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Chapter 1
Introduction

The Compound Poisson Process (CPP) is one of the most basic and popular models
in applied probability. It can represent a workload arrival process, where customers
(or requests) arrive in a memoryless manner and bring independent and identically
distributed (i.i.d.) amounts of work. In risk theory the jumps of a CPP can be
interpreted as, for example, claims arriving at an insurance company. A CPP is one
of the simplest examples of a Lévy process, that is, a process with stationary and
independent increments. Brownian Motion is another well-known example. Lévy
processes allow for greater flexibility in modeling real-life phenomena compared
to CPPs, and at the same time often the associated problems turn out to remain
tractable. Our main textbook references concerning Lévy processes are Bertoin
[1996] and Kyprianou [2006].

The stationarity property of the Lévy process is somewhat restrictive, because
many real-world problems exhibit non-stationary behavior in longer time intervals.
One may think about seasonality of prices, recurring patterns of activity, burst
arrivals, occurrence of events in phases and so on. This motivates so-called regime-
switching models, where the process of interest X is modulated by an exogenous
background process J , which represents different modes or phases of activity, see
Figure 1.1 for an illustration. It is common to assume that J is a continuous-time
Markov chain with a finite state space; we also make this assumption throughout
this work.

Markov Additive Processes (MAPs) form a natural generalization of Lévy pro-
cesses to regime-switching models. A MAP is a bivariate Markov process (X, J),
such that the additive component X has stationary and independent increments
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Figure 1.1 Illustration of regime-switching (J jumps at 0.3 and 0.8).

given the state of the background process J . From another point of view, as will
be shown later, a MAP is a Markov-modulated Lévy process. That is, X evolves
as a Lévy process for which the parameters change in time according to the back-
ground process J . In addition, phase changes (jumps of J) may induce jumps of X.
The use of MAPs is widespread, making it a classical model in applied probability
with a variety of application areas, such as queues, insurance risk, inventories,
data communication, finance, environmental problems and so forth. The focus of
this thesis is on the path properties of MAPs. We believe that our results can be
best explained and demonstrated using the terminology of queueing theory and
risk theory. A textbook introduction to MAPs can be found in Asmussen [2003,
Ch. XI]; see also Prabhu [1998, Ch. 7].

In many applications it is natural to assume that all the jumps of the process X

have the same sign. That is, X has either positive jumps (arrivals of work in a
queue), or negative jumps (arrivals of claims to an insurance company). Through-
out this work we assume that there are no positive jumps; the case of no negative
jumps can be dealt with in a symmetric fashion. To avoid trivialities we exclude
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MAPs whose additive component X has almost surely (a.s.) non-increasing paths.
Processes satisfying these assumptions are said to be spectrally negative. They
form an important special case, which leads to tractable exit problems and rather
explicit solutions to those. It is noted that textbooks on Lévy processes often
contain a chapter treating the spectrally negative case, see Bertoin [1996, Ch. VII]
and Kyprianou [2006, Ch. 8]. The present thesis generalizes some of the results
contained in these chapters to the MAP setting.

In this work we consider various exit problems for spectrally negative MAPs.
The fundamental one, which underlies the other problems, is to characterize the
first passage time of X over a positive level. Another quantity of interest is the first
passage time of X over a negative level jointly with the corresponding overshoot ,
that is, the amount by which the level is exceeded when crossed by a jump. The
two-sided exit, such as exit from an interval over the upper boundary, is yet another
important problem considered in this book. It concerns the probability of exiting
over the upper boundary and the time of such an exit given that it occurs. This
problem is complemented by the two-sided exit over a lower boundary, where
additionally the corresponding overshoot is of interest. The so-called scale matrix,
which is the matrix analogue of the scale function of a Lévy process, plays an
important role in the study of these problems.

The concept of reflection at a certain boundary is important in applications.
For example, −X reflected at 0 can serve as a model of workload evolution in a
queue; here we use −X to get the spectrally positive case, which is natural in the
queueing setting. By adding another reflecting barrier at a level B > 0 one can
model a queue with a finite buffer of size B. The first passage time over the level
B can be interpreted as the first time of buffer overflow in this queue. Another
interesting interpretation comes from risk theory. Consider a risk process subject
to dividend payments. It is assumed that a classical barrier strategy is used, where
dividends are paid continuously at a certain barrier B. Paying dividends essentially
amounts to reflecting the risk process X at the level B. It is then important to
characterize the time of bankruptcy (first passage over 0), the debt (overshoot
over 0) and the amount of dividends paid up to the bankruptcy time. It is noted
that X reflected at B can be seen as −X reflected at 0 by flipping the picture
upside down. The problems of the first passage of X and −X reflected at 0 are
also addressed in this work. Most of the results appear in the form of Laplace
transforms.

So-called PHase-type (PH) distributions fit naturally into the framework of
MAPs. A random variable is said to be of phase-type if it is distributed as the life
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time of some transient finite-state continuous-time Markov chain, see Asmussen
[2003, Ch. III]. The main examples are the exponential, Erlang and hyperexpo-
nential distributions. Importantly, a MAP with positive PH jumps (these can be
jumps of underlying Lévy processes or jumps at phase changes) can be reduced to
a MAP with no positive jumps without losing any information. This procedure
is called fluid embedding. Informally, it involves enlarging the state space of the
background process J and replacing the jumps of X by linear stretches of unit
slope. Hence the results of this thesis can be used to analyze MAPs with upward
jumps of phase-type and arbitrary downward jumps. Furthermore, if the jumps in
both directions are PH then the analysis can be reduced to MAPs with continuous
sample paths. It is noted that a MAP has continuous sample paths if and only if
it is a Markov-Modulated Brownian Motion (MMBM). Roughly speaking, MMBM
is a process with piecewise Brownian paths with drift and variance parameters
determined by the background process J . The variance parameters are allowed
to be zero, in which case the corresponding pieces are linear. An MMBM is also
called a second-order fluid model in the literature. It is noted that in the case of
MMBM many results simplify considerably and become more explicit.

In Section 1.1 we present an outline of this thesis. The main results of this
work are summarized in Section 1.2.

1.1 Outline

To appreciate the results of this monograph, it is helpful to have a working knowl-
edge of Lévy processes and their path properties. In addition, experience with
problems coming from queueing theory or risk theory may facilitate understand-
ing of some basic concepts and techniques. Deep knowledge of these subjects is,
however, not essential. In order to make this work self-contained and accessi-
ble to a wider audience, we start by presenting some basic theory in Chapter 2.
We define a MAP and associate to it a matrix exponent, which characterizes the
law of the process. In addition, we discuss the concepts of killing, time-reversal,
and reflection, define the first passage problem, and elaborate on the phase-type
method.

The following two chapters are devoted to the fundamental problem of the first
passage time over a positive level. In Chapter 3 we consider an important special
case when the MAP is time-reversible. This special case is substantially easier
to analyze. The ideas and results, however, provide a good introduction to the
general case treated in Chapter 4. The latter chapter can be seen as a foundation
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for the rest of the thesis. It relies on the theory of analytic matrix functions,
which is summarized in the beginning of the chapter. The main results and their
proofs are followed by applications, which concern Markov-modulated queues. So,
for example, we present a generalization of the celebrated Pollaczek-Khintchine
formula to the MAP setting.

Chapter 5 and Chapter 6 are devoted to the special case of an MMBM. In other
words, the additive component of the MAP is assumed to have continuous sample
paths. In Chapter 5 we present some preliminary results concerning MMBM by
applying the theory of Chapter 4 to both the original process and its negative,
which is possible as both are spectrally negative. These results are then used to
study the workload process of an MMBM-driven queue with a finite buffer. We
identify the stationary distribution of the workload process and the so-called loss
vectors, which can be interpreted as expected overflow and unused capacity in
a unit of time in stationarity. In addition, we solve the two-sided exit problem.
Chapter 6 presents some further properties of an MMBM reflected to stay in a
strip. We fully characterize this model at inverse local times, which for example
yields identities for the first passage problem of a reflected MMBM.

Chapter 7 and Chapter 8 take the theory of two-sided exit and reflection to the
next level by considering general spectrally negative MAPs. A fundamental role in
this theory is played by scale matrices, which generalize scale functions associated
with Lévy processes. Chapter 7 is entirely devoted to the construction of the
scale matrix and the identification of its first properties. An important role in
this construction is played by so-called occupation densities. Using scale matrices,
in Chapter 8 we solve the problems of first passage over a negative level as well
as two-sided exit. We characterize the first passage process killed upon arrival of
an excursion exceeding a certain height. We extend the results of Chapter 6 and
derive identities for the first passage of the reflected process.

Throughout this book we extensively use matrices, functions of matrices, Jor-
dan forms, analytic functions and Laplace transforms. For completeness and con-
venience we gather the corresponding theory in the Appendix. The notation of
this book may look puzzling at first glance despite all the efforts of the author
to make it as transparent and convenient to use as possible. Getting acquainted
with notation and conventions is facilitated by the ‘List of Symbols’ and ‘Index’.
Finally, the references to related work are given in the individual chapters. I would
like to apologize to all those authors, whose work should have been mentioned in
this thesis, but has remained unknown to me at the completion of this manuscript.
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1.2 Contribution

A MAP is a generalization of a Lévy process with many analogous properties and
characteristics. Some of the results on MAPs can be obtained mechanically by
repeating the proofs for the case of a Lévy process. Scalars and functions are
replaced by their multidimensional analogs such as matrices and matrix-valued
functions. This is, however, not always the case. Various new mathematical objects
appear in the theory of MAPs, posing new challenges. Often some details which
go unnoticed in the case of a Lévy process, because of their triviality, become
important issues, which require novel ideas and lead to better understanding of
the problem at hand. Consider, for example, the first passage process. In the Lévy
case it is a killed Lévy process with the Laplace exponent −Φ(q). In the MAP
case it is a MAP with matrix exponent Λ(q). The function Φ(q) is a non-negative
increasing function, whereas Λ(q) is the transition rate matrix of a certain Markov
chain for each q ≥ 0. Moreover, the case when Φ(0) = 0 corresponds to Λ(0) being
recurrent. This is a very simple example of the above statement. The reader will
encounter many others while reading the book.

This book is based on a number of research papers: Ivanovs and Mandjes
[2010], Ivanovs et al. [2010], D’Auria et al. [2010], Ivanovs [2010], D’Auria et al.
[2012], Ivanovs [2011], and Ivanovs and Palmowski [2011]. The most important
contributions of this work are the following.

• We show in Chapter 4 that the theory of analytic matrix functions plays a
fundamental role in explaining the relation between the first passage process
and the original process. This results in an explicit construction of the matrix
exponent Λ(q) of the first passage process, and leads in a simple and direct
way to the celebrated matrix integral equation. It turns out that the theory
of analytic matrix functions is exactly ‘that missing component’ in many
previous works which did not allow to treat various problems about MAPs
in their general form.

– We provide a number of alternative approaches to the first passage
problem.

– We analyze the (closely related) generalized Cramér-Lundberg equa-
tion. We determine the number of roots of this equation using entirely
analytic arguments. This extends and unifies various partial results
found in the literature.

– An alternative simple analysis of the time-reversible case is given in



1. INTRODUCTION 7

Chapter 3. It leads to important additional properties of Λ(q) in this
special case.

• We derive a number of results concerning MMBM in Chapter 5.

– We identify the so-called loss vectors corresponding to the two-sided
reflection of a general MMBM, which generalizes the results of Kella
and Stadje [2004].

– We provide a simple approach to the two-sided exit problem for an
MMBM, see also Jiang and Pistorius [2008]. Additionally, we solve the
delicate case when the asymptotic drift is zero.

– Using a simple probabilistic argument we identify the stationary distri-
bution of an MMBM reflected at two barriers. We also present relations
between different approaches to this problem.

• In Chapter 7 we construct a scale matrix W (x) for a general spectrally
negative MAP. This result is based on a number of novel ideas. So-called
occupation densities (also called local times) play a fundamental role in this
chapter. We show that eΛxW (x) can be interpreted as the expected local
time at zero up to the first passage over level x. This observation is essential
in order to establish various properties of W (x).

• We characterize the two-sided reflection of a spectrally negative MAP at in-
verse local times at the upper boundary. This method, in its simpler form, is
first used in the case of an MMBM in Chapter 6. In addition, in Chapter 8
we analyze the first passage process killed upon arrival of an excursion ex-
ceeding a certain height. These results are then combined to obtain identities
for the first passage of reflected processes.


