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Appendix

A.1 Location of eigenvalues

Most of the concepts and facts from linear algebra used in the present book can
be found in Horn and Johnson [1985]. Let A ∈ C

n×n be an n × n matrix with
complex elements aij . Define

ai =
∑
j �=i

|aij |, Di = {z ∈ C : |z − aii| ≤ ai}.

The following is the celebrated Gershgorin’s theorem. It states that the eigenvalues
of a matrix lie in the union of certain disks in the complex plane, see Horn and
Johnson [1985, Thm. 6.1.1].

Theorem A.1 (Gershgorin). The eigenvalues of A lie in ∪n
i=1Di. Moreover, if

m of the disks Di are isolated from the other n−m disks, then there are precisely
m eigenvalues of A in their union.

Next we discuss irreducibility. Let Γ be a directed graph on n nodes induced
by A, where the arc between i and j is present iff aij �= 0.

Definition A.2. A matrix A is said to be irreducible if Γ is strongly connected,
that is, for every i and j there is a directed path from i to j.

Let us present the concept of diagonal dominance.

Definition A.3. A matrix A is said to be diagonally dominant if |aii| ≥ ai for
all i. It is strictly diagonally dominant if the above inequality is strict for all i.
Finally, A is irreducibly diagonally dominant if
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APPENDIX 103

• A is irreducible,

• A is diagonally dominant,

• for at least one i it holds that |aii| > ai.

The following theorem can be found in Horn and Johnson [1985], see Thm. 6.1.10
and Thm. 6.2.27.

Theorem A.4. Strictly diagonally dominant and irreducibly diagonally dominant
matrices are invertible.

The spectral radius of A is defined through

ρ(A) = max{|λ| : λ is an eigenvalue of A}.

The Perron-Frobenius theory is summarized by the following theorem, see Horn
and Johnson [1985, Thm. 8.4.4].

Theorem A.5 (Perron-Frobenius). Let A be an irreducible matrix with non-
negative elements. Then

• ρ(A) is a simple eigenvalue of A,

• there is a strictly positive (in every element) eigenvector x corresponding to
ρ(A): Ax = ρ(A)x.

A.2 Jordan normal form

Every square matrix can be reduced to an ‘almost diagonal’ matrix by a similarity
transform, see Horn and Johnson [1985, Thm. 3.1.11]. A Jordan block Γk(λ) is a
k × k matrix with λ on the diagonal, 1 on the upper diagonal, and 0 everywhere
else.

Theorem A.6. Let A ∈ C
n×n be a given complex matrix. There is an invertible

matrix V such that A = V ΓV −1, where Γ = diag(Γk1(λ1), . . . ,Γkm(λm)) is a block-
diagonal matrix, and λ1, . . . , λm are the eigenvalues of A (not necessarily distinct).
The Jordan matrix Γ is unique up to permutations of the diagonal Jordan blocks.
If A is a real matrix with only real eigenvalues, then the similarity matrix V can
be taken to be real.

Let us discuss the structure of a Jordan matrix. Consider an arbitrary Jordan
block Jk(λ), and let v1, . . . ,vk be the corresponding columns of V . Then it holds
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that Av1 = λv1 and Avi = λvi + vi−1 for 1 < i ≤ k. A sequence of vectors
satisfying this property is called a Jordan chain corresponding to an eigenvalue λ.
The matrix A is diagonalizable iff m = n, that is, all the Jordan blocks are scalars.
The number of Jordan blocks corresponding to a given eigenvalue λ is the geometric
multiplicity λ, which is the dimension of the null space of A−λI. The sum of orders
ki of the Jordan blocks corresponding to λ is the algebraic multiplicity of λ, which
is the multiplicity of λ as a zero of the characteristic polynomial det(A− λI).

Finally, a real symmetric matrix has a very special Jordan form, see Horn and
Johnson [1985, Thm. 4.1.5].

Theorem A.7. If A is a real symmetric matrix then Γ is a real diagonal matrix
and V can be taken to be a real orthonormal matrix: V TV = I.

An immediate consequence of the above theorem is that all the eigenvalues of
a real symmetric matrix are real with algebraic and geometric multiplicities being
the same.

A.3 Matrix norms and convergence

Consider a vector norm on C
n. The most frequent examples are the Euclidean

norm ‖v‖2 =
(∑ |vi|2

)1/2 and the max norm ‖v‖∞ = max{|vi|}. The following
result, see also Horn and Johnson [1985, Cor. 5.4.5], shows that all vector norms
(on a finite-dimensional real or complex vector space) are equivalent. That is,
convergence with respect to one norm implies convergence with respect to any
other norm. This allows to talk about convergence without mentioning a specific
norm.

Lemma A.8. Let ‖ · ‖α and ‖ · ‖β be two vector norms, then there exist finite
positive constants C1 and C2 such that C1‖v‖α ≤ ‖v‖β ≤ C2‖v‖α for all v ∈ C

n.

Consider a vector norm ‖ · ‖ on a vector space C
n×n. In this case it is often

useful to add the submultiplicative axiom ‖AB‖ ≤ ‖A‖‖B‖. A norm satisfying this
axiom is called a matrix norm. For example, the Euclidean norm ‖A‖2, the max
norm n‖A‖∞, and supv∈Cn{‖Av‖/‖v‖} are all matrix norms. Any matrix norm
‖ · ‖ serves as an upper bound for the spectral radius ρ(A), that is ρ(A) ≤ ‖A‖.

Let A(x) be a matrix-valued function. Assume that each element is measur-
able and consider the (entrywise) integral

∫
A(x)μ(dx). We say that this integral

converges absolutely if
∫ |aij(x)|μ(dx) < ∞ for all i, j. But this is the same as∫ ‖A(x)‖μ(dx) < ∞, because the max norm controls the size of the entries, and
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all the norms are equivalent. Note that any norm applied to A(x) produces a mea-
surable function by continuity of the norm. Suppose now that M(dx) = (μij(dx))
is a matrix where each element is a measure. Then

∫
M(dx)A(x) denotes a ma-

trix with (i, j)-th element being
∑n

k=1

∫
akj(x)μik(dx). We say that it converges

absolutely if
∫ |akj |(x)μik(dx) <∞ for all i, j, k.

Assume f(x) =
∑∞

i=0 aix
i is a power series, which is absolutely convergent

for all |x| < r. Then also f(A) =
∑∞

i=0 aiA
i is absolutely convergent for all A

with ‖A‖ < r for some matrix norm ‖ · ‖, which implies ρ(A) < r. This defines
a mapping from C

n×n to C
n×n. Representing A through its Jordan normal form

A = V ΓV −1 one obtains f(A) = V f(Γ)V −1. Importantly, f(Γ) has a simple
block-diagonal form, where the blocks are given by

f(Γk(λ)) =

⎛
⎜⎜⎜⎝
f(λ) f ′(λ) . . . f (k−1)(λ)/(k − 1)!
0 f(λ) . . . f (k−2)(λ)/(k − 2)!
. . .

0 0 . . . f(λ)

⎞
⎟⎟⎟⎠ . (A.1)

Note also that f maps the eigenvalues of A onto the eigenvalues of f(A).
An important example of the above mapping is the matrix exponential eA =∑∞

i=0A
i/i!, which is absolutely convergent for all A. Note also that eA+B = eAeB

if A and B commute. So eA is non-singular with the inverse given by e−A. Observe
also that λ is an eigenvalue of A of multiplicity m if and only if eλ is an eigenvalue
of eA of multiplicity m. The integral

∫∞
0
eAydy appears often in this book. The

following lemma provides a condition for its absolute convergence.

Lemma A.9. Let ρr(A) = max{Re(λ) : λ is an eigenvalue of A}. Then ρr(A) <
0 is a necessary and sufficient condition for

∫∞
0
eAydy to converge absolutely; its

limit then is −A−1.

Proof. Let A = V ΓV −1, where Γ is a Jordan matrix. Observe that the non-zero el-
ements of eΓy are given by yieλy/i!, where λ is an eigenvalue of A. Hence

∫∞
0
eΓydy

converges absolutely if and only if ρr(A) < 0. But the former is equivalent to the
absolute convergence of

∫∞
0
eAydy. Finally, ∂A−1eAy/∂y = eAy, which shows that

the integral is equal to −A−1.

Proposition A.10. Let A have rank n− 1, and let u be a vector such that uT is
not in the row space of A. If (hi) is a sequence of vectors such that Ahi → v and
uT hi → c for all i, then there exists a vector h, such that Ah = v,uT h = c and
hi → h.
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Proof. Choose n − 1 linearly independent rows of the matrix A, and replace the
other one by uT to obtain an invertible matrix A1. So we have A1hi → v1,
where v1 is the vector obtained from v by replacing a specific entry with c. Define
h = A−11 v1 and observe that hi → h to complete the proof.

A.4 Transition rate matrix

Let Q be an n × n transition rate matrix associated to some (continuous-time)
Markov chain. Then it satisfies the following properties:

qij ≥ 0 for all i �= j, qii ≤ −
∑
j �=i

qij for all i.

It is said to be recurrent if Q1 = 0 and transient otherwise. See the book Norris
[1998] for a detailed exposition of the theory of Markov chains.

The following properties of Q follow from Appendix A.1. Firstly, Gershgorin’s
theorem shows that all the eigenvalues of Q belong to C

Re<0 ∪ {0}. It is common
to assume that Q is irreducible, which we do in the following. If Q is recurrent
then 0 is an eigenvalue. If Q is transient then Q is irreducibly diagonally dominant
and hence invertible, which implies that all the eigenvalues of Q are in C

Re<0.

Proposition A.11. Let J, Jm,m ≥ 1 be Markov chains on n states with corre-
sponding transition rate matrices Q,Qm. Then Jm converges to J in the sense of
finite-dimensional distributions (for each initial state) if and only if Qm → Q.

Proof. Convergence of finite-dimensional distributions is equivalent to eQmt → eQt

for all t ≥ 0. In the following we prove that the latter happens if and only
if Qm → Q. Use the definition of the matrix exponential and the dominated
convergence theorem to prove the ‘if’ part. Next, assume that eQmt → eQt for
all t ≥ 0. For any q > 0 we have

∫∞
0
e(Qm−qI)tdt = −(Qm − qI)−1 according to

Lemma A.9. But then the dominated convergence theorem applies showing that
(Qm − qI)−1 → (Q− qI)−1, which in turn implies Qm → Q.

Lemma A.12. There exists a constant Cn such that the elements of the matrix
e−λte−Qt are bounded in absolute value by Cn for any t ≥ 0, n× n transition rate
matrix Q, and λ > −∑n

i=1 qii.

Proof. Let P (t) = eQt, so e−λte−Qt = e−λtP (t)−1. Observe that

det(P (t)) =
n∏

i=1

eλit = etr(Q)t,
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where λi are the eigenvalues of Q, and tr(Q) is the trace of Q. Moreover, the entries
of transition probability matrix P (t) are bounded by 1, hence the cofactors of P (t)
are bounded by Cn, a constant which only depends on n. According to Cramer’s
rule we get a bound e−(λ+tr(Q))tCn for every element of the matrix e−λte−Qt. The
claim now follows immediately.

A.5 Analytic functions of a complex variable

The basic facts summarized in this section can be found in any standard textbook
on complex analysis, see e.g. Hahn and Epstein [1996]. A complex function f

defined on some neighborhood of a point z0 ∈ C is said to be analytic at z0 if there
exists r > 0 and a power series

∑∞
n=0 an(z − z0)n, which is absolutely convergent

and equal to f(z) for all |z − z0| < r. Let f be defined on an open set D ⊆ C.
We say that f is analytic on D if it is analytic at every point of D. The function
f is analytic on D if and only if it is complex differentiable on D (holomorphic),
in which case it is infinitely many times differentiable on D. In addition, the
coefficients an of the above power series are given by an = f (n)(z0)/n!.

In the following we assume that f is analytic on an open connected set D ⊆ C.
Let us present some basic properties of the zeros of f . Firstly, if the set of zeros
of f has an accumulation point inside D then f is zero everywhere on D. Hence if
two functions f and g are analytic on D and coincide on a subset S ⊆ D which has
an accumulation point then f and g coincide on the whole of D. This observation
is in the basis of analytic continuation. The next theorem states the so-called
argument principle in the case of no poles.

Theorem A.13 (Argument principle). Let γ be a simple closed curve in D such
that f has no zeros on γ. Then

1
2πi

∮
γ

f ′(z)
f(z)

dz = N,

where N is the number of zeros of f in the interior of γ.

The argument principle provides a tool for studying the behavior of zeros of
a convergent sequence of analytic functions, which is summarized in the following
theorem.

Theorem A.14 (Hurwitz). Let fn be a sequence of analytic functions on D that
converges uniformly to f on compact subsets of D. Then f is analytic on D.
Moreover, if D0 is a disc in D such that f has no zeros on its boundary then the
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functions f and fn have the same number of zeros (counting multiplicities) in D0

for large enough n.

The Hurwitz’s theorem immediately yields the following result concerning con-
vergence of eigenvalues. If a sequence (Ak) of C

n×n matrices converges to A then
the eigenvalues of Ak converge to the eigenvalues of A preserving algebraic multi-
plicities. To see this consider the functions det(Ak − zI).

A.6 Differentiation under the integral sign

Consider an integral of the form
∫
f(t, x)μ(dx). When differentiating this integral

with respect to t, it is often possible to bring the differential operator inside the
integral. Legitimacy of doing so is well established in many cases, as for example
in the case of the Laplace transform, see Appendix A.7. Sometimes the dominated
convergence theorem provides an easy proof of such a result. Otherwise, we use
the following proposition, which is based on the fundamental theorem of calculus,
see also Williams [1991, A16].

Proposition A.15. Let μ be a sigma-finite measure on (R,B(R)). Let f : [a, b]×
R → R be a function measurable in the second argument. If f ′(t, x), the derivative
in t, is continuous on [a, b] and

∫ |f ′(t, x)|μ(dx) < C for some C > 0 and all
t ∈ [a, b], then

∂

∂t

∫
f(t, x)μ(dx) =

∫
f ′(t, x)μ(dx)

for t ∈ (a, b).

We remark that a similar result holds true for f : C × R → C and complex
derivative. Let us demonstrate the applicability of Proposition A.15. Consider the
Laplace exponent ψ(α) of a Lévy process without positive jumps as given in (2.1).
Let us show that ψ(α) is analytic in C

Re>0 by proving the following identity for
α ∈ C

Re>0:

∂

∂α

∫ 0

−∞
(eαx − 1− αx1{x>−1})ν(dx) =

∫ 0

−∞
(xeαx − x1{x>−1})ν(dx).

It is only required to show that
∫ 0
−∞ |xeαx−x1{x>−1}|ν(dx) < C for all α in some

disc in C
Re>0. But this follows from the requirement that

∫ 0
−∞(1∧x2)ν(dx) <∞,

see also Lemma A.19.
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A.7 The Laplace transform

Let μ be a sigma-finite measure on (R,B(R)). First, assume that μ is concentrated
on [0,∞). Consider the integral

f(s) =
∫ ∞

0

e−sxμ(dx)

for s ∈ R, where the interval of integration is closed. Observe that if f(r) < ∞
for some r ∈ R then f(s) < ∞ for all s ≥ r. It is assumed in the following that
such r exists. Note that if μ is a finite measure then f(s) <∞ for all s ≥ 0. The
function f(s) defined for all s ≥ r is called Laplace transform of the measure μ. If
μ has a density m then f(s) =

∫∞
0
e−sxm(x)dx is also called the ordinary Laplace

transform of m. As usual we stretch the language and speak about ‘the Laplace
transform of a random variable X’, meaning Ee−sX . We often deal with negative
random variables, e.g. jumps of a MAP, in which case we mean EesX .

It is known that a measure is uniquely determined by its Laplace transform.
Moreover, convergence of measures is closely related to the convergence of the
corresponding Laplace transforms, see also Feller [1966, Thm. 2a, p. 410].

Theorem A.16 (Extended continuity theorem). Let μn be a measure with Laplace
transform fn. If fn(s) → f(s) for all s > r, then f is the Laplace transform of a
measure μ, and μn → μ. Conversely, if μn → μ and the sequence fn(r) is bounded,
then fn(s)→ f(s) for all s > r.

Let us discuss the analytic character of the Laplace transform. Observe that
if f(r) < ∞ then

∫∞
0
e−sxμ(dx) is absolutely convergent for all complex s with

Re(s) ≥ r. In fact, if X is a non-negative random variable with law μ, then picking
s = −θi we obtain the characteristic function of X, that is f(−θi) = EeiθX . Define
r = inf{s ∈ R : f(s) <∞}, which is assumed to belong to [−∞,∞). This number
r is called abscissa of convergence. It is easy to see using Proposition A.15 that f(s)
is analytic on the half-plane specified by Re(s) > r, and f ′(s) = − ∫∞

0
xe−sxμ(dx)

for s in this half-plane. The following proposition, see Theorem 5b in Widder
[1941, Ch. II], allows to apply analytic continuation to Laplace transforms.

Proposition A.17. If r is the abscissa of convergence of
∫∞
0
e−sxμ(dx) then f(s)

cannot be analytic at r. That is, r is a singularity of f(s).

Let us demonstrate analytic continuation at work. Suppose we can establish
that

∫∞
0
e−sxμ(dx) = g(s) for all s > r0. Assume there exists r < r0 such that

g(s) is analytic on Re(s) > r. According to Proposition A.17 the number r is
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not smaller then the corresponding abscissa of convergence. So the transform is
analytic on Re(s) > r. This further implies that the above equality holds true for
all s with Re(s) > r, see Appendix A.5.

It was assumed above that the measure μ is concentrated on [0,∞). If this is
not the case then one speaks about bilateral Laplace transform defined by

f(s) =
∫ ∞

−∞
e−sxμ(dx).

The region of convergence (its interior) of this integral is given by a strip Re(s) ∈
(r1, r2). This and many other facts can be established using unilateral transforms.
Note that the above strip may be an empty set. We exclude this case and assume
that r1 < r2. Then the transform is analytic in this strip. We also note that a
measure is uniquely determined by its (bilateral) Laplace transform given that the
strip of convergence is not empty.

Finally, let us consider the transform f(s) =
∫∞
0
e−sxm(x)dx, where m(x) is

not necessarily non-negative. We assume that m(x) is càdlàg, and consequently
Borel measurable with countably many discontinuities. We are interested in the
domain where the integral converges absolutely, that is,

∫∞
0
|e−sxm(x)|dx < ∞.

As before this domain is a half plane Re(s) > r. It is tacitly assumed that such
r < ∞ exists. The transform f(s) is analytic on this half plane. Moreover,
m(x) is uniquely determined by its Laplace transform. These facts can be found
in Widder [1941, Ch. II]. Finally, we remark that one has to be careful with analytic
continuation of such transforms. It is not the case in general that the abscissa of
absolute convergence is a singularity of f(s), that is, the analog of Proposition A.17
does not hold in general.

A.8 Various relations

Lemma A.18. Fix ε > 0 and i ∈ N. Then there exists a constant C > 0 such
that for all x ∈ R and all α = a+ bi, a, b ∈ R it holds that

|xieαx| ≤ e(a−ε)x + Ceax + e(a+ε)x.

Proof. Pick C0 > 0 large enough so that xi ≤ eεx for all x > C0 then

|xieαx| = (−x)ieax1{x<−C0} + |x|ieax1{−C0≤x≤C0} + xieax1{x>C0}

≤ e(a−ε)x1{x<−C0} + Ci
0e

ax1{−C0≤x≤C0} + e(a+ε)x1{x>C0}

for any x ∈ R. The result follows with C = Ci
0.
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Lemma A.19. There exists a constant C > 0 such that for all z ∈ C
Re≤0 it holds

that

|ez − 1− z| ≤ C|z|2, |ez − 1| ≤ C|z|.

Proof. We only show the first bound. If |z| ≥ 1 then |ez − 1 + z| ≤ 2 + |z| ≤
3|z| ≤ 3|z|2. If, however, |z| < 1 then using a power series expansion we have
|ez − 1− z| = |z2/2!+ z3/3!+ . . . | ≤ |z|2(1/2!+ 1/3!+ . . .) ≤ 3|z|2. So we can pick
C ≥ 3.

Lemma A.20. Let x, y, z0, z1, . . . be real numbers then

r∑
k=0

(−y)r−k

(r − k)!
k∑

i=0

1
i!
(x+ y)izk−i =

r∑
j=0

1
j!
xjzr−j .

Proof. Consider the terms on the left side involving xjzl. These terms sum up to

r∑
k=l+j

(−y)r−k

(r − k)!
1

(k − l)!
(
k − l
j

)
xjyk−l−jzl,

because the second sum contains only one such term, which corresponds to i = k−l.
This expression simplifies to

1
j!
xjyr−l−jzl

r∑
k=l+j

(−1)r−k

(r − k)!(k − l − j)! .

Moreover, the latter sum is
∑s

i=0
(−1)s−i

i!(s−i)! = (1− 1)s/s!, where s = r− l− j. Hence
it is non-zero only if r = l+j, in which case it is 1. Therefore, the above summand
is 1

j!x
jzr−j .


