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Chapter 3
First passage: time-reversible case

Consider a spectrally negative MAP, and the matrices Π and Λ characterizing its
first passage process, see Section 2.6. In this chapter we identify Π and Λ in the
special case when the MAP is time-reversible. This special case is substantially
easier to analyze. In particular, there will be no need to go beyond classical linear
algebra. The ideas and results, however, provide a good introduction to the general
case which will be dealt with later in this monograph. Moreover, the results in this
important special case are of a particularly neat and simple form, which can be used
to greatly reduce the computational efforts required to obtain numerical output, as
demonstrated in Section 3.2. Hence the purpose of this chapter is twofold. Firstly,
we illustrate the main ideas and concepts needed to identify Λ, and secondly, we
establish some additional important properties of Λ for this important special case.

3.1 Main results

Throughout this chapter it is assumed that (X, J) is a time-reversible spectrally
negative MAP. In other words, J is a time-reversible Markov chain, and the laws
of Uij and Uji coincide for all i �= j, see also Section 2.5. We will prove that
the transition rate matrix Λ is similar to some real diagonal matrix Γ, in the
sense that Λ = V ΓV −1 for some invertible matrix V , see also Appendix A.2.
Moreover, we provide a procedure to construct the matrices V and Γ given the
matrix exponent F (α). For simplicity it is assumed that there is no killing: q = 0.

Let λ1, . . . , λn be all the distinct zeros of det(F (α)) in (0,∞). Let also pi

denote the dimension of the null space of F (λi) (geometric multiplicity of the null-
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26 3.1. MAIN RESULTS

eigenvalue). Define Γi to be a pi × pi diagonal matrix with λi on the diagonal,
and Vi to be an N×pi matrix formed from a basis of the (right) null-space of F (λi).
Finally, we construct matrices Γ and V as follows:

Γ = diag(Γ1, . . . ,Γn) and V = [V1, . . . , Vn], if κ < 0,

Γ = diag(0,Γ1, . . . ,Γn) and V = [1, V1, . . . , Vn], if κ ≥ 0, (3.1)

where κ is the asymptotic drift of X. It will be shown in the following that∑n
i=1 pi = N+ − 1{κ≥0} and hence V is an N ×N+ matrix. Let us now formulate

the main theorem of this chapter.

Theorem 3.1. If (X,J) is a time-reversible MAP, then Γ and V+ are
N+ ×N+-dimensional matrices, V+ is invertible, and

Λ = −V+Γ(V+)−1, Π = V (V+)−1.

Let us start by establishing a lemma, which can be considered as a weak analog
of the above theorem.

Lemma 3.2. If λ > 0 and v are such that F (λ)v = 0, then

Λv+ = −λv+ and v = Πv+.

Proof. According to Proposition 2.8, eλX(t)vJ(t) is a martingale under Pi for any
i ∈ E. By Doob’s optional stopping theorem, see e.g. Kallenberg [2002, Theorem
7.12], we have

vi = Ei[eλX(τx∧t)vJ(τx∧t)]

for any x ≥ 0 and t > 0. Proposition 2.15 implies that either τx < ∞ or
X(t)→ −∞ as t→∞ Pi-a.s., where the latter case corresponds to κ < 0. More-
over, X(t) ≤ x on [0, τx], hence using the dominated convergence theorem we
obtain

vi = Ei[1{τx<∞}eλxvJ(τx)] = eλx
Pi(J(τx))v.

Plugging in x = 0 we get v = Πv+; and (Λ + λI)v+ = 0 is obtained by differenti-
ating v+ = eλxeΛxv+ at x = 0.

This lemma shows that ΛV+ = −ΓV+ and V = ΠV+, see also Proposition 2.16
and Remark 2.17. Moreover, the matrix V+ is composed from eigenvectors of Λ,
where the eigenvectors corresponding to the same eigenvalue are linearly indepen-
dent (the restriction to E+ can not ruin independence, because V = ΠV+). It is a
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standard fact from linear algebra that all these vectors are linearly independent.
Hence the proof of Theorem 3.1 will be complete if we establish that

n∑

i=1

pi ≥ N+ − 1{κ≥0}, (3.2)

because the number of columns in V+ cannot exceed N+. We address this ques-
tion in the rest of this section. It is exactly this part of the proof, where time-
reversibility is essential.

The following lemma is an important starting point of the analysis.

Lemma 3.3. The eigenvalues of F (α), α ≥ 0 are real with algebraic and geometric
multiplicities being the same.

Proof. Time-reversibility is equivalent to the requirement that ΔπF (α) is a sym-
metric matrix for all α ≥ 0, see Section 2.5. Then Δ1/2

π F (α)Δ−1/2
π is a real

symmetric matrix too. Theorem A.7 completes the proof.

Let gi(α) be the i-th largest eigenvalue of F (α), α ≥ 0 (so that g1(α) = k(α),
the Perron-Frobenius eigenvalue defined earlier). It is well-known that the eigen-
values of a matrix, which is continuous in its parameter, trace continuous curves
in the complex plane. This is an immediate consequence of Hurwitz’s theorem,
see Appendix A.5. Therefore, gi : [0,∞) �→ R are continuous functions. The next
lemma presents some additional properties of these functions.

Lemma 3.4. It holds that

• g1(0) = 0 and gi(0) < 0 for i = 2, . . . , N ,

• gi(α)→∞ as α→∞ for i = 1, . . . , N+.

Proof. The first statement is immediate from F (0) = Q. Recall that ψi(α) → ∞
as α → ∞ for i ∈ E+. Moreover, the off-diagonal elements of F (α) are bounded
for α ≥ 0. Gershgorin’s theorem, see Appendix A.1, completes the proof.

Proof of Theorem 3.1. Recall that we are left to prove (3.2). Lemma 3.4 shows
that the functions g2(α), . . . , gN+(α), and in addition g1(α) provided that κ =
k′(0) < 0, hit 0 in the interval (0,∞) at least once (recall that k(α) = g1(α)) by
continuity. But the algebraic and geometric multiplicities of the null-eigenvalue
of F (α) coincide according to Lemma 3.3. These multiplicities are given by pi,
so (3.2) holds.
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Remark 3.5. Recall that inequality (3.2) is in fact an equality. Hence the func-
tions g2(α), . . . , gN+(α), and in addition g1(α) provided that κ < 0, hit 0 exactly
once for positive α. Moreover, these are the only functions gi(α) hitting 0 for
positive α.

Let us summarize the results. Firstly, note that there is a one-to-one corre-
spondence between the positive zeros of det(F (α)) and non-zero eigenvalues of Λ.
Secondly, the (geometric) multiplicity of any such eigenvalue coincides with the
dimension of the corresponding null space of F (α). This results in the following
corollary, which is a counterpart of Lemma 3.2.

Corollary 3.6. If λ �= 0 and h are such that Λh = λh then F (−λ)v = 0, where
v = Πh.

Proof. Let v1, . . . ,vn be a basis of the null space of F (−λ). Then vi
+, i = 1, . . . , n

is a basis of the eigenspace of Λ corresponding to the eigenvalue λ. Hence h can
be written as a linear combination of these vectors. But vi = Πvi

+, and hence Πh

is in the null space of F (−λ).

3.2 Computational aspects

In this section we consider the problem of finding the positive zeros of det(F (α)),
which are then used to construct matrices Γ and V . Time-reversibility greatly
reduces the computational efforts required to construct these matrices, as com-
pared to the general case discussed in the following chapters. Firstly, we have
restricted ourselves to the domain of positive reals, whereas in general the right
half of the complex plane is to be considered. Secondly, it turns out that the
functions gi(α)/α, α > 0 are strictly increasing (which furthermore implies that
gi(α) are strictly increasing after they hit 0), see Lemma 3.8. Hence a simple
root finding procedure can be employed to find the zeros of functions gi(α), which
are exactly the zeros of det(F (α)). Finally, this idea can be extended further for
a MAP, which can be represented as a superposition of multiple time-reversible
MAPs. In this case one can reduce the computational burden by several orders of
magnitude.

Let us first present a useful lemma.

Lemma 3.7. The positive zeros of det(F (α)) are bounded by

C = max{Φi(2qi) : i ∈ E+}, where qi = −qii.
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Proof. We only need to show that F (α) is strictly diagonally dominant and hence
non-singular for all α > C, see Appendix A.1. Consider the i-th row of F (α) and
note that the off-diagonal elements are non-negative; their sum is bounded by qi.
If i ∈ E+ then the diagonal element is −qi + ψi(α) > qi, otherwise it is smaller
than −qi, because ψi(α) < 0.

Define hi(α) = gi(α)/α for α > 0 and let dj be the deterministic drift of the
Lévy process Xj if this process has paths of bounded variation, and ∞ otherwise,
see Section 2.1 and in particular Identity (2.2).

Lemma 3.8. The functions hi(α) are strictly increasing with

(i) limα↓0 h1(α) = κ and limα↓0 hi(α) = −∞ for i > 1,

(ii) limα→∞ hi(α) = ci, where ci is the i-th largest number among the di-s.

Proof. Fix a c ∈ R, and consider a time-reversible MAP (X(t) − ct, J(t))t≥0.
Its matrix exponent is F̃ (α) = F (α) − cα. Trivially g̃i(α) = gi(α) − cα and
h̃i(α) = hi(α)− c. But the functions g̃i(α), and hence also h̃i(α), hit 0 for positive
α at most once. This shows that hi(α) are strictly increasing, because c is arbitrary.

Claim (i) follows immediately from Lemma 3.4. Finally, note that Ñ+ (in self-
evident notation) is non-increasing in c. More precisely, Ñ+ decreases when c = dj

for some j, because then Xj(t)− ct becomes a process with non-increasing paths.
This means that one of the functions hi(α) approaches dj but does not hit it, which
proves the second claim. Some care should be taken when Ñ+ = 0. In this case
det(F̃ (α)) has no positive zeros as follows from the familiar diagonal dominance
argument.

We now consider the situation in which the MAP (X, J) is a superposition of
multiple independent MAPs (X(1), J (1)), . . . , (X(M), J (M)), see also Kosten [1984],
Stern and Elwalid [1991]. Then F (α) can be written as F (1)(α)⊕ . . .⊕ F (M)(α),
with F (1)(α), . . . , F (M)(α) being matrix exponents, and ⊕ and ⊗ denoting the
Kronecker sum and product respectively, see Bellman [1960]. If the underlying
MAPs are time-reversible, then so is (X, J). Following the procedure outlined
above, one can identify Γ and V by finding the zeros of the eigenvalue functions
gi(α) of F (α). If Nm is the dimension of the matrix exponent F (m)(α), this would
require working with eigenvalues of the

∏M
m=1Nm dimensional matrix F (α). It is,

however, known that these eigenvalues and eigenvectors are given by

M∑

m=1

g
(m)
i(m)(α) and

M⊗

m=1

v
(m)
i(m)(α), i(m) ∈ {1, . . . , Nm}.
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This essentially entails that the bulk of the computations can be performed at the
level of individual MAPs (X(m), J (m)). This procedure may lead to reducing the
computational burden by several orders of magnitude.


