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Chapter 4
First passage: general theory

In the previous chapter we presented results on the first passage problem under the
assumption of time-reversibility. In particular, we identified the matrix Λ, which
turned out to be similar to a real diagonal matrix. It was shown that the non-zero
eigenvalues of −Λ coincide with the positive zeros of det(F (α)). Moreover, the
corresponding eigenspaces and null spaces have a very close relation. There is no
reason to expect that all the eigenvalues of Λ are real in general. In the following
we will consider the zeros of det(F (α)) in its region of analyticity, that is, in C

Re>0.
The main difficulty stems from the fact that Λ may not be similar to a diagonal
matrix. In other words, some eigenvalues may have geometric multiplicity strictly
smaller then their algebraic one. In this case the eigenvectors do not provide
enough information, and Jordan chains are to be considered.

We have seen that null spaces of F (α) correspond to eigenspaces of Λ. But
then what kind of object associated with F (α) corresponds to an arbitrary Jordan
chain of Λ? This question will be answered using the theory of analytic matrix
functions. It turns out that the concepts of eigenvalues and Jordan chains can
be extended to analytic matrix functions, where in the classical case this matrix
function is a monic matrix polynomial of degree 1. So the zeros of det(F (α)) and
the corresponding null spaces can be called eigenvalues and eigenspaces in that
generalized sense.

Before we proceed to the theory of analytic matrix functions, let us illustrate
the above mentioned problems with a simple example.
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Example 4.1. Let (X, J) be a MAP with the following matrix exponent

F (α) =

⎛
⎜⎝
−1 + α 1 0

0 −1 + α+ α2 1
1 0 −1 + 2

5α

⎞
⎟⎠ .

Observe that N+ = 3. Moreover, det(F (α)) is a fourth order polynomial with
the following zeros: −3/2, 0, 2, 2. So the only zero in C

Re>0 is α = 2, which has
multiplicity 2. But the algebraic and geometric multiplicities of the null eigenvalue
of F (2) are both 1. The construction (3.1) requires two vectors, and hence cannot
be satisfactory.

This chapter is organized as follows. First, we present some fundamental def-
initions and results from the theory of analytic matrix functions. This theory
builds upon the theory of matrix polynomials. Most of the basic concepts are well
illustrated by the latter, see Gohberg et al. [1982]. Having the necessary tools
at hand, we proceed in Section 4.2 to the main results concerning the relation
between F (α) and matrices Π and Λ. These results appeared in D’Auria et al.
[2010]. The present proof is, however, new in one direction, see Lemma 4.13. Next,
using our main results, we derive in Section 4.3 a matrix integral equation. This
equation can be considered as a commonly used tool for identification of Π and Λ,
and appears in a number of papers in the literature under different assumptions.
Moreover, we discuss the relationship between the results, and different methods of
proving them. In Section 4.4 we present an alternative approach based on entirely
analytic arguments. These arguments are taken from Ivanovs et al. [2010], and
served as a basis for D’Auria et al. [2010]. The material of this section, which is
rather technical, is not required in the rest of this thesis.

In the final two sections of this chapter we discuss the applicability of our re-
sults. Importantly, our results serve as a basis for developing a technique, which
allows to derive various further identities. This technique is an extension of the
approach known as ‘martingale calculations for MAPs’, see Asmussen [2003, Ch.
XI, 4a], to its final and general form. That is, no assumptions on simplicity and
the number of zeros are required. The discussion of the technique is followed by
applications. In particular, we consider a Markov-modulated queue and derive a
generalization of the famous Pollaczek-Khintchine formula. Moreover, we compute
the transforms of the supremum and infimum of X up to an independent expo-
nentially distributed time. Further applications of the technique can be found in
Chapter 5.
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4.1 Generalized Jordan chains

The concept of a Jordan chain associated with an analytic matrix function plays
a fundamental role our theory. In this section we review some basic facts from
analytic matrix function theory. These facts can be found, for example, in Gohberg
and Rodman [1981], Hryniv and Lancaster [1999].
Let A(z) be an analytic matrix-valued function of a complex variable z tak-

ing values in some domain D ⊂ C. It is assumed that A(z) is n × n matrix,
and det(A(z)) is not identically zero. For any λ ∈ D and z in a close enough
neighborhood of λ we can write

A(z) =
∞∑

i=0

1
i!
A(i)(λ)(z − λ)i,

where A(i)(λ) denotes the i-th derivative of A(z) at λ, see Appendix A.5. A
complex number λ ∈ D is an eigenvalue of A(z) if det(A(λ)) = 0.

Definition 4.2. We say that vectors v0, . . . ,vr−1 ∈ C
n with v0 �= 0 form a Jordan

chain of A(z) corresponding to the eigenvalue λ if

j∑
i=0

1
i!
A(i)(λ)vj−i = 0, j = 0, . . . , r − 1. (4.1)

Remark 4.3. A classical Jordan chain of a square matrix M , see Appendix A.2,
is obtained by considering a first order monic polynomial A(z) = zI−M . Indeed,
in this case equations (4.1) reduce to

Mv0 = λv0, Mv1 = λv1 + v0, . . . , Mvr−1 = λvr−1 + vr−2.

Let m be the multiplicity of λ as a zero of det(A(z)) and p be the dimension
of the null space of A(λ). Then there exists a canonical system of Jordan chains

v
(k)
0 ,v

(k)
1 , . . . ,v

(k)
rk−1, k = 1, . . . , p

corresponding to the eigenvalue λ, such that

• the vectors v
(1)
0 , . . . ,v

(p)
0 form the basis of the null space of A(λ),

• ∑p
i=1 ri = m.

Such a canonical system of Jordan chains is specified by the matrices:

V = [v(1)0 ,v
(1)
1 , . . . ,v

(1)
r1−1, . . . ,v

(p)
0 ,v

(p)
1 , . . . ,v

(p)
rp−1],

Γ = diag[Γr1(λ), . . . ,Γrp
(λ)], (4.2)
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where Γk(λ) is the Jordan block of size k × k corresponding to the eigenvalue λ,
see Appendix A.2.

Definition 4.4. A pair of matrices (V,Γ) given by (4.2) is called a Jordan pair of
A(z) corresponding to the eigenvalue λ.

It is noted that a Jordan pair is unique up to similarity. That is, if (V,Γ) and
(V ′,Γ′) are two Jordan pairs corresponding to the same eigenvalue, then V ′ = V S

and Γ′ = S−1ΓS for some invertible matrix S. Unlike the classical case, the vectors
forming a Jordan chain are not necessarily linearly independent; furthermore, a
Jordan chain may contain a null vector.
Assume for a moment that A(z) is a matrix polynomial of degree l, that is

A(z) =
∑l

i=0Aiz
i. Then (4.1) is equivalent to the following matrix equation

l∑
i=0

AiV Γi = O, (4.3)

see also Proposition 1.10 and the comments thereafter in Gohberg et al. [1982]. It
is instructive to prove this equivalence using the Identity (A.1) in Appendix A.3.
In the classical case we obtain a familiar equationMV = V Γ. The following result
is well known and is an immediate consequence of (4.1).

Proposition 4.5. Let v0, . . . ,vr−1 be a Jordan chain of A(z) corresponding to the
eigenvalue λ, and let C(z) be an m× n dimensional matrix. If B(z) = C(z)A(z)
is r − 1 times differentiable at λ, then

j∑
i=0

1
i!
B(i)(λ)vj−i = 0, j = 0, . . . , r − 1.

Note that if B(z) is a square matrix then v0, . . . ,vr−1 is a Jordan chain of
B(z) corresponding to the eigenvalue λ. It is, however, not required that C(z) and
B(z) are square matrices. Finally we state the following corollary.

Corollary 4.6. Let (V,Γ) be a Jordan pair of A(z). Assume that

c(z)A(z) =
K∑

i=1

fi(z)ui,

where c(z),ui ∈ C
n and fi(z) are entire functions. Then it holds that

K∑
i=1

ui V fi(Γ) = 0. (4.4)
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Proof. It is enough to show that Identity (4.4) holds for an arbitrary Jordan
chain v0, . . . ,vn−1 of A(z) corresponding to some eigenvalue λ. Letting b(z) =∑K

i=1 fi(z)ui, we have according to Proposition 4.5 that

k∑
j=0

1
j!

b(j)(λ)vk−j = 0, k = 0, . . . , n− 1.

It only remains to observe that the columns of V fi(Γ) are given by

k∑
j=0

1
j!
f
(j)
i (λ)vk−j , k = 0, . . . , n− 1,

according to (A.1) in Appendix A.3.

4.2 Main results

Consider a (possibly killed) spectrally negative MAP (X(t), J(t)) with matrix ex-
ponent F (α). The killing rate q ≥ 0 is implicit here and in the following. If q = 0
then we define the asymptotic drift κ as in Section 2.4. Observe that F (α) is an
analytic matrix function on C

Re>0, because ψi(α) and Gij(α) are analytic on this
domain for any i, j, see Section 2.1 and Section A.7. Hence we can talk about
(generalized) Jordan pairs of F (α), α ∈ C

Re>0. Let us immediately formulate the
main result of this chapter.

Theorem 4.7. A pair (V,Γ) is a Jordan pair of F (α) corresponding to an eigen-
value λ ∈ C

Re>0 if and only if (V+,Γ) is a Jordan pair of αI+Λ corresponding to
the eigenvalue λ �= 0 and V = ΠV+.

This theorem follows immediately from Lemma 4.11 and Lemma 4.13 given
in the final part of this section. As a consequence of Theorem 4.7, the zeros of
det(F (α)) and det(αI + Λ) in C

Re>0 coincide. This leads to the following result,
see also Remark 2.17.

Theorem 4.8. The number of zeros of det(F (α)) in C
Re>0 is equal to

(i) N+ if Q is transient,

(ii) N+ − 1{κ≥0} if Q is recurrent.

The equation det(F (α)) = 0 can be seen as a generalization of the Cramér-
Lundberg equation in the theory of Lévy processes: ψ(α) − q = 0. It is noted
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that a number of special cases of Theorem 4.8 are scattered over the literature,
see e.g. Asmussen et al. [2004], Karandikar and Kulkarni [1995], Mandjes and
Scheinhardt [2008], Regterschot and de Smit [1986], Sonneveld [2004], Tzenova
et al. [2005].
Furthermore, Theorem 4.7 allows to obtain a complete characterization of the

matrices Λ and Π in terms of the Jordan pairs of F (α). Namely, let λ1, . . . , λn be
all the distinct zeros of det(F (α)) in C

Re>0. Let also (Vi,Γi) be a Jordan pair of
F (α) corresponding to λi, and put (V0,Γ0) = (1, 0). Then we define

V = [Vi] and Γ = diag(Γi), where i =

⎧⎨
⎩
0, . . . , n if q = 0, κ ≥ 0,

1,. . . ,n otherwise.

In other words, we use (V0,Γ0) only in the case of no killing and non-negative
asymptotic drift.

Corollary 4.9. The matrices V and Γ have N+ columns, V+ is invertible, and
the following holds

Λ = −V+Γ(V+)−1 and Π = V (V+)−1.

Proof. Use Theorem 4.7 to show that −ΛV+ = V+Γ and ΠV+ = V , see also (4.3).
Observe that V+ is composed from the classical Jordan chains of −Λ. So the
invertibility of V+ is a standard fact from linear algebra.

The matrices V and Γ will play a central role in the remainder of this thesis.
Hence we introduce the following definition.

Definition 4.10. A pair (V,Γ) is called (right) spectral pair of F (α).

The word ‘right’ in the above definition indicates that the pair (V,Γ) is con-
structed from Jordan pairs corresponding to the eigenvalues in C

Re>0. A MAP
without negative jumps similarly leads to a left spectral pair, where the eigenvalues
in C

Re<0 are of interest. Moreover, if MAP has no jumps then F (α) is analytic on
the whole of C. The latter case gives rise to a full spectral pair, see Section 5.1 for
an in-depth discussion.
Let us present a proof of Theorem 4.7, which is split into two parts. First, we

prove a generalization of Lemma 3.2.

Lemma 4.11. Let v0, . . . ,vr be a Jordan chain of F (α) corresponding to the
eigenvalue λ ∈ C

Re>0. Then v0+, . . . ,v
r
+ is a Jordan chain of αI+Λ corresponding

to the eigenvalue λ, and Πvi
+ = vi for i = 0, . . . , r.
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Proof. Consider the martingale M(t ∧ T ) presented in Corollary 2.11 with Y = 0
and T = τx. It leads to the following equation for any α ∈ C

Re≥0 and k ∈ E

Ek

[∫ t∧τx

0

eαX(s)e�J(s)ds
]
F (α) + e�k − Ek[eαX(t∧τx)e�J(t∧τx)

] = 0�.

Observe that Ek[eαX(t∧τx);J(t∧ τx)]−e�k is infinitely many times differentiable in
α ∈ C

Re>0 in view of Proposition A.15. Moreover, differentiation can be performed
under the expectation sign. Apply Proposition 4.5 to see that for all j = 0, . . . , r
the following holds true:

j∑
i=0

1
i!

Ek

[
Xi(t ∧ τx)eλX(t∧τx)e�J(t∧τx)

]
vj−i − e�k vj = 0.

Let t→∞ and use the dominated convergence theorem and Lemma A.18 to obtain

j∑
i=0

1
i!
xieλx

Pk(J(τx))vj−i − e�k vj = 0. (4.5)

Note that the case of no killing when Pk(τx =∞) > 0 should be treated with care.
In this case limt→∞X(t) = −∞ a.s. according to Proposition 2.15, so the above
equation is still valid.
Considering (4.5) for all k ∈ E and choosing x = 0, we obtain Πvj

+ = vj . For
k ∈ E+ we get

j∑
i=0

1
i!
xie(λI+Λ)xvj−i

+ − vj
+ = 0+,

which results in (λI+ Λ)vj
+ + vj−1

+ = 0+ after differentiating at x = 0.

In the rest of this section we prove the converse of Lemma 4.11. Before we do
so, let us present a martingale, see also Rogers [1994, Section 7]. The proof of the
lemma below relies on some basic properties of the conditional expectation, see for
example Kallenberg [2002, Theorem 6.1].

Lemma 4.12. Fix a > 0 and a vector h, and let

f(j, x) = Ej [hJ(τa)|X(0) = x] = Pj(J(τa−x))h,

where f(∂J , ∂X) = 0 by convention. Then f(J(t ∧ τa), X(t ∧ τa)) is an Ft∧τa
-

martingale for any initial distribution of J .

Proof. It is sufficient to show that

f(J(ta), X(ta)) = Ei[hJ(τa)|Fta
] a.s.,
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where ta = t ∧ τa. Use the strong Markov property to write Ei[hJ(τa)1B ], where
B ∈ Fta , as follows:∑

j

∫
x≤a

Pi[B|J(ta) = j,X(ta) = x]f(j, x)Pi(J(ta) = j,X(ta) ∈ dx)

= Ei[f(J(ta), X(ta))1{B}].

This completes the proof.

Let us present the second part of the main result, which can be seen as a
generalization of Corollary 3.6.

Lemma 4.13. Let h0, . . . ,hr be a Jordan chain of αI + Λ corresponding to the
eigenvalue λ < 0. Then v0, . . . ,vr is a Jordan chain of F (α) corresponding to the
eigenvalue λ, where vi = Πhi for i = 0, . . . , r.

Proof. Observe that (Λ + λI)hk = −hk−1 for k = 1, . . . , r. Write the exponential
e(Λ+λI)x as a series to obtain

eΛxhk = e−λx(hk − xhk−1 + . . .+
1
k!
(−x)kh0),

where k ≤ r. Letting h = hk in Lemma 4.12 we get

f(j, x) = e�j Πe
Λ(a−x)hk = e�j

k∑
i=0

1
i!
(x− a)ieλ(x−a)vk−i.

From Ejf(J(ta), X(ta)) = f(j, 0) we obtain

k∑
i=0

1
i!

E[(X(ta)− a)ieλ(X(ta)−a);J(ta)]vk−i =
k∑

i=0

1
i!
(−a)ie−λavk−i.

Multiply this equation by ar−k/(r − k)! and sum over k = 0, . . . , r to obtain
r∑

i=0

1
i!

E[Xi(ta)eλX(ta);J(ta)]vr−i = vr, (4.6)

see Lemma A.20. Observe that eαX(ta) ≤ eαX(t)+ eαa ≤ eαX(t)+1 for any α < 0.
Let a→∞ and use the dominated convergence theorem with Lemma A.18 to see
that (4.6) holds with ta replaced by t. This in turn implies that

r∑
i=0

1
i!
∂ieF (λ)t

∂iλ
vr−i = vr.

Differentiate at t = 0 and exchange the order of differentiation (which is possible
according to Clairaut’s theorem in calculus) to finish the proof.

Proof of Theorem 4.7. Combine the results of Lemma 4.11 and Lemma 4.13.
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4.3 The matrix integral equation

Let (X,J) be a MAP, where the associated transition rate matrixQ is allowed to be
transient. It is known that the matrices Π and Λ characterizing the corresponding
first passage process solve a certain matrix integral equation. Moreover, this pair
is a unique solution in a certain domain. Under various specific assumptions,
this equation appears in e.g. Asmussen [1995], Breuer [2008], Dieker and Mandjes
[2009], Miyazawa [2009], Pistorius [2006], Prabhu and Zhu [1989], Rogers [1994].
LetM+ be a set of matrices in R

N+×N+ with all the eigenvalues in C
Re>0. In

addition, let M0 be a set of matrices in R
N+×N+ with a simple eigenvalue at 0

and all others in C
Re>0. Define M =M+ if the MAP (X, J) is killed or κ < 0,

andM =M0 otherwise. Moreover, we denote through P the set of N ×N+ real
matrices P satisfying P+ = I. Clearly, −Λ ∈M and Π ∈ P.
For any choice ofM ∈M and P ∈ P we write F (P,M) to denote the following

N ×N+ matrix

F (P,M) =ΔaPM +
1
2
Δ2

σPM
2 +

∫ 0

−∞
Δν(dx)P

(
eMx − I−Mx1{x>−1}

)

+
∫ 0

−∞
Q ◦G(dx)PeMx, (4.7)

where (ai, σi, νi(dx)) are the Lévy triplets corresponding to the Lévy processes Xi,
see (2.1), and Gij(dx) is the distribution of Uij . In other words, if we forget for a
while that P andM are matrices and substitute P = 1 andM = α, we get exactly
F (α).
Let us comment on the integrals appearing in (4.7), see also Appendix A.3.

These integrals converge absolutely for the above choice of M . It is enough to
show that

∫ 0

−∞
‖eMx − I−Mx1{x>−1}‖∞νi(dx) <∞,

∫ 0

−∞
‖eMx‖∞Gij(dx) <∞

for all i, j. In fact, it is sufficient to show the above with M replaced by its Jordan
matrix Γ. Use Identity (A.1) to compute the elements of eΓx− I−Γx1{x>−1} and
eΓx. Observe that it is only left to establish absolute convergence of

∫ 0

−∞
[∂k(eλx − 1− λx1{x>−1})/∂kλ]νi(dx),

∫ 0

−∞
xkeλxGij(dx),

where λ is any eigenvalue of M and k does not exceed its multiplicity. Use
Lemma A.18, Lemma A.19, and

∫ 0
−∞(1 ∧ x2)νi(dx) <∞ to conclude.
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Theorem 4.14. It holds that F (Π,−Λ) = O. Moreover, (Π,−Λ) is the only such
pair in P ×M.

Proof. Consider a Jordan decomposition (H,Γ) ofM ∈M, that is, M = HΓH−1,
and define V = PH. For an entire function f , see Appendix A.3, we have that
Pf(M) = PHf(Γ)H−1 = V f(Γ)H−1. Pick an arbitrary n ∈ {1, . . . , N+} and
consider the n-th column of Γ. Suppose this column corresponds to the k-th
column in some Jordan block with eigenvalue λ. Then according to (A.1) the n-th
column of V f(Γ) is

k−1∑
i=0

1
i!
f (i)(λ)vn−i.

Hence the n-th column of F (P,M)H is given by

k−1∑
i=0

1
i!

[
Δa

∂iλ

∂iλ
+
1
2
Δ2

σ

∂iλ2

∂iλ
+

∫ 0

−∞

∂i(eλx − 1− λx1{x>−1})
∂iλ

Δν(dx)

+Q ◦
∫ 0

−∞

∂ieλx

∂iλ
G(dx)

]
vn−i =

k−1∑
i=0

1
i!
F (i)(λ)vn−i,

where the last equality holds, because the differentiation operators can be taken
outside of the integral signs for any λ ∈ C

Re>0. If λ = 0 then k = 1, and hence
there is no differentiation. So F (P,M) = O if and only if (V,Γ) is composed from
Jordan pairs of F (α). Theorem 4.7 shows that F (Π,−Λ) = O, and Corollary 4.9
establishes uniqueness.

Observe that if N+ = N then P = I, so that P ‘disappears’ from the matrix
integral equation. In the case of a Markov-modulated Brownian motion (MMBM)
we obtain a result of Rogers [1994] and Asmussen [1995].

Corollary 4.15. If (X, J) is an MMBM then (Π,−Λ) is the unique pair (P,M) ∈
P ×M such that

1
2
Δ2

σPM
2 +ΔaPM +QP = O.

4.4 Alternative approaches: the analytic method

Consider the main result of this chapter, namely Theorem 4.7, which relates the
Jordan pairs of F (α) and αI+Λ. This result can be equivalently stated in terms of a
matrix integral equation, see Theorem 4.14 and its proof. Moreover, the statement
that (Π,−Λ) is a solution is equivalent to Lemma 4.13, whereas uniqueness is
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equivalent to Lemma 4.11. Hence an alternative approach would be to attack the
matrix integral equation right away.

A proof of the fact that (Π,−Λ) is a solution of the matrix integral equation
can be found in Breuer [2008], where the author applies the infinitesimal generator
of (X, J) to the function f(x, j) = E[eατx ;J(τx) = j]. It should also be mentioned
that an early work Prabhu and Zhu [1989], see also Prabhu [1998, Ch. 7], considers
the matrix integral equation for a Markov-modulated compound Poisson process.
The theory of infinitesimal generators plays a key role in these works. Finally, a
method based on discretization and Wiener-Hopf factorization for Lévy processes
can be found in Dieker and Mandjes [2009].

In the rest of this section we consider the generalized C-L equation, and prove
that it has a certain number of zeros in C

Re>0, see Theorem 4.8. This proof
entirely relies on analytic arguments. This result then can be used with either
Lemma 4.11 or Lemma 4.13 to establish a one-to-one relation between the zeros
of det(F (α)) and the eigenvalues of −Λ in C

Re>0, resulting in an alternative proof
of Theorem 4.7.

In the following we prove Theorem 4.8(i), where Q is assumed to be transient,
from first principles using analytic arguments. This proof is based on Ivanovs et al.
[2010]. Importantly, Theorem 4.8(ii) follows from Theorem 4.8(i) by a limiting
argument, which we sketch in the next paragraph.

Note that Theorem 4.8(i), and either Lemma 4.11 or Lemma 4.13, show that
there is a one-to-one relation between the zeros of det(F (α)) in C

Re>0 and the
eigenvalues of −Λ. Assume that Q is recurrent. Consider a sequence (Q − q/nI)
of transient matrices. We use Fn(α) and Λn to denote matrices F (α) and Λ cor-
responding to (Q− q/nI). It is easy to see from (2.9) that eΛn → eΛ. This further
implies Λn → Λ, see Proposition A.11. Hence the eigenvalues of Λn converge to
the eigenvalues of Λ (preserving multiplicities) as n → ∞. All the eigenvalues of
Λ are in C

Re>0 except a simple one at 0 if κ ≥ 0. But F (α) is analytic in C
Re>0,

which allows to use Hurwitz’s theorem, see Appendix A.5, to extend the one-to-one
relation between zeros and eigenvalues to the recurrent case.

It is noted that one can also try to approach the recurrent case stated in
Theorem 4.8(ii) using analytic arguments. This case, however, presents many
additional difficulties, see Ivanovs et al. [2010]. In this work we had to exclude the
case when κ ∈ {0,−∞}.
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Basic idea

The main ingredient of the proof is given by the following lemma, which relies on
the argument principle, see Appendix A.5. Let D ⊂ C be a bounded domain with
boundary γ, which is a simple closed curve.

Lemma 4.16. Let M : D �→ C
N×N be a matrix-valued function and f(z) :=

det(M(z)). Assume that

A1 all mij(z) are analytic on D and continuous on D ∪ γ,

A2 ∀i and ∀z ∈ γ : |mii(z)| ≥
∑

j 	=i |mij(z)| �= 0,

A3 f(z) �= 0 for z ∈ γ.
Then f(z) and

∏N
i=1mii(z) have the same number of zeros in D.

The main idea of the proof is taken from Gail et al. [1992], where the authors
use the following procedure. First they introduce an additional parameter t; the
original function is retrieved by taking t = 1. For t = 0, however, the function has
a nice form (that is, it nicely factorizes) making the analysis of the number of zeros
easy. Then essentially continuity arguments are used to conclude that the number
of zeros, as a function of the new parameter t, is constant. This basic idea used in
a related context can be also found in Boudreau et al. [1962] and Sonneveld [2004].

Proof of Lemma 4.16. Define f(z, t) := det(Mt(z)) for t ∈ [0, 1], where Mt(z) is a
N ×N matrix obtained from M(z) by multiplying the off-diagonal elements by t.
Note that f(z, 0) =

∏N
i=1mii(z) and f(z, 1) = f(z). Moreover, f(z, t) �= 0 for all

z ∈ γ. To see this use assumption A3 when t = 1 and A2 when t < 1. In the
second caseMt(z), z ∈ γ is strictly diagonally dominant and thus non-singular, see
Appendix A.1. Since f(z, t) is a continuous function on D× [0, 1], one can choose
δ > 0, such that f(z, t) �= 0 on Eδ× [0, 1], where Eδ := {z ∈ D : y ∈ γ, |z− y| < δ}
is a boundary strip of D. This is true, because otherwise there exists a converging
sequence of the zeros with a limit (z∗, t∗), such that z∗ ∈ γ and f(z∗, t∗) = 0.
Let nt denote the number of zeros (counting multiplicities) of the function

ft(z) := f(z, t) in D. Take some simple closed curve γ′ ⊂ Eδ (which is possible)
and write using the argument principle

nt =
1
2πi

∮
γ′

f ′t(z)
ft(z)

dz.

Note that nt is integer-valued and continuous, because f ′t(z)/ft(z) is continuous
in t uniformly in z ∈ γ′. This means that nt is constant.
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Properties of the Laplace exponent of a Lévy process

Next we present two technical lemmas concerning the Laplace exponent ψ(α) of a
Lévy process without positive jumps.

Lemma 4.17. It holds that |ψ(α)| → ∞ as |α| → ∞ through C
Re≥0 unless X is

a pure jump process, that is, ψ(α) =
∫ 0
−∞(e

αx − 1)ν(dx).

Proof. Let us start by proving that

lim
|α|→∞,α∈CRe≥0

ψ(α)
α2

=
1
2
σ2. (4.8)

This limit follows immediately from Representation (2.1) if we can show that∫ 0
−1(e

αx−1−αx)ν(dx)/α2 → 0. The latter is true, because the dominated conver-
gence theorem applies, see Lemma A.19. Thus the proof of the lemma is complete
if σ > 0. Assume that σ = 0 and

∫ 0
−∞(1 ∧ |x|)ν(dx) < ∞. Consider Representa-

tion (2.2) and follow the same steps as above to show that ψ(α)/α→ d.
It is only left to consider the case when

∫ 0
−∞(1 ∧ |x|)ν(dx) = ∞ and σ = 0.

Note that | ∫ −1−∞(eαx − 1)ν(dx)| is bounded for all α ∈ C
Re≥0 and hence we can

assume without loss of generality that

ψ(α) = aα+
∫ 0

−1
(eαx − 1− αx)ν(dx).

The rest of the proof will be split in two steps.
Step 1. We show that Im(ψ(u+ iv))/v → ∞ as |v| → ∞ uniformly in u ≥ 0.

Note that

Im(ψ(u+ iv)) = av +
∫ 0

−1
(eux sin(vx)− vx)ν(dx)

is an odd function in v, thus it is enough to consider the case when v > 0. Note
also that y − sin(y) ≥ 0 for y ≥ 0, and so eux sin(vx)− vx ≥ 0 for x < 0. Thus we
have for any ε > 0

Im(ψ(u+ iv))
v

≥ a+
∫ ε

−1

(
eux sin(vx)− vx

v

)
ν(dx)

≥ a+
∫ ε

−1
(−x)ν(dx)−

∫ ε

−1

1
v
ν(dx)→ a+

∫ ε

−1
(−x)ν(dx) as v →∞.

Recall that
∫ 0
−1(−x)ν(dx) =∞ to complete the proof of the first step.

Step 2. We show that given any constants C > 0 and Cv > 0 one can choose
a large Cu > 0, so that Re(ψ(u+ iv)) > C for all u and v such that |v| ≤ Cv and
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u > Cu. Observe that the process under consideration cannot have non-increasing
paths a.s., hence ψ(u)→∞ as u→∞, see Section 2.1. Next note that

∂Re(ψ(u+ iv))
∂v

= −
∫ 0

−1
xeux sin(vx)ν(dx),

because differentiation can be done under the integral sign according to Proposi-
tion A.15. But

∣∣∣∣
∫ 0

−1
xeux sin(vx)ν(dx)

∣∣∣∣ ≤ Cv

∫ 0

−1
x2ν(dx) <∞

for |v| ≤ Cv. So it is enough to choose Cu such that ψ(u) > C + C2
v

∫ 0
−1 x

2ν(dx)
for all u > Cu.
Now pick any C > 0. The result of Step 1 implies that there exists a large

enough Cv > 0, so that |Im(ψ(u + iv))| > C for all u ≥ 0 and all v satisfying
|v| > Cv. Combining this with the result of Step 2, we see that there exists Cu > 0,
such that |ψ(α)| > C when α ∈ C

Re≥0 and |α| > Cu + Cv, which completes the
proof.

Lemma 4.18. For a fixed q > 0 the equation ψ(α) = q has no solution in
C
Re≥0\R.

Proof. Let u ≥ 0, v �= 0 and assume that ψ(u+ iv) = q, then

au+
1
2
σ2(u2 − v2) +

∫ 0

−∞
(eux cos(vx)− 1− ux1{x>−1})ν(dx) = q,

av + σ2uv +
∫ 0

−∞
(eux sin(vx)− vx1{x>−1})ν(dx) = 0.

Divide the second equation by v, multiply it by u and subtract it from the first
equality to obtain

1
2
σ2(−u2 − v2) +

∫ 0

−∞

(
−u
v
eux sin(vx)− 1 + eux cos(vx)

)
ν(dx) > 0.

This is impossible, because

q

r
e−q sin r − 1 + e−q cos r ≤ 0 for q ≥ 0, r �= 0,

which follows from sin r/r ≤ 1 and eq − 1 ≥ q.
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Completing the proof

Proof of Theorem 4.8(i). Define a bounded domain

DR = {α ∈ C
Re>0 : |α| < R}

for all R > 0. Let us first show that there exists R > 0 large enough, so that
F (α) is irreducibly diagonally dominant in C

Re≥0\DR. Observe that for α ∈
C
Re≥0 the matrix F (α) is irreducible. Moreover, its (i, j)-th off-diagonal element
is bounded in absolute value by qij . Recall that Q is transient, hence it is enough
to establish that |qii + ψi(α)| ≥ |qii|. This inequality is satisfied if |ψ(α)| is large,
or if Re(ψi(α)) ≤ 0, because qii < 0. Note that

eRe(ψi(ir)) = |eψi(ir)| = |EeirXi(1)| ≤ 1

for any i and r ∈ R. Hence Re(ψi(α)) ≤ 0 for all α on the imaginary axis.
Moreover, if ψi(α) =

∫ 0
−∞(e

αx − 1)ν(dx) then Re(ψi(α)) ≤ 0 for all α ∈ C
Re≥0.

Finally, use Lemma 4.17 to see that there exists R > 0 as claimed above.
An irreducibly diagonal matrix is non-singular, see Appendix A.1. Hence for R

large enough det(F (α)) has no zeros in C
Re≥0\DR. Moreover, DR and F (α) satisfy

the assumptions of Lemma 4.16. Thus it remains to show that
∏
(ψi(α) + qii) has

N+ zeros in C
Re>0. Lemma 4.18 shows that we only need to consider α > 0. If Xi

has non-increasing paths a.s. then ψi(α) < 0, otherwise ψi(α) + qii has one simple
zero by convexity, see Section 2.1.

4.5 Applications via martingale calculations

The results presented in this chapter are not only about identification of the ma-
trices Λ and Π characterizing the first passage of a MAP. We prefer to see our
contribution rather as the development of a new technique: the theory of analytic
matrix functions, combined with the special structure of the Jordan pairs of F (α),
and their relation to the matrices Λ and Π, enables the derivation of a set of fur-
ther identities. In the next section we demonstrate this technique with a simple
example. More specifically, we compute the transform of the stationary workload
in a Markov-modulated queue. This result can be seen as a generalization of the
famous Pollaczek-Khintchine formula to the MAP setting. Further examples of
the applicability of our technique can be found in Chapter 5.
Our technique roughly consists of the following steps.

• use a martingale argument to arrive at an initial equation involving the
unknown quantities and F (α);
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• use the properties of Jordan chains such as stated in Proposition 4.5, Equa-
tion (A.1), and Corollary 4.6, to rewrite the initial equation in terms of a
spectral pair (V,Γ);

• use the special structure of (V,Γ), such as invertibility of V+, to simplify the
equation;

• rewrite the equation in terms of matrices Λ and Π using Corollary 4.9 to
gain some probabilistic insight and claim uniqueness of the solution.

It is noted that this approach can be seen as an extension of the ideas known
as ‘martingale calculations for MAPs’, see Asmussen [2003, Ch. XI, 4a], to its
final and general form. It is important that no assumptions about the number and
simplicity of the eigenvalues are needed. For some problems certain eigenvalues are
inherently non-simple. An example of such a problem is discussed in Chapter 5,
where a Markov-modulated Brownian motion (MMBM) is considered. In the case
of MMBM, one works with a full spectral pair instead of a right spectral pair. In
this setting Corollary 5.7 is essential to prove uniqueness of the solution.

4.6 Queues and extremum processes

In this section we compute the transform of the stationary workload in a Markov-
modulated queue. Moreover, we obtain the transform of the workload at an ex-
ponential epoch, which then leads to the transforms of extremes of X considered
up to this epoch. Let (Y, J) be a MAP without negative jumps. Consider the
one-sided reflection of Y at 0 as defined in Section 2.8. Recall that the reflected
process R has the form R(t) = Y (t) + L(t), where the regulator L is given by
L(t) = −(Y (t)∧0). The aim of this section is to characterize the stationary distri-
bution of (R(t), J(t)) when it exists. It is noted that the case of no positive jumps
is rather simple, see Corollary 2.23.
It is convenient to define the process X(t) = −Y (t), because then (X, J) is a

MAP without positive jumps. As from now we forget about the process Y and
work exclusively withX, whose matrix exponent is denoted as usual through F (α).
Throughout this section it is assumed that Q is recurrent (the case of no killing).
In this context Λ is to be understood as Λ(0). Firstly, we have R(t) = −X(t)+L(t),
where L(t) = X(t) ∨ 0. Assume that the asymptotic drift of X is positive, that
is κ > 0. Repeating the arguments of Theorem 2.22, we see that the process
(R(t), J(t)) has a stationary version. The corresponding distribution coincides
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with the distribution of (−X̂(∞), Ĵ(0)). As before we let a random pair (R∗, J∗)
have this distribution as well.
Observe that −R(t) is bounded from above and −L(t) is continuous. Moreover,

EX(∞) <∞, because X(∞) is of phase type. Hence −L(t) has a finite expected
variation on compact intervals. So according to Corollary 2.11 M(t) given by
∫ t

0

e−αR(s)e�J(s)dsF (α) + e−αR(0)e�J(0) − e−αR(t)e�J(t) − α
∫ t

0

e−αR(s)e�J(s)dL(s)

is a martingale for any initial distribution of (X, J) and all α ∈ C
Re≥0. Let

(X(0), J(0)) be distributed as (R∗, J∗). Then from EM(1) =M(0) = 0� we get

E[e−αR∗
;J∗]F (α) = αE

∫ 1

0

e�J(s)dL(s) = α�.

There is no e−αR(s) under the integral sign, because the points of increase of L(t)
are contained in {t : R(t) = 0}. It is only left to determine the vector of non-
negative constants �, which we will do using the technique outlined above.
Before we start let us note that li = 0 for all i ∈ E↓. Moreover, �1 = EL(t)/t

for any t > 0. But R(t)/t → 0 and X(t)/t → κ a.s. as t → ∞, see Lemma 2.14,
hence L(t)/t→ κ and then �1 = κ.
Let (Vλ,Γλ) be a Jordan pair of F (α) corresponding to some eigenvalue λ ∈

C
Re>0 then �VλΓλ = 0 according to Corollary 4.6. This implies �Vλ = 0, which can
be also derived directly from Proposition 4.5. Hence for a right spectral pair (V,Γ)
of F (α), see Definition 4.10, it holds that �V = κe�1 and so �+ = κe�1 (V+)

−1. But
e�1 (V+)

−1 = πΛ, the stationary distribution corresponding to Λ. To see this it is
enough to check that e�1 (V+)

−1Λ = 0, which is indeed true in view of Corollary 4.9.
This results in the following proposition.

Proposition 4.19. Let R(t) ≥ 0 be a reflection of −X(t) at 0. If κ > 0, then the
process (R(t), J(t)) has a stationary version. A random pair (R∗, J∗) having this
stationary distribution satisfies

E[e−αR∗
;J∗]F (α) = α�

for all α ∈ C
Re≥0, where �↓ = 0 and �+ = κπΛ = κe�1 (V+)

−1.

Using the above outlined technique we essentially showed that

�i = E

∫ 1

0

1{J(s)=i}dL(s) = κ(πΛ)i, where i ∈ E+.

This is a very simple relation which should have a direct probabilistic proof. This
is indeed the case. First, observe that �i = limt→∞ 1

t

∫ t

0
1{J(s)=i}dL(s). Note that
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dL(t) coincides with dX(t) for large t, that is, for t ≥ inf{t ≥ 0 : R(t) = 0}. So �i
represents (up to a common scaling factor κ) the long run proportion of time J(τx)
spends in state i, which is exactly (πΛ)i. More precisely, the change of variable
x = X(s) leads to

1
t

∫ t

0

1{J(s)=i}dX(s) =
X(t)
t

∫ X(t)

0

1{J(τx)=i}dx/X(t).

But X(t)/t→ κ, which completes the proof.
Finally, it is important to observe that the transform of (R(t), X(t), J(t)) at

an independent exponentially distributed time eq can be obtained along the same
lines as Proposition 4.19.

Proposition 4.20. Let R be the reflection of −X at 0, where R(0) = −X(0) =
w0 ≥ 0. Then for q > 0 and α, β ≥ 0 it holds that

−1
q

E[e−αR(eq)−βL(eq);J(eq)](F (α)− qI)

= e−αr0I+ (α+ β)[Π(q)eΛ(q)r0(Λ(q)− βI)−1,O].

Proof. First observe that −αR−βL = αX− (α+β)L. Apply Corollary 2.11 with
Z(t) = αX(t) − (α + β)L(t). For this, note that (αX, J) is a MAP; its matrix
exponent at 1 is given by F (α). In addition, EL(eq) < ∞, because X(eq) is of
phase-type. So M(t∧ eq) is a martingale. Note that E

∫ eq

0
e−αR(s)−βL(s)e�J(s)ds =

E[e−αR(eq)−βL(eq);J(eq)]/q. Apply Doob’s optional stopping theorem at t∧eq and
let t→∞ to obtain

1
q

E[e−αR(eq)−βL(eq);J(eq)](F (α)− qI)

= (α+ β)E
∫ eq

0

e−αR(s)−βL(s)e�J(s)dL(s)− e−αr0I.

It is left to identify the matrix E
∫ eq

0
e−βL(s)e�J(s)dL(s). This can be done either

using the approach based on the theory of generalized Jordan chains, or the prob-
abilistic argument. The latter written in a succinct form reads

E

∫ eq

0

e−βL(s)e�J(s)dL(s) = Π(q)eΛ(q)r0E+

∫ ∞

0

e−qse−βX(s)e�J(s)dX(s)

= Π(q)eΛ(q)r0

∫ ∞

0

e−βy
E+[e−qτ+

y ;J(τ+y )]dy = −Π(q)eΛ(q)r0(Λ(q)− βI)−1,

where we restrict J(s), s > 0 under the integral signs to the indices in E+. The
restriction of E

∫ eq

0
e−βL(s)e�J(s)dL(s) to the columns in E↓ is the zero matrix.
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The following corollary identifies the transforms of the infimum and the supre-
mum of X, see also Kyprianou and Palmowski [2008, Thm. 4]. Another represen-
tation of this transform is given in Dieker and Mandjes [2009, Thm. 3.2].

Corollary 4.21. For q > 0 and α, β ≥ 0 it holds that

− 1
q

E[eαX(eq)−(α+β)X(eq);J(eq)](F (α)− qI) = I+ (α+ β)[Π(q)(Λ(q)− βI)−1,O],

− 1
q
(F (α)− qI)E[e(α+β)X(eq)−βX(eq);J(eq)]

= I+ (α+ β)Δ−1π [Π̂(q)(Λ̂(q)− βI)−1,O]�Δπ.

Proof. The first equation is a direct consequence of Proposition 4.20 with r0 = 0.
Using (2.7) this can be rewritten as

−1
q
(F̂ (α)− qI)Δ−1π E[eαX(eq)−(α+β)X(eq);J(eq)]�Δπ

= I+ (α+ β)Δ−1π [Π(q)(Λ(q)− βI)−1,O]�Δπ.

Finally, a time reversal argument as in the proof of Theorem 2.22 shows that
(X(eq), X(eq), J(0), J(eq)) has the distribution of the following random vector
(X(eq)−X(eq), X(eq), J(eq), J(0)) under P̂.

Remark 4.22. It is important to note that the identities of Corollary 4.21 hold
true for a wider set of (α, β). Observe that the eigenvalues of Λ(q) and Λ̂(q)
coincide, because so do the zeros of det(F (α)−qI) and det(F̂ (α)−qI). In particular,
the Perron-Frobenius eigenvalues coincide; they are denoted through ρ(q) < 0. The
identities of Corollary 4.21 are valid for all α ≥ 0 and β > ρ(q). To see this, use
analyticity and Proposition A.17.


