997 (Fredriks, 2004; Wit, 1998) were used in
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the case study about human growth (Section 2.2) and time-series data published in
the Climate Atlas of the Netherlands (Heijboer & Nellestijn, 2002) were used in the
spreadsheet-based data handling activity outlined in Section 2.6.2. One of the reasons
to use real data was to raise the level of authenticity of the activities and make students
aware of the importance of the quality of data. Bottom-line was the thought that when
designers of learning activities are not taking great care of the validity of their data
and just invent data that ﬁt the learning targets instead of relying on trustworthy data
resources, one cannot expect that students are serious about and feel responsible for
the quality of data in their practical work.
Data creation was also essential in the students’ computer modeling activities because in computer simulations data were generated for visual comparison with empirical data. Students had to make in these investigations all kinds of decisions about
parameter settings in the mathematical model, time steps in the algorithm, duration
of the simulation, choice of numerical integration method, and so forth. My experience was that in general students were able to get the job done, but more by the
method of trial and improvement, than by a systematic approach, underpinned by
theoretical arguments, or by referencing to literature data. For example, the use of
regression analysis as a method to get initial estimates for parameters in a computer
model was hardly used; it is a technique that must explicitly taught. Students also
relied much on the default settings of the computer modeling tool and they changed
the numerical integration algorithm without giving it much thought and relying just
on past experiences.
Regression Analysis
The focus of many practical investigations was on getting a global view of data. In
exploratory data analysis, global understanding of data commonly refers to the ability
to search for, recognize, describe, and explain general patterns in a set of data (change
over time, trends) by observation and intuition, or by statistical techniques. The
classroom case studies, especially the ones about human growth (Section 2.2) and
mathematical modeling of shapes (Section 2.3), revealed that the students had informal
ideas about association and correlation of quantities, but did not have many formal
concepts and skills connected to these notions. This came as no surprise because
regression was for the participants in the case studies not a curriculum topic in their
mathematics education, or at best it was a hidden topic. I go into some consequences
that popped up in the classroom case studies and recommend inclusion of regression
into the mathematics curriculum.
Students’ Informal Understanding of Data Fitting
Students understood the idea of a best line ﬁt of data (perhaps from science laboratory
work), but only based this on visual judgment in data graphs and not on criteria of
goodness of ﬁt. They were readily willing to accept other regressions formulas—they
often tried them out when they used a regression tool—but when the instructional
material referred to simple formulas that ﬁt the data, they automatically favored
linear function ﬁts and took other function types such as quadratic functions less into
consideration. A strong emphasis in mathematics education on linearity is probably
causing this eﬀect, even in cases where a nonlinear approach is more appropriate.
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This also explained some observed weaknesses in the students’ actions when they
applied nonlinear regression: They relied mostly on default settings of the regression
tool and seemed to be unaware that nonlinear data ﬁtting had been implemented in
Coach as a two-phase process in which ﬁrstly good initial estimates of parameters in
the regression model must be determined (manually by the user or on the basis of data
handling methods) and secondly these estimates are used in a systematic improvement
of the intermediate result (For example, by applying the Levenberg-Marquardt method
for nonlinear regression). This concept of data ﬁtting in two distinguished phases of
initial parameter estimation followed by systematic improvement must be explicitly
taught before students can eﬀectively apply the regression tool.
Students’ Understanding of the Method of Peeling-Oﬀ Functions
In the classroom activities about gait analysis (Section 2.4) and quantitative pharmacology (Section 2.7) students were introduced to the least squares method of peeling-oﬀ
functions (Foss, 1969) for ﬁnding appropriate regression curves that are formulated as
a sum of two or more mathematical functions. They had no diﬃculty in following
the procedural steps. When explicitly asked to inspect residual data of a function ﬁt
and to consider a consecutive ﬁt of these residual data, students could do this. When
this technique was applied to distinguish between a clearly separated global trend
and a superimposed function—for example, in the task to describe the position-time
data of the hand of a person who walks with constant speed on a straight line by a
mathematical function (Figure 2.6, p 46)—the students had no diﬃculty in relating
the summands in the regression formula to components of the described phenomenon
and in open tasks of this kind they were more inclined to take initiatives for doing
this. In other cases (e.g., quantitative pharmacology), when it is less obvious that a
global trend and a superimposed function can be separated, students seemed to neglect
the possibility of a regression model consisting of a sum of mathematical functions.
Maybe this behavior is caused by the fact that the regression tool of Coach, graphing
calculators, and most graphing softwares only (or mainly) oﬀer single mathematical
functions as regression models.
I consider it important that students understand the idea of decomposing a signal
into several components because it is a technique that is often applied in regression
analysis. Examples discussed in Chapter 3 are the harmonic analysis of tides (Section 3.3.3, pp. 144–147), the decomposition of the motion of a yoyo into a translational
and rotational component (Section 3.5.1, p. 163), the bi- and tri-exponential regression
models of the decay of beer foam in a glass (Section 3.5.3, p. 172), and sinusoidal ﬁts
of the body rotation angle, shoulder joint angle, and hip joint angle during a backward
giant circle on the high bar (Section 3.5.7, p. 199).
A Too Global View in Data Fitting
Students hardly made use of the feature of the regression tool of Coach that they
could zoom in on part of the data set for applying regression analysis to the particular
data selection. Again, they only did this when explicitly instructed to do this (for
example in bi-exponential ﬁts of pharmacological data), but they hardly made the
ﬁrst move to do this. This technique could also have have helped students to describe
data by a piecewise-deﬁned function, but this type of regression model is even more
out of sight than a model consisting of a sum of two or more functions. Anyway, I
noticed a tendency in the students’ actions and reports to forget that they could split
data in parts that could be modeled separately.
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However, I consider it important that students understand the idea of taking a
component-wise view in data ﬁtting because it is a technique that is often applied in
research. Examples discussed in Chapter 3 are the distinction of the constant velocity
phase of a falling badminton shuttlecock (Section 3.5.2, p. 167) and the distinction
between the contact phase and aerial phase during the motion of vertical bouncing on
a jumping stick (Section 3.5.6, p. 190), resulting in a combination of a sine ﬁt with a
parabolic ﬁt for the two phases, respectively.
A Recommendation
The ﬁndings of students’ performance in regression analysis indicate that improvement
can only be realized when regression becomes a curriculum element and teachers explicitly pay attention to the methods and the underlying theory. I consider regression
an important subject for secondary mathematics education: In my opinion, secondary
school students should learn that mathematics can help decompose data into a signal
to be recovered and irrelevant information present in the data as noise. This idea of
data being a mixture of signal and noise is perhaps one of the most fruitful and fundamental ideas of data analysis. It also underpins the mediating between structure and
randomness for data smoothing and it can help students ﬁnd an appropriate balance
between signal and noise in their data. When more attention is given to this idea, students are expected to much better understand, utilize, and appreciate the numerical
diﬀerentiation methods based on data smoothing, instead of always ﬁrst trying to ﬁnd
a good algebraic function ﬁt and use this function for computing derivatives. Thus, it
will probably contribute to the students’ data analysis competency.
Reading Behind Data
I promised earlier (p. 220) to discuss the outcomes about students’ reasoning with
with censored clinical data (Section 2.6.1) and precipitation times series data (Section 2.6.2). In both classroom case studies, students had to critically analyze available
data, create their own hypotheses and data models, and compare statistical methods.
They used the spreadsheet program Excel as a calculating tool so that they could
focus on statistical reasoning, that is, on making sense of statistical information and on
interpreting results, instead of on ﬁlling out tables. I discuss the students’ competency
in reading behind the data.
Survival Analysis of Censored Clinical Data
Students were challenged to handle censored observations originating from a clinical
study in a hospital. This was much diﬀerent from the statistics and data analysis
presented in their mathematics textbook, which may give the wrong impression that
data handling is not much more than applying standard recipes. Here, students had to
come up with their own statistical model for handling the data, use their own model to
compute survival probabilities, and draw conclusions. All students who participated
in this classroom study had chosen the Culture & Society stream, had no conﬁdence
in their mathematical competencies, and had motivational problems with studying
mathematics. Notwithstanding this student proﬁle, they performed extraordinarily
well in the classroom experiment. They understood the basics of survival analysis
and censored data, grasped simple methods of computing survival probabilities, and
comprehended the life-table or actuarial method and its dependency on the researcher’s
point of view on censoring. The latter achievement was evidenced by the students’
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success in evaluating three naive points of view, reﬂecting on two given points of
view on censoring in the actuarial method, and in proposing and underpinning an
alternative point of view.
I think that the instructional materials and the instructional setting contributed
much to the success of the students’ reading behind the data. The instructional
materials hardly contained closed questions with a single correct answer, but instead
contained open-ended tasks that gave students on the one hand the impression that
they could carry them out and stimulated them on the other hand to go one step further
and think critically. Students could overcome their math anxiety, in particular their
fear of using mathematical formulas, and their lack of conﬁdence in their mathematical
abilities through the use of a spreadsheet program and by working in small teams.
The spreadsheet program provoked the students to work in an active way and to
talk extensively and thoughtfully about the statistical and computational problems
involved within their team, with the teacher, and with other groups of students. The
computer results also revealed that the students had sometimes found good solutions
to the exercises, but that they had simply not been able to express their answers in
terms of formulas. Listening to the conversations amongst the students and discussing
the answers with them revealed that the students’ understanding of the subject was
better than their written reports alone suggested.
The most important conclusion that I draw from this classroom case study is that
one can challenge pre-university students to read behind the data and get back good
results, even with students from whom one would not expect it on the basis of the
achievements in regular mathematics lessons.
Handling Weather Data
In this classroom case study I explored whether vwo students at lower gymnasium
level could successfully work with data sets of medium size (as opposed to the small
data sets in their mathematics textbook) by means of a spreadsheet program and use
various types of moving averages of precipitation time series data for the answering
of concrete questions about the weather. Students had to concentrate on computing
with averages over various, possibly overlapping, time periods and noticing what were
the eﬀects of their choices. The notion of moving average was new to them, both in
terms of calculation and application, and the instructional materials deliberately did
not contain the term. The tasks were grouped into closed questions at the beginning
and more open tasks further on.
The students were able to do the closed tasks and vivid discussions amongst students arose about the various choices made in the exercises. Thus, when given clear
tasks, the students understood the concept of moving average, were able to do computations, and could draw conclusions based on the various choices made with regards to
the type of moving average. But the question remained whether they would spontaneously and autonomously show the same behavior in open tasks. Alas, this could not
be answered in the classroom case study because the ﬁnal open task was not formulated clear enough for the eyes of the students. Besides of this, classroom observations
revealed that the student did not have enough experience with Excel to use it eﬀectively. Especially the use of absolute or relative cell references confused students and
hindered them in their work. Despite of all diﬃculties, some students could formulate
their reasoning in clear words. This indicates that reading behind the data may not
be beyond the competency level of vwo students at lower gymnasium level, even when
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the problem is a little bit more complex than usual, the data set is medium-sized, and
computational tools are needed.

4.2.5

Symbol Sense

A precise deﬁnition of symbol sense does not exist. In analogy with number sense,
Arcavi (1994, 2005) described a number of behaviors that characterize symbol sense
in the domain of high school algebra. His list included amongst others the ability to
appreciate the power of symbols, to know when the use of symbols is appropriate, and
the ability to manipulate and make sense of symbols in a range of contexts. Drijvers
(2003, 2006, 2011) conﬁned the interpretation of symbol sense to the understanding
of the meaning and structure of algebraic formulas and expressions, which involves
(1) the strategic abilities to arrive at a problem approach and to maintain an overview
of this process, (2) the capacity to view symbolic expressions globally, and (3) the capacity of algebraic reasoning. This links up with Zorn’s (2002) description of symbol
sense as a very general ability to extract mathematical meaning and structure from
symbols, to encode meaning eﬃciently in symbols, and to manipulate symbols eﬀectively to discover new mathematical meaning and structure. Symbol sense is in this
view the ﬂexible algebraic expertise that (1) directs algebraic manipulation and engineering of symbolic expressions from the background, and (2) includes the insight in
underlying concepts. How students best acquire this algebraic expertise—by practice
or by focusing on reasoning and strategic problem solving in lesson activities—and the
role of ICT in this is much debated (See, for example, Schoenfeld, 2004).
Pierce and Stacey (2004) pointed out that many of the symbol sense behaviors described by Arcavi (1994) are unaﬀected by the availability of computer algebra systems
because these ICT tools only perform manipulations and calculations facilitated by
algorithmic routines, but do not create a mathematical model, nor decide how to work
mathematically, nor interpret mathematical results in the real world as real results.
However, in order to direct and monitor this work the user needs according to these
authors the part of symbol sense what could be called algebraic insight. Pierce and
Stacey (2004) distinguished two aspects of algebraic insight: First the thinking which
allows a person to monitor working within the symbolic mode of operating, that is socalled algebraic expectation; and second the ability to link representations, in this case
to link the symbolic with graphical or numeric representations. In their opinion, once
a basic level of algebraic insight has been reached regarding both aspects, computer
algebra systems may assist in the further development of students’ algebraic insight.
I concur with this viewpoint, not only for use of computer algebra systems, but also
for other ICT tools used in mathematics and science education. For example, when
students in the case studies about gait analysis (Section 2.4) used wrong formulas to
compute knee- and hip joint angles from measured joint positions, no teacher had to
tell them because they could immediately recognize physiologically impossible angle.
In my R&D work I did not focus on school algebra and the learning of it; I only
explored whether participants in the classroom case studies had developed suﬃcient algebraic expertise for carrying out their practical investigations, what obstacles they encountered, whether they were bothered by diﬀerences between the use of variables and
functions in mathematics, science, and in computers, and whether the ICT-supported
practical investigations provided opportunities for students’ growth of algebraic ex-
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pertise and give them an aesthetic feel for the power of symbols and a feeling for when
to abandon the use of symbols and turn to other representational forms.
The main message that I intended to send to students in the practical investigations was that mathematical formulas and algebra are not just a hobby of mathematics
and physics teachers, but that they play an important role in models and modeling.
Algebra may reduce the complexity of mathematical models: Parameter scaling, in
which dimensional analysis is used to reduce the number of parameters, is for example a common technique applied by professional modelers to simplify a mathematical
model and its analysis. I did not pursue this technique in the practical investigations,
but instead I always emphasized general applicability of algebraic methods. For instance, in the computer-based investigations of mathematical shapes of real objects
(Section 2.3), students could easily understand that although they were exploring
particular objects, they were investigating a prototypical shape and that the set of
mathematical methods and techniques which they applied were oriented toward solving and understanding a more general case. Regression was quite often applied to
determine good initial estimates of parameters for use in computer models. As shown
in the examples of modeling human running via a kinematic approach (Section 3.5.5,
pp. 181–182) and of modeling upward hopping (Section 3.5.6, p. 190), initial estimation of parameters in a model often beneﬁts from some algebraic pre-processing that
leads to ﬁrst approximations of solutions or fruitful relationships between parameters
in the mathematical model.
Students’ Algebraic Skills
One might expect that upper-level secondary students have acquired basic algebraic
skills and understand how to use basic laws of algebra when solving problems in which
mathematical formulas play a role. However, in the classroom case studies it was
often observed in class and noticed in students’ written reports that the students had
rather weak algebraic skills and lacked conﬁdence in using mathematical formulas.
Illustrative were the diﬃculties of
• the vwo-5 students in the case study about bouncing balls (Section 2.8) with
writing down a formula for the percentaged loss of energy at a bounce of the
table tennis ball (p. 95), despite their Mathematics B background in the Nature
& Technology proﬁle, and
• the vwo-5 students from the Culture & Society stream in the case study about
survival analysis (Section 2.6.1) with pencil-and-paper based algebraic manipulation and entering of formulas in an Excel sheet (p. 67), leading to a behavior
of avoiding the use of mathematical formulas.
In both cases, I had the strong impression that the algebraic expectation of the students
was underdeveloped, hindered them in their work, and led in some cases to a behavior
of guessing a formula without giving it much thought.
The Versatility of Mathematical Language and Notation
Mathematics and science teachers as well as developers of a versatile computer learning
environment that oﬀers integrated tools for mathematics, science, and technology are
faced with the following two diﬃcult questions:
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1. How to deal with the versatility of mathematical language and mathematical
notation, and in particular, how to deal with the variability of the concept of
variable in mathematics and science?
2. How to deal with the diﬀerences in language between mathematics and science?
The interested reader is referred to discussions of these issues by Heck (2001) and by
Ellermeijer and Heck (2002); here I only summarize some ﬁndings.
Regarding the notion of variable, I concluded that the meaning of variable is variable. In mathematics, three uses of variables (and parameters) can be distinguished
and students must learn all three for eﬀective algebraic work:
1. A variable used as a polyvalent name, that is, a name for an object than can
take a multitude of values. For example, if n is a divisor of 6, the letter stands
for any of the numbers 1, 2, 3, and 6. In the task “solve x2 = 2”, the variable x
is a priori an indeterminate and it can take a posteriori two values.
2. A variable used as a placeholder, which denotes the places in an expression where
the same object is meant. For example, in the formula (a + b)2 = a2 + 2ab + b2 ,
the variables a and b stand for any number. In f (x) = x2 , the variable x is only
used to deﬁne the function f and has no special meaning.
3. A variable used as a variable object, that is, a symbol for an object with varying
value. For example, the object can be a physical quantity such as time, position,
and temperature, or an economic quantity such as price, capital, and income.
A variable object may be related with others. One speaks of independent variables,
whose values one is free to choose, and of dependent variables, whose values one can
compute given the values of the independent variables. The roles of independent and
dependent variables are often not ﬁxed during a computation. For example, studying
the knee joint angle in human locomotion, one may on the one hand consider it as
a function of time, but on the other hand describe it as a function of the hip joint
angle (in a hip-knee joint cyclogram; see, for example, Figure 2.8). In the computer
modeling of acid-base titration (Section 3.3.2), when a titration curve was constructed
(p. 140), it turned out to be convenient to use pH as independent variable instead of
time for the computation of the so-called progress curve. In the analysis of the motio
of a yoyo (Section 3.5.1) it even was advantageous to consider functions in t2 instead of
time t. One of the big ideas in calculus, and in mathematics in general, is the freedom
of choosing independent and dependent variables.
In science, a variable is most often used as a name for a quantity that can vary
(often with respect to time) and that in many cases can be measured. There is in
science a much stronger conventional use of names of variables than in mathematics.
One striking feature of the symbolic writings in science is that function, sample of
function values, and single function value are mixed up easily and apparently without
much harm: A physical quantity is sometimes a function of time, in other occasions
a ﬁnite sample of values measured at diﬀerent times, and sometimes a function value
at a certain ﬁxed time. A value of a physical quantity actually consists of three
parts, namely the numerical value (a number), the precision (the number of signiﬁcant
decimals or the margins of error), and the unit that is used to measure the quantity.
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This makes quantity arithmetic more diﬃcult to learn and to use than referencefree number arithmetic. The following example, taken from (Van der Kooij, 1999),
illustrates this. Compare the given answers to the following problem:
“Peter and John walk in a straight line in the same direction from the
same starting point, with the same speed of 2 m/s. Peter starts ﬁrst at
time t = 0 and John 3 seconds later. Give the formula for the distance s
walked by John after t seconds, for t > 3 sec.”
Answer 1: s = 2(t − 3).
Answer 2: s = 2t − 6.
In generalized arithmetic, the two expressions are equivalent: a factored and expanded form. In quantity arithmetic, which takes dimensions into consideration, the
ﬁrst answer s = 2(t − 3) represents a time-approach of the problem via a distance =
speed × time formula and the second answer represents a distance-approach s = 2t − 6
via a distance = distance − distance formula. So, thinking about dimensions and units
of measurement makes clear that in real life problems not only the variables but also
the numbers have contextual meanings. Especially the number 1 is tricky because it
is always left out of expressions: No one writes the formula N = N0 2t of exponential growth as N = N0 2(t/1) to show that the doubling time is 1 time unit and that
dimensions are actually correct in this formula. When manipulating the formulas in
a real world context, a student better keeps the dimensions in mind to verify work.
In the instructional materials for the classroom case study about quantitative pharmacology (Section 2.7) much attention was payed to students’ practice with diﬀerent
speciﬁcations of growth rates and converting between various units. In the case study
on models of sprinting (Section 3.5.5), I adopted the adopted the common approach
in biomechanics and normalized quantities to body mass in order to make the algebra
manipulation a little bit easier by reduction of the number of variables in the model.
Table 4.4 lists some essential diﬀerences in terminology and notational systems
between science and mathematics (See, for more details, Ellermeijer & Heck, 2002).
Mathematics
Generalized arithmetic with dimensionless
variables is used.
Names of variables are free to choose and
changing names in an expression does not
change its meaning.
√
Irrational numbers like 2, π and e are
important; ﬂoating-point numbers are without
accuracy: 1.0 = 1.000.
There is a strong focus on special properties of
functions (e.g., on asymptotic behavior).
Words like “big”, “small”, “negligible” have
little meaning.

Science
Quantity arithmetic with its own rules and
use of units is dominant.
A variable is often related with some scientiﬁc
concept and its name is an abbreviation of
this notion.
In measurements, only natural numbers and
ﬂoating-point numbers with accuracy occur:
1.0 = 1.000.
Properties and assumptions may rule out
parts of mathematical interest.
A small change of a quantity Q is also a
quantity ΔQ with its own arithmetic.

Table 4.4: Some diﬀerences between the use of variables in mathematics and science.
The following illustrative example of confusion amongst students caused by the
diﬀerence between mathematical language in mathematics and science occurred in the
classroom case study about mathematical shapes of objects: When some students
were making graphs invisible in a plot, they got to their surprise weird diagrams with
no coordinate system or no labels near the axes. They were apparently thinking of a
graph as a representation of a function, that is, as a representation of a single object, so
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that it suﬃces to work with one variable. This is common in mathematics (exempliﬁed
by the statement “plot the graph of x2 ”). In science however, a graph represents a
relation between quantities. Then one must work with at least two variables.
In general, a computer variable
• stores a numerical value or points to an object;
• may play diﬀerent roles in a statement, for example in the assignment i = i + 1;
• may have a special, non-mathematical meaning, for example, a reference to
previous results;
• obey unusual manipulation rules (e.g., by the ordering of commands or automatic
simpliﬁcation);
• is often a ﬁnite representation of a variable in the mathematical sense. The most
complicated representation concerns the concept of variable object. In many a
computer environment this is either a ﬁnite indexed list of values or an algorithm
expressed in ﬁnite terms.
A user of mathematical and scientiﬁc software must be aware of these diﬀerences
between computer variables and variables as they are used in mathematics and science.
The diﬀerences are not obvious at all. In Heck (2001) recommendations were made to
teachers interested in using computer algebra systems in their instructions.
Regarding the use of a system-dynamics based modeling tool one better not underestimates the obstacles students initially may have. For example, in a text-based
modeling tool, they must understand that in the assignment t = t + dt, the following
task is speciﬁed: Take the current value of time t, add the time step dt, and store
the result in the variable t. Here, the symbol t plays two roles: On the left-hand side
it can be pictured as a lettered box for storing a value, and on the right-hand side
it denotes a value retrieved from a lettered box. In mathematics however, a variable
need not have a value and its role, when it appears in an expression or deﬁnition,
is always ﬁxed. The assignment would probably be represented in mathematics by
a recursive deﬁnition like tn+1 = tn + dt. In the graphical, system dynamics-based
modeling tool of Coach 6, and in modeling tools like stella and powersim, this
sequence could be represented by the graphical model shown in Figure 4.2, where the
annotations underneath the icons display the hidden formulas. The left and right
ﬂow arrows represent the replacement of the current value in the lettered box by the
formula shown under the left ﬂow arrow in each step of the iteration. This formula is
the sum of the current value of the lettered box and the variable dt. On the one hand,
this graphically represents the two roles of the variable t in the underlying code of the
iteration step by means of two types of icons (level and ﬂow); on the other hand, it
lets the user focus on one variable (t) with the change of the values of this variable
speciﬁed in the incoming and outgoing ﬂow arrows.

Figure 4.2: A graphical model of the recurrence relation tn+1 = tn + dt.
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In the perspective of a variable and its change in each iteration step one can simplify
the graphical model for the recurrence relation tn+1 = tn + dt into the one shown in
Figure 4.3.

Figure 4.3: A simpliﬁed graphical model of tn+1 = tn + dt.
This peculiarity of two graphical models representing one and the same recurrence
relation also popped up in the classroom case study about modeling in the context of
quantitative pharmacology (p. 81), when vwo students were introduced to the graphical modeling tool and explored the recurrence relation St = 0.8 · St−1 + 16, S0 = 100.
There I could link the various graphical models of the recurrence relation to the level of
understanding of the students and their ability to manipulate the recurrence relation.
However, the simple fact that their is not a single graphical model and consequently
not a single computer program that computes a sequence of values speciﬁed by a recurrence relation is something that students and teachers have to get used to before
they can appreciate the ﬂexibility in computer modeling.
An important factor determining the success of computer modeling by students
seems to be their ability to develop and maintain a clear view of the variables involved
in the model and their relation to one another. In the classroom case studies I noticed
that students tended to use explicit functional relationships between variables in the
computer models instead of describing the change of variables: For example, they
preferred to write down in a computer model the statement y = x2 instead of specifying
the sequence of statements dy = 2x dx; x = x + dx; y = y + dy. Van Buuren, Uylings,
and Ellermeijer (2010) also noticed this in the context of construction of physicsrelated models: In the researchers’ ﬁrst pilot project, students tended to use in their
computer models explicit formulas derived as solutions of particular problems studied
earlier, instead of using fundamental equations, such as the deﬁnitions of velocity
and acceleration, and Newton’s second law of motion. One could interpret this as a
preference for analytical models instead of numerical models, but I think that it was
more caused by lack of familiarity and experience with computer modeling. Actually,
I consider it more as a hurdle to make the use of the variables x and y as variable
objects more explicit by the introduction of small increases dx and dy. The size of the
steps of an independent variable inﬂuences the computation: This is something that
the participants of the classroom case study about modeling shapes of real objects
experienced.
Symbol Sense and the Use of a Spreadsheet Program
In the spreadsheet-based classroom case studies (Section 2.6), vwo students had to
relate the numbers in one column of the data sheet with those in another column
and to formulate an explicit dependency. With some eﬀort most of them succeeded,
mainly because the spreadsheet program allowed them to work with formulas in an
active way, by creating formulas through pointing to cells. Neuwirth (1995) called
this technique the gestural description of mathematical formulas, emphasizing that a
formula can describe a process of computing a result instead of counting on the look
at formulas as mathematical objects. It is known that this shift in focus from process
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to object character of formulas and functions is diﬃcult for many students (Tall et
al., 2001). This certainly held for the participants in the classroom case studies whose
algebraic thinking was either weak and full of alternative conceptions (vwo-5 students
having a Culture & Society proﬁle) or was still in early development (vwo-3 students at
gymnasium level). Although the use of the spreadsheet program helped the students
understand the process character of a mathematical formula, this did not mean that
working eﬀectively with such software was always easy for them. In particular, the
students’ understanding of absolute and relative cell references in Excel turned out
to be weak in the classroom experiments. This was in accordance with results from
educational research literature (e.g., Haspekian, 2003, 2005a,b) about the versatile
use of cells in spreadsheet programs, alternative conceptions of students, and the
instrumental genesis of the spreadsheet tool.

4.2.6

Representational Fluency

When students learn mathematical and scientiﬁc concepts, interacting with multiple
representations such as videos, diagrams, graphs, formulas, computer models, and
so forth, can on the one hand bring unique beneﬁts, but on the other hand it may
also make the learning process more diﬃcult. Yet, it is inevitable that students must
develop representational ﬂuency. For example, Pierce and Stacey (2004) considered
the ability to link the symbolic with graphical or numeric representations as one of the
aspects of algebraic insight that is important in mathematical modeling. I discuss what
is meant by representational ﬂuency, reasons for emphasizing multiple representations
in education, diﬃculties associated with the use of of multiple forms of representation,
and a number of heuristics that I used to design multi-representational activities.
A Deﬁnition of Representational Fluency
Sandoval, Bell, Coleman, et al. (2000, p. 6) provided a comprehensive deﬁnition of
representational ﬂuency, which was inspired by an earlier description by Lesh (1999):
“We view representational ﬂuency as being able to interpret and construct
various disciplinary representations, and to be able to move between representations appropriately. This includes knowing what particular representations are able to illustrate or explain, and to be able to use representations as justiﬁcations for other claims. This also includes an ability to
link multiple representations in meaningful ways.”
Reasons for Emphasizing Multiple Representatons in Education
Links between several representations help a student especially when all aspects of a
complex idea cannot be adequately represented with a single system, which is often the
case in learning and doing mathematics and science, and when the meanings of actions
in one representation system can be illuminated by exhibiting their consequences in
another representation. This also reﬂects that in scientiﬁc practice heavy use of multiple representations is made for studying a problem and describing a phenomenon.
Mathematicians and scientist often use multiple representations because
• diﬀerent kinds of information can be conveyed with speciﬁc types of representations (for example, phenomena with simulations, animations, or video clips);
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• interaction with multiple representations supports various ideas, strategies, and
processes in problem solving;
• diﬀerent representations of a problem are seldom equivalent computationally,
even when they contain equivalent information (Experts know this and make
use of it);
• use of multiple representations promotes deeper, abstract, and general understanding.
In practice, mathematicians and scientists select those representations that they
feel comfortable with, match best with their working style, and that they expect to be
convenient and eﬀective in studying or solving a particular problem. In my opinion,
this use of multiple representations must also be reﬂected in inquiry-oriented mathematics and science education. The main idea is that multiple representations act to
enrich the activities from which a student gains experience and understanding, and
that they serve as a language with which the student organizes and reorganizes experiences about mathematical and scientiﬁc phenomena and concepts, hopefully giving
the student the opportunity to use representations that match best with his or her
learning style. Students learn that a single representation system does not suﬃce for
problem solving and modeling in the most interesting cases, simply because it cannot cover all aspects of a scientiﬁc phenomenon or concept. In other words, multiple
representations can support learning by allowing for complementary information or
complementary roles. For example, tables make information explicit, allow quick and
accurate read oﬀ (of single values), and facilitate pattern recognition. In diagrams, a
lot of information can be grouped together such that certain aspects of a phenomenon
can be quickly recognized (For example, linearity vs. nonlinearity, acceleration, deceleration, and constant velocity, and so forth). A mathematical formula is a compact,
but precise way of describing a quantitative relationship between variables. An additional strength of a mathematical formula is that it is general and abstract, and
therefore applicable in many cases.
The following two examples of the role of multiple representations to provide complementary information originate from the classroom case studies. In the study of
the mathematical shape of the main span of a bridge (Section 2.3.1), the process of
data acquisition is lost when position data collected for the span are only imported
and shown in a mathematical exercise. By providing an image of the bridge and if
necessary its rectiﬁed image, a student is expected to get a better understanding what
the data stand for and how they are produced. If needed, (s)he can add more data.
The same holds for a video analysis activity: Once the data have been collected, one
could move on with the data alone. But the availability of the video clip allows the
student to review the recorded process as many times as (s)he wants during the analysis of the data. Dynamic linking between a video and a recorded graph is a bigger leap
forward. For example, after collecting data about human locomotion (cf., Section 2.4),
the dynamic link between the video clip and a data graph (e.g., a hip-knee cyclogram)
helps the user connect graphical features with events in the motion. When collecting
and interpreting data about muscle activity via electromyography (Section 3.4.1), it is
essential that one can simultaneously record a video clip and do a measurements, and
that one can afterwards replay the experiment and use the video scrubbing technique
to relate peaks in the graph of a processed EMG signal with certain gait events.
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In addition to the complementary roles of multiple representations, students should
learn that multiple representations can oﬀer a source of referential accuracy by providing redundancy and that one representation can constrain interpretation of another.
For example, in the animation example shown in Figure 2.32 (p. 97), the animation of
the bouncing ball in the upper-right window with the in reality invisible velocity vector
can constrain the understanding of the velocity-time diagram and help the student understand that positive and negative velocities mean upward and downward directions
of motion, respectively. I believe that students’ understanding of instructional content
can grow when combinations of representations are used, and that multiple representation can support the construction of deeper understanding when students relate those
representations to identify strengths and weaknesses of particular representations and
shared invariant features of all representations in use. The underpinning idea is that a
persons understanding of a phenomenon, a problem, or a concept is reﬁned the more
representations (s)he can interact with. Being able to move ﬂexibly across representations and perspectives when the task warrants it, knowing or identifying strengths and
weaknesses or diﬀerences and similarities of various external representation systems,
and thoughtful decision making about which representation to turn to next during
a problem solving or modeling activity are personal abilities that must be learned,
practiced, and maintained in inquiry-oriented mathematics and science education.
In summary, I concur with the functional taxonomy of multiple representations
in teaching and learning developed by Ainsworth (1999, 2006, 2008) in which she
grouped the roles that multiple representations can play in the following main categories: (1) a complementary role; (2) a constraining function; and (3) a constructing
function toward deeper understanding. Practical investigations and student research
projects are in my opinion essential in giving students ﬁrst-hand experiences with the
use of multiple representations, provided that these students have already learned the
basics of the external representations, and these activities contribute to consolidation
and solidiﬁcation of the representational ﬂuency of students.
Diﬃculties Associated with Multiple Representations
How strong the motivation for using multiple representations in mathematics and science education may be, it does not mean that one can close one’s eyes for diﬃculties
associated with using multiple representations. The cognitive load is deﬁnitely enlarged when multiple representations come into play and it has been reported in many
research studies (cf., Ainsworth, 2006, 2008; Ploetzner et al., 2008, 2009) that students
ﬁnd retrieving information from representations, moving between and within representations, and coming up with appropriate representations diﬃcult. The students
who participated in the classroom case studies were no exception. For example, in
video activities many of the students did not spontaneously and autonomously use the
replay option or the video scrubbing technique to ﬁnd more details about the recorded
motion and the connection of events in the video clip with features in the graphical
displays. Only when they were advised to do this, they would follow the suggestion
without much diﬃculty. Lack of graph sense and representational ﬂuency seemed to
hinder students in extracting all information that was intrinsically available in several linked representations (such as in hip-knee cyclograms of recorded human gaits)
and in evaluating the quality of their experimental work (such as the quality of the
experimental set-up).
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Heuristics to Guide the Design of Multi-Representational Activities
I believe that teachers can guide and support their students in learning to read and
use information from representations and to work eﬀectively with multiple representations. I also concur with Kaput (1992, pp. 533-543) that computer technology,
through the dynamic linking of representations and immediate feedback, can assist
students in their learning process from concrete experiences to ever more abstract objects and relationships of more advanced mathematics and science, and can support
visualization and experimentation with aspects of investigated phenomena. Ainsworth
(2008) summarized a number of heuristics that could be used to guide design of eﬀective multi-representational systems [Between brackets I place labels of the connected
principle(s) of multimedia learning listed by Mayer (2009)]:
• Minimize the number of representations employed and avoid too similar representations (the coherence and redundancy principle).
• Carefully assess the skills and experiences of the intended learners in order to
decide on support of constraining representations to stop misinterpretation of unfamiliar representations, and to avoid unnecessary constraining representations
(pre-training principle).
• Select an ordering and sequencing of representations that maximizes their beneﬁts by allowing learners to gain knowledge and conﬁdence with fewer representations before introducing more (segmenting principle).
• Consider extra support like help ﬁles, instructional movies, exercises, and placement of related representations close to one another on the computer screen, to
help learners overcome the cognitive tasks associated with learning with multiple representations (guided activity principle, worked-out example principle,
segmenting principle, modality principles, navigation principles, spatial and temporal contiguity principle).
In the instructional materials designed for the Coach-based classroom case studies
I applied the above recommendations. For example, the authoring facilities of the
Coach environment allowed me to adjust activities to the students level (e.g., on the
one hand to incorporate guidance and on the other hand to handle the prior knowledge
eﬀect). The consistent (semi-)automatic linking between representations within the
computer environment, the default suggestion in Coach of not using more than four
tool windows at the same time on the computer screen, the pedagogical organization of
activities in projects, and the user control to pace the presentation of the instructional
materials (the pacing principle) were other signs of design choices that were in line
with the above heuristics. The last guideline was explicitly applied in the e-class
setting for the case study about quantitative pharmacology (Section 2.7) by means of
screencasting.

4.2.7

Instructional Design

I brieﬂy discuss the chosen instructional approach in the classroom activities, the
learning outcomes, the progressive instructional approach to mathematical modeling,
the experiences with four types of tool instruction, and a hypothetical learning route
for the use of the graphical, system-dynamics based modeling tool.
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Structured and Guided Inquiry Learning
Although I did not focus in my research on the construction of a framework for teaching and learning practical work, scientiﬁc inquiry, or modeling, nor designed and researched a learning trajectory for studying a particular subject or domain, I explored
in most classroom case studies a structured and guided inquiry approach. This is
interpreted here as instruction in which students are ﬁrst directed in their work—
mostly in order to brush up required knowledge and skills, to make them familiar with
ICT tools needed in the investigation, or to direct the pathway of inquiry—and in
which students at the later stage of the investigation can choose an optional activity
or carry out a more open task in which they have to make own decisions on how to
proceed. In the closed part, students were strongly guided in their learning process by
asking questions that directed attention to certain aspects of the problem situations
or speciﬁc mathematical methods and techniques that were useful for studying the
problem(s) at hand. The main idea behind the closed part of an activity was that it
would help students get started with inquiry work and modeling. This worked well
in the spreadsheet-based classroom studies (Section 2.6) because it turned out to be
possible to stimulate students to think critically. In the open part, less instructional
support was provided in order to leave space for students’ own initiatives. Many students reported that they appreciated optional activities and the freedom in the more
open parts of the instruction.
The Learning Outcomes
With regards to the learning outcomes of structured and guided inquiry I conclude that
this worked reasonably well, but suﬀered from known diﬃculties with this approach if
not enough moments of reﬂection on the practical work as a whole class activity are
organized by the teacher. The biggest problem was the following: Students successfully
carried out the closed tasks in an activity without really reﬂecting on the reasons of
doing these tasks, their place in the inquiry route, or their links with the main research
question in the activity, even though the authors had put great eﬀort in positioning
the tasks in the inquiry cycle and linking them with the research question for which
an answer was sought. The side eﬀect was limited transfer of knowledge and skills to
similar activities without explicit instructions on inquiry steps.
For example in the classroom activity about human growth (Section 2.2), students
learned the construction, use, and meaning of increase diagrams in the context of
height growth of Dutch boys and girls. But when they chose the optional task to
explore weight growth of Dutch boys and girls, they did not spontaneously look at the
change of weight nor paid attention to the hint at the beginning of the text outlining
the activity and giving the required data. It seemed that they insuﬃciently noticed
the resemblance of this open activity with the closed one about human height growth
done before. A possible explanation could be that the students had not been early
enough involved in getting a perspective on the inquiry route. A classroom discussion
at the end of the compulsory part of the activity might have helped to improve this
orientation on inquiry work. However, one may not expect from students that they
learn from one example that quite often the change of a quantity is more interesting
than the quantity itself, and that increase diagrams and numerical diﬀerentiation of
data are important instruments.
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A Progressive Instructional Approach to Mathematical Modeling
The limited transfer of inquiry and modeling abilities from one or two inquiry activities was also one of the reasons for me to design modeling activities in which students
could go several times through the modeling cycle while investigating the same phenomenon, starting with simple models ﬁrst and then improving them by making small
changes or adding details. The idea was to let students develop some competencies
related to steps of the mathematical modeling process, to let them gain experience
in implementing a computer model based on the mathematical model, and to guide
them ﬁrst a couple of times through the whole modeling process, also with respect
to reasoning and metacognitive competencies, before turning to the acquisition and
practising of broader modeling competencies and before letting students do a more
complicated, multi-staged modeling task that builds on application of a broad basis of
mathematical and scientiﬁc knowledge and skills. Positive experiences and satisfactory
results with this instructional approach were obtained in the classroom experiments
in which students explored mathematical models of alcohol metabolism (Section 2.7)
and explored the motion of bouncing balls (Section 2.8). This approach of exploring
various models of the same phenomenon was also expected to contribute the students’
development of a critical attitude and a feel for the parsimony principle that guides
modeling, which means that simple models are in general preferred and are developed
and validated ﬁrst to arrive at feasible models of low complexity. The modeling of a
bouncing gait (Section 3.5.6) is a nice illustration of a problem solving strategy based
on a gradual increase of complexity: ﬁrst a related problem of vertical motion with a
jumping stick is explored, followed by vertical human hopping, before the real problem
of forward hopping is attacked. The model progression is also clearly recognizable in
the case study about the decay of beer foam in a glass (Section 3.5.3), where ﬁrst a
simple exponential decay model is validated before going to more complicated bi- or
tri-exponential models in which a distinction has been made between quantities referred to as dry and wet foam height. Whether the instructional goals of a progressive
modeling approach to mathematical modeling were met in the classroom experiments
was diﬃcult to judge, but positive indications were found in the classroom observations
and the students’ reports.
Tool Instruction
I also explored four types of instruction for teaching eﬀective use of ICT tools in an
inquiry-oriented activity. There were structured inquiry activities of the following
kind:
1. The teacher gave a quick introduction into tool use and the students hereafter
worked with instructional materials that contained detailed information about
how to use the ICT tools. Tools instructions were not only presented on paper,
but also inside the digital activities. This style of instruction was applied in the
classroom studies about human growth, mathematical shapes of of real objects,
and gait analysis (Sections 2.2–2.4).
2. The teacher gave a long classroom introduction into tool use with students making their own notes, which they could consult when they did their practical
work. This instructional design was applied in the video-based practical work at
pre-vocational secondary school level (Section 2.5).
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3. The inquiry route was outlined in the instructional materials, but these materials only contained minimal explanations or hints about the tool use because
the students were expected to have already acquired the necessary ICT skills.
Students who needed more support or brushing up of their ICT skills could use
an enclosed short manual. This instructional design was applied in the classroom
studies that concerned spreadsheet-based data-handling (Section 2.6).
4. Instructions for learning to work with software and demonstrations of worked-out
examples were given through screencasts, and in which students were furthermore supported by communication tools oﬀered in an e-class setting. This style
was to a certain extent applied in the classroom studies about pharmacology
(Section 2.7) and about bouncing balls (Section 2.8).
Although all instructional designs worked out quite well in practice, it was found that:
• Detailed instructional notes had two drawbacks: (1) students reported that explanations were sometimes too vague for them; and (2) even simple mistakes in
the explanation of a tool—sometimes related to a new version of the software—
occasionally led to confusion and blockages because students rightly assumed
that they had to do exactly what was written down. Too much detail in instruction is error-prone.
• Many vmbo tl-3 students had to learn to make notes of a teacher-led demonstration of tool use in the classroom case study presented in Section 2.5. While they
were seeing how things were done (in this particular case, capturing a motion
with a webcam and improving the quality of the video clip for measurement
with a video editing tool), they made only a few notes because it all appeared
quite simple. But when they had to carry out the experiment on the next school
day, some students discovered that they had failed to write down some essential
steps. Other students, more surprisingly, seemed to have forgotten about their
note taking and carried out the experiment by the method of trial and error
and on the basis of what they recalled from the demonstration on the previous
day. Nevertheless, I still consider the strategy of students making their your
own notes as an interesting option; however, it may well be more suitable for
pre-university students instead of pre-vocational students.
• When students were already suﬃciently acquainted with an ICT tool (in this
case a spreadsheet program), the use of optional software guides seemed to work
well.
• Screencasting was appreciated by all students in the e-class setting and they
quickly learned in this way the basics of using a graphical system-dynamics modeling tool. Screencasts seemed to work much faster and better than user manuals,
written instruction, or help pages. I underpinned this success of screencasting
by research-based principles of multimedia learning (cf., Mayer, 2005, 2009) and
cognitive load theory (cf., Kalyuga, 2009, ch. 2; Mayer, 2005).
A Hypothetical Learning Route for Using a Graphical Modeling Tool
I do not present a hypothetical learning trajectory in the sense of Simon (1995) “made
up of three components: the learning goal that deﬁnes the direction, the learning activ-
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ities, and the hypothetical learning processes–a prediction of how the students’ thinking and understanding will evolve in the context of the learning activities” (p. 136).
Van Buuren, Uylings, and Ellermeijer (2011) have developed such a learning path on
graphical, system dynamics-based modeling that is integrated into the Dutch physics
curriculum from lower-secondary education (age 13-15 years). Here I only brieﬂy
discuss the approach of introducing upper-secondary pre-university students to the
graphical, system dynamics-based modeling tool of Coach 6 used in the classroom
case studies. This approach is rooted in basic understanding of the mathematics before
computer programming is done and therefore emphasizes that the graphical model is
in essence nothing more than a graphical speciﬁcation of a computer program.
In the classroom experiment in which vwo students modeled shapes of bridges
and hanging chains (Section 2.3.2), they used the text-based version of the modeling
tool of Coach 5 to explore the parabola and catenary. The students were able to
understand, adapt, and construct simple computer models. This implies that vwo
students can understand the very basics of computer programming and can accept a
construction of a function by means of an algorithm instead of a formula.
In the classroom experiment of modeling alcohol metabolism and pharmacokinetics
(Section 2.7), students were in an e-class setting ﬁrst introduced to graphical computer
modeling of recurrence relations. They started ﬁrst with models in which the value
of one variable was iteratively updated in each step by replacing the current value
by another one computed by a formula. For example, the recurrence relation Sn =
0.8Sn−1 + 16, S0 = 100 was graphically represented by the model shown in Figure 4.4.

Figure 4.4: A graphical model of the recurrence relation St = 0.8 ·St−1 + 16, S0 = 100.
This method also works for systems of ﬁrst-order equations. For example, the
Fibonacci sequence deﬁned by the recurrence recurrence relations Fn+2 = Fn+1 +
Fn , F1 = F2 = 1 can be introduced in Coach 6 by graphical modeling of the following
system of ﬁrst-order recurrence relations: Fn+1 = Gn , Gn+1 = Gn +Fn , F1 = G1 = 1.
The model and a short table of values are shown in Figure 4.5; the hidden formulas
for the ﬂows are written underneath the icons.

Figure 4.5: Introducing the Fibonacci sequence via the graphical modeling tool.
The next step of reducing the number of arrows and making the graphical model as
connected as possible leads to the model shown in Figure 4.6. Admittedly, this is not
the easiest and most common ICT-based approach to number sequences and recurrence
relations. In this particular case, using a text-based model would be easier, but in the
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graphical model essentially happens the same; this can be veriﬁed by converting from
graphical to text-based mode.

Figure 4.6: Introducing the Fibonacci sequence via the graphical modeling tool.
A study of simple autonomous diﬀerential equations could be the next step, for
example an exponential growth or decay model. This was one of the early models investigated by students in the classroom experiment about alcohol metabolism
(Section 2.7). The Euler algorithm for solving a diﬀerential equation should be understandable for upper-level pre-university students. This would give students a basic
idea of what goes on in numerical solving of diﬀerential equations. In physics lessons,
one could explore simple models of moving bodies subject to forces like the gravitational force, a spring force, and resistance forces. Starting with simple models has the
advantage that the numerical solution can still be compared with analytical models.
Students would have the opportunity to experience that they each time use fundamental laws of physics in the speciﬁcation of the computer model. An example is the
motion of a free falling object (Figure 2.26, p. 88). Once this is understood enough,
more complicated systems for which no analytical solution is possible or within reach
of secondary students come into sight. A model for a bouncing ball is a nice example
of what students could explore (Figure 2.27, p. 88). Other topics of physics-oriented
modeling activities discussed in Chapter 3 and considered within reach of some preuniversity students under guidance of a physics teacher are the motion of a yoyo, a
badminton shuttlecock, a chained object, an athlete in the 100 meter sprint, a person
performing a bouncing gait, and an artistic gymnast on the high bar.
Compartmental modeling is another generally applicable model perspective because of its simplicity and versatility, and because the common manner of sketching
compartmental models in textbooks and articles has a strong resemblance with the way
in which the models would be constructed in a graphical, system dynamics-based modeling tool. Compartmental modeling was the main method explored in the classroom
experiment about alcohol metabolism and quantitative pharmacology (Section 2.7)
and the participants in this case study could work with the models in a satisfactory
way. The 3-compartment model of Pieters et al. (1990), of which a graphical model
is shown in Figure 2.21 (p. 79), is a nice example of what kind of realistic models can
be investigated by students.
As one may notice, I stayed in this outlined learning route away from some metaphor, such as the commonly applied hydraulic metaphor of a bathtub-water ﬂow system (See, for example, Booth Sweeney & Sterman, 2000; Sterman, 2000), for introducing graphical, system dynamics-based modeling to students. Research (See, for
example, Booth Sweeney & Sterman, 2000, 2007; Cronin & Gonzalez, 2007; Cronin,
Gonzalez, & Sterman, 2009; Pala & Vennix, 2005) shows that many people, even in
the context of a bathtub-water ﬂow system, do not understand the distinction between levels and ﬂows and are unable to infer correctly the behavior of a level from
the behavior of its inﬂows and outﬂows, or vice versa to infer the behavior of the
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net ﬂow from the trajectory of the level. This resembles the diﬃculties students have
with interpreting and linking position and velocity graphs in kinematics. Although
research of Sterman (2010) with graduate students indicates that formal system dynamics training may lead to improvements in students’ performance and a reduction
of alternative conceptions, and that modest exposure to levels and ﬂows improves understanding of accumulation, I am of opinion that the bathtub-water ﬂow metaphor
is not really a good, or necessary starting point for the computer modeling because
it may blur the underlying mathematics; I prefer to take the mathematical model as
point of departure for creating a computer model and doing a simulation, and then
interpret simulation results in the mathematical context.
The outlined learning route can also be motivated from common practice of scientists in quantitative mathematical modeling. One of the most fundamental characteristics of modeling, identiﬁable in many activities of professional modelers, is the
dependency of the outcomes of the modeling process on the decisions made in steps
of this process. In practice, modeling is not a systematic, linear process from problem
to solution, nor a simple matter of going repeatedly through an in itself clear modeling cycle. It is more a continuous process of ﬁddling with a mathematical model
by making simpliﬁcations, evaluating intermediate results and making models more
complicated until one is satisﬁed with the quality of the model in relationship with
one’s intentions with it. This progressive (and sometimes regressive) aspect of modeling is in my opinion also a pointer to a suitable manner to introduce modeling to
students: Let students ﬁrst work and construct simple models and then improve them
by making small changes or adding details, before letting them develop models from
scratch. Let the students develop some competencies related to steps of the modeling
process and guide them ﬁrst a couple of times through the whole modeling process,
also with respect to reasoning and metacognitive competencies, before turning to the
acquisition and practicing of broader modeling competencies and before letting students do a more complicated, multi-staged modeling task that builds on application
of a broad basis of mathematical and scientiﬁc knowledge and skills.
Positive experiences and results with this instructional approach were obtained in
the classroom experiments in which students explored mathematical models of alcohol
metabolism (Section 2.7) and explored the motion of bouncing balls (Section 2.8). As
I advocated before, this approach of exploring various models of the same phenomenon
is expected to contribute the students’ development of a critical attitude and a feel for
the parsimony principle that guides modeling. Whether this instructional goals was
met in the classroom experiments is diﬃcult to judge, but positive indications were
found in the classroom observations and the students’ reports.

4.2.8

Authenticity

Authentic inquiry implies that one does not restrict oneself to routine solution strategies and standard recipes, that more than one approach is possible, and that a single,
deﬁnitive solution of the problem may not exist or cannot be found. Yet, mathematics, science, and technology provide useful tools to explore open, ill-structured problem
situations in a scientiﬁc manner and come to grips with them (even in cases where a
solution is beforehand clearly out of sight). In practice, often a combination of technological tools is used to observe phenomena and to collect, process, and analyze data.
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In summary, authenticity can be related to the nature of the students’ activities and
to the characteristics of the tools that they use.
I interpreted the authentic nature of the practical investigations as the opportunity
for students to work on real-world problems, with the goal to come to grips with
phenomena through scientiﬁc methods. Students worked directly with high-quality
data in much the same way as scientists and practitioners do. One of the aims was that
the tool use reﬂected innovation in mathematics, science, and technology. Many times
I guided the students in their use of the same theoretical framework, nomenclature,
research methods, and techniques as professionals (e.g., perspective correction in crime
scene photography, Section 3.2.2, or automated titration and computerized analysis
of a chemical composition of a substance in a chemical laboratory, Section 3.3.2).
In essence, I tried to make their mathematics and science learning resemble common
practice in these disciplines, in which investigations can often be characterized as being
challenging, complex, open-ended, and cross-disciplinary, and as requiring a strong
commitment of participants plus a broad range of skills. This was also the reason why
I (almost obsessively) chose to let students work with real data that they collected
themselves (in digital image and video analysis activities) or received as secondary
data that I obtained from the research literature for classroom experiments about
human growth, survival analysis, weather data, alcohol metabolism, and quantitative
pharmacology.
I refer to an authentic student research project as an independent investigation that
is carried out by a student or a team of students and that has many of the following
characteristics:
• Students work on a (preferably self-chosen) rather challenging, ill-deﬁned or illstructured, open-ended problem that is rooted in a real life situation instead of
a more abstract or ideal situation.
• Students do not follow some standard recipes, but they examine their problem
from diﬀerent perspectives, using a variety of resources and high-order skills.
Think, for example, of research abilities such as choosing a manageable problem,
formulating a good research question, structuring work, and so forth.
• A broad range of competencies is required to make the project a success. Think
of making good use of ICT for information gathering, data acquisition, data
processing and analysis, problem-solving, and reporting.
• The students’ work is open-ended in the sense that there exist multiple methods
or approaches to obtain many possible or even competing results. The student
researchers actually decide if the investigation is ﬁnished for whatever reason.
• It oﬀers students the opportunity to be in contact with contemporary, crossdisciplinary research and to learn about the nature of mathematics and science.
• Students disclose their own understanding through a portfolio or a polished
product like a report, paper, or presentation.
The authenticity of the student proﬁle projects concerning the motion of a bungee
jumper (Section 3.5.4) and gait analysis via electromyography (Section 3.4.1) has been
discussed in (Heck, 2010; Heck, Uylings, Kedzierska,
& Ellermeijer, 2010). Here I only
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elaborate on the authenticity of the students’ proﬁle project on the backward giant
circle on the high bar presented in Section 3.5.7.
The work of the student researchers who carried out the backward giant circle
project resembles the work of sports scientists regarding aﬀective and cognitive processes in authentic inquiry. To begin with, there were (1) the students’ intrinsic
motivation to select the subject of their investigation; and (2) the generation of their
own research question(s). The students teamed up to investigate the mechanics of the
backward giant circle on the high bar, triggered by their own hobby and interests. To
get started, they studied some biomechanics literature provided to them (e.g., Hiley
& Yeadon, 2001; Tsuchiya, Murata, & Fukunaga, 2004) and searched for information
on Internet (e.g., www.mannaweb.net and wwww.coachesinfo.com). Hereafter they
formulated the following main purpose of their study: “We investigate the inﬂuence of
the shoulder and hip joint angles on the angular velocity in a backward giant circle on
the high bar and we investigate how a gymnast can optimize these and other factors
in his performance in order to achieve the highest possible angular velocity and still
perform well in the eyes of the gymnastics jury.”
For the purpose of exploring the inﬂuence of the shoulder and hip joint angles on
the angular velocity in a backward giant circle with both quantitative and qualitative
methods, the student researchers designed an experiment in which they could collect
position, angle, velocity, and time data for a backward giant circle on a high bar
through video measurement and in which they could use video tools for analyzing
video clips of various types of swing motions. They planned to do the experiments
in the practice room of their gymnastics club where the high bar apparatus could
be used on a quiet moment during daytime. In order to be able to make several
full swings after another, the students used a training tool for the apparatus that
reduced the friction when the gymnast circled about the bar, made it easier to do a
full swing, and simpliﬁed the control over experimental conditions. This is one aspect
of authentic inquiry: Researchers are responsible for their experimental set-up and
they must decide how to collect and analyze data.
All in all, this indicates a research design in which procedures to address a problem were determined, variables to investigate were selected, control of variables was
thought of, and experiments and data collection were planned. Finally the student researcher wrote their proﬁle report, which formed the basis of a published article about
their work. This research project oﬀered the students the opportunity to personally
experience the challenges faced in sports science.
In all three student proﬁle research projects discussed in this thesis, the role of
ICT in investigative work was to allow the students to collect real-time data of good
quality, to work in much the same way as professionals do, and to compare results
from experiments, models, and theory. Furthermore, the students could develop and
practice through the activities their research abilities, and be in contact with experts
in the ﬁeld of study. The fact that they had to apply their knowledge of mathematics
and science in a meaningful way in a concrete context led at the same time probably
to deepening and consolidation of this knowledge. Through this kind of practical
investigation the students practiced the following important research abilities:
• Formulate good research questions that guide the work.
• Design and implement an experiment for collection of relevant data.
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• Apply mathematical knowledge and techniques, and science concepts in new
situations.
• Construct, test, evaluate, and improve mathematical models, and have insight
in their role in science.
• Interpret and theoretically underpin results.
• Collaborate with others in an investigation task and reﬂect on the work.
ICT played an important role in enabling the students to carry out investigations at
a high level of quality. I consider the student-driven and ICT-supported experimental
design, the modeling process, the underlying thinking processes, and the discussions
with peers during the research as more important in the students’ work than the
obtained results. All the same, it is joyful when experiment, model, and theory are
in agreement, as was the case in the projects of understanding the physics of bungee
jumping, analyzing muscle activity in human gait, and investigating the inﬂuence of
a gymnast’s body posture during a backward giant circle on the angular motion.

4.3

Aspects of Tool Design

In my development work I focussed on the design and implementation of an integrated
computer environment for learning mathematics and science in an inquiry-oriented approach. In a one-sentence characterization, I speciﬁed the envisioned environment as
a single, activity-based, open computer working environment that is designed for the
educational setting and that oﬀers its users a versatile set of integrated tools for the
study of natural phenomena, mathematics, science, and technology. The versatility of
the tools comes already to the fore in the area of working with data: data collection,
through measurement with sensors or by collection of data on video clips and digital
images; graphical representation of data; processing and analysis of data, including regression analysis; and construction, simulation, and validation of computer models. It
forms the heart of the so-called STOLE concept, acronym for Scientiﬁc and Technical
Open Learning Environment (Ellermeijer, 1988), outlined in Section 1.2 (pp. 13–14)
and exempliﬁed by its implementation in the hard- and software environment named
Coach (Heck, Kedzierska,
& Ellermeijer, 2009). The development of Coach and,

on a smaller scale, of particular tools in this environment was characterized in Section 1.4 as a case-based design of educational hard- and software. This case-based
design approach may give the wrong impression of a somewhat unstructured development process that is not guided by ideas about mathematics and science education and
the role of ICT herein, but only progresses by the method of trial and improvement
in a rather unpredictable direction. In this section I try to take away this alternative conception of case-based design of educational hard- and software. To this end
I discuss the role of ICT in quantitative mathematical modeling and exemplify it by
the case studies presented in this thesis. Hereafter I reﬂect on some ICT-supported
mathematical representations and on transitions between various representations. Finally I summarize my contributions to development of the video analysis tool, the data
processing and analysis tools, and the modeling tool, in the hope and expectation that
this also gives a more honest impression of the case-based design process.
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The Role of ICT in Quantitative Mathematical Modeling

The model of quantitative mathematical modeling presented in Section 4.1 (pp. 206–
208), which consists of an empirical inquiry cycle and a mathematical modeling cycle,
contains no reference to ICT or other forms of technology. In essence each transition in
the cycles is unaﬀected by the availability of technology because a tool only supports
its user and does not take over the job to be done: Technology itself does not design an
experiment, nor creates a mathematical model, nor decides how to work mathematically, nor interprets empirical or mathematical results in the real world as real results.
This does not mean that ICT and technology play no role. For each transition in the
model of quantitative mathematical modeling one can list options of meaningful use
ICT and other forms of technology. In this section I want to list some computer-based
activities for students that are part of quantitative mathematical modeling, without
having the pretension of making an exhaustive listing.
Understanding the Task
For orientation on the real situation and the task or problem, a student must on
the one hand evoke his or her knowledge or experience concerning the subject and
on the other hand actively search for new information that could be useful. When
confronted with a quantitative mathematical modeling task it is always wise ﬁrst to
check what one already knows (or thinks to know) about the situated problem and
whether one can draw inspiration or a lesson from prior experiences with quantitative
mathematical modeling. Discussion with peers, teachers, or experts is very useful, but
in the absence of direct contact this may be realized by email, chat, or within a virtual
learning environment. This use of ICT as a communication tool comes more to the
fore in the process of collecting information: An Internet search provides access to a
wealth of information on a subject or the context of an investigation, and it may lead
to contacts with persons who share the same or similar interest in the subject or have
strong subject knowledge or experience. For example, in the project of understanding
the physics of bungee jumping (Section 3.5.4), the student researchers contacted one
of the authors of a scientiﬁc paper on the subject. In one proﬁle research project about
human growth that arose from the classroom case study presented in Section 2.2, the
student researchers consulted a doctor working in a child health center.
At this stage of coming to grips with the problem situation, ICT can be a source
of information in various forms: A video or animation on a DVD or on Internet oﬀers
the opportunity to get a clearer picture of the problem or task at hand, or allows its
viewer to observe a phenomenon more closely. An animation or a computer simulation
may allow its user to experiment and gain experience. For example, playing with an
animation of a ball bouncing on an oscillating platform as shown in Figure 2.32 (p. 97)
may illustrate the phenomenon to be investigated and introduce students into the
concept of chaos. High speed video technology provides the opportunity to observe
motions in more detail. From proﬁle research projects it is clear that students spend a
substantial amount of time on searching and ﬁnding information on Internet. Usually,
they spend less time on explorative, self-devised experiments that could provide an
orientation basis. Experiments of this kind are predominantly of qualitative nature
and are mostly oriented toward answering questions such as “What essentially happens
if one of the conditions in an experiment changes?”. In the context of a bouncing ball,
for example, one may explore the change in motion of the bouncing ball when the
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ground surface or the material, size, weight, or temperature of the ball is diﬀerent. In
general, ICT plays in these explorative experiments only a minor role.
Simplifying and Structuring
In order to turn a situation model into a real model one must structure the existing,
possibly incomplete knowledge and experiences, do simple experiments, make assumptions, and apply simpliﬁcations. In an investigative study about mathematical shapes
of objects (cf., Section 2.3), for example, the simple experiment of trying to hold up
a necklace such that it matches best with a parabola drawn on the blackboard would
quickly reveal that the shape of a chain hanging under gravity cannot be parabolic.
Experimenting with bouncing balls (cf., Section 2.8) would quickly lead to simpliﬁcations and assumptions in the mathematical modeling of the phenomenon. Quite often
one distinguishes subproblems of the given original situational model. For example,
in case of a bouncing ball problem, one might ﬁrst study the motion of a dropped ball
by experimentation and mathematical modeling. Technology can be used for rapid
collection and analysis of data for these subproblems so that one can judge whether
one is on the right track and is able to formulate the real model in clear terms and to
come up with sensible conjectures and hypotheses.
Computer simulation may also help students come to grips with the problem or
task and distinguish between important and less relevant aspects, but in general ICT
plays in this step of the quantitative mathematical modeling process only a minor
role; strategic thinking and reliance on previous experience with modeling (e.g., seeing
the analogy with a model that one has explored before) and simple experiments seems
more important. An exception is when the situation problem itself is already ICT-rich:
Maurits (2007) presented an example from medical practice in which a doctor asked
a mathematician whether musculoskeletal ultrasound images of patients could also be
assessed in a quantitative manner. The translation of the question of the medical
specialist into a physico-mathematical problem boils in this case down to a search for
measurable concepts in an ICT-rich context.
Mathematizing
The process of mathematization is commonly considered a matter of doing a great deal
of brainwork and puzzling over problems with pencil and paper and a minor role for
ICT. In this phase, one is more concerned with the choice of the type and complexity
of the model. It may be true that ICT does not create a mathematical model, but
as Pierce and Stacey (2004) pointed out, tools like a computer algebra system may
help its user carry out routine manipulations and calculations, and create graphical
representations. Kaput and Shaﬀer (2002; see also Shaﬀer & Kaput, 1998), referred to
the processing power of new cognitive tools as the new representational infrastructure
of computational media that change the way people think and work.
In the example presented by Maurits (2007), three measures were determined on
the basis of descriptive statistics and mathematical ﬁltering of data. The mathematization process consisted here of contemplating on the desired functionality of these
measures. Generally speaking, ICT is often used to produce order out of huge data
sets and to put standard models to the test. Researchers build upon their knowledge
and experience with existing scientiﬁc methods. Blomhøj and Jensen (2003) presented
an example in which the mathematization of a pharmacological process of clearance
of a drug happened in reverse order: First a suitable regression formula in the form
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of a sum of exponential functions was determined for a concentration-time proﬁle and
hereafter a multi-compartment model was developed that had the regression formula
as its solution. This is an extreme example of ICT dominating the mathematization
process. It is essentially an admission of weakness because data have only been described mathematically without any further explanation or reasoning; it is a kind of
black-box, experimental modeling.
In general, the supportive use of ICT in the mathematization phase is not uncommon: A modeler uses calculators, spreadsheets, computer algebra systems, simulation
programs, statistical softwares, and other programs for making computations with simple models. In this way, ICT may support the process of thinking and working toward
a better understanding of the problem. Some reserve is appropriate here: There are
plenty of examples of incompetent and meaningless use of ICT for developing mathematical models. Even in case of competent use of ICT there is always the danger
of misleading results that may put a modeler on the wrong track. This is one of the
reasons why mathematicians tend to have a strong reserve toward the use of ICT in
the mathematization step of modeling and rely more on deep thinking and pencil and
paper-based brainstorming to determine the basic characteristics of the model class to
which the mathematical model under development is going to belong.
Working Mathematically
Mathematicians have in general a strong reserve toward using ICT for obtaining mathematical results. They prefer to ﬁrst determine whether all relevant relationships and
characteristics of the investigated real problem have been included properly in view
of the modeling targets, and whether some properties of the outcomes of the mathematical modeling process or the solutions can be determined in advance, before doing
computational work. Algebra may reduce the complexity of mathematical models:
Parameter scaling, in which dimensional analysis is used to reduce the number of
parameters, is a common technique applied by professional modelers to simplify a
mathematical model and its analysis. In other words, mathematicians pay a lot of
attention to the analysis of the mathematical model prior to the computational work
and the attempts to ﬁnd solutions. Broer (2007) made a plea in favor of such an
approach in the teaching and learning of mathematical modeling.
Once the conceptual validation of the mathematical model has been done and one
can move on to the implementation, the use of ICT is the rule rather than the exception. One of the professional competencies that an applied mathematician is expected
to possess is ICT competency, that is, the ability to do computer programming, to
carry out computer-based data handling such as processing of data, making meaningful graphical representations, and analyzing data (e.g., by regression analysis), and to
judge whether the implemented methods have functioned correctly. ICT tools play
in this phase of mathematical modeling a strong supportive role, allowing their users
to carry out mathematical work for which algorithmic routines are available or can
easily be implemented, to ﬂexibly use multiple mathematical representations (mainly
graphs and tables), and to make a computer model out of a mathematical model. In
the spreadsheet-based classroom case studies about survival analysis and weather data
handling (Section 2.6), students set up statistical models, underpinned their assumptions herein, and used the spreadsheet software only to remove the drudgery of data
manipulation, to try out ideas, and to keep their focus on the modeling aspects of the
assignments instead of on the computational work.
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A substantial factor for success of ICT-supported mathematical work is that the
users of ICT tools already have suﬃciently mastered the use of these tools in practice so
that they can focus in their work on the mathematical progress made instead of dealing
with ICT obstacles. This holds even more for students engaged in mathematical
modeling: The cognitive load in the phase of working mathematically is only lowered
and the students can only beneﬁt from ICT tools when they already have built up
suﬃcient knowledge and experience with the tools in a variety of contexts and already
have developed a good sense of strengths and weaknesses of ICT tools and a good
understanding of opportunities and threads of ICT use.
However, it should be noted that not only the students’ level of mastering a particular ICT tool plays a role: Also the facilities, restrictions, and user interface of an
ICT tool have a strong inﬂuence on the usability of the tool and the way people work
with it. For example, research of Löhner (2005) indicated that the choice of representations in computer modeling has a strong inﬂuence on the students’ construction of
computer models and their reasoning during computer modeling. In other words, one
may also expect that the design of a tool aﬀects the way students and teachers work
with it and beneﬁt from this use, and that details of tool design matter much.
For example, the built-in facilities of a video analysis tool, its user interface, and
its integration with other ICT tools, say for data representation and data analysis,
determine to a large extent the usability of the video analysis tool in educational
and professional practice. In the case study about graphical modeling of chemical
kinetics (Section 3.3.1) I discussed the methodology, strengths, and weaknesses of the
implementation of graphical, system dynamics-based software for modeling chemical
kinetics and I proposed an extension of classical graphical modeling that would bring
it closer to how chemists think about chemical reactions and that could make it easier
for students to investigate chemical kinetics. In the case study about bouncing balls
(Section 2.8) I exempliﬁed how the introduction of discrete time event handling in
system dynamics-based modeling according to the principle of software triggering could
lead to a modeling tool that combines a classical system dynamics approach with
event-based modeling for abruptly changing processes and that has a hybrid structure
of which students can easily make use. In the modeling of the motion of a yoyo
(Section 3.5.1) I exempliﬁed a feature of the graphical modeling tool of Coach 6 to
(temporarily) hide detailed information about the implemented model. By creating
open or closed subsystems of a graphical model, an instructor could focus on the overall
structure of the model and zoom in on any subsystem for more details. In other words,
the information could be shown at diﬀerent levels of complexity.
Interpreting Mathematical Results
In the end, the modeling results obtained so far must be interpreted in terms of the
real world context where one started the investigation. In this phase the descriptive
quality of the mathematical model is more or less questioned. Two central questions
are: (1) What do the model outcomes mean in the real context? and (2) How well
do the available empirical data ﬁt with the worked-out model? The second question
certainly illustrates that this step in the mathematical modeling is closely connected
with the comparison of experimental results with mathematical results. But even
without direct comparison of these results, one can still interpret mathematical results
in a qualitative sense as real results. For answering the questions one must at least
employ a criterion of ﬁt and ﬁnd the best values for the model parameters, either
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by trial and improvement or in a more systematic way by means of algebraic preprocessing and regression analysis. One may, for example, do computer simulations
and analyze how changes of parameter values aﬀect the numerical solutions and what
this means in the context of phenomenon investigated.
In the case study about the motion of a falling badminton shuttlecock (Section 3.5.2),
for example, it turned out that a linear drag model would never lead to a good
description of the experimental data: One could not get a decent description of both
position and velocity at the same time; the quadratic drag model worked much better
in this sense. Examples of algebraic pre-processing and regression analysis for parameter estimation with an eye on the real context can be found in the case studies
of mathematical modeling of sprinting in Section 3.5.5 (pp. 181–182), and upward
hopping in Section 3.5.6 (p. 190).
Validating Real Results
The model validation concerns all quality aspects, properties, and behaviors of a model.
Four central questions are: (1) Do the real results obtained from the model reasonably
and accurately describe or predict reality? (2) Do the real results explain or contribute
to understanding of reality? (3) Are the assumptions and simpliﬁcations in the model
adequate or must they be reviewed? and (4) Are the results of analyzing speciﬁc model
properties and behavior satisfactory?
If a computer model has been implemented, then one can run miscellaneous simulations in order to explore the sensitivity of modeling results to small disturbances in
initial conditions or model parameter values. In case of stochastic models one can explore by simulation (e.g., Monte Carlo simulations) how uncertainty propagates from
input to output. But once more, ICT has in this phase only a supportive role: ICT
tools do not interpret results, only humans do.
The motion analysis of a yoyo (Section 3.5.1) provided a clear example of ICT
support in the interpretation of the real results in the context of the phenomenon: By
using trend functions as coordinate functions for a computed point and by displaying
this point in the video clip of a moving yoyo, the suggestion that this point was close
to the position of the axle during the unwinding phase of the yoyo was supported and
therefore the mathematical modeling was underpinned.
In the case study about mathematical modeling of sprinting (Section 3.5.5), the
wind-adapted Keller model and the parameter values that ﬁtted data of the ﬁrst 80 m
of Usain Bolt’s sprint at the Beijing Olympics 2008 were used to compute what sprint
time the athlete could have run if he had not decelerated in the last meters. This
model was also used to predict a 100 m sprint time of a female student on the basis
of her 25 m sprint and interpreted as somewhat unrealistic, hereby underpinning the
change of the mathematical model into the Tibshirani model for the same purpose.
In the proﬁle project about the backward giant circle (Section 3.5.7), the student
researchers qualitatively analyzed their graphs and explored whether a gymnast can
return to handstand when his shoulder joint angle gets small during the movement.
They concluded that only a free hip swing to handstand on the high bar would be
possible; but this is not considered a giant circle. They also used mathematics and
physics knowledge about rotational motion to explain why certain techniques on the
high bar would be possible or impossible. This work showed a surprisingly high level
of validation of real results in the context of the phenomenon investigated.
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Validation of the methods used may also mean that one compares several routes
to real results. In the case study about vertical vertical jumps (Section 3.4.2), for
example, the sensor-based analysis of the motion was compared with the video analysis.
In the case study about bouncing balls (Section 2.8) sound-based experimental results
were compared with results obtained by video analysis.
Presenting Findings
It goes without saying that ICT tools such as text processors and presentation tools
can be used to report and present the ﬁnal answer to the original problem. The digital
format is in general better readable than hand-written reports and looks nicer, but the
major advantage is that it allows inclusion of graphs, tabulated results, screen shots,
and so forth, so that the conclusions can be supported by data representations that
would be impossible without ICT support; see, for example, Figure 2.11 (p. 54), which
is a picture taken from a student’s proﬁle report about gait analysis.
Planning and Designing an Experiment
ICT tools themselves do not create an experimental design; what matters is mainly
the knowledge and experience that an experimenter has with ICT-supported experiments when (s)he designs a new experiment. ICT can support the experimenter or
a student researcher as a communication tool. A student, for example, may retrieve
information about the real problem, the context of the practical investigation, and
possibly related experiments from available CD-ROMs, DVDs, and Internet resources.
Occasionally in the educational context, ICT is used to communicate with experts,
as happened in the proﬁle research project about bungee jumping (Section 3.5.4), or
to do remote experiments (See, for example, Engelbarts, 2009). Video clips may illustrate how experiments can be set up or explain the functionality of measurement
apparatus. Even a digital image of the equipment needed for carrying out a speciﬁc
experiment or a picture of the experimental set-up in instructional materials may already give students a clearer view of what to do or what can be done in the laboratory.
Simulated computer laboratory experiments, also known as virtual labs or web labs
(See, for example in the context of general chemistry education, the Virtual Lab Simulation at www.chemcollective.org, or in the context of physics education, the software
Interactive Physics at www.pasco.com) may prepare a student to do experiments or
use instrumentation before they enter the real laboratory.
Planning and design of an experiment must be carefully done to increase the chance
of success and useful results, but also to avoid dangerous circumstances. In the experiment of measuring the pupil reﬂex (Section 3.4.3), for example, one must realize that
a bicycle lamp is strong enough for the experiment but will not cause damage to one’s
eye. In case of measurement of muscle activity via electromyography (Section 3.4.1),
an experimenter must know about the workings of the apparatus in the experimental
set-up to understand and appreciate that safety rules have complicated the measurements. In the case study about modeling bouncing gaits (Section 3.5.6), students must
realize that experiments of upward and forward hopping must be done under similar
circumstance, that is, on the same motorized treadmill. In motion analysis activities,
students must reﬂect on size, shape, color, and position of markers before recording
the motion on video in order to make video measurement afterwards an easier job.
Conducting an Experiment and Data Handling
The ICT use at this stage can, and in my opinion should, reﬂect the innovation of ICT
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use in experimental work by scientists and practitioners. Computers are in practice
much used to collect, present, process, and analyze data. All case studies presented in
Chapter 2 and 3 illustrated how ICT-supported practical investigations can be carried
out by students and what aﬀordances an integrated, multimedia, tool-based computer
working environment can oﬀer, ranging from measurements with sensors and video
analysis to rather advanced data processing and data analysis. Some advantages are:
• The versatility of data logging methods enhances the diversity of experiments
that can be done and supports a multi-methods approach. For example, the
experimental study of standing vertical jumps (Section 3.4.2) by means of simultaneous measurement with a force plate and video recording of the motion,
provided the opportunity to compare the experimental results of sensor-based
measurement with those obtained by video analysis. The experiment of measuring the pupil light reﬂex (Section 3.4.3) illustrated what can be achieved by a
combination of experimental methods.
• Real-time data logging gives students direct feedback in addition to the possibility of a replay of an experiment. Especially in motion analysis activities it
is important that one can examine video clips and dynamically linked graphical
representations as many times as needed to explore details. Prototypical examples presented in the case studies were the high speed video analysis of moving
coins (Section 3.2.3) and gait analysis via electromyography (Section 3.4.1).
• If a data logging environment allows users to make predictions in the forms of
graphs before doing the experiment, students can learn from comparing their predictions with actual measurements. This has been investigated in various studies
of students’ understanding of motion graphs (See, for example, Kozhevnikov &
Thornton, 2006; Nicolaou et al., 2007; Russell et al., 2003, 2004);
• The quality of a data set obtained by means of sensors connected to a computer or
via digital video and image measurements is in general higher than of a manually
collected data set. For example, a titration curve is more easily obtained with
an automated pH titration system than by means of a hands-on titration and is
quality is in general also much better (cf., Section 3.3.2). The case studies about
bouncing balls (Section 2.8), falling badminton shuttlecocks (Section 3.5.2), and
falling chained objects (Section 3.5.4) illustrated that advancements in video
technology aﬀect the possibilities of experimental exploration of phenomena and
the quality of the investigations.
• Repetition of experiments, possibly under diﬀerent experimental settings, can
be easily and rapidly realized. This also means that one can do some try outs
for the purpose of getting used to and improving the experimental setting before
a deﬁnite experiment is carried out. The proﬁle research projects about bungee
jumping (Section 3.5.4) and circling around the high bar (Section 3.5.7) illustrated that some student researchers reﬂect on the experimental settings and
change the experimental set-up after some trials.
• Computer-based graphing helps students to create multiple representations of
data. If these multiple representation are dynamically linked, it may help better
understand the phenomenon under investigation. The analysis of muscle activity
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via electromyography (Section 3.4.1), for example, would be impossible without
the possibility of simultaneous scanning of the video clip of the gait pattern and
the processed graphs of the EMG data.

• Numerical diﬀerentiation and integration, data smoothing, regression, and signal
analysis are computer-based methods for data handling that enhance the investigative work of students. Tidal analysis (Section 3.3.3) was an authentic context
illustrating advanced sinusoidal regression that would hardly be possible without computers. Computer-based data handling methods support an experimental modeling approach, but at the same time they are needed in mathematical
modeling based on fundamental science principles. With numerical diﬀerentiation and integration, case studies like the quantitative mathematical modeling
of standing vertical jumps (Section 3.4.2) and sprinting (Section 3.5.5) would
not have been easily realized. In Newtonian mechanics, velocity is a more fundamental variable than position because Newton’s second law concerns for most
systems the change of velocity in terms of forces acting a system. Problematic
is only that one is often interested in or can only measure the position of an
object. Data processing become inevitable.
v. Interpreting Experimental Results
In the end, the experimental results obtained so far must be interpreted in terms of the
real world context where one started the investigation. In computer-based inquiry, the
readily available and possibly dynamically linked multiple representations support the
interpretation of results. In the case studies that involved video analysis, for example,
the dynamic linking between the video clip and graphical representations of measured
or computed quantities helped the interpretation of results in the real context.
In the classroom experiments about human locomotion (Section 2.4), students
interpreted hip-knee cyclograms for various gait patterns and described the diﬀerences
between diagrams in terms of the diﬀerences between the gait patterns. They could
use the video clips for this purpose to enforce their arguments.
The student researchers who analyzed the backward giant circle on the high bar
(Section 3.5.7) used their video clips to give meaning to the created angle-time diagrams in the context of the gymnast’s body motion. Naturally, it is only support for
the interpretation of results that ICT tools can provide; in the end, the researchers
have to do the job.
In a sense one can view comparison of experimental results with results found in
the literature also as a form of interpreting experimental results as real results because
the experimental methods in which these data have been obtained can diﬀer much.
In the case study about tidal movement (Section 3.3.3), the results of harmonic analysis of tidal data were compared with literature data and the tidal components were
characterized as such. In the case study about bouncing balls (Section 2.8) and the
bouncing gaits (Section 3.5.6), the experimental results for a table tennis ball and a
hopping person were compared with data from research papers, respectively. In the
case study about a falling badminton shuttle cock (Section 3.3.3), the experimental
results and the applied methods were compared with those of an experiment reported
about earlier by another student researcher and with those published in research papers. In all case studies, the comparison of own experimental results with outcomes
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of others were used to explore the validity and reliability of the results by checking if
the claims ﬁtted within earlier published work.
Comparing Experimental and Mathematical Results
Computer generated graphs or tables, either from measurements or mathematical
modeling, make it easier to compare experimental results and results from mathematical modeling. The graphs can be visually compared and a diﬀerence graph can
be computed to validate the accuracy of the results. In the ICT-supported study of
acid-base titration curves (Section 3.3.2), and in particular in the practical investigation of analyzing the acids in a Cola drinks (pp. 140–142), students improved values
of parameters in a computer model by trial and error until they considered the measured and modeled titration curves as close enough. Tables can be used to get precise
information about diﬀerences between experimental and mathematical results and to
further analyze the residual data.
Table 4.5 summarizes possible roles of ICT and other forms of technology in the
model of quantitative mathematical modeling shown in Figure 4.1. But their are many
other motives for using ICT in modeling; I list a few arguments:
• Authenticity: Educational use of ICT should reﬂect innovations in science practice on this terrain. The many motion analysis studies presented in this thesis
illustrated what is possible in this respect.
• Eﬃciency: ICT helps students eﬃciently and eﬀectively carry out routine manipulations and calculations, and create graphical representations so that they
can keep their focus on the modeling aspects of the assignments instead of on
the computational work. The examples of this thesis showed that this holds
especially for data handling and visualization.
• Motivation and fun: Some students are more motivated when they can do ICTsupported inquiry-oriented activities in a real world context (See, for example,
the screen shots in Figure 3.8 and Figure 3.13 on page 110 and 114, respectively).
• Interactivity: ICT and technology invite students to experiment and try out
methods, in cases where they would otherwise keep a passive attitude. The case
study about survival analysis (Section 2.6.1) exempliﬁed this motive and the
previous one.
• Feedback: ICT enables the realization of instantaneous and direct feedback to
students. The dynamic linking between multiple representations plays a key
role in this. Feedback from computer simulations may also enable students to
examine mathematical models instead of just to assume or accept a given model.
• Enrichment: ICT and technology oﬀer students opportunities to explore a variety of applications of mathematics and science, and helps them get a more
realistic picture of the role of ICT in science and technology. Computer models
and modeling is one of the areas that students can enter; motion analysis is
another one explored in the many case studies presented in this thesis.
• Access to advanced methods: ICT enlarges the students’ repertoire of methods
and techniques that can be used in inquiry-oriented activities. One of the aims of
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my research and development work was to explore what kind of integrated tools
would support inquiry-oriented student activities. Thus I paid much attention
to data processing and analysis methods such as data smoothing, numerical
diﬀerentiation, and regression.

1.

Transition
Understanding the
task

2.

Simplifying and
structuring

3.

Mathematization

4.

Working
mathematically

5.

Interpreting
mathematical
results
Validating real
results

6.

7.

Presenting ﬁndings

iii. Planning and
designing an
experiment
iv. Conducting an
experiment and
data handling

v.

Interpreting
experimental
results
viii. Comparing experimental and mathematical results

Potential role of ICT and technology
Problem orientation: observing videos, experimenting with
computer simulations and animations;
Information retrieval: using CD-ROMs, DVDs, or Internet;
Communication: chat, email, VLE.
Getting a strong grip on the situated problem: observing videos,
experimenting with computer simulations and animations, data
logging in small experiments (possibly for subproblems).
Collecting one’s thoughts in mathematical representations:
representing schematically and graphically with the help of software,
making ICT-supported calculations for simple models.
Computer-based data handling: representing data in graphical and
tabular form, and processing and analyzing data on a computer
(e.g., numerical diﬀerentiation, data smoothing, regression analysis);
Construction and simulation of computer models: using modeling
tools and computer programming to solve mathematical models
numerically.
Looking at results in the context of the phenomenon investigated:
doing computer simulations and analyzing how changes of parameter
values aﬀect the numerical solutions.
Making predictions: doing ICT-supported calculations and simulations for the purpose of predict results in the investigated context;
Evaluating the model and methods used : validating computer-based
methods, examining the quality of the computer model, suggesting
adaptations of the model if necessary;
Reasoning: enforcing arguments by means of computer-generated
visualization and other ICT-based inscriptions.
Text processing and presentation: reporting via Internet,
presentation software, or a text processor, with inclusion of
multimedia components.
Orientation on the experimental setting: retrieving information from
Internet, watching video demonstrations, reading on-line help,
considering pros and cons of experiments (remote experiments, web
labs, video technology, sensor choice, and so forth).
Data collection: computer-based measurement (sensor-based or
measurement on video clips and digital images) and representation
in graphical or tabular form;
Data processing: applying mathematical formula to data, ﬁltering of
signals and data smoothing, computing numerical derivatives,
numerical integration;
Data analysis: regression and signal analysis.
Looking at results in the context of the phenomenon investigated:
changing experimental conditions and analyzing how these changes
aﬀect the results.
ICT-supported comparison: visual examination of computergenerated graphs to ﬁnd similarities and diﬀerences between
experimental and mathematical results.

Table 4.5: A non-exhaustive listing of potential roles of ICT and technology in transitions in the model of quantitative mathematical modeling presented in Section 4.1
(pp. 206–208); see Figure 4.1 and Table 4.1.
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ICT-supported Mathematical Representations

I reﬂect on the main ICT-supported mathematical representations in quantitative
mathematical modeling and on transitions between these representations. It is based
on a representational framework, known as the Rule of Five, for thinking about the
use of external representations in mathematics and science. It also forms a framework
for thinking about possible roles of ICT in the process of handling such a variety of
external representations.
The Rule of Five Framework of Multiple Representations
The theoretical rationale of tool integration in a versatile computer environment for
inquiry-oriented mathematics and science education is that the use of multiple representations is crucial for deep understanding of real phenomena and that this process of understanding is promoted when learners are not distracted by technical burdens that could have been avoided by the provision of tools that work well together.
This view can be underpinned by theoretical frameworks such as the Kaput-Goldin
representational framework for mathematical cognition and learning (cf., Goldin, 2008;
Goldin & Kaput, 1996; Kaput, 1992, 1994) and the so-called Rule of Five framework
on multiple representations (cf., Dick & Edwards, 2008).
The representations used in an environment such as Coach are often not static
entities, but dynamic elements that are linked so that a change in one representation
aﬀects the other representations. This is one reason to speak about integrated tools
(There are more reasons, such as integration of diﬀerent styles of tool use). The
underlying ideas of having multiple, dynamically linked representations available in a
student activity are:
• It illuminates the meaning of actions in one representation by exhibiting their
consequences in another representation.
• The number of ways to come to a solution of a problem increases.
• A person’s understanding of a phenomenon, a problem, or a concept is reﬁned
the more representations (s)he can interact with.
• It supports the construction of deeper understanding when students relate those
representations to identify strengths and weaknesses of particular representations
and shared invariant features of all representations in use.
Kaput (1989, p. 179) phrased the last argument as follows: “The cognitive linking
of representations creates a whole that is more than the sum of its parts.” In the
SimCalc project on the mathematics of change and variation, Kaput (1998) went
one step further and proposed the use of multiple, dynamically linked descriptions of
experientially real situations or phenomena, for example by cross-connecting a rate
graph to a total amount formula. In Coach 6, such dynamic cross-connections between totals and rates descriptions in the context of kinematics are also supported. In
order to avoid that students become too passive in the process of constructing a deep
understanding by making cognitive links between various representation, Ainsworth
(1999) suggested the strategy to provide full linking when students are new to the
task and to fade this support as their knowledge and experience grows. I am not
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a proponent of various implementations of the dynamic linking behavior in a learning environment because of the many experiences in an inquiry-oriented approach
to mathematics, science and technology education that full linking is very useful in
working with data, even for more experienced persons. It would be a waste of convenient tooling in investigative work. For example, how more diﬃcult it would be to
understand an electromyogram in a biomechanics study when the body motion is not
simultaneously recorded and dynamically linked with the data graphs and related diagrams. Dynamic linking of representations is common in many professional software
systems and in my opinion this should be reﬂected in computer learning environments
that also serve as transitional professional softwares. As a positive side eﬀect too, my
experiences with practical investigations and student research projects are that the use
of multiple, linked representations and descriptions of phenomena in a dynamic, interactive medium for investigation of real world problem situations makes mathematics
and science more attractive, challenging, and interesting for students.
Like Kaput (1998), I am of opinion that, with the advent of the computer in
mathematics and science education, the Rule of Four framework for a context-based
approach to the mathematical concept of function, which advocates that this topic is
treated numerically, graphically, symbolically, and verbally, must be extended by a new
representation system, namely, that of a materialized phenomenon. This phenomenon
can either be cybernetic—as with screen objects whose movement is controlled by a
model, computer program, or mathematical functions—or physical, as with sensors
and with devices linked to a computer where their motion is controlled by mathematical functions deﬁned on the computer or by control programs. I also categorize video
clips or digital images as materialized phenomena. Kaput placed the cybernetic and
physical phenomena in the heart of mathematics education of change and variation.
Below I give a more neutral description of the Rule of Five framework.
from → to

cybernetic
& physical
phenomena
situations,
verbal descriptions
tables
graphs
formulase

cybernetic &
physical
phenomena
mouse
interaction

situations,
verbal
descriptions
describing

programming,
animation &
control
animation &
control
re-enacting,
LBM
re-enacting,
LBM

rewording

reading
interpretation
parameter
recognition

tables

graphs

formulae

data
collection &
generation
measuring

MBL/LBM

modeling

sketching

modeling

data
transforming
reading oﬀ

plotting

ﬁtting

re-scaling &
smoothing
sketching

curve ﬁtting

computing

algebraic
manipulation

Table 4.6: A table of translations and transformation processes for ﬁve representations.
Table 4.6 shows a 5×5 table of transitions between and transformation processes
within the representation systems (in fact, this table is a non-exhaustive list of processes). It is an extended version of the 4×4 table of (Dick & Edwards, 2008, Figure 10.4), which was in turn an augmented version of the original version of Janvier
(1987, p. 28). Two terms used in the above table need explanation: LBM is an acronym
of ‘Lines Become Motion’ that is the reverse of MBL (Micromputer-Based Laboratory,
also known as data logging) and refers to the possibility to deﬁne functions graphi-
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cally or algebraically and then drive physical phenomena, including toy cars on tracks
(Nemirovsky, Kaput, & Roschelle, 1998). In other words, LBM is all about generating
phenomena as opposed to modeling phenomena. In the context of the Coach environment this is called a control activity and the generation of a phenomenon is done
through (microworld) programming. For virtual phenomena (animations), this can be
controlled by graphical and tabular data as well: The funny applause meter in which
the measurement of the sound level by a microphone is element of the control program
that determines whether the cyclist moves forward shown in Figure 3.39 (p. 150) is an
example in which the data originate from human bodily action. To understand why
the term ‘re-enacting’ was used in the translation from graphical representations to
phenomena, one must ﬁrst recall what the term ‘enactive’ means. Bruner (1966) distinguished the following three modes of mental representation: (1) sensori-motoric, also
called enactive; (2) iconic; and (3) symbolic. In enactive mode one learns from concrete
objects and devices, and gradually moves to more genuine mathematical notations. In
LBM the opposite road is taken: One moves from a mathematical representation to
an observable motion of concrete objects. Since motion graphs often originate from
motions that can be experienced enactively (e.g., by use of motion detectors), the
reverse process of generating motion from graphs was called re-enacting.
One must keep in mind that the Rule of Five framework only deals with the main
external representations for the concept of function and not with all thinkable representations. In addition, diﬀerent topics in mathematics and science may use diﬀerent
external representations such as pictorial representations, concrete or virtual manipulatives, aural representations, gestural representations, and others. In the context in
which versatile environments such as Coach and Vernier’s LoggerPro are mostly
used, this restriction to or strong focus on external representations related to the
concept of function is in my opinion justiﬁed.
Figure 4.7 shows how technology, for example, a computer algebra system, a symbolic calculator, or a working environment like Coach 6, can aid to representational
translations and transformations when investigating problems that involve the mathematics of change and variation (Note that this ﬁgure does not show an exhaustive list
of processes). Many of the transformations are today carried out through technology
outside human minds, autonomously, and in some cases without making visible intermediate steps: A graphing calculator can plot a function, a sensor connected through
a measurement panel with a computer may be used to collect data in an easy way,
computer algebra systems can do formula manipulations. This does not mean that
the processes are not under control of humans; only, the computations occur outside
human minds. Kaput and Shaﬀer (2002; see also, Shaﬀer & Kaput, 1998) referred to
this processing power of new cognitive tools as the new representational infrastructure
of computational media. This infrastructure changes the way students can learn and
know. Moreno-Armella, Hegedus and Kaput (2008, p. 103) phrased this as follows:
“The nature of mathematical symbols have evolved in recent years from
static, inert inscriptions to dynamic objects or diagrams that are constructible, manipulable and interactive. Learners are now in a position
to constitute mathematical signs and symbols onto personally identiﬁable
objects, and systems of objects. The evolution of a mathematical reference
ﬁeld can now be an active process that learners and pedagogues can both
assist in, can identify with and can actively update.”
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These authors went one step further and argued (p. 109) that “within dynamic media
(e.g. Dynamic Geometry), the user (like the infant) can seek to explore the actions of
their intentions as a reaction to the surrounding within which they act. The dynamic
media co-acts with the user, so the user can guide or be guided by the software
environment.” In their perspective, the knowledge of students also shapes the use of
the representational infrastructure.

Figure 4.7: The Rule of Five and technology-based representational transformations.
What Figure 4.7 clearly illustrates is that multiple representations of the concept
of function oﬀer teachers and students the freedom to choose various starting points
or continuation points in approaching a mathematical problem that they consider
feasible. For example, functions are in the Coach environment often described by lists
of numerical values. This has to do with its origin in science education, where working
with measurable physical quantities, which possibly bear a functional relationship, is
an important issue. Values of quantities can be obtained in many ways: (1) through
(real-time) measurements with sensor; (2) through measurements on a video clip or
digital image; (3) by ﬁlling out a table manually or via special commands; (4) by
importing data from a ﬁle (with automatic conversion of units) or copying from other
software; (5) through a computer program or computer model; (6) read-oﬀ in a graph;
(7) by sketching a graph in a diagram window and converting the sketch into a table;
and (8) via a mathematical formula. In my opinion, students must get acquainted with
all of these technology-supported methods in order to get a more complete picture
of variables and functions, and of their practical value in mathematics, science and
technology (cf., Heck, 2001).

4.3.3

Tables and Graphs

Tables and graphs are one of the most important representation systems in scientiﬁc
inquiry. I brieﬂy discuss both forms of mathematical representations to illustrate
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how many design choices one has to make and how details matter when one develops
a versatile, tool-based computer environment for inquiry-oriented mathematics and
science education. I give examples of some choices made in the development of the
Coach hardware and software environment.
Tables
A table is used as a convenient and clear arrangement of data for representing measurement (with respect to some unit when it concerns a physical quantity) and counting
(dimensionless), and for exploring and analyzing relationships and patterns within the
data. The ﬁrst purpose stresses the use of a table as a display notation and the second
purpose is about the ease of user-directed actions on data for better understanding or
modeling of real data.
In the Coach software, since it ﬁrst release, the table window has been built with
a column-oriented structure that makes actions on individual or linked columns of
data as a whole, instead of actions at cell level or on whole rows, the elementary unit
of action for a user. Derived quantities can be created by menu commands or by
formulas in terms of already deﬁned columns and/or connected quantities. For each
physical quantity one can specify the unit used and the arithmetic precision, that
is, the number of decimal places used to express a value. The physical set-up of an
experiment, where sensors have been connected to speciﬁc channels of a measurement
interface panel, determines strongly the mathematical representation, processing, and
analysis of data.
Although Coach is column-oriented with respect to variables in tables, the system
only allows the storage of one datum at the time in a measurement, a computer model,
a computer program, or in an animation. The entry of a formula or a manipulation
command leads to an action on entire columns. This is one of the diﬀerences of the
table structure of Coach with a standard spreadsheet. Two other diﬀerences are
worth mentioning. Firstly, in a standard spreadsheet, cells play the role of variable:
The cell itself, being a spatial address on a sheet, corresponds to the concept of variable, whereas the content of the cell corresponds to the current value of the variable.
Secondly, in a standard spreadsheet, a user has the choice to refer to a cell by value or
by reference, and this determines whether cells are automatically updated or not when
values are changed. Since version 5 of Coach, when values in a particular column of
a table are changed, the corresponding values in all linked columns are automatically
updated, no matter whether it concerns the same table window or a separate one. In
early stages of development, in IP-Coach 4, semi-links were used and the student
or teacher had to select the ‘Recompute command’ for this purpose. Studies of classroom use, and comments from teachers and developers of instructional materials led
to the change in the design choice to automatic linking of columns. With this choice,
the computer learning environment has a more dynamic, interactive, user-directed
agent nature (in the sense of the Kaput-Goldin framework) than with semi-linking of
columns. What this particular example of continuous development of the computer
learning environment illustrates is that experiences gained from practical use of the
environment may lead to design and implementation changes.
The column-orientation and automatic linking of columns of the table window in
Coach are expected to help students overcome their seemingly natural tendency of

i

i
i

i

i

i

i

i
266

Chapter 4. Findings and Conclusions

concentrating on individual measurements and considering a measured quantity as
a property of the object of study (cf., Hancock, Kaput, & Goldsmith, 1992), and
to let them divide their attention between local features of data (a speciﬁc value)
and global features (patterns or trends in lists of values). Local and global features
come together in one of the most central points in calculus with lists of function
values, namely, the rate of change of a quantity. Below, I brieﬂy discuss the topic
of computing numerical derivatives because it gives a good impression of the many
choices designers of computer environments for learning and doing mathematics and
science in an inquiry approach have to make for letting the hardware and software
environment be most suitable for the envisioned users, who have various backgrounds
and wishes.
The envisioned computer learning environment must provide advanced methods for
computing numerical derivatives, but it must also allow an approximation of a rate of
change based on rather simple principles like divided diﬀerence formulas. The essential
point is that more than one approach to numerical diﬀerentiation seems appropriate
in school practice. For an accessible road to basic understanding of numerical methods
applied to lists of values, a small set of elementary list operations such as a diﬀerence
operator and an accumulation operator suﬃce (cf., Spunde & Neidinger, 1999; Confrey
& Maloney, 2008). In case of doing practical investigations or research projects, when
the numerical diﬀerentiation method itself is not object of study anymore, a student
simply wants to use the most suitable method available, for example to minimize the
eﬀect of noise in the measured signal. The table in Figure 4.8 illustrates the diﬀerent
results obtained by diﬀerent methods in Coach 6.3, applied to the function y = x4
on the interval (1,3), which has been speciﬁed as a short list of values.

Figure 4.8: Numerical derivatives of y = x4 in the table window of Coach.
The very rough sampling of the function y = x4 on the domain (1,3) illustrates the
diﬀerences in power of the three methods that have been applied in this example of
numerical diﬀerentiation. First the interval has been partitioned into 10 subintervals
of width 0.2 by ﬁlling 11 equidistant values within the speciﬁed range and then we
have evaluated the function at these sample points. Next, the backward diﬀerences
between consecutive points in a sample have been computed with the Delta function,
the name of which reﬂects the connection with Leibniz’s notation for inﬁnitesimals
and derivatives: Delta(y)i = yi − yi−1 . The backward diﬀerences of the x and y
sample have been used to compute the list dy/dx of diﬀerence quotients of the form
i−1
(dy/dx)i = xyii −y
−xi−1 . In other words, the backward divided diﬀerence approximation
of the derivative of the function has been computed by elementary methods. It is well
known and one can read about it in every textbook on numerical analysis that methods

i

i
i

i

i

i

i

i
4.3. Aspects of Tool Design

267

with higher-order accuracy, reduced endpoint error (i.e., less erratic behavior at the
beginning and end of the computed ﬁrst and second derivative data), and better noisereduction exist. I derived three-point diﬀerence formulas from standard numerical
analysis techniques (Fornberg, 1988, 1998) and implemented them in Coach 6 for
the ﬁrst and second derivatives of a set of non-equidistant, distinct data points. I
decided not to use ﬁve-point diﬀerence formulas for the following two reasons: (1) It
does not make much sense when only a few data points have been collected (e.g., in
manual data collection or limited sampling of data with sensors, video clips, or digital
images); (2) It enlarges the chance of rounding errors in the numerical computations.
The second reason and practical experience also made me decide to apply the threepoint formulas with alternating skipping and usage of data points in the computation
of derivatives by divided diﬀerences for large data sets, when consequently the sample
interval is very small and would cause noisy derivatives.
The result of applying a three-point diﬀerence formula for the ﬁrst derivative is
visible in the column labeled y  in Figure 4.8. As shown, these column values are much
closer to the exact result of diﬀerentiation (y  = 4x3 ) than the values obtained from
backward divided diﬀerences (dy/dx). However, these ﬁnite diﬀerence formulas are
sensitive to noise in the data. In many applications of mathematics and science, say
for example in motion analysis, calculating kinematics data (i.e., calculating velocity
and acceleration) from experimental displacement data is problematic because of noise
on signals. Finite diﬀerence formulas for derivatives do not give nice results in many
applications and this holds especially for second or higher order derivatives. More
advance methods are needed and one approach is to ﬁrst smooth the data and then
compute numerical derivatives of the smoothed data instead of using the raw data for
this purpose. In the case study of modeling sprinting (Section 3.5.5, pp. 179–181) I
brieﬂy explained a data smoothing technique that is also used for computing smooth
numerical derivatives, namely, the generalized cross-validatory penalized quintic spline
smoothing technique. This algorithm has been implemented in Coach 6 and the last
column in table in Figure 4.8 shows the result of computing the derivative by this
algorithm: the calculated values do not diﬀer much from the values that one would
obtain by means of the exact formula for the derivative.
The above example of numerical diﬀerentiation also illustrates the White Box/Gray
Box/Black Box metaphor of interaction of users with technological tools in an educational context, put forward by Buchberger (1990) and elaborated by others (See, for
example in the context of computer algebra in mathematics education, Macintyre &
Forbes, 2002; Cedillo & Kieran, 2003). When elementary arithmetics is used to learn
about numerical diﬀerentiation and to carry out simply computations of numerical
derivatives, one speaks of white box interaction with ICT. The learner’s awareness of
all mathematical details is then highly valued. The other extreme use of ICT is characterized as black box interaction: technology is just considered a tool for carrying out
some task and its user hardly cares about the underlying mathematical algorithms or
hardly feels the need to know about the internals of the tool. Somewhere in between is
the gray box approach: Normally one speaks of this approach when a learner uses ICT
tools in the black box sense during steps in the problem-solving process, but keeps
this process under control by deciding what steps to make, reﬂecting on intermediate
results, and by making strategic choices. I consider the use of more advanced ﬁnite
diﬀerence methods for numerical diﬀerentiation as a form of gray box interaction when
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the user knows about the basic underlying principles and the strengths and weaknesses
of these methods.
I am of opinion that a versatile tool-based computer learning environment for
mathematics and science education should support all three forms of interaction of
its users with the provided ICT tools. I also recommend designers and developers
of such learning environments to anticipate these diﬀerent forms of interaction with
ICT in education, for example by thinking about and providing facilities to set the
mode of the students’ use in accordance with their competencies. This has been done
in Coach via the so-called Junior mode, in which the openness of the student work
and the range of available tools is controlled by the author of the learning activities.
This appreciation of three modes of interaction with ICT in education is also one of
the reasons of paying in many case studies attention to the least squares method of
peeling-oﬀ functions (Foss, 1969), which can be considered as a gray box approach,
before using an advanced tool for regression analysis as a black box (e.g., in case of
sinusoidal and exponential curve ﬁtting).
Graphs
Visual representations play a key role in the use of a versatile, multimedia, computer
learning and authoring environment for mathematics, science, and technology education. A picture of an experimental set-up often makes things much clearer for students
than a long verbal or textual explanation. A movie or animation can illustrate a phenomenon or the working of a device much better than a long textual explanation. A
data graph may reveal a trend in a data set better than a table of recorded quantities (cf., Zacks & Tversky, 1999; Shah & Freedman, 2010). These are just a few of
the examples that support the view that one can hardly do without visualization in
mathematics and science education. I discuss the work of Kosslyn (1989) on the classiﬁcation of visual displays and the structure of a graph for the purpose of describing
some aspects of the design of the graph window in Coach 6 environment.
Kosslyn’s Classiﬁcation of Visual Displays
There exists no universal classiﬁcation scheme of visual displays, but Kosslyn (1989)
distinguished four common types of visual displays that use symbols, which are marks
that are interpreted in accordance with convention: graphs, charts, diagrams, and
maps. These four types diﬀer in terms of what information is communicated and
what level of analogy is used for this purpose.
Graphs are the most constrained form, with at least two scales always being required and values being associated via a ‘paired with’ relation that is always symmetrical. They are also referred to as logical pictures (Schnotz, 2001; Tversky, 2001)
because they have lost their pictorial characteristics, have no similarity with the designated object, resemble their referents in terms of the relationships between elements,
and frequently represent a subject matter which cannot be perceived at all. Graphs
use spatial characteristics to represent quantity: They represent greater quantities
of the measured entity and greater numbers by higher position, longer lines, greater
areas, or more of some other visual dimension on a two-dimensional surface. Thus a
graph uses space to convey information and this distinguishes it from a table, which
uses speciﬁc iconic representation.
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Charts specify discrete relations among discrete entities through lines, arrows, or
relative positions that serve as links. Like graphs, charts are entirely conventional.
Examples are tree charts, organizational charts, ﬂow charts, a network diagram, and
so on. The speciﬁed relations are not necessarily symmetric, but may be directed like
in ﬂow charts.
A diagram is a schematic picture of objects or entities and their relationship, but at
a higher level of analogy than a chart. It consists of analogous elements, such as parts
of an machine, as well as abstract analogous symbols, such as force vectors. Examples
are how-to illustrations, ﬁgures in a manual, force diagrams, and so on. Unlike graphs
and charts, parts of a diagram correspond to parts of some actual object or entity.
Unlike graphs and charts, maps are not entirely conventional: a part of a map
corresponds non-arbitrarily to a part of the pictured territory. A map diﬀers from a
diagram in the sense that it is a nearly photo-realistic or more schematic picture of
a physical, spatial environment, which shows the location of objects and the spatial
relationship between them. Examples are physical maps, topographic maps, maps
of census data, and so on. Diagrams and maps are more concrete in terms of their
meaning than graphs and charts, and therefore often make more use of representational
analogies.
In a Coach activity, all four aforementioned types of visual displays may be
present; this is illustrated in the screen shot of a modeling activity in Figure 4.9.

Figure 4.9: Tool windows illustrating the basic-level constituents of graphs.
Cleveland (1984) noted that the majority of scientiﬁc visualizations consists of
graphs, in particular two-variable graphs in which one variable is plotted against another, such as scatter plots, time series plots, and function plots. Later studies (e.g.,
Arsenault, Smith, & Beauchamp, 2006; Smith, Best, Stubbs, et al., 2000; Zacks, Levi,
Tversky, & Schiano, 2002) showed that this has hardly changed. This explains the special attention given to data graphs in my research and development work. Henceforth
I focus on graphs.
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Structure of a Graph According to Kosslyn and the Implementation in Coach
Kosslyn (1989) distinguished four structural components of graphs, namely, background, framework, speciﬁer, and labels. Annotations in the lower right diagram
window of the screen shot in Figure 4.9 point at these basic-level constituents of a
graph. Kosslyn used his structural scheme to analyze the information in charts and
graphs and to diagnose syntactic, semantic and pragmatic problems with visual displays. I use it for discussing the design and implementation of the diagram window in
the Coach working environment.
The background of a graph includes any coloring, shading, or picture over which the
graph is superimposed. In a Coach activity, graphs may be present in the background
and have appeared in one of the following ways:
• Graphs of previous measurements and of previous runs of a model or computer
program stay visible (by default in a gray color) on the screen (See, for example,
Figure 3.24, p. 128).
• A background graph of data of another Coach activity can be imported (in
various display styles; see, for example, Figure 3.49, p. 159).
• A sketch of a function graph can be created with the mouse used as digital pencil.
Contrary to graphs that have a connection with input (manual or from a sensor),
a quantity (from a video, model, or computer program) or a formula, the data of
previous measurements or computations and the data of an imported background
graph cannot be directly manipulated. Their main purpose is for visual comparison
of the current data in an activity with the ones created under previous circumstances.
For example, the eﬀect of a change of the value of a parameter in a computer model
can be investigated by looking at plots of previous runs or at a data plot restored from
another model. Some user support for importing background graphs is convenient:
Because data restored from a ﬁle might have been recorded with diﬀerent units or
ranges of the independent variable, automatic conversion of standard units and a
feature to translate the background graph horizontally make the comparison of data
easier.
The framework of a graph (axes, scales, grids, . . . ) represents the kinds of entities
being related, but does not specify the particular information about them conveyed
by the display. For example, the framework of a data graph provides information
about what kinds of measurements are being used and what things are being measured, but the measured data are not part of the framework. The simplest framework
of a data graph has an L-shape with one leg (the horizontal axis) standing for the
things being measured and the other (vertical axis) providing information about the
measurements being used. A framework often consists of two parts: (1) the outer
framework consisting of the axes and extending to the edges of the graphical display;
and (2) the inner framework (scales, data ranges, a grid or regular pattern, cross hairs
in scanning mode) that serves to map points on the outer framework to points on the
speciﬁer of the display. In the lower right diagram window in Figure 4.9, the inner
framework consists of a gray grid and (because of scanning mode) dashed cross hairs,
which happen to be superimposed on the grid in the screen shot.
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Indispensable elements of the inner framework are the scalings and the data ranges
that may be freely chosen for both axes. Scaling in the graphical display is semiautomatic in Coach for reasons of user-friendliness: Default data ranges are predetermined, but if the software ‘knows’ from measurement settings or modeling settings
which values some variables actually take, then the computer environment adjusts the
corresponding data ranges when a quantity is displayed graphically. Rescaling in the
diagram window requires zooming. For this purpose, one can (1) select a ‘zoom-to-ﬁt’
menu item or toolbar button to automatically rescale the axes to optimally display all
data; or (2) one can use the mouse to select a rectangular area of the graph for having
a closer look (zooming-in).
Cleveland and coworkers found in a series of research studies that the graphical
perception of a two-variable line graph or a scatter graph is aﬀected by: (1) the choice
of the shape of the display (actually, only the aspect ratio of the viewport or plotting
area matters); (2) the data rectangle (i.e, the rectangle that shows the maximum
and minimum values along the horizontal and vertical axes in the world coordinate
system in which the graph is deﬁned or data generated), and the data window (i.e., the
rectangular region of the world coordinate system that one wants to be displayed, for
example after zooming); and (3) the relative scaling of the axes in the world coordinate
system. The data window is displayed by a windowing transformation in the viewport
of the computer screen via a transformation that still allows operations such as any
scaling to be applied to the world coordinate deﬁnition of the graph. Actually, two
aspect ratios are important in the display of data: (1) the aspect ratio of the viewport;
and (2) the aspect ratio of the data window. The windowing transformation from the
data window to the viewport determines the viewer’s impression of the graph. For
example, Cleveland, Diaconis, and McGill (1982) experimentally veriﬁed that viewers
consider variables on scatter graphs more highly correlated when the point-cloud size is
decreased by increasing the scales of the axes. Cleveland and McGill (1987) found that
the shape of a graph aﬀects the interpretation of time series data and slope judgments
of line graphs. They advised (See also, Cleveland, 1993a,b) to choose the shape of
a line graph in such way that the most relevant physical slopes along the curve are
about 45◦ with the horizontal. This process of choosing appropriate aspect ratios to
enhance the perception of the orientations of line segments in the viewport is called
‘banking’ (Cleveland, 1993a). The following example of gait analysis illustrates the
fact that a graph cannot be interpreted fully without taking into account the process
of construction and in particular the scaling of the graph.
Figure 4.10 is a screen shot of a video analysis activity with Coach 6 in which
the time series of the knee angle during normal walk at a speed of 5 km/hr has been
plotted in three ways. The upper diagram window contains a scatter graph for which
the shape parameter, deﬁned as the ratio of the viewport’s height and width, is a
small number. This type of banking reveals that the forward rotation of the hip in
the leg’s swing phase is faster than the backward rotation during the stance phase.
In the scatter graph in a lower diagram window it is not so easy to detect a pattern
in the data; it looks more as a bunch of dots. Connecting consecutive data points
in the time series by straight line segments (i.e., changing the speciﬁer into a line
graph) helps a viewer see the motion graph, but the upward and downward slopes do
not show well the diﬀerences in hip motion between swing and stance phase. This
example illustrates once again the ﬁnding of Leinhardt et al. (1990) that the issue of
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scaling becomes more fundamental when using graphing technologies. The purpose
of re-scaling and banking is to visualize a graph as a whole in a diﬀerent sense and
ICT supports this exploratory graphing approach. Practical examples like the given
one and others made the designers of Coach drop the ﬁxed layout of four visible tool
windows in an activity and allow students, teachers, and authors to use as many tool
windows as needed, in any wanted shape.

Figure 4.10: Eﬀect of the shape of a two-variable on graph interpretation.
Dual-scaled axes in graphs enable the presentation of two related graphs in a single
diagram with each graph having its own, most suitable scaling of the vertical axis used
for the plotting. Another application of a second vertical axis in the outer framework
of a graph is the following: The ﬁrst vertical axis is replicated at the right side in
order to help convey an accurate visual impression of the relation of two line plots at
both sides of the horizontal range. Thus, the underpinning of this second application
is rooted in knowledge about human perception.

Figure 4.11: Examples of dual-scaled axes in a graph.
Figure 4.11 illustrates both uses of a second vertical axis in the outer framework;
both diagrams come from instructional materials concerning a mathematical analysis
of human growth (Heck & Holleman, 2002a, 2004a). In the picture to the left, two
related but diﬀerent kinds of quantities, namely the average height of a boy and the
growth speed, are shown together. One needs in this case a second vertical axes
because a single vertical scaling would not work well for both curves together: the
growth speed curve would then be too ﬂat. In the diagram to the right, the inner
framework and the two vertical axes support the reading and comparison of the human
growth data displayed in the curves. It is easier to compare the height of the girls at
early age and at adult age in a graph with vertical axes on both sides than in a graph

i

i
i

i

i

i

i

i
4.3. Aspects of Tool Design

273

with one vertical axis alone on one side. The results of the classroom study about
human growth (Section 2.2) did not indicate the upper-level pre-university students
had extra diﬃculty with understanding dual-scaled axes in a graph, compared with
graph comprehension in case of a graph with one vertical axis.
The speciﬁer conveys the particular information about the entities represented
by the framework (often data values). Speciﬁers are the lines, bars, point symbols,
or other marks that specify particular relations among the things represented within
the framework. In Figure 4.9, four diﬀerent speciﬁers are shown, namely, a vertical
bar (in the meter window next to the animation window), a case value bar graph
(height-time graph in which the data points are linked by vertical bars with the time
axis), a line graph (height-time graph), and a scatter plot (velocity-time graph with
open dots as markers). As a matter of fact, the meter window in Coach is not
a graph because it only displays one value at a time. But its display looks like a
graph according to Kosslyn’s terminology: A value can be represented by a horizontal
or vertical value bar in a rectangular framework, or by pie in a quarter, half or full
circular framework. In the Coach activity shown in Figure 4.9, the animation window
(with an arrow indicating the distance of the ball to the ground), the meter window,
and the case value bar graph have been added to support students’ understanding of
the height-time line graph in the upper-right window. Research results of Ploetzner et
al. (2008, 2009) indicated that supportive dynamic visualizations on the comprehension
of position, velocity and acceleration graphs have a positive eﬀect (especially on the
learning of weaker students), provided that the students are given enough time and
guidance to understand the dynamic visualizations, as well as how they are related to
line graphs. These side conditions on learning circumstances and teaching strategies
are in accordance with the principles of segmenting, guidance, and pre-training from
models of multimedia learning.
In Figure 4.9, diﬀerent speciﬁers where used in separate diagrams to support the
learning of the line graph concept of a time series. However, quite often more than one
data set is displayed in a single graph and then diﬀerences in speciﬁers are necessary
to distinguish the data sets. Figure 4.12, which comes from a gait analysis study by
students (See Section 2.4), shows a time series graph where three kinds of speciﬁers
are combined. There is a point plot of measured knee angles during normal walk on
a treadmill, a line plot of the best sinusoidal function ﬁt of the data, and a case value
bar graph showing the residue, that is, the diﬀerences between the measured data and
the corresponding values of the function ﬁt. The speciﬁers are deliberately diﬀerent.

Figure 4.12: Sinusoidal approximation of the knee angle during normal walk.
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Let me ﬁrst discuss the plot of the data points connected with line segments. The
discreteness of the measured data is expressed by plotting points. But, if the data
points were drawn alone, it would be in this case less easy for the viewer to see to
them as a whole or to notice a pattern. Two of the Gestalt laws of perceptional
organization discovered by Gestalt psychologists (See, for example, Kaufman, 1974)
play a role here, namely good continuity and proximity: Good continuity refers to the
principe that marks which suggest a continuous line will tend to be grouped together;
proximity means that marks near each other will tend to be grouped together. In this
case, the marks are at certain time intervals a little bit too far away from each other
to ensure that they are perceptually grouped together as an entity. By connecting
the data points by straight line segments, the viewer is supported to perceive them
as grouped together and (s)he is reminded to consider the knee angle as a continuous
quantity, which happens to be measured at discrete times.
The line graph in Figure 4.12 is a regression curve that one can easily compare with
the data graph. In the diagram the choice has been made to display the diﬀerences
between data points and values of the regression function at corresponding times by
vertical bars to emphasize that the conventional least squares function ﬁt has been
applied. The reader is reminded that the regression curve has been determined by
minimizing the sum of squared vertical distance between the curves, not by minimizing the sum of squared shortest distances of the data points to the regression curve.
What has been done here is nothing else than applying the structure mapping eﬀect,
which was distinguished in the Integrated Model of Text and Picture Comprehension
proposed by Schnotz (2001, 2002, 2005). It recommends the following: if a subject
matter can be visualized by diﬀerent pictures in diﬀerent ways that are informationally
equivalent, use a picture with the form of visualization that is most appropriate for
solving future tasks. Thus, a well-thought choice of speciﬁers lies behind the visual
display shown in Figure 4.12. One is recommended to pay ample attention to such
issues in teaching and learning the use of visual displays.
Labels of displayed variables are placed near the axes of a graph. Other labels
may occur in a graph as further explanation or for attracting someone’s attention to
features of the graph. The title of the graph is itself a kind of label.
Taking the rather complicated structure of a graph and the many aspects that play
a role in reading, interpretation, and construction of graphs into account, it comes as
no surprise that graph comprehension is an ability that takes a long learning curve
and requires exposure to a variety of contexts in which graphical representations play
an important role. In computer graphing, details of the design of the graphing tool
matter and aﬀect the instrumental genesis.

4.3.4

Data Manipulation, Processing, and Analysis

Once raw data have been collected, they must be often manipulated and processed in
inquiry activities before they can be analyzed. I brieﬂy discuss these three types of user
actions on data in the context of the design and implementation of a versatile, toolbased computer environment for inquiry-oriented mathematics and science education.
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Data Manipulation
One may expect in a tool-based computer learning environment like Coach and
Vernier’s LoggerPro basic facilities for adding, copying, inserting, deleting, importing, exporting, and sorting data in a table. The transition between a tabular and a
symbolic representation is manifest when a column in a table is ﬁlled by a mathematical formula. Any change in the formula has an immediate eﬀect on the corresponding
tabular values. Tabulated quantities can be connected to communication channels of
data-gathering tool windows such as a measurement panel or a video analysis window. Ideally, the linking of table entries with other tool windows is quite direct and
dynamic, in accordance with the signalling principle of multimedia learning: For example, highlighting a row entry in a table of measured positions in a digital image
highlights in Coach the point in the data image window. The linking goes beyond
the representation of the raw data: When a numerical derivative has been computed
and tabulated for a particular quantity, a change of the values of this quantity is
immediately reﬂected in a change of the values of the numerical derivative. Another
example of such dynamic linking of descriptions is the direct connection between raw
data and smoothed data: Every change in a value of raw data leads to an immediate change of the smoothed data. In case of penalized spline smoothing, which is a
method that uses all data, this can be time-consuming in cases of large data sets.
Thus, the resources needed for continuous updating of representations in a computer
learning and working environment must not be underestimated and the availability of
appropriate mathematical methods that operate locally instead of globally on given
data is desirable.
As Kaput (1992) pointed out, the built-in constraint-and-support structures have
a great inﬂuence on the nature of the interactivity of a computer environment. An
example in which the user’s support of the interactive system is very large comes in
Coach from the linking of the table window with other tool windows. The table window and the diagram window are actually tightened to each other in Coach: every
table has a graphical representation and vice versa, to every Cartesian graph belongs
a table structure. The table window and the diagram window are synchronized, share
a number of settings (e.g., their name, visibility of quantities, and numerical precision), and have many actions on data in common (e.g., the creation and editing of the
underlying data, and the processing and analysis tools). A change in one of the representations has an immediate eﬀect on the other representation. This forms the basis
of the educational use of multiple representations. This parallel use of representations
on a computer (or graphing calculator) allows switching between representations by
minimal activation. The learning and working process consists of shuttling between
several representations and investigating the inﬂuence of changes of one representation
in the others. In the context of computer algebra, this is referred to as the window
shuttle strategy (Heugl, Klinger, & Lechner, 1996). It also means that one selects
for any data handling procedure a speciﬁc representation that makes the action most
easily accomplished: Sometimes visual data selection or removal is convenient (See,
Heck & Dorenbos, 2007, for an example in the context of non-invasive measurement
of the peripheral arterial blood pressure in human with a cuﬀ pressure sensor though
the so-called oscillometric method); in other cases, it is easier to apply a selection
procedure to a list of values.
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Data Processing
The case studies in Chapter 2 and 3 conﬁrm that the following data processing tools
are indispensable in a computer environment for inquiry-oriented mathematics and
science education: tools for data smoothing, numerical diﬀerentiation, and numerical
integration. The last data processing tool (and a related tool for determining the area
under a curve) may seem a bit unnecessary at ﬁrst sight, but the case study about
standing vertical jumps (Section 3.4.2) illustrated the relevance of the availability of
this tool for solving
 kinematics problems in which the impulse-momentum relationship
pfinal − pinitial = F dt (with force F and linear impulse p) provides a good solution
strategy. Another example of using the numerical integration facility in a physics
context is the following treatment of a magnet falling through a solenoid (See also,
Amrani & Paradis, 2005). The Faraday-Henry law of electromagnetic induction states
that the induced electromotive force (EMF) is proportional to the rate of change of
the magnetic ﬂux (Φ) through the solenoid: EMF(t) = − dΦ(t)
dt . The extremal value
of the magnetic ﬂux depends on the velocity of the magnet. Thus, the recorded EMF
must be integrated as shown in Figure 4.13.

Figure 4.13: The graph of the recorded EMF and of the area under the curve.
In my research and development work I have also paid much attention to data
smoothing and numerical diﬀerentiation. The case study about weather data (Section 2.6.2) illustrated that vwo-3 students at gymnasium level were able to understand
the mathematics of moving average in the context of smoothing sharp ﬂuctuations in
weather observations so that a trend becomes more visible. Spline smoothing was
applied in many case studies where numerical derivatives had to be computed (e.g., in
the motion analysis of a falling badminton shuttlecock and the mathematical modeling
of sprinting in Section 3.5.2 and 3.5.5, respectively). I have argued that a generalized
cross-validatory penalized quintic spline-smoothing based algorithm (Ramsey & Silverman, 2005) for computing numerical derivatives is appropriate; for details, the reader
is referred to Section 3.5.5 (pp. 179–181) and to references (Green & Silverman, 1994;
Heckman & Ramsay, 2000; Ramsay & Silverman, 2005).
Regression and Signal Analysis
At the level of reading between and beyond the data, one of the most important
underpinning statistical principles is covariation, that is, the principle that two variables may vary in a predictable way. The correspondence of variation of two variables
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depends on the data types of the variable: Moritz (2004) distinguished logical, numerical, and statistical covariation. Logical covariation is expressed by a logical statement
such as, for example, “if an object is in harmonic oscillation, then its position-time
curve can be described by a sinusoidal function,” or a logical expression such as “at
x = x0 , the function f (x) increases = NOT(f  (x0 ) ≤ 0).” A mathematical equation such as y = x2 expresses a numerical covariation between real-number variables
x and y. Numerical covariance may be represented as a function graph. Statistical
covariation refers to the correspondence of variation of two statistical variables that
vary along numerical scales, such as the correspondence between human height and
weight. Bivariate statistical covariation may be represented in a scatter graph using
a Cartesian coordinate system that shows the correspondence of the ordination of
each variable. The correspondence is sometimes made more explicit by a regression
curve, but this supposes a dependence of one variable on the other. The more general
term statistical association is also used in statistics literature to include associations
between categorical variables (commonly represented in contingency tables), but I focus on numerical and statistical covariation, which only involves numerical data and
assumes a potential functional relationship. These types of covariation not only allow
a mathematical description of data, but also a prediction of values of one variable
using values of the other variable.
The majority of data obtained via data logging typically show the time dependence
of one or more variables. So, a description of a trend or pattern in the behavior of such a
variable relates it, implicitly or explicitly, to the time variable. The description of data
is frequently connected with changes, rates of change, growth, and decay. An implicit
relation normally takes the form of (1) a logical statement such as “Temperature goes
up when the heating system is turned on” and “A major growth spurt normally occurs
at the time of puberty;” (2) a judgment such as “When the ball bounces it rapidly
changes direction of motion;” or (3) a qualitative observation such as “It is getting
hotter” and “position is alternatingly left and right.” An explicit relation usually
takes the form of a functional relationship such as “The orbit of the moving object is
a parabola” (qualitative) and “the distance traveled in a free fall equals 12 gt2 , where
g is the constant of acceleration and t is the elapsed time after release” (algebraic).
The shape of the data graph gives information about the relationship between the
variables, at least when convenient data ranges and scaling have been used.
The type of association can be justiﬁed by using increasing, decreasing, or constant
trend of points in a scatter plot. For example, a linear relationship can be recognized
in various ways:
• Data points seem to lie on a straight line.
• The gradient is the same at all places on the graph.
• Changes in the variables occur at a constant rate.
• For a given increment in one variable, the other variable always increases or
decreases by the same amount, independent of the magnitude of either variable.
A nonlinear relationship can be recognized as:
• Data points seem to lie on a non-straight curve.
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• The gradient varies across diﬀerent parts of the graph.
• One variable changes more rapidly than the other.
Each of the above descriptions of linear and nonlinear relationships is testable
using software tools: In case of a linearity test, for example, a graphical slope tool
may convince a student that the gradient at any data point is more or less the same and
that the data points are always close to a particular straight line. Rates of change in
variables can be numerically computed, tabulated, or graphed. Incremental changes of
variables can be tabulated and compared. I consider the exploration of a relationship
between variables as an important element of inquiry-oriented mathematics and science
education. Therefore, I am of opinion that secondary school students should learn in
mathematics lessons to reason about covariation, acquire in this context a good level
of graph and data sense, and practice data analysis skills in practical investigations.
Henceforth I focus on regression modeling, also known as curve ﬁtting, its role
in data analysis and mathematical modeling, and what kind of functionality a user
of a versatile computer environment for inquiry-oriented mathematics and science
education may expect.
Regression as Part of Data Analysis and Mathematical Modeling
As Moritz (2004) pointed out, mathematical modeling to ﬁt data to a speciﬁc functional equation is one of the processes in statistical reasoning about covariation. Other
processes are the translations and transformations among raw numerical data, graphical representations, and verbal statements about covariation and causal association.
They are all elements of the Rule of Five framework discussed before (pp. 261–264)
and the role of technology in the translation processes was illustrated in Figure 4.7.
In this ﬁgure, curve ﬁtting was the label used to get from data presented in a table or
graph to a symbolic representation.
Regression modeling served the following two purposes in the quantitative mathematical modeling activities presented in previous chapters: (1) modeling functional
dependencies in experimental data and in stochastic situations; and (2) ﬁnding initial estimates for parameters in a mathematical model. The application of regression modeling to determine good initial estimates of parameters for use in computer
models was illustrated in the case studies about modeling human running via a kinematic approach (Section 3.5.5, pp. 181–182) and about modeling upward hopping
(Section 3.5.6, p. 190). The ﬁrst purpose, ﬁtting experimental data, was illustrated
by many examples of practical work.
Supported by ICT tools, researchers use curve ﬁtting as the main method of experimental modeling. In this type of quantitative mathematical modeling, a simple
mathematical formula is sought that describes the data reasonably well, but it does
not provide any explanation or underpinning of the model. It is in my opinion important that students understand this intrinsic weakness of experimental modeling. In a
human gait analysis study (Section 2.4) it may be very impressive to mathematically
describe motion data by models of sums of two sine functions, but it becomes more
interesting when a possible link is made with a double pendulum model of the human
leg. Regression analysis of the motion of human kangaroo jumping (Section 3.5.6) may
provide a good component-wise description of motion data, but the planar inverted
spring-mass model of the leg gives probably more insight in the motion during stance
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phase. One may ﬁt data of various hanging chains and main spans of bridges (Section 2.3), and discover that they are often well described by a catenary and parabolic
function, respectively. However, one has to check this over and over again for any
shape that one encounters. By use of fundamental principles of physics, one can reason about the mathematical shape of an object once, understand that one actually
investigates a prototypical example, and then apply one’s ﬁndings to every other copy
of the prototypical example.
It is important that students have a good understanding of the distinction between
ﬁtting to a linear model versus a nonlinear model. Calling the dependent variable y
and the independent one x, a general
n representation of a linear model μ(x) can be
given: y = μ(x; γ0 , γ1 , . . . , γn ) = k=0 γk φk (x), where γk are the parameters to be
ﬁt and φk are the basic (possibly nonlinear) functions. By far the most common
choice of basic functions are monomials, leading to a straight-line ﬁt (y = γ0 + γ1 x),
a quadratic ﬁt (y = γ0 + γ1 x + γ2 x2 ), and more generally, an nth order polynomial ﬁt
(y = γ0 +γ1 x+· · ·+γn xn ). The least squares method of minimizing the sum of squares
of residuals (i.e., minimizing the sum of squares of diﬀerences between experimental
and modeled data) is the most popular linear regression method because it can be
solved analytically. The larger the sum of squares of residuals, the less well the model
ﬁts the experimental data. This works under the assumption that there is no error in
the independent variable (often time) and that each data point carries equal weight,
that is, each data point has exactly the same actual (not relative) error associated
with it. Otherwise, it makes sense in curve ﬁtting to give the least amount of weight
to data points that are the least reliable or to extend the method of least squares
to the general case of both variables subject to experimental or measurement error
(See, for example, Glaister, 2001). If one designs a computer learning environment
for secondary education and assumes that data logging is done with reliable sensors,
a least squares linear regression method without weights seems satisfactory.
More important for students than ﬁtting to data with experimental errors is to get
some basic understanding of nonlinear curve ﬁtting, that is, about models μ(x) that
cannot be expressed as a linear combination of the parameters. Students must learn
that in nonlinear curve ﬁtting no analytic solution is possible, unless the associated
nonlinear equations can be solved analytically or when there exist a transformation
that turns the nonlinear model into a linear model. For example, the nonlinear exponential ﬁt y = a ebx can be transformed into a linear ﬁt by applying the logarithm on
both side: ln y = ln(a) + bx. It is noted that I ignore here that random errors in y
that were of equal size, become unequal by this transformation (cf., Glaister, 2007).
The bi-exponential ﬁt y = a ebx + c edx is a nonlinear ﬁt that cannot be linearized.
When no closed-form expression for the best-ﬁtting parameters is available, a
numerical optimization algorithm is applied to ﬁnd best-ﬁtting parameters by iterative improvement of values of parameters. A popular numerical optimization algorithm, implemented in many ICT tools including Coach, is the Levenberg-Marquardt
method (Marquardt, 1963). Good initial values of the parameters must be supplied
to this numerical algorithm by any of the following three methods: (1) trial-andimprovement; (2) educated guessing; or (3) a parameter estimation algorithm.
In case of a bi-exponential ﬁt, the graphical method of peeling-oﬀ functions (Foss,
1969) sometimes provides good initial values. More advanced methods for ﬁtting linear combinations of exponents with the purpose of ﬁnding good initial estimates for a
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nonlinear regression method exist (See, for example, Holmström & Petterson, 2002):
There are methods based on partial geometric sums, linear diﬀerence equations (Prony
algorithms), and diﬀerential equations (assuming that numerical derivatives of data
are available or can be easily computed). For other families of nonlinear regression
models, the graphical method of peeling-oﬀ functions and specialized parameter estimation techniques apply as well. In my development work, I paid special attention
to sinusoidal regression. I presented examples of the method of peeling-oﬀ functions
in the case studies about human gait analysis (Section 2.4) and tidal movement (Section 3.3.3). In the presentation of the latter case study (pp. 147–149) I also outlined
the design choices that I made for tools to carry out harmonic analysis of signals.
Functionality of a Regression Tool
Any regression tool should give its user access to a large set of commonly used regression models and oﬀer the opportunity to (1) view the graph of the model function and
the scatter plot of the data in one diagram, and (2) to compute and graph the residual
data. In this way, one can visually inspect the quality of a regression model, look for
patterns in the residuals or residual bias. The graphical method of peeling-oﬀ functions
(Foss, 1969) relies on the use of visualization and curve ﬁtting of residual data. I refer
to the examples given in the case studies about human locomotion (Section 2.4, p. 47),
video analysis of spring board diving (104), tidal analysis (Section 3.3.3, p. 145), and
motion of a yoyo (Section 3.5.1, p. 163).
Ideal in a regression tool would be the aﬀordance of dynamic change of a parameter
of the regression model so that one could immediately see its eﬀect on the graph of
the model and on the graph of the residuals. With this in mind, a manual mode of
curve ﬁtting, in which a user translates and re-scales the graph of the model function
by mouse actions, has been implemented since version 5 of Coach; see Figure 2.2
(p. 33). The interaction model is based on the idea that many popular regression
models can be written as μ(x) = a f (b x + c) + d, where a, b, c, and d are constants,
a = 0, b = 0, and f is a simple mathematical function (e.g., f (x) = x2 , ex , 1/x, sin x,
etc.). Translation of the graph of the function changes c and d; if one pins the graph
down in a point, that is, if one ﬁxes the values of c and d, then one is still left with
two degrees of freedom, namely, in the parameters a and b, which relate to vertical
and horizontal scaling of the graph, respectively. While keeping an eye on the data
points in the background, one can determine by these two types of interaction with
the model graph a nice curve ﬁt with respect to data shown in the background. The
parameter values change in accordance with the interactions. Finally one can use the
current parameter values as initial values for a numerical optimization routine such as
the Levenberg-Marquardt method. This interaction model was ﬁrst ﬁeld-tested in the
classroom case study about human growth (Section 2.2) and the conclusion was that
students had no diﬃculty with it. The students also found it natural that one could
zoom in on a selection of data points and apply regression to this subset of data only.
The experiences with the function ﬁt window in the classroom case studies, in
particular in the studies where sinusoidal and exponential regression analysis was
needed, caused two more changes in the regression tool of Coach:
1. In addition to manual estimation of initial parameter values for the LevenbergMarquardt method, one can also ask the software to use a built-in algorithm for
this purpose.

i

i
i

i

i

i

i

i
4.3. Aspects of Tool Design

281

2. One can always decide to keep some parameters unchanged while applying the
Levenberg-Marquardt method.
The ﬁrst option was to improve the ease and quality of curve ﬁtting: For example, when parameters of nonlinear models have been obtained in the background by
transformation to a linear model, then one can still apply the Levenberg-Marquardt
method and try to improve the intermediate result. The second option was introduced
because quite often a regression model with speciﬁc predetermined parameter values is
needed. One reason for doing this could be that one wants to verify that a symmetry
can be preserved in curve ﬁtting. In the screen shot shown in Figure 4.14, for example,
the coordinate system has been positioned in the image window such that in theory
the measured suspension points of the hanging weights should be on a parabola of
type y = ax2 . The function ﬁt window reveals that when certain parameters are kept
zero, invoking the Levenberg-Marquardt method by pressing the Reﬁne button leads
to a nice parabolic ﬁt. By the way, the Estimate button is used for asking the software
to generate good initial values.

Figure 4.14: Curve ﬁtting with constraints on certain parameters.

4.3.5

Video Analysis

The application of video analysis in education is to a large extent technology-pushed.
In physics education in the Netherlands, it already started in 1992 with the development of interactive video in IP-Coach 3 under DOS and with laser disc technology
that was marketed in that period. Despite high expectations (See, for example, Glover,
Graham, & Macdonald, 1989; Ross, 1991; Zollman & Fuller, 1994) and positive experiences in educational research (See, for example, Ellermeijer, Landheer, & Molenaar,
1996; Escalada & Zollman, 1997; Laws & Pﬁster, 1998; Zollman & Brungardt, 1995)
it never caught on in the Netherlands, nor in other countries. The main reasons were
that (1) the laser disc technology (i.e., the apparatus and the creation of educational
video discs) was too expensive for a school budget; (2) it was a replay-only video
technology; and (3) the user interaction was not easy and obvious for many teachers
and students.
The last two drawbacks were more or less removed at the end of the nineties, when
the creation of digital video by individuals became possible by digital camcorders and
by digitization of analog video recordings (e.g., from television broadcasts). This allowed video recordings of own experiments. At the same time, with the introduction of
the desktop metaphor for using a personal computer and the mouse as the main interaction device, the user interface of software changed dramatically from text-based to
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nonlinguistic (iconic, GUI) modes of interaction. Point-and-click and dragging methods of interaction increased ﬂexibility in structuring interaction with the computer.
This type of interaction was actually what was needed for making video analysis easier
for teachers and students. Several educational video analysis softwares were developed; I mention only two popular softwares that are still available: VideoPoint
(Luetzelschwab, Laws, & Gile, 2006) and Measurement in Motion (Cappo &
Darling, 1996). The time was also ripe for developing a Windows version of IP-Coach
that would include a video analysis tool. This development of Coach 5 started in
1998 and coincided with the early phase of my research and development work. In
this section I outline my contributions to the design and implementation of the digital
image and video analysis tool window of Coach. I also give a short impression of how
design principles of multimedia learning and cognitive load theory were applied.
The Development of the Digital Image and Video Analysis Tool
Because of the years of experience of the multidisciplinary team of developers, researchers, and teachers with the laser disc technology and the early video tool in
IP-Coach, the design process could simple start with a short description of the desired functionality and primarily concern interaction and user interface design. The
wish list could be as concrete as statements listed below (Fragment taken from an
early email correspondence in 1998 between members of the design team):
“In the Video Measurement Window, a movie or a sequence of images can
be viewed, but it is also possible to measure on homemade videos and on
sequences of images (converted to measurable frames).
1. In addition to measuring one point in one frame, it is possible to make
a whole series of measurements in one frame.
2. The students have to calibrate horizontally and vertically.
3. Each frame has a reference point (origin), but it may diﬀer on frames.
4. You can see the series of frames on a frame bar.
5. You can select frames (e.g., 10 measurements in 200 frames).
6. . . . ”
An early draft version of the video measurement window is shown in Figure 4.15.
This ﬁgure illustrates the idea of a video tool window that not only allows a student
and teacher to replay and step through a video, but also allows its user to deﬁne a
coordinate system inside the video frame and to measure coordinates of points inside
the video frame. It is one of the many pictures from discussion papers of members
of the multidisciplinary design team to specify the functionality of the tool. It diﬀers
from actual implementations of the video tool in Coach, even from early versions
(See, for example, the screen shot in Figure 4.16).
Figure 4.15 is also a bit misleading because it does not illustrate that, in essence,
one is designing a computer environment with linked multiple representations such as
the motion event recorded in digital video format, a table of coordinates for measured
positions of points and derived quantities like velocity and acceleration, and graphs
of kinematic quantities. These representations are dynamically linked: In video measurement mode, an additional measurement in the video clip automatically leads to an
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Figure 4.15: Early draft of the design of the video measurement window for Coach 5
additional row in the associated tables and to an update of the graphs. In normal video
display mode, when one changes the position of a measured point in a particular frame
by mouse dragging, the corresponding entries in the tables and graphs are updated.
In scanning mode, pointing at a graph or a table entry automatically shows the corresponding video frame, and selecting a particular frame highlights the corresponding
points in diagrams and the corresponding table entries. This makes scrubbing, that
is, manually advancing or reversing a clip, an eﬀective means to precisely identify and
mark interesting events in the video clip and to relate them with graphical features.
The following basic features of a video analysis tool are visible in Figure 4.15 and
in the screen shot shown in Figure 4.16:
• Position vs. time data can be collected on a movie by clicking on the location of
the items of interest for each frame in the video clip; a sight helps improve the
accuracy of the measurement.
• A frame bar shows which frames in the video clip have been selected for measurement and allows the user to scroll through the video frames.
• The coordinate system can be transformed: it can be rotated, mirrored, and
re-scaled (In the screen shot of the basketball throw, the coordinate system has
been reﬂected in the vertical axis, so that the positive horizontal axis is directed
to the left).
• A user can calibrate in horizontal and vertical direction separately.
• A digital ruler and protractor allows measurements of distances and angles.
Angles can be measured in radians and degrees; the latter option is, for example,
important for applications in biomechanics.
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• The orbit of the point of interest measured can be displayed in each frame, with
the point measured in the particular frame being highlighted. This allows the
determination of the angle of release in the example of basketball shooting.
• One can overlay (the orbit of) a calculated point.
• Collected data can be tabulated, plotted, and used for further data analysis.
There are many other choices for the video tool to be made (but invisible in the
screen shot): Amongst others, one has to make decisions about the supported video
formats (Audio Video Interleave [avi] format, QuickTime [mov] format, etc.), supported compression-decompression methods (Cinepak, MPEG, or other codecs), and
supported video adjustments (brightness, contrast, rotation, horizontal or vertical reﬂection, resizing, clipping, deinterlacing, etc.), and one must consider the inclusion of a
polar coordinate system, a moving coordinate systems, diﬀerent time settings (e.g., use
time from video clip or set the time at a designated frame), change of replay speed,
annotation possibilities, and a variety of methods for selecting or removing video
frames for measurement. Details in the design choices make or break the usability of
the video tool, which to a large extent can only be established by usability studies and
ﬁeld experiments.

Figure 4.16: Screen shot of a video analysis activity in Coach 5.0: basketball shooting.
(Picture taken from [Heck, 2000a, 2002a]).
The cyclic process of design, implementation, and formative testing of a video tool
prototype in conjunction with local evaluation characterized the ﬁrst years of my research and development on the topic of video analysis by students. The classroom
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case studies about image analysis of real-world objects (Section 2.3), human locomotion (Section 2.4), and motion analysis by students at pre-vocational secondary school
level (Section 2.5) served, amongst other things, to gain insight in the needs of secondary school students for carrying out video-based inquiry activities and to test the
usability and scope of (prototypical) implementations of a video analysis tool.
In the ﬁrst mentioned case study, I explicitly investigated whether a video analysis
tool could easily be used as to analyze a digital image by replicating it into a sequence
of equal images, or that a new tool or special settings dedicated toward image analysis
are needed. As explained in Section 3.2.1, the conclusion was that this rather unusual
application of a video analysis tool for image measurement caused some problems in
practice: It resulted in more work and discomfort for students, teachers, and authors
of activities. Identiﬁed drawbacks were:
• Some of the tools for movies do not make sense for an image measurement.
Think of time recordings, time calibration, moving origin, and playing speed.
• The linking between graphical and table representations and the image measurement is somewhat diﬀerent. In image measurement, the ordering of marking
points may be irrelevant and may not be connected with time.
• One cannot simply use a single picture; one must always duplicate it. This is
computer space and memory consuming.
The conclusion was quickly drawn that indeed a dedicated digital image analysis tool
was needed in Coach. As a matter of fact, it turned out to be possible (1) to mimic
as much as possible the tools from the video analysis environment; (2) to remove or
disable irrelevant tools from data video; and (3) to include common formats of digital
images (bitmap, jpeg, etc.) and simple modiﬁcations of digital images like change of
brightness, contrast, and orientation (rotation and reﬂection), all for the purpose of
making the measurement process easier.
In the case studies about human locomotion (Section 2.4), and motion analysis
by students at pre-vocational secondary school level (Section 2.5), the research focus
was more on the quality of students’ work when they used the video analysis tool of
Coach. One of the things explored was the kind of obstacles students encountered
in practical investigations when they recorded self-chosen motion events and used the
recorded video clips for further analysis in the software environment. The students
worked in the experiments with webcams, that is, with low-cost video cameras that
feed their images in real time to a computer. Around the year 2000, the development
of webcam technology (e.g., the CMOS and CCD image sensor technology) and the
availability of aﬀordable, powerful notebook computers had progressed so much that
low-cost webcams could reliably record video clips at a frame rate of thirty frames
per second in a suﬃciently high resolution (i.e., exceeding a minimum resolution of
320 × 240 for standard movies). In the mentioned classroom experiments, students
used the video software VirtualDub (Lee, 2011) to capture a motion and to edit the
recorded movie with the goal to make it more suitable for video analysis (e.g., through
ﬁle compression). Hereafter they imported the processed movie into the video analysis
tool. Especially in the classroom study with vmbo tl-3 students (Section 2.5), it turned
out that, although most students were in the end successful in their inquiry work and
obtained good results, there were many technical problems with video activities to be
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resolved: For example, it took too much time to do this kind of work with a whole class
during a lesson at school, students had to put extra eﬀort in learning to eﬀectively
use new software for capturing and editing videos, and students forgot to use video
compression and consequently had diﬃculties with ﬁle handling. The main conclusion
was that capturing and editing of videos should be incorporated into the computer
learning environment, which actually comes as no surprise when the STOLE concept,
acronym for Scientiﬁc and Technical Open Learning Environment (Ellermeijer, 1988)
and outlined in Section 1.2 (pp. 13–14), is taken as basic design principle.
Video capture in the Coach environment was designed and implemented in version 6. This does not mean that import of external video clips was abandoned. On
the contrary, the use of video clips recorded by students with their smart phones and
of movies obtained from video-sharing websites has expanded in recent years. Video
capture is only an additional feature to make the video-based inquiry work (e.g., the
video analysis part of the bouncing ball study presented in Section 2.8) less demanding for students and better realizable in a classroom situation. Actually, the most
important reason for inclusion of video capture in a versatile tool-based computer environment for mathematics and science education is that it allows synchronized video
recording and data logging. The case studies about gait analysis via electromyography
(Section 3.4.1), motion analysis of standing vertical jumps (Section 3.4.2), and the exploration of the pupil light reﬂex (Section 3.4.3) illustrated the educational potential
of combining video with data logging and control of experiments.
A recent video technology push that inﬂuenced my research and development work
was the introduction of high speed technology at consumer level. I explored its educational potential in various ﬁeld experiments. Topics were:
• a detailed video analysis of bouncing balls (Section 2.8),
• a detailed video analysis of moving coins (Section 3.2.3),
• an examination of various drag models of a falling badminton shuttlecock by
analysis of high speed video data (Section 3.5.2),
• the mathematical modeling of the motion of a falling chain and validation of the
model by means of high speed video data (Section 3.5.4),
• a video analysis of the start of a sprint (Section 3.5.5),
• the mathematical modeling of bouncing gaits and validation of the models by
means of high speed video data (Section 3.5.6), and
• a motion analysis of the backward giant circle on the high bar (Section 3.5.7).
When high speed video analysis comes into play, automated point tracking in video
analysis becomes indispensable. But also in case of analysis of normal speed videos,
it is in education often convenient that one can quickly collect data on a video clip.
When video capture via a webcam and automated point tracking can be combined in
a computer learning environment, then the webcam would become just another sensor
attached to the computer and the identiﬁed contributions of data logging to graph
sense will probably also hold for video-based laboratory. I refer to Section 3.2.3 for
details about the implementation of automated point tracking in Coach 6.
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The opposite of high speed video analysis also exists and has educational potential:
The data collection in the case study about the decay of beer foam (Section 3.5.3) was,
for example, done via a webcam capturing one frame per four seconds. This was an
illustration of usage of low speed video technology, which is popular in ﬁelds like
astronomy and biology.
The last feature of the digital image and video analysis tool in Coach that I would
like to mention in this section is correction of perspective distortion. It is important
because quite often the camera cannot be oriented fronto-parallel to the plane of
interest, with the consequence that Euclidean properties such as length, angles, and
parallelism of lines are distorted. Computer vision provides methods for correcting
this perspective distortion, that is, for transforming the digital image such that the
geometrical relationships are those which would be seen had the photograph of the
plane of interest been taken with the camera fronto-parallel to the plane. This process
is called (image) rectiﬁcation. In Section 3.2.2 I explained how rectiﬁcation has been
implemented in Coach 6. A rectiﬁed video clip can be exported and other video
settings like the brightness, contrast, orientation, and the selection of frames can be
taken into account in the creation of a new video clip.
A Glimpse of Design Principles Used
Research-based design principles of multimedia learning (Mayer, 2005, 2009) and cognitive load theory (Kalyuga, 2009; Plass et al., 2010; Sweller, 2005) have been applied
in the design of the video analysis tool. For example, the coherence principle, which
states that people learn better when interesting but extraneous material is excluded
rather than included in instruction, has been applied in the design of dialog windows.
This has been done in the sense that not all interactivity elements are visible at once,
but only when related options have been checked and there is a need to show the interactivity elements. In a video measurement activity, only after choosing the option
to select frames manually, the various ways to specify the selection of frames become
visible in the dialog window. Figure 4.17 shows the dialog windows in the default
format (‘Use all frames’), for selection of individual frames, and in formats in which a
ﬁxed step sized sequence of frames can be speciﬁed.

Figure 4.17: Screen shots of various formats of the frames selection dialog window.
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The spatial contiguity principle, which states that people learn better when words
and pictures are presented near rather than far from each other on the page or screen,
favors the direct annotation of a particular video frame and the logical grouping of
menu items in a video tool (such as grouping menu items for specifying measurement
settings, items for video adjustments of video clips, and items for measuring physical
quantities in individual frames).
The signalling principle, which states that people learn better when cues that
highlight the organization of the essential material are added, comes to the fore in a
video analysis activity when a video frame, a table entry, and a point in a graph are
dynamically linked in the so-called scanning mode (See, for example, the screen shot
in Figure 2.25, p. 87). In case of a data image activity, the corresponding measured
point would be highlighted.
The personalization principle, which emphasizes the use of personalized style rather
than formal style, proposes that social cues aﬀect multimedia learning through their
potential of increasing the learner’s motivation to make sense of the instructional material or the learner’s interest in the subject, so that (s)he is more keen on understanding
the lesson material deeply. In the context of doing a video analysis activity, Heck and
Uylings (2006) pointed out that appealing videos which contain persons in motion
(such as the motion of a toddler in a playground [Figure 2.13, p. 58]) increase the students’ motivation to learn and are more eﬀective than video clips that are undoubtedly
and formally oriented towards physics, such as movies of falling balls, collision of balls,
or motion of objects on an air track. The learner’s interest is certainly increased when
(s)he is visible in a self-recorded video clip, doing an experiment. The theoretical
explanation for this eﬀect of personalization is straightforward and worded by Mayer,
Fennell, Farmer, and Campbell (2004, p. 391) as follows: “Using the self as a reference point increases the learner’s interest, which in turn encourages the learner to use
available cognitive capacity for active cognitive processing of the incoming information
during learning.” But even when no person is visible in a video recording, personalization eﬀects can be achieved by requiring that a student is responsible for doing the
video recording of an experiment, with the extra bonus of the student’s engagement
that (s)he may understand better what was going on.

4.3.6

Graphical System Dynamics-Based Modeling

Computer-based modeling is in the STOLE concept (Section 1.2, pp. 13–14) one of the
computer activities for practical investigations and problem solving. Bliss and Ogborn
(1989) distinguished between two types of modeling tools for exploratory learning:
(1) exploratory tools, which represent expert models; and (2) expressive tools, which
allow learners to build their own models and to test their own hypotheses. A quote:
“Exploratory tools allow learners to investigate views of a given domain,
which are diﬀerent from theirs. Expressive tools permit pupils to represent
their own models of a domain and in this way reﬂect upon and explore their
own mental model. In the former learners are developing models based on
the assumptions of others and in the latter they are modeling their own
assumptions.”
A versatile computer learning environment designed and implemented in accordance
with the STOLE concept is also integrated in the sense that it combines these two
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types of modeling tools. Examples of exploratory tools are pre-deﬁned measurements
with fully prepared data analysis and simulations or animations of given models. Programming, modeling, and animation editors are examples of expressive modeling tools,
at least when students use them to adapt or create computational programs, models,
and animations. In this section I focus on one particular type of modeling tool, namely,
a graphical system dynamics-based modeling tool. I outline my contributions to the
design and implementation of this type of modeling tool in Coach 6.
A Historical Perspective
I go with seven-league strides through the history of computer modeling with Coach.
The software contains since its ﬁrst release two types of modeling tools: (1) a tool
in which a student writes computer programs using a language dedicated, but not
restricted, to the creation of control programs; and (2) a dynamic modeling tool. Dynamic modeling concerns the construction and use of a computer model of a dynamic
phenomenon, that is, a phenomenon that can be mathematically described by variables that change over time (discretely or continuously). Typically, the mathematical
description is a diﬀerence equation or a diﬀerential equation.
Dynamic modeling tools can be roughly classiﬁed by the way they allow their
users to construct models: text-based or graphically. In physics education, Ogborn
and Wong (1984) introduced the so-called Dynamic Modelling System (DMS), which
was an environment for programming and simulating computer models that compute
the evolution of a system step by step. Users of DMS expressed their ideas about the
steps in the form of equations and the program helped specify initial values, carry out
iterations, store calculated values in tables, and plot graphs. The text-based mode
of the modeling tool of IP-Coach (Van Bart & Mulder, 1990) and the simulation
software VU-Dynamo (Van Blokland & Kok, 1987) were environments for physics
and mathematics education in the Netherlands, respectively, that were based on these
ideas. A screen shot of a text-based IP-Coach 4 model of the motion of a pendulum
is shown in Figure 4.18: When time t increases by t, a new position x is calculated
based on Newton’s second law of motion. This modeling mode hardly diﬀers from the
text-base modeling in Coach 6, shown in Figure 2.4 (p. 42) and Figure 2.31 (p. 96).

Figure 4.18: Screen shot of a text-based Coach 4 model of the motion of a pendulum.
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In order to minimize the programming skills needed for construction of computer
models and to promote a diagram-based approach to computer modeling, a graphical
interface was developed in Coach 4. Herein a model consisted of variables that change
over time, constants, and auxiliary variables, each represented by a separate icon and
connected to each other by relation arrows. The software took care of automatically
generating the corresponding text-based model. A screen shot of a diagram-based
model of the motion of a pendulum is shown in Figure 4.19.

Figure 4.19: Screen shot of a diagram-based Coach 4 model.
Research (e.g., Löhner, 2005) seems to indicate that graphical modeling oﬀers
students an easier-to-use and richer framework for understanding the structure of a
dynamic model in comparison with text-based modeling, and that it allows students
to build more complex models of high quality, because they can concentrate on qualitative speciﬁcations during initial stages of the modeling process and do quantitative,
formula-based speciﬁcations at later stages. But this cannot be taken for granted:
The fact that the diagram-based modeling tool of versions 4 and 5 of Coach did not
caught on in Dutch physics education shows that more factors come into play.
The design team of Coach 6 compared the diagram-based modeling tool of version 5 with much more popular graphical system dynamics-based modeling tools such
as stella (Steed, 1992) to identify strengths and weaknesses of both types of tools. It
is important to realize that these tools are based on principles that may look similar,
but diﬀer on essential points. In the dynamic modeling environment of Coach 5,
the basic principle was that the graphical model represents a computer model that
calculates the evolution of a system step by step. In each iteration, variables are updated and the icons in the graphical model determine what lines of computer code
are generated. A variable var that changes over time by dvar in a time step dt was
represented by one icon that contained two components, as shown on the left-hand
side of Figure 4.20. The generated line of code for this icon is var = var + dvar ∗ dt. In
mathematical terms, the icon represents both a quantity that depends on time and its
diﬀerential. However, the idea of using one icon for the combination of two variables
is stretched when relation arrows, which help specify dependencies between variables,
can only come and go to one of the two parts of the icon. This may confuse novice
modelers. In a graphical, system dynamics-based modeling tool like stella, these two
types of variables are graphically represented by two diﬀerent icons in order to make
clear that one distinguishes a state variable from its rate of change; see the picture
on the right-hand side of Figure 4.20. Although the two diagrams in Figure 4.20 are
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similar, there is a big change in the creation of the diagrams and probably also in the
thinking behind it. In comparison with graphical system dynamics-based modeling,
the cognitive load of the diagram-based modeling implemented in Coach 5 is deﬁnitely enlarged because a modeler is forced to simultaneously think about two types
of variables and (s)he cannot easily divide attention to these elements in the thinking
process. This may be one reason why teachers and students were less attracted to
graphical modeling than to text-based modeling.

Figure 4.20: Basic elements of a diagram-based model in Coach 5 (left-hand side)
and of a graphical, system dynamics-based model in stella (right-hand side).
In many practical cases, the diagram-based modeling approach of Coach 5 led to
more complicated and less understandable graphical models than the graphical system
dynamics-based approach with a tool like stella. Figure 4.21 shows the graphical
models of radioactive mother-daughter decay in both modeling tools. The stella
model on the right-hand side shows the relations between variables in a clear way:
In the stock/ﬂow language one can see in the picture that what ﬂows out from the
Radium stock, ﬂows into the Polonium stock, and that Polonium decays further. The
Coach 5 model is more complicated and more diﬃcult to understand.

Figure 4.21: Graphical models of radioactive mother-daughter decay: a diagram-based
model in Coach 5 (left-hand side) and a graphical, system dynamics-based model in
stella (right-hand side).
The distinction between state variable and rate of change in graphical, system
dynamics-based modeling becomes problematic when quantities are playing both roles.
This always happens, for instance, in Newtonian mechanics: Velocity is on the one
hand a rate of change, because it is the derivative of position, and on the other hand
a state variable of which the rate of change equals acceleration. One must either use
diﬀerent names for two icons that represent the same quantity, or consider velocity in
two ways, namely, as the rate of change of position and as the quotient of momentum
and mass (cf., Doerr, 1996). In the diagram-based model of Coach 5, this problem of
overloading the role of a quantity as state variable and rate of change does not occur.
Figure 4.22 illustrates on the right-hand side the complication of graphically modeling kinematics problems via a system dynamics approach and shows on the left-hand
side the solution implemented in Coach 6, namely, the feature of identiﬁcation of variables. This means that it is possible to relate the icon of a state variable, an auxiliary
variable, or a constant with the icon of a rate of change, and to identify the linked
variable with the one that stands for the rate of change. Internally in the generated
computer code, a local name for the rate of change is present, but the modeler is not
forced to think in terms of this variable and keep recalling its real meaning.
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Figure 4.22: Graphical kinematic models in Coach (left-hand side) and in stella
(right-hand side).
After evaluation of various prototypical implementations of a graphical system
dynamics-based approach, the design team of Coach 6 decided to adopt this modeling
approach, but also to add a third modeling mode, namely, equations-based modeling.
The main reasons were the following:
1. Equations-based modeling is a compromise between having all mathematical
equations hidden behind icons in a graphical model and having each and every
detail visible in computer code. In equations mode, the mathematical equations
that drive the simulations are always visible; see the equations-based model of
the shape of the main span of the Golden Bridge shown in Figure 3.7 (p. 109)
and the equivalent graphical model in Figure 3.6 (p. 108).
2. In a graphical model, one has no control over the order in which variables are
updated in the generated computer code. This order of updating is irrelevant for
almost all applications, but in special cases it is important: Then, in equations
mode, one can reorder the mathematical equations displayed on the screen and
inﬂuence the order of updating of variables. I used this feature, for example, in
the modeling of a stochastic walk in a bounded area via event handling (Heck &
Bruidegom, 2007): The events for imminent crossings of boundaries needed to
be handled after the handling of the event that determined the direction of the
next step in the random walk.
Another extension of a traditional graphical system dynamics-based modeling tool
explored by the development team was the possibility to deﬁne an auxiliary variable
by means of a table or a graph. Figure 4.23 shows a user interface design considered
during the design process: A special dialog window allows the user to ﬁll out a table
or to sketch a graph. Finally it was decided to use an already available table or
graph in the Coach activity for this purpose. This illustrates the application of the
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‘Keep It Simple and Smart’ (KISS) design principle, which promotes minimization
of the complexity of working with a computer learning environment by not adding
continuously new elements to the human-computer interface. In this particular case,
a table window already exists and oﬀers the possibility of manual ﬁlling and import
(or copy) of data from external resources. The graph window already exists and oﬀers
the possibility to sketch a graph.

Figure 4.23: Design of a graph/table editor for the modeling tool.

New Elements of Graphical System Dynamics-Based Modeling
In my research and development work I contributed to the following aspects of the
modeling tool in Coach 6:
• The choice of algorithms for solving diﬀerential equations numerically.
• The design and implementation of hybrid systems modeling.
• The extension of the graphical modeling tool with a process icon.
• The design and implementation of a model-based animation tool.
Because it must be able to transform each graphical model in Coach into a textbased computer model in the Coach language, ﬁxed-time step methods such as the
Euler method, and the 2nd and 4th order Runge-Kutta methods were selected for
implementation in the computer learning environment. Runge-Kutta methods were
included to avoid as much as possible the necessity to choose small time steps for
accurate numerical solution. But this is only the minimal set of numerical algorithms
that must be available in any modeling tool. As discussed in the case study about
modeling chemical kinetics (Section 3.3.1, p. 135), more advanced numerical methods
with variable time steps are convenient and needed for practical investigations.
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Hybrid systems modeling, which combines a classical system dynamics approach
with event-based modeling for processes that change abruptly, can be realized entirely
within a system dynamics-based model (See, for example, Levin & Levin, 2002), but it
is too complicated for use at secondary school level. For this purpose, an event has been
implemented in Coach 6 according to the principle of software triggering: As soon
as some particular condition is fulﬁlled, a once-only action on state variables is put in
running and only at the point that this condition is not satisﬁed anymore, then the
event can occur anew. I refer to the case study about bouncing balls (Section 2.8) for
more details about event-handling in Coach. Other examples of event-based modeling
were discussed in the case studies about chemical kinetics (Section 3.3.1), the motion of
a yoyo (Section 3.5.1), bouncing gaits (Section 3.5.6), and alcohol metabolism (Heck,
2007a,b).
In the case study about modeling chemical kinetics graphically (Section 3.3.1),
I proposed an extension of the classical graphical system dynamics-based modeling,
namely a process element iconiﬁed by the Erlenmeyer ﬂask icon, to overcome the principle of ﬂow balance and to simplify graphical modeling of chemical kinetics. This new
graphical element was also convenient in graphical modeling of quantitative pharmacological processes (See, for example, Figure 3.29, p. 135) and the decay of beer foam
in a glass (Section 3.5.3, Figures 3.62 and 3.63, p. 173).
Model-based animation is possible in Coach 6: I refer to a description of the
animation tool to Section 3.1 (cf., Kedzierska
et al., 2009). I only presented examples

of animation in this thesis (such as an animation of a bouncing ball on an oscillating
platform [Figure 2.32, p. 97], an animation for exploring the free fall of a chained object
[Figure 3.67, p. 178], and an animation of a vertical spring-mass system [Figure 3.78,
p. 191]). I do not discuss the design and implementation of the animation tool.

4.4

Concluding Remarks

In this ﬁnal section I take stock of my research and development work. I summarize
the main outcomes, answer the driving questions, and reﬂect on the set-up of the study
and implications for future work.

4.4.1

Main Outcomes

The general purpose of my research and development work in the last decade was to
improve the contribution of ICT to inquiry-oriented mathematics and science education at secondary school level. In particular, I aimed to contribute to
• the development of an open activity-based computer working environment that
oﬀers its users a versatile set of integrated tools for the study of natural phenomena, mathematics, science and technology; and
• perspectives on the role of ICT in quantitative mathematical modeling by secondary students.
More speciﬁcally, I aimed at contributing to the development of an integrated computer
learning environment by making recommendations about the functional design on the
basis of classroom experiments and sample activities, and by exploration and analysis
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of educational needs and possibilities, especially regarding inquiry activities. The
second purpose of the classroom experiments was to explore how ICT can contribute
to the realization of students’ practical work that resembles applied mathematics and
science practice.
Development of a Versatile Computer Environment for Mathematics and
Science Education
The open activity-based computer working environment mentioned in the introductory paragraph was materialized in a speciﬁc computer learning environment, namely,
Coach (Heck, Kedzierska,
& Ellermeijer, 2009). This hardware and software envi
ronment was used to learn lessons from developing ICT tools that are integrated in
an open, activity-based, multimedia authoring environment for mathematics and science education. The main outcomes of my development work in collaboration with
other members of the multidisciplinary development team were the design, redesign,
and implementation of tools for digital image and video analysis, computer modeling
and animation, and data handling. The usability and scope of all tools, either used
separately or in combination with each other, were tested in classroom case studies,
ﬁeld experiments, and usability studies presented in Chapter 2 and 3. The tool design
was explained in detail in Section 4.3.
Highlights of the Tool Design
Highlights of the digital image and video analysis tool, which mainly originated from
my work were: video capture with webcams and high speed cameras, video editing, automated point tracking, correction of perspective distortion, and digital image analysis.
New elements of computer-based modeling, simulation, and animation coming from
my activities were: numerical algorithms, graphical system dynamics-based modeling,
an extension toward easy event-based modeling, an extension of graphical modeling
with a process icon, and model-based animation. Data handling was redesigned by improvements of tools for data smoothing, numerical diﬀerentiation, regression analysis,
and signal analysis.
Driving Forces
The improvements of the Coach hardware and software environment are concrete deliverables, the development of which was driven by classroom experience, educational
research, curriculum change, and technology. Below I spend some words on these
driving forces and illustrate them in the context of my work.
The classroom case studies presented in Chapter 2 served to test the usability of
particular (prototypical) tools and the need for improvements. In the case study about
human locomotion (Section 2.4), for example, I tested the ﬁrst implementation of the
video analysis tool and I explored whether upper-level pre-university students were able
to eﬀectively work with the tool in a practical investigation and whether they liked to
work with the software. In the case study about video analysis at pre-vocational level
(Section 2.5) I explored whether vmbo-tl3 students could get fruitful ﬁrst experiences
with inquiry work through video analysis. One of the outcomes was the need for a builtin video capture facility. One of the results of the case study about image analysis of
shapes of main spans of bridges and hanging chains (Section 2.3.1) was that one cannot
eﬀectively use a video analysis tool for this purpose, under the assumption that one can
take measurements on a video clip with equal frames, but that one really beneﬁts from
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a dedicated image analysis tool. When high speed video technology was used in the
case study about bouncing balls (Section 2.8), automated point tracking was evaluated
in practice. In the case study about quantitative pharmacology (Section 2.7) I explored
whether upper-level pre-university students could be quickly introduced in an e-class
setting to computer modeling and in particular learn to work with a graphical system
dynamics-based modeling tool.
The driving forces behind innovations in mathematics, science, and technology
(MST) education from educational research take many forms. Some of the underpinning views are:
• Learning is a constructive and situated process that only takes place when the
learner is actively engaged. In a constructivist view on teaching and learning
(cf., Steﬀe & Gale, 1995), knowledge is in fact constructed in the mind of the
learner and not transferred from teacher to student. So, the main task of the
teacher is to create conditions under which an active attitude leads to learning.
• Learning is a social process. Competencies with regard to collaboration, discussion, sharing of ideas and results, reporting, and so on, are important in
the students preparation for a knowledge society. The task of the teacher is to
organize sessions where the social processes take place and can be practiced.
• Learning becomes more relevant when it is done in a context. Authentic learning,
interpreted here narrowly as working on real-world, complex problems, with the
goal to come to grips with phenomena through scientiﬁc methods, is generally
considered to motivate students and to lead to better understanding. Thus, the
task of the teacher is to give students to opportunity to engage inside and outside
school in authentic learning activities (See, for example, Reeves et al., 2002).
• Learning mathematics, science and technology includes not only acquiring theoretical knowledge, but also doing and learning about MST (cf., Hodson, 2008,
2009). This requires a contemporary outlook on what is going on in MST, not
only the issues of decades or centuries ago. Since tools play a crucial role in
current research and development, this should be reﬂected in education.
• There are many reasons why learning to use multiple representations is relevant in education (cf., Ainsworth, 1999, 2006, 2008), but one of them is that
mathematicians and scientists use multiple representations in their work as well.
In all of the listed views, ICT is expected to contribute to the improvement of
teaching and learning. In my work I envisioned a scenario of teachers and students
using a set of tools for inquiry-based study of natural and mathematical phenomena.
This set of tools was supposed to be integrated in one open environment designed for
a broad educational setting. Openness means that it is
• a ﬂexible, customizable, multi-purpose system;
• an environment for solving open problems that need deﬁnition, set-up, exploration, data processing and analysis, mathematical modeling, and so on, that is,
primarily a cognitive tool;
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• as much as possible free of didactic context or principles, that is, it is less considered as a pedagogical tool, but more as a tool for doing mathematics and
science. What really matters is that the environment is suitable for inquiryoriented student activities, practical investigations, and research projects by
secondary school students.
Results from educational research played a role in the tool design. Research-based
principles of multimedia learning (Mayer, 2005, 2009) and cognitive load theory (Kalyuga, 2009; Plass et al., 2010; Sweller, 2005) were applied in the design of tools; see,
for example, the discussion about dialog windows in the video analysis tool (pp. 287–
288). Research-based frameworks about the use of multiple external representations
(See, for example, Ainsworth, 1999, 2006, 2008; Goldin, 2008; Goldin & Kaput, 1996;
Kaput, 1992, 1994), graph and data sense (Curcio, 1981, 187, 2010; Shaughnessy,
2007; Shaughnessy et al., 1996), symbol sense (Arcavi, 1994, 2005; Drijvers, 2003,
2006, 2011; Pierce & Stacey, 2004; Zorn, 2002), and a framework for practical work in
science and scientiﬁc literacy through concepts of evidence and argumentation (Gott
& Duggan, 2007; Gott, Duggan, & Roberts, 2003) were used in Chapter 4 to analyze the students’ work in the classroom case studies presented in Chapter 2, the
ﬁeld experiments presented in Chapter 3, and some proﬁle research projects. Because
of the exploratory nature of the case studies and the diversity of the participants,
subject matter, and ICT use, many of the classroom outcomes cannot be strongly
and thoroughly supported by quantitative evidence. Nevertheless they give a good
impression of the abilities of the students who participated in these studies regarding
quantitative mathematical modeling. Details of ﬁndings and conclusions can be found
in Section 4.2 and are summarized later in this section when I discuss the ﬁndings
about the modeling abilities of the participating students.
As explained in Section 1.1, the educational context and in particular the curriculum changes in the Second Stage and Renewed Second Stage had a large impact on
my research and development work. The introduction of a problem-oriented approach
in mathematics education focusing on applications and mathematical modeling as well
as the growing interest in inquiry-based science education made me focus on quantitative mathematical modeling using ICT, that is, on inquiry activities in which students
explore mathematical models with the support of ICT tools in order to come to grips
with natural phenomena and to interpret real data. It was no coincidence that the
redesign of the modeling tool in Coach 6 overlapped with the growth of interest in
computer modeling in Dutch secondary education. I restricted my attention to practical investigations and proﬁle research projects, which became part of the curriculum
when the Second Stage was introduced.
ICT-supported inquiry-oriented mathematics and science education is to a certain
extent technology-pushed. I illustrated in Section 4.3.5 that this very much holds
for digital image and video analysis: The introduction of webcams, smart phones,
and low-cost high speed cameras enabled students to record everyday phenomena at
normal speed and in slow motion, and then do motion analysis in much the same way
as scientists and practitioners do. But also the increased power of notebook computer
and advances in sensor technology made it possible to let students do experiments and
collect real data that could not have been done before and reﬂect the way scientist
and practitioners work at present. The powerful tools for acquisition, processing,
and analysis of data, and the tool for modeling, simulation, and animation, have
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proven themselves as very helpful to bridge the gap between abstract mathematics
and science concepts on the one side and real-world contexts on the other side. The
case studies about human locomotion (Sections 2.4 and 3.4.1), sports motion analysis
(Sections 3.5.5 and 3.5.7), and the decay of beer foam in a glass (Sections 3.5.3) served
as showcase examples.
From the curriculum implementation point of view, a computer learning environment that teachers and students can use frequently and throughout the curriculum
has many beneﬁts. It means for them that it makes sense to become familiar with the
environment, and a learning path from simple ICT use up to the usage in advanced
projects can be developed. The integration of tools enables them to move data to other
parts of the environment and compare for instance in the same graph data obtained
from measurements with data from modeling. This was illustrated many of the case
studies presented in Chapters 2 and 3.
On the other hand, such a versatile tool might become complicated. It has to be
possible to adapt the complexity and the features needed to the level of the student.
In Coach, since the introduction of the so-called Junior version, an author has the
facility to create tailor-made activities. This activity-based approach also seems necessary because designers of computer learning environments are seriously confronted
with diﬀerences between scientiﬁc practices. For example, the meaning of variable is
variable in mathematics and science (Ellermeijer & Heck, 2002; Heck, 2001; see also
the summary in this chapter, pp. 233–237). This cannot be ignored in software development. Contexts for graphing may diﬀer from one discipline to another (Ellermeijer
& Heck, 2002; see also the summary in this chapter, pp. 222–223). However, the
biggest challenge lies in the diﬀerences in language and representational conventions
between mathematics and science. In one way or another designers must cope with
these issues when they try to develop a general purpose learning environment. This
is a very complex task and despite the progress in the understanding of the relevant
issues and advances in computer and software technology, it is still an open question
whether one can simultaneously meet so many requirements for a versatile computer
leaning environment. In an activity-based approach one can at least use the language
of the target discipline and use external representations that can be understood by
the target group of students.
Regarding the suitability of the Coach environment for practical investigations by
secondary school students, the main conclusions were that, in general, students
• quickly familiarized with the computer environment,
• had no insuperable problems with video measurement and working with graphs,
• were in an e-class setting able to master the basics of computer modeling rather
quickly and at an appropriate level, and
• liked to do practical investigations with the ICT tools.
It seems that the student beneﬁted from the consistent design following from the
STOLE concept, acronym for Scientiﬁc and Technical Open Learning Environment
(Ellermeijer, 1988), outlined in Section 1.2 (pp. 13–14). In this concept, a hardware
and software environment was envisioned in which tools for essential elements of doing
investigative work are integrated in a single system that supports students’ learning in
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an inquiry-oriented approach of mathematics and science education. The eﬀectiveness
and acceptance of the versatile tool-based computer environment, interpreted as the
ﬁndings that the goals of using the ICT tools in inquiry-oriented mathematics and
science education were met and that the students showed willingness to use the tools,
respectively, were observed in the classroom case studies and evidenced in the proﬁle
research projects about gait analysis via electromyography (Section 3.4.1), bungee
jumping (Section 3.5.4), circling around the high bar (Section 3.5.7), and in several
projects about human growth, which have not been discussed in this thesis.
The Quantitative Mathematical Modeling Abilities of Students
In Section 4.2 I reﬂected on the outcomes of the exploratory case studies presented
in the previous chapters concerning aspects of scientiﬁc inquiry and authenticity in
the practical investigations, ﬁeld experiments, and usability studies. I used for this
purpose a framework for quantitative mathematical modeling (Figure 4.1, p. 206)
that combined an empirical inquiry cycle with the mathematical modeling cycle of
Blum and Leiß (2005). Below I summarize the main ﬁndings on the basis of the same
selection of aspects of scientiﬁc inquiry and authenticity.
Design and Conduct of Experiments, and Basic Data Handling
The main conclusions regarding digital image and video analysis activities (summarized in Section 2.4 and 2.5) were the following:
• Most participants in the classroom case studies were suﬃciently able to carry
out sub-processes of empirical modeling on request.
• Not only upper-level pre-university students, but also students in pre-vocational
secondary education were able to get an impression of what it takes to do scientiﬁc inquiry and to develop inquiry abilities by carrying out a small investigation
task at their own educational level using digital video technology.
• The radius of action of video analysis, that is, the range of situations in which
a person is able to activate his or her video analysis competency, seems large.
Students who learned and practiced video analysis in one situation (e.g., gait
analysis) seemed to have no diﬃculty in applying it in other situations.
The surprisingly quick uptake of video analysis technology and motion analysis by
secondary school students does not mean that there were no comments on the quality
of the students’ work and on the support level of the ICT tools, but at least there
were no insuperable obstacles or quality issues that are diﬃcult to improve.
Graph Sense
The students who participated in the classroom case studies had diﬃculties at all
levels of graph comprehension in the framework of Curcio (1981, 1987, 2010) and
Shaughnessy (2007), except the ﬁrst level of reading the data. At the level of reading between and beyond data, students had diﬃculties in interpreting and reasoning
with unfamiliar graphs and graphs of derived quantities in terms of the real-world
context from which the graphs originated. In video analysis activities, many a student
did not autonomously use the video scrubbing technique to link graph features with
motion events, as if they had forgotten about this feature of the computer learning
environment. Reading behind data is diﬃcult, but not unreachable for pre-university
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students. The spreadsheet-based case studies about survival analysis (Section 2.6.1)
and data handling of weather data (Section 2.6.2) illustrated this. Understanding,
interpretation, evaluation, and manipulation of data played a large role in the student
activities and the participants in the case studies performed surprisingly well (or at
least better than expected) and they very much enjoyed the inquiry activities.
Data Sense
The focus of many practical investigations was on getting a global view of data. In
exploratory data analysis, global understanding of data commonly refers to the ability
to search for, recognize, describe, and explain general patterns in a set of data (change
over time, trends) by observation and intuition, or by statistical techniques such as regression analyis. The classroom case studies, especially the ones about human growth
(Section 2.2) and mathematical modeling of shapes (Section 2.3), revealed that the
students had informal ideas about association and correlation of quantities, but did
not have many formal concepts and skills connected to these notions.
Students understood the idea of a best line ﬁt of data, but only based this on visual
judgment in data graphs and not on criteria of goodness of ﬁt. They were readily
willing to accept other regressions formulas, but kept a strong preference for linear
curve ﬁtting, even in cases where a nonlinear approach would be more appropriate.
In the classroom activities about gait analysis (Section 2.4) and quantitative pharmacology (Section 2.7) students were introduced to the least squares method of peelingoﬀ functions (Foss, 1969) for ﬁnding appropriate regression curves that are formulated
as a sum of two or more mathematical functions. They had no diﬃculty in following
the procedural steps. When this technique was applied to distinguish between a clearly
separated global trend and a superimposed function, the students had no diﬃculty in
relating the summands in the regression formula to components of the described phenomenon. In cases where it is less obvious that a global trend and a superimposed
function can be separated, students seemed to neglect the possibility of a regression
model consisting of a sum of mathematical functions.
I also noted in some classroom case studies that students tended to stick to a
global view in data ﬁtting and did not autonomously considered the idea of taking a
component-wise view in data ﬁtting. It was as if they did not realize that they could
make use of the feature of the regression tool of Coach to zoom in on part of the
data set for applying regression analysis to the particular data selection. Anyway, I
noticed a tendency in the students’ actions and reports to forget that they could split
data in parts that could be modeled separately.
Symbol Sense
In the classroom case studies it was often observed in class and noticed in students’
written reports that the students had rather weak algebraic skills and lacked conﬁdence
in using mathematical formulas. Illustrative were the diﬃculties of
• the vwo-5 students in the case study about bouncing balls (Section 2.8) with
writing down a formula for the percentaged loss of energy at a bounce of the
table tennis ball (p. 95), despite their Mathematics B background in the Nature
& Technology proﬁle, and
• the vwo-5 students from the Culture & Society stream in the case study about
survival analysis (Section 2.6.1) with pencil-and-paper based algebraic manipu-
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lation and entering of formulas in an Excel sheet (p. 67), leading to a behavior
of avoiding the use of mathematical formulas.
In both cases, I had the strong impression that the so-called algebraic expectation
of the students, which is the thinking that allows a student to monitor working with
mathematical formulas, was underdeveloped, hindered them in their work, and led in
some cases to a behavior of guessing a formula without giving it much thought.
Representational Fluency
One cannot close one’s eyes for students’ diﬃculties associated with using multiple
representations. The cognitive load is deﬁnitely enlarged when multiple representations come into play and it has been reported in many research studies (cf., Ainsworth,
2006, 2008; Ploetzner et al., 2008, 2009) that students ﬁnd retrieving information from
representations, moving between and within representations, and coming up with appropriate representations diﬃcult. The students who participated in the classroom
case studies were no exception. For example, in video activities many of the students
did not spontaneously and autonomously use the replay option or the video scrubbing technique to ﬁnd more details about the recorded motion and the connection of
events in the video clip with features in the graphical displays. Only when they were
advised to do this, they would follow the suggestion without much diﬃculty. Lack of
graph sense and representational ﬂuency seemed to hinder students in extracting all
information that was intrinsically available in several linked representations (such as
in hip-knee cyclograms of recorded human gaits) and in evaluating the quality of their
experimental work (such as the quality of the experimental set-up).
Instructional Design
The structured and guided inquiry approach that I used in most classroom case studies
worked reasonably well, but suﬀered from known diﬃculties with this approach if
not enough moments of reﬂection on the practical work as a whole class activity are
organized by the teacher. The biggest problem was the following: Students successfully
carried out the closed tasks in an activity without really reﬂecting on the reasons of
doing these tasks, their place in the inquiry route, or their links with the main research
question in the activity, even though the authors had put great eﬀort in positioning
the tasks in the inquiry cycle and linking them with the research question for which
an answer was sought.
I designed modeling activities in which students could go several times through the
modeling cycle while investigating the same phenomenon, starting with simple models
ﬁrst and then improving them by making small changes or adding details. Positive
experiences and satisfactory results with this instructional approach were obtained in
the classroom experiments in which students explored mathematical models of alcohol
metabolism (Section 2.7) and explored the motion of bouncing balls (Section 2.8).
This approach of exploring various models of the same phenomenon was also expected
to contribute the students’ development of a critical attitude and a feel for the parsimony principle that guides modeling, which means that simple models are in general
preferred and are developed and validated ﬁrst to arrive at feasible models of low
complexity.
I explored four types of instruction for teaching eﬀective use of ICT tools in an
inquiry-oriented activity. There were structured inquiry activities of the following
kind:
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1. The teacher gave a quick introduction into tool use and the students hereafter
worked with instructional materials that contained detailed information about
how to use the ICT tools.
2. The teacher gave a thorough classroom introduction into tool use with students
making their own notes, which they could consult when they carried out their
practical investigative work.
3. The inquiry route was outlined in the instructional materials, but these materials only contained minimal explanations or hints about the tool use, because
the students were expected to have already acquired the necessary ICT skills.
Students who needed more support or brushing up of their ICT skills could use
an enclosed short manual.
4. Instructions for learning to work with software and demonstrations of workedout examples were given through screencasts, and students were additionally
supported by communication tools oﬀered in an e-class setting.
Although all instructional designs worked out quite well in practice, it was found that:
• Detailed instructional notes had two drawbacks: (1) students reported that explanations were sometimes too vague for them; and (2) even simple mistakes in
the explanation of a tool occasionally led to confusion and blockages because
students rightly assumed that they had to do exactly what was written down.
Too much detail in instruction is error-prone.
• Making useful notes of a teacher-led demonstration of tool use is something that
students must learn to do.
• When students were already suﬃciently acquainted with an ICT tool (e.g., a
spreadsheet program), the use of optional software guides seemed to work well.
• Screencasting was appreciated by all students in the e-class setting and they
quickly learned in this way the basics of using a graphical system dynamicsbased modeling tool. Screencasts seemed to work much faster and better than
user manuals, written instruction, or help pages.
Authenticity
I mainly interpreted the authentic nature of the practical investigations as the opportunity for students to work on real-world problems, with the goal to come to grips with
phenomena through scientiﬁc methods. Students worked directly with high-quality
data in much the same way as scientists and practitioners do. One of the aims was
that the tool use reﬂected innovation in mathematics, science, and technology. Many
times I guided the students in their use of the same theoretical framework, nomenclature, research methods, and techniques as professionals. Students found it diﬃcult to
adopt the nomenclature when they could not personally relate to the subject, but in
general they got a good impression of how ICT tools can be used in practical investigations and research projects, and how they are used by scientists and practitioners.
Motion analysis studies seemed to be most promising and attractive for students to
get in touch with real science.
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The Role of ICT in Quantitative Mathematical Modeling
I aimed to contribute to the perspectives on the role of ICT in quantitative mathematical modeling by secondary students. I also used for this purpose a framework for
quantitative mathematical modeling (Figure 4.1, p. 206) that combined an empirical
inquiry cycle with the mathematical modeling cycle of Blum and Leiß (2005). Although this framework contains no reference to ICT or other forms of technology and
in essence each transition in the cycles is unaﬀected by the availability of technology,
because a tool only supports its user and does not take over the real job to be done,
this does not mean that ICT and technology play no role. For each transition in the
model of quantitative mathematical modeling I listed in Table 4.5 (p. 260) options of
meaningful use ICT and other forms of technology. Details and an additional listing
of possible roles of ICT regarding authenticity, eﬃciency, motivation, interactivity,
feedback, enrichment, and access to advanced methods, can be found in this chapter
on pages 251–260.
The possible roles of ICT in the process of handling various external representations in the so-called Rule of Five framework of multiple representations (See Table 4.6,
p. 262) were summarized in Figure 4.7 (p. 264). It is part of the theoretical rationale
of tool integration in a versatile computer environment for inquiry-oriented mathematics and science education: The use of multiple representations is crucial for deep
understanding of real phenomena and this process of understanding is promoted when
learners are not distracted by technical burdens that could have been avoided by the
provision of tools that work well together. This view can be underpinned by theoretical
frameworks such as the Kaput-Goldin representational framework for mathematical
cognition and learning (cf., Goldin, 2008; Goldin & Kaput, 1996; Kaput, 1992, 1994)
and the Rule of Five framework on multiple representations (cf., Dick & Edwards,
2008).
The representations used in an environment such as Coach are often not static
entities, but dynamic elements that are linked so that a change in one representation
aﬀects the other representations. This is one reason to speak about integrated tools.
The underlying ideas of having multiple, dynamically linked representations available
in a student activity are:
• It illuminates the meaning of actions in one representation by exhibiting their
consequences in another representation.
• The number of ways to come to a solution of a problem increases.
• A person’s understanding of a phenomenon, a problem, or a concept is reﬁned
the more representations (s)he can interact with.
• It supports the construction of deeper understanding when students relate those
representations to identify strengths and weaknesses of particular representations
and shared invariant features of all representations in use.

4.4.2

Answers to the Driving Questions

The scope of my study was limited to pedagogical and software design perspectives
on ICT use in inquiry activities in which students develop mathematical and scientiﬁc
literacy. Driving questions were:
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• How can the use of ICT and in particular of an integrated computer learning environment contribute to the realization of challenging, cross-disciplinary practical
work of good quality, in which pre-university students can work with real data,
apply mathematical methods and techniques in concrete problem situations, improve their mathematical and scientiﬁc knowledge and skills, and increase their
mathematical and scientiﬁc literacy?
• What integrated tools should the computer learning environment provide for
inquiry-oriented mathematics and science education? What are the requirements
for the computer learning environment from a mathematical point of view and
do they link up with requirements coming from science ﬁelds?
In other words, the two main results at which I aimed in my study were: (1) better
understanding of how, why, and to what extent ICT tools can support students in
their learning and practice of scientiﬁc inquiry; and (2) more insight in what it takes
to develop an integrated computer learning environment for learning mathematics and
science in the context of inquiry-oriented approach, the usability of which is explored
within educational practice. In both explored perspectives, I used a speciﬁc computer
learning environment, namely, Coach (Heck, Kedzierska,
& Ellermeijer, 2009), to

learn lessons from developing ICT tools that are integrated in an open, activity-based,
multimedia authoring environment for mathematics and science education, and to
learn lessons from exploring their usability in speciﬁc practical investigations for upper
secondary students, in sample activities, and in usability studies.
The analysis framework that I used for answering the above driving questions
was outlined in Section 4.1. It depended much on the kind of scientiﬁc inquiry by
students that I had in mind and my view on how students can best learn to do inquiry
and develop research abilities. In my research study, I focussed on ICT-supported
quantitative mathematical modeling activities, that is, on activities in which students
explore mathematical models with the support of ICT tools in order to come to grips
with natural phenomena and to interpret real data, which they often collect themselves.
In most classroom case studies, I opted for a structured and guided inquiry approach, interpreted here as instruction in which students are ﬁrst directed in their
work—mostly in order to brush up required knowledge and skills, to make them familiar with ICT tools needed in the investigation, or to direct the pathway of inquiry—and
in which students at the later stage of the investigation can choose an optional activity or carry out a more open task in which they have to make own decisions on
how to proceed. From a research point of view, because of the explorative nature
of my study, I explored how the designed instructional materials and the ICT tools
functioned in school practice, whether learning goals were achieved, what obstacles
students encountered in their work, what recommendations for improvement of the instructional materials and the ICT tools could be made, and so forth. This contributes
to answering the driving questions, although it is acknowledged that these questions
are subject to a degree of ‘interpretative ﬂexibility’ surrounds all learning technologies
(cf., Hennessy, 2006; John & Wheeler, 2008; Keengwe, Onchwari, & Wachira, 2008;
Osborne & Hennessy, 2003; Ruthven, Hennessy, & Deaney, 2008), that is, each learning
technology has diﬀerent meanings and interpretations for various stakeholders.
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Question 1. How can the use of ICT and in particular of an integrated computer
learning environment contribute to the realization of challenging, cross-disciplinary
practical work of good quality, in which pre-university students can work with real data,
apply mathematical methods and techniques in concrete problem situations, improve
their mathematical and scientiﬁc knowledge and skills, and increase their mathematical
and scientiﬁc literacy?
It is necessary ﬁrst to explain a few elements of the question. For example, what
is meant by challenging, cross-disciplinary practical work? My point of view has been
that it concerns student investigations that have the following characteristics:
• Students work on a (preferably self-chosen) rather challenging, ill-deﬁned or illstructured, open-ended problem that is rooted in a real life situation instead of
a more abstract or ideal situation.
• Students do not follow some standard recipes, but they examine their problem
from diﬀerent perspectives, using a variety of resources and high-order skills.
Think, for example, of research abilities such as choosing a manageable problem,
formulating a good research question, structuring work, and so forth.
• A broad range of competencies is required to make the project a success. Think
of making good use of ICT for information gathering, data acquisition, data
processing and analysis, problem-solving, and reporting.
• The students’ work is open-ended in the sense that there exist multiple methods
or approaches to obtain many possible or even competing results. The student
researchers actually decide if the investigation is ﬁnished for whatever reason.
• It oﬀers students the opportunity to be in contact with contemporary, crossdisciplinary research and to learn about the nature of mathematics and science.
• Students disclose their own understanding through a portfolio or a polished
product like a report, paper, or presentation.
A project is called cross-disciplinary when more than one discipline contributes in an
essential way to the process of coming to an understanding of the problem situation.
The investigations presented in this thesis are mainly rooted in applied mathematics,
biology and physics. The term cross-disciplinary is used, and not a term like interdisciplinary, to emphasize that all disciplines are required to get satisfactory results:
the whole is more than the sum of the parts.
The main role of ICT in investigative work can be summarized as the change of
the computer into an instrument that allows students to collect real-time data of good
quality, to construct and use computer models of dynamic systems in much the same
way as professionals do, and to compare results from experiments, models, and theory.
Furthermore, students can develop and practice through the activities their research
abilities, and be in contact with experts in the ﬁeld of study. The fact that they
must apply their knowledge of mathematics and science in a meaningful way in a
concrete context (hopefully) leads at the same time to deepening and consolidation
of this knowledge. Through this kind of practical investigation students practice the
following important research abilities:
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• Formulate good research questions that guide the work.
• Design and implement an experiment for collection of relevant data.
• Apply mathematical knowledge and techniques, and science concepts in new
situations.
• Construct, test, evaluate, and improve computer models, and have insight in
their role in science.
• Interpret and theoretically underpin results.
• Collaborate with others in an investigation task and reﬂect on the work.
ICT plays an important role in enabling students to carry out investigations at
a high level of quality. It also brings the real world into mathematics and science
education in an attractive way. It makes it possible to involve students in similar
activities to what scientists, engineers, and practitioners engage in and thus lead to
authentic mathematics, science, and technology learning, in which various higherorder thinking skills like problem solving, critical thinking, creativity, and connecting
contexts with fundamental concepts in mathematics and science are highly valued
(See, for example, Chinn & Malhotra, 2002; Edelson, Gordon, & Pea, 1999; Edelson
& Reiser, 2006; Roth et al., 2008).
The case studies presented in this thesis illustrated that ICT tools help bridge
the gap between school mathematics and science on the one side and their real-world
application on the other side. Especially, the motion analysis studies illustrated that,
upper-level pre-university students, when supported by a suitable versatile computer
environment, can work directly with high-quality, real-time data about human body
motion in much the same way movement scientists and practitioners do. In such
inquiry activities, students can practice mathematical knowledge and skills such as
graph comprehension, numerical diﬀerentiation and integration, data processing and
analysis, regression, and so forth. They can also develop the critical attitude that is
necessary for successful modeling of natural phenomena. For this it is very important that the students can compare the results of computer models with real data,
preferably collected in an earlier measurement activity. Confrontation of a model with
reality turns modeling not only into a fun way of learning, but it also makes it exciting,
challenging, and concrete work. I actually consider the student-driven experimental
design, the modeling process, the underlying thinking processes, and the discussions
with peers during the research as more important in the students’ work than the obtained results. But it is of course joyful when experiment, model, and theory are in
good agreement. Students all seemed to be attracted by this kind of practical work.
Question 2. What integrated tools should the computer learning environment provide
for inquiry-oriented mathematics and science education? What are the requirements
for the computer learning environment from a mathematical point of view and do they
link up with requirements coming from science ﬁelds?
The envisioned versatile, tool-based computer learning environment for inquiry-oriented
mathematics and science education was based on the STOLE concept, which was an
acronym for Scientiﬁc and Technical Open Learning Environment (Ellermeijer, 1988).
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I refer to Section 1.2 for an outline of this concept. The STOLE concept was realized in Coach. A one-sentence description of this learning and multimedia authoring
environment is as follows: Coach is a single, activity-based, open computer working
environment that is designed for the educational setting and that oﬀers a versatile set
of integrated tools for the study of natural phenomena, mathematics, and technology.
It is meant to aid students in collecting, processing, and analyzing various types of
data, to provide visualization and analysis tools, and to oﬀer opportunities for creating
computational models and animations so that experimental results can be compared
with results from mathematical models. I refer to Section 3.1 for an overview of the
supported activity types. Its suitability for practical investigations, research projects,
and design studies carried out by secondary school students was illustrated by the
many case studies and ﬁeld experiments presented in Chapter 2 and 3. The complexity of the design of such a versatile tool-based learning environment and the many
diﬃcult decisions that the multidisciplinary development team had to make in order
to cope with requirements from various ﬁelds and with various ability levels of students using the computer environment was discussed in the last four subsections of
Section 4.3. One is constantly balancing between the wish to extend the environment
with more advanced tools useful for inquiry activities (and pushed by advancements in
technology) and the need to reduce tool complexity by adjusting tools and user interaction so that they are appropriate for mathematics and science education at various
levels. In the end, the usability of included tools can only be validated in education
practice and not determined from behind the designer’s desk.
As noted before, a big challenge lies in the diﬀerences in language and representational conventions between mathematics and science. This is very complex task
and despite the progress in the understanding of the relevant issues and advances in
computer and software technology, it is still an open question whether one can simultaneously meet so many requirements for a versatile computer leaning environment.
An activity-based approach for the design of a computer learning environment for
inquiry-oriented mathematics and science education seems a nice way-out because one
can then at least use the language of the target discipline and use external representations that can be understood by the target group of students. This does not take
away the burden of transfer of knowledge and skills across the disciplines, but it is
already expected to help promote transfer when students can use the same computer
environment for learning mathematics and science in an inquiry-oriented approach.

4.4.3

Reflection on the Presented and Future Work

This thesis is about my research and development work in the last decade that aimed
at improving the contribution of information and communication technology (ICT) to
inquiry-oriented mathematics and science education at secondary school level.
I focussed in my development work on the design and implementation of an integrated computer environment for learning mathematics and science in an inquiryoriented approach. Much of this was realized in the environment named Coach (Heck,
Kedzierska,
& Ellermeijer, 2009). In section 1.4 I advocated a case-based design of ed
ucational software. This case-based design approach may give the wrong impression of
a somewhat unstructured development process that is not guided by ideas about mathematics and science education and the role of ICT herein, but only progresses by the
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method of trial and improvement in a rather unpredictable direction. In Section 4.3
I tried to take away this alternative conception of case-based design of educational
hard- and software. Essential are an embedding of the work in educational practice
and a consistent approach of research-based design, development, and implementation
of a computer learning environment, sustained over a long period of time. See, for
example, Roschelle et al. (2008a,b) and Ellermeijer (2004) for discussion of these facets
in the context of the SimCalc project and the Coach project, respectively. These
computer learning environments were developed in a continuous, ongoing process that
probably only ends when they reach the ‘state of retirement’ and fade away (This
happens to almost all software because of changes in technology).
A possible danger for case-based design is that technology changes more rapidly
than one can really cope with in educational software development. For example,
low-cost high speed video technology came available as a surprise and it was only
because of educational beneﬁts of automated point tracking in videos at normal speed
that Coach was ready for this innovation. Thus, it is important to keep an eye
for the research base of the educational design and development work. The STOLE
concept helps in this respect because it emphasizes the needs of teachers and students
in mathematics, science, and technology education. One of its grounding principles
is that the computer learning environment should reﬂect innovation in mathematics,
science, and technology, and not the appearance of technological gadgets in society.
In my study, research and development were intertwined. Focus was on students’
working with real data and on the design of supportive tools. The intention was to
bridge the gap between mathematics and science education at school on the one side
and modern research carried out by professionals on the other side, through provision
of a suitable computer learning environment for inquiry-oriented mathematics and
science education. The case studies presented in this thesis illustrate what can be
achieved: The gap is in certain areas, for example movement science, not as big
as expected and can be bridged. The validity of this statement was increased by
the number of case studies done and, more importantly, by my collaboration in the
classroom case studies with experienced mathematics and physics teachers from two
schools. These teachers participated in the instructional design and taught the lessons
in their classes. In other words, I beneﬁted in my research from the teachers’ experience
and expertise, and I could more or less separate teaching and researching. Naturally,
this collaboration as well as the fact that the schools were well-equipped for computerbased inquiry work by students inﬂuenced the research outcomes. But I am of opinion
that innovations in education are better tried out ﬁrst under conditions that seem
optimal, before testing them broadly under regular conditions, for example with less
experienced teachers, or at schools with less good facilities. In exploratory case studies,
this selection of special schools and teachers allows full exploration of the potential
of innovations. Naturally, when an innovation seems promising, it must be evaluated
more broadly under conditions regularly found in educational practice. Thus, a natural
next step would be to involve other mathematics and science teachers and do the case
studies at several schools. Professionalisation of teachers could be part of this future
work. Research could be oriented toward implementation issues at school level of
ICT-supported inquiry-oriented mathematics and science education.
A single ready-to-use framework for my research and development work was not
available (or at least was not found). The approach in my study was therefore to select
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elements from several frameworks for research and development in ICT-rich mathematics and science education that seemed promising for application and adaptation.
Design research, case-based design of educational software, frameworks on using multiple representations, frameworks on evaluating inquiry activities of students, and
models of modeling were the main sources of inspiration. I look back at this eclectic
approach in my work as an inevitable and fruitful research and design methodology.
Looking at design research aspects of my study, I characterized it in Section 1.4 as
type I design research in the typology of Richey and Nelson (1996; see also, Richey,
Klein, & Nelson, 2004, p. 1102): “The product development process used in a particular situation is described and analyzed, and the ﬁnal product is evaluated.” Within
the distinction made by Van den Akker (1996, p. 6) between formative and reconstructive studies, my research work belonged to the ﬁrst category and, like in many
formative design research studies, the roles of designer and researcher coincided within
the development context. In Van den Akker’s labeling (1999, p. 6), my work would be
considered an explorative design study: I did not aim at statements of general nature,
at developing theories, and at generating empirically grounded understanding of students’ inquiry processes. Instead I aimed at clarifying the design problem-in-context
and at generating tentative design ideas, thus obtaining results that were context and
product speciﬁc and that directed the development work. An explorative design study
can easily be misinterpreted as less scientiﬁc work, but I am of opinion that this kind of
breadth-ﬁrst studies must precede or must be carried out alongside in-depth research
studies aiming at the generation of theories.
From design research I took the perspective that it involves design of an intervention or experiment in the real word, that the output of my research must have
practical value to real world users, and that teachers are involved in the research. I
did three types of case studies:
1. Classroom research studies, in which students did practical investigations on the
basis of specially designed instructional materials.
2. Field experiments, in which ICT innovations were tried out on a small scale and
not necessarily in the classroom.
3. Usability studies, in which I evaluated the potential of a speciﬁc ICT tool or
a set of integrated tools in a particular subject or domain, leading to a set of
sample activities.
My exploratory case studies served many goals:
• They were meant to gain insight in the needs of secondary school students for
doing authentic inquiry work.
• They helped me specify requirements for an integrated computer learning environment from a mathematical point of view.
• They served to test the usability and scope of (prototypical) implementations of
particular tools for collecting, processing, and analyzing data.
• They gave an impression of the potential of ICT regarding the realization of
challenging, cross-disciplinary practical work in which secondary school students
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were engaged in activities such as experimenting, data collection, and data analysis in much the same way as scientists and practitioners.

In other words, I did not focus in the exploratory case studies on a single or central
research question, I did not include a control group for eﬀect comparison, and I did not
set up the research activities to have the characteristics of a (quasi-)experimental design in which evidence of instructional eﬀects is collected. Nonetheless, the case studies
were a source of considerable qualitative and quantitative data about ICT-supported
student inquiry in practice and about the validity of the learning environment design
and prototype functionality in diverse real-world contexts. The framework of quantitative mathematical modeling consisting of an experiment and modeling cycle helped
me design instructional pathways and analyze the students’ work in the case studies.
I am of opinion that the goals served by the case studies were met.
The intended limitations of my research work automatically suggest possible directions for future research and development. One could design and do educational
research on learning trajectories for introducing quantitative mathematical modeling
at secondary level. My former AMSTEL colleague Onne van Buuren (2010, 2011) is
carrying out such a research study in physics education: He is designing a learning
route that starts with computer modeling activities for students in lower education
and continues until the end of upper level education. Ormel (2010) and Westra (2008)
explored a problem posing approach to introduce computer-based modeling in upperlevel physics education and biology education, respectively. One could also go into
another research direction and investigate in detail single steps in the quantitative
mathematical modeling process. Schaap and colleagues (2011a,b), for example, started
with a study of the translation from a problem situation to a mathematical formula,
that is, a study of the process of mathematization. Thirdly, one could focus on the
potential of ICT for improvement of learning: One could, for example, investigate
how modern video based laboratory can help students at primary and secondary level
develop graph comprehension. In sum, there are many directions for further research
on quantitative mathematical modeling.
The same holds for development work. Tools could be improved and extended.
For example, the current educational video analysis tools could be ﬁne-tuned for motion analysis by inclusion of a feature to compare and synchronize two videos, so
that one can more easily compare two video clips. More advanced computer vision
techniques could be applied to correct perspective distortion, to handle movements
and zooming of the camera in video clips, to carry out automated camera calibration,
to oﬀer three-dimensional video measurements, to provide to provide real-time automated point tracking, and so forth. Measurement in video clips is currently in most
educational video analysis softwares restricted to position of points. However, one can
envision extensions toward measurements of angle, circumference, and area, as well
as counting of objects. Multidisciplinary development teams of a computer learning
environment must continuously watch for opportunities originating from technological
advancements.
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Paris: IREM Université PARIS 7.
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LeFèvre, J. (2004). Why and how should we replace the tank-pipe analogy or our stock-ﬂow
models by a chemical process metaphor? In M. Kennedy, G. Winch, R. Langer, J,
Rowe, & J. Yanni, (Eds.). Electronic Proceedings of the 22nd International Conference
of the System Dynamics Society, Oxford, England, 2004. Retrieved July 16, 2011, from
www.systemdynamics.org/conferences/2004/SDS 2004/PAPERS/379LEFEV.pdf
Leike, A. (2002). Demonstration of the exponential decay using beer froth. European Journal
of Physics, 23 (1), 21–26.
Leinhardt, G., Zaslavsky, O., & Stein, M. K. (1990) Functions, graphs, and graphing: Tasks,
learning, and teaching. Review of Educational Research, 60 (1), 1–64.
Leiß, D., Schukajlov, S., Blum, W., Messner, R., & Pekrun, R. (2010). The role of the
situation model in mathematical modelling—Task analyses, student competencies, and
teacher education. Journal für Mathematik-Didaktik, 31 (2), 119–141.
Lesh, R. (1999). The development of representational abilities in middle school mathematics.
In I. E. Sigel (Ed.), Development of Mental Representation: Theories and Application
(pp. 323–350). Mahwah, NJ: Lawrence Erlbaum Associates.
Levin, T., & Levin, I. (2002). Hybrid systems modeling in learning science and technology.
Journal of Computers in Mathematics and Science Teaching, 21 (4), 313–330.
Lewis, M. J., & Bamforth, C. W. (2006). Foam. In M. J. Lewis & C. W. Bamforth (Eds.),
Essays in Brewing in Science (pp. 28-42). New York, NY: Springer Verlag.
Lewis, G. J., Arnold, C., & Griﬃths, I. W. (2011). The dynamic behavior of squash balls.
American Journal of Physics, 79 (3), 292–296.
Liebowitz, D. (2001). Camera Calibration and Reconstruction of Geometry from Images.
Doctoral thesis, University of Oxford. Oxford, UK: University of Oxford. Retrieved
June 29, 2011, from www.robots.ox.ac.uk/∼vgg

i

i
i

i

i

i

i

i
References

327

Liebowitz, D., & Zisserman, A. (1998). Metric rectiﬁcation for perspective images of planes.
In Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition CVPR-98, Santa Barbara, CA (pp. 482–488). Retrieved June 29, 2011, from
www.robots.ox.ac.uk/∼vgg
Lindwall, O., & Ivarsson, J. (2004). What makes the subject matter matter? Contrasting
probeware with Graphs & Tracks. In J. Ivarsson (Ed.), Renderings & reasoning: Studying artifacts in human knowing (pp. 115–143). Göteborg, Sweden: Acta Universitatis
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Millar, R., & Tiberghien, A., & Le Maréchal, J.-F. (2002). Varieties of labwork: A way of
proﬁling labwork tasks. In D. Psillos & H. Niedderer (Eds.), Teaching and Learning in
the Science Laboratory (pp. 9–20). Dordrecht: Kluwer Academic Publishers.
Miller, A. I. (1988). Imagery in Scientiﬁc Thought. Cambridge, MA: MIT Press.
Mincheva, M., & Roussel, M. R. (2007). Graph-theoretic methods for the analysis of chemical and biochemical networks. I. Multistability and oscillations in ordinary diﬀerential
equation models. Journal of Mathematical Biology, 55 (1), 61–86.
Mitchelmore, M., & Cavanagh, M. (2000). Students’ diﬃculties in operating a graphics calculator. Mathematics Education Research Journal, 12 (3), 254–268.
Moir, G. L. (2008). Three diﬀerent methods of calculating vertical jump height from force
platform data in men and women. Measurement in Physical Education and Exercise
Science, 12 (4), 207–218.

i

i
i

i

i

i

i

i
References

329

Mokros, J. R., & Tinker, R. F. (1987). The impact of micro-computer based labs on children’s
ability to interpret graphs. Journal of Research in Science Teaching, 24 (4), 369–383.
Mols, B. (2003). Een gevoelige snaar: Veltman vs Dijkgraaf [Touching the right chord:
Veltman vs Dijkgraaf]. Natuurwetenschap & Techniek, 71 (9), 18–25.
Moravec, P., Ruzicka, J., Susanka, P., Dostal, E., Kodejs, M., & Nosek, M. (1988). Time
analysis of the 100 metres events at the II world championships in athletics. New Studies
in Athletics, 3 (3), 61–96.
Moreno-Armella, L., Hegedus, S. J., & Kaput, J. J. (2008). From static to dynamic mathematics: Historical and representational perspectives. Educational Studies in Mathematics,
68 (2), 99–111.
Moritz, J. (2004). Reasoning about covariation. In D. Ben-Zvi, & J. Garﬁeld (Eds.), The
Challenge of Developing Statistical Literacy, Reasoning and Thinking (pp. 227–255).
Dordrecht: Kluwer Academic Publishers.
Mulquiney, P. J., & Kuchel, P. J. (2003). Modelling Metabolism with Mathematica. New York,
NY: CRC Press LLC.
Nagurka, M., & Huang, S. G. (2006). A mass-spring-damper model of a bouncing ball.
International Journal of Engineering Education, 22 (2), 393-401.
National Research Council (NRC) (1996). National Science Education Standards. Washington, DC: The National Academies Press.
National Research Council (NRC) (2000). Inquiry and the National Science Education Standards. Washington, DC: The National Academies Press.
Nemirovsky, R., Kaput, J., & Roschelle, J. (1998). Enlarging mathematical activity from
modeling phenomena to generating phenomena. In A. Olivier & K. Newstead (Eds.),
Proceedings of the 22nd conference of the International Group for the Psychology of
Mathematics Education (Vol. 3, pp. 287–294). Stellenbosch, South Africa.
Neuwirth, E. (1995). Visualizing formal and structural relationships with spreadsheets. In
A. diSessa, C. Hoyles, & R. Noss (Eds.), Computers and Exploratory Learning (pp. 155–
173). Heidelberg: Springer-Verlag.
Newburgh, R., & Andes, G. M. (1995). Galileo Redux or, how do nonrigid, extended bodies
fall? The Physics Teacher, 33 (9), 586–588.
Newton, L. R. (2000). Data-logging in practical science: Research and reality. International
Journal of Science Education, 22 (12), 1247–1259.
Nicolaou, C. T., Nicolaidou, I., Zacharia, Z., & Constantinou, C. P. (2007). Enhancing fourth
graders ability to interpret graphical representations through the use of microcomputerbased labs implemented within an inquiry-based activity sequence. Journal of Computers
in Mathematics and Science Teaching, 26 (1), 75–99.
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Norberg, Å., Gabrielsson, J., Jones, A. W., & Hahn, R. G. (2000). Within- and betweensubject variations in pharmacokinetic parameters of ethanol by analysis of breath, venous
blood and urine. British Journal of Clininal Pharmacology, 49 (5), 399–408.
Novak, A. M., & Krajcik, J. S. (2004). Using technology to support inquiry in middle school
science. In L. B. Flick & N. G. Lederman (Eds.), Scientiﬁc Inquiry and Nature of Science
(pp. 75–101). Dordrecht: Kluwer Academic Publishers.
Ogborn, J., & Wong, D. (1984). A microcomputer dynamic modelling system. Physics Education, 19 (3), 138–142.
Oliver, M., & Trigwell, K. (2005). Can ‘blended learning’ be redeemed? E-Learning, 2 (1),
17–26.

i

i
i

i

i

i

i

i
330

References

Ormel, B. J. B. (2010). Het natuurwetenschappelijk modelleren van dynamische systemen:
Naar een didactiek voor het voortgezet onderwijs [Scientiﬁc Modelling of Dynamical
Systems: Towards a Pedagogical Theory for Secondary Education]. Doctoral thesis,
Utrecht University. Utrecht: CD-β Press.
Osborne, J., & Hennessy, S. (2003). Literature Review in Science Education and the Role
of ICT: Promise, Problems, and Directions. Bristol, UK: Nesta Futurelab. Retrieved
October 2, 2008, from
www.futurelab.org.uk/resources/documents/lit reviews/Secondary Science Review.pdf
Oviatt, S. (2006). Human-centered design meets cognitive load theory: Designing interfaces
that help people think. In K. Nahrstedt, M. Turk, Y. Rui, W. Klas, & K. Mayer-Patel
(Eds.), Proceedings of the 14th Annual ACM International Conference on Multimedia
(pp. 871–880). New York, NY: ACM.
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List of Instructional Materials
The CD-ROM also contains instructional materials of some of the case studies presented in this thesis. Topics are:
• Human growth.
• Shapes of main spans of bridges and hanging chains.
• Human locomotion.
• Spreadsheet-based data handling (survival analysis, weather data).
• Quantitative pharmacokinetics.
• Bouncing balls.
• Numerical approximation of roots.
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Summary

This thesis is about my research and development work in the last decade that aimed
at improving the contribution of information and communication technology (ICT) to
inquiry-oriented mathematics and science education at secondary school level. On the
one hand, I aimed to contribute to the perspectives on the role of ICT in quantitative
mathematical modeling, pragmatically deﬁned as exploration of mathematical models with the support of ICT tools in order to come to grips with natural phenomena
and to interpret real data. On the other hand, I aimed to contribute to the development of an open activity-based computer working environment that oﬀers its users
a versatile set of integrated tools for the study of natural phenomena, mathematics,
science and technology. More speciﬁcally, I aimed at contributing to the development
of an integrated computer learning environment by making recommendations about
the functional design on the basis of classroom experiments and sample activities, and
by exploration and analysis of educational needs and possibilities, especially regarding
inquiry activities. The second purpose of the classroom experiments was to explore
how ICT can contribute to the realization of students’ practical work that resembles
applied mathematics and science practice. This is how I mainly interpreted the authentic nature of students’ practical work: activities in which they do research in much
the same way scientists and practitioners do and in which they use high-quality tools
that are similar to professional tools, but that have been designed for educational
purposes.
The scope of my study was limited to pedagogical and software design perspectives
on ICT use in inquiry activities in which students develop mathematical and scientiﬁc
literacy. Its main focus was on ICT-supported practical investigations and research
projects at pre-university level in which students learned to apply and deepen their
mathematical and scientiﬁc knowledge and worked in manners that resemble the ways
in which scientists and practitioners explore phenomena. Driving questions were:
• How can the use of ICT and in particular of an integrated computer learning environment contribute to the realization of challenging, cross-disciplinary practical
work of good quality, in which pre-university students can work with real data,
apply mathematical methods and techniques in concrete problem situations, improve their mathematical and scientiﬁc knowledge and skills, and increase their
mathematical and scientiﬁc literacy?
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• What integrated tools should the computer learning environment provide for
inquiry-oriented mathematics and science education? What are the requirements
for the computer learning environment from a mathematical point of view and
do they link up with requirements coming from science ﬁelds?
In other words, the two main results at which I aimed in my study were: (1) better
understanding of how, why, and to what extent ICT tools can support students in
their learning and practice of scientiﬁc inquiry; and (2) more insight in what it takes
to develop an integrated computer environment for learning mathematics and science
in the context of inquiry-oriented approach, the usability of which is explored within
educational practice. In both explored perspectives, I used a speciﬁc computer learning environment, namely, Coach, to learn lessons from developing ICT tools that are
integrated in an open, activity-based, multimedia authoring environment for mathematics and science education, and to learn lessons from exploring their usability in
speciﬁc practical investigations for upper secondary students, in sample activities, and
in usability studies.
In my thesis work, research and development were intertwined. Focus was on students’ working with real data and on the design of supportive tools. The intention was
to bridge the gap between mathematics and science education at school on the one side
and modern research carried out by professionals on the other side, through provision
of a suitable computer learning environment for inquiry-oriented mathematics and science education. The framework for my research and development work was formed by
elements of design research, case-based design of educational software, frameworks on
using multiple representations, frameworks on evaluating inquiry activities of students,
and of models of modeling.
Chapter 1, in which I introduce the thesis work, is organized as follows. Regarding
the motivation and scope of my research and development work, I describe the main
components of the multiform context of my study. To this end, I present in the ﬁrst
section the educational context, and especially changes in the Dutch curricula for preuniversity mathematics and science education in the last decade. In the second section
I go brieﬂy into previous research and development work at AMSTEL (Amsterdam
Mathematics Science and Technology Education Laboratory) that laid the foundations
for my study. In the third section I point at the multiformity of ICT tools for secondary
mathematics and science education and at the diﬀerences between ICT usage in these
disciplines, which called for an investigation into the possibilities of an integrated
computer environment for learning and doing both mathematics and science. In the
fourth section I describe the aims and set-up of my research and development work.
Finally I outline the structure of this thesis.
Chapter 2, in which I report on the results of classroom studies on ICT-supported
practical investigations, is organized as follows. In the ﬁrst introductory section I explain how the reports in subsequent sections have been compiled from papers published
in conference proceedings and journals. These papers, together with corresponding
instructional materials, can be found on the CD-ROM that is part of the presented
research and development work. Because the research settings and methods applied
in the case studies had much in common I also brieﬂy discuss these aspects of the case
studies in the introduction. The classroom studies have been grouped on the basis
of the subject of the students’ investigations and on the characteristics of the ICT
use. This led to the following categorization: (1) student work with real data, tables,
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and graphs in the context of human growth; (2) investigation of shapes of real objects
through digital image analysis and mathematical modeling; (3) video analysis of human locomotion. (4) video-based practical work at pre-vocational secondary school
level; (5) spreadsheet-based investigation in the context of survival analysis of clinical
data and in the context of handling weather data; (6) computer-based modeling in
the context of quantitative pharmacology, and particularly in the context of alcohol
metabolism; and (7) combination of video analysis and computer-based modeling in a
study of bouncing balls. I mainly report on the student work and the use of ICT in
the practical investigation tasks listed above.
In Chapter 3 I present exploratory case studies on working with real data in practical investigation tasks using the versatile computer learning environment Coach 6.
The presented case studies are ﬁeld experiments and usability studies that were part
of my development work on the design and implementation of an integrated computer
environment for learning mathematics and science in an inquiry-oriented approach.
These studies served in fact many goals: (1) They were meant to gain insight in
the needs of secondary school students for doing authentic inquiry work. (2) They
helped me specify requirements for an integrated computer learning environment from
a mathematical point of view. (3) They served to test the usability and scope of (prototypical) implementations of particular tools for collecting, processing and analyzing
data. (4) They gave an impression of the potential of ICT regarding the realization of
challenging, cross-disciplinary practical work in which secondary school students were
engaged in activities such as experimenting, data collection, and data analysis in much
the same way as scientists and practitioners. In Chapter 3 I have selected some of my
papers and brieﬂy describe their contents. Although most papers contain examples of
integrated use of more than one tool, they have been categorized according to the most
eye-catching tool part. This led to the following sectioning of the chapter: (1) overview
of activity types; (2) digital image and video analysis; (3) modeling; (4) combination
of measurement with sensors, control of experiments, and video; and (5) combination
of video analysis and modeling.
In Chapter 4 I recap and discuss the results and conclusions of the reported research and development work, that is, I go into the main aspects of scientiﬁc inquiry
and authenticity addressed in the case studies and into the tool design of an integrated
computer environment for inquiry-oriented mathematics and science education. Thus,
my reﬂection on the outcomes of the exploratory case studies is to a large extent
oriented toward answering the two questions that were driving my research and development work. Finally, I reﬂect on my work as a whole and go into possible implications
for future research and development.
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Samenvatting

Perspectieven op een geı̈ntegreerde computer-leeromgeving

Dit proefschrift betreft mijn werkzaamheden op het terrein van onderzoek en ontwikkeling in de afgelopen tien jaar dat zich richtte op het verbeteren van de bijdrage van
ICT aan het leren van wiskunde en natuurwetenschappen in een onderzoeksgerichte
aanpak op middelbare-schoolniveau. Aan de ene kant trachtte ik bij te dragen aan inzicht in de rol van ICT in kwantitatief wiskundig modelleren, pragmatisch gedeﬁnieerd
als een studie van wiskundige modellen met behulp van ICT-gereedschappen teneinde
greep te krijgen op natuurlijke fenomenen en echte gegevens te interpreteren. Aan
de andere kant trachtte ik bij te dragen aan de ontwikkeling van een open, op activiteiten gerichte computeromgeving die de gebruikers een veelzijdige verzameling van
geı̈ntegreerde gereedschappen biedt voor een studie van natuurlijke fenomenen, wiskunde, natuurwetenschappen en techniek. In het bijzonder trachtte ik bij te dragen
aan de ontwikkeling van een geı̈ntegreerde computer-leeromgeving door aanbevelingen
te doen met betrekking tot het functionele ontwerp op basis van experimenten in de
klas en voorbeeldactiviteiten, en door verkenning en analyse van educatieve behoeften en mogelijkheden, in het bijzonder betreﬀende onderzoeksactiviteiten. Het tweede
doel van de experimenten in de klas was het onderzoeken hoe ICT kan bijdragen aan
de realisatie van praktische opdrachten die gelijkenis vertonen met toegepaste wiskunde en de natuurwetenschappelijke praktijk. Dit is hoe ik het authentieke karakter
van praktische opdrachten hoofdzakelijk interpreteerde: activiteiten waarin leerlingen
onderzoek doen op eenzelfde manier als wetenschappers en vaklieden te werk gaan
en waarin ze gereedschappen van hoge kwaliteit inzetten die lijken op professionele
gereedschappen, maar wel ontworpen zijn voor onderwijsdoeleinden.
De reikwijdte van mijn studie beperkte zich tot didactische en software-ontwerpperspectieven op het gebruik van ICT in onderzoeksactiviteiten waarin leerlingen wiskundige en natuurwetenschappelijke geletterdheid ontwikkelen. De aandacht richtte
zich hoofdzakelijk op ICT-ondersteunde praktische opdrachten en onderzoeksprojecten
op vwo-niveau, waarin scholieren leerden om hun wiskundige en natuurwetenschappelijke kennis toe te passen en te verdiepen en waarin zij werkten op manieren die
lijken op de wijzen waarop wetenschappers en vaklieden verschijnselen bestuderen.
Richtinggevende vragen waren:
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• Hoe kan het gebruik van ICT en in het bijzonder van een geı̈ntegreerde computerleeromgeving bijdragen aan de realisatie van uitdagende, vakoverstijgende praktische opdrachten van goede kwaliteit waarin vwo-studenten kunnen omgaan met
echte gegevens, wiskundige methoden en technieken kunnen toepassen, hun wiskundige en natuurwetenschappelijke kennis en vaardigheden kunnen verbeteren,
en hun wiskundige en natuurwetenschappelijke geletterdheid kunnen vergroten?
• Welke geı̈ntegreerde gereedschappen zou de computer-leeromgeving moeten bieden voor onderwijs in wiskunde en natuurwetenschappen in een onderzoeksgerichte aanpak? Wat zijn de benodigdheden vanuit wiskundig standpunt en
sluiten zij aan bij de eisen vanuit natuurwetenschappen?
Met andere woorden, de twee hoofdresultaten waarop ik me in mijn studie richtte
waren: (1) een beter begrip van hoe, waarom en in welke mate ICT-gereedschappen
leerlingen kunnen ondersteunen bij het leren en uitvoeren van wetenschappelijk onderzoek; en (2) meer inzicht in wat komt kijken bij het ontwikkelen van een geı̈ntegreerde
computeromgeving voor het leren van wiskunde en natuurwetenschappen in een onderzoeksgerichte aanpak; een leeromgeving waarvan de bruikbaarheid in onderwijspraktijk
beproefd wordt. In beide verkenningen gebruikte ik een speciﬁeke computeromgeving,
namelijk Coach, om lessen te trekken uit het ontwikkelen van ICT-gereedschappen
die gı̈ntegreerd zijn in een open, op activiteiten gerichte, multimediale auteursomgeving voor onderwijs in wiskunde en natuurwetenschappen, en om lessen te trekken uit
het verkennen van hun bruikbaarheid in speciﬁeke praktische opdrachten voor vwoleerlingen, in voorbeeldactiviteiten en in bruikbaarheidsstudies.
In mijn werk waren onderzoek en ontwikkeling met elkaar verweven. De aandacht
richtte zich op het werken met echte gegevens door leerlingen en op het ontwerp van
ondersteunende gereedschappen. De intentie was om de kloof tussen onderwijs in wiskunde en natuurwetenschappen op school aan de ene kant en modern onderzoek aan
de andere kant te overbruggen door het aanreiken van een bruikbare computeromgeving voor onderwijs in wiskunde en natuurwetenschappen in een onderzoeksgerichte
aanpak. Het kader voor mijn werkzaamheden op het terrein van onderzoek en ontwikkeling werd gevormd door elementen uit ontwikkelingsonderzoek, case-based ontwerp van educatieve software, kaders voor het gebruik van meervoudige representaties,
kaders voor het evalueren van onderzoeksactiviteiten van leerlingen en schematische
beschrijvingen van het modelleerproces.
Hoofdstuk 1, waarin ik mijn studie introduceer, is als volgt opgebouwd. Ten aanzien van de motivering en reikwijdte van mijn werkzaamheden op het terrein van
onderzoek en ontwikkeling beschrijf ik de belangrijkste onderdelen van de pluriforme
context van mijn studie. Te dien einde presenteer ik in de eerste paragraaf de onderwijscontext, in het bijzonder de veranderingen in de Nederlandse curricula in voorbereidend wetenschappelijk onderwijs in wiskunde en natuurwetenschappen gedurende
het laatste decennium. In de tweede paragraaf ga ik kort in op eerdere werkzaamheden
op het terrein van onderzoek en ontwikkeling bij AMSTEL (Amsterdam Mathematics
Science and Technology Education Laboratory) dat de basis legde voor mijn studie. In de derde paragraaf verwijs ik naar de pluriformiteit van ICT-gereedschappen
voor vwo-onderwijs in wiskunde en natuurwetenschappen en op de verschillen tussen
ICT-gebruik in deze disciplines, die een onderzoek naar de mogelijkheden van een
geı̈ntegreerde computeromgeving voor het leren en doen van wiskunde en natuurwe-
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tenschappen rechtvaardigen. In de vierde paragraaf beschrijf ik de doelstellingen en
opzet van mijn werkzaamheden op het terrein van onderzoek en ontwikkeling. Ten
slotte schets ik de opbouw van dit proefschrift.
Hoofdstuk 2, waarin ik rapporteer over de resultaten van experimenten in de klas
met computerondersteunde praktische opdrachten, is als volgt opgebouwd. In de eerste
inleidende paragraaf leg ik uit hoe de rapportages in verdere paragrafen samengesteld
zijn uit artikelen die gepubliceerd zijn in conferentieverslagen en tijdschriften. De artikelen staan samen met bijpassende instructiematerialen op de CD-ROM, die onderdeel
is van de gepresenteerde werkzaamheden op het terrein van onderzoek en ontwikkeling. Omdat het onderzoekskader en de onderzoeksmethodologie in de gevalstudies
veel met elkaar gemeen hadden bespreek ik deze aspecten van de gevalstudies beknopt
in de inleiding. De studies in de klas zijn gegroepeerd op basis van het onderwerp
van het leerlingenonderzoek en op basis van de kenmerken van het ICT-gebruik. Dit
leidde tot de volgende indeling: (1) het werken van leerlingen met echte data, tabellen
en graﬁeken in de context van de menselijke groei; (2) onderzoek naar vormen van
echte voorwerpen door middel van digitale beeldanalyse en wiskundige modellering;
(3) video-analyse van de menselijke voortbeweging. (4) video-gebaseerde praktische
opdrachten op vmbo tl-niveau; (5) spreadsheet-gebaseerde leerlingenonderzoek in de
context van overlevingingsanalyse van klinische gegevens en in de context van werken
met weergegevens; (6) computer-gebaseerd modelleren in het kader van kwantitatieve
farmacologie, en in het bijzonder in de context van alcoholmetabolisme; en (7) de
combinatie van video-analyse en computer-gebaseerd modelleren in een studie van
stuiterballen. Ik rapporteer hoofdzakelijk over het leerlingenwerk en het gebruik van
ICT in de hierboven vermelde praktische opdrachten.
In hoofdstuk 3 presenteer ik verkennende gevalstudies over het werken met echte gegevens in praktische opdrachten waarin gebruik gemaakt wordt van de breed inzetbare
computeromgeving Coach 6. De gepresenteerde gevalstudies zijn veldexperimenten
en bruikbaarheidsstudies die onderdeel waren van mijn werkzaamheden op het gebied
van ontwerp en implementatie van een geı̈ntegreerde computeromgeving voor het leren
van wiskunde en natuurwetenschappen in een onderzoeksgerichte aanpak. Deze studies dienden in feite verschillende doelen: (1) Ze waren bedoeld om inzicht te krijgen
in de benodigdheden voor authentiek onderzoek door middelbare scholieren. (2) Ze
hielpen me het opstellen van de eisen aan een geı̈ntegreerde computer-leeromgeving
vanuit wiskundig oogpunt. (3) Ze dienden om de bruikbaarheid en de reikwijdte van
(prototypische) implementaties van speciﬁeke gereedschappen voor het verzamelen,
verwerken en analyseren van gegevens te testen. (4) Ze gaven een indruk van de
mogelijkheden van ICT ten aanzien van de realisatie van uitdagende, vakoverstijgende
praktische opdrachten waarin middelbare scholieren zich bezig hielden met activiteiten
zoals experimenteren, verzamelen van gegevens, en analyseren van gegevens op vrijwel
dezelfde manier als wetenschappers en vaklieden te werk gaan. In hoofdstuk 3 heb ik
een selectie gemaakt uit mijn reeks van artikelen en een korte beschrijving van hun
inhoud gegeven. Hoewel de meeste artikelen voorbeelden bevatten van geı̈ntegreerd
gebruik van meerdere hulpmiddelen, zijn ze wel ingedeeld op basis van de meest in het
oog springende gebruik van gereedschap. Dit leidde tot de volgende indeling van het
hoofdstuk: (1) een overzicht van typen van activiteiten, (2) digitale beeld- en videoanalyse; (3) modelleren; (4) een combinatie van meten met sensoren, aansturing van
de experimenten en video, en (5) een combinatie van video-analyse en modelleren.
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In hoofdstuk 4 recapituleer en bespreek ik de resultaten en conclusies van de gerapporteerde werkzaamheden op het terrein van onderzoek en ontwikkeling. Ik ga in
op de belangrijkste aspecten van wetenschappelijk onderzoek en authenticiteit die in
de gevalstudies aan de orde kwamen en ik ga in op het ontwerp van gereedschappen
in een geı̈ntegreerde computeromgeving voor onderwijs in wiskunde en natuurwetenschappen in een onderzoeksgerichte aanpak. Mijn reﬂectie op de uitkomsten van de
verkennende gevalstudies is dus merendeels gericht op het beantwoorden van de twee
vragen die richting gaven aan mijn werkzaamheden op het terrein van onderzoek en
ontwikkeling. Ten slotte reﬂecteer ik op mijn werk als geheel en ga ik in op mogelijke
implicaties voor vervolgonderzoek en verder ontwikkelwerk.
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project manager involved in many innovation projects in bachelor education at the
Faculty of Science and in many outreach projects. He developed all kinds of instructional materials such as manuals and tutorials in the ﬁeld of computer algebra and
mathematics education, several modules for Mathematics D at secondary education,
and various master courses for mathematics and physics teachers
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André presented his work at numerous conferences and workshops. His publication
list covers 22 research papers in refereed scientiﬁc journals, 46 refereed research papers
in conference proceedings, 44 papers in refereed journals for mathematics and science
teachers, 5 books, and 20 tutorials, manuals, and advisory reports. In 2009, he was
listed in UvA-Dare (http://dare.uva.nl) as one of the three top suppliers at the UvA of
publications that are freely available. He continues his work aimed at innovation and
improvement of mathematics and science education at the Mathematics Department
of the University of Amsterdam.

i

i
i

i

André Heck

Perspectives on an Integrated Computer Learning Environment

