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Chapter 5
Markov-modulated Brownian
motion (MMBM) in a strip

MAPs with a.s. continuous sample paths form an important special case of spec-
trally negative MAPs. Let (X,J) be such a MAP. Then every Uij = 0 and every
Xi is a Brownian motion with parameters (ai, σ

2
i ). It is noted that σi is allowed

to be 0, that is, Xi can be a deterministic drift. We call such a process Markov-
modulated Brownian motion or MMBM for short. This section is devoted to the
study of MMBM reflected to stay in a strip [0, B], see Section 2.8.

The present model is also called in the literature a second-order fluid model
or a fluid model with Brownian noise. It was introduced as a generalization of
an extensively studied fluid flow model, where it is assumed that all the variance
parameters are 0, making the process piecewise linear. Fluid models were initially
proposed for manufacturing and telecommunication systems, where units of work
(products or packets) are processed so fast that they can be modelled as fluid
instead of discrete units. Since then the use of fluid models has become widespread,
making it a classical model in applied probability with a variety of application
areas, like the theory of queues and dams, risk processes and insurance, biology
problems, etc. The literature on this topic is extensive; we only mention the
seminal papers by Kosten [1974/75], Anick et al. [1982], a survey by Kulkarni
[1997], and a more recent paper by Ahn et al. [2007] with an extensive list of
references.

Second-order fluid models were simultaneously introduced in Asmussen [1995],
Karandikar and Kulkarni [1995], and Rogers [1994]. The paper by Rogers [1994]
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5. MMBM IN A STRIP 51

can be considered as one of the most influential papers, not just in the theory of
fluid models, but in the much more general theory of fluctuations of MAPs. In that
paper the stationary distribution of a reflected MMBM is derived for both a single
barrier and two barriers assuming that either all the variance parameters are zero
or all are positive, see the comments in Section 5.5. The case of a single barrier, see
also Asmussen [1995] and Karandikar and Kulkarni [1995], is a special case of the
latter problem with B = ∞. In this case the analysis can be extended to MAPs
with one-sided jumps, see Section 2.8 and Section 4.5. An important reference
in this context is Prabhu and Zhu [1989], where the stationary distribution of an
infinite buffer Markov-modulated M/G/1 queue is obtained.

Fluid models play a prominent role in applied probability. The importance
comes from the fact that they are flexible enough to model a variety of different
phenomena, and at the same time the analysis often remains tractable. Recall that
phase-type jumps can be easily incorporated in the model, see also Section 2.7.
This shows the importance of an MMBM, where some variance parameters are
allowed to be 0. This case is often omitted in the literature, as in Rogers [1994].

This chapter is organized in the following way. First, we present some fun-
damental preliminary results concerning MMBM. Then we find the transform of
the stationary distribution of a MMBM reflected to stay in a strip. A central
role here is played by the loss vectors, which are determined using our technique
outlined in Section 4.5. Next, we solve the two-sided exit problem; see also Jiang
and Pistorius [2008] for an alternative approach. The stationary distribution of
an MMBM in a strip turns out to have an explicit form. We provide an easy to
understand argument based on time reversal leading to this result. Finally, we
discuss alternative approaches to this problem and show how they relate to each
other.

5.1 Preliminaries

Start by observing that the matrix exponent F (α) of an MMBM (X, J) is of a
particularly simple form:

F (α) =
1
2
Δ2

σα2 +Δaα+Q.

Thus the asymptotic drift is κ = πa, see (2.6). Importantly, both (X, J) and
(−X, J) are MAPs without positive jumps; the matrix exponent of the latter
is F (−α). Hence the first passage theory presented in this thesis can be applied
to both processes. We denote the corresponding first passage processes by τ+x and
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τ−x respectively. Consistently with Section 2.6, the transition rate matrix of J(τ±x )
is denoted through Λ±, and the matrix with initial distributions through Π±. Let
E− and E↑ be the analogues of E+ and E↓ corresponding to the process (−X, J).
That is,

E+ = {j ∈ E : σj > 0 or aj > 0}, E↓ = {j ∈ E : σj = 0 and aj ≤ 0},
E− = {j ∈ E : σj > 0 or aj < 0}, E↑ = {j ∈ E : σj = 0 and aj ≥ 0}.

We let N− and N↑ be the cardinalities of E− and E↑. So, for example, Λ− is a
N−×N− matrix. Throughout this section it is assumed that X is not a monotone
process, that is, N+ > 0 and N− > 0.

In the case of MMBM the matrix exponent F (α) is a second order matrix
polynomial. So it is an analytic matrix function on the whole of C. This section is
devoted to the study of the eigenvalues of F (α) in C and the corresponding Jordan
pairs, see Section 4.1 for general definitions. Most of the results of this section will
follow immediately from Section 4.2.

Recall that there is a one-to-one relationship between the Jordan pairs of F (α)
and Λ++αI

+ in C
Re>0, see Theorem 4.7. It then follows that the same relationship

holds between the Jordan pairs of F (α) and Λ−−αI
− in C

Re<0. Next we consider
Corollary 4.9. Let (V +,Γ+) be formed from the Jordan pairs of F (α), α ∈ C

Re>0

and in addition (1, 0) (as the first component) if κ ≥ 0. Similarly, let (V −,Γ−) be
formed from the Jordan pairs of F (α), α ∈ C

Re<0 and in addition (1, 0) (as the
first component) if κ ≤ 0. It is assumed that π is not defined if Q is transient.
Then it holds that

Λ+ = −V +
+ Γ

+(V +
+ )

−1 Π+ = V +(V +
+ )

−1

Λ− = V −− Γ
−(V −− )

−1 Π− = V −(V −− )
−1,

(5.1)

where the second line is true because a Jordan pair (V,Γ) of Λ− − αI
− solves

Λ−V − V Γ = O
− according to (4.3), so that it is a classical Jordan pair of Λ−.

Observe that det(F (α)) is a polynomial of degree N++N−. If the matrix Q is
transient then det(F (α)) has N+ zeros in C

Re>0 and N− zeros in C
Re<0. Hence

none of the zeros lies on the imaginary axis. If Q is recurrent then these numbers
are N+−1{κ≥0} and N−−1{κ≤0}. Hence if κ �= 0 then there is a single zero on the
imaginary axis at 0. Finally, in the 0-drift case κ = 0 there is again a unique zero
on the imaginary axis at 0. Its multiplicity, however, is 2. To see this, consider the
zeros of det(F (α)− qI) and let q ↓ 0. These zeros correspond to the eigenvalues of
−Λ+(q) and Λ−(q), and hence exactly 2 of them converge to 0. Finally, the null
space of F (0) = Q is spanned by the single vector 1. This implies that there exists
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a vector h such that

F (0)h+ F ′(0)1 = Qh+Δa1 = 0, (5.2)

according to (4.1). Then (1, h) is a Jordan chain corresponding to the null eigen-
value. So if Q is recurrent we can pick a Jordan pair (V0,Γ0) corresponding to the
eigenvalue 0 of the form:

V0 = 1,Γ0 = 0 if κ �= 0,

V0 = (1, h),Γ0 =

(
0 1
0 0

)
if κ = 0. (5.3)

The Jordan chain (1, h) will play an important role in the analysis of the 0-drift
case in the rest of this chapter. Let us present a simple lemma concerning this
chain.

Lemma 5.1. If κ = 0 and (1, h) is a Jordan chain of F (α) corresponding to the
null eigenvalue, then

π(
1
2
Δ2

σ1+Δah) �= 0.

Proof. Assume that π( 12Δ
2
σ1+Δah) = 0. Then the vector in brackets should be

in the column space of Q, because Q has rank N − 1 and πQ = 0. Hence there
exists a vector v such that

1
2
Δ2

σ 1+Δa h+Qv = 0.

So (1, h, v) is a Jordan chain of F (α) corresponding to the null eigenvalue. This
implies then that 0 is a zero of det(F (α)) of multiplicity at least 3, see Gohberg
et al. [1982, Theorem 7.1]. We have arrived at a contradiction.

We conclude this discussion with a definition.

Definition 5.2. A pair of matrices (V,Γ) is called a spectral pair if it is composed
of Jordan pairs (Vλ,Γλ) of F (α): V = [Vλ],Γ = diag(Γλ), where λ runs over all
eigenvalues of F (α) in C. If 0 is an eigenvalue then it is in addition assumed that
(V0,Γ0), as defined in (5.3), is used as the first element in constructing (V,Γ).

Observe that Γ is a square (N+ + N−)-dimensional matrix and V is a N ×
(N+ +N−) matrix.
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5.2 Transform of the stationary distribution and
the loss vectors

Consider the two-sided reflection R(t) of X(t) with respect to the strip [0, B],
where B ∈ (0,∞], as defined in Section 2.8. Recall that R(t) has the representation
R(t) = X(t)+L(t)−U(t), where L and U are the regulators at respectively lower
and upper barriers, that is, 0 and B. It is well-known that the process (R(t), J(t))
has a stationary version (independent of the sign of the asymptotic drift of X).
This is a consequence of the fact that the state space of the Markov process (R, J)
is compact. Moreover, it is a regenerative process, which implies uniqueness of
the stationary distribution. These facts as well as the material presented in this
section up to Theorem 5.3 are taken from Asmussen and Kella [2000]. Theorem 5.3
resolves an open problem left in that paper. As usual, a random pair (R∗, J∗) refers
to the stationary distribution of (R(t), J(t)).

Let us show that

M(t) =
∫ t

0

eαR(s)e�J(s)dsF (α) + eαR(0)e�J(0) − eαR(t)e�J(t)

+ α

∫ t

0

e�J(s)dL(s)− αeαB

∫ t

0

e�J(s)dU(s)

is a martingale for any α ∈ C and any initial distribution of (X, J). This is a
consequence of Corollary 2.11 with Y (t) = L(t)−U(t) and the fact that the points
of increase of L and U are contained in {t ≥ 0 : R(t) = 0} and {t ≥ 0 : R(t) =
B} respectively. It is only required to show that EL(t) < ∞ (and hence also
EU(t) < ∞ by considering the process (−X, J)), which can be reduced to the
same problem for a Brownian motion instead of MMBM. But the latter fact is
well-known, see Harrison [1985]. Finally, the result is true for α ∈ C

Re<0, because
(−X, J) is an MMBM with matrix exponent F (−α).

Assume that the process (X, J) is started with (R∗, J∗) to obtain

E[eαR∗ ;J∗]F (α) = −α�+ αeαBu, (5.4)

where � = E
∫ 1
0

e�J(s)dL(s) and u = E
∫ 1
0

e�J(s)dU(s). Observe that u and � can
be interpreted as the expected overflow and unused capacity in a unit of time in
stationarity. We refer to them as to the loss vectors. Note that u↓ = 0 and �↑ = 0.
So it is only required to determine u+ and �−.

In this section we construct a system of linear equations, which uniquely de-
termines the loss vectors u and �. These equations are formulated in terms of an
arbitrary spectral pair (V,Γ) of F (α).
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Theorem 5.3. The vectors u+ and �− are the unique solutions to the system of
linear equations

(u+, �−)

(
V+ eB Γ

−V−

)
= (k, 0, . . . , 0), (5.5)

where
k = π

(
ΔaV0 +

1
2
Δ2

σV0Γ0

)
. (5.6)

Remark 5.4. Observe that Equation (5.6) can be rewritten as

k =

{
κ, if κ �= 0
(0, π( 12Δ

2
σ1+Δah)), if κ = 0.

(5.7)

Let us first present a result concerning k.

Lemma 5.5. It holds that (u− �)1 = κ. If κ = 0, then

Bu1+ (u− �)h = π(
1
2
Δ2

σ1+Δah). (5.8)

Proof. Differentiate Equation (5.4) at 0 and right multiply by 1 to get (u− �)1 =
πa = κ. If, however, we right multiply the result of differentiation by h, we obtain
the identity

(u− �)h = E[R∗;J∗]Qh+ P(J∗)Δah = −E[R∗;J∗]Δa1+ P(J∗)Δah,

where the second equality follows from (5.2). Differentiating Equation (5.4) twice
at 0 and multiplying by 1, we find

B u1 = E[R∗;J∗]Δa1+ P(J∗)
1
2
Δ2

σ1.

Sum up the above two equations to complete the proof.

Proof of Theorem 5.3. We split the proof into two steps. First we show that
(u+, �−) solves (5.5), and then we show that the solution is unique.
Step 1. Apply Corollary 4.6 to (5.4) to obtain

uV eBΓΓ− �V Γ = 0. (5.9)

Let Γ̂ be the matrix Γ with Jordan block Γ0 replaced with I. Suppose first that
κ �= 0. Then (V0,Γ0) = (1, 0) and so (5.9) can be rewritten as

uV eBΓΓ̂− �V Γ̂ = ((u− �)1, 0, . . . , 0).

Multiply by Γ̂−1 from the right to obtain (5.5).
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Now suppose that κ = 0. Addition of

k̂ = uV0e
BΓ0

(
1 −1
0 1

)
− �V0

(
1 −1
0 1

)

to the first two elements of the vectors appearing on both sides of (5.9), leads to

uV eBΓΓ̂− �V Γ̂ = (k̂, 0, . . . , 0).

To complete Step 1 it is enough to show that k̂ = k. A simple computation reveals
that k̂ = u(1, (B− 1)1+h)− �(1,−1+h) = (0, Bu1+ (u− �)h), where we used
that (u− �)1 = κ = 0. Use Lemma 5.5 and (5.7) to see that k̂ = k.
Step 2. Without loss of generality we assume that κ ≥ 0. Consider the pairs
(V ±,Γ±), see Section 5.1, constructed from the Jordan pairs appearing in the
spectral pair (V,Γ). It is easy to see that (u+, �−) solves (5.5) if and only if

(u+,−�−)

(
V +
+ eBΓ+

V −+ eBΓ−

V +
− V −−

)
= κe�1

and, in addition, Equation (5.8) is satisfied if κ = 0. The above display can be
rewritten as

(u+,−�−)

(
V +
+ V −+ eBΓ−

V +
− e−BΓ+

V −−

)
= κe�1

(
e−BΓ+

O

O I
−

)
= κe�1 , (5.10)

because of the form of Γ+. According to (5.1) we have

V +
− e−BΓ+

= Π+−eBΛ+
V +
+ and V −+ eBΓ− = Π−+eBΛ−V −− .

So we obtain(
V +
+ V −+ eBΓ−

V +
− e−BΓ+

V −−

)
=

(
I
+ Π−+eBΛ−

Π+−eBΛ+
I
−

)(
V +
+ O

O V −−

)
. (5.11)

Observe that Π+−eBΛ+
Π−+eBΛ− and Π−+eBΛ−Π+−eBΛ+

are irreducible transition
probability matrices. It is then not difficult to see that the first matrix on the
right hand side of (5.11), call it M , is also irreducible. If κ > 0 then M is irre-
ducibly diagonally dominant and hence non-singular, because Π−+eBΛ− is transient.
If κ = 0, then M has a simple eigenvalue at 0 by Perron-Frobenius theory. So

(u+,−�−)

(
I
+ Π−+eBΛ−

Π+−eBΛ+
I
−

)
= 0
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determines the vector (u+,−�−) up to a scalar. This scalar is then identified
using (5.8):

(u+,−�−)

(
B1+ + h+

h−

)
= π(Δah+

1
2
Δ2

σ1),

which is non-zero by Lemma 5.1.

We finish this section with two corollaries.

Corollary 5.6. It holds that

(u+,−�−)

(
I
+ Π−+eBΛ−

Π+−eBΛ+
I
−

)
= κ

⎧⎪⎨
⎪⎩

(πΛ+ ,0−), if κ > 0
(0+,0−), if κ = 0
(0+, πΛ−), if κ < 0

,

where πΛ+ is the unique stationary distribution of Λ+, which is well-defined if
κ > 0. Similarly, if κ < 0, then πΛ− denotes the stationary distribution of Λ−.

Proof. We only consider the case when κ > 0. Observe that e�1 (V
+
+ )

−1 = cπΛ+

for some constant c, because e�1 (V
+
+ )

−1Λ+ = 0 according to (5.1). Moreover,
1 = cπΛ+1+ = c, because the first column of V + is 1. The result then follows
from (5.10) and (5.11).

Corollary 5.7. For any B > 0 the matrix(
I
+ Π−+eBΛ−

Π+−eBΛ+
I
−

)

is invertible if Q is transient, or Q is recurrent and κ �= 0. If κ = 0 then it has

rank N+ + N− − 1, and the vector

(
B1+ + h+

h−

)
does not belong to its column

space.

Proof. See the end of the proof of Theorem 5.3.

5.3 Two-sided exit

The aim of this section is to characterize the exit times of X from the strip [−b, a],
where a, b ≥ 0, not simultaneously 0. In other words, we determine the following
matrices

C(a, b) = E[e−qτ+
a ; τ+a < τ−b , J(τ+a )] and D(a, b) = E[e−qτ−b ; τ−b < τ+a , J(τ−b )],
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which are of dimensions N ×N+ and N ×N− respectively.
Observe that τ+a = τ−b can only hold if they are both infinite. Use the strong

Markov property to write

C(a, b) = E[e−qτ+
a ;J(τ+a )]− E[e−qτ+

a ; τ−b < τ+a , J(τ+a )]

= E[e−qτ+
a ;J(τ+a )]−D(a, b)E[e−qτ+

a+b ;J(τ+a+b)],

where τa < ∞ is implicit in the first line. Thus we get

C(a, b) = Π+eaΛ+ −D(a, b)Π+−e(a+b)Λ+
(5.12)

D(a, b) = Π−ebΛ− − C(a, b)Π−+e(a+b)Λ− ,

where Π± and Λ± correspond to the first passage of a process killed with rate
q ≥ 0. The above display can be rewritten as

[C(a, b), D(a, b)]

(
I
+ Π−+eBΛ−

Π+−eBΛ+
I
−

)
= [Π+eaΛ+

,Π−ebΛ− ]. (5.13)

Assume Q is transient, or it is recurrent and κ �= 0, then the second matrix on the
left is invertible according to Corollary 5.7. In this case one can express C(a, b)
and D(a, b) as follows:

C(a, b) = (Π+eaΛ+
+Π−ebΛ−Π+−e(a+b)Λ+

)(I+ −Π−+e(a+b)Λ−Π+−e(a+b)Λ+
)−1

D(a, b) = (Π−ebΛ− +Π+eaΛ+
Π−+e(a+b)Λ−)(I− −Π+−e(a+b)Λ+

Π−+e(a+b)Λ−)−1.
(5.14)

If κ = 0 then the above matrix has rank N+ + N− − 1. Hence (5.13) does not
determine the matrices C(a, b) and D(a, b) uniquely. An additional equation is
required. We derive this equation using our technique based on Jordan chains of
F (α).

Application of the technique

Pick an arbitrary eigenvalue λ of F (α) − qI and a corresponding Jordan chain
v0, . . . ,vr. Following the same steps as in the proof of Lemma 4.11, but using
τ = τ+a ∧ τ−b instead of τx, we obtain

j∑
i=0

1
i!

E

[
X(τ)ieλX(τ); τ < eq, J(τ)

]
vj−i − vj = 0.

This reasoning relies on the dominated convergence theorem and the finiteness
of τ .
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The above equation can be rewritten as

C(a, b)
j∑

i=0

1
i!

aieλavj−i
+ +D(a, b)

j∑
i=0

1
i!
(−b)ie−λbvj−i

− = vj .

Letting (V,Γ) be a Jordan pair of F (α) − qI corresponding to the eigenvalue λ,
and using (A.1), we arrive at

C(a, b)V+eaΓ +D(a, b)V−e−bΓ = V. (5.15)

This equation can be immediately extended to a spectral pair of F (α)− qI, which
we again denote through (V,Γ). Finally, we rewrite it in a form similar to (5.5):

[C(a, b), D(a, b)]

(
V+e(a+b)Γ

V−

)
= V ebΓ. (5.16)

Note that (5.15) holds with (V,Γ) replaced by (V +,Γ+), which is defined in
Section 5.1. After a trivial transformation we get

C(a, b) = V +e−aΓ+
(V +
+ )

−1 −D(a, b)V +
− e−(a+b)Γ+

(V +
+ )

−1,

which is exactly the first equation in (5.12) according to Lemma 5.1. The second
equation is obtained by considering (V −,Γ−).

Observe that in the case κ = 0 the above procedure results in the loss of the
equation associated to the null Jordan chain (1, h). This equation is

C(a, b)(a1+ + h+) +D(a, b)(−b1− + h−) = h. (5.17)

Corollary 5.7 shows that (5.13) together with this equation determines the matrices
C(a, b) and D(a, b) uniquely. Here we also used the fact that 1 is in the column
space of the matrix appearing in Corollary 5.7. We thus arrive at the following
theorem.

Theorem 5.8. The matrices C(a, b) and D(a, b) are uniquely determined by Equa-
tion (5.16). Alternatively, they are uniquely determined by (5.13) unless κ = 0, in
which case Equation (5.17) should be added.

5.4 Stationary distribution revisited

Time reversion is an important technique in the study of fluctuations of MAPs.
For example, considering one-sided reflection we have shown that (R∗, J∗) has
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the same distribution as (X̂(∞), Ĵ(0)), see Theorem 2.22. This then immediately
yields that (R∗|J∗ = i) is phase type. It turns out that time reversion allows to
determine the distribution of (R∗, J∗) in the case of two-sided reflection in a rather
simple way as well. The basic relation reads

P(R∗ ≥ x|J∗ = i) = P̂i(X(τ[x−B,x)) ≥ x), (5.18)

where τ [u, v) = inf{t ≥ 0 : X(t) /∈ [u, v)} and P̂ denotes the law of the time-
reversed process. In particular, if B = ∞ the right hand side of (5.18) reduces
to P̂i(X ≥ x). This type of representation was first noted in Lindley [1959] in
the case of a random walk with two reflecting barriers. A short derivation of its
continuous-time analogue is given in Asmussen [2003, Prop. 3.7, Ch. XIV], see
also Asmussen and Pihlsgård [2007] for the case of Markov additive input.

Let us illustrate this result with two figures. Firstly, it is convenient to depict
two-sided reflection by plotting the free process X and shifting the barriers accord-
ingly. For example, when the process hits the upper barrier, it starts pushing the
reflecting strip up, see Figure 5.1. Consider the time reversal of X at some time T ,

B

Figure 5.1 Two-sided reflection.

see Figure 5.2. Assume that the time-reversed process exits [x−B, x) through x.
In this case the original process cannot shift the reflecting strip high enough (just
before T ) to make R(T ) < x. The converse is shown similarly.

In order to simplify the notation in the following, we consider P̂(R∗ ≥ x|J∗ = i),
and note that reversing time twice results in the original process. It is well-known
that an MMBM can not hit a level without passing it, so we obtain

P̂(R∗ ≥ x|J∗ = i) = Pi(τ+x < τ−B−x), where x ∈ (0, B]. (5.19)

One should treat the case x = 0 with care. Note that this identity indeed does not
hold for x = 0 and i ∈ E↓.
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x

B

Figure 5.2 Two-sided reflection and the axes corresponding to the time-reversed path.

We have reduced our problem to the two-sided exit problem, which is discussed
in depth in Section 5.3. That is, we have

P̂(R∗ ≥ x|J∗ = i) = Ci(x, B − x)1

for x ∈ (0, B], which is then determined using Theorem 5.8. In the following we
provide some explicit formulas under the assumption that κ �= 0.

Theorem 5.9. If κ �= 0 then it holds that

P̂(R∗ ≥ x|J∗)� = (Π+exΛ+ −Π−e(B−x)Λ−Π+−eBΛ+
)K+1, x ∈ (0, B],

P̂(R∗ ≤ x|J∗)� = (Π−e(B−x)Λ− −Π+exΛ+
Π−+eBΛ−)K−1, x ∈ [0, B),

where

K+ := (I+ −Π−+eBΛ−Π+−eBΛ+
)−1, K− := (I− −Π+−eBΛ+

Π−+eBΛ−)−1. (5.20)

Proof. The first equation is a consequence of (5.14). The second equation follows
by a coupling argument. Consider the two-sided reflection R̃(t) of (−X(t), J(t))
in [0, B]. Assuming X(0) = 0 and X̃(0) = B it is easy to see that

P(R(t) ≤ x|J(t)) = P(R̃(t) ≥ B − x|J(t)).
Letting t → ∞ we obtain P̂(R∗ ≤ x|J∗) = P̂(R̃∗ ≥ B − x|J∗). Note that Λ+,Π+

become Λ−,Π−, because the MMBM (−X(t), J(t)) is used to construct (R̃, J).

Note that the two equations in Theorem 5.9 lead to two different representations
of the density P̂(R∗ ∈ dx|J∗). In addition, one easily obtains the point masses at
0 and B:

P̂(R∗ = 0|J∗)� = (Π− −Π+Π−+)e
BΛ−K−1,

P̂(R∗ = B|J∗)� = (Π+ −Π−Π+−)e
BΛ+

K+1.
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Finally, Π++ = I
+ and Π−− = I

− and hence R∗ has no mass at 0 (respectively B)
given J∗ is in E+ (respectively E−), which is intuitively clear.

The distribution at an exponential epoch

The above ideas can be used to get insight into the transient behavior of the
reflected process. More precisely, one can identify the distribution of the reflected
process at an independent exponential time, that is, Pi(R(eq) ≤ x, J(eq) = j)
given X(0) ∈ {0, B}. It is important that X starts at a boundary. If this is not
the case the distribution of R(eq) may not have an explicit form. Then one has to
resort to the Laplace transform method as in Section 5.2.

An inspection of the proof of Asmussen [2003, Prop. 3.7, Ch. XIV] reveals that
a representation similar to (5.18) holds true for a finite time T :

Pi(R(T ) ≥ x|J(T ) = j) = P̂j(τ[x−B,x) ≤ T, X(τ[x−B,x)) ≥ x|J(T ) = i),

where we assumed that X(0) = 0. Note that πiPi(J(T ) = j) = πjP̂j(J(T ) = i) to
arrive at the following equation

P̂i(R(eq) ≥ x, J(eq) = j) = Pj(τ+x < eq, τ
+
x < τ−B−x, J(eq) = i)

πj

πi
,

which in matrix form can be written as

P̂(R(eq) ≥ x, J(eq))� = ΔπP
q(τ+x < τ−B−x, J(τ+x ))P+(J(eq))Δ−1π ,

where P
q denotes the law of (X,J) killed at rate q > 0. Noting that P(J(eq)) =

q(qI−Q)−1 we find

P̂(R(eq) ≥ x, J(eq))� = qΔπ(Π+exΛ+−Π−e(B−x)Λ−Π+−eBΛ+
)K+[(qI−Q)−1]+Δ−1π ,

where x ∈ (0, B] and all the occurrences of matrices Λ± and Π± refer to the q-killed
versions. Finally, one can derive a symmetric equation for the case X(0) = B.

5.5 On alternative approaches

Consider an MMBM reflected to stay in a strip and its stationary distribution.
The problem of characterizing this distribution received some attention in the
literature, where a number of different approaches can be found. Some methods are
based on the theory of generators of Markov processes, and require solving second-
order differential equations. The main work in this direction is Rogers [1994]. A
similar method is contained in Karandikar and Kulkarni [1995], which was later
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extended to the case of two barriers in Ang and Barria [2000]. Alternatively,
one can determine the Laplace transform of the stationary distribution. This
transform was determined in Asmussen and Kella [2000] up to two vectors of
unknown constants. These loss vectors are obtained in Section 5.2, completing the
analysis. Finally, one can use time reversal as has been done in Section 5.4. The
use of a time reversal argument is also suggested in Asmussen [2003, Sec. XIV.3].
Below we examine the first method, which is based on differential equations, and
related results in more detail. We are interested in connecting those results with
the statement of Theorem 5.9. Throughout it is assumed that κ �= 0.

Differential equations

The drawback of this method lies in the fact that the differential equations are
derived under the assumption that the stationary density is smooth enough. One
has to check that the resulting solution is, indeed, a density. This technical problem
is mentioned in Rogers [1994], though positivity of the solution is not established
there. This point is not addressed in Karandikar and Kulkarni [1995], nor in Ang
and Barria [2000].

Importantly, the second-order differential equations corresponding to our prob-
lem are associated to the second-order matrix polynomial F̂ (α), where F̂ (α) is the
matrix exponent of the time-reversed process. This naturally leads to the theory of
matrix polynomials and generalized Jordan chains, see Gohberg et al. [1982]. Let
a column vector p(x) denote a vector of densities P(R∗ ∈ dx|J∗ = i). Assuming
that all the N+ +N− zeros of det(F̂ (α)) in C are distinct, it is shown in Ang and
Barria [2000] that

p(x) =
N++N−∑

i=0

cie
−λixvi, (5.21)

where F̂ (λi)vi = 0. It is argued that the constants ci could be determined using
the boundary conditions. It is, though, not shown that the corresponding equations
lead to a unique solution. Finally, we note that Equation (5.21) follows trivially
from Theorem 5.9 using Representation (5.1).

Let us now consider the results presented in Rogers [1994, Section 7]. It is
assumed there that the fluid evolves as an independent sum of a Markov modu-
lated linear drift and a standard Brownian motion. At first sight, this is a rather
special case of an MMBM. Note, however, that the process (X(t), J(t)) can be
time-changed without changing the distribution of (R∗|J∗) in the following way.
We scale time by ci > 0 while J(t) is in state i, that is, we consider a new
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MMBM specified by the transition rate matrix Δ−1c Q and parameters σ2i /ci, ai/ci.
It is easy to see that this new MMBM leads to the same distribution of (R∗|J∗).
Hence, Rogers [1994], in fact, does not assume more than this: all the variance
parameters are strictly positive. In other words E+ = E− = E and hence Π± = I.
Under this assumption the first equation of Theorem 5.9 results in the following:

p(x) = −(exΛ̂+
Λ̂+ + e(B−x)Λ̂−Λ̂−eBΛ̂+

)(I− eBΛ̂−eBΛ̂+
)−11,

which is (7.13) of Rogers [1994] up to the minus sign. Here Λ̂± = Γ̂∓, because of
the different definition of time-reversal (3.3) of Rogers [1994]. The missing minus
sign is a consequence of a mistake in a normalization in Rogers [1994].


