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List of symbols

càdlàg right-continuous with left limits (French "continue à droite,
limitée à gauche")

∧,∨ minimum, maximum: a ∧ b = min(a, b), a ∨ b = max(a, b)
C

Re>0 {z ∈ C : Re(z) > 0}; C
Re≥0,CRe<0,CRe≤0 are defined

similarly
f(t−), f(t+) left and right limits of f at t : lims↑t f(s), lims↓t f(s);
o(f(h)) denotes a real function g(h) such that limh↓0 g(h)/f(h) = 0

Vectors and matrices
1,0 vectors of 1s and 0s respectively
ei coordinate vector with 1 in the i-th position and 0 every-

where else
M� transpose of a matrix M
I,O identity matrix and matrix of 0s of appropriate dimensions
diag(D1, . . . , Dn) (block-)diagonal matrix with Di on the diagonal
Δv diagonal matrix diag(v1, . . . , vn)
[M1, . . . ,M2] matrix obtained by merging the columns of matrices Mi

Γk(λ) Jordan block of size k × k with eigenvalue λ, see Ap-
pendix A.2

A ◦B entrywise (Hadamard) matrix multiplication

Probability
a.s. almost surely
1A indicator of an event A
eq exponential random variable of rate q ≥ 0; e0 =∞
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Lévy processes
ψ Laplace exponent
a, σ, ν(dx) Lévy triple appearing in Lévy-Khintchine formula
Φ right inverse of ψ
d drift of a Lévy process; defined when

∫ 0

−1
|x|ν(dx) <∞

∂ absorbing ‘cemetery’ state

MAPs
(X, J) spectrally negative MAP; J is a Markov chain
Q,π transition rate matrix and the stationary distribution of J
Xi, ψi underlying Lévy process and its Laplace exponent
Uij , Gij jump of X at transition of J from i to j, and its transform
q killing rate
(∂X , ∂J) absorbing ‘cemetery’ state
E state space of J
E+, E↓ partition of E with E↓ = {i ∈ E : Xi is non-increasing}
N,N+, N↓ cardinalities of E,E+, E↓
M+ restriction of a matrix M with N rows to the rows indexed

by E+, see Definition 2.6
I
+ N+ ×N+ identity matrix

Pi,Ei law of (X, J) given {X(0) = 0, J(0) = i}, and the corre-
sponding expectation

E[Z;J ] matrix composed of Ei[Z;J = j]
P(A, J) matrix composed of Pi(A, J = j)
Ex0 [Z;J ] the same as E[Z;J ] with X(0) = x0

F (α) matrix exponent of a MAP: E[eαX(t);J(t)] = eF (α)t

k(α) Perron-Frobenius eigenvalue of F (α)
κ asymptotic drift; defined when Q is recurrent (no killing)
(X̂, Ĵ), P̂ time-reversed MAP and its law

First passage
τx, x ≥ 0 first passage time: inf{t ≥ 0 : X(t) > x}
X(t), X(t) supremum and infimum processes:

X(t) = sup0≤s≤t{X(s)}, X(t) = inf0≤s≤t{X(s)}
X,X X(∞) and X(∞)
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Λ(q) matrix exponent of the first passage process, see Section 2.6
Π(q) matrix of initial distributions of the first passage process
πΛ the stationary distribution of Λ(0); defined when κ ≥ 0
ρ(q) Perron-Frobenius eigenvalue of Λ(q)
(V,Γ) right spectral pair of F (α), see Definition 4.10

MMBM
E−, E↑ partition of E with E↑ = {i ∈ E : Xi(t) = ait, ai ≥ 0}
M± equivalent to an object M for (±X,J); e.g. Λ+ = Λ
M−,M↑ restriction of the rows of M to E− and E↑, see Section 5.1
(V,Γ) spectral pair of F (α), see Definition 5.2
K± matrices defined in (5.20)

Reflection
L(t), U(t) regulators at the lower and the upper barriers
�,u loss vectors corresponding to L(t) and U(t), see Section 5.2

and Section 6.3
R(t) reflection of X(t) : R(t) = X(t) + L(t)− U(t)
(R∗, J∗) refers to the stationary distribution of (R(t), J(t))
τL
x , τ

U
x first passage times of L and U over level x ≥ 0, see (6.1)

Scale matrices
τ±x first passage times: inf{t ≥ 0 : ±X(t) > x}
W q(x) scale matrix
Zq(α, x) second scale matrix, see Section 8.1
τB first hitting time of a set B : inf{t > 0 : X(t) ∈ B}
L(x, j, t) occupation density of (X, J) at (x, j) up to time t; also

called local time
L matrix composed of EiL(0, j,∞); i.e. expected local times

at 0
L(x) matrix of expected local times at 0 up to first passage time

over x, see Section 7.3
η(q) max{Re(z) : z ∈ C,det(F (z)− qI) = 0}


