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Chapter 2
Basic theory

This chapter provides some introduction to the theory of MAPs. We set up the
notation and present some related concepts. We start with a definition and some
basic properties of a Lévy process, and then proceed to MAPs. We present such
fundamental notions as the matrix exponent of a MAP, its Perron-Frobenius eigen-
value, the asymptotic drift, and the first passage process. We discuss the concepts
of killing, time reversal, reflection, and fluid embedding. Our basic reference book
with respect to MAPs and queueing theory is Asmussen [2003], with Asmussen
and Kella [2000] being an important supplement to it.

Throughout this work we use bold symbols to denote column vectors unless
otherwise specified. In particular, 1 and 0 are the vectors of 1’s and 0’s respectively.
A coordinate vector with i-th element being 1 and all others being 0 is denoted
through ei. The symbols I and O denote the identity matrix and the matrix of
0s of appropriate dimensions. The typeface P and E are used for probability and
expectation. The expression E[X;A] means EX1A, where 1A is the indicator of
an event A (if say A = {X > 0}, we write E[X;X > 0]). The Laplace transform
of a random variable X means Ee−αX . The distribution of X is allowed to have
atoms; we do not use the term Laplace-Stieltjes transform to distinguish this case.
We often deal with negative random variables, e.g. jumps of a MAP, in which case
it is convenient to write EeαX . The meaning should be clear from the context. We
provide a ‘List of Symbols’ for further convenience.
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2. BASIC THEORY 9

2.1 Lévy processes

Our main reference book concerning Lévy processes is Bertoin [1996]. A good
introduction for a less experienced reader is Kyprianou [2006]. The books Williams
[1991] and Kallenberg [2002] serve as a general reference to probability theory.

Let (Ω,F ,P) be a probability space endowed with a right-continuous complete
filtration (Ft)t≥0. Consider an adapted real-valued stochastic process X(t), t ≥ 0
with càdlàg (right-continuous with left limits) sample paths.

Definition 2.1. We say that X is a Lévy process if for every s, t ≥ 0 the increment
X(t+ s)−X(t) is independent of Ft and has the same law as X(s)−X(0).

It is usually assumed that X(0) = 0. We often write Px to denote the law of X
when X(0) = x. Even though the paths of a Lévy process are not a.s. continuous
in general, it can be shown that for any fixed t > 0 a Lévy process X is a.s.
continuous at t. Every Lévy process satisfies the so-called strong Markov property.

Proposition 2.2. Let T be a stopping time with P(T <∞) > 0. Then condition-
ally on {T < ∞}, the process X(T + t) − X(T ), t ≥ 0 is independent of FT and
has the same law as the original process X.

Throughout this work it will be assumed that X has no positive jumps. In this
case X is uniquely characterized (in the sense of finite-dimensional distributions)
by its Laplace exponent ψ(α), α ≥ 0, which in particular satisfies

EeαX(t) = eψ(α)t, t ≥ 0.

Every such Laplace exponent is given by the famous Lévy-Khintchine formula

ψ(α) = aα+
1
2
σ2α2 +

∫ 0

−∞
(eαx − 1− αx1{x>−1})ν(dx), (2.1)

where a ∈ R, σ ≥ 0 and ν is a measure on (−∞, 0) with
∫ 0

−∞(1 ∧ x2)ν(dx) < ∞,
see Theorem I.1 and Chapter VII of Bertoin [1996]. An important special case
arises when

∫ 0

−1
|x|ν(dx) <∞. In this case (2.1) can be rewritten as

ψ(α) = dα+
1
2
σ2α2 +

∫ 0

−∞
(eαx − 1)ν(dx), d = a−

∫ 0

−1

xν(dx). (2.2)

Such a process can be interpreted as an independent sum of a purely deterministic
drift, a Brownian motion and a non-increasing jump process. The constant d in
(2.2) is referred to as the drift. Moreover, X has paths of bounded variation on
compacts a.s. if and only if σ = 0 and

∫ 0

−1
|x|ν(dx) <∞, that is, (2.2) holds with
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σ = 0. Finally, a bounded variation Lévy process is a CPP if the Lévy measure ν
is finite and d = 0. In this case ν(−∞, 0) is the intensity and ν(dx)/ν(−∞, 0) is
the distribution of jumps of a CPP.

Often it is convenient to add an isolated point ∂ to the value set of X. This
point will serve as a ‘cemetery’. More concretely, let eq be an exponential random
variable of rate q ≥ 0 (e0 = ∞ a.s. by convention), independent of X. If we
redefine X to be ∂ for all t ≥ eq, then such a process is called a Lévy process
‘killed’ at eq. Observe that

EeαX(t)1{t<eq} = e(ψ(α)−q)t,

hence ψ(α)− q can be interpreted as the Laplace exponent of X killed at eq.
It is known that ψ(α) is analytic in C

Re>0 and continuous in C
Re≥0, see also

Appendix A.6. Moreover, the real-valued right derivative ψ′(0+) equals EX(1) ∈
R ∪ {−∞}, where EX(1) = −∞ corresponds to large jumps of X being non-
integrable. If X has non-increasing paths, then ψ(α) ≤ 0; otherwise P(X(1) >
0) > 0, which implies that limα→∞ ψ(α) = ∞. Moreover, ψ(α), α ≥ 0 is convex
by Hölder’s inequality.

In the study of Lévy processes without positive jumps it is usual to exclude
the trivial case when the paths are non-increasing a.s. The remaining processes
are called spectrally negative Lévy processes. Let X be a spectrally negative Lévy
process. Then for every q > 0 there is a unique positive solution to ψ(α) = q,
which we denote through Φ(q). In addition, Φ(0) = limq↓0 Φ(q), which is 0 if
ψ′(0+) ≥ 0, and is the positive solution to ψ(α) = 0 otherwise, see Figure 2.1.
Hence we say that Φ is a right inverse of ψ. The equation ψ(α) = q is sometimes
called the Cramér-Lundberg (C-L) equation. The solution Φ(q) of the C-L equa-
tion characterizes the associated first passage process, see Section 2.6. It plays a
fundamental role in the study of path properties of Lévy processes.

2.2 Markov additive processes (MAPs)

Consider a real-valued càdlàg process (X(t))t≥0 and a right-continuous jump pro-
cess (J(t))t≥0 with a finite state space E, such that (X, J) is adapted to the
filtration (Ft)t≥0.

Definition 2.3. We say that (X(t), J(t)) is a Markov Additive Process (MAP) if,
given {J(t) = i}, the pair (X(t+ s)−X(t), J(t+ s)) is independent of Ft and has
the same law as (X(s)−X(0), J(s)) given {J(0) = i} for all s, t ≥ 0 and i ∈ E.
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Figure 2.1 The Laplace exponent ψ and its right inverse Φ.

It is usual to say that X is an additive component and J is a background
process representing the environment. Note that MAP is a generalization of a
Lévy process. The increments of the additive component are not stationary in
general; their distributions depend on the states of J .

It should be noted that in some other works MAP stands for a wider class of
processes. Namely, any Markov process with values in an arbitrary measurable
space can serve as the background process J , see Çinlar [1972] for the basic defi-
nitions. Unlike the case of a finite E, where the structure of a MAP is completely
understood, the case of an infinite E is much more complicated in general, as it is
noted and demonstrated in Asmussen [2003, Ch. XI]. Some of the results contained
in this work can be extended to the case of a countable E. A model belonging to
the latter class can be found in Prabhu [1998, Ch. 7], see also Virtamo and Norros
[1994].

In the following we use Pi in the context of MAPs to denote the law of (X, J)
given {X(0) = 0, J(0) = i}. Moreover, we write P(A, J) for an event A to denote
the N ×N matrix with entries Pi(A, J = j). Similarly, E[Z;J ] is used to denote
the matrix with entries Ei[Z;J = j] = Ei[Z1{J=j}]. Sometimes it is important to
consider a shifted additive component with X(0) = x0, in which case with slight
abuse of notation we write Px0(A, J) and Ex0 [Z, J ] to denote the above matrices.

Next we assert the strong Markov property for MAPs, which can be proven
by following the same steps as in the case of Lévy processes, see Bertoin [1996,
Proposition I.6].
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Proposition 2.4. Let T be a stopping time with P(J(T ) = i) > 0. Then condi-
tionally on {J(T ) = i}, the process (X(T+t)−X(T ), J(T+t)), t ≥ 0 is independent
of FT and has law Pi.

Importantly, a MAP has a very special structure, which we reveal in the fol-
lowing. It is immediate from the definition that J is a Markov chain. For each
i, j ∈ E let Unij be a sequence of i.i.d. random variables and Xn

i be a sequence of
i.i.d. Lévy processes. All the objects J,Xn

i , U
n
ij are assumed to be independent.

Letting T0 = 0, T1, . . . be a sequence of the successive jump epochs of J we define
the process X for t ∈ [Tn, Tn+1) recursively through

X(t) = 1{n>0}
(
X(Tn−) + Unij

)
+Xn

j (t− Tn), (2.3)

where i = J(Tn−) and j = J(Tn). In words, X evolves as the Lévy process
Xj = X0

j during the intervals when J is in the state j, and jumps according to
Ujk = U0

jk, whenever J jumps from j to k. It is straightforward to check that
(X, J) is a MAP in its own filtration (completed to satisfy the usual conditions).
More interestingly, the converse is also true.

Proposition 2.5. Every MAP has Representation (2.3).

Proof. Assume that J(0) = i for some i ∈ E. Define Xi(t) to be X(t) if t ∈ [0, T1)
and put Xi(t) = ∂ otherwise. Note that Xi is a Lévy process killed at independent
exponential time T1. To see this, pick an arbitrary A ∈ F and B ∈ Ft, and write,
using the Markov property applied at time t,

Pi({X(t+ s)−X(t) ∈ A} ∩B ∩ {t+ s < T1})
= Pi({X(t+ s)−X(t) ∈ A} ∩B ∩ {t+ s < T1}|J(t) = i)Pi(J(t) = i)

= Pi({X(s) ∈ A} ∩ {s < T1})Pi(B ∩ {t < T1}).

Let Uij = X(T1)−X(T1−) given J(T1) = j. By the Markov property Uij is seen
to be independent of Xi and T1. An application of the strong Markov property at
the jump epochs of J completes the proof.

Every MAP evolves as a Lévy process Xi while J is in the state i. This
explains the other commonly used name for a MAP - ‘Markov-modulated Lévy
process’. Sometimes it is stressed that a MAP is a Markov-modulated Lévy process
with additional jumps at transition epochs of J . Observe that a MAP has a.s.
continuous sample paths if and only if every Uij = 0 and every Xi is a Brownian
motion (possibly a deterministic drift). Such a MAP is called Markov-modulated
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Brownian motion (MMBM). Another important special case arises when every Xi

is a CPP. Such a MAP is called Markov-modulated CPP.
Let us fix the basic setup of this thesis. Let (X, J) be a MAP without positive

jumps. The trivial case when the paths of X are a.s. non-increasing is excluded
from consideration. This results in a class of spectrally negative MAPs. Note that
some underlying Lévy processes Xi of a spectrally negative MAP are allowed to
be non-increasing. Essentially without loss of generality it is assumed that J is
irreducible. The following list presents some related notation.

• E = {1, 2, . . . , N} is the state space of J ,

• Q is the irreducible transition probability matrix of J and π is its unique
stationary distribution,

• ψi(α) is the Laplace exponent of the Lévy process Xi,

• Gij(α) = EeαUij is the Laplace transform of the jump when J has a transition
from i to j (if qij = 0 we put Uij = 0; by convention we also put Uii = 0).

Some basic facts concerning the Laplace transform are given in A.7. In addition,
we mention that the right derivative G′ij(0+) equals EUij , which may not be finite.

The state space E of J is partitioned into E+ and E↓, where i ∈ E↓ if the Lévy
process Xi has a.s. non-increasing paths. In other words, i ∈ E+ if and only if
P(Xi(1) > 0) > 0. The cardinalities of E+ and E↓ are denoted through N+ and
N↓ respectively. For convenience we often assume that indices in E+ are smaller
than indices in E↓. Note that according to our basic assumptions stated above it
is ensured that N+ ≥ 1.

Definition 2.6. Let M be a matrix with N rows. Then M+ denotes the matrix
obtained from M by dropping all the rows except those indexed by E+. We say
that M+ is the restriction of M to the rows in E+. Similarly we define M↓.

Finally, we use the symbol I
+ to denote the N+ ×N+ identity matrix.

2.3 Matrix exponent of a MAP

Any Lévy process (without positive jumps) is characterized by the associated
Laplace exponent. In the case of a MAP this exponent becomes a matrix-valued
function

F (α) = diag(ψ1(α), . . . , ψN (α)) +Q ◦G(α), (2.4)
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where G(α) = (Gij(α)) and A ◦ B denotes entrywise (Hadamard) matrix mul-
tiplication. The matrix-valued function F (α) is referred to as the matrix ex-
ponent of a MAP. Recall that E[eαX(t);J(t)] denotes the matrix with entries
Ei[eαX(t);J(t) = j].

Proposition 2.7. It holds for all α ∈ C
Re≥0 that

E[eαX(t);J(t)] = eF (α)t.

Proof. Up to o(h) terms,

Ei[eαX(h);J(h) = j] = 1{i=j}(1 + qiih)EeαXi(h) + 1{i �=j}qijhEeαUij ,

because J jumps from i to j in an interval of length h with probability qijh+o(h),
and EeαXk(h) = 1 + o(1) for any k ∈ E. But (1 + qiih)EeαXi(h) = 1 + qiih +
ψi(α)h+ o(h), hence we obtain

E[eαX(h);J(h)] = I + F (α)h

up to o(h) terms. The Markov property states that

E[eαX(t+h);J(t+ h)] = E[eαX(t);J(t)]E[eαX(h);J(h)],

and so
∂

∂t
E[eαX(t);J(t)] = E[eαX(t);J(t)]F (α).

Finally, note that E[eαX(0);J(0)] = I, which implies the result according to the
standard solution formula for systems of linear differential equations.

Let (λ(α),h(α)) be an eigenvalue-eigenvector pair of F (α), α ≥ 0, that is,
F (α)h(α) = λ(α)h(α). Then

Eie
αX(t)hJ(t)(α) = Ei[eαX(t);J(t)]h(α) = eλ(α)thi(α). (2.5)

This leads to the following important result.

Proposition 2.8. eαX(t)−λ(α)thJ(t)(α) is an Ft-martingale under Pi for any i ∈ E.

Proof. Using the Markov property we write

Ei[eαX(t+s)−λ(α)(t+s)hJ(t+s)(α)|Ft] = Ei[eαX(t)−λ(α)t;J(t)]E[eαX(s)−λ(α)shJ(s)(α)].

But according to (2.5) the last term in the right hand side is h(α).
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In the final part of this section we present another important martingale of As-
mussen and Kella [2000].

Theorem 2.9. Let Y (t) be an adapted continuous process having finite variation
on compact intervals. Set Z(t) = X(t)+Y (t) and pick α ∈ C

Re≥0. Then for every
initial distribution of (X, J)

M(t) =
∫ t

0

eαZ(s)e�J(s)dsF (α) + eαZ(0)e�J(0) − eαZ(t)e�J(t) + α

∫ t

0

eαZ(s)e�J(s)dY (s)

is a vector-valued local martingale.

Remark 2.10. Even though Theorem 2.9 is stated in Asmussen and Kella [2000]
for the case of no killing, it holds in a more general setting. Namely, the transition
rate matrix Q of J can be transient, see Section 2.5. The proof does not require
any changes.

The local martingaleM(t) becomes a martingale if certain extra conditions are
met.

Corollary 2.11. Assume that Y (t) has finite expected variation on compact in-
tervals and Z(t) is bounded from above on the interval [0, T ], where T is a stopping
time. Then M(t ∧ T ) is a martingale.

Proof. Letting τn be the localizing sequence of stopping times, we have by Doob’s
optional stopping theorem Kallenberg [2002, Thm. 7.12] that E[M(t∧T∧τn)|Fs] =
M(s∧T ∧ τn). Under the extra conditions of the corollary we have for every t > 0
that E sup0≤s≤t |M(s∧T )| <∞. The dominated convergence theorem then shows
that E[M(t ∧ T )|Fs] = M(s ∧ T ).

We remark that for many applications it is sufficient to pick T = ∞ in Corol-
lary 2.11.

2.4 Perron-Frobenius eigenvalue

For a fixed α ≥ 0, one of the eigenvalues of F (α) will play a special role.

Proposition 2.12. For α ≥ 0 the matrix F (α) has a real simple eigenvalue k(α),
which is larger than the real part of any other eigenvalue. The corresponding left-
eigenvector v(α) and right-eigenvector h(α) can be chosen so that vi(α) > 0 and
hi(α) > 0 for all i ∈ E. The normalization requirement

πh(α) = 1, v(α)h(α) = 1

results in a unique choice of v(α) and h(α).
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Proof. Observe that the off-diagonal elements of F = F (α) are non-negative.
Hence we can find a non-negative matrix M and some m ∈ R, such that F =
M −mI. Moreover, irreducibility of Q implies irreducibility of M . The Perron-
Frobenius theory, see Horn and Johnson [1985, Thm. 8.4.4], states that the spectral
radius λ of M is a simple eigenvalue of M with the corresponding eigenvector h

satisfying hi > 0 for all i ∈ E. Clearly, (k,h), where k = λ−m, is an eigenvalue-
eigenvector pair of F . The maximality property of k is immediate.

The uniqueness of h(α) follows from the facts that the matrix (F (α)− k(α)I)
has rank N − 1, and the vector π is not in the row space of this matrix. If the
latter is false then u�(F (α) − k(α)I) = π for some vector u. But multiplication
of this equality by any h(α) with positive elements results in 0 = πh(α) > 0.
Similarly, h(α) is not in the column space of (F (α)− k(α)I), which completes the
proof.

It is noted that the eigenvalue k(α) plays in many respects the same role as the
Laplace exponent of a Lévy process. In the following we establish some important
properties of the function k(α). Let us first discuss smoothness of k(α).

Proposition 2.13. The functions k(α),v(α),h(α) are infinitely many times dif-
ferentiable for α > 0. It holds that,

k′(α) = v(α)F ′(α)h(α), α ≥ 0,

where k′(0) ∈ R∪{−∞} is interpreted as the right derivative. Moreover, existence
of k(n)(0) implies existence of the right derivatives v(n)(0) and h(n)(0).

Proof. Firstly, k(α) is a continuous function according to Hurwitz’s theorem, see
Appendix A.5. Denoting M(α) = F (α)− k(α)I, we have that M(α)h(α+ ε) → 0
as ε → 0, because the entries of h(α + ε) are bounded as seen from the normal-
ization requirement. Recall that π is not in the row space of M(α), and apply
Proposition A.10 to deduce continuity of h(α) for α ≥ 0. Continuity and posi-
tivity of h(α) imply that the entries of v(α) are bounded in some neighborhood
of α, hence v(α+ ε)h(α) → 1 and v(α+ ε)M(α) → 0. Use Proposition A.10 with
u = h(α) to show continuity of v(α).

Theorem 6.3.12 in Horn and Johnson [1985] shows that k(α) is differentiable
and the identity in the display holds. Some care should be taken when α = 0
(observe that the entries of F ′(0) either converge or approach −∞). We also have,
as ε ↓ 0,

M(α)
1
ε
(h(α+ ε)− h(α)) +M ′(α)h(α) → 0.
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Observe that π(h(α+ ε)−h(α))/ε = 0, so we can apply Proposition A.10 to claim
differentiability of h(α). Moreover,

1
ε
(v(α+ ε)− v(α))h(α) =

1
ε
v(α+ ε)(h(α)− h(α+ ε))→ −v(α)h′(α),

which allows us to deduce differentiability of v(α) using Proposition A.10.
Next we can differentiate the identity in the display to show that k′′(α) ex-

ists. Then we use similar steps as above to prove that v(α) and h(α) are twice
differentiable. These steps can be repeated arbitrarily many times.

Observe that F (0) = Q, which has non-positive eigenvalues, so k(0) = 0,
h(0) = 1 and v = π. Proposition 2.13 then implies

k′(0) =
∑
i∈E

πi

⎛
⎝ψ′i(0) +

∑
j∈E

qijG
′
ij(0)

⎞
⎠

=
∑
i∈E

πi

⎛
⎝EXi(1) +

∑
j∈E

qijEUij

⎞
⎠ = EπX(1). (2.6)

The last equality follows from the fact that J , started with its stationary distribu-
tion π, will on average spend a fraction πi of the time in the state i, and will make
πiqij jumps i→ j in the time interval [0, 1]. In particular, we see that k′(0) is finite
if and only if all the first moments EXi(1) and EUij exist. Otherwise k′(0) = −∞,
which indicates the presence of non-integrable jumps.

In order to simplify notation we often write κ for k′(0). It is common to refer
to κ as to the stationary drift of X(t). Alternatively, the term asymptotic drift is
used, which is supported by the following lemma.

Lemma 2.14. It holds Pi-a.s. that limt→∞X(t)/t = κ for all i ∈ E.

Proof. Let Ti(t) =
∫ t
0
1{J(s)=i}ds be the amount of time spent by J in the state

i in the interval [0, t]. Let also Nij(t) be the number of transitions of J from i to
j in the interval [0, t]. According to Proposition 2.5 there exist Lévy processes Xi

and sequences of i.i.d. random variables Unij , such that

X(t) =
∑
i∈E

Xi(Ti(t)) +
∑

i,j∈E,i �=j

Nij(t)∑
n=1

Unij

Pi-a.s. Finally, observe that Pi-a.s. it holds that Ti(t)/t→ πi, Nij(t)/t→ πiqij and,
moreover, Xi(t)/t→ EXi(1) as t→∞. Identity (2.6) completes the proof.
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Proposition 2.15. It holds Pi-a.s. that (a) X(t) → −∞, (b) X(t) → ∞, (c)
lim infX(t) = −∞, lim supX(t) = ∞ according to (a) κ < 0, (b) κ > 0 and (c)
κ = 0.

Proof. The cases (a) and (b) are immediate from Lemma 2.14. The case (c)
follows from random walk theory, see Theorem 2.4 in Asmussen [2003, Ch. VIII].
The random walk is defined through Sn = X(Tni ), where Tni is the time of n-th
entrance of J into the state i.

2.5 Killing and time reversal

In this section we discuss two important concepts. Firstly, the state space of a
MAP (X, J) can be appended with an absorbing state (∂X , ∂J). This extends the
class of MAPs by allowing the background Markov chain J to be transient. As it
is common in the theory of Markov chains, we do not include the additional state
∂J in the descriptor of the process. In other words, the matrix exponent F (α) is
assumed to have the same form (2.4) as before, but the transition rate matrix Q
is allowed to be transient. Equivalently, such a process can be seen as a ‘regular’
MAP with state-dependent killing. That is, every Lévy process Xi is ‘killed’ with
some rate qi ≥ 0. This kind of process appears naturally when one considers first
passage times, as is shown in Section 2.6.

In the rest of this section we discuss time reversion. Assume that J(0) is
distributed according to π. Fix T > 0 and define a process (X̂, Ĵ) on [0, T )
through

Ĵ(t) = J((T − t)−), X̂(t) = X(T )−X((T − t)−).

The left limits are taken to guarantee that X̂ and Ĵ have càdlàg paths. It is well-
known that Ĵ is an irreducible Markov chain with the same stationary distribution
π, see Asmussen [2003, Prop. II.5.2]. The transition rate matrix of Ĵ is given
by Q̂ = Δ−1

π Q�Δπ, where Δπ is a diagonal matrix with π on the diagonal.
Moreover, time reversion of a Lévy process results in a process with an identical
law, see Bertoin [1996, Lem. II.2]; this remains true if T > 0 is an independent
random variable. Considering Representation (2.3), we see that (X̂, Ĵ) is a MAP
with Q̂ defined above, X̂i having the law of Xi, and Ûij distributed as Uji. In
other words, the matrix exponent of a time-reversed process is given by

F̂ (α) = Δ−1
π F (α)�Δπ. (2.7)
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The process (X, J) is called time-reversible if it has the same law as (X̂, Ĵ). That
is, F̂ (α) = F (α), which according to (2.7) is true if and only if ΔπF (α) is a
symmetric matrix. Furthermore, this is equivalent to J being time-reversible and
Uij having the same law as Uji for all i �= j.

Finally, we note that the eigenvalues of F (α) and F̂ (α) coincide. This in
particular implies that the asymptotic drifts coincide too.

2.6 First passage process

Let X(t) be the supremum of the additive component X up to time t, that is,
X(t) = sup0≤s≤t{X(s)}. We often write X to denote X(∞). Similarly, one
defines the infimum process X(t). The first passage time over level x ≥ 0 is
defined through

τx = inf{t ≥ 0 : X(t) > x}. (2.8)

It is known that τx is a stopping time, see Bertoin [1996, Corollary I.8] for an idea
of the proof. Observe that X(τx) = x, because of the absence of positive jumps.
Moreover, the events {τx < t} and {X(t) > x} coincide. The strong Markov
property then implies that (τx, J(τx))x≥0 is a MAP. This is a killed MAP, where
the killing time is given by x = X.

Alternatively, we can consider the process (X,J) killed with rate q ≥ 0. Again
J(τx)x≥0 is a Markov chain. Letting Λ(q) be its N+ ×N+ transition rate matrix
we have for i, j ∈ E+ the following identity

(eΛ(q)x)ij = P(J(τx) = j, τx < eq | J(τ0) = i) = EJ(τ0)=i[e
−qτx ;J(τx) = j]. (2.9)

Hence Λ(q) is also the matrix exponent of the MAP (−τx, J(τx))x≥0. Finally, let
Π(q) denote the matrix with initial distributions of this new MAP. More formally,
Π(q) is a N × N+ matrix with elements Pi(J(τ0) = j, τ0 < eq), where i ∈ E and
j ∈ E+, with the obvious ordering. The strong Markov property implies

E[e−qτx ;J(τx)] = E[e−qτ0 ;J(τ0)]EJ(τ0)[e
−qτx ;J(τx)] = Π(q)eΛ(q)x.

Moreover, the matrices Π(q) and Λ(q) fully characterize the first passage process
(τx, J(τx))x≥0 under Pi, i ∈ E in terms of its finite-dimensional distributions. The
first part of this thesis is devoted to the study of the matrices Π(q) and Λ(q) and
their relation to the matrix exponent F (α).

Let us present some basic properties of the matrices Π(q) and Λ(q). Firstly,
τ0 = 0 Pi-a.s. for any i ∈ E+, see e.g. Kyprianou [2006, Thm. 6.5]. Therefore



20 2.7. PHASE-TYPE DISTRIBUTIONS AND MAPS

Π(q)+ is the identity matrix, see also Definition 2.6. Secondly, it is easy to see
that irreducibility of Q implies irreducibility of Λ(0). Moreover, if κ ≥ 0 then
Pi(τx < ∞) = 1 for all x ≥ 0 and i ∈ E by Proposition 2.15. This shows
that J(τx) is an irreducible recurrent Markov chain. We denote its stationary
distribution through πΛ. If, however, κ < 0 or q �= 0 then Λ(q) is transient. We
summarize these properties in the following proposition.

Proposition 2.16. It holds that Π(q)+ = I
+ for all q ≥ 0. Moreover, Λ(q) is an

irreducible recurrent transition rate matrix if q = 0 and κ ≥ 0, and is transient
otherwise.

Remark 2.17. Let ρ(q) denote the Perron-Frobenius eigenvalue of Λ(q). If κ ≥ 0,
then ρ(0) = 0, that is, Λ(0) has a simple eigenvalue at 0 (with corresponding eigen-
vector 1) and all others in C

Re<0. Otherwise ρ(q) < 0, that is, all the eigenvalues
of Λ(q) are in C

Re<0, see Appendix A.4.

It is instructive to consider a MAP on a single state, which is just a Lévy
process. Then Λ(q) = −Φ(q), where Φ(q) is the right-inverse of ψ(α), α ≥ 0,
see Bertoin [1996, Thm. VII.1]. Note also that Φ(q) is 0 if q = 0 and κ ≥ 0 and is
strictly positive otherwise, see Section 2.1.

In general, identification of Λ(q), as well as its relation to the C-L equation, is
more complicated. These questions are addressed in Chapter 3 in the case when
(X, J) is time-reversible. This case is substantially simpler, but it illustrates some
of the main ideas and concepts well. The general theory is presented in Chapter 4.

Remark 2.18. The concept of killing plays a pivotal role in this book. It is often
easier to analyze a killed MAP. Then the analysis can be extended to the case of no
killing by a limiting argument. For notational convenience we often suppress the
killing rate q ≥ 0 and simply assume that the transition rate matrix Q is transient.
In this context we write Λ and Π to denote Λ(q) and Π(q). One should be careful
when making q explicit. When doing so, one must substitute Q with Q− qI, and
hence F (α) with F (α) − qI. In fact, this setup can be generalized. That is, Q
need not satisfy Q1 = −q1; it can be any transient transition rate matrix, see
Section 2.5. Finally, it is always assumed that there is no killing when talking
about stationary distributions and stationary (asymptotic) drift.

2.7 Phase-type distributions and MAPs

Let J be a continuous-time Markov chain on m <∞ states. Assume that α is its
initial distribution and T is its m×m transition rate matrix. In addition, assume
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that J is transient, that is t = −T1 ≥ 0 has a positive entry. It is convenient
to add an absorbing state ∂ to the state space of J . Finally, the life time of J is
denoted through ζ = inf{t > 0 : J(t) = ∂}, which is known to be finite a.s.

Definition 2.19. The distribution of ζ is called phase-type with parameters
(m,α, T ).

It is not difficult to prove the following, see Asmussen [2003, Ch. III.4].

Proposition 2.20. For x ≥ 0, the cumulative distribution function of ζ is F (x) =
1−αeTx1 and the density is f(x) = αeTxt. The Laplace transform of ζ is

Ee−sζ = α(sI− T )−1t.

It is mentioned in the introduction that phase-type distributions fit naturally
in the framework of MAPs. Consider a MAP with transition rate matrix T and
Xi(t) = t for all i. The matrix exponent of such MAP is T + αI. Given that
J is started with distribution α, the value of X right before entrance into the
absorbing state has phase-type distribution with parameters (m,α, T ). Roughly
speaking, by slanting a phase-type jump we get a simple MAP, whose additive
component evolves linearly. This idea can be taken one step further. Namely,
phase-type jumps of an arbitrary MAP can be replaced by linear stretches of unit
slope. This procedure requires adding supplementary states to the background
process (as many as there are phases), and is called fluid embedding. It allows to
apply the results of this thesis to a general MAP with all upward jumps of phase-
type by constructing an auxiliary spectrally negative MAP with an enlarged state
space.

Let us describe fluid embedding in more detail. Consider a general MAP (X, J).
First we address jumps of X at switching epochs of J . Suppose the distribution of
the jump Uij is phase-type with parameters (m,α, T ). The corresponding entry
of F (α) is qijGij(α). Let us use fluid embedding with respect to Uij to construct
an auxiliary MAP. Figure 2.2 presents the matrix exponent of the auxiliary MAP.
It is a (N +m)-dimensional matrix with upper left block being F (α), except that
the (i, j)-th entry is 0. The lower right block is T + αI, representing the jump.
Suppose next that a Lévy process Xi is an independent sum of some Lévy process
with Laplace exponent ψ̃i(α) and a CPP, where the latter models arrivals of jumps
with intensity λ. We assume that these jumps are of phase-type with parameters
(m,α, T ). Let us use fluid embedding to ‘eliminate’ these jumps. The resulting
matrix exponent has a very similar form to the one depicted in Figure 2.2. In this
case j = i, the (i, i)-th entry is qii − λ + ψ̃i(α), and the last part of the i-th row
reads λα.
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Figure 2.2 An example of fluid embedding.

Let us conclude the discussion about fluid embedding with some comments.
Note that if the distribution of the jump Uij is a mixture of phase-type and some
other distribution then we can still use fluid embedding to eliminate the phase-type
component. Moreover, negative jumps of phase-type can be handled in exactly the
same way by introducing linear stretches of slope −1. It is noted that instead of
enlarging the state space of J , it can be sometimes useful to reduce it by eliminating
certain states, see Section 7.1 for further discussion.

Phase-type distributions arise when one considers all-time supremum X of a
spectrally negative MAP (X, J). This quantity turns out to be important for
queueing theory, see Section 2.8. Observe that X is the life time of J(τx). The
latter is transient if Q is transient, or Q is recurrent and κ < 0. Assuming either
of these conditions, we see that (X|J(0) = i) is phase-type with initial distribution
given by Πi and transition rate matrix Λ. It is important to note that (X|J(0) = i)
may have a mass at 0. This mass is (1−Πi1), which is always 0 if i ∈ E+.

2.8 Reflection

In the first part of this section we consider an arbitrary sample path of a stochastic
process forgetting about the probability space. That is, we assume that X(t), t ≥ 0
is a real càdlàg function. In the following we define the two-sided reflection of X
with respect to the strip [0, B], where B ∈ [0,∞]. It is noted that the one-sided
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reflection at 0 is a special case with B = ∞. It will be assumed that the initial
value of X belongs to the strip, that is, X(0) ∈ [0, B].

Definition 2.21. The two-sided reflection R(t) of X(t), with respect to the strip
[0, B], is defined through

R(t) = X(t) + L(t)− U(t), (2.10)

where R(t), L(t), U(t) are real càdlàg functions which satisfy the following condi-
tions:

• L(t) and U(t) are non-decreasing with L(0) = U(0) = 0,

• R(t) ∈ [0, B] for all t ≥ 0,

• R(s) = 0 if ∀t > s : L(s−) < L(t), and R(s) = B if ∀t > s : U(s−) < U(t).

It is known that such a triplet of functions exists and is unique, see Kella
[2006] and Kruk et al. [2007], and is called the solution of the two-sided Skorokhod
problem. The functions L(t) and U(t) are called regulators at the lower and upper
barriers respectively, that is at 0 and at B. The last condition of the above
definition states that the points of increase of L and U are contained in {t ≥ 0 :
R(t) = 0} and {t ≥ 0 : R(t) = B} respectively. It can be alternatively written as

∫ ∞

0

R(t)dL(t) = 0,
∫ ∞

0

(B −R(t))dU(t) = 0.

Let us consider the one-sided reflection, that is, we set B =∞. In this case the
solution to the Skorokhod problem has a simple explicit form: U(t) = 0, L(t) =
−(X(t) ∧ 0) and R(t) = X(t)− (X(t) ∧ 0), where X(0) ∈ [0,∞).

Theorem 2.22. Let (X,J) be a MAP with negative asymptotic drift, that is,
κ < 0. Then the one-sided reflection (R(t), J(t)) has a stationary version. The cor-
responding stationary distribution coincides with the distribution of (X̂(∞), Ĵ(0)),
where (X̂, Ĵ) is the time-reversed MAP.

Proof. Assume that X(0) = 0 and J(0) is distributed according to π. In this case
R(t) = X(t)−X(t). Observe that for any time horizon T > 0 it holds that

X̂(T ) = X(T )− inf
0≤t≤T

{X((T − t)−)} = X(T )−X(T−)

by the construction presented in Section 2.5, see also Figure 2.3. Note that neither
X, nor J , jumps at T with probability 1. Hence (R(T ), J(T )) has the same
distribution as (X̂(T ), Ĵ(0)).
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Recall that the time-reversed process has the same asymptotic drift as the
original process, hence X̂(T ) → −∞ as T → ∞ by Proposition 2.15, and so
X̂ < ∞ a.s. This completes the proof for the case when X(0) = 0. Finally, if
X(0) > 0 then X hits (−∞, 0] in finite time a.s. The strong Markov property
allows us to reduce the problem to the case when X(0) = 0.

T

X

R(T )

Axes of the time-reversed path

Figure 2.3 Reflection and time reversal.

Consider the stationary version of the reflected process (R(t), J(t)), and let
a random pair (R∗, J∗) have this stationary distribution. The following corol-
lary is an immediate consequence of Theorem 2.22 and the observations made in
Section 2.7.

Corollary 2.23. The distribution of (R∗|J∗ = i) is phase-type with initial distri-
bution Π̂i and transition rate matrix Λ̂. It has mass (1− Π̂i1) at 0, which is 0 if
i ∈ E+.


