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Chapter 8
Further exit problems

We have solved two fundamental exit problems for a general spectrally negative
MAP. Firstly, the theory of the first passage over a positive level was presented
in Chapter 4. Secondly, it served as a basis to construct a scale matrix and
to solve the problem of the exit from an interval over the upper boundary in
Chapter 7. Using these results in the present chapter we address further exit
problems. Throughout this chapter we assume that N+ = N . This simplifies
notation and allows to avoid certain technicalities, which can be rather unpleasant
to deal with as is demonstrated in Section 7.6. It is noted that the scale matrix
defined in Theorem 7.1 plays a fundamental role in what follows.

Let us give a brief outline of this chapter. Section 8.1 addresses exit problems
over a negative level, including the exit from an interval over the lower boundary.
In both cases we are interested in the passage time jointly with the corresponding
overshoot. In this context it is convenient to define a second scale matrix denoted
by Z. Section 8.2 considers the first passage process killed upon arrival of an
excursion from the maximum exceeding height B > 0. This object is known to
play an important role in different problems concerning Lévy processes, see, for
example, Pistorius [2004] and Avram et al. [2007], Loeffen [2008], where reflected
processes and the dividend problem are considered respectively. In Section 8.3 we
extend the results of Chapter 6, and characterize the two-sided reflection at inverse
local times at the upper boundary. Using these results in Section 8.4 we solve the
first passage problem for reflected processes.

The level crossing problem for reflected processes is important in applications.
For example, it arises in queueing theory when one considers a Markov-modulated
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94 8.1. FIRST PASSAGE OVER A NEGATIVE LEVEL

queue with a finite buffer. Another example is the dividend problem mentioned in
the Introduction. The corresponding results for spectrally positive and spectrally
negative Lévy processes were obtained in Avram et al. [2004] and Pistorius [2004]
respectively. See also Korolyuk [1974] for an early work on CPPs, and Doney
[2005] for an alternative proof. Finally, Kyprianou [2006, Sec. 8.5] provides a
textbook introduction to the problem. The proofs of these results rely on Itô’s
excursion theory, stochastic integration and martingale calculations. It is far from
straightforward to generalize these proofs to the MAP setting. In fact, the author
did not succeed in doing so. We use an alternative approach based on a number of
easy to understand observations in line with the ideas presented in Ivanovs [2011]
for the case of a Lévy process. This simplicity allows us to solve the problem for
MAPs in a very similar fashion.

8.1 First passage over a negative level

Let us start by defining the matrix function:

Zq(α, x) = eαx

(
I−

∫ x

0

e−αyW q(y)dy(F (α)− qI)
)

for α, q, x ≥ 0.

This matrix, also called second scale matrix, appears in a number of exit iden-
tities along with the matrix W q(x). Note that Zq(α, x) is continuous in x with
Zq(α, 0) = I, and is analytic in α ∈ C

Re>0. In the case of a single background
state we obtain Zq(0, x) = 1 + q

∫ x

0
W q(y)dy, which is a common definition of the

Z function corresponding to a spectrally negative Lévy process, see, for example,
Definition 3 in Avram et al. [2004].

Let us illustrate this with the following proposition, which identifies the trans-
form of the first passage over −x and the corresponding overshoot.

Proposition 8.1. Let Υq = Δ−1
π Λ̂(q)�Δπ. Then for all x, α ≥ 0 and q > 0, such

that Υq(α) is non-singular, it holds that

E[e−qτ−x +α(X(τ−x )+x);J(τ−x )] = Zq(α, x)−W q(x)(Υq + αI)−1(F (α)− qI).

Proof. Let us compute the transform of E[e−qτ−x +αX(τ−x );J(τ−x )] for α ≥ 0, q > 0.
A similar computation can be also found in Kyprianou and Palmowski [2008].
First, observe that

E[eαX(eq);X(eq) < −x, J(eq)] = E[eαX(τ−x ); τ−x < eq, J(τ−x )]E[eαX(eq);J(eq)].
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Taking transforms on both sides yields for θ ≥ 0∫ ∞

0

e−θx
E[e−qτ−x +αX(τ−x );J(τ−x )]dxE[eαX(eq);J(eq)]

= E[(
∫ −X(eq)

0

e−θxdx)eαX(eq);J(eq)]

=
1
θ
(E[eαX(eq);J(eq)]− E[eθX(eq)+αX(eq);J(eq)]).

Note that E[eαX(eq);J(eq)] = −q(F (α)− qI)−1 for small enough α ≥ 0. Moreover,
according to Corollary 4.21, see also Remark 4.22, it holds for small enough α ≥ 0
that

E[eθX(eq)+αX(eq);J(eq)] = −q(F (α+ θ)− qI)−1(I + θ(Υq + αI)−1).

Hence ∫ ∞

0

e−θx
E[e−qτ−x +αX(τ−x );J(τ−x )]dx

=
1
θ

I− (F (α+ θ)− qI)−1(
1
θ

I + (Υq + αI)−1)(F (α)− qI).

But for large enough θ ≥ 0 the above expression coincides with∫ ∞

0

e−θxe−αx[Zq(α, x)−W q(x)(Υq + αI)−1(F (α)− qI)]dx.

The latter computation is based on Fubini’s theorem and Theorem 7.1. This proves
the result for small α ≥ 0, see also Section A.7. Use analyticity to extend the result
to all α ≥ 0.

Recall that for a fixed x ≥ 0 the matrixW q(x) is continuous in q ≥ 0. This can
be used to show that Zq(α, x) is continuous in q ≥ 0 as well. Hence the result of
Proposition 8.1 can be extended to q = 0 by taking the limit as q ↓ 0. Moreover,
it is noted that (Υq + αI)−1(F (α) − qI) reduces to (ψ(α) − q)/(α − Φ(q)) in the
Lévy case. This leads to the known identity for a Lévy process:

Ee−qτ−x = Zq(0, x)− q

Φ(q)
W q(x),

see Kyprianou [2006, Thm. 8.1].
The following corollary identifies the transform of the first passage over −b and

the corresponding overshoot on the event that the process has not been above a.
This result complements the other exit problem, see Theorem 7.1.
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Corollary 8.2. For any q ≥ 0 and α, a, b ≥ 0 with a+ b > 0 it holds that

E[e−qτ−b +α(X(τ−b )+b); τ−b < τ+
a , J(τ−b )] = Zq(α, b)−W q(b)W q(a+ b)−1Zq(α, a+ b).

Proof. Using the strong Markov property observe that

E[e−qτ−b +α(X(τ−b )+b); τ−b < τ+
a , J(τ−b )] = E[e−qτ−b +α(X(τ−b )+b);J(τ−b )]

− E[e−qτ+
a ; τ+

a < τ−b , J(τ+
a )]E[e−qτ−a+b+α(X(τ−a+b)+a+b);J(τ−a+b)].

Use Theorem 7.1 and Proposition 8.1 to get the result for q > 0. Let q ↓ 0 to
obtain the result for q = 0.

8.2 Arrival of the first excursion exceeding a cer-
tain height

The Markov chain J(τ+
x ), x ≥ 0, whose transition rate matrix we denote by Λ,

plays a fundamental role in the study of MAPs. In this section we introduce an
important class of Markov chains, which contains the above one as a boundary
element. The idea is to kill J(τ+

x ) upon arrival of the first excursion of X from
the maximum exceeding a certain height B > 0. This idea is best illustrated using
the concept of reflection, see Section 2.8.

Let R be the reflection of X corresponding to (−∞, 0]. That is, R(t) = X(t)−
U(t), where U(t) = X(t) is the upper regulator at 0. The process U is often called
the local time at the maximum. Let also τR

B = inf{t ≥ 0 : R(t) < −B} be the first
passage time of R over level −B. Then

ζB = U(τR
B )

is the (local) time of the arrival of the first excursion (from the maximum) with
height exceeding B. The strong Markov property implies that J(τ+

x ) sent to the
absorbing state ∂ at x = ζB is a Markov chain. We denote its transition rate
matrix through ΛB . Hence

P(x < ζB , J(τ+
x )) = eΛ

Bx for all x ≥ 0. (8.1)

The following proposition identifies ΛB in terms of the scale matrix.

Proposition 8.3. It holds that W ′(B+) = limε↓0(W (B+ε)−W (B))/ε exists and
ΛB = −W ′(B+)W (B)−1.
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Proof. Observe that for any 0 < ε < δ it holds that

P(ε < ζB , J(τ+
ε )) ≤ P(τ+

ε < τ−B , J(τ+
ε )) ≤ P(ε < ζB+δ, J(τ+

ε )).

Subtract I, divide by ε and let ε ↓ 0 to obtain in view of (8.1) the bounds

ΛB ≤ lim
ε↓0

(W (B)W (B + ε)−1 − I)/ε ≤ ΛB+δ.

It is only left to show that ΛB+δ → ΛB as δ ↓ 0, because then the result follows from
the continuity of W (x). But eΛ

B+δx = P(x < ζB+δ, J(τ+
x )) → P(x < ζB , J(τ+

x )) =
eΛ

Bx converges for every x, which concludes the proof in view of Proposition A.11.

Let us comment on the existence of W ′(B−).

Remark 8.4. Similarly, one can kill the Markov chain J(τ+
x ) upon arrival of the

first excursion with height ≥ B. The corresponding transition probability matrix
is given by ΛB−. Moreover, we can mimic the proof of Proposition 8.3 to get

P(ε < ζB−δ, J(τ+
ε )) ≤ P(τ+

ε < τ−B−ε, J(τ+
ε )) ≤ P(ε < ζB−, J(τ+

ε )),

where we used Lemma 7.15. This further shows that W ′(B−) exists and ΛB− =
−W ′(B−)W (B)−1. Finally, W ′(B+) and W ′(B−) coincide if so do ΛB and ΛB−.
For this it is sufficient to require that every Xi is of unbounded variation. Then
for every i the point 0 is regular for (−∞, 0) for Xi, which implies ΛB = ΛB−. On
the contrary, if one of the Xi is the sum of a positive drift and a CPP with jumps
of size −B then W ′(B−) �= W ′(B+).

8.3 Two-sided reflection

In this section we reconsider reflection of X and alter it by placing a lower barrier
at the level −B. That is, we put R(t) = X(t)+L(t)−U(t), where L and U are the
regulators at −B and 0 respectively, see Section 2.8. This model (up to translation
by B) in the case of MMBM is considered in Chapter 6. The aim of this section
is to generalize the results in that chapter.

The process U can be seen as the local time of R at 0. Note that U is
non-decreasing and continuous. Hence its inverse τU

x satisfies U(τU
x ) = x and

R(τU
x ) = 0. Then the strong Markov property shows that (L(τU

x ), J(τU
x )) is a MAP

itself. As before we observe that, in fact, (L(τU
x ), J(τU

x )) is a Markov-modulated
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CPP, because it has no jumps in some interval with positive probability. We
denote its matrix exponent through FB(α), that is, for α ≥ 0 it holds that

E[e−αL(τU
x );J(τU

x )] = eF B(α)x.

Theorem 8.5. For all α ≥ 0 and x0 ∈ [−B, 0] it holds that Z(α,B) is invertible
and

FB(α) = W (B)F (α)Z(α,B)−1 − αI,

Ex0 [e
−αL(τU

0 );J(τU
0 )] = Z(α,B + x0)Z(α,B)−1.

The following lemma will play a crucial role in the proof of Theorem 8.5.

Lemma 8.6. It holds for q > 0 and small enough α ≥ 0 that∫ ∞

x

e−αy
P(J(τ{−y}))dy

= −F (α)−1L−1 + (Λ + αI)−1e−(Λ+αI)x +
∫ x

0

e−αyW (y)dyL−1,

where L is defined in Section 7.3.

Proof. The construction of W (x), see Section 7.5, shows that∫ x

0

e−αy
P(J(τ{−y}))dy = (Λ + αI)−1(I− e−(Λ+αI)x)−

∫ x

0

e−αyW (y)dyL−1

for small enough α ≥ 0. Letting x→∞ we obtain∫ ∞

0

e−αx
P(J(τ{−x}))dx = −F (α)−1L−1 + (αI + Λ)−1.

Combine these equalities to complete the proof.

Proof of Theorem 8.5. A number of arguments in this proof are taken from the
proof of Theorem 6.1. Hence we only present a sketch. It is implicitly assumed
that the killing rate q > 0 is positive. Letting Ny be a matrix with (i, j)-th
component specified by

Ny = #{t ≥ 0 : X(t) = y, t = τU
x , x ≥ 0, J(t) = j} given J(0) = i,

we find that

Ex0Ny = (1{y≥0}Px0(J(τ+
y )) + 1{y<0}CB−y+x0)

∞∑
i=0

(CB)i,
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where Cx = P(J(τ{−x}))P(J(τ+
B )). This readily leads to∫

R

eαy
Ex0Nydy

=
(∫ ∞

0

eαyeΛ(y−x0)dy +
∫ 0

−∞
eαy

P(J(τ{−B+y−x0}))dyeΛB

)
(I− CB)−1.

The first term inside the large brackets is −(Λ + αI)−1e−Λx0 for small enough
α ≥ 0. The second term is eα(B+x0)

∫∞
B+x0

e−αy
P(J(τ{−y}))dyeΛB . Use Lemma 8.6

to show that the expression in the brackets is equal to

eα(B+x0)

(∫ B+x0

0

e−αyW (y)dy − F (α)−1

)
L−1eΛB .

Finally, the construction of W (x) shows that I − CB = W (B)L−1eΛB , see Sec-
tion 7.5. This immediately yields∫

R

eαy
Ex0Nydy = −Z(α,B + x0)F (α)−1W (B)−1.

Observe that X(τU
x ) = x−L(τU

x ) is piecewise constant with slope 1, so we have∫
R

eαy
Ex0Nydy =

∫ ∞

0

Ex0 [e
αX(τU

x );J(τU
x )]dx

= Ex0 [e
−αL(τU

0 );J(τU
0 )]

∫ ∞

0

eαxeF B(α)xdx.

But the last integral is −(FB(α)+αI)−1. The result now follows for small enough
α ≥ 0 and q > 0 by noting that τU

0 = 0 a.s. when x0 = 0. Use analyticity in α > 0
and continuity in q ≥ 0 to complete the proof.

8.4 Exit of the reflected process

In this section we consider the processes X and −X reflected at 0, and determine
their first passage times over level B. In fact, for each reflected process we are
interested in the joint Laplace transform of the first passage time, the overshoot,
and the corresponding value of the regulator. Furthermore, it is assumed that the
initial value of the process is shifted to an arbitrary r0 ∈ [0, B].

It is crucial to note that these problems can be reformulated in terms of two-
sided reflection discussed in Section 8.3. Considering X reflected at 0, observe
that its first passage over B and the corresponding value of the regulator are
exactly τU

0 and L(τU
0 ) given x0 = r0 − B; the overshoot is clearly 0. Hence
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Ex0 [e
−qτU

0 −αL(τU
0 );J(τU

0 )] is the required transform, which was identified in Theo-
rem 8.5. Consider −X reflected at 0. Its first passage over level B, the overshoot,
and the corresponding value of the regulator are exactly τL

0 , L(τL
0 ), and U(τL

0 )
given x0 = −r0. Hence we need to identify

Ex0 [e
−qτL

0 −θU(τL
0 )−αL(τL

0 );J(τL
0 )] for q, θ, α ≥ 0,

which we do in the rest of this section. As before, we do not write the killing rate
q ≥ 0 explicitly in what follows.

Before we proceed let us present a result on a Markov-modulated CPP, which
we need in the analysis of a reflected MAP. We exclude the process identical to 0.

Lemma 8.7. Let (X, J) be a Markov-modulated CPP without negative jumps, such
that E[e−αX(t);J(t)] = eF (α)t. Let also T = {t ≥ 0 : X(t) �= 0} be the epoch of the
first jump of X. Then for q > 0 and α ≥ 0 it holds that

E[e−qT−αX(T );J(T )] = I− (F (∞)− qI)−1(F (α)− qI).

Proof. Using the strong Markov property and memoryless property of eq we write

E[e−αX(eq);J(eq)] = P(eq < T, J(eq))+E[e−αX(T ); eq > T, J(T )]E[e−αX(eq);J(eq)].

Note that E[e−αX(eq);J(eq)] = q
∫∞
0
e(F (α)−qI)tdt, which converges and is equal to

−q(F (α)− qI)−1 for all q > 0 and α ≥ 0. In addition,

P(eq < T, J(eq)) = P(X(eq) = 0, J(eq)) = lim
α→∞E[e−αX(eq);J(eq)],

which completes the proof.

Let ζ be the epoch of the first jump of L(τU
x ), that is,

ζ = inf{x ≥ 0 : L(τU
x ) > 0}.

Assume for a moment that x0 = 0. Then ζ is exactly ζB , the (local) time of
the arrival of the first excursion with height exceeding B, because one-sided and
two-sided reflections coincide before an arrival of such an excursion. Moreover,
L(τU

x ), x ≥ 0 is a Markov-modulated CPP with matrix exponent FB(α), which is
identified in Theorem 8.5. So we can write

lim
α→∞ e

F B(α)x = P0(L(τU
x ) = 0, J(τU

x )) = P0(x < ζ, J(τ+
x )) = eΛ

Bx,

which implies that FB(∞) = ΛB , see Proposition A.11. Lemma 8.7 then shows
that

E0[e−θζ−αL(τU
ζ );J(τU

ζ )] = I− (ΛB − θI)−1(FB(α)− θI) (8.2)
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for all θ > 0 and α ≥ 0.
Let x0 be an arbitrary number in [−B, 0]. It is important to understand the

meaning of τU
ζ . It is the first time the reflected process R(x) hits the upper barrier

at 0 after it has hit the lower barrier at −B. So τL
0 < τU

ζ and ζ = U(τL
0 ), but then

the strong Markov property implies

Ex0 [e
−θζ−αL(τU

ζ );J(τU
ζ )] = Ex0 [e

−θU(τL
0 )−αL(τL

0 );J(τL
0 )]E−B [e−αL(τU

0 );J(τU
0 )].

Alternatively, this expectation can be computed by considering the event
{τ+

0 < τ−B } and its complement:

Ex0 [e
−θζ−αL(τU

ζ );J(τU
ζ )] = Px0(τ

+
0 < τ−B , J(τ+

0 ))E0[e−θζ−αL(τU
ζ );J(τU

ζ )]

+Ex0 [e
−αL(τU

0 ); τ−B < τ+
0 , J(τU

0 )].

The last term reduces to Ex0 [e
−αL(τU

0 );J(τU
0 )] − Px0(τ

+
0 < τ−B , J(τ+

0 )). Use the
last three displays to express Ex0 [e

−θU(τL
0 )−αL(τL

0 );J(τL
0 )]. Finally, note that

Z(α, 0) = I and apply Theorem 7.1, Theorem 8.5, and Lemma 8.7 to get the fol-
lowing result.

Theorem 8.8. It holds for θ, α ≥ 0 and x0 ∈ [−B, 0] that

Ex0 [e
−θU(τL

0 )−αL(τL
0 );J(τL

0 )]

= Z(α,B + x0) +W (B + x0)[W ′(B) + θW (B)]−1[W (B)F (α)− (α+ θ)Z(α,B)].

It is noted that the killing rate q ≥ 0 is implicit in this theorem, which adds
−qτL

0 to the transform.
In the final part of this section we compare our result, given in Theorem 8.8, to

the result of Avram et al. [2004], concerning reflection of a spectrally positive Lévy
process. Let R(t) be the reflection of −X(t) at 0, where X is a spectrally negative
Lévy process with Laplace exponent ψ(α). Assume that R(0) = r0 ∈ [0, B] and
consider the first passage time of R over level B, which we denote by τ . Then
according to [Avram et al., 2004, Theorem 1] one has

E[e−qτ−αR(τ)] = e−αr0

(
Z∗(B − r0)−W∗(B − r0) (q − ψ(α))W∗(B) + αZ∗(B)

W ′∗(B) + αW∗(B)

)
,

where W∗(x) = e−αxW q(x) and Z∗(x) = 1 + (q − ψ(α))
∫ x

0
e−αyW q(y)dy =

e−αxZq(α, x). This formula can be rewritten in the following form

E[e−qτ−α(R(τ)−B)] = Zq(α,B − r0) +
W q(B − r0)
(W q(B))′

[W q(B)(ψ(α)− q)− αZq(B)].

Note that R(τ)−B is the overshoot of R over level B at first passage. So, indeed,
this formula coincides with the statement of Theorem 8.8 with θ = 0 and x0 = −r0.


