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Chapter 7
The scale matrix

Let (X, J) be a spectrally negative MAP as defined in Section 2.2. This chapter
is devoted to the study of the two-sided exit problem. That is, for a, b ≥ 0 with
a+b > 0 we aim to determine the probability thatX, started at 0, exits the interval
[a,−b] through a. In fact, we will refine this result to include the transform of the
exit time and the state of J at this time. The key role in this study is played
by a matrix-valued function W , which is a generalization of the scale function of
a spectrally negative Lévy process. Hence we call W a scale matrix. It is noted
that Kyprianou and Palmowski [2008] claimed the existence of W , but did not
succeed in determining its transform. The corresponding theory in the case of
Lévy processes can be found in Bertoin [1996, Ch. VII] and Kyprianou [2006,
Ch. 8].

Recall that the first passage times are defined through

τ±x = inf{t ≥ 0 : ±X(t) > x}
for all x ≥ 0. Let us immediately formulate one of the main results.

Theorem 7.1. Assume that N = N+. Then for all q ≥ 0 there exists a unique
continuous function W q : [0,∞) → R

N×N such that W q(x) is invertible for all
x > 0,

E[e−qτ
+
a ; τ+

a < τ−b , J(τ+
a )] = W q(b)W q(a+ b)−1 for all a, b ≥ 0 with a+ b > 0,

and ∫ ∞

0

e−αxW q(x)dx = (F (α)− qI)−1

for all α > η(q) := max{Re(z) : z ∈ C,det(F (z)− qI) = 0}.
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7. THE SCALE MATRIX 75

It is noted that the parameter q ≥ 0 arises from the exponential killing of the
process (X, J). In the following we often suppress the killing rate q ≥ 0, where it
does not cause confusion; see Remark 2.18.

Remark 7.2. The proof of Theorem 7.1 establishes some additional properties of
W (x). In the first place, W q(x) is continuous in q ≥ 0 for every x ≥ 0. Moreover,
W (x) = e−ΛxL(x), where the entries of N × N matrix L(x) are non-negative
increasing functions of x ≥ 0. These entries can be interpreted as expected local
times at 0 up to the first passage time over x, which is made precise in Section 7.3.

In addition, later in this chapter we generalize Theorem 7.1 to allow N+ < N ,
see Theorem 7.20. This more general result is, however, less clean. It is noted that
one may often eliminate the states in E↓, see Section 7.1, to avoid the need in this
extra generality.

The two-sided exit problem becomes considerably more intricate in the MAP
setting compared to the case of a Lévy process. The crucial ideas used in the latter
case fail to work. This chapter presents a number of novel ideas and relations,
which lead to the construction of the scale matrix, and allow to establish some
important properties. Let us illustrate some of the problems faced. In the case of
a Lévy process W (x) is taken to be proportional to P(X ≥ −x), which is essential
to obtain the transform of W , see Bertoin [1996, Ch. VII] and Kyprianou [2006,
Ch. 8]. This kind of probabilistic construction (or its variations) does not work
in the MAP setting. A much more elaborate object is used instead, see (7.7).
The transform is then obtained using occupation densities. Furthermore, W is
a non-negative increasing function in the case of a Lévy process, which allows to
apply the extended continuity theorem for Laplace transforms to treat the delicate
case when q = 0. In the MAP setting the best we can show is that the entries of
eΛxW (x) are non-negative increasing functions. In addition, invertibility of W (x)
is a non-trivial issue. Finally, a MAP can evolve as a CPP in some time intervals.
It is well known that CPPs exhibit uncommon behavior as far as path properties
are concerned. This leads to a number of complications in the analysis of such
MAPs.

This chapter is organized as follows. We start by presenting an auxiliary MAP
obtained by collapsing certain states of the Markov chain J . Then we discuss some
important path properties of certain Lévy processes in Section 7.2. In particular,
we review so-called occupation densities, and present some properties of hitting
times. Occupation densities are then generalized to the MAP case in Section 7.3.
In addition, we define some fundamental objects and obtain important relations
in the same section. In Section 7.4 we reconsider the two-sided exit problem and
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construct a candidate for the scale matrix. The proof of Theorem 7.1 is given in
Section 7.5. This result is then generalized in Section 7.6. Finally, we present some
examples in Section 7.7.

Before we proceed let us define the first hitting time of a set. For any open or
closed Borel set B ⊂ R we define

τB = inf{t > 0 : X(t) ∈ B}.

The random time τB is a stopping time, which can be shown following the steps
of Bertoin [1996, Cor. I.8]. Moreover, X(τB) ∈ B a.s. on {τB < ∞}. In the
following B will be either a half-interval, e.g. (−∞,−b], or a single point {−b}.
Observe that the first passage times τ+

x and τ−x coincide with τ (x,∞) and τ (−∞,−x)

respectively, where x ≥ 0.

7.1 Auxiliary process

It is sometimes convenient to modify a MAP (X, J) by reducing the set of states
of the background process J . Let Ẽ ⊂ E be a targeted subset of states. The
idea is to construct an auxiliary MAP with the state space Ẽ, so that this process
behaves exactly as (X,J) restricted to the time intervals where J(t) ∈ Ẽ. In
other words, we collapse time intervals where J(t) /∈ Ẽ into single points, so that
each evolution of Xi, i /∈ Ẽ contributes a jump of size Xi(eqi

). If the killing rate
q is non-zero, then such a jump is modified to lead to the absorbing state with
probability P(eqi

> eq). The Laplace transform of such a jump is then given by

E[eαXi(eqi
); eqi

< eq] = Ee(ψi(α)−q)eqi =
qi

qi + q − ψi(α)
.

We use the subscript a to indicate the auxiliary process. It is not that straightfor-
ward to write down the matrix exponent Fa(α) of the auxiliary MAP in terms of
F (α). Note, however, that∫ ∞

0

Ei[eαX(t);J(t) = j]dt =
∫ ∞

0

Ei[eαXa(t);Ja(t) = j]dt

for any i, j ∈ Ẽ. Hence the signs of the Perron-Frobenius eigenvalues are related,
that is, k(α) < 0 if and only if ka(α) < 0, see Lemma A.9. Moreover, for such α it
holds that Fa(α)−1 is equal to F (α)−1 restricted to the rows and columns in Ẽ.

There are two different choices of Ẽ considered in this book. Firstly, Ẽ can
be a set of a single state {i}. The corresponding auxiliary process evolves as Xi

with some additional jumps arriving at rate qi. It is a Lévy process which is equal
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in law to the independent sum of Xi and a CPP. Note that the latter may have
positive jumps. Many properties of a MAP can be understood from the behavior
of this auxiliary process. We present some important properties of such a Lévy
process in Section 7.2.

Another important case arises when Ẽ = E+. That is, we collapse all the states
corresponding to processes Xi with non-increasing paths. Note that this procedure
only produces negative jumps, hence the auxiliary process is again a spectrally
negative MAP. Furthermore, it is a ‘nice’ MAP in the sense that Na = (Na)+. It is
not difficult to see that Λa = Λ; recall that the killing of the original MAP with rate
q > 0 leads to some specific killing of (Xa, Ja). Moreover, Pi(τ+

a < τ−b ;J(τ+
a ) = j),

where i, j ∈ E+, coincides with the same probability for the auxiliary process.
Hence, one can represent this probability using Theorem 7.1 and the auxiliary
scale matrix Wa. So in fact, the only case not covered by this theorem corresponds
to i ∈ E↓.

7.2 Path properties of certain Lévy processes

In the previous section we mentioned that many path properties of a spectrally
negative MAP can be understood from the behavior of a certain Lévy process. This
Lévy process is obtained by collapsing all the background states of a MAP but a
single one. Let us present some path properties of such a Lévy process. Recall
that this process can be seen as an independent sum of a Lévy process without
positive jumps and an arbitrary CPP. So throughout this section we assume that

X is a Lévy process with ν(0,∞) <∞. (7.1)

Let us recall that a Lévy process characterized by (a, σ, ν) has paths of bounded
variation if and only if σ = 0 and

∫
R
(1 ∧ |x|)ν(dx) <∞. In this case one can talk

about drift. The zero drift case is delicate, and is often treated separately. The
following result is a special case of Theorem 1 in Kesten [1969].

Proposition 7.3. Assume that X is not a process with monotone paths, nor is it
a bounded variation process with zero drift. Then P(τ{x} <∞) > 0 for all x ∈ R.

Consider an open or closed Borel set B, and the probability that X hits B
immediately when started in x: Px(τB = 0). According to Blumenthal’s zero-one
law this probability is necessarily 0 or 1. We say that x is irregular for the set
B in the first case, and x is regular for the set B in the second case. If B = {0}
then we simply say that x is (ir)regular without mentioning B. Hence, 0 is said to
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be regular if X returns to the origin immediately. The next result follows directly
from Theorem 8 in Bretagnolle [1971].

Proposition 7.4. Assume that X is not a CPP.

• If X is of unbounded variation then 0 is regular.

• If X is of bounded variation then 0 is irregular.

Occupation densities

In this part of the section we discuss occupation densities of a Lévy process X. It
is assumed that X is not monotone, neither is it a processes of bounded variation
with zero drift. According to Proposition 7.3, P(τ{x} <∞) > 0 for all x ∈ R. This
is sufficient, as stated by Bertoin [1996, Prop. II.16, Thm. V.1], for the existence
of the ‘occupation density’ L(x, t), which we define in the following.

First, suppose X(t) has paths of unbounded variation. In this case 0 is regular
according to Proposition 7.4, and then for every x ∈ R

Lε(x, t) =
1
2ε

∫ t

0

1{|X(s)−x|<ε}ds

converges uniformly on compact intervals of time t, in L2(P) as ε ↓ 0, see Bertoin
[1996, Prop. V.2]. This limit is denoted through L(x, t), which consequently is
continuous in t a.s. It can be shown that for each x ∈ R, L(x, ·) is an increasing
Ft-adapted process, which increases only if X = x. Importantly, the process
L(x, t) satisfies the following property.

Proposition 7.5. For every y and every stopping time T with X(T ) = y on
{T < ∞}, the shifted process L(x, T + t) − L(x, T ), t ≥ 0 is independent of FT
under P(·|T <∞), and has the same law as L(x− y, t), t ≥ 0 under P.

Proof. It is enough to note that L(x, t) is the limit of the processes which satisfy
this property, see also Bertoin [1996, Prop. V.4].

The above property shows that L(0, ·), in fact, coincides up to a constant factor
with the local time of X(t) at 0, see Bertoin [1996, Prop. V.4]. We often call L(0, ·)
the local time of X(t) at 0.

Secondly, suppose X(t) has paths of bounded variation a.s. (recall that we
exclude processes with zero linear drift d = 0). In this case 0 is irregular, which
allows us to define

L(x, t) = |d|−1N(x, t),
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where N(x, t) = #{s ∈ [0, t) : X(s) = x}, see also Fitzsimmons and Port [1990].
In this case the strong Markov property immediately shows that Proposition 7.5
still holds. Moreover, for both cases considered above the following is true. For
each t ≥ 0, L(·, t) is measurable and the identity

∫ t

0

f(X(s))ds =
∫

R

f(x)L(x, t)dx (7.2)

holds for all measurable functions f ≥ 0 a.s., see Bertoin [1996, Eqn. V.(2)]. This
identity is called ‘occupation density formula’ and will play a crucial role in the
following.

We conclude this section by a corollary of Proposition 7.5.

Corollary 7.6. It holds that

EL(x,∞) = P(τ{x} <∞)EL(0,∞).

Proof. Observe that L(x, t) has the distribution of 1{τ{x}<t}L̃(0, t − τ{x}), where
L̃(0, ·) is a copy of L(0, ·) independent of τ{x}. Take the expectations and apply
the monotone convergence theorem.

Hitting a level

In this part we present some properties of the first hitting time τ{x}. The next
proposition concerns the following question. Can the first hitting time of a level
be strictly less than the first passage over this level? Note that this question is
different from the question about ‘creeping’, where one asks if a level can be passed
by hitting it.

Proposition 7.7. Assume that X is not a CPP. Then for any x ≥ 0 it holds that
τ+
x ≤ τ{x} and τ−x ≤ τ{−x} a.s.

Proof. We only prove that τ+
x ≤ τ{x} for x ≥ 0. The second claim can be shown

following exactly the same steps. If 0 is regular for (0,∞) then we apply the strong
Markov property at τ{x} on the event {τ{x} <∞} to deduce the result.

In the rest we assume that 0 is irregular for (0,∞). We will rely on the fact
that the local extrema of X are all distinct, except in the CPP case, see Bertoin
[1996, Prop. VI.4]. So τ{0} < τ+

0 cannot hold a.s. We are only left to prove the
claim for x > 0. Since 0 is irregular for (0,∞), it holds that X(t) is a step process,
where the time to the next maximum and the corresponding jump are independent
of the past, and all have the same law. Let us show that X cannot hit a fixed x
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a.s., which would complete the proof. Suppose on the contrary that X hits x with
positive probability. This implies that the jump distribution of X has an atom at
some ε > 0.

Consider an independent CPP X−ε, which has deterministic jumps of size
−ε. Note that this process has exactly one jump before X jumps with positive
probability. Hence the Lévy process X +X−ε can achieve its supremum without
immediately passing it with positive probability. But this is only possible for a
CPP. So X would then be a CPP too, which is not the case.

Let us present another result, which is an immediate consequence of Bertoin
[1996, Prop. I.15].

Proposition 7.8. Let an exponential random variable eq be independent of a Lévy
process X. Then X(eq) has no atoms if X is not a CPP.

Proof. We use the notation of Bertoin [1996]. Fix x and let f(y) = 1{y=x}. Then

1
q

P(X(eq) = x) =
∫ ∞

0

e−qtP(X(t) = x)dt

= Uqf(0) =
∫
f(y)Uq(0,dy) = Uq(0, {y}) = 0,

where the last equality follows from Bertoin [1996, Prop. I.15].

The following proposition will only be needed to extend the main result of this
chapter to the case when some Xi are bounded variation processes with zero drift.

Lemma 7.9. Let X be a Lévy process with no positive jumps. Assume X is not
a process with non-increasing paths. Then for any x′ ∈ R\{0} it holds that τ{x} is
continuous at x′ a.s.

Proof. Using quasi-left-continuity, see Bertoin [1996, Proposition I.7], one can show
that X does not jump downwards at a time at which it is about to hit a level x 
= 0
for the first time. To see this use the following sequence of stopping times

Tn = inf{t > 0 : X(t) ∈ (x− 1/n, x+ 1/n)}.

Hence it is enough to consider an arbitrary small time interval centered at τ{x},
and to show that during this time interval X hits all the points in some small
neighborhood of x.

If 0 is regular for (0,∞) then the absence of positive jumps implies that X
does hit the points larger than x in some neighborhood. Moreover, the claim is
also true for points smaller than x, if 0 is regular for (−∞, 0) and also it is regular
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for {0} (so the process has to return and to hit all the points on the way). If
X has paths of unbounded variation then it satisfies the above requirements, see
Proposition 7.4 and Bertoin [1996, p. 167]. So it is left to consider processes of
bounded variation with positive drift. It is enough to show that X cannot hit a
level by jumping onto it. This follows from Proposition 7.7, and the fact that 0 is
irregular for (−∞, 0).

7.3 Occupation densities of a MAP

Let (X, J) be a spectrally negative MAP, such that none of the Xi is a bounded
variation process with zero drift. The structure of MAP allows for immediate gen-
eralization of the concept of occupation densities presented in Section 7.2. Note
that X observed at times when J ∈ j is a Lévy process, which satisfies the as-
sumptions of Section 7.2. Let us define L(x, j, t), the occupation density of (X, J)
at (x, j) up to time t. If Xj is such that 0 is irregular we let

L(x, j, t) =
1
|dj |#{s ∈ [0, t) : X(s) = x, J(s) = j};

otherwise L(x, j, t) is the limit of

Lε(x, j, t) =
1
2ε

∫ t

0

1{|X(s)−x|<ε,J(s)=j}ds

as ε ↓ 0.
Observe that L(x, j, t) is an increasing Ft-adapted process, which increases only

if X = x, J = j. Moreover, Proposition 7.5 reads as follows.

Proposition 7.10. For every y, i and every stopping time T with X(T ) = y on
{J(T ) = i}, the shifted process L(x, j, T + t) − L(x, j, T ), t ≥ 0 is independent of
FT under P(·|J(T ) = i), and has the same law as L(x− y, j, t), t ≥ 0 under Pi.

Finally, the occupation density formula becomes∫ t

0

f(X(s))1{J(s)=j}ds =
∫

R

f(x)L(x, j, t)dx.

Let us illustrate the use of occupation densities. Let L be a N × N matrix
with (i, j)-th element equal to EiL(0, j,∞). Recall that P(J(t)) denotes an N ×N
matrix with elements Pi(J(t) = j), whereas P+(J(t)) denotes its restriction to the
rows corresponding to E+, see Section 2.2. Using Proposition 7.10 we generalize
Corollary 7.6 to obtain

EL(x, j,∞) = P(J(τ{x}))EL(0, j,∞). (7.3)
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Moreover, observe that L has strictly positive entries. Let us present the following
important result.

Theorem 7.11. For all α ≥ 0, such that k(α) < 0, it holds that∫
R

eαxP(J(τ{x}))dxL = −F (α)−1.

Proof. Firstly, by the monotone convergence theorem we get

E lim
t→∞

∫ t

0

eαX(s)eJ(s)ds =
∫ ∞

0

eF (α)sds = −F (α)−1,

where we used the fact that the real parts of the eigenvalues of F (α) are all
negative, see also Lemma A.9. Using the occupation density formula we obtain

lim
t→∞

∫ t

0

eαX(s)1{J(s)=j}ds = lim
t→∞

∫
R

eαxL(x, j, t)dx =
∫

R

eαxL(x, j,∞)dx.

Identity (7.3) completes the proof.

It is noted that the theory of occupation densities presented above holds for a
killed MAP as well.

Remark 7.12. If there is an α satisfying the conditions of Theorem 7.11 then
both L and

∫
R
eαxP(J(τ{x})dx must have finite entries. Furthermore, L is then

invertible. This is the case when the killing rate q is strictly positive, because then
k(0) < 0. So q

∫∞
0
e−qtEiL(0, j, t)dt < ∞, where L is the local time in the case

of no killing. This further implies that EiL(0, j, t) < ∞ for any deterministic t.
Recall that X drifts to∞ or −∞ if κ 
= 0. Using the regenerative structure of L, it
is not difficult to show that L has finite entries also in the case of no killing when
κ 
= 0; an argument of this type will also be used in the proof of Proposition 7.13.

In the rest of this section we assume that N = N+. Let us introduce another
matrix L(x), x ≥ 0, which will play an important role in the study of the scale
matrix. Let

Lij(x) = EiL(0, j, τ+
x )

for x > 0. That is, L(x) is the expected local time at 0 up to the first passage
time over x. In view of Proposition 7.10 the matrix L(x), x > 0 can be expressed
as

L(x) = L− P(J(τ+
x ))P(J(τ{−x}))L, (7.4)
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given that L has finite entries. In addition, we would like to define L(0) so that
the Identity (7.4) holds true for x = 0 when L has finite entries. Note that τ+

0 = 0
and use the definition of the first hitting time τ{0} to see that L(0) is given by

Lij(0) = EiL(0, j, 0+) =

⎧⎨
⎩1/di if i = j and Xi is of bounded variation,

0 otherwise.
(7.5)

The second equality follows from the construction of the occupation density, see
Section 7.3. It is also noted that di > 0 for a Lévy process Xi of bounded variation,
because of the assumption that N = N+. Observe also that the entries of L(x)
are non-negative and increasing in x.

Proposition 7.13. For any u > 0 it holds that
∫∞
0
e−uxL(x)dx <∞.

Proof. Let eu be an exponential random variable of rate u independent of every-
thing else. It is enough to show that EL(eu) < ∞. Note that EL(eu) is the
expected local time at 0 up to hitting the random level eu. Hence the correspond-
ing entries of EL(eu) are bounded from above by the entries of L. In view of
Remark 7.12 we only need to consider the case of no killing with κ = 0.

Our problem can be reduced to the same problem for a Lévy process by re-
stricting attention to only those intervals of time where J = j, see Section 7.2.
The reasoning below can be also used in the context of MAPs; in the case of
Lévy processes, however, the notation is much simpler. In the following X is a
Lévy process obtained from the original MAP, and L(0, t) is the local time of X
at 0 up to time t. Similarly to Remark 7.12 we can show that EL(0, t) < ∞ for
any deterministic t. Let τ = inf{s ≥ t : X(s) = 0} be the first hitting time of
zero after time t. Let also p = P(τ+

eu
> τ) be the probability that the level eu is

not reached before τ . The regenerative structure of L(0, ·), see Proposition 7.5,
implies that EL(eu) ≤ EL(0, τ)

∑∞
i=0 p

i. The proof is completed by noting that
EL(0, τ) = EL(0, t) < ∞ and p < 1, because κ = 0 implies that every level is
reached a.s., see Proposition 2.15.

7.4 Two-sided exit

This section presents some of the basic ideas in constructing the scale matrix.
Firstly, we show that the event {τ+

a < τ−b } is closely related to {τ+
a < τ{−b}}.

Secondly, using the strong Markov property we obtain a key representation of the
latter event through the first hitting times.
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Lemma 7.14. For any a, b ≥ 0 such that a + b > 0 the events {τ+
a < τ (−∞,−b]}

and {τ+
a < τ{−b}} coincide a.s.

Proof. It is only required to show that τ+
a < τ{−b} implies τ+

a < τ (−∞,−b]. Suppose
on the contrary it holds that τ (−∞,−b] ≤ τ+

a < τ{−b}. Observe that X(τ (−∞,−b]) ≤
−b, but then X should hit level −b before reaching a, because of absence of positive
jumps.

The following lemma will allow us to include and exclude boundary points of
the interval [a,−b] in most cases when considering the two-sided exit problem.

Lemma 7.15. For any x ≥ 0 it holds Pi − a.s. that τ+
x = τ [x,∞) and τ−x =

τ (−∞,−x], unless Xi is a CPP.

Proof. We only need to show that the events {τ{x} < τ+
x } and {τ{−x} < τ−x } have

probability 0. Consider the first event together with J(τ{x} = j). Suppose it has
a positive probability. Then {τ{x} < τ+

x } is also true for a Lévy process obtained
by observing X only at time intervals where J = j. This is impossible according
to Proposition 7.7 unless Xj is a CPP. Assume that Xj is a CPP and j is not the
starting index: i 
= j. The distribution of X at the time of the first jump of J is
diffuse according to Proposition 7.8. Therefore, X cannot hit any fixed level while
J is in state j.

Let us now introduce the basic representation of the probability of the event
{τ+
a < τ{−b}}. Pick arbitrary a, b ≥ 0 such that a + b > 0 and consider the

following equations, which are an immediate consequence of the strong Markov
property:

P(J(τ+
a )) = P(τ+

a < τ{−b};J(τ+
a )) + P(τ{−b} < τ+

a ;J(τ{−b}))P(J(τ+
a+b)),

P(J(τ{−b})) = P(τ{−b} < τ+
a ;J(τ{−b})) + P(τ+

a < τ{−b};J(τ+
a ))P+(J(τ{−a−b})).

Using the relation P(J(τ+
a )) = ΠeΛa we get

P(τ+
a < τ{−b};J(τ+

a ))(P+(J(τ{−a−b}))ΠeΛ(a+b) − I
+)

= P(J(τ{−b}))ΠeΛ(a+b) −ΠeΛa.

Right-multiply by e−Λ(a+b) and note that Π+ = I
+ to arrive at

P(τ+
a < τ{−b};J(τ+

a ))W̃+(a+ b) = W̃ (b), (7.6)

where we define W̃ (x) for all x ≥ 0 through

W̃ (x) = Πe−Λx − P(J(τ{−x}))Π. (7.7)
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Note that the above calculations are still valid in the case of a killed MAP. In that
case the first term of (7.6) should be read as E[e−qτ

+
a ; τ+

a < τ{−b}, J(τ+
a )].

We finish this section by making a note on how (7.7) simplifies in the case of a
simple Lévy process. Recall that X denotes the all time infimum of X. Suppose
that κ > 0 then Λ = 0 and hence W̃ (x) = 1− P(τ{−x} <∞) = Px(X > 0), which
is the same as Px(X ≥ 0) by Proposition 7.7. Exactly this construction is found
in Kyprianou [2006, Ch. 7].

7.5 The scale matrix and its transform

In this section we present a proof of Theorem 7.1. Throughout this section we
assume that N+ = N , that is, none of the processes Xi is non-increasing. This
excludes processes of bounded variation with zero drift, which are special in many
ways. Note that (7.7) becomes W̃ (x) = e−Λx−P(J(τ{−x})), where the killing rate
q ≥ 0 is implicit. Moreover, Lemma 7.14 and Lemma 7.15 allow to rewrite (7.6)
as follows

P(τ+
a < τ−b , J(τ+

a ))W̃ (a+ b) = W̃ (b).

Note that this identity is preserved if W̃ (x) is multiplied on the right by a constant
matrix.

Assume for a moment that the killing rate is strictly positive: q > 0. We keep
q implicit where it does not cause too much confusion. Recall also the definition
of η as given in Theorem 7.1.

Lemma 7.16. For q > 0 and α > η it holds that∫ ∞

0

e−αxW̃ (x)dxL = F (α)−1.

Proof. Using (7.7) we write∫ ∞

0

e−αxW̃ (x)dx =
∫ ∞

0

e(−Λ−αI)xdx−
∫ ∞

0

e−αxP(J(τ{−x}))dx.

Recall that the set of eigenvalues of −Λ coincides with the set of zeros of det(F (α))
in C

Re>0. Hence the first integral on the right converges absolutely and is equal
to (αI + Λ)−1 for α > η, see also Lemma A.9. In addition, Theorem 7.11 gives

− F (α)−1 =
∫ ∞

0

eαxP(J(τ{x}))dxL +
∫ ∞

0

e−αxP(J(τ{−x}))dxL (7.8)

for α ≥ 0 with k(α) < 0. Note that k(α) is the Perron-Frobenius eigenvalue of
F (α). So for q > 0 we have that k(0) < 0. Then the continuity of k(α) implies
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that there exists ε > 0 such that k(α) < 0 for all α ∈ [0, ε). Remark 7.12 shows
that L has finite entries. Furthermore, Equation (7.8) can be rewritten as

−
∫ ∞

0

e−αxP(J(τ{−x}))dxL = F (α)−1 − (αI + Λ)−1L

for α ∈ [0, ε), because the real parts of all the eigenvalues of (αI +Λ) are negative.
The proof is complete as soon as we show that the latter identity can be continued
to α > η. To see this, multiply both sides by F (α) from the right and by (αI + Λ)
from the left. Then both sides are analytic for α ∈ C

Re>0, see also Section A.7.
Hence the equality holds for these α.

Lemma 7.16 shows that we can define W (x) = W̃ (x)L when q > 0. Using the
matrix L(x) this can be further rewritten as follows

W (x) = W̃ (x)L = e−Λx[L− P(J(τ+
x ))P(J(τ{−x}))L] = e−ΛxL(x), (7.9)

see Section 7.3. Representation (7.9) of W (x) in terms of L(x) is essential. The
matrix L(x) has many nice properties, which allow to derive further properties
of W (x). In particular, the entries of L(x) are positive and increasing in x ≥ 0.
Moreover, e−ΛxL(x) is continuous in q ≥ 0. Hence this expression can be used to
define W (x) corresponding to q = 0. On the contrary, if κ = 0 then W̃ (x) becomes
singular and the elements of L tend to ∞ as q ↓ 0.

Definition 7.17. If N = N+ then the scale matrix is defined through W q(x) =
e−Λ(q)xLq(x) for all x, q ≥ 0.

Observe that

E[e−qτ
+
a ; τ+

a < τ−b , J(τ+
a )]W q(a+ b) = W q(b)

for all q ≥ 0 as required. Next we consider the transform of W q(x).

Lemma 7.18. For any q ≥ 0 and α > η(q) it holds that∫ ∞

0

e−αxW q(x)dx = (F (α)− qI)−1.

Moreover, W q(x) is continuous in x ≥ 0 and hence is uniquely identified by its
transform.

Proof. Continuity of W q(x) in x follows from the continuity of Lq(x). The latter
is true, because τ+

x is continuous at a fixed x ≥ 0 with probability 1. In view of
Lemma 7.16 it is only left to identify the transform for q = 0.
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From the definition of Lq(x) it follows that 0 ≤ Lq(x) ≤ L0(x). Moreover,
according to Lemma A.12 there exists λ > 0 such that for all small enough q ≥ 0
the elements of the matrix e−λxe−Λ(q)x, x ≥ 0 are bounded. Proposition 7.13
allows to apply the dominated convergence theorem to finish the proof for large α.
Finally, observe that for all α > η(0) it holds that ‖e−αxe−Λ(0)x‖∞ is bounded by
a constant, which can be shown similarly to the proof of Lemma A.9. This fact
and Proposition 7.13 allow to extend the result to α > η(0), see Appendix A.7.

Proof of Theorem 7.1. In view of Lemma 7.18 it only remains to show that W (x)
is invertible for any x > 0; q ≥ 0 is implicit here. It is enough to establish that
L(x) is invertible. For this observe that

L(x+ y) = L(x) + P(J(τ+
x ))P(τ{−x} < τ+

y , J(τ{−x}))L(x+ y).

Notice that the matrix I− P(J(τ+
x ))P(τ{−x} < τ+

y , J(τ{−x})) is invertible for any
x > 0, because it is irreducibly diagonally dominant, see Appendix A.1. So if for
any x > 0 there is a vector v, such that L(x)v = 0 then L(y)v = 0 for all y > 0.
But then F (α)−1v = 0 for large enough α according to Lemma 7.18, which is a
contradiction.

Let us conclude with a lemma, which identifies W q(0). The corresponding
result for a Lévy process is given in Kyprianou [2006, Lem. 8.6].

Lemma 7.19. For all q ≥ 0 it holds that the (i, j)-th entry of W q(0) is 0 unless
i = j and Xi is a bounded variation process. In the latter case the corresponding
entry is 1/di, where di is the drift of Xi.

Proof. Observe that W q(0) = Lq(0) and use (7.5).

7.6 The general case

Theorem 7.1 is stated under the assumption that N+ = N . In this section we

generalize this result by allowing N+ < N . We write

(
I
+

O

)
to denote an N ×N+

matrix, whose restriction to the rows in E+ and E↓ is equal to I
+ and O respec-

tively.

Theorem 7.20. For all q ≥ 0 there exists a unique càdlàg function W q : [0,∞) →
R
N×N+

such that the restriction W q
+(x) is invertible for all x > 0,

E[e−qτ
+
a ; τ+

a < τ−b , J(τ+
a )] = W q(b)W q

+(a+ b)−1 for all a, b ≥ 0 with a+b>0,
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and ∫ ∞

0

e−αxW q(x)dx = (F (α)− qI)−1

(
I
+

O

)

for all α > η(q). The function W (q)
ij (x) is continuous in x ≥ 0 unless Xi is a CPP,

whose distribution of jumps has atoms.

The proof of this theorem is split into two parts presented in the following two
subsections. First, we assume that none of the Xi is a process of bounded variation
with zero drift, which allows to use the results of Section 7.3. In the second part
we use a limiting argument to conclude the proof. An important role in this proof
is played by an auxiliary MAP, which is obtained by restricting (X, J) to the time
intervals when J ∈ E+. Then the results of Section 7.5 can be used with respect
to this auxiliary process.

Part I

Throughout this part we assume that none of the Xi is a process of bounded
variation with di = 0. Recall the definition of W̃ (x) given in Section 7.4: W̃ (x) =
Πe−Λx−P(J(τ{−x}))Π. The above assumption allows us to generalize Lemma 7.16
to get ∫ ∞

0

e−αxW̃ (x)dx = F (α)−1L−1Π (7.10)

for q > 0 and α > η. Here we used [Π(Λ + αI)−1,O]Π = Π(Λ + αI)−1, as well as
Remark 7.12 to claim invertibility of L.

Let us now construct an auxiliary MAP, which behaves exactly as (X, J) re-
stricted to the time intervals where J(t) ∈ E+, see Section 7.1. We use the sub-
script a to refer to the auxiliary MAP. Recall that (Xa, Ja) is a spectrally negative
MAP with Na = (Na)+, so Theorem 7.1 applies. In addition, Fa(α)−1 is equal
to F (α)−1 restricted to the rows and columns in E+. Moreover, Λ = Λa. Many
other relations between (X, J) and (Xa, Ja) hold true. Note that P+(J(τ{−x}))Π
coincides with Pa(J(τ{−x})), and so W̃+(x) = W̃a(x). With respect to the matrix
L we have the following identity:

ΠLa = L

(
I
+

O

)
, and so L−1Π =

(
I
+

O

)
L−1
a .

This is to be expected in view of (7.10) and the relation between W̃ (x), F (α) and
W̃a(x), Fa(α).
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Next we can define W (x) = W̃ (x)La to get W+(x) = Wa(x) and
∫ ∞

0

e−αxW (x)dx = F (α)−1

(
I
+

O

)
(7.11)

for q > 0 and α > η. Observe also that

W q(x) = E[e−qτ
+
y ; τ+

y < τ−x , J(τ+
y )]W q

+(y + x), (7.12)

which converges as q ↓ 0, because so does W q
+(y + x) = W q

a (y + x). This limit
defines W 0(x), x ≥ 0. Identity (7.11) can be extended to q = 0 by taking the limit
as q ↓ 0. Here we use (7.12) with y = 0 and x > 0 to show that the dominated
convergence theorem applies here; it does so for

∫∞
0
e−αxWa(x)dx, see the proof

of Lemma 7.18.
Let us conclude the proof of Theorem 7.20 under the assumption that none of

the Xi is a process of bounded variation with zero drift. Recall that W+(x) =
Wa(x) for all x ≥ 0. Hence W+(x) is invertible for x > 0 and continuous at
x ≥ 0, which is immediate from Theorem 7.1. Finally, the continuity of W (x),
x ≥ 0 follows from the continuity of the first term on the right of (7.12), see also
Lemma 7.15.

Part II

This part presents a limiting argument which finishes the proof of Theorem 7.1. It
is a rather tedious and technical argument. Hence we only provide a sketch of it.

Consider the case when some Xi are bounded variation processes with di = 0.
As before we can still define W+(x) = Wa(x). Then we use (7.12) with y = 0 to
define W (x) for x > 0. Observe that for a ≥ 0 and b > 0 it holds (as is required)
that

P(τ+
a < τ−b , J(τ+

a )) = P(τ+
0 < τ−b , J(τ+

0 ))Wa(b)Wa(a+ b)−1 = W (b)W+(a+ b)−1.

Moreover,W+(x) is continuous. It is not difficult to see thatW (x) is a càdlàg func-
tion. This can be further used to define W (0), and to show that the above identity
holds true for a > 0 and b = 0.

In the following we sketch a limiting argument, which shows that the transform
ofW (x) is as given in Theorem 7.20. We add some small negative drift d < 0 to all
of the processes with di = 0, and then let d ↑ 0. Firstly, this modification changes
the auxiliary process Xa by perturbing its jumps at transition epochs of Ja. Using
Lemma 7.9 observe that eΛax and La(x) converge as d ↑ 0 to the corresponding
objects associated with d = 0. Hence so does Wa(x).
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It is not hard to see that P(τ+
0 < τ (−∞,−x], J(τ+

0 )) converges as d ↑ 0 to
the corresponding probability for d = 0. This probability coincides with P(τ+

0 <

τ−x , J(τ+
0 )) for d 
= 0, see Lemma 7.15. So P(τ+

0 < τ−x , J(τ+
0 )) and hence W (x)

converge for at least those x > 0, for which τ−x and τ (−∞,−x] coincide a.s. for the
original model, that is, when d = 0. Use Lemma 7.15 to see that these stopping
times coincide Pi-a.s. for every x > 0, unless Xi is a CPP, whose distribution of
jumps has atoms. In the latter case the above claim holds for every x > 0 apart
from a countable set.

In any case, it is sufficient to show that the limit and the integral can be in-
terchanged when considering the transform of W (x) as d ↑ 0. This is done using
the generalized dominated convergence theorem, see Kallenberg [2002, Thm. 1.21],
where the bound depends on d as well. Here we rely on the fact that for u > 0
the transform

∫∞
0
e−uxLa(x)dx converges as d ↑ 0 to the transform correspond-

ing to d = 0, which is shown using the extended continuity theorem for Laplace
transforms, see Appendix A.7.

7.7 First examples

A scale matrix is a fundamental object appearing in various identities concerning
path properties of a spectrally negative MAP. Theorem 7.1 uniquely identifies the
scale matrix of a MAP through its transform. Inversion of this transform is not
a trivial task. So, for example, numerical inversion may exhibit slow convergence
in practice. It is thus important to have some explicit examples of scale matrices.
Even in the setting of Lévy processes there is a very limited number of known
examples of scale functions, see Kyprianou and Hubalek [2011] and Kuznetsov
et al. [2011]. Moreover, the scale functions of the underlying Lévy processes of a
MAP do not immediately yield the scale matrix.

A scale matrix can be constructed explicitly in the case of MMBM. In the
following we use the notation of Chapter 5. If it is not the case that q = 0 and
κ = 0 then the scale matrix is given by

Π+e−Λ+x −Π−eΛ
−xΠ+

− (7.13)

up to a multiplication from the right with a constant invertible matrix. Before
we address this question in more detail let us comment on the following. Recall
that a spectrally negative MAP with phase-type jumps can be reduced to an
MMBM without losing any information, see Section 2.7. This observation can
be used to construct a scale matrix for such a MAP. One only needs to restrict
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the rows of the auxiliary scale matrix (the scale matrix of the MMBM) to those
corresponding to the original process. Hence the form of this scale matrix very
much resembles (7.13). It should also be noted that the entries of the scale matrix
of an MMBM have rational transforms according to Theorem 7.1. So one can
alternatively invert these transforms using partial fractions. These observations
agree with the results of Asmussen et al. [2004], where a Lévy process with phase-
type jumps in both directions is considered.

In the rest of this chapter we consider an MMBM. In this case many identities
can be written explicitly. In particular, Section 5.3 presents a solution to the two-
sided exit problem. In the following we exclude the delicate case when q = 0 and
κ = 0. If q > 0 and none of the Xi is identically 0 then the construction of the scale
matrix presented in the current chapter shows that W (x) = W̃ (x)La, where W̃ (x)
is given in (7.13). In fact, these assumptions are unnecessary. That is, W (x) has
the same form unless q = 0 and κ = 0. This follows from the continuity arguments
used in Section 7.6.

Alternatively, we can just evaluate the transform of W̃ (x). Observe that for
α > η it holds that∫ ∞

0

e−αxW̃ (x)dx = Π+(αI + Λ+)−1 + Π−(Λ− − αI)−1Π+
−.

In addition, Corollary 4.15 shows that

1
2
Δ2

σΠ+(Λ+)2 −ΔμΠ+Λ+ +QΠ+ = O.

This immediately yields

1
2
Δ2

σΠ+(Λ+ − αI)(Λ+ + αI)−ΔμΠ+(Λ+ + αI) = −F (α)Π+,

which is used to express Π+(αI + Λ+)−1. Similarly, one obtains Π−(Λ− − αI)−1.
This leads to ∫ ∞

0

e−αxW̃ (x)dx = F (α)−1Ξ,

with

Ξ = [Δμ(Π+ −Π−Π+
−)− 1

2
Δ2

σ(Π+(Λ+ − αI) + Π−(Λ− + αI)Π+
−)].

Let us examine the matrix Ξ. The i-th row of Ξ is

• Ξi = − 1
2σ

2
i (Λ

+
i + Λ−i Π+

−), if σi > 0;

• Ξi = μi(e�i −Π−i Π+
−), if σi = 0 and μi > 0;
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• Ξi = 0�, if σi = 0 and μi ≤ 0.

So, indeed, Ξ does not depend on α and Ξ↓ = O, which proves that W̃ (x) is given
by (7.13). Moreover, La = (Ξ+)−1.


