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3.1 Introduction

When a liquid is cooled to temperatures lower than its equilibrium crys-
tallization, at a rate that is sufficiently fast to avoid crystallization, it
enters a metastable supercooled state. Approach to such a supercooled
liquid state is characterized by the slowing down of the dynamics asso-
ciated with a rapid growth of relaxation times. As the temperature is
decreased more, there is further slowing down of dynamics, resulting a
transition to the ‘glassy state’ with a very high viscosity behaving me-
chanically like a solid for most practical purposes. Theories and analogies
[1] developed in past decades to understand glasses are largely based and
extended from the theory of dense liquids. Another way would be to
understand glasses from the solid state perspective by looking at the
vibrational spectrum and the normal modes [2] of the system. In the
present study, we follow the later approach and measure the vibrational
density of states of a hard sphere colloidal glass. We find that the spec-
trum of the vibrations has many soft low-frequency modes [3]-[6], more
abundant and different in nature from the usual acoustic vibrations of
ordinary solids. This results in an anomalous low-frequency peak in the
density of states which approaches zero frequency as one goes deeper into
the glass. The methods and results are discussed in detail in the follow-
ing sections. In the last section of this chapter we also discuss the results
of Monte Carlo simulation of hard sphere systems which clarifies some of
questions relating to the validity of the present experimental results.

3.2 Experiments

We study the colloidal hard sphere systems by following the thermal
motion of the particles using a confocal microscope. PMMA (poly-
methylmethacrylate) particles, of diameter, σ = 1.3µm have been used.
These particles are dyed with rhodamine and are sterically stabilized to
prevent aggregation. There is a polydispersity of size of about 5% in
the particle size to prevent crystallization in the system. We use a mix-
ture of cyclohexylbromide and decalin as our solvent, to match both the
density and index of refraction of the particles. The organic salt tetra-
butylammonium bromide (TBAB) has been added to screen any possible
residual electrostatic forces. The constituents and preparation procedure
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leads to particles that are indistinguishable from hard spheres as verified
by measuring the crystallization density (chapter 2).

Figure 3.1: Schematic of Confocal set up used in the present measurements.

To prepare samples at different volume fractions, known amount of
solvents have been added to a centrifuged sample with a volume fraction
close to random close packing (details in sec. 2.4, chapter 2).
We then use confocal microscopy to acquire two-dimensional images in a
field of view of 100µm × 100µm over a single plane in the sample cell.
The 2D slice was taken at a distance of 25−30µm away from the cover-

slip, deep enough to avoid the effects of the boundary. The time interval
between each image frame is 0.05sec which is approximately 1/15th of
the Brownian timescale τB, τB = ησ3/kBT ≈ 0.75sec, where η is the sol-
vent viscosity of the suspension. Standard IDL software has been used
to track the particle positions in each frame. Around 2000 particles have
been tracked over a time period of 175sec, resulting 3500 image frames.
The measurements have been done over a range of volume fractions,
ϕ = 0.54, 0.57, 0.58, 0.59, 0.60 Hard-sphere colloidal systems exhibit a
glass transition at where dynamics becomes very slow around a volume
fraction of ϕ = 0.58. Lower volume fractions (ϕ = 0.54) constitute a
supercooled liquid, and higher ones, ≥ 0.58 are glassy.
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Figure 3.2: Two dimensional image of the colloidal suspension under study.
The particles have a diameter of 1.3µm.

3.3 Method and Analysis

Trajectories of each of the particles were reconstructed from the mea-
sured snapshots as mentioned above. This provides particle positions
x = x(t), y = y(t) as a function of time over the period of observation.
Mean square displacements ⟨δr2(t)⟩ as a function of time computed from
the measured positions at different volume fractions have been shown in
Fig. 3.3. ⟨δr2(t)⟩ shows a short term increase in the beginning followed
by a flat plateau (when plotted on a log-lin scale), indicating that in
the present experimental time-window, each particle moves in a “cage”
constituted by the neighboring particles. The plateau value decreases
with increasing volume fraction of the suspension, because the particle
motion is more restricted. The very existence of a plateau in the mea-
sured mean-squared displacement shows that there is a range of time
scales for which local equilibrium can be justified where each particle
giggle around its mean position - thus enables measuring the displace-
ment correlation of the respective metastable configuration. To measure
the soft modes in the system we first obtain the displacement compo-
nents of any ith particle from their mean positions along confocal plane
as, ui = {xi− < xi >, yi− < yi >}, where < xi >,< yi > are averaged
over the particle trajectory during the whole period of measurement. We
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Figure 3.3: Left: Mean square displacement at different volume fractions.
Inset shows the same data on log-log scale. A plateau is observed in the
mean square displacement curves. The square displacements at the plateau
decreases as ϕ increases, reflecting smaller cage-size. Right: Randomly selected
trajectories of a few particles. The particles are moving around their local
equilibrium position within the present experimental time window.

then define the covariance matrix [7], [8], [9] of displacements as,

Dlm = ⟨uµiuνj⟩, µ, ν = x, y (3.1)

where l,m = 1, 2..2N matrix index on the left runs both over the particle
indices and the cartesian components of displacements. The averaging ⟨⟩
has been done using 3500 frames corresponding to the plateau of MSD.
Note that the colloidal particles undergo Brownian movement due to
their collisions with the solvent molecules. Thus there is a presence of
viscous drag as well as the hydrodynamic interactions [1] between the col-
loidal particles in the system. The covariance matrix as discussed above
does not take into account either dissipative effects or any anharmonic-
ity (excludes higher order correlations) that is present in the system. It
instead represents a system having spatial structure and particle inter-
actions that is same as that of the real system under study excluding
the damping effects. The matrix Dlm were measured and averaged over
the configurations within the metstable state. Thus, the real and rep-
resentative systems are characterized by the same correlations Dlm as it
is a static equilibrium property of the system. Now, diagonalizing the
above matrix gives us λm = 1, 2..., 2N eigenvalues and corresponding 2N
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normal modes of the system. The mode frequencies ωms are related to
the eigenvalues as,

ωm =
√

(1/λm). (3.2)

All these frequencies together constitute the vibrational spectra of the
colloidal glass under study.

3.4 Results

3.4.1 Density of states

Once we obtain the normal mode frequencies from the correlation ma-
trix, the histogram of all the frequencies gives us directly the Density
of states D(ω) of the system. The density of states at different volume
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Figure 3.4: Left: Density of states D(ω) at different volume fractions, ϕ =
0.54, 0.57, 0.58, 0.59, 0.60. The same is shown on logarithmic scale on the right
figure. The density of states is normalized by

∫
D(ω)d(ω) = 1. The dashed

line shows the upper limit of frequency until which the data is not affected by
noise.

fractions ϕ is plotted in Figure. 3.4. For all the volume fractions D(ω)
rises starting from a lowest frequency up to a maximum resulting a peak
at a certain frequency say ω∗ and then starts decaying. There is a slow
gradual shift in the DOS towards higher frequencies as the states with
higher ‘compression’ is approached as one can expect. Note that in the
present experiments the resolution in measuring individual particle posi-
tions limits the accuracy in the measurement of higher frequencies. The
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dashed line shows the upper limit ≈ 60nm until which the measured
frequencies are reliable. We will come to this later in more detail.

Pressure Dependence

Let us now discuss the dependence of the normal modes on the osmotic
pressure p of the suspensions. Recently a numerical study by Brito and
Wyart [23] on two dimensional hard discs suggests an empirical relation
between the average square displacements, pressure p and the density
of states D(ω) of the system. They have defined the displacement fluc-
tuation for a particle i as, δRi = Ri − Req

i where Ri and Req
i denotes

instantaneous and average position of the particle in a given metastable
state. These average fluctuations in particle positions were then written
in terms of the mode fluctuations that eventually lead to a relation,

⟨δR2⟩ ∼
∫
0

D(ω)/ω2 ≥
∫
ω∗

D(ω)/(ω2), (3.3)

where ω∗ is the characteristic frequency at which the density of states
D(ω) reaches a peak value and decays thereafter. The inequality sign
stands for the modes with frequency between ω = 0 and ω = ω∗. For
a density of states where there are fewer modes below the frequency ω∗

and at the same time D(ω) decays rapidly as ω > ω∗, the above integral
would be dominated by the lower bound. Thus, one gets

⟨δR2⟩ ≥ D(ω∗)/(ω∗). (3.4)

Brito and Wyart have shown that ω∗ scales with pressure as ω∗ ∼ p1/2

and D(ω) reaches a value ∼ 1/p for ω ≥ ω∗ Thus Eq. 3.4 leads to

⟨δR2⟩ ≥ D(ω∗)/(ω∗) ∼ p−3/2. (3.5)

In hard sphere glasses, the mean square displacement shows a plateau
(Fig. 3.3) where the particles are in the vicinity of their local equilibrium.
Thus, the displacement fluctuations, ⟨δR2⟩ discussed above should be
equivalent to the plateau value ⟨δr2P ⟩ of MSD. We therefore tested the
above scaling directly in our experiments by plotting the plateau value
of the mean square displacement vs the pressure. The latter is computed
from the volume fraction using an empirical equation of state [13] for the
colloidal hard spheres, we use with p = −(kBT/v)ϕ

2 d
dϕ
ln[((ϕmax/ϕ)

1/3 −
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Figure 3.5: Left: The plateau value of the mean square displacement plotted
as a function of volume fraction. Right: Pressure from Liu equation of state
[13] as function of the plateau of MSD at different volume fractions. The full
line is a p−3/2 fit.

1)3], v the volume per particle. Fitting the data, (Fig. 3.5) it is clear
that they are indeed compatible with the above scaling. This is also an
indication that soft modes are present in the system. Now, for higher
frequency modes, the eigenvalues are expected to be proportional to the
pressure [10, 11]. To scale out this effect, we divide the frequencies ω by
pressure, p. The cumulative DOS plotted in terms of rescaled variable
ω/p shows that there is a proliferation of low frequency modes as the
system goes deeper into glassy phase.

3.5 Convergence and Effect of Noise

In this section we discuss some of the issues related to the above analysis -
how averaging statics and the presence of noise in the experiments affects
the measured DOS. It was first pointed out to us by Henkes, Brito and
van Saarloos, [14] that the finite resolution of the microscope leads to a
significant uncertainty on the high-frequency tail of the calculated DOS
[15] Roughly, the error in the DOS becomes important when the value of
the matrix elements of the displacement correlation matrix (correspond-
ing to a displacement squared) becomes on the order of the square of
the resolution of the microscope. Here we have tried to understand such
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Figure 3.6: Cumulative density of states D̄(ω) =
∫ ω
0 D(ω′)dω′ at different

volume fractions, ϕ = 0.54, 0.57, 0.58, 0.59, 0.60, where frequencies are scaled
by pressure P obtained from the plateau value ⟨δr2P ⟩ of the mean square
displacement following the scaling shown in Fig. 3.5.

effect of noise by analyzing the spectrum of a matrix made of pure Gaus-
sian noise. This is a contribution by Jorge Kurchan. Let us consider the
case where we add a noise of amplitude τ to the system. The displace-
ment correlation matrix with noise can be written as, A = D + J , sum
of the true physical correlation matrix Dlm and the correlation matrix J
induced by the noise. One can infer the spectrum of A in the limit of
pure noise (A = J), at least for a Gaussian noise. The noise on particle i
added on the kth snapshot (at time tk) can be written τδi(tk) with δi(tk)
a Gaussian random variable with variance 1. Writing A explicitly in this
case leads to:

Aij = (τ 2/M)
M∑
i=1

δi(tk)δj(tk) = KTK (3.6)

(M being the number of snapshots taken to build the correlation matrix)
where K is a dN×M matrix (d being the spatial dimension of the system)
with elements Kij = τ/

√
Mδi(tj). Then the problem is equivalent to

finding the spectrum of a random rectangular matrix, which can be done
following [16]. The respective density of states D(ω) is given by (if M >
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dN),

D(ω) ∝ (1/ω)
√
2τ 2(1 + dN/M)(1/ω2)− 1/ω4 − A4(1− dN/M)2,

(3.7)
within a bounded range of frequencies (1 +

√
dN/M)τ−1 < ω < (1 −
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Figure 3.7: Density distribution D(ω) of frequencies where correlations are
pure Gaussian noise. D(ω) shows a peak at low frequency along with a long
tail which goes as ∼ 1/ω2 in the limit M ∼ dN .

√
dN/M)τ−1. The DOS corresponding to the pure noise is shown in

Fig. 3.7 Two important features are apparent (1) There is a peak at the
lower frequency which appears due to the fact that the apparent mean
square displacement gets enhanced due to the addition of the noise. (2)
Secondly, the case of not enough statistics when number of averaging
frames are comparable to the dimension of the matrix M ≈ dN . This
leads to a tail of the DOS at higher frequency, which varies as 1/ω2. It
is also clear that the only reliable eigenvalues of the correlation matrix
Dlm are the ones larger than the largest possible eigenvalues of J given
by,

ω ∼ 1

1 +
√
dN/M

1

τ
. (3.8)

We note that Eq. 3.8 implies that there is a limit to the averaging of the
noise by the statistics at ω+ ∼ 1/τ .Some of the above predictions on the
effect of noise can be applied and tested on the experimental data. We
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choose a smaller section of the whole field of view that contains of about
700 particles and obtain DOS from the correlation matrix averaged over
different total number of frames, 2000, 3000, 3500, 4000, 4500 respectively.
The result is shown in Fig. 3.8. The low frequency part, up to a certain
frequency as indicated by the dashed line, nearly converges for all number
of frames and remains unaffected. Beyond this cut-off line the spectrum
shifts towards lower frequencies with the gradual increase in the number
of averaging frames. This effect is visible in the density of states. The
density of states shows systematic a enhancement of the peak at low
frequencies In addition it shows that the tails of DOS are less pronounced
at higher frequencies as larger number of averaging frames are used.
To quantify the uncertainty in locating the particle positions, we have

performed a simple experiments where we have taken snapshots of po-
sitions of particles glued on a slide. Around 2000 image frames were
recorded, where each image frame had roughly 1700 particles. Particle
positions are then tracked using the usual IDL software. The histogram
of the individual particle positions collected over different frames is shown
in Fig. 3.5(a). The standard deviation of this distribution, which is about
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Figure 3.8: Density of states D(ω) (left) and normal mode frequencies (right)
are shown for a system with 700 particles with different number of averaging
frames- 2000, 3000, 3500, 4000, 4500 respectively. The density of states is nor-
malized by

∫
D(ω)dω = 1. The very low frequency part nearly converges for

all averaging frames. The frequencies below the dashed line as shown in the
figure largely remain unaffected by noise.
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Figure 3.9: The figure shows the distribution of the particle positions glued
on the slide. Standard deviation of this distribution gives the resolution in
locating the particle positions which is about τ ∼ 28nm.

28 nm gives the error in locating the particle positions. The respective cut
off frequency ω+, independent of the averaging time interval (or number
of frames) as mentioned above is given by, ∼ 1/τ ∼ 1/28nm ≈ 36(µm)−1.

3.6 Monte Carlo Simulation of Hard Sphere
Glass

In this section we discuss some of the results obtained using Monte-Carlo
simulation of hard sphere systems by Romain Mari and Jorge Kurchan.
These clarify some of the questions on the finite sized experimental do-
main as well as the effect of noise on the measured data.
In our experiment we measure the displacements of particles in a small

and two-dimensional slice of the real system, and we diagonalize a subma-
trix of the full correlation matrix. This is not only due to an experimen-
tal, but also to a numerical limitation: diagonalizing the full correlation
matrix (in thermodynamic limit) is an impossible task. The problem is
not hopeless, because the slice is typical of all others and will give sta-
tistically equal results. To investigate the difference between the experi-
mental and the ‘true’ DOS, numerical simulations have been performed
on a three dimensional system of slightly polydisperse hard spheres [8].
A constant pressure Monte Carlo algorithm is used with periodic cubic
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boundary conditions. The system is made of N = 864 particles, with
radii distributed uniformly between 0.95σ and 1.05σ (where σ is the av-
erage radius of the spheres), leading to a polydispersity of about 3%.
In order to improve the statistics of the data, several realizations of the
hard sphere glass have been used. Each of them was generated by ini-
tially taking the system in the liquid phase, below the freezing transition
density (∼ 0.54), quenching it to a density well above 0.54 (in the simu-
lations shown here: 0.594), and then equilibrating it by doing a sufficient
(106) number of Monte Carlo sweeps. We checked carefully that on this
timescale we are in quasi-equilibrium in a metastable state and that no
crystallization occurred during equilibration.
We have studied the non-linear vibrational modes of the system via

the same displacement correlation matrix. The matrix was computed
along runs of 105 MC sweeps from which M = 5 × 104 snapshots were
used for the time averaging. The length of the simulation ensures that
even the softest (hence slowest) modes are explored by the system, while
the reliability of the information included in the correlation matrix is
provided by the large (compared to the number of modes to be computed)
number of snapshots. We checked that the spectrum was not affected by
doubling the runs as well as number of averaging frames. In order to
mimic the experimental conditions, we computed the vibrational density
of states in a two-dimensional slice of the whole system. We will highlight
and elaborate mainly two aspects (1) the comparison of the spectrum of
a 2D system with a 3D and (2) the effect of noise when noise is artificially
added to the particle positions.

3.6.1 Comparison of density of states in 2D and 3D

We select a two-dimensional slice and keep only the positions of the
N particles crossing this plane at the initial time of the simulation. We
project the particle positions on a two-dimensional slice in a similar man-
ner as the experimental setup. We then build the displacement correla-
tion matrix with is now a 2N × 2N sub-matrix of the 3N × 3N matrix
of the whole system, and diagonalize it to get the density of states.
The comparison between the three and the two-dimensional cumulative

density of states is shown in Fig. 3.10. The lower frequency part for both
the systems seem to show a similar trend while differences appear mainly
in the high frequency part of the spectrum.
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Figure 3.10: Left: Densities of states D(ω) for both 2D and 3D system are
compared. The frequencies are given in units of (2σ)−1 Right: Cumulative
Density of states D̄(ω) =

∫ ω
0 D(ω′)dω′ shown in logarithmic scale. The trend

of the two-dimensional spectrum is the same as the three-dimensional one at
low frequencies.

3.6.2 Noise Analysis
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Figure 3.11: Left: Density of states of a 2D slice without noise (red curve), and
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In order to evaluate the effect of the noise of measurement of the com-
puted density of states we added, in the simulation, a random noise
taking values +/ − 0.005σ on each particle coordinate and each snap-
shot, so that the overall amplitude of the noise in terms of the particle
radius is 0.01; for the experiments, the resolution over the particle size is
of the same order (τ/σ = 28nm/1.3µm ≈ 0.02). Note that the noise is
added during data processing, on results of a simulation which is ’noise-
less’. The effect of adding noise to the particle positions is plotted in Fig.
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Figure 3.12: Left: Densities of states of a 3D system without noise (red curve),
and of a 2D slice with an added noise of amplitude 0.02σ. The frequencies are
given in the units of (2σ)−1. The spectra are normalized by

∫
D(ω)dω = 1.

Right: Cumulative densities of states D̄ =
∫ ω
0 D(ω′)dω′ for both the systems

in logarithmic scale.

3.11 for a two-dimensional slice of a 3D system. We observe that the low
frequency part of the density of states is unaffected by the noise, while
the high-frequencies are shifted down. A similar trend was observed with
the experimental data when number of frames used for averaging is en-
hanced. We can now compare the density of states obtained on a 2D slice
with some noise in the measurement with the density of states obtained
on the original 3D system without noise. This is done in Fig. 3.12. The
crucial point is that the spectrum is preserved at low frequency, despite
computing it with a partial information.
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3.7 Conclusion

In conclusion, in the present experiments we have obtained the density of
states from the measured particle displacements in a hard sphere colloidal
system. The DOS show an excess of low frequency modes around the
glass transition volume fraction. The existence of these excess modes
had so far only be predicted on the basis of theoretical considerations,
our experimental study shows therefore that they do exist in nature, in
what is probably the most studied system in the field of glassy dynamics:
hard sphere colloids.
The present study shows that there is in principle at least one other

way of accessing the energy levels of a disordered system such as the one
considered here. The classical (spatial) Fourier analysis as has been done
on colloidal crystals (see e.g. [5]) does not work here, since it uses the
periodicity of the lattice. However, one can calculate the (time) Fourier
transform of the velocity autocorrelation function in the time domain, to
obtain a density of states. If the system were harmonic, undamped and
without hydrodynamic interactions, the DOS from both methods would
coincide. For the DOS we calculate here, the ‘frequency’ (ω =

√
(1/λ)

in fact has the dimension of an inverse length, since it corresponds to
the eigenvalues of the displacement correlation matrix. To convert the
length into a frequency, one should multiply by kBT/(mD), with kBT
the thermal energy, and m and D the mass and diffusion coefficient of
the colloidal particles. It is this conversion that requires that the system
be harmonic, undamped and without hydrodynamic interactions.
The other issue that we address here is the effect of noise on the ex-

perimental data and how does it affect the measured density of states.
This has been tested in sec. 3.5 using different number of frames to av-
erage the correlation matrix. To have a better understanding in sec. 3.6
we have used simulation data where noise in which is artificially added
to the particle positions. Both the analysis shows similar trends where
the low frequencies are not influenced by noise up to a certain cut off
frequency. Thus our main results reported here on the excess modes in
glasses, which is based on the low frequency spectrum of the system,
remain unaffected by the presence of noise that visibly affects only the
higher frequencies.
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