
Chapter 6

Designing an Introduction
to Quantum Mechanics

A problem when introducing quantum mechanics is that it is difficult to make
productive use of students’ prior knowledge. New concepts are needed in quan-
tum mechanics for which students lack the necessary experiences. We describe
a design to introduce quantum mechanics to first year university physics and
chemistry students using a guided discovery approach. The design is based
on a developmental research conducted at our university. The main design
principle was to start from experiments that our students could interpret with
their prior knowledge. Next, students are guided to formulate hypotheses to
explain the experiments. These hypotheses together are a motivation to for-
mulate quantum theory. Furthermore, based on the hypotheses a choice can be
made for the axioms of quantum theory. This article describes the rationale
of the design, describes experiences from the class room, and indicates how
Physics Education Research (PER) literature has played a role in designing
this introduction.

6.1 Introduction

There are many descriptions of difficulties students experience when learn-
ing quantum mechanics at different levels of education (Fischler & Licht-
feldt, 1992b; Styer, 1996; Johnston, Crawford, & Fletcher, 1998; Steinberg,
Wittmann, Bao, & Redish, 1999; Singh, 2001; Bao & Redish, 2002; Olsen,
2002; Koopman & Ellermeijer, 2005; Singh, 2008b). Many initiatives exist
that try to overcome these learning difficulties (Fischler & Lichtfeldt, 1992b;
Petri & Niedderer, 1998; Zollman, Rebello, & Hogg, 2002; Kalkanis, Hadzidaki,
& Stavrou, 2003; McKagan, Perkins, & Wieman, 2008; McKagan, Perkins,
Dubson, et al., 2008; Singh, 2008a; McKagan, Handley, Perkins, & Wieman,
2009). A central issue seems to be how to motivate the need for quantum the-
ory. More generally, educational research has shown the importance to take
into account students’ prior knowledge (Ausubel, Novak, & Hanesian, 1978).

In introductory text books on quantum mechanics, we roughly see two
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approaches. One approach tries to follow (more or less) the historical develop-
ment of quantum mechanics, starting with what is now called the old quantum
mechanics (Messiah, 1961; Liboff, 1980; Eisberg & Resnick, 1985; Gasiorow-
icz, 1996; Le Bellac, 2006). The approach starts with the axioms and rules of
quantum mechanics and lets students first work with the theory. The assump-
tion is that a discussion of the philosophical issues of quantum theory should
come later (Griffiths, 2005).

Neither approach adequately takes into account students’ prior knowledge.
Although the historical approach tries to give a motivation for quantum the-
ory, it does so by discussing a lot of classical physics that is equally new to
students, and perhaps as difficult as quantum theory. The axiomatic approach
begins without this extra ballast; students start with the new (quantum) the-
ory straight away. But it might be confusing why this new theory is needed,
what the meaning is of the newly introduced terms, and what relation these
terms have to the concepts students have learned earlier. In between these
approaches are text books that more carefully try to work towards quantum
theory by considering what rules this new theory should satisfy (Shankar, 1980;
Gottfried, 1966). However, to be able to follow their argument, a student must
already think like a physicist.

Our goal is to design an introduction to quantum mechanics that builds
upon students’ prior knowledge as much as possible, and thereby take into
account the fact that students are not yet physicists and do not yet think like
them. This approach is in part inspired by Zollman et al. (2002) and Müller
and Wiesner (2002). The design presented here is based on research conducted
in two university level, introductory courses on quantum mechanics at the Uni-
versity of Amsterdam: one for physics students and one for chemistry students.
In the Netherlands, physics and chemistry students have followed physics and
chemistry respectively throughout their high school career, comparable to the
level of Advanced Placement Physics or Chemistry in the U.S. This does not
mean that the transition from high school to university is an easy one. For
instance, students in the Netherlands who start a science study experience
difficulties with the level of mathematics (Koopman, Brouwer, Heck, & Buma,
2008). Furthermore, students have to get used to a new way of thinking,
learning, and working.

Most of the design is a result of work done in the chemistry course. Together
with the lecturer we have analyzed what problems students experience when
learning this subject. Based on this analysis, and available PER literature,
adjustments to the course have been made. After each experimental round,
the results were analyzed. Based on the findings, a new design was made
for a next experimental round. The design presented was developed in four
such experimental rounds. This approach is called ‘developmental research’
(Gravemeijer, 1994).

Besides the design described in this article, adjustments were made to the
quantum chemistry course that focused on improving students’ study strate-
gies. The difficulties many students experience with the mathematics involved
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6.2. Design principles

Calculate the first and second
derivative with respect to x of
the following functions:

a) sin kx;

b) cos kx;

c) ekx;

d) ekx;

e) eikx.

Figure 6.1: Sample remedial mathematics question, given before the fourth
meeting described in Section 6.3.4.

in this subject were found to be caused by a lack of mathematical fluency and
poor transfer from the preparatory calculus course. To help students improve
in these respects, a remedial mathematics program was set up. Before each lec-
ture, students made an online mathematics test with which they could practice
their mathematics skills. The online system that was used provided students
feedback. The test could be repeated, each time presenting the student with
slightly different questions. An example of such a mathematics question is
given in Figure 6.1. The remedial mathematics program is described in more
detail in a separate publication (Koopman et al., 2008). To refresh students’
knowledge of the physics needed in the lectures, a set of online multiple choice
questions was prepared for each lecture. Shortly before the start of the lecture,
the lecturer would review the answers and could adjust his lecture depending
on the answers given. This method is called Just-in-Time Teaching (Novak,
Gavrin, Christian, & Patterson, 1999). An example of a question used is given
in Figure 6.2. Finally, for each lecture a diagnostic test was made available
with which students could assess whether they had understood the lecture
(Figure 6.3).

In the next section we describe the principles used in this design, and in
Section 6.3 we sketch the design itself, focusing on the (physical) reasoning
we expect of our students. Teaching experiences are given to illustrate how
students worked with the designed material.

6.2 Design principles

The design is based on the following principles:

1. As much as possible take into account students’ prior knowledge that is
relevant when learning quantum mechanics.
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Which of the following is
Newton’s second law?

a) p = mv;

b) P = F∆t;

c) F = ma;

d) Faction = −Freaction.

Figure 6.2: Sample JiTT question, given before the fourth meeting described
in Section 6.3.4.

What is the difference between
the displacement and the
amplitude of a wave? Explain
using the double-slit
experiment for water why
these concepts are useful.

Figure 6.3: Sample question from the diagnostic test given to students after
the second meeting described in Section 6.3.2
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6.3. Design of the studio course introduction

2. Start from experimental results that are meaningful to our students.
Guide students to formulate hypotheses to explain the phenomena they
are confronted with. After making a motivated selection, these hypothe-
ses can be seen as rules to which a new mechanics should adhere.

3. Use relevant results from PER literature.

Following Lijnse and Klaasen, to implement the first two principles we
use the problem posing approach in organizing the teaching–learning sequence
(Lijnse & Klaassen, 2004). As argued by Klaassen (1996), the problem posing
approach is based on the idea that for students to “meaningfully engage in
an activity there should be a sense in which they know why they are doing
it” (p. 87). Furthermore, “they will have to develop some sense of purpose
for going to study events they have never witnessed or paid attention to”
(p. 87). Science education should make pupils want to add to their “existing
conceptual resources, experiential base and belief system . . . in a way that
leads to a proper understanding of science” (Klaassen, 1996, p. 106). The
problem posing approach aims at all the above.

The characteristics of a teaching–learning sequence following the problem
posing approach can be defined by a didactical structure. This didactical
structure defines the following:

• The physics content (knowledge) of each step;

• The motive for students to study certain knowledge content.

With motive, we mean the logic that leads from one step to the next from the
student’s perspective. This motive can be formulated in the form of a question
that a student is likely to pose at the particular point in the teaching–learning
sequence. The didactical structure for the designed introduction is given in
Figure 6.4 and further explained in this article.

The teaching approach we use may also be qualified as guided discovery
learning. It is discovery learning in the sense that students are expected to
formulate the key characteristics of the phenomena we confront them with.
However, research has shown that pure discovery learning is ineffective and
that some guidance is needed (Mayer, 2004; Kirschner, Sweller, & Clark, 2006).
Furthermore, the sequence presented here is designed to let students acknowl-
edge that a new theory is needed and give them an idea what characteristics
this new theory should have. After this point, we expect that it is more efficient
to proceed with a more traditional (i.e. verbal reception learning) approach.
But even then it is possible to follow the problem posing approach. In any
case, the education should be meaningful.

6.3 Design of the studio course introduction

The design consists of four topics, presented in the next four sections: quan-
tization, matter waves, probability, and ‘towards a new theory’. The design
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Photoelectric effect

light comes in packets with energy

light has a particle-like property

If light has particle-like properties, 
might electrons conversely have 
wave-like properties? A 
characteristic of waves is that 
they interfere. First study double-
slit interference for waves.

Double-slit experiment

Compare interference of water waves, 
light, electrons:
- we need a wave,   , to describe electrons;
- addition of waves gives interference, 
describing pattern;
-       (amplitude) determines number of 
electrons detected in region.

What is interfering with what? 
Are electrons interfering with 
each other?

Interference pattern build-up

Fire electrons one by one:
- interference pattern still visible, 
build-up appears to be random;
- electrons do not interfere with 
each other;
-                           describes single 
electron, not two;
-        relates to probability.

What is the correspondence between 
wave and particle properties (i.e.    and   
versus    and     )?

De Broglie postulate

Electron diffraction on 
graphite:
- Newton rings;
-                            ;
- postulate
for electron.

How can we describe electrons 
statistically?

Classical probabilities

First try to describe a classical 
system with probabilities:
- for continuous variable     we 
need probability density         ;
  

-

  
-

Straight edge diffraction

A wave is able to 
describe pattern:
-                         ;
- identify    as        .

What is the relation 
between    and       ?

An equation for

Search for an equation analogues to 
Newton's second law, satisfying:
1) solution for free electron (assumption 
from double-slit experiment);
2) superposition principle (linearity);
3)     with wave number    describes 
electron with momentum               ;
4)     with angular frequency     describes 
electron with total energy                .
This should lead to the Schrödinger 
equation.

We know how to describe electrons with    , 
but how do we find     for a given situation?

How do we find the 
momentum, energy, etc. 
from an arbitrary    ?

Through which slit 
does the electron go?

How do we measure 
a superposition?

Which-way experiment

Path information destroys 
interference pattern:
- no superposition: 
electron passes one slit;
- superposition: electron 
"passes" both slits.

Stern-Gerlach experiment

Superposition corresponds 
to multiple measurement 
outcomes. 
Possible outcomes depend 
on orientation detector.

Operators

For each observable we need an 
operator. Idea of eigenvalues as 
possible measurement outcomes.

Expectation values

A superposition has multiple 
possible measurement outcomes, 
each with a certain probability: 
expectation value

Hydrogen spectrum

The hydrogen spectrum has a 
regular structure. We may find 
a function that describes this 
pattern. From this description, 
we can formulate hyptheses to 
explain the pattern: existence 
of energy levels.

With the idea of transitions 
between energy levels we 
can explain the hydrogen 
spectrum. However, we do 
not know why the electron 
can only be in a discrete 
state. We cannot explain it 
classically. Then how should 
we describe the electron?

Figure 6.4: Didactical structure of the introduction. The rectangles show the
physics content (or knowledge) which is connected by motives shown in gray,
rounded rectangles. The dashed rectangles are activities that have not been
tested.
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is a proposal based on the result of several experimental rounds during an
introductory course on quantum chemistry (chemistry majors). Some of the
four parts were also tried out in an introductory course on quantum mechan-
ics (physics majors). In addition, relevant PER literature has been consulted.
To be explicit: the design has never been tried out in the form in which it is
presented here.

During the years 2007-2009, the quantum chemistry course started with
four sessions (of two hours each) consisting of the experimental introduction
described here. After these four sessions, the lecturer would continue with
the formalism of quantum mechanics and next its application to quantum
chemistry. Over these years the number of students that actively took part in
the course varied from 27 to 32.

In describing the design, we focus on the reasoning expected of our stu-
dents. We estimate that the sequence can be carried out in approximately
eight meetings of two hours each. The end point is the Schrödinger equation,
after which instruction can be given to work with the formalism of quantum
mechanics. After each part of the design some anecdotes are given under the
heading “Teaching experiences” to illustrate how students work with this ma-
terial. These results are based on general experiences from the classroom,
as well as on audio recordings that were made of three student groups (two
students each) that were followed during each experimental round.

6.3.1 Quantization

Quantization is a key concept in quantum mechanics. We have students ex-
plore this concept in the context of two phenomena: the photoelectric effect
and the spectrum of hydrogen.

Photoelectric effect

The discussion of the photoelectric effect leads students to argue that classical
mechanics falls short in explaining it, and encourages them to formulate an
alternative hypothesis that can explain it. The hypothesis we are aiming at,
is of course that light consists of photons. It is, however, not our intention to
use the photoelectric effect to prove the existence of photons.

We make use of a demonstration experiment1 to qualitatively show the
effect, and an applet2 that shows electrons moving in a photoelectric cell,
for chosen settings of light intensity, light frequency, and potential difference

1The demo consists of an electroscope with a zinc plate attached to it and a mercury
lamp. The zinc plate can be charged by rubbing a plastic rod against a piece of cloth. The
electroscope makes this visible. When the light of the mercury lamp is directed on the zinc
plate, the charge ‘leaks’ away. Repeating this procedure with a glass plate between the lamp
and the zinc plate, nothing happens. Students now that you cannot tan behind glass, as
ultraviolet light will not penetrate the glass. We conclude that the ultraviolet light is needed
to free the charge of the zinc plate.

2The photoelectric applet from PhET (http://phet.colorado.edu/) was used
(McKagan, Perkins, Dubson, et al., 2008).
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Figure 6.5: The photoelectric effect applet from PhET. The intensity and
frequency of the light beam can be varied, as well as the potential difference
over the electrodes.

over the photoelectric cell’s electrodes (Figure 6.5). Working with the applet,
students figure out how they can ‘measure’ the kinetic energy Ekin of electrons
emitted by the metal surface. Students find that the electrons are emitted
with a distribution of kinetic energies and that only the kinetic energy of the
fastest electrons can be determined.3 They next plot these values as a function
of the frequency f of the incident light beam. This results in the (well known)
relation:

Ek,max = af + b, (6.1)

where a > 0 and b < 0 are parameters to be determined. We ask students to
interpret this relation based on the demonstration they have seen and decide
whether it accounts for the observed effect. First of all, the relation falsifies
the idea students might have that the electrons’ kinetic energy depends on
the intensity of the light beam. This thus also falsifies the idea that the
emission of electrons is determined by the intensity of the light beam. The
intensity only influences the number of electrons that is emitted. Secondly, the
frequency should be above some threshold value, as was concluded from the
demonstration experiment. Finally, students give arguments whether the term
af can be seen as the energy corresponding to a quantum of light. Because the
relation expresses the energy of one electron, it is expected students will see
af as an amount, or quantum, of the energy taken from the electromagnetic

3For a given light intensity and frequency, the electric current can be stopped by applying
a voltage. This ‘stopping potential’ is able to stop the most energetic electrons that emerge
from the metal. From this stopping voltage the kinetic energy of the fastest electrons can
be inferred. With this method it is not possible to ‘measure’ the kinetic energy of slower
electrons.
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field. One electron picks up an energy amount of exactly af , not some factor
times this amount.

The photoelectric effect applet enables students to repeat their ‘experiment’
with different kinds of materials (e.g. sodium, zinc, copper). For each they can
determine the parameters a, and b, from Eq. (6.1). They will note that the
parameter b depends on the material used, but a remains more or less constant,
with a value of: a = 6.6 × 10−34 J s, which is Planck’s constant h. At this
point students are introduced to the idea that the energy of a quantum of
light, now called a photon, equals E = hf . Because light can be seen both as
wave (as students are used to), and particle phenomenon (as follows from the
photoelectric effect) we pose the hypothesis that for matter, ordinarily seen as
particle phenomenon, this relation also holds. This hypothesis is tested in the
assignment on the double-slit experiment (Section 6.3.2).

The prerequisites for this assignment are few. First of all, students need to
acknowledge that the electron as particle exists and that a certain amount of
energy is needed to free it from the atom. Furthermore, a basic understanding
of energy conservation and the relation between electric potential and potential
energy is needed to calculate the kinetic energy of the electrons.

Teaching experiences Many of our students are somewhat familiar with
the photoelectric effect as an argument for the quantization of light. Still,
students do not find it easy to explain how the kinetic energy of the electrons
might be measured. In part this seems to be caused by the applet, because it
suggests that individual electrons can be observed. This gives some students
the impression they can use the electron’s position to determine its kinetic
energy. After more emphasis has been put on the fact that the applet is a
model and that the individual electrons will not be visible as in the applet,
students realize that the minimum applied voltage needed to stop the current
can be used to determine the kinetic energy of the fastest electrons. With
help of the applet they can then determine the relation between the frequency
of the incident light beam and the maximum kinetic energy of the electrons.
Students determine the slope of the graph and recognize the term hf as the
energy of a single photon.

Hydrogen spectrum

Now that students have learned that light can be thought of as made up of
photons, energy packets each with energy hf , they can look more closely at
the structure of the atom. The assignment described here guides students in
formulating postulates that can explain the spectrum of hydrogen. A more
detailed discussion can be found in Koopman, Kaper, and Ellermeijer (2006).

In secondary education the Bohr model of the atom is used to teach stu-
dents the structure of the atom. Fischler and Lichtfeldt argue that the discus-
sion of semi-classical models, such as the Bohr model, should be avoided be-
cause they induce misconceptions (Fischler & Lichtfeldt, 1992b, 1992a). How-

115



Chapter 6. Designing an Introduction to Quantum Mechanics

ever, McKagan, Perkins, and Wieman (2008) have found that such models
can be taught effectively by comparing and contrasting them, and thus letting
students distinguish the strengths and the shortcomings of various models. We
do not focus on the Bohr model (planetary analogy, quantized orbits). Our
aim is to have students formulate a minimum set of postulates that explain
the hydrogen spectrum, and to have them find an expression for the energy
of an electron bound in an hydrogen atom. These postulates may then be
generalized to other atoms.

In the assignment students are given the spectral data of hydrogen and are
asked to make a graph of the spectral lines and describe the characteristics
of the graph.4 What is of course striking is the fact that only at certain
wave lengths light is emitted, and that the lines appear in a regular pattern.
The graph shows multiple series with the same structure: spectral lines that
are closer with decreasing frequency. The pattern suggests a mathematical
description which students try to find by fitting the data using a computer.
Because of the structure of the pattern, we introduce two parameters: one to
enumerate the series, say m, and one to enumerate the spectral lines within
a certain series, say n. The series can best be enumerated starting from the
highest frequency, as there appears to be a maximum value above which no
more series occur.5 To enumerate the spectral lines within a series it should
be noted that as the frequency increases the spectral lines get closer together.
Because it is not clear whether there is an end point here, the lines within a
series might best be enumerated from low to high frequencies. We can now
try to find a function that fits a given series. This is repeated for the other
series and the result is summarized in one expression, giving the frequency of
the spectral lines as a function of the two parameters m (i.e. the series) and n
(i.e. the line within series m):

f(n,m) = 32.88× 1014 Hz

(
1

m2
− 1

(m+ n)2

)
. (6.2)

Based on our findings from the photoelectric effect we can argue that the light
emitted by hydrogen also comes in photons. Because there we found that the
photons’ energy is given by E = hf , relation (6.2) can be converted to the
energy of the photons emitted. Students are reminded of energy conservation
and are asked to give an explanation of the difference in Eq. (6.2). We can
understand this difference as a transition between two energy states of the
hydrogen atom. This difference is quantized. We can hypothesize that the
energy states themselves are quantized as well, which is why we would like to
call them energy levels.

4The graph can for instance be generated by plotting the relative intensity of the lines
as a function of their wavelength. This data is available from the NIST Atomic Spectra
Database: http://physics.nist.gov/PhysRefData/ASD/lines form.html

5This highest frequency corresponds to an electron falling back to the ground state from
the highest possible excited (bound) state. This corresponds to the ionization energy of
hydrogen. The hydrogen ion would give us a continuous spectrum.
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By carefully analyzing experimental data, students reach the conclusion
that the hydrogen atom can only have specific energies, and that transitions
between these levels emit (absorb) light with an energy equal to the energy
lost (gained) by the atom. This approach also avoids observed difficulties
students have with the Bohr model: they often think the energy of the emitted
photons equals the energy level of the atom (Zollman et al., 2002; Koopman
et al., 2006). One objection to teach the Bohr model is its notion of electrons
revolving in (classical) orbits. In our description, no such orbits were used. Of
course, it remains a question why the hydrogen atom (or the system electron–
proton) can only adopt fixed energy states. Furthermore, students will see
that the modeling they do is a result of reasoning based on the experimental
data available.

Teaching experiences This assignment was carried out only in the intro-
ductory course on quantum mechanics for first year physics students (Koopman
et al., 2006). Students had no difficulties describing the characteristics of the
hydrogen spectrum and most students could give a motivated choice for the
numbering of spectral lines. Finding a fitting function became more difficult.
Here students needed more guidance in finding a suitable function to fit the
data with. In particular, students are already satisfied with a function of the
form 1/n. After stimulating students to try other functions to improve the
fit and reminding them that enumeration has an arbitrary starting point, stu-
dents found a good fit and could then easily summarize their findings in one
function, resulting in Eq. (6.2). Based on the expression for f(n,m), students
were able to give an expression for the energies of the hypothesized levels in
the hydrogen atom.

6.3.2 Matter waves

After studying the photoelectric effect, we hypothesized that because light has
particle-like properties, the relation E = hf also holds for matter (elementary
particles). It is thus expected that matter also exhibits wave-like properties.
Interference in a double-slit experiment is often used by physics teachers to
motivate a discussion of the wave-like properties of matter. An early exam-
ple can be found in Feynman, Leighton, and Sands (1965). Analysis of the
double-slit experiment can help students formulate an hypothesis for the wave
function to describe the behavior of electrons. A more detailed description
and analysis of student discussions can be found in Koopman, Kaper, and
Ellermeijer (2009).

Double-slit experiment

Students first study the interference of water waves in a double-slit set-up by
describing the interference pattern mathematically. The waves emerging from
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the two slits are each approximated by a cylindrical wave.6 The displacement
of these waves are described by the real part of the following complex function:

y = y0ei(kr−ωt), (6.3)

with y0 the amplitude, k the wave number, ω the angular frequency and r
the distance from the slit. We choose to let students work with this com-
plex function, because it simplifies the addition of two waves and because
the complex wave is needed later on. After studying interfering water waves,
students should distinguish between displacement and amplitude and use the
term ‘wave’ precisely.

Next, they compare the interference patterns of water and light and try
to develop a description of the light pattern analogous to that of water in-
terference. To do this, they have to assume that light can be described by a
wave. This idea is not at all new to our students. However, they have never
had to worry about the relation between the displacement of the light wave,
and the observed intensity on the screen. The main point is that the displace-
ment of the interfering water waves is time dependent, whereas locations of
constructive and destructive interference, as they appear on the screen, are
independent of time and fixed in space. For water it is possible to investigate
this, because the water waves themselves are observable.

For light the distinction between amplitude and displacement is not straight-
forward. When this distinction has become clear from studying the water
waves, students compare water and light to electrons. To explain why an elec-
tron interference pattern is visible, students are expected to hypothesize that
in some way electrons are to be described by interfering waves. From this we
can conclude that the collective behavior of electrons in the double-slit exper-
iment (i.e. the pattern on the screen) can be described by interfering waves.
However, it is still not clear how these waves relate to individual electrons.

Teaching experiences In high school double-slit interference is discussed,
with the emphasis on calculating the points of constructive, and total destruc-
tive interference. Here we are interested in the displacement, and the relation
with the amplitude of the interfering waves. Students experience most diffi-
culties with the mathematical description of the interference pattern in case of
water. In part these difficulties can be traced to a lack of understanding ba-
sic concepts of wave physics (Wittmann, Steinberg, & Redish, 1999). On the
other hand, the analogy with light and electrons is for most students ‘trivial’,
but most students seem to miss the point that the wave hypothesized in case
of electrons is a new concept whose similarity to waver waves is only partial.
For instance, in case of electrons we do not know (yet) which quantity (if any)
is oscillating. Based on their work, students are able to introduce a wave func-
tion to describe the electron interference pattern. Although rudimentary, they

6In the case of water waves it is more accurate to speak of circular waves, because it is
a surface that oscillates.
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assume that the wave function relates to the probability of finding the electron
at a certain position on the screen. However, many students identify an elec-
tron with a single cylindrical wave. Therefore, seeing that two such ‘waves’ are
needed for interference, students reason that at least two electrons are needed:
electrons interfere with each other (sic). This view is to be adjusted in the
next assignment.

Interference pattern build-up

When describing electrons by interfering waves, students might wonder what
the electrons are interfering with. Many appear to think electrons interfere
with each other. This idea can be tested by performing the double-slit ex-
periment with single electrons, as has been carried out by Tonomura, Endo,
Matsuda, Kawasaki, and Ezawa (1989). An assignment was designed in which
students carefully study the results presented in the Tonomura article.

First students have to convince themselves that, as claimed in the article,
at any moment at most one electron is in the apparatus. Because the elec-
trons are accelerated by a known electric potential of V0 = 50 kV, students
can calculate their final speed, ignoring any relativistic effects.7 A similar
calculation was needed in the photoelectric effect assignment to calculate the
electrons’ kinetic energy. The electrons are thus found to be accelerated to
v = 1.3 × 105 km/s. Each second one thousand electrons are emitted. Their
average separation thus would be d = 130 km if they could move unhindered
through a vacuum. However, the apparatus can be assumed to have a dimen-
sion in the order of one meter. It is thus safe to say that at most one electron
is in the device: electrons cannot interfere with each other. The conclusion
should thus be that one electron has to be described by two cylindrical waves
emerging from the two slits. The superposition principle, used to calculate the
amplitude of the interfering waves, can now be given a new meaning. Each
of the cylindrical waves was assumed to describe an electron emerging from a
slit. Now we have two superimposed waves describing one electron. We do not
know through which slit the electron traveled; up to now we can only say that
the superposition describes the potentiality that the electron will pass one of
the two slits. For students a natural question to ask is: “Through which slit
did the electron go?” This question will be addressed further on in the design.

Teaching experiences Students have no difficulties determining that there
is only one electron in the apparatus, but they do find this conclusion dis-
concerting. They infer that this means that electrons do not interfere with
each other. The waves interfere, and this wave tells with what probability an
electron will hit the screen at a certain position. Although not all students use
this formulation, most express the probabilistic aspect of the wave function.
What remains difficult is that the wave function is understood to describe one

7Students have heard about special relativity, and are told that a classical treatment is
a good approximation. The error in doing so is approximately 7%.
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individual electron. Many students still seem to view each of the cylindrical
waves as describing one electron. This is a weak point in the design we would
like to fine-tune.

De Broglie postulate

If electrons should be described by a wave function to account for their be-
havior in the double-slit interference experiment, then what is the relation
between the wave length and frequency of this new wave and the particle-like
properties we are so much accustomed to? In the double-slit experiment the
wave length appeared to be an important parameter to describe the interfer-
ence fringes. On the other hand, in the single electron double-slit experiment,
we describe the electrons before entering the double-slit as classical particles
having momentum. In general, students are used to momentum as a prop-
erty of (classical) particles. The question now is what the relation is between
the momentum and the wave length of the electrons? This relation is for-
mulated by the de Broglie postulate. De Broglie arrived at his postulate on
theoretical grounds (Broglie, 1924/2004). Because our students do not have
this same theoretical background, we use another way in which our students
might formulate this relation between momentum and wave length.

An elegant demonstration experiment that can be used for this purpose
is the diffraction of electrons on graphite in a set-up where the accelerating
voltage, and thus the momentum of the electrons, can be varied. This way the
relation between electron momentum and interference pattern properties can
be studied. This leads to the result that the relation between the wave length
of the matter wave, and the momentum of the electron is given by: p ∝ 1

λ .
Up to a constant factor, this is just the de Broglie relation for momentum
and wave length: p = h/λ. This relation is needed when searching for a new
theoretical framework, described in Section 6.3.4.

Teaching experiences The demo was presented to the whole group, and
with use of multiple choice questions, students determined the relation between
momentum and wave length. With the set of relations between the physical
quantities in place, students did not have much trouble reaching the intended
conclusion.

6.3.3 Probability

From the double-slit experiment for electrons and the build-up of the inter-
ference pattern by single electrons, students conclude that the electron wave
function only seems to describe the probability with which an electron will
hit the screen at a certain location. At this point two main questions can be
asked. First, what is the relation between the wave function and this probabil-
ity? Second, as mentioned before, a natural question for students to ask when
studying the interference pattern build-up is through which slit the electron
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goes. These two questions play a central role in the following assignments. We
start with the latter question.

Which-way experiment

It puzzles students that an interference pattern also emerges when electrons are
fired one by one at the double slit. Students spontaneously try to formulate
hypotheses that can account for this behavior. One such idea is that the
electron somehow ‘splits up’, passes through both slits, and recombines to
give rise to the interference pattern. Furthermore, thinking of the electron as
a classical particle, students wonder through which slit the electron goes. This
is the objective of a so-called which-way experiment. As Feynman describes so
vividly in “QED, the strange theory of light and matter”, if we detect through
which slit the electrons pass, the interference pattern disappears Feynman
(2006).

From discussing the which-way experiment it should become clear that a
superposition of two cylindrical waves describes a single electron. As seen
before, the superposition can account for the interference pattern. However, a
consequence of this description is that we do not know which slit the electron
has passed through. Conversely, an electron of which we know through which
slit it goes is described by a single cylindrical wave. But a single cylindrical
wave is not able to describe interference. Thus, the results of the which-way
experiment are in line with our description of electrons.

Teaching experiences In our experiments there was not enough time to let
students explore such an experiment themselves. In one experimental round
we have explained this experiment to the whole group. The results were not
satisfactory. Students had difficulties following the argumentation. Because
the outcome is so strange, students might benefit from an activity in which
they can explore this experiment themselves and are guided to think over what
the consequences are. From our last experimental round, we have found that
such an activity is needed to let students fine tune their conception of the wave
function as introduced in the double-slit experiment.

Superposition revisited

The superposition needed to explain interference has a strange consequence
in the sense that we no longer now beforehand which slit the electron passes
through. We have a 50%-50% change of finding the electron in either of the
two slits. Thus, the superposition has a special meaning when we consider
measurements. To address this we let students study the Stern-Gerlach exper-
iment (Gerlach & Stern, 1922). We choose this experiment because it enables
us to discuss what happens when measuring a physical quantity (or observ-
able) for a state which is a superposition. Furthermore, as explained below, the
concept of spin can be introduced, which is needed further on in the quantum
chemistry course.
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The Stern-Gerlach experiment is another illustration of a quantized sys-
tem, but this time it is the observable angular momentum that is quantized.
In the original set-up of the experiment, Stern and Gerlach used a beam of
silver atoms that were sent through an inhomogeneous magnetic field. Because
the silver atom has a magnetic moment, atoms will be deflected up or down
by this magnetic field. The initial orientation of an atom will determine the
location where it will hit the screen. Classically the dipoles can have any ori-
entation in space so the magnetic field will spread them out into a continuous
broad band where they strike the screen. The outcome of the Stern-Gerlach
experiment, however, is very different. Two separate narrow bands appear
where the silver atoms hit the screen. This suggests that the silver atoms can
have only two orientations in the magnetic field: either up, or down. Our stu-
dents are familiar with magnetic dipoles and their behavior in homogeneous
and inhomogeneous magnetic fields. They are unfamiliar with the idea that
an atom may behave as magnetic dipole. However, they do not need to fully
understand this in order to understand the Stern-Gerlach experiment. Based
on their prior knowledge, our students are able to follow what is going on. In
the activity described below, our students are guided to formulate an hypoth-
esis that explains the experimental outcomes of the Stern-Gerlach experiment.
Because our experimental rounds were limited to four meetings with our stu-
dents each year, we have not been able to finish this activity in full. Therefore,
we have only got teaching experiences of the introduction of the Stern-Gerlach
experiment to our students.

The fact that the silver atom can have only two magnetic orientations is
interesting in itself. However, there is more to explore. The Stern-Gerlach
magnet can be thought of as a measuring device: particles (i.e. silver atoms)
with an up orientation are separated from particles with a down orientation.
We can use this device to measure the magnetic orientation of our particles. We
might also put several such devices in series, each with a different orientation of
its Stern-Gerlach magnet, so they measure different (Cartesian) components,
one after the other.

The SPINS applet (Schroeder & Moore, 1993) enables students to explore
what will be the outcome of such a sequence of measurements with these
devices. They will see another illustration of superposition. When the first
device selects particles with up spin (in the z-direction), and the next measures
the spin in the x-direction, students will find that half of the particles now have
spin up in this new direction, while the other half have spin down.

Now how can we account for that? First of all, we should not that we
only want to describe the spin of the particles, not their position. We will
denote the spin state with χ. Furthermore, the fact that we only measure
up or down, can be explained by assuming this spin state function describes
two possible outcomes. In case of the double-slit experiment we have seen
something similar. There the superposition of the two cylindrical waves de-
scribed an electron that emerges from one of the two slits. Thus these two
added waves should be reinterpreted as two possibilities. We might call these
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possibilities eigenstates: accepted measurement outcomes. In case of spin, we
might symbolically denote this situation as:

χ =↑z + ↓z, (6.4)

where the z subscript denotes the orientation of the Stern-Gerlach magnet.
The up-arrow corresponds to an up measurement, the down arrow to a down
measurement. (We have ignored the normalization constant the above equa-
tion.)

What about the finding that the up particles from a z-measurement appear
to be again evenly distributed in up or down in the x-direction? If we assume
that our wave function should also describe these possibilities, we must write
this as:

χ =↑x + ↓x . (6.5)

But because this state should be equal to the up-state in the z-direction, we
have (again, ignoring normalization):

χ =↑z=↑x + ↓x . (6.6)

Thus, the eigenstate (possible measurement outcome) ↑z can be written as a
superposition of eigenstates in the x-direction. This gives a new meaning to
superposition we have not found in classical mechanics.

Apart from motivating the need to reinterpret the notion of superposition
when talking about measurements, using the Stern-Gerlach experiment has
another advantage. We have found that students associate each of the cylin-
drical waves in the description of the double-slit experiment as an electron.
The Stern-Gerlach experiment gives the opportunity to revise this idea.

Teaching experiences As mentioned at the beginning of this section, due to
lack of time, we have only been able to introduce the Stern-Gerlach experiment,
without letting students work with the designed activity. Our experiences are
that students understand the experimental set-up. Students are able to reason
how a magnetic dipole will behave when it is passed through a Stern-Gerlach
magnet. They also correctly describe how classical magnetic dipoles give rise
to a continuous broad band.

Classical probabilities

One of the conclusions of the previous assignments is that the electron wave
function is able to describe the statistical aspect of the interference pattern.
We first focus on how a physical system can be described probabilistically. In
the next assignment we can consider how electrons can be described probabilis-
tically and what the relation is between the wave function and the probability
of finding an electron.

Bao and Redish (2002) have identified difficulties in learning quantum me-
chanics originating from a poor understanding of probability. They recommend
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students examine a pendulum as a classical system and describe it in a prob-
abilistic way. For this purpose we designed an activity in which the classical
system was simulated by an applet of a mass on a string Belloni, Christian,
and Cox (2006). The applet shows a mass swinging back and forth on a string.
If the swinging mass is stopped at random times, with what probabilities will
it be found at various locations? Of course, where the mass moves slowly, it
spends more time. These are the locations where it is found most probably.
Students can see this by imagining a video is made for a certain number of
oscillations of the mass. On each video frame, the mass is found at a certain
location. The student can make a histogram of the number of frames belong-
ing to a certain interval. The higher the bars in the histogram, the higher the
probability of finding the mass in that particular interval.

Students can manipulate the swinging mass in the applet, and a table and
histogram of data are generated automatically. In the activity, we ask students
to calculate the probability of finding the mass at a certain location. For a
given number of intervals, this probability corresponds to a certain region, not
to a precise location. How can we make the location more precise? Students
increase the number of intervals and recalculate the probability. They will
notice that this probability decreases, and in the limit of an infinite number
of intervals goes to zero. This is thus not a good measure for probability
at a certain location. Students repeat their calculations, now dividing the
probability by the interval length. This value remains (more or less) constant
and it is a good measure for the probability at a certain location. This new
quantity is called the probability density. Using this new concept, students
calculate the probability of finding the mass in a given region, an arbitrary
region, and in the whole range through which the mass moves.

Based on this work it is now straightforward to formulate the relation
between the number of electrons found in a certain region (the intensity I),
and the electron wave function. The quantity |Ψ|2 plays the same role as the
probability density introduced in the assignment on the swinging mass.

Teaching experiences After working with the applet, most students make
the connection between the velocity of a classical particle, and the probabil-
ity of finding it in a certain interval. They also see the use of introducing
a probability density for a continuous observable (such as the location). Fi-
nally, students come up with a mathematical relation between the probability
of finding a classical particle in a certain interval and the probability density
associated with the particle. When students are reminded of the relation be-
tween wave function and electron density, they are able to use this to formulate
what we call the Born statistical interpretation:

P (a, b) =

∫ b

a

|Ψ|2 dx, (6.7)

where P (a, b) is the probability of finding the electron between x = a and
x = b.
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Diffraction at a straight edge

Zeilinger et al. have carried out an experiment in which cold neutrons are
diffracted at a straight edge (Zeilinger, Gaehler, Shull, & Treimer, 1982; Gähler,
Klein, & Zeilinger, 1981). The results they present might enable students to
formulate a functional dependence between the wave function and the prob-
ability of finding an electron in a certain region. For sake of simplicity, we
assume electrons will behave similarly in such an experiment.

When electrons are diffracted at a straight edge, the pattern of electrons
as measured behind the edge shows interference fringes (Figure 6.6). Because
we have assumed that electrons are to be described by a wave, we might in
principle calculate the amplitude of this wave behind the edge. Performing
this actual calculation is beyond the scope of our course. However, we can
think of the opening next to the edge as made up of infinitely many, infinitely
small ‘slits’. Each slit emits a cylindrical wave as hypothesized in the double-
slit assignment. These waves add up (superposition principle). Then from
symmetry considerations, one can argue what the amplitude will be of the
interfering electron waves along the screen in the middle of the set-up (x = 0),
far behind the edge (x� 0), and far away from the edge (x� 0), as presented
in Table 6.1). We can now compare these values to the number of electrons
actually measured, as given in Figure 6.6.

Figure 6.6: Number of electrons measured behind the straight edge, along
the x-axis. The error bars represent counting statistics. Graph adapted from
Zeilinger et al. (1982).

Table 6.1 compares the expected amplitude to the measured electron in-
tensity I, the number of electrons measured in during a certain time, in an
interval of x. A quadratic relation between amplitude and electron intensity
is able to describe these values. Because in the double-slit assignment the
electron wave function was expressed as a complex function, this relation can
be formulated as: I ∝ |Ψ|2. Of course, there is still a problem: Ψ is a function
of the continuous variable x, whereas I is the number of electrons found in a
certain interval of x. To find a better relation between the two, we let students
first look at classical probabilities and probability densities.
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Table 6.1: Amplitude for the hypothesized electron wave behind the straight
edge (A), compared to the measured electron intensities (I), in the center of
the set-up (x = 0), far behind the straight edge (x � 0), and far from the
edge (x � 0). A0 and I0 are reference values for the amplitude and intensity
without the straight edge.

x� 0 x = 0 x� 0

A/A0 0 1/2 1
I/I0 0 0.25 1.0

Teaching experiences In finding the amplitude of the hypothesized waves,
behind the straight edge, students were expected to use the superposition prin-
ciple, also used in the double-slit assignment. However, it appeared difficult
to transfer this method from the double-slit assignment to the current assign-
ment. Furthermore, students were unable to generalize from the two slits in
the double-slit assignment to the infinitely many, infinitely small ‘slits’ in the
straight edge assignment. Therefor, most part of this reasoning was done in
a teacher-led discussion. This helped students find the expected amplitudes.
Comparing the theoretical amplitudes to the experimental values, students
easily come up with the quadratic relation between the wave function Ψ, and
the electron intensity I.

6.3.4 Towards a new theory

The main concept introduced thus far is the wave function Ψ. Students should
have an idea what its meaning is, and how it relates to experiment: a proba-
bilistic interpretation is formulated. Based on the de Broglie postulate we also
know that momentum is associated with a certain wave length of this wave
function. What is lacking is a prescription that tells us how we can determine
Ψ for a given physical system. Students explore this in an assignment that
ultimately leads to the Schrödinger equation.

This assignment is the most difficult one. First of all because of the mathe-
matics involved. Secondly, because students are expected to reason how we can
explain the findings of the previous assignments. This requires inductive rea-
soning. The mathematics, however, has all been discussed in the preparatory
Calculus course and was repeated in the remedial mathematics assignments.
Moreover, the assignment guides students by taking small steps.

The approach described here is based on Eisberg and Resnick (1985). Just
as F = mẍ(t) in classical physics is a differential equation with which we can
determine x(t), we would like to find a (differential) equation with which we
can find Ψ for a given situation. It should be emphasized that students will
not derive this equation, as in deducing it. This is not possible. The point is
that we are looking for a new formal system, because we have acknowledged
that classical mechanics falls short in explaining electron interference. Based

126



6.3. Design of the studio course introduction

on the results from the previous activities, this differential equation should
meet the following criteria:

1. With no forces acting, we should find the solution:

Ψ(x, t) = u0 exp [i(kx− ωt)] . (6.8)

This is based on the wave function used to describe the electrons in the
double-slit experiment, equation (6.3).8

2. If Ψ1 and Ψ2 are separate solutions, aΨ1+bΨ2 should be a solution as well
(linearity). This is the superposition principle. Students have already
assumed it to account for the interference observed in the double-slit
experiment.

3. If Ψ has a wave number k (i.e. wave length λ = 2π/k), it should describe
a particle of which we can say it has a momentum p = h̄k. This follows
from the demonstration experiment in Section 6.3.2.

4. Likewise, if Ψ has an angular frequency ω (i.e. frequency f = ω/2π), it
should describe a particle with total energy E = h̄ω. We here generalize
the result from the photoelectric effect to particles with mass.

The problem now is choosing a starting point. We present students the
choice to start either from Newton’s second law F = mẍ(t), or from an expres-
sion for total energy (a concept needed for energy conservation). We expect
students to give a motivated choice based on their findings in the previous
activities. A description in terms of x(t) is not consistent with the interpre-
tation we give Ψ: a trajectory cannot be assigned to our quantum particle.
Therefore, Newton’s second law is not a good starting point.9 We do, however,
want to preserve at least from classical physics the notion of total energy.

Our starting point is thus:

E = Ekin + V. (6.9)

We start without a force (criterion one). This means V is a constant, and
we might as well start with V = 0. The total energy of our system then is:
E = p2/2m. Rewriting this using wave quantities, we find:

h̄ω =
h̄2k2

2m
. (6.10)

We now want to introduce Ψ in Eq. (6.10). We can do this by using our known
solution, Eq. (6.8), and try to ‘extract’ k and ω from it. This is analogous to

8We generalize that description from a radius r to a one-dimensional system with coor-
dinate x. Furthermore, we assume that the electrons move freely between the double-slit
and the screen, without forces acting on them.

9In his 1925 article, Heisenberg actually did start from F = ma, by redefining x.
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how we would find the speed in classical mechanics, by differentiating x(t).
This results in:

ω = i
1

Ψ(x, t)

∂Ψ(x, t)

∂t
, (6.11)

k2 = − 1

Ψ(x, t)

∂2Ψ(x, t)

∂x2
. (6.12)

If we substitute these expressions for ω and k2 in Eq. (6.10), we find:

ih̄

Ψ(x, t)

∂Ψ(x, t)

∂t
= − 1

Ψ(x, t)

h̄2

2m

∂2Ψ(x, t)

∂x2
. (6.13)

Now if V = V0 6= 0, the total energy changes and repeating the steps above
we will find the following:

ih̄
∂Ψ(x, t)

∂t
= − h̄2

2m

∂2Ψ(x, t)

∂x2
+ V0Ψ(x, t). (6.14)

This equation satisfies the four criteria we started with. However, it does not
tell us anything new, because solutions to this equation are already known to
us.

The big step comes by hypothesizing that the differential equation found
thus far, should also hold when the potential is some function of x, instead
of just some constant V0. We make the substitution V0 → V (x) and find
Schrödinger’s equation:

ih̄
∂Ψ(x, t)

∂t
= − h̄2

2m

∂2Ψ(x, t)

∂x2
+ V (x)Ψ(x, t). (6.15)

Note that here we have silently replaced the Ψ from Eq. (6.8) by a general Ψ.
Students might wonder whether a complex function to describe the electron

is really necessary. This can be checked easily: by substituting the real part
of expression (6.8), we can readily see this is not a solution. However, what if
we would have started with the real part in finding a differential equation, in
the first place? Then the approach followed here, taking derivatives of Ψ to
express ω and k would break down. Although this would not make a difference
for k, ω will have to be expressed in terms of the square root of Ψ and the
second derivative of Ψ with respect to time. We would fail to meet criterion
two: our differential equation is not linear and a superposition is not a solution
anymore.

The Schrödinger equation is thus obtained by a creative process, making
careful choices based on the experiences we have given students. There are of
course many more ways to arrive at this result10, and it cannot be said that
either approach is correct. We feel this is an important message to our stu-
dents. What still has to be discussed is the normalization of Ψ. Without using

10Schrödinger’s approach was based on the principle of least action for instance.
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this word, the probability density in the assignment on classical probabilities
was already normalized. Also, it is important that Ψ, as it evolves as dictated
by Schrödinger equation, remains normalized at later times (conservation of
probability). It is also interesting to say something about the classical limit:
when will we notice that particles should be described by a wave?

Teaching experiences Students find it difficult to choose between the two
possible starting points for a differential equation for Ψ: Newton’s second law,
or an expression for the total energy. They know that the idea of a trajectory
for a quantum particle, as expressed by x(t), contradicts the idea of a wave
function they have introduced. However the assignment stated that we would
try to find a solution for Ψ in case of forces acting on the particle. Although
attention has been given to the relation between force and potential energy,
students get confused by this remark, making it difficult for them to choose a
starting point. We here see that prior knowledge is important, particularly in
cases where we introduce uncertainties to students. Some students were more
confident that Newton’s second law is not suitable, and chose the relation for
total energy.

Continuing with the total energy, the task is to introduce as many ‘wave
quantities’ as possible, i.e. angular frequency ω and wave number k. Most
students remember the de Broglie relation p = h̄k. However, some do not come
up with the Einstein relation E = h̄ω and try to find a relation they do know
that involves the frequency f (in stead of ω). They associate the frequency
with light, and continue with f = c/λ. This is a dead end, and feedback of the
teacher is needed to help students come up with E = h̄ω. What students find
difficult here is the assumption that the Einstein-de Broglie relations hold for
light, as well as for matter.

Taking the first and second derivatives with respect to position and time of
the wave function, Eq. (6.8), consumes a lot of time, although students have
assigned practice with them in preparation for this particular meeting. Some
students get stuck at this point. At least one of the student groups finds the
correct derivatives and uses them to rewrite the energy relation. With these
derivatives, this group actually is able to set up the Schrödinger equation. All
observed groups had difficulties applying what was learned earlier as criteria
to find the equation for Ψ.

One of the last questions in this assignment was whether the differential
equation found this way is derived. Students do seem to think they have
derived the Schrödinger equation. Up to this point in their education, students
have not been taught to ‘derive’ in this sense. It is thus not strange that they
think they have given a derivation. It does give the lecturer an opportunity
to explain what the difference is between a derivation within some system and
the setting up of such a logical system by wisely choosing axioms and rules.
In this assignment the inductive steps are explicit. It gives students a little
insight in what it means to formulate a physical theory. Many students often
believe that a theory already exists, whereas it can be seen as a product of
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(clever) human labor.

6.4 Conclusion and discussion

The sequence described here ends with the formulation of the Schrödinger
equation. Up to this point we have been able to follow the four design prin-
ciples laid out at the beginning of this article. First of all, students have
shown to have enough background knowledge to understand the chosen exper-
iments (principle 1). Furthermore, students have shown to be able to formulate
many of the hypotheses by studying these experiments (principle 2). Finally,
throughout the design we have indicated where we made use of available PER
literature (principle 3).

This is by no means the ultimate and only possible route to the Schrödinger
equation. Furthermore, we have made choices in selecting the experiments we
have discussed with our students. For instance, we might also want to discuss
the Franck–Hertz experiment, or the Compton–effect. However, time is limited
and choices have to be made. It is already our experience that considerable
time needs to be reserved just for discussing the setup of an experiment.

It is wonderful to see students making reasoned choices in setting up the
Schrödinger equation. However, we can hardly call this a theory. For instance,
we still do not know how to express all the physical quantities we know from
classical mechanics. We find it difficult to imagine how a guided discovery
approach, as followed up to here, could be prolonged from this point onwards.
Therefore we find it natural to stop the guided discovery approach here, and
let the traditional axiomatic teaching take over. Our hypothesis is that after
this introduction, students will appreciate an axiomatic discussion better. In
our research we have not been able to test this hypothesis. We have also not
tested the effectiveness of our approach, because we do not consider the design
as complete, or finished. Moreover, testing the effectiveness would require
more students than we have available in our department. It would only be
possible if other (Dutch) universities would be involved.

It would be interesting to further investigate the effect of this introduction
on students’ conceptual understanding and problem solving abilities in the
remainder of our course. We do have qualitative results on these effects. Our
findings are that the integration of the introduction in the remainder of the
course plays an important role in the effects. If there is little reference to what
has been done in the introduction, students will see it as ‘something else’, and
there is little transfer. Furthermore, it should be clear to students that it
is important for them to develop their conceptual understanding of quantum
theory. In the current situation there is emphasis on number crunching and
manipulation of symbols and expressions. Students see quantum theory as
‘enabling them to do calculations’. While it is a great merit of quantum theory
that it enables us to do such accurate calculations, we surely want students to
also appreciate, and, at least basically, understand this theory.

130



References

References

Ausubel, D. P., Novak, J. D., & Hanesian, H. (1978). Educational psychology,
A cognitive view. New York: Holt, Rinehart and Winston, inc.

Bao, L., & Redish, E. F. (2002). Understanding probabilistic interpretations
of physical systems: A prerequisite to learning quantum physics. Am. J.
Phys., 70 (3), 210-217.

Belloni, M., Christian, W., & Cox, A. J. (2006). Physlet Quantum Physics:
An Interactive Introduction. Upper Saddle River, NJ: Pearson Prentice
Hall.

Broglie, L. de. (2004). On the Theory of Quanta (A. F. Kracklauer, Trans.).
A. F. Kracklauer. Retrieved August 10, 2010, from http://www.ensmp

.fr/aflb/LDB-oeuvres/De Broglie Kracklauer.htm (Original work
published 1924; Translated from French by A. F. Kracklauer)

Eisberg, R. M., & Resnick, R. (1985). Quantum physics of atoms, molecules,
solids, nuclei, and particles (2nd ed.). New York: Wiley.

Feynman, R. P. (2006). QED: Strange Theory of Light and Matter. Princeton
University Press.

Feynman, R. P., Leighton, R. B., & Sands, M. L. (1965). The Feynman
lectures on physics (Vol. 3). Reading, Mass. : Addison-Wesley Pub. Co.

Fischler, H., & Lichtfeldt, M. (1992a). Learning quantum mechanics. In
R. Duit, F. Goldberg, & H. Niedderer (Eds.), Research in Physics Learn-
ing: Theoretical Issues and Empirical Studies (p. 240-258). Germany:
Kiel, IPN.

Fischler, H., & Lichtfeldt, M. (1992b). Modern physics and students’ concep-
tions. Int. J. Sci. Educ., 14 (2), 181-190.

Gähler, R., Klein, A. G., & Zeilinger, A. (1981, March). Neutron optical tests
of nonlinear wave mechanics. Phys. Rev. A, 23 (4), 1611–1617.

Gasiorowicz, S. (1996). Quantum Physics (2nd ed.). New York: Wiley.
Gerlach, W., & Stern, O. (1922). Der experimentelle Nachweis der Rich-

tungsquantelung im Magnetfeld. Zeitschrift für Physik , 9 (1), 349–352.
Gottfried, K. (1966). Quantum mechanics. New York, Amsterdam: Benjamin.
Gravemeijer, K. (1994, November). Educational Development and Develop-

mental Research in Mathematics Education. J. Res. Math. Educ., 25 (5),
443–471.

Griffiths, D. J. (2005). Introduction to Quantum Mechanics (2nd ed.). Prentice
Hall.

Johnston, I. D., Crawford, K., & Fletcher, P. R. (1998). Student difficulties
in learning quantum mechanics. Int. J. Sci. Educ., 20 (4), 427-446.

Kalkanis, G., Hadzidaki, P., & Stavrou, D. (2003). An Instructional Model for
a Radical Conceptual Change Towards Quantum Mechanics Concepts.
Science Education, 87 , 257-280.

Kirschner, P. A., Sweller, J., & Clark, R. E. (2006). Why minimal guid-
ance during instruction does not work: An analysis of the failure of

131

http://www.ensmp.fr/aflb/LDB-oeuvres/De_Broglie_Kracklauer.htm
http://www.ensmp.fr/aflb/LDB-oeuvres/De_Broglie_Kracklauer.htm


Chapter 6. Designing an Introduction to Quantum Mechanics

constructivist, discovery, problem-based, experiential, and inquiry-based
teaching. Educational Psychologist , 41 (2), 75–86.

Klaassen, C. W. J. M. (1996). A problem-posing approach to teaching the topic
of radioactivity. Utrecht: CDB.

Koopman, L., Brouwer, N., Heck, A., & Buma, W. J. (2008, September).
Remedial Mathematics for Quantum Chemistry. J. Chem. Edu., 85 (9),
1233–1236.

Koopman, L., & Ellermeijer, T. (2005). Understanding Student Difficul-
ties in First Year Quantum Mechanics Courses. Presented at EPEC
2005. Available from http://www.physik.uni-mainz.de/lehramt/

epec/koopman.pdf (Retrieved from http://www.physik.uni-mainz

.de/lehramt/epec/koopman.pdf)
Koopman, L., Kaper, W. H., & Ellermeijer, A. L. (2006). Learn-

ing Quantum Mechanics through Experience. In E. van den Berg,
T. Ellermeijer, & O. Slooten (Eds.), Proceedings GIREP conference
2006: Modeling in Physics and Physics Education (pp. 704–708).
The Netherlands: University of Amsterdam. Retrieved October 22,
2010, from http://home.medewerker.uva.nl/o.slooten/bestanden/

Girep%20Proceedings%20CD.pdf

Koopman, L., Kaper, W. H., & Ellermeijer, A. L. (2009, August). An
Analogical Reasoning to let Students Hypothesize the Wave Function.
(Manuscript submitted for publication)

Le Bellac, M. (2006). Quantum Physics. Cambridge University Press. (Trans-
lated by Patricia de Forcrand-Millard)

Liboff, R. L. (1980). Introductory quantum mechanics. San Francisco: Holden-
Day.

Lijnse, P., & Klaassen, K. (2004). Didactical structures as an outcome of
research on teaching–learning sequences? Int. J. Sci. Educ., 26 (5), 537–
554.

Mayer, R. E. (2004, January). Should there be a three-strikes rule against
pure discovery learning? The case for guided methods of instruction.
American Psychologist , 59 (1), 14–19.

McKagan, S. B., Handley, W., Perkins, K. K., & Wieman, C. E. (2009). A
research-based curriculum for teaching the photoelectric effect. Am. J.
Phys., 77 (1), 87-94.

McKagan, S. B., Perkins, K. K., Dubson, M., Malley, C., Reid, S., LeMaster,
R., et al. (2008). Developing and researching PhET simulations for
teaching quantum mechanics. Am. J. Phys., 76 (4), 406-417.

McKagan, S. B., Perkins, K. K., & Wieman, C. E. (2008, March). Why we
should teach the Bohr model and how to teach it effectively. Phys. Rev.
ST Phys. Educ. Res., 4 (1), 1–10.

Messiah, A. (1961). Quantum mechanics (Vol. 1). Amsterdam: North Holland.
(Translated from the French by G. M. Temmer)

Müller, R., & Wiesner, H. (2002). Teaching quantum mechanics on an intro-
ductory level. Am. J. Phys., 70 (3), 200-209.

132

http://www.physik.uni-mainz.de/lehramt/epec/koopman.pdf
http://www.physik.uni-mainz.de/lehramt/epec/koopman.pdf
http://www.physik.uni-mainz.de/lehramt/epec/koopman.pdf
http://www.physik.uni-mainz.de/lehramt/epec/koopman.pdf
http://home.medewerker.uva.nl/o.slooten/bestanden/Girep%20Proceedings%20CD.pdf
http://home.medewerker.uva.nl/o.slooten/bestanden/Girep%20Proceedings%20CD.pdf


References

Novak, G., Gavrin, A., Christian, W., & Patterson, E. (1999). Just-In-Time
Teaching: Blending Active Learning with Web Technology. Addison
Wesley.

Olsen, R. V. (2002). Introducing quantum mechanics in the upper secondary
school: a study in Norway. Int. J. Sci. Educ., 24 (6), 565–574.

Petri, J., & Niedderer, H. (1998, November). A learning pathway in high-school
level quantum atomic physics. Int. J. Sci. Educ., 20 (9), 1075-1088.

Schroeder, D. V., & Moore, T. A. (1993). A computer-simulated Stern–Gerlach
laboratory. Am. J. Phys., 61 (9), 798-805.

Shankar, R. (1980). Principles of quantum mechanics. New York, London:
Plenum Press.

Singh, C. (2001). Student understanding of quantum mechanics. Am. J. Phys.,
69 (8), 885-895.

Singh, C. (2008a). Interactive learning tutorials on quantum mechanics. Am.
J. Phys., 76 (4), 400-405.

Singh, C. (2008b). Student understanding of quantum mechanics at the be-
ginning of graduate instruction. Am. J. Phys., 76 (3), 277–287.

Steinberg, R., Wittmann, M. C., Bao, L., & Redish, E. F. (1999, March).
The influence of student understanding of classical physics when learn-
ing quantum mechanics. In Research on teaching and learning quan-
tum mechanics (pp. 41–44). National Association for Research in Sci-
ence Teaching. Presented at the annual meeting National Associa-
tion for Research in Science Teaching. Retrieved May 14, 2010, from
http://perg.phys.ksu.edu/papers/narst/QM papers.pdf

Styer, D. F. (1996). Common misconceptions regarding quantum mechanics.
Am. J. Phys., 64 , 31-34.

Tonomura, A., Endo, J., Matsuda, T., Kawasaki, T., & Ezawa, H. (1989).
Demonstration of single-electron build-up of an interference pattern. Am.
J. Phys., 57 (2), 117-120.

Wittmann, M. C., Steinberg, R. N., & Redish, E. F. (1999, January). Making
Sense of How Students Make Sense of Mechanical Waves. The Physics
Teacher , 37 , 15–21.

Zeilinger, A., Gaehler, R., Shull, C. G., & Treimer, W. (1982, September).
Experimental status and recent results of neutron interference optics.
AIP Conf. Proc., 89 (1), 93–100.

Zollman, D. A., Rebello, N. S., & Hogg, K. (2002). Quantum mechanics for
everyone: Hands-on activities integrated with technology. Am. J. Phys.,
70 (3), 252-259.

133

http://perg.phys.ksu.edu/papers/narst/QM_papers.pdf



