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1 Introduction

1.1 Introduction

A wave is a disturbance that travels through a medium from one location
to another without any permanent displacements or mass transport of
the particles in the medium. It is instead the collective vibrations of the
elementary particles that enable the propagation of waves. Many differ-
ent types of waves e.g elastic, electromagnetic, acoustic exist in nature
depending on the types of fluctuations as well the medium in which they
propagate. Thus, the study of waves has always been a universal theme
nearly touching all traditional branches of physics: mechanics, thermo-
dynamics, electromagnetism, quantum mechanics, light and sound.
In the present thesis, our focus is on the elastic response of amorphous

solids to the thermal excitations. For crystalline solids, elastic wave prop-
agation and related properties like the low frequency phonon density of
states, the specific heat and conductivity are well described in solid state
physics [1, 2], the predictions of which are also verified in experiments.
The question we pose here whether a similar description could hold for
a system with disorder. A number of papers in past decades show that
the dynamical behavior of disordered solids e.g glasses and compressed
granular systems deviates significantly from that of conventional solids
giving rise to a new class of phenomena [16] -[18], [3]-[23]. In particu-
lar, the mechanical response as well as the thermodynamic properties of
the system changes appreciably in presence of disorder. Although there
are a number of simulations that investigate such dynamical response of
disordered systems, not many experiments exist that complement such
studies and look into the details of the collective motion.

1



2 1. Introduction

Here, we study the collective vibrations in colloidal systems using con-
focal microscopy. The time and length scales in colloids are more readily
accessible in experiments compared to atomic or molecular systems char-
acterized by very high relaxation rates. We use suspension of PMMA
(polymehtyl methacrylate) colloidal particles in a solvent that matches
both density and index of refraction. The preparation procedure leads
to hard sphere systems; the interaction potential ideally becomes infinite
as soon as two adjacent particles overlap, otherwise the potential is zero.
The suspension is in thermal equilibrium with the surroundings and the
PMMA particles in the solvent undergo Brownian motion at very short
time scales. Here, we have recorded the dynamics of the colloidal par-
ticles by taking independent snapshots with a confocal microscope of a
two dimensional section of the colloidal sample. The positions of the par-
ticles are identified in each frame and subsequently linked to reconstruct
their trajectories. We then obtain the density of states and the normal
modes from the measured particle displacements. The spatial informa-
tion obtained from the above measurements help us to visualize the wave
motion as well as analyze them in microscopic detail. The different chap-
ters of this thesis elaborate the experimental procedures as well as the
relevant method and analysis we have followed. We begin with a brief
description with some of the basic concepts of lattice vibrations in the
following sections.

1.2 Vibrations in Solids

A solid is a state of matter characterized by its structural rigidity and re-
sistance to changes of shape or volume. An ordered array of tightly bound
atoms or molecules forms a crystalline solid, whereas in amorphous solids
like glasses, the spatial arrangement of the molecules is completely dis-
ordered. The theory of the solid state has started with X-ray diffraction
studies of crystals and by now well developed. However, the concepts [1]
-[4] have been extended to understand noncrystalline solids and glasses
as well.
Almost all the thermodynamic properties e.g specific heat, thermal

conductivity of solid substances are described based on the theory of
lattice dynamics [2] The general picture of vibrations in solids is that the
atoms or molecules located at their equilibrium positions move back and
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forth around it driven by their thermal energy and the elastic restoring
force arises due to the interactions with the neighboring atoms. We
continue discussing a few related concepts like the dynamical matrix and
the density of states in the sections below.

1.2.1 Dynamical Matrix

Consider a small amplitude vibration of atoms around their mean posi-
tion so that the potential energy V of the lattice can be expanded in a
Taylor series in powers of the atomic displacement u(R). Thus

V = V0 +
∑
R

∑
µ

Vµ(R)uµ(R) + 1/2
∑
R,R′

∑
µ,ν

uµ(R)Vµν(R,R′)uν(R
′)

(1.1)
where V0 is the potential energy of the lattice corresponding to the equi-
librium configurations of the atoms, which can be set equal to zero with-
out any loss of generality. Further it follows from Eq 1.1, that

Vµ(R) =
∂V

∂uµ(R)
|0 (1.2)

Vµν =
∂2V

∂uµ(R)∂uν(R′)
|0 (1.3)

Where the subscript zero indicates that the derivatives are evaluated at
the equilibrium sites, R,R′ refers to the lattice sites and µ, ν are the
cartesian components of displacements. Vµ(R) implies negative of the
µ-component of the force on the atom situated at R. From the definition
of equilibrium, the force must be zero. Therefore,

Vµ(R) = 0. (1.4)

Thus Eq 1.1 simplifies to

V =
∑

R,R′,µ,ν

Vµν(R,R′)uµ(R)uν(R
′). (1.5)

In writing Eq. 1.5, we have neglected terms higher than order two in the
displacement. This is called the harmonic approximation. To connect
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this potential energy of the lattice with the equation of motions of the
atoms, let us write down the Lagrangian of the system,

L = T − V = 1/2M
∑
R,µ

u̇2
µ(R)− 1/2

∑
R,R′,µ,ν

Vµν(R,R′)uµ(R)uν(R
′)

(1.6)
From the equation of motion,

d

dt
(

∂L

∂u̇µ(R)
) =

∂L

∂uµ(R)
(1.7)

We obtain,

Müµ = −
∑
R′

Vµν(R,R′)uν(R
′) (1.8)

In matrix form the above equation can be written as,

ü = Du (1.9)

Where D is the dynamical matrix [1, 2] - the elements of which are given
by

Dµν =
1√
M

Vµν(R,R′). (1.10)

Now, in Eq. 1.8 −Vµν(R,R′)uµ(R
′) represents the force exerted in the

µ-direction on the atom onRth site due to the displacement uµ(R
′) of the

atom on R′th site in ν-direction. Thus D contains information about the
local force constants between any two interacting lattice sites. However
due to the singularity in the potential energy, the dynamical matrix can
not be defined in the above way for an ideal hard sphere system. In the
present experiments we have access to the particle displacements at any
instant of time. Therefore, we have used covariance matrix [5, 6] (see
chapter 3) of displacement to obtain the eigen frequencies and normal
modes of the system.

The Dispersion Equation

Dispersion most often refers to frequency-dependent effects in wave prop-
agation. The dispersion relation describes the interrelations of wave prop-
erties like wavelength, frequency, velocities, refraction index and atten-
uation coefficient. In the present context we consider frequency as a
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function of the wave-vectors, ω = ω(q). Such a function can be obtained
starting from the equation of motion (Eq. 1.8) of the lattice. For a N
atom system, it would form a set of 3N coupled differential equations.
Because of the translational symmetry of the lattice we seek a solution
of the form,

uµ(R) = εµ exp[−i(ωt− q.R)] (1.11)

Where ε determine both the amplitude as well as the polarization of
the vibrations and is independent of R. Equation (1.11) is essentially
a plane wave propagating the lattice in the direction represented by the
wave vector q. Substituting for uµ(R) in Eq. 1.9 and taking out the time
dependence on both the sides we finally obtain an eigenvalue equation,

−ω2ε = D(q)ε (1.12)

where,

D(q) =
∑
R′

Dµν(R,R′)e−iq.[R−R′]. (1.13)

From the symmetry properties of the D(R) it follows that, D∗
µν(q) =

Dµν(−q). Thus D(q) is a real three dimensional symmetric matrix,
diagonalization of which leads to three real orthonormal eigenvectors
εs=1,2,3 as well as corresponding eigenvalues ωs, which are respectively
the polarization and frequency of the normal modes with wave vector q.
There are 3N such solutions for a system with N allowed values of q
which forms the three branches of the dispersion relations and all the set
of {ω}s together constitutes the vibrational spectrum of any solid.

1.2.2 Density of Modes

We now discuss another important concept related to the spectra namely
the density of states. The number of vibrations corresponding to a range
d3q ≡ dqxdqydqz of the values of components of the wave vector is d3q

(2π)3

per unit volume of the crystal [4]. The density of states D(ω), gives the
number D(ω)d(ω) of vibrations whose frequencies lie in a given range
between ω and ω+dω, and is a characteristic of the vibrational spectrum
of a particular lattice.
The number D(ω)d(ω) is the volume (divided by 8π3) in q space

that lies between two infinitesimally close surfaces of constant frequency,
ω(q)=constant. At each point in q-space, the gradient of the function
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Figure 1.1: Phonon density of states of Iron (α−Fe) as obtained from inelastic
neutron scattering data [7]. The discontinuities in the DOS are the Van-
Hove singularities as the group velocity (dω/dq) approaches vanishing limit at
certain wave vectors in the dispersion curve.

ω(q) is along the normal to the constant frequency surface. Therefore
the distance between the two infinitesimally close surfaces (q-space) mea-
sured along the normal direction is given by,

dq⊥ =
dω

▽qω
(1.14)

Multiplying this with the infinitesimal area dSω of the constant fre-
quency surface element and integrating it over the whole surface within
the first zone on which ωs(q) = ω yields the general expression of the
frequency distribution density as

D(ω) =
∑
s

1

2π3

∫
dSω

▽ωs(q)
. (1.15)

where the subscript s indicates different branches of dispersion rela-
tion. Note, that within the first zone the function ω = ω(q) has a few
saddle points. The existence of these stationary points where group ve-
locity vanishes leads to singularities in the structure of D(ω). As in the
electronic case, these singularities are known as Van-Hove singularities.
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A typical density of states as obtained from the neutron scattering ex-
periments is shown in Fig. 1.1.

1.2.3 Debye Scaling

In, 1912, while describing the contribution of lattice vibrations to the
specific heat, Debye proposed a simple model of wave propagation in a
solid medium that he assumed to be isotropic and governed by a linear
dispersion up to a maximum frequency of propagation, say ωmax. This
leads to a scalar dispersion relation, ω = cq, where c is the velocity of
sound waves. Let us now find out what would be the density of modes in
this case. The number of modes for any isotropic solid lying in the interval
dq would simply be proportional to the volume of the shell between q and
q+dq. Thus, for a given polarization the density of modes is given by [4],

V.4πq
2dq

(2π)3
, where V is volume of the body. Substituting for the longitudinal

polarization q = ω/cl and for the transverse ones q = ω/ct, we find that
the interval dω contains altogether,

V.
ω2dω

2π2

(
1

c3l
+

2

c3t

)
(1.16)

vibrations. If we now define a mean velocity as, 3
c̄3

=
(

1
c3l
+ 2

c3t

)
, then the

density of states becomes,

D(ω) = V
3ω2

2π2c̄3
. (1.17)

The behavior D(ω) ∼ ω2 in three dimension does not only hold for
isotropic bodies but also for crystals where the velocity c̄ is the velocity
of sound waves averaged in a certain way. This scaling of the density
of states eventually leads to the famous cubic temperature dependence
of the specific heat Cp ∼ T 3, in the limit of low temperatures. The
Debye behavior is established directly in few phonon or neutron scatter-
ing experiments and largely by indirect verification of the temperature
dependence of specific heat [3].

1.3 Disordered Systems

The interest in the physics of disordered systems largely originates from
the fact that the thermodynamic behavior of materials with disorder
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often changes significantly and show some intriguing phenomena like
localization or frustration which are otherwise absent in their ordered
counterparts. To construct a general formalism to analyze such systems

1 2 3

Figure 1.2: Examples of disordered systems in nature -(1) Granular soil: amor-
phous distribution of athermal grains [9], (2) Scanning electron micrograph of
a pure polystyrene foam where different sizes of gas filled pores are dispersed in
a random arrangement [10], (3) SEM image of ‘photonic glass’ made up of dis-
ordered arrangement of mixture of sub-micron sized PMMA and polystyeren
spheres [11].

poses a challenge due to the lack of symmetry and periodicity as opposed
to the crystalline media and remains a matter of research. Disorder could
be of various types - structural, dynamic or bond disorder (spin glasses).
Here, we deal with structural glasses where the spatial arrangement of
the particles are disordered and consequently each particle experiences a
different environment than the other ones.

1.3.1 Phenomenology of Glasses

A glass is an amorphous (non-crystalline) solid material. The most famil-
iar types of glass we find in our everyday life are those used in windows,
or drinking cups are made of silica SiO2 (75%) plus some additives. In
science, however, the term glass is usually used in a much wider sense,
which includes all the solids that have an amorphous structure and un-
dergo a glass transition, where the viscosity becomes very high. Some
examples are metallic alloys, ionic melts, aqueous solutions, molecular
liquids, and polymers.
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Traditionally glasses are obtained by supercooling a liquid below its
glass transition temperature. Upon cooling from high temperatures, a
liquid may crystallize at melting temperature Tm. A liquid that is cooled
below Tm without crystallizing is called a supercooled liquid. As the su-
percooled liquid is cooled further it gets trapped in a glassy metastable
state.
A qualitative description of such transitions is often based on the free
energy landscape picture [8]. In this paradigm, a large number of local
minima of the free energy exists. The glass transition occurs when the
timescale of transitions among the glassy minima becomes so long that
the system is confined in a single ‘valley’ of the landscape over experi-
mentally accessible timescales. The characteristic of the glass transition
is thus marked by the slow dynamics and the large relaxation time as
well as the viscosity that can grow several orders of magnitude over a
relatively small temperature interval. The temperature at which the

Figure 1.3: Normalized intermediate scattering functions f(q, t) at different
volume fractions of the suspensions of colloidal PMMA spheres measured at
q ≈ qm, where qm is the main peak in the static structure factor by Pusey
et al [15]. For relatively dilute suspensions, ϕ ≤ 0.528 density fluctuations
decay completely within the experimental observation time whereas for higher
volume fractions ϕ ≥ 0.57 the decay remain incomplete. Finally for ϕ ≥ 0.58,
f (q , t) attains essentially a flat plateau value f (q ,∞) showing the non-ergodic
behavior of the system.
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relaxation times of the supercooled liquid becomes longer than the ob-
servation time is called glass transition temperature Tg. Experimentally
Tg is defined as the temperature at which viscosity reaches 1013 Pa.s or
the relaxation time becomes larger than 100s. The slow dynamics leads
also to non-ergodic behavior which is well studied in several dynamic
light scatterring measurements [12]-[15]. These experiments measured
the decay of self intermediate scattering function f(q,t) of colloidal sus-
pensions at different volume fractions. One of those early experiments
by Pusey et al [15] is shown in Fig. 1.3. For relatively dilute suspensions
f (q , t) decays completely within experimental observation time whereas
the f(q, t) at at higher volume fractions (ϕ > 0.57) does not decay to zero
on the experimental time scale. This illustrates the transition from the
ergodic to non-ergodic dynamics. The emergence of such non-ergodicity
is perceived as a signature of the glass transition in any system.

1.3.2 Excess Modes in Glasses

In sec 3.4 and sec 1.2.3 we have discussed the density of states and the
low frequency Debye scaling D(ω) ∼ ω2 of the DOS of a crystalline solid.
The above scaling leads to the Debye T 3 law in the limit of low tem-
peratures where the specific heat of the solid shows a cubic dependence
on temperature, Cp ∼ T 3. However, glassy and amorphous materials
exhibit low temperature properties that deviate significantly from the
Debye behavior. For example, the Cp/T

3 as a function of temperature
shows a peak at low temperature. Other features are the existence of a
plateau in the T dependence of the thermal conductivity [16] -[18] and
the Boson peak [16] observed in the inelastic light or neutron scattering
experiments [19, 20]. This suggests the existence of an excess number
of low frequency modes in the density of states of these systems com-
pared to crystalline solids. Several numerical studies have observed such
enhancement of modes in the DOS of glassy systems. A recent study
by Ning Xu et al [3] observed excess modes in a repulsive model glasses
in which particles interact through a Lennard-Jones potential. Another
study by Wyart et al [6, 23] reports similar observations in a dense sys-
tem of hard discs.
In the present thesis, one of our main findings is the observation of these
anomalous modes in a colloidal system. In particular, we have studied
suspensions of hard sphere colloids. The confocal techniques used to
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probe the structure and dynamics of the colloidal particles enables a di-
rect visualization of these modes, which helps us further in understanding
their nature.

1.4 Present Thesis

This thesis presents experimental measurement of the vibrational spec-
trum and normal modes in a hard sphere colloidal system. Here is a
short outline of the chapters.
Chapter 2: The experimental techniques and the preparation procedure
of the colloidal samples is discussed in detail. A general discussion about
colloids, the hard sphere phase diagram and different aspects of confocal
microscopy is given.

Chapter 3: Here we discuss the density of states of hard sphere col-
loidal suspensions as obtained from the measured particle displacement
using confocal microscopy. A range of volume fractions from supercooled
liquid up to a dense glassy phase ϕ = 0.54, 0.57, 0.58, 0.59, 0.60 have been
measured. The DOS shows the existence of an excess number of modes
at low frequencies. The noise due to the finite resolution in measuring
particle positions and its effect on the DOS is discussed. These results
are complemented with Monte-Carlo simulations by Jorge Kurchan and
Romain Mari on hard sphere glasses.

Chapter 4: We present the normal modes of the colloidal system at dif-
ferent frequencies. The lowest frequency normal modes show correlated
motion. The spatial extent of the correlations is investigated for different
volume fractions. The degree of localization of these modes have been
measured by calculating the participation ratios.

Chapter 5: We have studied the structural relaxation of a hard-sphere
colloidal glass. The dynamics of the particles exhibit spatial heterogene-
ity: clusters of highly mobile particles are observed. The relaxation of
the system occurs through rearrangement of particles in these highly ac-
tive regions. To understand the nature and origin of these rearranging
regions, we have computed the low-frequency modes of the system using
normal mode analysis. The low frequency modes display quasi-localized
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character, which is evident from the contour maps of the particle partici-
pation ratios. Our analysis reveals that the regions where rearrangements
occur are spatially correlated with the quasi-localized zones of the low fre-
quency modes. This demonstrates that the system indeed relaxes along
the softest available modes.

Chapter 6: Here, we present the density of states and low frequency
modes of a two dimensional section of a original three dimensional hard
sphere colloidal crystal. The lowest frequency modes show as extended
plane wave-like character. The dispersion relations and the low frequency
part of the spectrum shows anomalous scaling compared to the expected
Debye scaling. With the help of elasticity theory (A. C. Maggs) we show
that such anomalous scaling is indeed the Debye behavior for a projected
two dimensional system.
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2.1 What are Colloids ?

The term ”colloid” comes from the Greek word ”Kolla” (means glue) was
first coined by Thomas Graham in 1861 to distinguish those materials
in aqueous solution that would not pass through a parchment membrane
from those that would. The term emphasizes their low rate of diffusion
and lack of crystallinity. Graham deduced that the low rate of diffusion
implied that the particles were fairly large - at least 1nm in diameter in
modern terms. Thus colloids are homogeneous mixtures differing from
molecular solutions and suspensions by the size of the particles. Particles
in a solution are about the size of molecules, approximately 1 nanometer

Figure 2.1: Depending on the size of solvent particles dispersions are classified
into solutions (σ < 1nm)), colloidal suspensions(∼ 100nm) and granular paste,
σ > 1µm.

or below in diameter. Those that form granular paste are larger than
1µm and finally, colloidal particles range in size roughly from ≈ 1nm to
1 micron. Note that these size limits are not rigid, for in some special
cases emulsions or slurries, particles of larger size is present, also, system
containing fibres only two dimensions are in the colloid range.
Every colloidal suspension consists of two separate phases: a dispersed

phase where one substance is dispersed uniformly in a finely divided state
throughout a dispersion medium or continuous phase. Both the phases
could be either solid, liquid or gas. Some familiar examples of colloids are,
fogs, mists, smokes where fine liquid droplets dispersed in a gas -aerosols,
milk - dispersions of fat in an aqueous phase, paint, mud, slurries, where
solid particles dispersed in a liquid medium -sols.
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Figure 2.2: Illustrations of colloidal system of various types. (a) Kaolinite (b)
Plaster of Paris, Cement, asbestos, (c) Polymer latices, (d) network structure,
e.g porous glass, gels.

Besides a large numbers of industrial and daily life use - colloids have
been successfully used to study the properties and processes of atomic
systems and phenomena like glasses, nucleation etc. as elaborated below.

2.2 Colloids as a Model System

The static and dynamic properties of colloidal suspensions share many
features of simple atomic liquids. In particular, the colloidal particles
forms fluids, crystals and undergo a glass transition [1]-[3] at higher vol-
ume fraction similar to atomic systems. The much smaller length scales
of atoms/ molecules compared to colloids results in faster dynamics -
thereby giving rise to very small relaxation times which often limits the
experimental accessibility of the physical process in these systems. Now,
the relaxation of density fluctuations in a colloidal system is much slower,
the usual Brownian time τB = ηd3/kBT ≈ 1s−1, the particle take to dif-
fuse over its own radius is of the order of ∼ 1s−1 allowing for detailed
experimental studies. The other important aspect is that generally the
interactions between the colloidal particles can be described by an ef-
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fective pairwise potential as in simple atomic fluids. These potentials
determine the microstructure and the macroscopic thermodynamic prop-
erties through the use of classical statistical mechanics. This establishes
a direct analogy between the two system. Furthermore, the interaction
potentials in colloidal systems are tunable [4] in several ways giving easier
access to transitions between a variety of phases. Colloidal particles thus
can be considered as ‘macro-atoms’ with interparticle distances compa-
rable to the visible light wavelength and slow relaxation, which provides
a reasonable model system of atomic or molecular systems at different
time and length scales.

Figure 2.3: One of the earliest study of real space imaging of colloidal crystal
as observed by van-Blaaderen and Wiltzius in 1995 [6].

In the past decades, a number of techniques such as static and dy-
namic light scattering, small angle X-ray and neutron scattering, video
microscopy have been extensively used to probe colloidal systems. The
findings by [1], using light scattering, showed that monodisperse colloids
replicates some of the phase behavior of the of atomic systems. The use
of laser scanning confocal microscopy in colloidal systems is a relatively
recent development. While scattering studies gives access to the bulk be-
havior, confocal microscopy enables direct visualization and recording of
the particle motions providing information about the microscopic details
of these systems. One of first studies is by Yoshida et al [5] in 1991 who
looked deep inside a sample of polystyrene latex colloids and observed
hexagonal ordering of the spheres. van Blaaderen and Wiltzius [6] ex-
tended the capability of confocal microscopy to denser systems, imaging
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spheres with packing fractions of 60% to observe the structure in the
colloidal glass and crystalline phases. A two dimensional image of the
colloidal crystal as obtained by them is shown in Fig. 2.3. It has by now
become one of the most powerful and growingly popular tools in colloid
science. In the present thesis we use laser scanning confocal microscopy
to visualize fluorescent colloidal particles discussed in detail in sec 2.5.1.

2.3 Hard Sphere Systems

One of the simplest system that can be mimicked by colloidal suspensions
is the hard sphere system. The hard sphere system is defined as a set of
impenetrable spheres where the interaction becomes infinitely repulsive
as two adjacent spheres overlaps, otherwise it is zero. Interparticle inter-
actions in an simple atomic or molecular fluid are well described by short
range highly repulsive branch along with a longer range weak attrac-
tion. In 1954, in a landmark theory, Robert Zwanzig [7], first introduced

Figure 2.4: Pictorial representation of different phases, stable fluid and crys-
talline phase as well as metastable glassy phase in hard sphere systems.

the perturbation theory of liquid state where Lennard-Jones potential is
treated as a perturbation over a reference state made of hard spheres.
This theory is particularly successful describing the high temperature
behavior of atomic fluid. The results were re-affirmed by the first-order
perturbation expansion of Weeks, Chandler and Andersen [8, 9] . All this
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work has drawn much attention to physics of hard sphere systems and it
has gained much importance as a simplified reference state for liquids.

Phase Behavior

The other interests in hard spheres comes from the fact that it is the
simplest system to show a fluid-solid transition [10, 11, 12] as well as
a glass transition at higher concentration. The free energy of the hard
sphere systems constitutes only of the entropy, as there is no poten-
tial energy contribution due to the zero interaction between the spheres
unless they overlap. Thus while in other system there is competition
between energy and entropy, -the transitions in hard spheres are purely
“entropy driven”. For example, the freezing of hard spheres is caused
by a competition between two contributions to the entropy S, associated
respectively with the spatial configuration of the particles and the free
volume available for local motions of the particles. Freezing occurs at
a concentration at which the entropy lost by the system on developing
long-ranged spatial order is more than offset by the entropy gained from
the larger free volumes available to the particles.

Figure 2.5: Schematic phase diagram of hard sphere system.

Thus the HS phase behavior depends only on a single parameter, its
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volume fraction ϕ. For N hard spheres of radius σ and volume V the
volume fraction is ϕ = 4/3πσ3(N/V ). Below the freezing transition [12]
ϕf = 0.494, the equilibrium state is a fluid, an disorderly arrangement
of particles where the system is able to visit all accessible micro-states
in phase space (ergodic). Beyond ϕ = 0.545 the thermodynamically
stable state is crystalline up to the close packing fraction 0.74. Fluid
and solid co-exists in between the range 0.494 < ϕ < 0.545. Existence of
another metastable disordered branch has been observed that starts at
ϕ = 0.494 up to the random close packing 0.64. A number of simulations
and experiments on hard spheres system in past decades recognizes these
higher density metastable states as glassy states. The diagram in Fig. 2.5
depicts the hard sphere phase behavior.
The glass transition in hard sphere system has been an issue of debate.

issue. The first theoretical calculations that put this phenomenon on firm
footing is the mode coupling calculation by Gotze et. al [13, 14], in the
1980s, which predicts glass transition at a volume fraction ϕ ≈ 0.52.
Starting with a lower density disordered state and carefully ”compress-
ing” it to avoid crystallization leads eventually to such metastable states.
This is now a widely used way to prepare such glassy states in computer
simulations.

Figure 2.6: Experimental observation of equilibrium and non equilibrium
phases in dense PMMA suspensions as studied by Pusey and Megen [1].

On experimental front, the pioneering work of Pusey and Megen (Fig. 2.6)
has shown that the suspensions of sterically stabilized PMMA particles
(polymethyl methacrylate) at various concentration well replicates the
phase behavior of the hard spheres. In addition, they found that the
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samples above ϕ ≈ 0.58 that should crystallize, remained amorphous for
months. Following this observation, a number of dynamic light scattering
(DLS) experiments have been done which show that this failure to crys-
tallize is indeed particles being trapped into a glassy state [15, 16, 17].
The intermediate scattering function f(q, t) that is measured in these
DLS experiments shown that it did not completely decay to zero above
a volume fraction ϕ ≈ 0.58, indicating the onset of nonergodicity and
thus a glass transition in hard spheres. Later, a detailed study by them
along with their initial DLS results showed that MCT predicts f(q, t)
accurately, provided the theoretical ϕ is scaled by 0.58/0.52 = 1.12 [18].

2.4 Sample Preparation

Figure 2.7: Schematic diagram of steric stabilization of PMMA particles where
a layer of polymer is grafted on the outer surface. The repulsive force between
two particles originates from the interaction of such polymer layers as they
approach close to each other.

In the present experiments we have used sterically stabilized PMMA
(poly methylmethacrylate) particles to prepare hard sphere systems, which
is obtained by the bulk polymerization of MMA (methyl methacrylate)
monomers. The PMMA particles we use here is synthesized by Andrew
Schofield [19]. They are transparent and colorless thermoplastic that is
hard and stiff. The dielectric nature of the PMMA particles in a solvent
gives rise to long range attractive van der Waals between the spheres. So,
when two particles come closer they tend to stick to each other leading
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to irreversible aggregation. Here, by matching the refractive index of the
solvent with that of the particles, the van der Waals forces are made very
small. In addition a stabilizing mechanism is used to create a positive
potential barrier between the particles so as to avoid flocculation. One
of the ways to achieve this is steric stabilization [20, 21] of the particles
where a ‘protective’ layer of polymer / macro molecules are grafted on the
surface of the PMMA spheres. Interactions between these layers of two
adjacent particles results strong enough repulsion between the surfaces
sufficient to suppress the van der Waals attraction.
The present set of particles with a radius of about 650nm are sterically

stabilized by a layer of poly-12-hydroxystearic acid (PHSA). The thick-
ness of the layer is 10− 20nm - a very small fraction of the radius. The
repulsive potential arising due to the interpenetration of polymer layers
are relatively steep giving rise to ’hard sphere’ like interaction.
To prepare the dispersion, these PMMA particles are suspended in a

mixture of Cis-deccaline and Cyclo Heptyle Bromide (CHB) with a vol-
ume ratio of 1 : 3 -chosen so as to match closely the density and index
of refraction of the particles. The density matching of the particles and
the solvent is needed to avoid sedimentation at room temperature. The
refractive index matching provides nearly transparent sample making it
suitable for visualizing through microscope and at the same time mini-
mizes inter particle van der Waals forces. The organic salt TBAB (tetra-
butylammoniumbromide) is added to the suspension to further screen
possible residual charges.
To prepare samples of different volume fractions, a suspension with a

reference volume fraction is needed first. We start with a suspension of
arbitrary volume fraction and centrifuge this to form a dense sediment
followed by the removal of weighed amount of clear supernatant liquid.
This results to a sample with a volume fraction close to random close
packing, 0.64. Any sample with desired volume fractions is then obtained
by adding weighted amount of solvent to this reference sample.
Finally, to verify the hard-sphere behavior of the above samples, we

allow the system to crystallize by waiting weeks or months, and measure
the crystallization density, a very sensitive measure for deviations from
the hard-sphere behavior; it agrees to within a fraction of a percent to
that of true hard spheres.
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2.5 Confocal Microscopy

Optical microscopy also referred to as the “light microscopy” uses vis-
ible light and a system to lenses to magnify images of smaller objects
which will be otherwise invisible by the naked eye. Microscopy started
with the simple experiments of two Dutch spectacle makers, Zaccharias
Janssen and his father Hans in the year about 1590 the modern optical
microscope has evolved through the contributions of various scientists
like Galileo Galilei, Anton Van Leeuwenhoek and Robert Hooke in six-
teenth century. Today it has become a powerful visualization tool in
the domain of micron and submicron length scales for a wide variety of
disciplines like biology, nanophysics and micro-electronics. Nevertheless,
visualizing deep inside a sample like biological tissues or dense colloidal
suspensions remain difficult by a conventional optical microscope due to
multiple scattering events leading to blurred images. These issues were
first addressed by Marvin Minksky in 1950s which provides the basic
foundation of confocal microscopy as elaborated in the section below.

2.5.1 Laser Scanning Microscopy

In 1961, Marvin Minksky has proposed a two fold solution -point by point
illumination of the sample to minimize aberrant rays of scattered light
as well as introduction of a pinhole aperture in the image plane elimi-
nating all those rays emitted other than the focal plane, thus creating a
better quality image than wide field imaging where the whole object is
illuminated at the same time.
The light rays emerging from the pinhole is finally measured by a

detector such as a photomultiplier tube. Figure 2.8 shows schematic of a
confocal microscope. Now, constructing the image of the whole specimen
in 2D or 3D requires scanning over a regular raster in the specimen.
While the first confocal microscopes used a translating stage, modern
day Confocal microscopes use lasers as a light source and scan across
the sample to visualize each point inside it- this is called Laser Scanning
Confocal Microscopy (LSCM) [22, 23, 24]. In present study we use a
LSCM (Carl Zeiss, LSM5, live) with a high speed line scanning technique
as shown in Fig. 2.9 to obtain the images of the fluorescent colloidal
samples under study. Use of fluorescent particles further gives higher
contrast as a filter blocks everything except the fluorescent wavelength.
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Figure 2.8: A sketch of the optics of a confocal microscopy. The solid line
is in-focus light, the blocked line is out of focus light that is blocked by the
second pinhole infront of the detector.

Figure 2.9: Confocal microscope set up used for the present measurements.

2.6 Resolution

The resolution of any optical system is the ability to clearly determine
two separate points, or objects, as singular, distinguished entities. In a
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confocal microscope, the image of a point-like source is a three dimen-
sional pattern known as ‘point spread function’ (psf) [23, 25] due to
the diffraction through the circular aperture (pinhole). The transverse
cross-section of the psf on the image plane is an Airy disc, whose size
depends on the numerical aperture of the objective lens as well as on
the wavelength of the light source. Generally, two closely spaced lumi-
nous points in the sample plane results into overlapping discs leading to
an intensity distribution with two peaks as shown in Fig. 2.10 Now a

Figure 2.10: Circular diffraction pattern (airy disc) and corresponding inten-
sity distribution resulted from imaging of a ’point like source in the field of
view. Right: Diffraction field and intensity distribution for two closely space
luminous points in the field of view.

minimum separation is required between the discs to create a reasonable
‘dip’ in between, for the peaks to be resolved -this sets the maximum
resolution of the microscope. Following Rayleigh criteria this separation
is the full width half maximum, FWHM of the airy disc (when the first
minimum of an airy disc aligns with the central maximum of the sec-
ond one) leading to a dip of roughly about 26%. For the optical setup
of most commercially available confocal microscopes this separation is
about 200nm.
It is important to note that the precision of determining the position



2.7 Scanning 27

of a light source is different from the resolution discussed above. The
position of an isolated fluorescent point-like source corresponds to the
’center of mass’ of its spatially extended airy disc image. If the disc is
about N pixel wide and each pixel is M micrometers across, the center
of the disc can be estimated to ≈ M/N accuracy, which is higher than
the optical resolution. In the present study this uncertainty in detecting
the position of a single particle is ≈ 28nm. This has been found from
the standard deviation of the distribution positions of a set of particles
glued on a slide and is discussed in more in detail in chapter 3.

2.7 Scanning

The term scanning implies sequential illumination or observations of a
selected section of an objective. The portion of the sample to be imaged
by the microscope has to be scanned by the available light source. In the
initial period stage scanners were used where the sample was translated
while the optical system remained fixed. Gradually this has been im-
proved by the introduction of galvanometers which move the mirror back
and forth in a sawtooth pattern to scan the sample plane. The speed of
most confocal microscopes is limited by the rate at which the mirrors can
scan the entire sample plane. However, use of galvanometers is still a slow
process even for a moderately sized sample. For example, a 512 × 512
pixel image taken at video rates (30 frames s.1) requires the galvanometer
to scan a single direction at a frequency of ≈ 30 × 512 = 15kHz, much
faster than its operating specifications of a few kilohertz. In recent times
two designs are used to overcome this limitation and capture images at
high speeds: (1) acousto-optic deflectors (AODs) and (2) Nipkow discs.
The present confocal set up uses the AOD technique for scanning, the

maximum possible frame rate can be achieved is 120 frames per sec for
an image size of 512 × 512 pixels. The set of measurements presented
here have been done mostly at a frame rate of about 20− 30 frames/sec
with the image size same as above. Scanning at higher frame rates causes
bleaching of the colloidal particles leading to images reduced contrast.
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2.8 Data Acquisition

We image the colloidal particles in the sample cell using an oil immersion
objective that has a magnification of 63x and a numerical aperture of
1.4. The Zeiss LSM 5 microscope uses a line scanner that sequentially
illuminates a selected section of the sample to be imaged, and its speed
is limited by the rate at which entire sample plane is scanned. Particle

Figure 2.11: Image of colloidal particles of a glassy sample on a two dimen-
sional plane inside the sample cell as obtained in the present measurement by
confocal microscopy. The smaller dots indicates particle center as detected by
the standard tracking softwares.

positions have been recorded over a two dimensional plane inside the
sample cell. The depth of this focal plane, Z, is controlled by a piezo-
element mounted on the objective of microscope. We fix the position of
the objective such that it’s focal plane is, at least, 20− 25µm away from
boundaries and acquire a time series of images. We then use particle
tracking software IDL to detect the particle positions in each frame.
Figure 2.11 shows an image frame of a dense colloidal glass with particle
centers identified using the above software.
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3.1 Introduction

When a liquid is cooled to temperatures lower than its equilibrium crys-
tallization, at a rate that is sufficiently fast to avoid crystallization, it
enters a metastable supercooled state. Approach to such a supercooled
liquid state is characterized by the slowing down of the dynamics asso-
ciated with a rapid growth of relaxation times. As the temperature is
decreased more, there is further slowing down of dynamics, resulting a
transition to the ‘glassy state’ with a very high viscosity behaving me-
chanically like a solid for most practical purposes. Theories and analogies
[1] developed in past decades to understand glasses are largely based and
extended from the theory of dense liquids. Another way would be to
understand glasses from the solid state perspective by looking at the
vibrational spectrum and the normal modes [2] of the system. In the
present study, we follow the later approach and measure the vibrational
density of states of a hard sphere colloidal glass. We find that the spec-
trum of the vibrations has many soft low-frequency modes [3]-[6], more
abundant and different in nature from the usual acoustic vibrations of
ordinary solids. This results in an anomalous low-frequency peak in the
density of states which approaches zero frequency as one goes deeper into
the glass. The methods and results are discussed in detail in the follow-
ing sections. In the last section of this chapter we also discuss the results
of Monte Carlo simulation of hard sphere systems which clarifies some of
questions relating to the validity of the present experimental results.

3.2 Experiments

We study the colloidal hard sphere systems by following the thermal
motion of the particles using a confocal microscope. PMMA (poly-
methylmethacrylate) particles, of diameter, σ = 1.3µm have been used.
These particles are dyed with rhodamine and are sterically stabilized to
prevent aggregation. There is a polydispersity of size of about 5% in
the particle size to prevent crystallization in the system. We use a mix-
ture of cyclohexylbromide and decalin as our solvent, to match both the
density and index of refraction of the particles. The organic salt tetra-
butylammonium bromide (TBAB) has been added to screen any possible
residual electrostatic forces. The constituents and preparation procedure
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leads to particles that are indistinguishable from hard spheres as verified
by measuring the crystallization density (chapter 2).

Figure 3.1: Schematic of Confocal set up used in the present measurements.

To prepare samples at different volume fractions, known amount of
solvents have been added to a centrifuged sample with a volume fraction
close to random close packing (details in sec. 2.4, chapter 2).
We then use confocal microscopy to acquire two-dimensional images in a
field of view of 100µm × 100µm over a single plane in the sample cell.
The 2D slice was taken at a distance of 25−30µm away from the cover-

slip, deep enough to avoid the effects of the boundary. The time interval
between each image frame is 0.05sec which is approximately 1/15th of
the Brownian timescale τB, τB = ησ3/kBT ≈ 0.75sec, where η is the sol-
vent viscosity of the suspension. Standard IDL software has been used
to track the particle positions in each frame. Around 2000 particles have
been tracked over a time period of 175sec, resulting 3500 image frames.
The measurements have been done over a range of volume fractions,
ϕ = 0.54, 0.57, 0.58, 0.59, 0.60 Hard-sphere colloidal systems exhibit a
glass transition at where dynamics becomes very slow around a volume
fraction of ϕ = 0.58. Lower volume fractions (ϕ = 0.54) constitute a
supercooled liquid, and higher ones, ≥ 0.58 are glassy.
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Figure 3.2: Two dimensional image of the colloidal suspension under study.
The particles have a diameter of 1.3µm.

3.3 Method and Analysis

Trajectories of each of the particles were reconstructed from the mea-
sured snapshots as mentioned above. This provides particle positions
x = x(t), y = y(t) as a function of time over the period of observation.
Mean square displacements ⟨δr2(t)⟩ as a function of time computed from
the measured positions at different volume fractions have been shown in
Fig. 3.3. ⟨δr2(t)⟩ shows a short term increase in the beginning followed
by a flat plateau (when plotted on a log-lin scale), indicating that in
the present experimental time-window, each particle moves in a “cage”
constituted by the neighboring particles. The plateau value decreases
with increasing volume fraction of the suspension, because the particle
motion is more restricted. The very existence of a plateau in the mea-
sured mean-squared displacement shows that there is a range of time
scales for which local equilibrium can be justified where each particle
giggle around its mean position - thus enables measuring the displace-
ment correlation of the respective metastable configuration. To measure
the soft modes in the system we first obtain the displacement compo-
nents of any ith particle from their mean positions along confocal plane
as, ui = {xi− < xi >, yi− < yi >}, where < xi >,< yi > are averaged
over the particle trajectory during the whole period of measurement. We
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Figure 3.3: Left: Mean square displacement at different volume fractions.
Inset shows the same data on log-log scale. A plateau is observed in the
mean square displacement curves. The square displacements at the plateau
decreases as ϕ increases, reflecting smaller cage-size. Right: Randomly selected
trajectories of a few particles. The particles are moving around their local
equilibrium position within the present experimental time window.

then define the covariance matrix [7], [8], [9] of displacements as,

Dlm = ⟨uµiuνj⟩, µ, ν = x, y (3.1)

where l,m = 1, 2..2N matrix index on the left runs both over the particle
indices and the cartesian components of displacements. The averaging ⟨⟩
has been done using 3500 frames corresponding to the plateau of MSD.
Note that the colloidal particles undergo Brownian movement due to
their collisions with the solvent molecules. Thus there is a presence of
viscous drag as well as the hydrodynamic interactions [1] between the col-
loidal particles in the system. The covariance matrix as discussed above
does not take into account either dissipative effects or any anharmonic-
ity (excludes higher order correlations) that is present in the system. It
instead represents a system having spatial structure and particle inter-
actions that is same as that of the real system under study excluding
the damping effects. The matrix Dlm were measured and averaged over
the configurations within the metstable state. Thus, the real and rep-
resentative systems are characterized by the same correlations Dlm as it
is a static equilibrium property of the system. Now, diagonalizing the
above matrix gives us λm = 1, 2..., 2N eigenvalues and corresponding 2N
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normal modes of the system. The mode frequencies ωms are related to
the eigenvalues as,

ωm =
√

(1/λm). (3.2)

All these frequencies together constitute the vibrational spectra of the
colloidal glass under study.

3.4 Results

3.4.1 Density of states

Once we obtain the normal mode frequencies from the correlation ma-
trix, the histogram of all the frequencies gives us directly the Density
of states D(ω) of the system. The density of states at different volume
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Figure 3.4: Left: Density of states D(ω) at different volume fractions, ϕ =
0.54, 0.57, 0.58, 0.59, 0.60. The same is shown on logarithmic scale on the right
figure. The density of states is normalized by

∫
D(ω)d(ω) = 1. The dashed

line shows the upper limit of frequency until which the data is not affected by
noise.

fractions ϕ is plotted in Figure. 3.4. For all the volume fractions D(ω)
rises starting from a lowest frequency up to a maximum resulting a peak
at a certain frequency say ω∗ and then starts decaying. There is a slow
gradual shift in the DOS towards higher frequencies as the states with
higher ‘compression’ is approached as one can expect. Note that in the
present experiments the resolution in measuring individual particle posi-
tions limits the accuracy in the measurement of higher frequencies. The
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dashed line shows the upper limit ≈ 60nm until which the measured
frequencies are reliable. We will come to this later in more detail.

Pressure Dependence

Let us now discuss the dependence of the normal modes on the osmotic
pressure p of the suspensions. Recently a numerical study by Brito and
Wyart [23] on two dimensional hard discs suggests an empirical relation
between the average square displacements, pressure p and the density
of states D(ω) of the system. They have defined the displacement fluc-
tuation for a particle i as, δRi = Ri − Req

i where Ri and Req
i denotes

instantaneous and average position of the particle in a given metastable
state. These average fluctuations in particle positions were then written
in terms of the mode fluctuations that eventually lead to a relation,

⟨δR2⟩ ∼
∫
0

D(ω)/ω2 ≥
∫
ω∗

D(ω)/(ω2), (3.3)

where ω∗ is the characteristic frequency at which the density of states
D(ω) reaches a peak value and decays thereafter. The inequality sign
stands for the modes with frequency between ω = 0 and ω = ω∗. For
a density of states where there are fewer modes below the frequency ω∗

and at the same time D(ω) decays rapidly as ω > ω∗, the above integral
would be dominated by the lower bound. Thus, one gets

⟨δR2⟩ ≥ D(ω∗)/(ω∗). (3.4)

Brito and Wyart have shown that ω∗ scales with pressure as ω∗ ∼ p1/2

and D(ω) reaches a value ∼ 1/p for ω ≥ ω∗ Thus Eq. 3.4 leads to

⟨δR2⟩ ≥ D(ω∗)/(ω∗) ∼ p−3/2. (3.5)

In hard sphere glasses, the mean square displacement shows a plateau
(Fig. 3.3) where the particles are in the vicinity of their local equilibrium.
Thus, the displacement fluctuations, ⟨δR2⟩ discussed above should be
equivalent to the plateau value ⟨δr2P ⟩ of MSD. We therefore tested the
above scaling directly in our experiments by plotting the plateau value
of the mean square displacement vs the pressure. The latter is computed
from the volume fraction using an empirical equation of state [13] for the
colloidal hard spheres, we use with p = −(kBT/v)ϕ

2 d
dϕ
ln[((ϕmax/ϕ)

1/3 −
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Figure 3.5: Left: The plateau value of the mean square displacement plotted
as a function of volume fraction. Right: Pressure from Liu equation of state
[13] as function of the plateau of MSD at different volume fractions. The full
line is a p−3/2 fit.

1)3], v the volume per particle. Fitting the data, (Fig. 3.5) it is clear
that they are indeed compatible with the above scaling. This is also an
indication that soft modes are present in the system. Now, for higher
frequency modes, the eigenvalues are expected to be proportional to the
pressure [10, 11]. To scale out this effect, we divide the frequencies ω by
pressure, p. The cumulative DOS plotted in terms of rescaled variable
ω/p shows that there is a proliferation of low frequency modes as the
system goes deeper into glassy phase.

3.5 Convergence and Effect of Noise

In this section we discuss some of the issues related to the above analysis -
how averaging statics and the presence of noise in the experiments affects
the measured DOS. It was first pointed out to us by Henkes, Brito and
van Saarloos, [14] that the finite resolution of the microscope leads to a
significant uncertainty on the high-frequency tail of the calculated DOS
[15] Roughly, the error in the DOS becomes important when the value of
the matrix elements of the displacement correlation matrix (correspond-
ing to a displacement squared) becomes on the order of the square of
the resolution of the microscope. Here we have tried to understand such
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Figure 3.6: Cumulative density of states D̄(ω) =
∫ ω
0 D(ω′)dω′ at different

volume fractions, ϕ = 0.54, 0.57, 0.58, 0.59, 0.60, where frequencies are scaled
by pressure P obtained from the plateau value ⟨δr2P ⟩ of the mean square
displacement following the scaling shown in Fig. 3.5.

effect of noise by analyzing the spectrum of a matrix made of pure Gaus-
sian noise. This is a contribution by Jorge Kurchan. Let us consider the
case where we add a noise of amplitude τ to the system. The displace-
ment correlation matrix with noise can be written as, A = D + J , sum
of the true physical correlation matrix Dlm and the correlation matrix J
induced by the noise. One can infer the spectrum of A in the limit of
pure noise (A = J), at least for a Gaussian noise. The noise on particle i
added on the kth snapshot (at time tk) can be written τδi(tk) with δi(tk)
a Gaussian random variable with variance 1. Writing A explicitly in this
case leads to:

Aij = (τ 2/M)
M∑
i=1

δi(tk)δj(tk) = KTK (3.6)

(M being the number of snapshots taken to build the correlation matrix)
where K is a dN×M matrix (d being the spatial dimension of the system)
with elements Kij = τ/

√
Mδi(tj). Then the problem is equivalent to

finding the spectrum of a random rectangular matrix, which can be done
following [16]. The respective density of states D(ω) is given by (if M >
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dN),

D(ω) ∝ (1/ω)
√
2τ 2(1 + dN/M)(1/ω2)− 1/ω4 − A4(1− dN/M)2,

(3.7)
within a bounded range of frequencies (1 +

√
dN/M)τ−1 < ω < (1 −
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Figure 3.7: Density distribution D(ω) of frequencies where correlations are
pure Gaussian noise. D(ω) shows a peak at low frequency along with a long
tail which goes as ∼ 1/ω2 in the limit M ∼ dN .

√
dN/M)τ−1. The DOS corresponding to the pure noise is shown in

Fig. 3.7 Two important features are apparent (1) There is a peak at the
lower frequency which appears due to the fact that the apparent mean
square displacement gets enhanced due to the addition of the noise. (2)
Secondly, the case of not enough statistics when number of averaging
frames are comparable to the dimension of the matrix M ≈ dN . This
leads to a tail of the DOS at higher frequency, which varies as 1/ω2. It
is also clear that the only reliable eigenvalues of the correlation matrix
Dlm are the ones larger than the largest possible eigenvalues of J given
by,

ω ∼ 1

1 +
√
dN/M

1

τ
. (3.8)

We note that Eq. 3.8 implies that there is a limit to the averaging of the
noise by the statistics at ω+ ∼ 1/τ .Some of the above predictions on the
effect of noise can be applied and tested on the experimental data. We
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choose a smaller section of the whole field of view that contains of about
700 particles and obtain DOS from the correlation matrix averaged over
different total number of frames, 2000, 3000, 3500, 4000, 4500 respectively.
The result is shown in Fig. 3.8. The low frequency part, up to a certain
frequency as indicated by the dashed line, nearly converges for all number
of frames and remains unaffected. Beyond this cut-off line the spectrum
shifts towards lower frequencies with the gradual increase in the number
of averaging frames. This effect is visible in the density of states. The
density of states shows systematic a enhancement of the peak at low
frequencies In addition it shows that the tails of DOS are less pronounced
at higher frequencies as larger number of averaging frames are used.
To quantify the uncertainty in locating the particle positions, we have

performed a simple experiments where we have taken snapshots of po-
sitions of particles glued on a slide. Around 2000 image frames were
recorded, where each image frame had roughly 1700 particles. Particle
positions are then tracked using the usual IDL software. The histogram
of the individual particle positions collected over different frames is shown
in Fig. 3.5(a). The standard deviation of this distribution, which is about
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Figure 3.8: Density of states D(ω) (left) and normal mode frequencies (right)
are shown for a system with 700 particles with different number of averaging
frames- 2000, 3000, 3500, 4000, 4500 respectively. The density of states is nor-
malized by

∫
D(ω)dω = 1. The very low frequency part nearly converges for

all averaging frames. The frequencies below the dashed line as shown in the
figure largely remain unaffected by noise.
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Figure 3.9: The figure shows the distribution of the particle positions glued
on the slide. Standard deviation of this distribution gives the resolution in
locating the particle positions which is about τ ∼ 28nm.

28 nm gives the error in locating the particle positions. The respective cut
off frequency ω+, independent of the averaging time interval (or number
of frames) as mentioned above is given by, ∼ 1/τ ∼ 1/28nm ≈ 36(µm)−1.

3.6 Monte Carlo Simulation of Hard Sphere
Glass

In this section we discuss some of the results obtained using Monte-Carlo
simulation of hard sphere systems by Romain Mari and Jorge Kurchan.
These clarify some of the questions on the finite sized experimental do-
main as well as the effect of noise on the measured data.
In our experiment we measure the displacements of particles in a small

and two-dimensional slice of the real system, and we diagonalize a subma-
trix of the full correlation matrix. This is not only due to an experimen-
tal, but also to a numerical limitation: diagonalizing the full correlation
matrix (in thermodynamic limit) is an impossible task. The problem is
not hopeless, because the slice is typical of all others and will give sta-
tistically equal results. To investigate the difference between the experi-
mental and the ‘true’ DOS, numerical simulations have been performed
on a three dimensional system of slightly polydisperse hard spheres [8].
A constant pressure Monte Carlo algorithm is used with periodic cubic
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boundary conditions. The system is made of N = 864 particles, with
radii distributed uniformly between 0.95σ and 1.05σ (where σ is the av-
erage radius of the spheres), leading to a polydispersity of about 3%.
In order to improve the statistics of the data, several realizations of the
hard sphere glass have been used. Each of them was generated by ini-
tially taking the system in the liquid phase, below the freezing transition
density (∼ 0.54), quenching it to a density well above 0.54 (in the simu-
lations shown here: 0.594), and then equilibrating it by doing a sufficient
(106) number of Monte Carlo sweeps. We checked carefully that on this
timescale we are in quasi-equilibrium in a metastable state and that no
crystallization occurred during equilibration.
We have studied the non-linear vibrational modes of the system via

the same displacement correlation matrix. The matrix was computed
along runs of 105 MC sweeps from which M = 5 × 104 snapshots were
used for the time averaging. The length of the simulation ensures that
even the softest (hence slowest) modes are explored by the system, while
the reliability of the information included in the correlation matrix is
provided by the large (compared to the number of modes to be computed)
number of snapshots. We checked that the spectrum was not affected by
doubling the runs as well as number of averaging frames. In order to
mimic the experimental conditions, we computed the vibrational density
of states in a two-dimensional slice of the whole system. We will highlight
and elaborate mainly two aspects (1) the comparison of the spectrum of
a 2D system with a 3D and (2) the effect of noise when noise is artificially
added to the particle positions.

3.6.1 Comparison of density of states in 2D and 3D

We select a two-dimensional slice and keep only the positions of the
N particles crossing this plane at the initial time of the simulation. We
project the particle positions on a two-dimensional slice in a similar man-
ner as the experimental setup. We then build the displacement correla-
tion matrix with is now a 2N × 2N sub-matrix of the 3N × 3N matrix
of the whole system, and diagonalize it to get the density of states.
The comparison between the three and the two-dimensional cumulative

density of states is shown in Fig. 3.10. The lower frequency part for both
the systems seem to show a similar trend while differences appear mainly
in the high frequency part of the spectrum.
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Figure 3.10: Left: Densities of states D(ω) for both 2D and 3D system are
compared. The frequencies are given in units of (2σ)−1 Right: Cumulative
Density of states D̄(ω) =

∫ ω
0 D(ω′)dω′ shown in logarithmic scale. The trend

of the two-dimensional spectrum is the same as the three-dimensional one at
low frequencies.

3.6.2 Noise Analysis
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Figure 3.11: Left: Density of states of a 2D slice without noise (red curve), and
with an added noise of amplitude 0.02σ. The frequencies are given in units of
(2σ)−1. The spectra are normalized by
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In order to evaluate the effect of the noise of measurement of the com-
puted density of states we added, in the simulation, a random noise
taking values +/ − 0.005σ on each particle coordinate and each snap-
shot, so that the overall amplitude of the noise in terms of the particle
radius is 0.01; for the experiments, the resolution over the particle size is
of the same order (τ/σ = 28nm/1.3µm ≈ 0.02). Note that the noise is
added during data processing, on results of a simulation which is ’noise-
less’. The effect of adding noise to the particle positions is plotted in Fig.
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Figure 3.12: Left: Densities of states of a 3D system without noise (red curve),
and of a 2D slice with an added noise of amplitude 0.02σ. The frequencies are
given in the units of (2σ)−1. The spectra are normalized by

∫
D(ω)dω = 1.

Right: Cumulative densities of states D̄ =
∫ ω
0 D(ω′)dω′ for both the systems

in logarithmic scale.

3.11 for a two-dimensional slice of a 3D system. We observe that the low
frequency part of the density of states is unaffected by the noise, while
the high-frequencies are shifted down. A similar trend was observed with
the experimental data when number of frames used for averaging is en-
hanced. We can now compare the density of states obtained on a 2D slice
with some noise in the measurement with the density of states obtained
on the original 3D system without noise. This is done in Fig. 3.12. The
crucial point is that the spectrum is preserved at low frequency, despite
computing it with a partial information.
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3.7 Conclusion

In conclusion, in the present experiments we have obtained the density of
states from the measured particle displacements in a hard sphere colloidal
system. The DOS show an excess of low frequency modes around the
glass transition volume fraction. The existence of these excess modes
had so far only be predicted on the basis of theoretical considerations,
our experimental study shows therefore that they do exist in nature, in
what is probably the most studied system in the field of glassy dynamics:
hard sphere colloids.
The present study shows that there is in principle at least one other

way of accessing the energy levels of a disordered system such as the one
considered here. The classical (spatial) Fourier analysis as has been done
on colloidal crystals (see e.g. [5]) does not work here, since it uses the
periodicity of the lattice. However, one can calculate the (time) Fourier
transform of the velocity autocorrelation function in the time domain, to
obtain a density of states. If the system were harmonic, undamped and
without hydrodynamic interactions, the DOS from both methods would
coincide. For the DOS we calculate here, the ‘frequency’ (ω =

√
(1/λ)

in fact has the dimension of an inverse length, since it corresponds to
the eigenvalues of the displacement correlation matrix. To convert the
length into a frequency, one should multiply by kBT/(mD), with kBT
the thermal energy, and m and D the mass and diffusion coefficient of
the colloidal particles. It is this conversion that requires that the system
be harmonic, undamped and without hydrodynamic interactions.
The other issue that we address here is the effect of noise on the ex-

perimental data and how does it affect the measured density of states.
This has been tested in sec. 3.5 using different number of frames to av-
erage the correlation matrix. To have a better understanding in sec. 3.6
we have used simulation data where noise in which is artificially added
to the particle positions. Both the analysis shows similar trends where
the low frequencies are not influenced by noise up to a certain cut off
frequency. Thus our main results reported here on the excess modes in
glasses, which is based on the low frequency spectrum of the system,
remain unaffected by the presence of noise that visibly affects only the
higher frequencies.
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4.1 Introduction

In chapter 3 we discussed the vibrational spectra and the density of
states that results from the covariance matrix of the displacements of
the colloidal particles. In this chapter we present the normal modes
resulting from the above analysis and discuss various aspects of their
characteristics in detail. Among the vibrational spectrum over the whole
range of frequencies, the lower frequency modes show ”swirling motion”
with the correlation extending over many particle diameters. To obtain
a clearer picture we have computed an orientational order parameter as
a function of the particle separation. This helps us to estimate roughly
the range of correlation as well as to compare the extent of the correlated
motion at different volume fractions.
The other aspect that we elaborate in this chapter are the localization

properties of these modes. The present experimental samples start from
the supercooled liquid suspensions ϕ = 0.54 and go up into the dense
glassy phase ϕ = 0.60. This provides a good range of systems in which we
can observe and analyze such properties. Thus, we compute participation
ratios of the normal modes of the present systems, which is a well known
measure for localization of collective modes in general. Below, we begin
by introducing the concept of normal modes of collective motion in any
system.

4.2 Normal modes

The normal modes of vibration are of fundamental importance in the
study of collective oscillations. Though the motion of any single oscilla-
tor of a coupled system appears complex and may even be non-periodic,
the picture is highly simplified when viewed in terms of the normal modes.
Under appropriate conditions of excitations the system exhibits a simple
harmonic motion with the same frequency and phase as a whole. A vi-
bration of this kind is called a normal mode of the coupled system. The
frequencies of the normal modes of a system are known as its natural
frequencies or resonant frequencies. A physical object, such as a build-
ing, bridge or molecule, has a set of normal modes that depend on its
structure, materials and boundary conditions. Figure 4.2 illustrates a
few normal modes corresponding to different harmonics of the simplest
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Figure 4.1: Normal modes of different harmonics for a rectangular drum.

case of a vibrating drums fixed at the ends.
Computation of normal modes in any system requires the system to

be in a stable configuration say R0 corresponding to one of the local
minima of the potential energy surface. The potential energy V (R) can
be expanded around R0 as,

V (R) = V(R0)− F.(R−R0) + 1/2(R−R0) ·K(R) · (R−R0) (4.1)

, where the dynamical matrix [1] is given by,

(K)iαjβ =
∂2V(R)

∂Riα∂Rjβ

. (4.2)

Note, that in expanding the potential energy we have considered terms
up to the terms quadratic in displacement known as harmonic approxi-
mation which would be valid for small amplitude motion of the particles
around the local minima. Diagonalization of the above matrix K yields
the normal modes (eigenvectors) and the corresponding squared frequen-
cies ω2 which is the standard prescription in solid state [1]. In the present
thesis we work with a experimental hard sphere systems where we have
direct access to the positions and displacement of the colloidal parti-
cles in time. Therefore we adopt another method to obtain the normal
modes of the system by measuring the correlations in position fluctua-
tions [2, 3] leading to the matrix Dlm as described in detail in chapter 3.
The eigenvectors of this matrix v(ωm) gives us the normal modes and
corresponding frequencies are given by ωm =

√
1/λm where λm are the

respective eigenvalues.
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4.3 Visualization of the Normal Modes

4.3.1 Glasses

The density of states of the suspension at a volume fraction ϕ = 0.60 is
shown in Figure 4.2. The dashed line shows the limit (ω ∼ 36µm−1) up
to which the spectrum is reliable and not affected by noise (chapter 3).
All the results and analysis presented here remain below this frequency.
Let us now see what the respective normal modes look like for this dense
glassy suspension. To observe the distribution of the modes at different
frequencies, we have plotted a few two dimensional eigenvector fields
v(ωm) for the different frequencies ωm for the volume fraction ϕ = 0.60
in Figure 4.3. The location of these chosen frequencies corresponding to

Figure 4.2: Density of states for the volume fraction ϕ = 0.60. The filled circles
show four different locations in the spectrum corresponding to the eigenmodes
shown in the figures below. The dashed line shows the frequency up to which
the spectrum is reliable and not affected by noise.

these eigenmodes have been indicated by the filled circles in the density of
states plot. As is apparent the very lowest frequency (Fig. 4.3-a) modes
shows large-scale swirling structures,
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Figure 4.3: The two dimensional eigenvector fields have been plotted as func-
tion of mode frequencies in ascending order starting from the lowest ones for
the volume fraction ϕ = 0.60. The frequencies (µm−1) chosen are from differ-
ent part of the spectrum as indicated in Fig. 4.2. The low frequency modes
shows spatially correlated motion. With the increase of frequency there is a
gradual loss of such correlation. Eventually the very high frequency modes
appear to be completely random.

where the motions are correlated over several particle diameters. As
we go towards higher frequencies, there is a gradual loss of this extended
correlation. Eventually the modes become completely random at suffi-
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ciently high frequencies.

4.3.2 Supercooled Liquid

In Fig. 4.4, we show some of the eigenmodes as a function of frequency for
the supercooled sample ϕ = 0.54. We observe similar trends -correlated
low frequency modes and a decrease in the loss of correlation in the modes
as we move towards higher frequencies.

4.3.3 Orientational Correlation function

To quantify the order in the eigenvector fields, we calculated the orienta-
tional correlation function cij defined as the scalar product of vi(ω)·vj(ω),
where vi and vj are the eigenmode (corresponding to a frequency ω) am-
plitudes projected onto the ith and jth particles. Fig. 4.5 shows a plot of
cij as a function of distance between the two particles δrij = ri − rj for
a single low frequency mode as shown in the right panel. Correlations
over many particle diameter are reflected in the long tail of the func-
tion cij. The negative part in cij represents an anti-correlated motion,
characterizing the swirling motion.
To observe the frequency dependence of these modes, we have plot-

ted the above correlation function in Fig. 4.6 at different parts in the
spectrum (shown in inset). Each of these curves is averaged over ap-
proximately 20 eigenmodes around the chosen frequency. Low frequency
modes show the same long negative tail while there is a gradual shift to-
wards the zero axis with the increasing frequency, implying a loss of cor-
relation at higher frequencies. In the right panel of Fig. 4.6 we have com-
pared the correlation function cij corresponding to the lowest frequency
modes at different volume fractions, ϕ = 0.54, 0.57, 0.58, 0.59, 0.60. The
low frequency cij nearly coincides at different volume fractions other than
the fact that the negative part becomes slightly more pronounced for
higher volume fractions. This shows that the correlated motions at lower
frequency remain the same in the present experimental range of volume
fractions from dense glassy suspensions to supercooled liquids.



54 4. Low frequency modes in Colloidal Glasses and Supercooled Liquids

Figure 4.4: The two dimensional eigenvector fields have been plotted with
increasing mode frequencies starting from the lowest ones for supercooled liq-
uid sample, volume fraction, ϕ = 0.54. The lowest frequency modes shows
similar correlated motion as is observed with the one dense in glassy samples
(ϕ = 0.60).

4.4 Localization Phenomena

The phenomenon of localization in the presence of disorder was first in-
troduced by Anderson [4] in 1958 while investigating the conductance
of electrons in a lattice with impurity. The concept of electronic con-
ductivity is based on the diffusive zig-zag motion of an electron multiply
scattered by the impurities present in the solid. In his study of non
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Figure 4.5: Left: The correlation function cij = vi ·vj respective to a single low
frequency eigenmode shown as a function of separation distance δrij between
the particles for the volume fraction ϕ = 0.60. The long tail in cij corresponds
to the correlated motion that extends over many particle diameters. The
negative part of the correlation function represents the anti-correlated motion
corresponding to the “swirling structure” of the modes shown over a smaller
section on the right panel.

interacting electrons in a random potential, Anderson showed that be-
yond a certain critical disorder such diffusive motion is hindered due to
the increasing scattering to an extent so that the motion of the electron
comes to a halt giving rise to localized states. The possibility of disorder
or defects resulting in the localization of the eigenmodes is quite gen-
eral and extends to many systems, like gravity waves, light propagation,
spin glasses as well as diffusion on disordered harmonic crystals. The
concepts of “localized” or “quasi-localized” vibrations are well studied
in crystalline systems with defects where localization usually happens at
the high frequency ends of the normal mode spectra [5, 6]. However,
the presence of localized as well as quasi-localized modes both at the
higher and lower end of the spectra has also been observed in glassy sys-
tems in computer simulation studies and experiments [7]-[10]. Recently,
a study [11] using video-microscopy also reports the existence of such low
frequency modes in soft colloidal glasses.
Here, we have studied the normal modes in a hard sphere colloidal

glass. We have studied the participation ratios to quantify the localiza-
tion of these modes. Below we explain the concept of participation ratios
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Figure 4.6: Correlation function cij = vi · vj shown in different parts of the
spectrum, as indicated in D(ω) in the inset. Lowest frequency modes show
the usual long negative tail while there is a systematic shift of this function
towards zero axis with increasing mode frequencies implying the observed
loss of correlation at higher frequencies. Right: The orientational correla-
tion function for the lowest frequency modes for different packing fractions
0.54, 0.57, 0.58, 0.59, 0.60. The general shape of the modes seems to be only
very weakly dependent on volume fraction.

and discuss the present findings in more detail.

4.4.1 Localization of the Present Normal Modes

We compute participation ratios p(ω) which measures the degree of local-
ization of the modes. Modes are normalized for each of the frequencies,
so that

∑N
i=1 vi(ω) · vi(ω) = 1. The participation ratio is defined as,

p(ω) = [N
∑
i

(vi(ω) · vi(ω))2]−1. (4.3)

where, vi(ω) is the projection of the normal mode of frequency ω onto
a colloidal particle i as defined previously. So, for a strongly localized
mode, where the whole amplitude is concentrated over a few particles
in the system, p(ω) scales as (1/N), whereas for an extended mode it is
of order of unity. Figure 4.7 shows the plot of this participation ratio
as a function of frequency for a glass of volume fraction ϕ = 0.58. In
the present data we do not see any strong localization p(ω) < 0.1 for
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Figure 4.7: Plot of participation ratio as a function of frequency shown for
colloidal glass volume fraction ϕ = 0.58.

the low frequency modes, rather a few of the lowest frequency modes are
observed to have p(ω) < 0.2, and then a number of modes appears in
between 0.2 < p(ω) < 0.37. All the modes below p(ω) < 0.37 apparently
display quasi-localization where localized structures are superimposed on
an extended wave background as observed in Fig. 4.3(a),(b). With in-
creasing frequency, the participation ratio increases and reaches a plateau
value near 0.5 indicating de-localized behavior. This relates to the ho-
mogeneous high frequency modes shown in (Fig. 4.3(d)) The very high
frequency modes in glasses may show stronger localization as reported
in previous studies [7, 11]. Since our access to very high frequencies are
limited due to the experimental noise, we do not observe such localized
modes in the present analysis.

Participation ratio at different volume fractions

We now compare the participation ratios for different volume fractions.
Fig. 4.8 show a plot of the participation ratio p(ω) as a function of fre-
quency at different volume fractions. The participation ratios for the
lowest frequency modes at all the volume fractions approximately show
values in the same range ∼ 0.2 < p(ω) < 0.37, thus implying similar
quasi-localized behavior besides the supercooled liquid sample (ϕ = 0.54)
that shows a little higher value of p(ω) than the rests. The curves shifts
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Figure 4.8: Participation ratios shown at different volume fractions ϕ =
0.54, 0.57, 0.58, 0.59, 0.60. p(ω) values corresponding to the low frequency
modes are approximately in the same range (0.2 < p(ω) < 0.37) at all volume
fractions showing similar quasi-localization behavior. We observe a shift of
these curves towards higher frequency from 0.54 to 0.60. This is related to the
general shift in the spectrum towards higher frequencies due to higher pressure
as the volume fractions are increased (Fig. 3.4 Chapter 3). Inset shows the
same curves after smoothing the data.

to the low frequency side with the decrease of the volume fraction. This
corresponds to the general shift of the spectrum towards lower frequency
as can be seen in the density of states (Fig. 3.4, chapter 3) at different
volume fractions.

4.5 Conclusions

In conclusion, here we observed normal modes in a hard sphere colloidal
system for a range of volume fractions from supercooled liquids ϕ = 0.54
as well as in the dense glassy suspensions 0.58, 0, 59, 0.60. Low frequency
modes for all the volume fractions show spatially correlated motion over
many particle diameters. This behavior of the low frequency modes re-
mains invariant as we go from the lowest to the highest volume fractions;
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only the correlation function cij dips slightly more for the volume frac-
tion ϕ = 0.60. To quantify the localization in these modes, we have
computed participation ratios. The participation values, p(ω) < 0.37 for
the low frequency modes display quasi-localized behavior. In the present
data, approximately same range of values of p(ω), (0.2 < p(ω) < 0.37) is
observed for the low frequency quasi-localized modes at different volume
fractions besides the supercooled liquid sample (ϕ = 0.54) which shows
a little higher value of p(ω) than the rests.
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5.1 Introduction

Supercooled liquids, amorphous polymers or atomic systems, when cooled
or compressed in a way to bypass crystallization get trapped in a meta-
stable glassy state. The characteristic of such states is accompanied with
a very high viscosity (∼ 1013Pa.s) as well as the onset of the slow dynam-
ics. Physically, this reflects the arrested motion of individual particles
in the cages formed by its neighboring particles who themselves are con-
fined by their own neighbors. Thus evolution of the system becomes very
sluggish in the configurational space leading to nonergodic behavior, as
observed in glasses. Nevertheless, on longer time scales structural relax-
ation happens as the system undergoes thermally activated transitions
from one metastable state to another in its attempt to reach the thermo-
dynamic equilibrium. Such relaxation events which relates to the viscous
flow of glasses has been studied previously in metallic glasses that mea-
sured the bulk viscosity or shear modulus in an ‘annealing’ glass [1, 2].
Recently, there are studies using confocal microscopy in an quiescent
as well as sheared colloidal glasses which looked at the heterogeneous
dynamics [3, 4] and the cage-arrangements[5] -[8] during long time relax-
ations. However, connecting such events with the excess low frequency
normal modes that exist in the glasses is a relatively recent development
and has only been looked at in computer simulation studies [9]-[11].
In this chapter, we study a quiescent hard sphere colloidal suspension

deep in glassy phase, ϕ = 0.59 on long time scales with the help of confo-
cal microscopy and observe the local dynamics during α-relaxation (cage
rearrangement). Just before the system enters the α relaxation regimes,
the mean-square displacement shows a plateau where the particles are
in local equilibrium confined in their respective cages. This allows us to
compute the normal modes of the system. We use the covariance matrix
of displacements as described in previous chapters to obtain the normal
modes of this system. The low frequency modes show quasi-localized
behavior as we have discussed in chapter 4. Participation maps based
on the local amplitudes further elucidate the spatial distribution of these
modes. To investigate the evolution of the local dynamics we first start
with the plot of the square displacements of individual particles from
their initial positions over a time interval δt ∼ τα. The spatial plots of
the square displacements show a heterogeneous character where small
clusters of particles show higher activity than the rest. To further gain



5.2 Experiments 63

information about the dynamics around these particles we use a De-
launay triangulation. This gives us the neighbors of a particle in any
chosen configuration at any given instant of time. We subsequently com-
pute the number of neighbors each of the particles has lost as a function
of time, eventually leading to identify the regions where the rearrange-
ments are taking place. Our observation shows that significant changes
of the neighborhood of particles are happenning in the zones of higher
diffusivity. We then compare the participation maps averaged over the
lowest frequency modes with the spatial plots of those particle that un-
dergo rearrangement. The superposed plot of these two shows that the
re-arranging zones are correlated with the quasi-localized regions of the
modes. This establishes the connection between the collective aspects
of the structural relaxation with the soft localized modes present in the
system.

5.2 Experiments

We have prepared a colloidal glass of volume fraction ϕ = 0.59 following
the preparation procedure as described in chapter 2. Two dimensional
images are acquired using a fast confocal microscope (Zeiss LSM 5 live)
in a field of view of 100µm× 100µm. We have imaged the particles on a
plane which is 25µm away from the coverslip to avoid any possible effect
of confinement. Images are acquired at a rate of 10 frames per second
for a period of total 1200 secs resulting 12000 frames. The positions of
the particles are identified in all the frames, and then linked to construct
two dimensional trajectories of individual particles, using the standard
particle tracking software (IDL).

5.3 Results and Analysis

5.3.1 Structural relaxation on longer time scales

In this section we discuss the relaxation of glassy systems at various time-
scales. In colloidal glasses, close to the glass transition volume fraction
there are mainly two distinct processes well studied in several dynamical
light scattering experiments [12] -[14] - α and β relaxation that occur
over two different time-scales The α relaxation happens over longer time-
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scales and describes the decay of density fluctuations the β process exists
on mesoscopic timescales in between the short time diffusion and the α-
relaxation. This is also reflected in the different diffusive regime observed
in the mean square displacement plots of the supercooled liquids and
glasses as we will see here.
The average square displacement < δr2 > obtained from the displace-

ments of the present colloidal suspension is shown in Fig.5.1 on a log-log
scale as a function of time. On the shortest time scales, the increase of

Figure 5.1: Mean square displacement of the present colloidal suspension is
shown as a function of time. The initial increase in MSD reflects the short time
transient dynamics in cages. This is followed by a plateau where the particle
starts feeling the effect of neighbors. Eventually in longer times, a diffusive
regime appears where local rearrangement of structures starts happening. The
data in this region is parallel to a line of unit slope as shown in the figure.

the average displacements is due to small scale motions of the particles
where they explore the local environment without “feeling” the presence
of the neighbors. However, the present system is dense (ϕ ≈ 0.59) and
this diffusion can only be observed at on very short time scales which is
shorter than the present image acquisition rate (10 frames per sec). Thus
this region is not very clearly resolved in the present data, although a
few points in the beginning of the MSD curve are representative of this
initial short time diffusion. Beyond this we observe a plateau in the
MSD where the motion of any particle is restricted by a shell of nearest
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neighbors constituting the ‘cage’. The slow dynamics of these locally ar-
rested structures leads to the sub-diffusive behavior that usually persists
over long time in dense systems. In the present experiment this region
is roughly between 0.5sec up to ∼ 500secs. On even longer timescales

Figure 5.2: Illustration of a typical cage breaking event: two separate parti-
cle trajectories for the whole period of observation 1200sec is plotted in two
dimension. Particles rattling in their initial cages breaks away and jumps to
the new positions over the period of time.

at the end of this plateau, the mean square displacement shows as a sys-
tematic rise. This corresponds to a long time diffusive behavior known
as the α-relaxation regime where average displacement is linear in time
< δr2 >∼ t. This is clearly visible in Fig. 5.1 which shows that the data
in this region is indeed parallel to a line of unit slope. This is where the
structural rearrangements take place, the particles starts breaking away
from their immediate local structures, their neighbors change, to find new
local ‘equilibrium’ positions. We plot two dimensional trajectories of the
particles which illustrate the nature of such cage breaking events where
a particle typically undergoes a rapid shift to its new position. These
rearrangements are activated by the thermal fluctuations present in the
system and enable transitions from the local minima of one metastable
state to another.

5.3.2 Normal Modes

Over the plateau of the mean square displacement we can reasonably as-
sume that any particle is giggling around its local equilibrium position.
This allows us to define a mean position < xi > for any ith particle.



66 5. Structural Rearrangements and Soft modes in a Colloidal Glass

The displacements from the mean positions are given by ui = {x− <

Figure 5.3: Example of one of the lowest frequency modes for the present
system over the whole field of view 100 × 100µm. There are regions where
the colloidal particles show higher activity compared to the rest in the field of
view. The average participation ratio for the present mode is ≈ 0.17.

xi >, y− < yi >}. We then compute the co-variance matrix of displace-
ment Dlm =< uµiuνj >, as defined in chapter 3. This matrix is aver-
aged over the configurations available on the plateau and diagonalization
of which leads to 2N eigenvalues λm = 1, 2, 3..2N and corresponding
2N eigenmodes v(ωm). An eigenmode respective to a single frequency
ωm(=

√
(1/λm) represents a normal mode of this system. The frequency

dependence and other characteristics of these modes have been discussed
in detail in chapter 4. Figure 5.3 show an example of the lowest fre-
quency modes in the system, which suggests there are smaller regions
where colloidal particles apparently show higher activity than in the rest
of field of view. The mode structure can further be probed by computing
the local participation ratios.

Spatial distribution of the Normal Modes

To study the spatial distribution of the modes we compute the particle
participation ratio. This is given by pi(ω) = vi(ω)

2 where the index i
indicates any colloidal particle in the system and vi is the eigenmode
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amplitude projected onto it. Figure 5.4 shows a contour plot of the

Figure 5.4: Contour map of the particle participation ratio for a single low
frequency normal mode ( shown in Fig. 5.3 ) over the domain of observation
100× 100µm.

participation map corresponding to a single low frequency eigenmode (
Fig. 5.3 ). The respective contour plot indeed shows such quasi-localized
regions, where a small group of particles has higher amplitude in the
background of rest of the particles with smaller amplitudes.
Now, connecting these normal modes with the structural re-arrangement

regions would only be possible if these mode structures are persistent in
time. To observe the evolution of the low frequency modes we study
contour plots where particle participation ratios are averaged over the
lowest 25 eigenmodes. Figure 5.5 shows such a plot where the covariance
matrix is averaged over three different interval of times - 300, 400 and
500 secs respectively. We do not see a significant change in the mode
structures for different averaging intervals, besides very slight variations
in few of the quasi-localized domains.

5.3.3 Detection of the Zones of Structural Rearrange-
ments

As discussed in the previous section, on short time scales the particles
remain trapped in the cage constituted by their neighbors, however, they
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Figure 5.5: Contour plots of particle participation ratios averaged over the
lowest 25 normal modes (average participation ratio for each mode is p(ω) <
0.35) shown. Normal modes are obtained by averaging the covariance matrix
Dlm over three different time intervals 300 , 400 and 500 secs from left to right.
Mode distribution largely remain invariant other than small variations in few
of the quasi-localized regions.

Figure 5.6: Delaunay triangulation for a set of particles. The particle diameter
is not shown to scale.

escape from their cages to display diffusive motion over long time scales.
The cage breaking events involve a change of neighbors, leading to irre-
versible rearrangements in the system. Here, we identify such rearrange-
ments by tracking the trajectories of individual particles over long time
intervals. The number of neighbors each particle has changed or lost over
a time interval ∆t ∼ 1200secs is determined by comparing their neigh-
bors at time t = 1 and t = ∆t. Given a configuration of particles, the
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neighbors of each particle are identified using the technique of Delaunay
triangulation. An instance of Delaunay triangulation of a set of particles
is shown in Fig. 5.6; each particle is connected to its neighbors using
triangles. Using this method, we have determined the number of neigh-
bors each particle has changed or lost over a time ∆t. In simulations
[9], these rearrangements were identified by particles that have lost four
neighbors. However, in experiments there are very few particles that lose
four neighbors over the time scale of our observation. Therefore, we iden-
tify those particles that have lost three or more neighbors. An alternate
measure of reorganization is the diffusive motion of a particle, which is
the displacement of a particle from its initial position over whole period
of observation of about ∼ 1200secs. We set a cut off distance rc 0.06µm,
which is larger than the mean of the probability distribution function
of displacements. We use both the measures : the number of neigh-
bors lost and the diffusive motion of particles, to identify the regions of
rearrangement.

5.3.4 Correlations between the Zones of Rearrangement
and the Spatial Distribution of the Modes.

We track the particle motion over long time scales and determine the
number of neighbors lost and the displacement of each particle. In
Fig. 5.7(left), we present a spatial map of particles that have lost three
or more neighbors (black circles) and particles that have diffused more
than a distance rc (green circles), along with the rest of particles (pink
circles). Clearly, the highly mobile particles (green circles) form clusters,
and the particles that lose three or more neighbors occur in the vicin-
ity of these clusters. Recent studies of supercooled liquids in computer
simulations have shown that such relaxation events originate from low
frequency modes in the system by comparing the spatial maps of particle
participation ratios of the low frequency modes and reorganizing zones.
We proceed along similar lines to understand the origin of irreversible
rearrangements in colloidal glasses. A comparison of the spatial maps of
the particle participation ratios, averaged over 25 lowest frequencies, and
the irreversible regions is presented on the right panel of Fig. 5.7. It is
worth pointing out that the normal modes in Fig. 5.7 (right) were com-
puted by averaging the particle motion over a time interval δt = 400secs,
and the rearrangements were identified at much later stages, at around
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Figure 5.7: Left: Spatial map of particles which undergo large diffusions (green
circles) beyond the cut off rc in a background of particles (pink circles) which
are relatively quiet is shown in a smaller section of 60µm × 60µm. Particles
for which three or more neighbors change takes place indicated by the black
circles. Right: Contour plots of particle participation ratio averaged over 25
lowest frequency modes superposed with highly mobile particles- white circles,
as well as the particles (black circle) which lost three or more neighbors shown
over the same section.

τα ∼ 1200secs. As Fig. 5.7 illustrates, the rearrangements indeed origi-
nate in the regions of high particle participation ratio.

5.4 Conclusion

In conclusion we have studied the long time dynamics of a dense colloidal
glass of volume fraction ϕ = 0.59, with the help of confocal microscopy.
On longer timescale, the relaxation of the system occurs through the
structural rearrangement of the particles. We have here applied normal
mode analysis to understand such relaxation events. Low frequency nor-
mal modes measured show quasi-localized structures that largely remain
invariant with time over the plateau of the mean square displacement.
Our analysis demonstrates that these localized structures are spatially
correlated with the zones of higher diffusivity where almost all the sig-
nificant change of neighbors are taking place. This shows that structural
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relaxation is indeed occurring along the softest available modes of the
system.
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6.1 Introduction

Colloidal particles dispersed in a solvent form fluid and crystalline phases
under appropriate conditions [1, 2]. The ordered phase is interesting due
to its long-range order combined with very soft mechanical properties
making thermal fluctuations important. For the colloidal systems con-
sidered here, the shear modulus (G′ = kBT/a

3) is only a few Pa, whereas
crystalline solids typically have moduli in the GPa range [3, 4]. How sim-
ilar or different the vibrational dynamics of such a ’soft’ crystal is with
respect to the classical solids is a matter of ongoing research [5, 6, 7].
Earlier studies have largely focused on the the phonon dispersion behav-
ior measured by means of video microscopy [5] or light scattering [8, 9].
However, there are hardly examples of experiments that verify the low
frequency behavior (Debye scaling) in the measured density of states
of the vibrational modes. Even for molecular crystals, this has proven
rather hard to measure directly; mostly neutron scattering experiments
have provided some but not much data that agree with the expected ω2

behavior [10]. Perhaps for this reason the temperature dependence of
the specific heat is usually taken as the hallmark for the Debye behavior
of normal crystalline solids. This motivates us to examine at the low
frequency vibrational spectrum of a hard sphere colloidal crystal to see
how the measured spectrum compares with the predicted Debye behav-
ior, D(ω) ∼ ωd−1 as well as whether the lowest frequency modes emerges
as extended wave-like solutions as one would expect for harmonic solids.
In the present thesis we study a hard sphere colloidal crystal. The

colloidal particles used are small enough so that they perform small ‘vi-
brations’ in response to the thermal excitations of the surroundings. Con-
focal microscopy is used to observe and record these particle motions in
a two dimensional field of view. We obtain the vibrational spectrum and
the normal modes of this crystal from the correlations of the measured
particle displacements [5, 12]. The results are explained with the help of
the elasticity theory and complemented with the Monte Carlo simulation
on hard spheres. We start with a overview of the colloidal crystals.
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6.2 Colloidal Crystals

Figure 6.1: Left: A collection of small 2D colloidal crystals with grain bound-
aries between them as viewed by bright field microscopy where spherical glass
particles (10µm diameter) are suspended in water [13]. Right: Scanning elec-
tron micrograph of a porous silicon photonic crystal. The sample is prepared
from an aqueous suspension of small silicon particles about 10nm in diameter
and polystyrene spheres about 1µm in diameter [14].

Common colloidal suspensions (colloids) such as milk, blood, or latex
are poly-disperse; that is, the suspended particles have a distribution
of sizes and shapes. However, suspensions of particles of identical size,
shape, and interaction, so called monodisperse colloids, can be made in
the laboratory. In such suspensions, a new phenomenon: colloidal crys-
tallization appears, where the particles spontaneously arrange themselves
into spatially periodic structures over a long range (about a centimeter).
The above ordering of colloidal crystals is analogous to that of identi-
cal atoms or molecules into periodic arrays to form atomic or molecular
crystals. However, colloidal crystals are distinguished from molecular
crystals, in that the individual particles do not have precisely identical
internal atomic or molecular arrangements. A natural example of col-
loidal crystallization found in nature is the gem opal, where spheres of
silica assume a close-packed locally periodic structure with void spaces
filled by hydrated silica. Other than the inherent scientific interest in
this phenomenon, the crystallization of colloids also gained sufficient at-
tention due to its applications largely in the field of optics as well as
in biotechnology. For example periodic arrays of colloidal particles with
interstitial voids act as a natural diffraction grating for light waves, es-
pecially when the spacing is of the order of the incident light-wave. Self
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assembled ordered micro-structures of colloids with such properties has
been actively explored in the fabrication of various photonic crystals [15],
optical filters and switches [16] as well as biochemical sensors [17]. This
has in fact driven a whole new branch of research which studies disper-
sion behavior, colloidal epitaxy, controlled growth methods in colloidal
crystals.
Here our focus is on a colloidal crystal made of ’hard particles’ where

the potential is infinite and repulsive at distances up to a single-particle
diameter from a particle center and zero otherwise. The hard sphere
crystal is the simplest conceivable crystal for which the phase transitions
are governed solely by entropy and described by a single parameter: the
volume fraction ϕ. Thus it provides a good system for both simulation
as well as experiments to test ideas and phenomena related to phase
transitions, entropy driven self assembly as well as various nucleation
mechanisms [18]-[20].

6.2.1 Experiments

Hard sphere colloids show fluid-solid coexistence [1, 2] from the freezing
transition point ϕf = 0.494 until the melting point ϕm = 0.545. A stable
crystalline phase exists above 0.545 until the closed packed density at
ϕ = 0.74. The colloids we use are charge stabilized PMMA particles
with a diameter of a = 1.3µm. Particles used in the present experiments
are highly mono-disperse with a very small size distribution of about
∼ 2%. The dyed particles are suspended in a CHB (cyclohexylbromide)
/ decalin mixture following the same preparation procedure as described
in chapter 2 which closely matches both the density as well as refractive
index of the particles and the solvent.
The crystal was grown in a sample cell made of parallel plates with a

confinement of approximately ∼ 1mm along the vertical direction. The
volume fraction ϕ of the present colloidal crystal is ≈ 0.57. This crystal
has a hexagonal symmetry in two dimension with a lattice spacing of
≈ 1.6µm. Using confocal microscopy we have acquired images of a two
dimensional section of about 60µm×60µm of the larger three dimensional
crystal. The 2D slice was taken at a distance of 25 − 30 micron away
from the coverslip, to avoid the effects of confinement. The entire crystal
is polycrystalline, while our data is taken from a region of the crystal
that as far as we can see is mono-crystalline. Fig. 6.2 shows a typical
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Figure 6.2: Left panel shows confocal image of a two dimensional section of
the original three dimensional hard sphere colloidal crystal under study. This
crystal has a hexagonal symmetry with a lattice spacing of ≈ 1.6µm in two
dimension as shown in the schematic on the right.

snapshot of a two dimensional section of the measured crystal.

Figure 6.3: Left: The instantaneous displacement from the mean position
dx = x − ⟨x⟩ of a particle at any randomly chosen lattice site is shown for
the first 1000 image frames. Right: The particle trajectory in two dimensions
(x, y) over the same period of measurement.

We identify the particle positions in each frame using standard particle-
tracking software (IDL). A few measurements have been done on the same
crystal with different scanning speeds between 25 − 35 frames choosing
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different sections of the same crystal. The results we are going to discuss
here correspond to the measurement done at 25 frames per second over
a total period of 120 sec resulting 3000 snapshots. The instantaneous
displacement of a particle (chosen at any random lattice site) from its
mean position is shown in Fig. 6.3; the right panel shows the trajectory
of the same on two dimensional plane.

6.3 Results

6.3.1 Density of States

We obtain an ensemble of particle positions ri = {xi, yi} from the above
measurements. The displacement components from the mean position
for the ith particle are given by:

uµi = rµi − ⟨rµi⟩. (6.1)

uνi = rνi − ⟨rνi⟩.
where µ, ν = x, y and “⟨⟩” indicates an ensemble average. The kth Fourier
component of the above displacements is given by,

uµ(k) =
N∑
i=1

uµ(r⃗i)exp(−jk⃗.r⃗i) (6.2)

uν(k) =
N∑
i=1

uν(r⃗i)exp(−jk⃗.r⃗i), k = {kx, ky}

The above summation runs over all the colloidal particles, N = 1386,
present in the system and the respective k values are chosen from the
first Brillouin zone of the crystal which is obtained by constructing the
Wigner-Seitz cell in the respective reciprocal space of the real space lat-
tice [10]. Then, the potential energy of a harmonic crystal can be written
as,

U = 1/2
∑
k

(u∗
µ(k)Kµν(k)uν(k)) (6.3)

where Kµν(k) [5]is the 2 × 2 dynamical matrix in Fourier space. From
equipartition each of the above quadratic terms u∗

µ(k)Kµν(k)uν(k)/2 con-
tains an energy of kBT/2. Therefore we can write,

K−1
µν (k) =

⟨
u∗
µ(k)uν(k)

⟩
/kBT. (6.4)
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Figure 6.4: Left: Density of states as obtained from the correlations, eq. 6.4.
Right: The dispersion curves of transverse and longitudinal vibrations. The
frequencies (vertical axis) near the zone boundary where dω/dk ≈ 0 coincide
with the positions of the singularities (peaks) in the density of states.

In the present study, we take the two-dimensional data and analyze it
according to the above scheme. The mode frequencies of the system are
related to the eigenvalues λ of the matrix K−1

µν (k) as,

ω(k) =
√
1/λ(k). (6.5)

Now, there are N of such 2× 2 matrices (K−1
µν ) corresponding to the N

number of k values. Separate diagonalization of each of these gives us
2N normal mode frequencies. Each of the N branches of frequencies as
a function of k then leads to the two dispersion curves shown in Fig. 6.4.
The density of states D(ω) as obtained from these frequencies is shown
in the same figure. A two peak structure is apparent in the density of
states. Such peaks are familiar from the theory of lattice dynamics and
often signal van Hove singularities [10] occurring due to the vanishing
group velocities ∇kω at certain wave vectors. Indeed we see that the
frequencies where dω/dk ≈ 0 (close the zone boundary) on the dispersion
curves coincide with the ones around which peaks appear in the density
of states. Note, that the analysis with this 2 × 2, K−1

µν matrix does
not require a large number of frames [11] or very long time interval to
average over unlike the spatial covariance matrixDlm(2N×2N) discussed
in chapter 3. We have tested this by using different initial number of
frames from 200 up to 2000 to average over. Our results show that there
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is a small shift in the spectrum towards lower frequencies with increasing
averaging frames although the main features as well as the low frequency
scaling of the cumulative DOS remain largely invariant.

6.3.2 Visualization of Modes

The next question we ask is what the low energy modes of the above
system look like ? To be able to visualize these modes we compute the
spatial correlation between the particles in real space via the covariance
matrix. This matrix as discussed in chapter 3 is given by,

Dlm(i, j) = ⟨uµ(i))uν(j)⟩ . (6.6)

This is a 2N×2N dimensional matrix forN colloidal particles and here we
average these correlations over 3000 image frames. Any eigenvector {vm}
of the above matrix represents a normal mode at a single “frequency”
ωm =

√
1/λm. This allows us to visualize the normal modes, rather than

supposing plane waves Eq. 6.4. A few examples of the normal modes are
shown in Fig. 6.5. The modes in the low-frequency part of the spectrum
show a clearly coherent motion extending over large part of the field of
view. With the increase in frequencies such correlations are lost and the
modes appears to be more random in nature.

6.3.3 Scaling of the low frequency Cumulative Density
of States

We now come back to one of the central questions of this chapter, which
is what happens if one tries to study the matrix Eq. (6.4) using only
a subset of the particles of the true three dimensional system, in par-
ticular if one reconstructs the dynamical matrix from the measurements
from a single plane within the sample as we do, what is the density of
states found in the two-dimensional slice of a 3D system ? To answer
this we look at how the measured cumulative density of states of the
colloidal crystal compares to the expected integrated density of states
N(ω) =

∫ ω

0
D(ω)dω ∼ ω3 in d = 3 to avoid any possible artifact arising

from binning the frequency axis. We find that our measured N(ω) scales
approximately as ω4 rather than ω3. If we fit the integrated density of
states to a power law with adjustable exponent, α, we obtain a value



6.3 Results 81

Y

X

(µ
m

)

(µ m)0
0

60

60

a
Y

X
0

600

60

(µ
m

)

m)(µ

b

c

Y

X

(µ
m

)

(µ m)

60

0
0 60

d

Figure 6.5: Tomography of the normal modes shown in a field of view of
60µm × 60µm. The pictures correspond to increasing frequencies going from
a) to b) to d). The very low frequency ones show the extended plane wave
nature of the modes. This coherent character is lost and modes appears to be
random as higher frequencies are approached.

about α = 3.9 ± 0.19, far from the expected value α = 3 for a three
dimensional elastic medium and even further from the value α = 2 ex-
pected in two dimensions. We have done a few independent measurement
series on the same sample, but at different locations within the sample
and size of the region probed. Each of these measurements was analyzed
separately to ensure the robustness and consistency of the results. Tak-
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Figure 6.6: Left: A power-law fit to the low frequency part of the cumula-
tive density of states N(ω) obtained from Eq. 6.4. The measured exponent
(N(ω) ∼ ωα), is α ≈ 3.93 ± 0.19. Right: Low frequency part of the cumula-
tive DOS shown for different data sets where the matrix K−1

µν is averaged over
different number of frames 200, 300, 2000 respectively. There is a small shift
in the spectrum towards lower frequencies with increasing averaging frames
although the scaling of N(ω) remain approximately the same.

ing data from different regions in the sample, the exponent was found to
always lie in the interval [3.7−4.1]. This attributes to the spread 0.19 in
the measured exponent α with a mean around α ∼ 3.9. The above scaling
of the low frequency cumulative DOS is also checked with the spectrum
from the spatial covariance matrix that contains the non-diagonal corre-
lations (sec. 6.3.5). This yields an exponent of about 3.6 ± 0.3, that is
sufficiently higher than ω3 behavior and reasonably close to the scaling
(3.93 ± 0.19). Thus, within the experimental error, the scaling of the
DOS from both the full diagonalization and K−1

µν show same trend and
differ from the usual Debye scaling.

6.3.4 Scaling of the Dispersion Curves

Having discussed the scaling of the low frequency density of states, we
now turn our attention to the scaling of the dispersion curves. As from
the solid and theory of elasticity we know that this scaling of the DOS
must be connected with the dispersion behavior in the system. So, we
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Figure 6.7: The dispersion curves - frequencies as a function of wavelength
ω = ω(k) is shown in logarithmic scale. A power law fit, (ω ∼ ωβ) to the
above plots finds an exponent β ∼ 0.515 + /− 0.09.

plot both the dispersion curves ω = ω(k) in the logarithmic scale. A
linear fit ω = kβ to both the curves finds the exponent β as ∼ 0.515 ±
0.09 (a range 0.47 to 0.56) where the error of 0.09 comes from slightly
varying the range of frequencies to be fitted. This suggests an anomalous
dispersion relation of the form ω ∼

√
k. We will further discuss these

results in the theory section which shows that one can expect such scaling
of the dispersion curves when a two dimensional projection of an original
three dimensional crystal is considered.

6.3.5 Comparison of Methods

In this section we briefly discuss and compare the two methods adopted
in the above analysis to obtain the spectrum namely the 2×2 dynamical
matrix K−1

µν (k) and the spatial covariance matrix described in Eq. 6.6.
To establish a correspondence we compute the full 2N × 2N matrix in
k-space,

D̃µν(k, k
′) = ⟨u∗

µ(k)uν(k
′)⟩. (6.7)

using the same Fourier components of displacements as described earlier
(Eq. 6.2), which includes the non-orthogonal correlations as well. Let
us first discuss the results obtained from the full diagonalization of both
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Figure 6.8: Normal mode spectrum: Cumulative Density of states and the
density of states (inset) for the present crystal as obtained from the covariance
matrixDlm(i, j) in real space and its equivalent D̄(k, k′) in Fourier space. Both
the spectrum nearly coincides with the later one showing a slight shift towards
higher frequencies.

D̃ matrices (Eqs. 6.6 and 6.7). Fig. 6.8 compares the spectrum - DOS
and cumulative DOS for both the methods: they nearly coincide with
the spectrum for D̃ showing a slight enhancement towards higher fre-
quencies compared to those obtained from the real space correlation D.
Nevertheless, this supports the equivalence of the spatial matrix Dlm(i, j)
with D̃µν(k, k

′) and supports the fact that the data are not affected by
the choice of the boundary conditions or imperfections of the crystal.
Now, the diagonal elements of D̃µν(k, k

′) correspond to K−1
µν but the non-

diagonal elements in (k, k′) encode information about the heterogeneity
and imperfections of the sample. Thus, with negligible imperfections in
the crystal and a sufficiently long averaging time, we can expect that the
spectrum from all three methods should coincide with each other.

6.4 Theory and Simulation

6.4.1 Monte Carlo Simulations

In this section we discuss and compare our experimental findings using
Monte-Carlo simulations of a hard sphere crystal. These results have
been obtained in collaboration with Romain Mari. A face-centered cu-
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Figure 6.9: Density of states for a two dimensional section of a 3D hard
sphere crystal (with N = 4000) from Monte-Carlo simulation of hard spheres.
Frequencies are in units of the inverse particle diameter.

bic crystal has been used which is made of 864 particles, with periodic
boundary conditions. We thermally equilibrate the system over a suffi-
cient number (106) of MC steps. The covariance matrix is computed (Eq.
6.6) to find the eigenmodes of the system along runs of 105 MC sweeps,
out of which 5 × 104 snapshots has been used for time averaging. We
obtain the matrix for both the whole three dimensional system and two
dimensional (111) planes, in order to mimic the experimental conditions
(see also [23]) for a comparison between the 3d simulations and a 2d cut).
As the number of particles (and thus modes) in a two dimensional plane
is quite small, we average over several planes.
The density of states we obtain is shown in Fig. 6.9 which apparently

shows a two peak structure as has also been observed in experiments. Let
us now focus on the low frequency part of the spectrum as shown in Figure
6.10. The cumulative density of states for the full three dimensional
system shows the usual Debye behavior, where N(ω) ∼ ω3 whereas the
low frequency part of the cumulative DOS of the two dimensional slice
seems to scale as N(ω) ∼ ω4.
To verify the effect of the system size we have performed simulations

on a range of sizes larger than the present one, with particle numbers
respectively, N = 4000, 16384, 32000. The low frequency cumulative
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Figure 6.10: Left: Low frequency part of the cumulative DOS for the whole
three dimensional system, on a logarithmic scale, showing a power-law be-
havior compatible with the Debye behavior in three dimension N(ω) ∼ ω3.
Right: Low frequency part of the cumulative DOS of the two dimensional slice
of the whole three dimensional system, is shown with logarithmic scale. Here,
the scaling seems compatible with N(ω) ∼ ω4. Frequencies are in unit of the
inverse particle diameter.

density of states from the above systems are shown in Figure. 6.11 in
logarithmic scale. For all the above systems, the exponent α lies roughly
in between 3.7− 4.1, the same range as we found in the experiments.

6.4.2 Theory

We now turn to a simple scalar theory provided by A.C Maggs, which
gives an indication as to how Debye theory must be modified when one
observes two dimensional cuts of a three dimensional sample. The elastic
energy of a three dimensional crystal can be written in terms of a sym-
metric shear tensor ui,j and three independent elastic constants. At large
length scales correlations in displacement fluctuations decay as 1/r, but
are also characterized by a complicated tensorial structure coming from
the cubic anisotropy of the crystal. The effect of the large distance decay
can be found in a much simpler theory based on a scalar field u rather
than the vector ui. This scalar can be thought of as being, for instance,
the amplitude of longitudinal fluctuation which couple to density fluctu-
ations. The advantage of such a description is an enormous simplification
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Figure 6.11: Cumulative density of states N(ω) for the two dimensional sec-
tion plotted as a function of system size corresponding to different number of
particles in the system, N = 4000; 16384 and 32000 respectively. Results show
convergence at different system sizes. For all the above systems the exponent
α lies roughly between 3.7− 4.1.

in the tensorial algebra and a simple closed form for the projected corre-
lation function. It is possible to perform a detailed tensorial calculation,
which we will publish in the future and which yields very similar results.
We therefore consider fluctuations of a scalar quantity u with an energy
which is of the form

U =
A

2

∫
(∇u)2d3r (6.8)

whereA is an elastic modulus. In the generalization to elastic fluctuations
one would consider an energy based on the symmetrized strain tensor.
In Fourier space the energy has the form

U =
A

2

∑
k

k2|u2
k| (6.9)

we notice the usual scaling of the elastic energy in k2. In an under-
damped system with kinetic energy ρu̇2/2 this gives rise to the dispersion
relation ω2 = c2k2, where c is the velocity of wave propagation. One thus
expects a density of states

dN ∼ k2 dk ∼ ω2dω (6.10)
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It is this scaling of the density of states in ω2 that is known from the
theory of Debye. In a three dimensional sample thermal fluctuations
excite the system, so that equipartition and eq. (6.9) implies

⟨|uk|2⟩ =
kBT

Ak2
(6.11)

This gives a decay of correlations in real space which is given by the
inverse Fourier transform of 1/k2. We can find the result immediately
by reference to electrostatics:

⟨u(i)u(j)⟩ = 1

4πA|ri − rj|
(6.12)

a Coulomb-like decay of correlations. Now take a two dimensional slice
of the system. Within this slice the correlations are still decaying as 1/r.
We wish to describe what we see, however, in terms of a purely two-
dimensional theory, so we perform a two dimensional Fourier transform
to find the effective stiffness.

⟨|uk|2⟩2 =
∫

1

Ar
eik2·r d2 r =

1

2A|k2|
(6.13)

We use the subscript 2 to indicate that we are working with the two-
dimensional projected objects. The result is rather interesting: rather
than correlations in three dimensional being described by a decay in
1/k2 we find a slower decay: 1/|k2|. Now that we have the scaling form
of the correlations we can work backwards and deduce the effective elastic
theory in two dimensions

U2 =
A

2

∑
k2

2|k2||uk2 |22 (6.14)

Thus the elastic behavior in real space corresponds to fractional deriva-
tives of the field u leading to long-ranged effective interactions in the
projected system. We now calculate the “propagative” eigenvalue by
defining

ω2
2 = 2A|k2| (6.15)

which is the analogy of ω2 = c2k2 that we use in three dimensions. We
note that the dispersion law is very different from that of usual elastic
problems. The density of states of this two dimensional matrix are just

dN2 ∼ k2dk2 ∼
ω3
2

A2
dω2 (6.16)
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The density of states is thus D(ω) ∼ ω3
2 and the integrated density of

the states N(ω) ∼ ω4
2, in good agreement with what was found in the

experiment and in the simulations.

6.5 Conclusions

We have studied the dynamics of a hard sphere colloidal crystal at a
volume fraction ϕ ∼ 0.57, using confocal microscopy. The density of
states and the normal modes are obtained from the measured particle
displacements. Hard sphere systems are usually weakly connected and
the interaction potential is strongly anharmonic; however the present
observations shows that the lowest frequency modes are extended plane
waves-like similar to a harmonic solid. In addition we have shown that
the density of states for the projected system can be understood using
continuum elasticity theory. The effective exponent for the frequency-
dependence of the density of states was measured in the low energy regime
and is inconsistent with the expected Debye behavior in D(ω) ∼ ωd−1

for both d = 2 and d = 3. We found that the data can be explained by
a theory with an unusual energy dispersion relation in |k2|, which gives
D(ω) ∼ ω3. This expression agrees with both the experiments and the
simulations.
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Summary

Glasses and other amorphous materials show low temperature properties
that significantly deviate from their crystalline counter part. For crys-
talline solids, the density of states follows Debye behavior D(ω) ∼ ω2,
leading to the cubic temperature (T) dependence of the specific heat,
Cp ∼ T 3. However, several simulation and experimental studies have re-
ported an excess specific heat at low temperatures for amorphous solids.
Related features are the existence of a plateau in the T-dependence of
the thermal conductivity and the Boson peak observed in inelastic light
or neutron scattering experiments of glasses and disordered solids. All
these suggest the existence of an excess of low frequency modes in the
density of states of these systems compared to the usual Debye behavior.
In the present thesis one of our main achievements is the observation of
these excess vibrational contributions in the density of states of a col-
loidal system. In particular, we have studied glassy suspensions of hard
sphere colloids. The confocal technique used to probe the structure and
dynamics of the colloidal particles enables a direct visualization of these
modes that helps to further understand their nature.
To prepare the hard sphere colloidal suspensions, we have suspended

poly-methylmethacrylate (PMMA) particles of diameter 1.3µm in a mix-
ture of cyclohexylbromide and decalin solvent to match both the density
and index of refraction of the particles. Using confocal microscopy, two
dimensional images of the suspension were recorded, from which we re-
construct the particle trajectories. To obtain the normal modes, we have
constructed the covariance matrix of displacements Dij = ⟨uiuj⟩, where
ui, uj are the displacement components of particles i and j. Diagonal-
ization of this matrix leads to the normal modes and the corresponding
frequencies. A histogram of all these frequencies then gives us the density
of states of the system.
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We first focus on the density of states of disordered colloidal suspen-
sions. Measurements were performed with colloidal samples of volume
fractions (ϕ) ranging from supercooled liquids to dense glassy phases
ϕ = 0.54 − 0.60. The density of states (DOS) obtained at different vol-
ume fractions from the covariance matrix shows the presence of an excess
low frequency modes - a peak at lower frequencies along with a tail that
decays towards high frequencies. The noise due to the finite resolution in
measuring particle positions, and its effect on the DOS is also discussed.
These results are complemented with Monte-Carlo simulations on hard
spheres.
We subsequently investigate the spatial structure of the normal modes

of the colloidal suspensions (ϕ = 0.54 − 0.60) at different frequencies.
The lowest frequency normal modes show correlated motion over several
particle diameters. This correlation is gradually lost as higher frequencies
are approached and the modes appear more random in nature. We have
compared the extent of the correlations of the low frequency modes for
different volume fractions. Spatial plots of the lowest frequency modes
show localization. The degree of localization of these modes is measured
by calculating the participation ratio.
We have then studied the structural relaxation of a hard-sphere col-

loidal glass. The dynamics of the particles exhibits spatial heterogene-
ity: clusters of highly mobile particles are observed. The relaxation of
the system occurs through rearrangement of particles in these highly ac-
tive regions. To understand the nature and origin of these rearranging
regions, we have computed the low-frequency modes of the system fol-
lowing the above normal mode analysis. The low frequency modes have a
quasi-localized character, which is evident from the contour maps of the
particle participation ratios. Our analysis reveals that the regions where
rearrangements occur are spatially correlated with the quasi-localized
zones of the low frequency modes. This demonstrates that the system
indeed relaxes along the softest available modes.
The last chapter of this thesis presents the density of states and low

frequency modes of a two dimensional section of a original three dimen-
sional hard sphere colloidal crystal. The lowest frequency modes show
an extended plane wave-like character. The dispersion relations and the
low frequency part of the spectrum exhibit an anomalous scaling com-
pared to the expected Debye scaling. With the help of elasticity theory
we show that such anomalous scaling is indeed the Debye behavior for a
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two dimensional cut through a three dimensional system.



Samenvatting

Glas en andere amorfe vaste stoffen hebben eigenschappen bij lage tem-
peraturen die significant afwijken van de eigenschappen van kristallijne
materie. Voor kristallijne vaste stoffen wordt de toestandsdichtheid voor
lage frequenties gegeven door de Debye vorm D(ω) ∼ ω2, waardoor de
soortelijke warmte kubisch van de temperatuur (T) afhangt, Cp ∼ T 3.
Echter, verscheidene simulaties en experimentele studies hebben aange-
toond dat er een extra bijdrage is in de soortelijke warmte van amorfe
materialen bij lage temperaturen. Gerelateerde eigenschappen zijn de
aanwezigheid van een plateau in de T-afhankelijkheid van de warmtegelei-
ding en de Boson piek geobserveerd in inelastische licht- of neutronen ver-
strooiingsexperimenten aan glas of ongeordende vaste stoffen. Dit alles
suggereert de aanwezigheid van een groter aantal lage-frequentie exci-
taties in de toestandsdichtheid van deze systemen, in vergelijking tot het
normale Debye gedrag. In dit proefschrift presenteren wij onder meer de
observatie van een excess aan vibrationele modes in de toestandsdichtheid
van een collöıdaal glasachtig systeem. We bestuderen de dynamica van
suspensies van harde bolvormige collöıdale deeltjes. De confocale tech-
nieken die gebruikt zijn om de structuur en dynamiek van het collöıdale
systeem te visualiseren bieden ons de mogelijkheid de vibrationele modes
direct zichtbaar te maken, waardoor we een beter begrip van de excess
vibrationele modes op kunnen bouwen De gebruikte collöıdale suspensies
bestaan uit polymethylmethacrylaat (PMMA) deeltjes met een diameter
van 1.3µm gesuspendeerd in een oplosmiddel van cyclohexylbromide en
decaline waarin zowel de dichtheid als de brekingsindex van de deelt-
jes gelijk is aan die van het oplosmiddel. Door gebruik te maken van
confocale microscopie zijn er tweedimensionale beelden van de suspensie
opgenomen, waarmee de beweging van de verschillende deeltjes kunnen
worden gereconstrueerd. Om de vibrationele modes te kunnen vinden,
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bepalen we de covariantie matrix van verplaatsingenDij = ⟨ui, uj⟩, waar-
bij uienuj de verplaatsingscomponenten van respectievelijk, deeltje i en
deeltje j zijn. Door deze matrix te diagonaliseren verkregen wij de nor-
male modes en de daarmee corresponderende frequenties. Een histogram
van al deze frequenties brengt ons vervolgens bij de toestandsdichtheid
van het systeem.

Eerst bestuderen we de toestandsdichtheid van ongeordende collöıdale
suspensies. Er zijn metingen verricht aan collöıdale suspensies met vol-
ume fracties uiteenlopend van onderkoelde vloeistof tot glasachtige fasen:
ϕ = 0.54−0.60. De toestandsdichtheid bepaald voor verschillende volume
fracties toont de aanwezigheid van excess lage frequentie modes aan- een
piek bij lage frequenties met een staart die afneemt met frequentie. We
bespreken tevens de ruis die voortkomt uit de eindige resolutie waarmee
de positie van deeltjes kan worden vastgesteld en het effect dat deze
eindige resolutie heeft op de bepaalde toestandsdichtheid. Deze resul-
taten worden aangevuld met Monte-Carlo simulaties voor harde bollen.

Daarna bestuderen we de ruimtelijke structuur van de normale modes
van de collöıdale suspensies (ϕ = 0.54−0.60) bij verschillende frequenties.
De laagste frequentie normale modes tonen bewegingen gecorreleerd over
meerdere deeltjes-diameters aan. Deze correlatie verdwijnt langzaam
naarmate de frequentie hoger wordt. Daarnaast lijken de modes steeds
meer random te worden voor hogere frequenties. We hebben de corre-
laties van de lage frequentie modes vergeleken voor verschillende volume
fracties. De ruimtelijke structuur van de laagste frequentie modes tonen
localisatie. De mate van localisatie in deze modes is gemeten door de
participatie verhouding uit te rekenen.

Vervolgens bespreken we de structurele relaxatie van een collöıdaal
glas, opgebouwd uit harde bolvormige deeltjes. De dynamica van de
deeltjes toont ruimtelijke heterogeniteit: klusters van zeer mobiele deelt-
jes worden geobserveerd. De relaxatie van het systeem vindt plaats door
middel van herschikking van de deeltjes in deze zeer actieve regionen.
Om de oorsprong van deze reorganiserende gebieden te duiden, hebben
we de lage frequentie modes van het systeem met behulp van onze nor-
male mode analyse berekend. De lage-frequentie modes vertonen een
quasi-gelokaliseerd karakter, die duidelijk zichtbaar is in de contour plots
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van de deeltjes participatie verhoudingen. Onze analyse laat zien dat
de gebieden waar herschikkingen van de deeltjes plaatsvinden ruimtelijk
gecorreleerd zijn met de quasi-gelokaliseerde zones. Dit demonstreert dat
het systeem inderdaad langs de zachtste aanwezige modes relaxeert.

In het laatste hoofdstuk presenteren we de toestandsdichtheid en de
lage frequentie modes van een tweedimensionale sectie uit een driedi-
mensionaal kristal van collöıdale deeltjes. De laagste frequentie modes
laten, zoals verwacht, een uitgebreid platte-golfkarakter zien. De disper-
sierelaties en het lage frequentiedeel van het spectrum tonen afwijkende
schaling ten opzichte van de verwachte Debye schaling. Met behulp van
elasticiteitstheorie tonen we aan dat deze afwijkende schaling het Debye
gedrag van een tweedimensionaal geprojecteerd systeem is.
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