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Summary

Lévy processes, that is, processes with stationary and independent increments,
have become a classical model in applied probability. Their use is widespread,
ranging from biology problems to storage models, insurance risk and financial
mathematics. Many real-world problems, however, exhibit non-stationary behav-
ior in longer time intervals. One may think about seasonality of prices, recurring
patterns of activity, burst arrivals, occurrence of events in phases and so on. This
motivates the interest in regime-switching models, where the process under consid-
eration is modulated by an exogenous background process. Markov Additive Pro-
cesses (MAPs) form a natural generalization of Lévy processes to regime-switching
models.

The focus of this thesis is on the path properties of MAPs. Both MAPs and
their reflections at constant boundaries are considered. We address the basic exit
problems, such as first passage over a level and first exit from an interval. Most of
the results appear in the form of Laplace transforms.

In many applications it is natural to assume that a process of interest jumps
only in one direction, i.e., it is spectrally one-sided. As shown in the recent litera-
ture on path properties of Lévy processes, under this assumption it is often possible
to derive substantially more explicit and transparent results. In this monograph
we restrict ourselves to spectrally one-sided MAPs and generalize some of these
results. Importantly, so-called phase-type distributions fit naturally in the frame-
work of MAPs. Arbitrary phase-type jumps can be added to the model keeping
the analysis tractable. This is achieved by enlarging the number of states of the
background process and replacing phase-type jumps by linear stretches.

This book can be split into three parts. In the first part, Chapter 3 and
Chapter 4, we study the first passage process. We show that the theory of analytic
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matrix functions is a natural tool in the analysis of MAPs. In addition, we consider
the supremum and the infimum processes, which are closely related to the reflection
at zero. The latter process can be used, for example, to model the workload
evolution in a regime-switching queue. We identify the stationary distribution of
the reflected process, which leads to a generalization of the celebrated Pollaczek-
Khintchine formula.

The second part of this book, Chapter 5 and Chapter 6, concerns MAPs without
jumps. Such processes have piecewise Brownian paths with drift and variance
parameters determined by the Markovian background process. Hence they are
called Markov-Modulated Brownian Motions (MMBMs). This special case results
in further substantial simplifications. Consider an MMBM reflected to stay in a
strip [0, B]; one may think about this as a queue with a finite buffer. We determine
the corresponding stationary distribution and the so-called loss vectors. Moreover,
we characterize this model at inverse local times at both barriers, which readily
leads to the solution of the first passage problem for an MMBM reflected at zero.

In the last part, Chapter 7 and Chapter 8, we extend some results on MMBMs
to spectrally one-sided MAPs. In particular, we solve the two-sided exit problem
for such a MAP, and the first passage problem for a MAP reflected at zero. These
results are based on so-called scale matrices. The corresponding theory is given in
the beginning of this part, which includes the construction of a scale matrix and
identification of its transform. We show that a scale matrix is closely related to
expected local times at zero, which enables to prove some essential properties of
the former.

Finally, a newcomer to the theory of MAPs and their path properties may
benefit from reading Chapter 2 on basic theory and the Appendix, where we discuss
fundamental concepts, tools and definitions.


