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Chapter 1. Introduction
1.1

The Third Paradigm

Half a century ago it was appropriate to distinguish two significantly different, but
tightly interconnected and continuously interacting research paradigms: “an experiment” and “a theory”. An experiment (from Latin “experiri” – “to try”) is an empirical
way of cognition. It generally consists in reproducing some aspects of natural phenomena in a well-studied and controllable artificial environment. Basing on experimental
results scientists are able to quantify phenomena and formulate, prove or reject hypotheses. Observations can be generalized and assembled into a theory. A theory
in general is the highest and mostly advanced form of the scientific knowledge organization notwithstanding the fact that Einstein said: “Nobody who has really gone
deeply into the matter will deny that in practice the world of phenomena uniquely
determines the theoretical system, in spite of the fact that there is no logical bridge
between phenomena and their theoretical principles” [1].
With the advent of the computer as a research tool in the middle of the previous
century, a third research paradigm: “simulation” or “modelling” entered the realm
of science. According to this paradigm the behavior of the studied system is being
reproduced by means of computations.
The aim of both experimentation and simulation consists in reproducing some
aspects of nature, but there is a significant difference. Experimental research uses
nature as a processing vehicle. An experiment mainly consists in preparation of
initial setup, supporting necessary conditions, and analyzing results. An in vivo or in
vitro process is led and controlled by nature itself. At the same time a model is to
reproduce the phenomenon in a totally artificial way, imitating not only the object of
study, but also all the required laws of nature.
Motivations and roles are also different: experiments can be performed on any
stages of cognition. They are applicable for the initial study of the phenomenon,
when simulations can be started only after a detailed research has been performed
and a significant knowledge has been accumulated.
Both paradigms allow to verify hypothesis and get data, but modelling gives an
additional opportunity to check the level of cognition. Robert M. Pirsig has written
that “the real purpose of scientific method is to make sure nature hasn’t misled you
into thinking you know something you don’t actually know” [2]. A simulation is one
of the methods to assure.
Explanation is the way for validating the level of cognition. If one will be able
to describe given aspect of nature’s behavior as an algorithm for the machine and
1
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the validation confirms that the model reproduces it in a good agreement, this means
that a distinct level of cognition has been reached. That is why the appearance of the
simulation paradigm has not devaluated the experimental approach, to the contrary,
the importance of both have risen due to their complementarity, mutual validation,
and comparison opportunities.
At the same time in silico modelling of a phenomenon has advantages over in vitro
or in vivo experimenting. They are listed bellow.
• Modelling allows relatively low cost and fast test of hypothesis.
• Simulation can be performed even if an experiment is not possible at all, for
example, dealing with materials, which are not accessible in the laboratory or
even not yet invented.
• Often modelling allows to predict or achieve results faster than the experiment
does. This gives an opportunity to outrun nature. Such knowledge, which will
be obtained in advance, can play significant role in tuning an in vitro setup or
modifying an in vivo system. An important application of this ability lies, for
example, in the area of biomedical simulations, where such benefits can save
lives (see Chap. 4).
• In silico modelling allows to use a rich set of analysis facilities. Computers give
an opportunity to retrieve or variate any possible characteristics of the data set,
which represents the phenomenon. These characteristics can even be hardly
observable in vivo or in vitro (see Sect. 4.4.5).
A common process of modelling is schematically represented in Fig. 1.1. Four
principal phases of the process are distinguished.
Following list explains this workflow using the example of a fluid flow simulation.
1. The phenomenon to be modelled is the flow of some fluid.
2. After abstracting from all unnecessary properties of a fluid, there will be at
least two variants for the conceptual model:
• Represent liquid as a continuous field of velocities.
• Look at liquid as volume packets.
3. The choice of first variant above will lead to the description of a computational
model using Navier-Stokes equations [3]. The second variant brings the Lattice
Boltzmann equation [4]. Despite the fact that the application areas of these two
computational models can be completely different, they are interchangeable on
the level of concepts or implementation. Finally, if it is assumed that time,
space and state are discrete then a computational model can be designed as a
cellular automaton.
4. As soon as the automaton will be implemented, computations can be
started. This will lead to some result and the question of its validation
will bring us back to the observation of the fluid flow.

3
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Model
2. Conceptual
Model

Design

Abstracting

1. Phenomenon

3. Computational
Model

Implementation

Validation

4. Computation

Figure 1.1: Schematic representation of the general modelling workflow. Four principal phases of the process are distinguished and represented as nodes on the graph.
Actions, which lead from one phase to another, are written on the edges. Conceptual
and computational models together form a model of a phenomenon.

1.2

Problem Solving Environments for Simulations

Modern computational problems are multidisciplinary and require knowledge from
different domains. Nowadays researchers need to share experience, methodologies,
data and resources to be able to approach their challenging tasks. This provokes the
appearance of a special kind of facilities, so called “problem solving environments” [5–
8]. This term refers to the “computer system that provides all computational facility
necessary to solve a target class of problems” [5]. Having such a general definition,
possible approaches to the creation of problem solving environments are intensively
discussed by the scientific community.
The main thing, which a problem solving environment should offer to a researcher,
is the ability to describe, solve and perceive the solution using the language of the
problem. At the same time a problem solving environment should use maximum of
possible benefits of the computational architecture, the operating system and whatever it can, hiding all the complexities, related to this.
The amount of scientific knowledge about natural phenomena is permanently
growing, reaching levels which would be considered as unimaginable several decades
ago. For sure, this knowledge can be successfully utilized for simulations in different
areas of science. However this is hampered by the fact that the complexity of modern
computational instruments for simulations requires special education of a researcher.
Applied computational science is one of the most productive fields of science nowadays. This fact is tightly connected with the creation of myriads of specialized problem
solving environments. Making the process of modelling more comprehensible, they
represent facilities to reach a next level of the phenomena’s cognition.
Problem solving environments, designed for the simulation of a distinct class of
phenomena can be named as modelling environments. General and complete mod-

4
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elling environments should support the whole process depicted in Fig. 1.1 covering all
phases of the modelling workflow. Obviously, the phenomenon itself stays out of the
modeling facility, but such tool can still be of use for collecting an in vivo or in vitro
experimental data.
Table 1.1 presents an example of the schematic communication between a researcher and an idealized complete modelling environment to illustrate both aims
and benefits of such facilities. The second column contains comments for the actions,
which should be undertaken during the distinct phase of the workflow, shown in the
first column. The third column explains what kind of functionality is required from
the environment for the given phase.

2. Conceptual Model

1. Phenomenon

Phase

Comments
First of all, a researcher should
study the phenomenon. This could
be done in vivo, in vitro, or by
reading literature depending on the
final aim and current possibilities.

After the basic study of the phenomenon has been accomplished
a researcher should distinguish
significant properties, which are
to be simulated. Then the laws,
which describe an evolution of these
properties, are to be formulated
and formalized. Usually such laws
will be represented with formulae,
equations and functions.

Expectations
An environment can help to observe
the phenomenon, participating even
on the initial stages of studying.
For example, it can provide functionality for making snapshots (photographs or any other appropriate)
of the experiment’s state or collect
data from sensors or other involved
devices.
An environment can provide a language of mathematical abstractions
for dealing with properties and corresponding laws descriptions (formulae, equations and functions),
which at the same time should be
close to the language of the target
problem domain, mimicking common mathematics into abstractions
from the area of study. The environment can also support mathematical
transformations, solving and analyzing capabilities. The perspective of
the extent in this direction is very
rich [9].

1.2. Problem Solving Environments for Simulations

The conceptual model should be
converted to a form appropriate for
modelling, which, among the other,
depends on answers onto three questions [10]:
1. Should time be continuous or
discrete?

3. Computational Model

2. Should space be continuous or
discrete?
3. Should a set of possible states
be continuous or finite?
If all of them are decided to be
continuous then the model can
be described in terms of partialdifferential equations. If time is
the only discrete measure then
integro-differential equations should
be used. If only space is discrete
then coupled ordinary differential
equations will fit. If state and space
are discrete, but only time is continuous then interacting particle systems should be used. If only state
is continuous then coupled map lattices or systems of differential equations can be appropriate. Models
where state, space and time are discrete belong to the area of cellular
automata.

5

An environment should provide a
language for dealing with computational models, described using an
appropriate formalism. It should
allow to define initial and boundary
conditions. One of the most important differences between conceptual
and computational models is that
the conceptual model is attempting to describe the phenomenon,
whereas a computational model
is describing the conceptual one,
taking the area of interest and the
specifics of the simulation process
into account. So, a computational
model belongs to a higher level
of abstraction, being farther from
the phenomenon. So parameters,
which do not relate to the phenomenon, but reflect and describe
the specifics of the phenomenon’s in
silico representation and the process
of relevant computations belongs to
computational model.

6

Chapter 1. Introduction

4. Computation

The computational model should be
executed on a given computational
architecture with the help of the
appropriate solver.

Traditionally, this is the main area,
where modelling environments can
show all their benefits and power.
It should allow to tune the computational experiment and perform it,
using modern methods, appropriate
for distinct classes of models. It can
also optimize, analyze and visualize the process, store states of experiments for postponing computations and sharing results with other
researchers. Finally it can support validation capabilities, which
involve data, retrieved on the first
phase of the modelling workflow.

Table 1.1: Example of the schematic communication between an idealized and complete modelling environment and its user, a researcher. The first column contains a
name the workflow phase, the second column describes actions, and the third column
presents what can be expected from an idealized environment.
As was mentioned above, the forth phase of the modelling process is the main
area, where not idealized, but a real modelling environment acts. When speaking
about computations one of the key characteristic of the process is its productivity
or effectiveness. The characteristics, which could be opposed to the productivity of
the facility is its universality or generality. Usually more universal tool demonstrates
inferior productivity than a specialized one. But on the other hand the power of
computers grows exponentially. As a result, the modern trend in software engineering
consists in creation of universal tools, despite of their system requirements. Such
tools often cannot even run on computers, which were topical half a decade ago, but
nowadays this is compensated by the progress of modern hardware.
There is an enormous increase in both the speed of computers and in the algorithmic power [11]. History has a helical character and such situation repeats the history
of programming languages development. First widely used programming languages
were members of the Assembly family. These low-level languages are close to the machine code, so they are far from being universal, reflecting the specifics, when using
on a given processor.
From 50s till early 70s the “programmer” was the member of a special closed
cast, because usage of such languages required special education, which cannot be
substituted by reading a book. The situation has changed when C [12] and similar
programming languages of relatively higher level appeared. They were a bit more
universal, being posed not for distinct processors, but for processor families. Creation
of C++ [13] in 1983 was one of the most important events in the history of programing,
but Assemblers were still in use and were considered to be languages, which allow to

1.3. Cellular Automata for Simulations
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produce most effective∗ code.
The situation has changed with the progress of computers regardless the progress of
languages. As soon as the complexity of CPUs with multiple pipes reached a distinct
level it became obvious that optimizing compilers for higher level languages will be
able to prepare much more effective code than an Assembler programmer. Even from
that time the productiveness of computers jumped ahead and universal, cross-platform
languages appeared on the scene. Contemporary processors have multiple processing
units, each of which has multiple cores with multiple pipes. Nowadays, even such
computational tools as Waterloo Maple [9], Globus Toolkit [14], or Ibis [15], for which
productivity really matters, are implemented in Java [16]. Cross-platformability has
a priority over the fact that its code is interpreted and “just-in-time” compiled.
The universality in terms of problem solving environments does not mean its
portability or cross-platformability, but refers to the extent of a class of problems it can
handle. Design of an environment always includes the consideration of a compromise
between the universality and the price.

1.3

Cellular Automata for Simulations

Cellular automata are discrete dynamic systems, which can be fully described in
terms of local interactions [10, 17, 18]. The cellular automata theory was invented
half a century ago. The exact author of this field cannot be named definitely. In 1948
John von Neumann [19] gave a lecture entitled “The General and Logical Theory of
Automata”, where he presented his ideas of universal and self-reproducing machines.
According to his own statement, his work was inspired by Stanislaw Ulam [20]. Konrad
Zuse [21] also suggested that the universe could be a cellular automaton and used this
idea for development of the computing machines. At the same time, some members
of the scientific society regard the paper by Wiener and Rosenblueth [22], or the
mathematical work that was done in early 1930s in Russia as the start of the field [10].
As was said in Table 1.1, cellular automata present a general computational model
with discrete time, space and state. One of the most important causes of interest to
these systems is that they form a common paradigm of parallel computations as Turing machines [23, 24] do for the consecutive computations [17]. Taking their natural
parallelism into account, cellular automata can be utilized to model large scale emergent systems on parallel computers. Cellular modelling facilities provide useful and
demanded tools for programming emergent computations that model complex phenomena in many application domains from science and engineering to economics and
social sciences [25]. Such automata can represent a universal problem specification
language for arbitrary tasks of parallel computing and, especially, for simulations of
spatial-distributed (or distributed over other parameters) systems. That is why cellular automata are widely used as computational vehicles for modelling environments.
From a formal point of view a cellular automaton A can be defined as a set of four
objects {G, Z, N, f } [26], where:
∗ Here we mean the effectiveness in terms of execution speed. So, the “most effective” means
“fastest”.

8
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• G – the grid, a finite metric space of cells. A term “grid’s state” designates the
aggregate of all cells’ states† .
• Z – finite set of possible cells states. Often cell’s state is to be characterized by
floating-point values. It is possible, because such values have not a continuous,
but a finite codomain in silico [27, 28].
• N – the description of cell’s neighbourhood. The neighbourhood is the set of cells
which have an influence to the considered one. In most cases the neighbourhood
is described in term of relative offsets or the acceptable range of distances. More
complex cases like Margolus neighbourhood [17] need special kind of definition.
Nevertheless, in most cases the neighbourhood of a cell is a subset of cell’s
nearest neighbors. The exact set of actual neighbors of the cell c, which can be
found according to description N will be denoted as N (c).
• f – the transition function which determines the next state for each cell depending on its neighbourhood. There are two variants for function operating:
Z |N |+1 → Z and Z |N | → Z. The first variant corresponds to the situation if automaton has cells “with memory”. In such case the transition function accounts
the current state of the cell, which it is applied to. The second variant correspond to a function of an automaton with “memoryless” cells. The difference
between these two types of transition functions isn’t important in practice, but
has a theoretical value [29]. For real applications a transition function can be
defined in a more general way, as a computable program on some programming
language (probably, a specialized one [17, 30–32]) instead of the mathematical
and logical expressions. Transition function can be also referred as “rules” or
“laws” of a cellular automaton.
Classical cellular automata (they are also called as “synchronous cellular automata”) are characterized by the following basic properties.
• Locality – automaton’s rules should be local. All members of cell’s neighbourhood are to be on a finite distance from the cell.
• Homogeneity – the system should be similar for all the cells. No regions of the
grid should be distinguishable by the landscape.
• Synchronicity – all cells accept their new states simultaneously, at the end of
the iteration, after new values were computed for all of them. In other words,
new state of the grid should not depend on the order of cells traversal.
At the same time there is number of classical cellular automata modifications,
which neglect some of these properties or add other features to make the automaton
more suitable for the distinct spectrum of tasks. Widely used non-classical cellular
automata and their key distinctions are presented in the following list.
† Here and further the statement “the cell is in state s” and “cell contains/stores value s” is assumed
to be synonymous.

9
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• Asynchronous automata neglect the synchronicity requirement. This makes the
grid’s state dependent on the order of the cells updating, but such fact can
be useful for some tasks. Such automata requires a factor of two less memory
for the grid’s state storage. As a result it can provide better throughput. In
addition asynchronous automata allow faster signal‡ transportation over the
grid in the direction of the cells traversal [33].
• Heterogeneous automata neglect homogeneity requirement, allowing, for example, local grid refinement.
• There are two ways of determining stochastic or probabilistic cellular automata.
According to the first one, cells of stochastic automaton change their states with
distinct set of probabilities. From a formal point of view, transition function f
is substituted by set of k transition functions {fi }ki=1 , which are chosen for any
given cell with distinct probability each. This choice is controlled by a set of
k
X
probabilities {pi }ki=1 , where
pi = 1.
i=1

According to the second way of determining, stochastic cellular automaton represents a classical cellular automaton, which update only randomly chosen cells
on each timestep. Obviously, this definition is a particular case of the previous
one. Such automata are widely used nowadays [34, 35].
There are a lot of more specific cellular automata modifications for distinct purposes, like lattice gas automata [25, 36] for fluid dynamics, movable cellular automata [37, 38] for computational solid mechanics, Brownian cellular automata [39]
for signal propagation simulation and many others [40, 41]. In any case, a “cellular
automaton” refers to a complex system which has a distinct set of properties and
internal notions: grid, cell, cell’s state, neighbourhood, rules etc. When a modelling
environment uses the language of cellular automata as a basic abstraction for the
computational model formulation, this means that properties and notions mentioned
above are to be supported and offered to a researcher.
A classical cellular automaton (and most of its modifications) is a homogeneous
parallel architecture. At the same time, a modelling environment can give an opportunity to execute a simulation on cluster [42] or Grid systems [43], which often are
heterogeneous. An environment can also allow an execution on a standalone computer, which is not parallel in massive sense§ . In this case the question is: what is
“modelled” by the modelling environment? The primary object of modelling is the
cellular automaton with all its features in given computational conditions. Secondary
object of modelling is a phenomenon, which is reproduced in the framework of the
cellular automaton.
Further discussion will cover only modelling environments, which use cellular automata as the computational vehicle.
‡ The
§ At

information about the state of previously considered cells is meant as “signal” here.
the same time, it can be parallel, being a multicore machine, for example.
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Thesis Outline

The outline of the thesis is as follows:
Chapter 2 answers the question: what are the invariant requirements for a general
cellular automata based modelling environment? This is followed by an overview
of existing tools of this class. Their conformance to the list of the requirements
is analyzed and compared. Despite the fact that a lot of such tools appeared in
past decade, we motivate the need of a new one and describe its key ideas and
advantages. This resulted in “CAME& L ” the “Cellular Automata Modelling
Environment & Library”.
Chapter 3 presents an application of CAME& L for theoretical studies. We perform
a classification of structures generated by one-dimensional binary cellular automata from a single seed. The question we want to answer is how many and
what kind of classes of equivalence can be distinguished for these structures?
What is the number of really different shapes of these structures? Is it possible for a structure generated by the automaton with cells, which have memory,
to belong to the same class as a structure, generated by the automaton with
memoryless cells? The second part is devoted to a formalism of generalized coordinates, which presents a universal method of state data indexing for different
cellular automata grids. We propose a set of different methods of such coordinates for all the possible two-dimensional grids, composed of regular polygons.
Chapter 4 demonstrates an application of CAME& L in the area of tumour modelling. Here we present two three-dimensional cellular automata based models
of tumour growth. With the help of these models we study the relevance of the
tumour natural shrinkage and its influence on the growth regime. In addition
we introduce several algorithmic substitutions to optimise computations. The
scientific question, we are going to answer here, is following: does these tricks
influence the realism of in silico tumour growth? Moreover, involving one of
our models, we study the influence of the successful mitoses rate on the tumour
dynamics.
Chapter 5 summarizes the thesis with a discussion and conclusions.

Chapter 2. Problem Solving Environment for
Cellular Automata Based Simulations

2.1

Features and Requirements

In the past decade a lot of cellular automata environments have been implemented
on current desktop computers [17, 31, 44–59]. Simulation of large scale two or three
dimensional cellular automata results in an enormous computational load. There are
two main alternatives that allow to achieve needed performance in the implementation
of cellular automata. The first one consists in the design of special hardware devoted
to the execution of cellular automata. The second alternative is based on the use of the
commercially-available parallel computers for developing parallel cellular automata
applications and environments.
As explained in Sect. 1.3 cellular automata modelling software and hardware systems belong to the class of problem solving environments. The community has formulated the following common recommendations for a general problem solving environment:
1. It should reduce the difficulty of the simulation [7].
2. It should reduce costs and time of complex solutions development [7].
3. It should allow to perform experiments reliably [7].
4. It should have a long lifetime without getting obsolete [7].
5. It should support the plug-and-play paradigm [7].
6. It should exploit the paradigm of the multilevel abstractions and complex
properties of science [7].
7. User should be able to use the environment without any specialized
knowledge of the underlying computer hardware or software [5].
This chapter is partly based on: D. Talia, L. Naumov. Parallel Cellular Programming for Emergent Computation. In A. Hoekstra, J. Kroc, P. Sloot (Eds.) Simulating Complex Systems by Cellular
Automata. pp. 357–384. Spinger. 2010. It is also based on: L. Naumov. CAME& L – Cellular Automata Modelling Environment & Library. Cellular Automata: 6th International Conference on
Cellular Automata for Research and Industry (ACRI-2004). pp 735–744. Springer-Verlag. 2004.
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8. It should be addressed to the wide scope of problems [5].
9. It should be able to coordinate large computational power [5].
10. It should be complete, containing and providing all facilities, which might be
required for solving a problem in a target domain [6].
11. Extensibility of the environment will provide an ability to enlarge the target
problem domain and to enrich the set of supported functions. This can be
achieved with the help of a component-based design. A component approach
also complies with the modern trend in distributed problem-solving facilities
design, which is based on web- and grid services [7, 14, 60] or Common Object
Request Broker Architecture (CORBA) objects [8, 61].
Basing on common considerations, the software or hardware modelling facility,
which allows to perform experiments using cellular automata, should have the following set of features:
1. It should hide the complexity of a computational architecture, operating
system, networking mechanism and other technical aspects, which are far from a
research domain. The language which should be used to control the environment
has to use abstractions, which correspond to basic cellular automata concepts
or to the target problem field.
2. It should allow to setup and tune a cellular automaton for the computational
experiment, granting the researcher as much freedom as it is possible.
3. It should provide tools to run and control a computational experiment. A
good solver should use maximum of benefits provided by the computational
architecture on one hand and by cellular automaton rules on another hand.
4. It should support visualization of the grid’s state and other experimental data.
This feature plays one of the primary roles in understanding the phenomenon,
especially, when modelling spatially-distributed systems.
5. It should provide a set of tools to analyze grid’s state or any computational
experiment’s characteristics, which is possible to obtain.
6. It should provide reproducibility and allow to share experiments description
between researchers.
The following list consists of concrete features of a general cellular automata based
problem solving environment. This list is based on two previous lists, so at the end
of each entry there are references to recommendations or requirements introduced
above, given in italics. References to the first list are preceded by “PSE:”, whereas
references to the second one are preceded by “CA:”. Moreover, the “Workshop on
Research Directions in Integrating Numerical Analysis, Symbolic Computing, Computational Geometry, and Artificial Intelligence for Computational Science” [5, 62]
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produced “Findings” and “Recommendations” for problem solving environments. We
will not cite them here, but they will be referenced in the “PSE:” section as “Fn ” or
“Rn ” respectively, where n is the number of the specific finding or recommendation
stated in [5].
1. The environment should be as universal and customizable as possible. This
property is interpreted in the sense of a spectrum of problems it could be useful
for and should not be understood as “cross-platformability”. Support of a variety
of grids, possible states, neighbourhoods and boundary conditions is desirable
or even necessary. The environment should allow to choose and modify the
type of the automaton to be modeled and parameters of the experiment from
the widest possible spectrum of variants (PSE: 2, 8, 10; CA: 2).
2. Extensibility is a contemporary and actively used property of software and
hardware systems and consists in the ability of seamless incorporation of novel
functionality or algorithms (PSE: 2, 4, 5, 6, 8, 9, 10, 11, F6 , R1 ; CA: 1).
3. The environment should support modern parallel or distributed computational technologies. For a software cellular automata system this means that
it should involve multicore, cluster [42] or Grid [43] computing, Message Passing Interface (MPI) [63], Parallel Virtual Machine (PVM) [64], OpenMP [65] or
other technologies, because the software has to emulate a homogeneous parallel
architecture of cellular automaton, but not counterfeit it (PSE: 1, 2, 3, 9, 10,
F1 , F2 , F3 ; CA: 1, 3).
4. A solver can include optimization capabilities, to improve the performance of
computations by rearranging operations, excluding constant areas of the grid,
which will not change on closest steps and so on (PSE: F1 , F2 , F3 ; CA: 3).
5. The environment should provide visually attractive, handy and clear user interface. It has to preserve the interactivity even when performing long experiments, providing a reliable control (PSE: 1, 2, 7, F2 , F4 , F7 , R7 ; CA: 1, 2,
3).
6. As was already said, an experiment description language has to be close to
the target problem domain and as far from the implementation details as possible. Description itself should be independent of the computational architecture,
available resources, and operating system. The ability to involve such dependencies should be definitely considered as a powerful option (PSE: 1, 2, 6, 7,
10, F1 , F4 , R7 ; CA: 1, 2).
7. Visualization of the grid’s state is the most straightforward way of the experiment visual representation. Nowadays scientific visualization seems to be a
separate industry [66]. So there is no need for a cellular automata based problem
solving environment to be competitive with top-level tools in this area. Nevertheless the environment should contain a basic set of features and, probably, be
compatible with specialized visualization software on the level of data-files (PSE:
2, 10, R7 ; CA: 4).
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8. The environment should support analysis functionality to monitor the quality
of the experiment, study its progress and final results (PSE: 2, 6, 10, R7 ; CA:
5).
9. The environment should allow to reproduce experiment on the same or another
computational system. This will give an opportunity to share knowledge and
experience between researchers, eliminate repetitive computations, postpone the
simulation, reanalyze, revisualize or generally reuse data. Such abilities can be
achieved by support of storing/restoring full computational experiment setup
and grid’s state to/from a file (PSE: 1, 2, 4, 10, F1 , F4 , R6 ; CA: 6).

2.2

Survey of Existing Cellular Automata Based
Problem Solving Environments

The amount of software environments created for cellular automata modelling is impressive [32, 48]. The apogee of this boom was in 1990s. The majority of projects
made that time has been already outdated, but some new successful prototypes appeared.
A comparative survey of existing software and hardware facilities is summarized
in Table 2.1. The first column contains the name of the project with references. The
second column presents the target platform and the third contains the year of the
latest known release (or the last publication devoted to the tool). Next nine columns
contain pluses or minuses, expressing if the project satisfies the requirements listed in
Sect. 2.1. The analysis, which allows to make a conclusion about the conformance of
a tool with this or that requirement, was performed by running them or studying the
referred publications. To be more objective, Boolean marks were chosen. The tool
gets positive mark even if there was any step made in the direction of the requirement.
It was decided to estimate facilities regardless a scale of this step, because the scale
can be determined unfairly.
It is impossible and useless to overview all the existing projects, which were created
ever. Those of them which last known version had been released in XX century were
mostly excluded from the study. Only several of tools created that time are listed,
because they have significant historical value. At the same time, some relatively new
projects are deliberately not presented if they are deemed to be unsuitable for the
research and scientific modelling.
Projects are listed in the alphabetical order. In the following there are short, oneparagraph reviews, which briefly describe each project in more detail. The name of
the project which is subjected to the review is shown with bold when it appears for
the first time.
CAGE, the “Cellular Automata General Environment” does not support any parallel or distributed computational technology, which is compensated by its universality. The authors have generalized the notion of the “cellular automaton” and used
this vision for the software design. The environment supports multilayered grids, rich
means for the neighbourhoods’ formation including a query-based one. It supports
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Name
[references]
CAGE [44]
CAM [17, 45]
CAMEL
[31, 46, 47]
CAME& L [48–
50]
CAMELot [51]
Cellular [52]

JCASim [53]
MCell [54]
ParCeL-6 [55,
56]
SIMP/STEP
[57, 58]
Trend [59]

Platform

Update

1

2

3

4

5

6

7

8

9

Windows
iX86 or Sun
UNIX/Linux

2004
1994
1996

+
+
+

−
+
−

−
+
+

−
−
−

+
+
+

+
+
+

+
+
+

−
−
−

+
+
+

Windows

2010

+

+

+

+

+

+

+

+

+

UNIX/Linux
UNIX/Linux
or Windows
(CygWin)
Java
Windows
UNIX/Linux
or Windows
UNIX/Linux
or Windows
UNIX/Linux
or Java

2001
1999

+
+

−
+

+
−

−
−

+
+

+
+

+
+

+
−

+
+

2001
2001
2004

+
+
+

+
+
+

+
−
+

+
+
+

+
+
−

+
+
+

+
+
−

+
−
+

+
+
+

2003

+

+

+

+

+

+

+

+

+

2002

+

−

−

−

+

+

+

−

+

Table 2.1: A comparative survey of existing cellular automata modelling environments. The first column contains the name with references, the second column is
used for information about the target platform, the third column gives the year of the
latest version. Remaining columns contain grades for the environment’s conformance
with universality/customizability, extensibility, modern technologies, optimization,
user interface, description language, visualization, analysis, and capability of reproducing respectively. Requirements are listed in the same order as in the last list of
Sect. 2.1.

the ability to use completely irregular grids with cells of miscellaneous shapes. The
spectrum of the functionality is extremely rich. Transition rules are to be defined
using a C-like language [12] with the help of built-in visual programming means.
Written rules are translated to C++ [13] source and compiled into an executable
code for better performance. Despite the functional richness, all layers seem to be
2D only. There is an example of using of this environments for the dynamic urban
simulations [67].
CAM, the “Cellular Automata Machine”, represents a single instruction multiple
data (SIMD) [68] hardware implementation of the modelling environment. CAM6 [17] is a PCI-device which is to be plugged into an iX86 workstation under the
PC-DOS operating system government. It supports 256×256 2D grids with Moore,
von Neumann and Margolus neighbourhoods [17]. Latest CAM-8 [45] device works
in tandem with Sun workstations via CBus and is controlled by the accompanying
STEP software (a predecessor of SIMP/STEP project which is also presented in this
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survey). CAM-8 supports 3D grids. There is an ability to extend the grid by using
multiple device specimens. Visualization is performed by the XCAM utility. Transition rules are to be programmed using a dialect of Forth language [69] supplemented
with necessary routines. For each transition function the machine precompiles a full
lookup table. However, multiple instruction multiple data (MIMD) architectures are
more flexible than SIMD for implementing cellular automata, as they allow to deal
with irregularities on a microscopic level of the algorithm asynchronously and to efficiently simulate heterogeneous systems. On a higher level of abstraction it is possible
to synchronize the parallel components of a MIMD system explicitly as this is the
only way to maintain global invariance of cellular automata.
CAMEL, the “Cellular Automata environMent for systEms modeLling” was designed to perform computations on a net of transputers or using MPI. It supports
grids of up to three dimensions and complex neighbourhoods. The cell’s state can
be represented by an instance of a data structure composed of basic types. For the
definition of cellular automata it uses a specialized language called CARPET (“CellulAR Programming EnvironmenT”) [31]. A program written in CARPET consists
of a declarative part and statements. The language is clear and successfully hides
implementation issues coming from a parallel architecture complexity, allowing to describe automata and rules in general terms. IVT (“Interactive Visualization Tool”)
was added to CAMEL in order to improve the data visualization. This tool was used
in practice for simulation of lava flow, landslides, highway traffic, for image processing,
and genetic algorithms [70]. It was also used for soil contamination modelling [71].
Later, the same group switched to the development of the CAMELot project [51],
which is discussed below.
By coincidence the name of the project, created by the author of this thesis
(CAME& L ) is very similar to the previous one. Nevertheless in this case it means
“Cellular Automata Modelling Environment & Library”. This project will be discussed
in much more details in Sect. 2.3, but here we will review it briefly. The key idea was
to create a universal and extensible facility, which supports parallel and distributed
computing without any target problem domain specialization. This was achieved
by usage of a cellular automata based computational experiment decomposition (see
Sect. 2.3.1). The software allows synchronous, asynchronous, probabilistic, heterogeneous, and any other type of cellular automata with arbitrary grids, neighbourhoods
or type of cells’ states. Even if a particular functionality or distinct automata type
is not included into the basic software package, one may add it and make a new
solution immediately available for the community. CAME& L users can be classified
into researchers who are just creating solutions from the building blocks they have,
and developers who enhance the set of blocks for themselves and everyone. All the
research presented in Chapters 3 and 4 was done with CAME& L . This demonstrates
its usability for theoretical and practical research on one hand, and for one-, two- and
three-dimensional problems on the other hand.
As a descendant of CAMEL, CAMELot (“CAMEL Open Technology”) also uses
the CARPET language [31] for the experiment description and MPI for the simulation
execution. The software represents an environment for programming and seamlessly
parallel execution of cellular automata. It has a graphical user interface for experiment
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setup, control and visualization. It also includes a customizable tool to produce traces
of the simulation in a specified format thus allowing to post-process the output of the
experiment by means of external utilities. It also supports profiling capabilities. The
simulator is flexible with regard to cellular space size and dimension (form 1D to 3D),
possible cell’s states, neighbourhood and rules. The program, written using CARPET,
is translated and compiled into a UNIX/Linux executable file. The experiment setup
preparation consists of editing of a text file. The spectrum of known applications
of this environment is close to CAMEL’s area. For example, it was used for the
landscape dynamics simulation [72].
The Cellular software consists of a programming language (Cellang 2.0), associated compiler (cellc), virtual machine for a execution (pe-scam) and a viewer
(cellview). A program, written using Cellang 2.0 consists of a description and a
set of statements. The description determines dimensionality of the grid, data-fields,
which are contained in each cell, and ranges of acceptable values for each of them.
There are two possible statements: an assignment and a condition test. The only
possible data type is integer. The viewer is independent of the Cellang 2.0 language
and the compiler. At the same time, the input format for the viewer is identical to
the output format of Cellang 2.0 programs. The software supports different grids of
arbitrary dimensionality, non-trivial neighbourhoods, and several kinds of boundary
conditions.
JCASim represents a general-purpose system for simulating cellular automata
with Java [16]. It includes a standalone application and an applet for web presentations. The cellular automaton can be specified in Java, CDL [30] or using an
interactive dialogue. It supports 1D, 2D (triangular, square, and hexagonal) and
3D grids, different neighbourhoods, boundary conditions (periodic, reflective, or constant), and can display cells using colors, text, or icons. Initially CDL was designed
to describe the hardware, which simulates homogeneous structures, but it can also
be applied in programming as a powerful and expressive tool. JCASim allows any
constructions acceptable in CDL. For example, like in CDL, cell’s state can be represented with theoretically unlimited amount of integer and floating-point variables.
With the package CAComb the software allows to simulate cellular automata on several machines in parallel. The CAAnalysis package incorporates automatic analysis
capabilities as mean-fields calculation, for example. This tool found applications for
generalizing surficial geological maps for scale change [73] and it is also used for educational purposes.
MCell or “Mirek’s Cellebration” is a very small and simple Windows application
which supports 2D grids and no parallel or distributed computing. But despite of
this its effort is great, because it can easily show the simplicity, beauty and power of
a cellular automata to people who are far from this field of science. This is possible
due to the successful graphical user interface which is clear for non-specialists, and a
wide library of examples. Transition rules can be defined using the interface means
or by creation of external dynamic-link library.
ParCeL-6 (“Parallel Cellular Languages”) represents a multi-layer cellular computing library for multiprocessor computers, clusters, and Grids. The goal was to
decrease the development time for fine-grained applications. It is implemented in
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C [12] and can be linked to C and C++ [13] programs. There are two subversions of
the software: ParCeL-6.1 for architectures supporting shared memory paradigm and
ParCeL-6.2 for architectures supporting the message passing approach. The cluster
version of ParCeL-6 was developed in the framework of the Grid-eXplorer project.
High level generic parallel neural model of computations allows smart programming
for numerous computing units. ParCeL offers the extended cellular programming
model and maps “small” computing units on “big” processors of parallel machines.
When a cell is created, a host processor is pointed out and a unique registration
number is associated with the cell. This number allows to identify it in a cellular
network. Finally the cell is created directly on its host processor and executes its
computing cycle on it. The software is also able to perform automatic parallelization
of the source code for the multiprocessor machines. It was used in several numerical
methods libraries. As authors claim, it was designed mainly for artificial intelligence
applications [56]. Therewith, ParCel has been used for the cortically-inspired sensorimotor control simulations [74].
SIMP/STEP is a general-purpose software platform, which includes a language
for cellular automata, lattice gases, and a “programmable matter” [75] definitions. It
is based on Python language [76] and suites for the wide range of problems. The
software consists of two parts: SIMP is the user environment built on STEP, the
applications programming interface, which separates conceptual components from
implementation details, optimization routines etc. The software supports parallel
computing technologies, has visualization and analysis capabilities. SIMP supports
2D rendering, but there are some experimental hooks for the 3D rendering, using
VTK [66]. The application of this environment for the lattice gas methods is presented
in [58].
Trend is 2D cellular automata programming environment with integrated an simulator and a compiler, which produces virtual machine code for the evaluation module
(under UNIX/Linux only) or Java machine [16]. It has several unique features like
simulation backtracking, conflicts catching, flexible template design and others. The
Trend language allows user-defined terms, symmetrically rotatable statements and
other constructions specific for the cellular automata programming. The software
supports arbitrary neighbourhoods within 11×11 region around the center cell. Cell
can be in the state which is coded by unsigned integer variable. The project does not
support any parallel computing technologies.

2.3

Cellular Automata Based Problem-Solving Environment Case Study: The CAME& L Project

CAME& L [48–50] resulted from a collaboration between the Saint-Petersburg State
University of Information Technologies, Mechanics and Optics (Russian Federation)
and the Section Computational Science of the University of Amsterdam (The Netherlands).
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Cellular Automata Based Computational Experiment
Decomposition

The initial idea of “CAME& L ” was to distribute the implementation of a computational model among functional parts. Any simulation is to be assembled as a set of
interacting components of definite types. A researcher will be able to use components
in miscellaneous combinations and tune them to add arbitrary functionality to the
experiment.
Consequently cellular automata based computational experiment decomposition [48, 49] was offered. It was decided to distinguish five types of the components.
Grid implements the visualization of cells’ states and the navigation among the cells.
It does not actually store any state data, so this distinguishes it from the “grid”,
mentioned in the cellular automaton definition in Sect. 1.3. It was done to
strongly distinguish between a data itself and its visual representation.
Datum provides the grid’s state storage, basic operations over the states of distinct
cells and some aspects of the visualization. In visualization area it can define an
association of cell states with colors and a custom single cell drawing routine.
Metrics defines the relationship of neighbourhood, puts coordinates in correspondence to each cell, and provides distance measurement functions. Implementation of a metrics as a separate component instead of entrusting its functions to a
grid or a datum allows to use non-standard coordinate systems, like generalized
coordinates [26], explained in Sect. 3.2.
Rules describes the computations and controls an iteration. The terms “rules” and
“transition function” are not synonyms. Components of this type define much
more: a method of parallelization, methods of optimization (if any), many other
aspects of the execution, including the transition function among all of this.
Such components also allow
• to handle starting up an experiment (proceed an initialization);
• to determine and check the criteria of termination of an experiment;
• to handle finishing an experiment (proceed a finalization);
• to define special tools for checking, changing, pre- and postprocessing grid’s
state;
• to define output parameters for further studying with the help of analyzer
components (see bellow).
Analyzer allows to keep an eye on definite output parameters of the experiment,
draw graphs, create reports, monitor values, etc.
The union of compatible grid, datum and metrics define a “functionless” cellular
automaton. Addition of a component of the fourth type will form a cellular automaton
that can perform a computational experiment. Only single instances of components
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of first four types are able to participate in a simulation. At the same time it can
involve arbitrary amount of analyzers (if any).
Components are continuously interacting during the computational experiment
to do the work together. Obviously, any given component can cooperate only with
suitable counterparts. So, each one have to pose its properties and requirements,
which are interpreted as compatibility conditions. For analyzers such conditions are
trivially based on the data type of an output parameter to be examined. For the
other four types of components a special language of logical expressions is used to
describe properties and requirements. In this case requirements represent conditions
imposed on properties.
The last, but not the least is that each component is to have specific user interface,
declaring a set of available input parameters, which allow to setup the component for
the particular problem or in accordance to user’s needs and preferences.

2.3.2

Software Design

All basic statements, listed in Sect. 2.3.1, can be provided with the help of an objectoriented programming paradigm. We used C++ [13] to implement CAME& L . Windows was chosen as a target operating system. Consequently each component should
be represented as a dynamic-link library, developed in the framework of the predefined programming interface. The component’s library has to contain the class, which
implements the functionality corresponding to one of five types, listed in Sect. 2.3.1.
As a result, the CAME& L software consists of three conceptually and functionally
interconnected parts:
CADLib or “Cellular Automata Development Library” is a C++ class library, which
is designed to present an easy-to-use and rich set of instruments for implementing computational models. It provides basic classes for all types of components,
parameters (input and output), and other concepts. The class hierarchy of this
library is shown in Fig. 2.1 (main classes), and in Fig. 2.2 (auxiliary classes).
Standard components are the most common building blocks for computational
experiments, which can be considered as both: ready-made solutions and examples for creation new specimens. They can be reused, inherited∗ , and extended
to fulfil the needs of a researcher.
Environment is the application, which provides user interface for simulations and
research with the help of cellular automata. It gains an access to a set of tools
for the model control, study and analysis, cluster arrangement, workstations
management and many other purposes. It is important to note that the environment itself contains no computational model functionality, but allows to
execute components’ libraries in a definite software environment.
The tight interconnection between the cellular automata based computational experiment decomposition and the CAME& L software is illustrated by Fig. 2.3. Three
essential parts of the software, mentioned above, are shown in grey.
∗ Within

the scope of the object-oriented programming paradigm.
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Components
CAComponent
CAUnionMember

CARules

CAGrid

CAUniRules

CAPlainGrid
CASquBase2DGrid
CATriBase2DGrid
CAHexBase2DGrid
CAExp2DGrid
user plain grid
components
CACube3DGrid
user grid components
CAMetrics

sample rules components
user rules components
CAAnalyzer
CATypedAnalyzer
CAGraphAnalyzer
CAGraphIntAnalyzer
CAPerfGraphAnalyzer
CAGraphGompertzIntAnalyzer

CAGraphDoubleAnalyzer

CAMetaMetrics
CACrts2DMetrics
CASquGen2DMetrics

user graph analyzer
components
CAMonitAnalyzer
CAMonitBoolAnalyzer

CATriGen2DMetrics

CAMonitIntAnalyzer

CAHexGen2DMetrics

CAMonitDoubleAnalyzer

CATriHBGen2DMetrics
CACrts3DMetrics
user metrics components
CADatum

user monitor analyzer
components
CAFileAnalyzer
CAFileBoolAnalyzer
CAFileIntAnalyzer

CATypedDatum
CABasicCrts2DDatum
CACrtsBool2DDatum

CAFileDoubleAnalyzer
user file analyzer
components
user analyzer components
for definite data type

CACrtsInt2DDatum
CACrtsDouble2DDatum
user standard datum
components for 2D Cartesian
metrics
CABasicGenDatum
CAGenBool2DDatum
CAGenInt2DDatum
CAGenDouble2DDatum
user standard datum
components for generalized
metrics
CABasicCrts3DDatum
CACrtsCell3DDatum
user standard datum
components for 3D Cartesian
metrics
user datum components for
definite data type

Figure 2.1: CADLib 1.1β classes hierarchy chart – components classes and their
descendants. Each class is shown as a box. Class templates are shown as boxes
with dashed boundary. Grey boxes correspond to classes, which are not members
of CADLib, but of the standard components set. Appropriate places for further
extension of this hierarchy are marked out as a text without boxes.
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Components’ Parameters
Parameter

Query Dialogs

Concepts

CDlg*

TypedParameter

CACell

CIntDlg

CACellsList

ParamInt

CDoubleDlg

CAUnion

ParamDouble

CBoolDlg

CADispatcher

ParamBool

CColorDlg

WorkStationInfo

ParamColor

CIntGapDlg

RulesDescriptor

ParamIntGap

CChoiceDlg

ParamChoice

CContSpectrumDlg

ParamContSpectrum

CDiscSpectrumDlg

ParamDiscSpectrum

OptCrts
RulesThread

CCellDlg

ParamCell

CStringDlg

ParamString

CFilePathDlg

ParamFilePath

CToolDlg

ParamTool

CBioCellDlg

user parameters for
definite data type

Environment
Performance Control

Cluster Networking
IPAddr
RulesDescriptor
Cluster
user cluster managers

user query dialogs

Network

CMetricsDlg
General-purpose
CCartesian2DMDlg

IntGap

NetSender

CGeneralizedMDlg

Zone

user network senders

CCartesian3DMDlg

Zones
BioCell

SmartBuffer

NetReceiver

user metrics’ coordinates
query dialogs

user network receivers
XMLReader
XMLValuesReader
VTKWriter

Auxiliary

PacketCompiler

Triplet
TripletInt
TripletDouble
Algo
PathTransformer

* - classes, which are inherited from Microsoft Foundation Classes (MFC) library members

Figure 2.2: CADLib 1.1β classes hierarchy chart – auxiliary classes. Each class is
shown as a box. Class templates are shown as boxes with dashed boundary. Appropriate places for further extension of this hierarchy are marked out as a text without
boxes.

2.3.3

Features

The most significant features, which distinguish CAME& L from other cellular automata modelling environments are listed and discussed below.
• The main goal was to achieve the universality in the terms of the target problem
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Analyzer

Analyzer

CADLib
Library

Figure 2.3: Cellular automata based computational experiment decomposition in the
framework of CAME& L . Three essential parts of the software are shown in grey.
domain. The software allows to perform experiments in fields of lattice gas,
language recognition (only specialized environments allows to use strings or
text as cells’ states), thermal conductivity, phase unwrapping, cellular biology,
social phenomena and many others that allow formulation in terms of cellular
automata. There are no intrinsic limitations to the type of cellular automata
which can be modelled.
• The environment provides the ability to implement interactions between cellular automata. This was the reason to use a multi-document interface for the
software and gives an opportunity to create multiscale computational models.
• The software allows to perform parallel computations on multiprocessor and
cluster platforms. Amount of supported architectures can be even enriched
thanks to the extensibility and because rules components fully control the execution and parallelization.
The cluster can be created from a subnet of a Windows network. The roles of
workstations involved in it can be customized. For the information interchange
over the network a specialized Commands Transfer Protocol (CTP) [46, 77] is
used.
The trivial implementation of cluster networking is based on the assumption
that one workstation involved in the experiment has a “master” status. On each
simulation step master broadcasts an order to all other workstations (including
himself) to perform an iteration. Workstations immediately interchange the
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information about the states of outermost cells (their amount depends on the
neighbourhood radius), which can be needed for the transition function calculation on another node. For complex neighbourhoods or other special cases there
is a routine to request a state of a single cell from any remote workstation.
After this each node starts its subexperiment. At the same time the master is
waiting for a signal of step completion from all participants. After this signal
has been received, next step can be started. Master node is also participating
in the computations, running both master and slave processes.
We performed tests on the example of the Game of Life [78] simulation on the
201 × 201 grid of squares, parallelizing it over two, four and eight nodes. We
compare time, needed to execute 100 steps of the not optimized plain algorithm.
The results of simulations and the relative speedup are summarized in Table 2.2.

Execution time (in seconds)
Relative speedup

1 node
22.23
1

2 nodes
12.42
1.71

4 nodes
7.15
3.11

8 nodes
4.32
5.14

Table 2.2: Execution time for 100 steps of the Game of Life on 1, 2, 4, and 8 nodes.
The default implementation of cluster networking in CAME& L is straightforward and trivial. It is oriented more to be an example than to be suitable for
large-scale tasks. In future we are going to provide a choice between several
cluster management routines. At the same time this can be done by users,
according to their needs.
• The environment has a rich and clear user interface (see Fig. 2.4). It supports,
for example, undo-redo functionality, clipboard operations, printing capabilities,
picture capturing functions (to illustrate publications† ) and many others.
• The environment allows to store experiments descriptions in XML format (files
with “camel” extension), which is advantageous for information interchange [79].
States data is stored in separate files (with “cdata” extension), which are usually
huge and can be compressed with BZip2 algorithm [80, 81] on the fly. Experiment description files contain only references to the cellular data files, so they
can be substituted or removed for opening the documents in the “safe mode”.
The following list shows why and how the CAME& L project corresponds to the
cellular automata modelling environment requirements, discussed in Sect. 2.1.
1. As explained above, universality is achieved using the cellular automata based
computational experiment decomposition, allowing to compile systems of even
wider class than “cellular automata”. The customizability is provided by the
mechanism of input parameters, which allows to tune each component.
† All figures in Chapters 3 and 4, which represent a grid’s state, were produced with the help of
this function.
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Figure 2.4: The screenshot of CAME& L environment main window, running tumour
growth computational experiment (see Chapter 4), being studied with the help of two
analyzers: graph of the amounts of different kinds of cells (at the upper right corner)
and the performance graph (at the bottom).
2. The fact that the environment represents just the “firing ground” for components, which implement the whole computational model, provides extensibility
in any direction.
3. The software supports modern computational technologies. Usage of CTP‡
as a networking vehicle was not a successful idea. CTP is an attempt to implement message-passing using the pure basic UDP [82] mechanism. Due to the
fact than UDP is not reliable, reliability was provided on the software level.
UDP-packets are very small, this leads us to the necessity to implement large
blocks sending mechanism. This all, being implemented on the higher level,
brings significant overheads and has bad performance for large blocks interchange. Interchange of small messages is performed on the fastest UDP speed,
when large blocks are spreading slower than with TCP [82]. This is illustrated
by Fig. 2.5. But the main bottleneck is in the incompatibility with standard
‡ Now

CTP version 1.4 is used in CAME& L .
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mechanisms. At the same time the extensibility of the software allows to extend the range of networking mechanisms with, for example, MPI [63] of Grid
protocols [14, 43]. This however is future work.

Exchange time (in milliseconds)

100000

CTP
TCP

10000

1000

100

10
50 b

60 Kb

200 Kb

1 Mb

5 Mb

50 Mb

Data block size

Figure 2.5: Comparative study of CTP (black line) vs TCP (grey line) networking
performance while interchanging data blocks of specified sizes.
4. Basic optimization capabilities, as the zonal optimization, are included into
CADLib. There is a set of routines to create update and look for the parallelepipedic zones, in which dynamic behaviour changes of cell’s states may
occur. Grid is not considered outside of these zones. At the same time, zones
may change their dimensions with the speed of the neighbourhood radius per
step. This optimization is trivial and can be used as a starting point for more
complex algorithms.
5. Benefits of the user interface were discussed above.
6. The language of the experiment description, used to determine and store
the simulation setup, is a specialized subset of XML [79]. Document files contain
names of involved components, values of all parameters and references to cellular
data files. They can be easily modified using an arbitrary text editor or the
CAME& L environment.
The key issue is the language of a transition function description. By default it
is C++ [13]. One could argue that the ability to use C++ is a too complicated
skill to demand from a researcher. This is true, but at the same time this
is in line with the demand of an extensible universal environment: the scope
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of the rules basic class is much wider than just transition function definition.
So one can create a rules component, which represents a parser for the specific
automata description language. In this case the descriptive code, written in this
language, will act as an input parameter for the parser. This means that a single
rules component is able to implement not just a single transition function, but
a class of such functions, which are expressible on the computations description
language. This allows to incorporate arbitrary amounts of specific languages
and provide specialists from definite fields of the research with the component,
which supports necessary abstractions from a given domain. The code snippets,
rich set examples, scripts and the CADLib itself are provided to make such
components creation simpler.
7. Due to extensibility, the richness of visualization capabilities is high. The
basic 3D grid is implemented, using pure OpenGL [83], but one can provide the
software with the VTK [66] visualization facility.
8. The software supports and even is oriented to an analysis functionality. Due to
a very low level of possible user access, there are no limitations on the palette of
analysis facilities. Rules components are reporting the set of analyzable output
parameters, which are decided to be subjected for the research. A wide range of
analyzer components, which allow to study these parameters, can be extended
for the needs of the concrete scientific process.
9. Reproducibility is provided by the fact that the full simulation setup and the
cellular data can be stored in files, which contain no system specific information
and are portable. An important note is that XML files are generally handy for
a structured data interchange.

2.4

Conclusions

The main goal of problem solving environments has always been to make a researcher
more productive and the computations more effective. Appropriate tools may drastically reduce the costs for building new solutions as well as for maintaining existing
ones. The development of these facilities is itself a significant engineering task, requiring a considerable investment of time and resources.
At the same time it is very important for an effective use of cellular automata
for computational science on parallel machines to develop high-level problem solving
environments based on the cellular computations paradigm. These tools may provide
powerful solutions for researchers and engineers that need to implement real-life applications. This approach allows scientists to concentrate on "how to model a problem"
rather than on architectural details.
Creation of a universal, extensible and handy cellular automata based modelling
environments needs a deep study of both fields: typical functionality of problem
solving environments and general requirements for cellular automata modelling. The
tool, which was made according to the requirements of both fields accounting existing
software at once, represents a powerful facility for a research.

28

Chapter 2. Problem Solving Environment for Cellular Automata Based Simulations

The following two chapters will present examples of CAME& L usage to produce
scientific results, solving both theoretical and practical problems in one-, two- and
three-dimensions.

Chapter 3. Exploring Evolving 1D
Structures and 2D Universal Data Indexing
This chapter presents two applications of CAME& L in theoretical research. First
we will perform the classification of all structures generated by 1D binary cellular
automata from a single seed. Then we will present methods of a universal state data
indexing for different cellular automata grids. We propose a set of methods of such
generalized coordinates for all the possible two-dimensional grids, composed of regular
polygons.

3.1

Classification of Structures Generated by 1D Binary Cellular Automata from a Single Seed

All the studies here are performed with the help of a one-dimensional binary
cellular automaton. If this automaton is denoted as A = {G, Z, N, f }, then
• G is a one-dimensional space of cells with Cartesian coordinates and periodic
boundary conditions;
• Z = {0, 1};
• N (ci ) = {ci−1 , ci , ci+1 }, where ck is an k-th cell on the grid;
• Using upper indices to designate the timestep and lower indices to define a cell’s
coordinate the update rule reads f (cti−1 , cti , cti+1 ) = ct+1
.
i
All 256 possible structures generated by such one-dimensional binary cellular automata containing a single seed at step zero are discussed at large in [84, 85]. By a
term “structure”, we mean a sequence of states of a one-dimensional grid in time, assembled into a two-dimensional lattice one under the other. Some of these structures
are equivalent with respect to invariant operations such as mirror reflection, inversion,
offsets and so on.
This section is partly based on: L. Naumov and A. Shalyto. Classification of Structures Generated by One-Dimensional Binary Cellular Automata from a Point Embryo. Journal of Computer
and Systems Sciences International. Vol. 44/5. pp 137–145. 2005. Corresponding research was
supported by the Russian Foundation for Basic Research, project no. 05-07-90086.
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The purpose of the research in this section is to classify structures generated by
a one-dimensional binary cellular automata∗ from a single seed with respect to the
invariant operations introduced and to calculate the number of representatives in
various classifications.
An approach to cellular automata behaviour classification was offered in [84].
In [40, 86, 87] a method of distinguishing cellular automata with “interesting” behaviour was offered. Here we will concentrated on calculating the exact number of
different observed structures, to illustrate the complexity of possible behaviour of such
trivial systems with the exact numbers. Most “interesting” structures are unique in
the class and can be produced by single transition function. Approaching different
classifications we will try to minimize the number of distinguished classes. Nevertheless this number should reflect the amount of possible structure shapes in a detailed
manner (not four classes as in [84] and not just two as in [87]). In addition we want
to show that there are automata with cells with memory and with memoryless cells,
which produce structures of the same class.
Elementary one-dimensional automata are able to generate self-reproducing configurations such as the Sierpinsky gasket and the binary Pascal triangle. In [88, 89] these
structures are obtained by rather elaborate mathematical methods. One-dimensional
cellular automata are simpler tools for generating structures like these. We will consider classes of such structures separately.

3.1.1

Specification of the Transition Function

As was mentioned above, we consider cellular automata whose neighbourhood pattern
consists of the right and left neighbours of a cell. Here we will study the automaton
behavior for a number of steps significantly smaller than the grid width. Therefore
the boundary conditions do not show up.
The transition function of the automaton, which determines the evolution of the
state of a cell can be best specified in tabular form. The left three columns of such
table contain the current states of cells i − 1, i, and i + 1 arranged in lexicographical
order. The rightmost column stores the next state of cell i.
This table has eight rows, each containing one of the two possible values of the
next state. This means that there are 256 various transition functions and, hence,
256 cellular automata for arbitrary initial conditions. As was proposed in [84], each
automaton can be associated with a number in the range from 0 to 255 whose binary representation appears in the rightmost column of the transition table. This
enumeration is well known, and first introduced by Wolfram.
In the following discussion we will use the language of Boolean expressions, where
⊕ designates exclusive disjunction, ∨ – inclusive disjunction, and overlining means
logical inversion.
For example, function number 90 = 0·20 +1·21 +0·22 +1·23 +1·24 +0·25 +1·26 +0·27
has the form
ct+1
= cti−1 ⊕ cti+1 .
i
∗ In

(3.1)

this section saying “cellular automaton” we will mean exactly such special kind of automaton.
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Note that this function determines a memoryless automaton, because the righthand side of the corresponding formula is free of variable cti .
Function number 165 = 1 · 20 + 0 · 21 + 1 · 22 + 0 · 23 + 0 · 24 + 1 · 25 + 0 · 26 + 1 · 27
can be implemented by formula
ct+1
= cti−1 ∨ cti+1 .
i

(3.2)

This function is the inverse of the function number 90. This fact is evidenced by
the equality 90 + 165 = 255.

3.1.2

Initial Conditions

The structure generated by a cellular automaton with a fixed transition function is
defined by its initial state. Unlike Wolfram, we study only the situation where each
automaton at step zero contains a single cell in state “1”, situated in the center of the
grid. All other cells contain “0”.

3.1.3

Comparison of Grids’ States as a Basis of Classifications

A basic operation for a classification of structures, produced by cellular automata, is a
comparison of their states. We will consider this comparison according to operations
of invariance. In general terms this means that if structure a and structure b belong
to a single class then
∀t I(Sa (t), Sb (t)),

(3.3)

where t is a timestep, Sa (t) and Sb (t) are states for both structures on the t-th
timestep, and I is a predicate, which is true if both argument states are invariant
with respect to a current operation of invariance. To make this notation totally clear
we should write also that the cell’s state
S(t) = {ct−N , ct−N +1 , ..., ct−1 , ct0 , ct1 , ..., ctN −1 , ctN },

(3.4)

where, consequently, the total amount of cells on the grid is 2N + 1.
The theoretical statement of invariance, which is posed by Eq. 3.3, is hardly usable
in practice. It is not possible to check the invariance predicate for any t, but only for
a finite set. Here we will assume that, if two cellular automata exhibit the required
behavior in first t̃ steps, then they continue exhibiting it in the sequel. A proof of the
correctness of this assumption follows.
Proof:
Let us assume that we are testing a hypothesis that structures, produced by automata a and b, belong to one class. They have the same initial conditions (in other
words, sets Sa (0) and Sb (0) are equal), consequently, it is possible to perform the
proof by induction.
Let us assume that
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∀t ≤ t̃ I(Sa (t), Sb (t)).

(3.5)

I(Sa (t̃ + 1), Sb (t̃ + 1)).

(3.6)

We need to prove that

The predicate stated by Eq. 3.6 is true if all eight possible combinations of cell’s
neighbourhoods (or all eight possible transitions ways) were already met during an
automaton progress within t̃ timesteps.
A set of three values of neighbouring cell states from the previous timestep, which
lead to a distinct state of the cell on a current timestep, will be called a prototype of
a cell. In Figure 3.1 the structure generated by automaton number 165 is presented
in textual form after eight steps.
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Figure 3.1: Structure, generated by function 165 in textual form after 8 steps. The
subset of cells, which will be considered, are marked with black.
If we will consider the center cells from the third timestep (marked with black
in Fig. 3.1) then prototypes of all cells will be found on the second timestep as
overlapping triplets. In Figure 3.2 prototypes are shown as black triplets.
Prototypes
Timestep 3

1 1 0
0

1 0 1
1

0 1 1
0

1 1 1
1

1 1 0
0

1 0 1
1

0 1 1
0

Figure 3.2: Prototypes for the center cells from the third timestep of the structure,
generated by function 165.
For given initial conditions we have to show that there should be a timestep t̃,
after which all possible prototypes would be met to prove that the predicate stated by
Eq. 3.6 is true. In almost half of cases (118 automata out of 256) all eight prototypes
appear while an automaton is progressing, but for the rest we have to receive evidence
that all prototypes, which may appear in principle, would be met within t̃ timesteps.
For example, the progress of automaton number 0 will involve only four prototypes:
“000”, “001”, “010”, and “100”. All of them appear on the very first timestep.
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An exhaustive computational study shows that all 256 automata, considered here,
involve all possible prototypes before the fifth timestep. The following four sets of
automata should be considered separately.
• {5, 7, 9, 13, 15, 19, 21, 22, 25, 27, 29, 30, 37, 39, 41, 45, 47, 51, 53, 54, 57,
59, 60, 61, 62, 65, 67, 69, 71, 73, 75, 77, 78, 79, 83, 85, 86, 89, 91, 92, 93, 94,
97, 99, 101, 102, 103, 105, 107, 109, 110, 111, 115, 117, 118, 121, 123, 124, 125,
126, 131, 133, 135, 137, 141, 143, 145, 147, 149, 150, 153, 155, 157, 158, 163,
165, 167, 169, 173, 175, 177, 179, 181, 182, 185, 187, 188, 189, 190, 193, 195,
197, 199, 201, 203, 205, 207, 211, 213, 214, 217, 219, 221, 225, 227, 229, 230,
231, 233, 235, 237, 239, 243, 245, 246, 249, 251, 253} – all eight prototypes are
observed before the fifth timestep.
• The rest of the automata are generating less than eight prototypes, but the
whole subset of occured prototypes are observed before the fifth timestep.
{ 0, 4, 8, 12, 32, 36, 40, 44, 64, 68, 72, 76, 96, 100, 104, 108, 128, 132, 136,
140, 142, 144, 151, 159, 160, 164, 168, 172, 183, 191, 192, 196, 200, 204, 215,
223, 224, 228, 232, 236, 247, 255} – demonstrate constant behaviour.
{1, 2, 3, 6, 10, 11, 14, 16, 17, 20, 23, 24, 28, 31, 33, 34, 35, 38, 42, 43, 46,
48, 49, 50, 52, 56, 58, 63,55, 66, 70, 74, 80, 81, 84, 87, 88, 95, 98, 106, 112,
113, 114, 116, 119, 120, 122, 127, 130, 134, 138, 139, 148, 152, 156, 162, 166,
170, 171, 174, 176, 178, 180, 184, 186, 194, 198, 202, 206, 208, 209, 212, 216,
220, 222, 226, 234, 238, 240, 241, 242, 244, 248, 250, 252, 254} - demonstrate
static behaviour, such as oscillating (like automaton number 1), moving (like
automata number 2 or 9), or expanding, but saving the pattern (like automaton
number 58).
{18, 26, 82, 90, 146, 154, 210, 218, 129, 161} - demonstrate self-reproductive
behaviour.
Showing that there is a timestep t̃, before which all possible prototypes were met
for any given automaton, we have proven that the predicate, stated by Eq. 3.6, is
true.
t
u

3.1.4

Invariance with Respect to the Operation “Equality”

The same structure, produced by cellular automata with different transition functions,
represents a basic criterion for classifying them together. In this case we may speak
about the invariance with respect to the “equality” operation. The same class may
contain cellular automata having essentially different transition functions.
For instance, trivial behavior (the seed dies at the very first step) is exhibited
by automata with different functions such as “identical zero” and “two or more out
of three”. The whole class consists of 16 functions: 0, 8, 32, 40, 64, 72, 96, 104,
128, 136, 160, 168, 192, 200, 224, 232. It is characteristic of these functions that
the rightmost columns of their transition tables have zero in the rows whose left part
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contains at most a single unit. The transposed columns of their values have the form
|0 0 0 ? 0 ? ? ?|T , where the symbol “?” can be either “0” or “1”.
There are 143 invariance classes with respect to the “equality” operation. Note
that 115 classes, of these 143 classes, consist of a single representative, while the
other 28 classes contain two and more representatives. These 28 classes are listed in
Appendix A.1. Class members are represented by the numbers of transition functions.
Classes are sorted by the minimal number of the member’s transition function. This
number of classes will be reduced in further discussion to account other kinds of
similarities between structures and to distinguish those of them, which are really
different.
By analogy with the classification of the Boolean functions [90], for instance,
the PN-classification (stands for “permutation” and “negation”), we call the above
partitioning into classes as E-classification (stands for “equality”).
The “Sierpinsky Gasket” Type of Behavior
Automaton number 90 generates a self-reproducing structure called the “Sierpinsky
gasket”. Figure 3.3 presents the structure generated by this automaton after 64 steps.

Figure 3.3: Structure, generated by function 90 (Sierpinsky gasket) after 64 steps.
Automaton number 18 generates exactly the same structure as automaton number
90, since the rightmost columns of their transition functions differ only in the rows
where combinations in the left parts involve two units. However, this cannot occur
for the initial conditions mentioned above. Thus, in the case considered, memoryless
automata and automata with memory exhibit the same behavior. It should be noted
here that the formula that implements the transition function number 90 seems to be
the simplest mathematical description of the Sierpinsky gasket [88, 89, 91].
Note also that the whole class of Sierpinsky gaskets contains eight automata with
numbers {18, 26, 82, 90, 146, 154, 210, 218} = C.
It should be observed that this class does not contain automaton number 22. This
automaton is unique in its class and generates a modification of the Sierpinsky gasket
that consists of zero and unit triangular substructures. In the structure presented
below, adjacent triangular substructures are differently colored.
Replacing zero triangular substructures with zeros and unit triangular substructures with units, we obtain the Sierpinsky gasket mentioned above. Figure 3.5 shows
the structure generated by automaton number 22 after 64 steps.
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Figure 3.4: Structure, generated by function 22 (Sierpinsky gasket of triangular substructures) in textual form after 16 steps. Adjacent triangular substructures are
differently colored.

Figure 3.5: Structure, generated by function 22 (Sierpinsky gasket of triangular substructures) after 64 steps.

Another unique automaton is number 150. It generates self-similar structure,
presented in Fig. 3.6. Fig. 3.7 demonstrates the same structure after 64 steps.
The “Binary Pascal Triangle” Type of Behavior
There are different ways to construct the Pascal triangle [88, 92]. A binary version
can be generated by automaton 60.
With a “binary Pascal triangle”, we mean a triangle of values taken modulo 2,
which has the form shown in Fig. 3.8. Rearranging this triangle as shown in Fig. 3.9
we get exactly the structure, generated by automaton 60 (Fig. 3.10).
Automaton number 60 is unique in its invariance class.
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Figure 3.6: Structure, generated by function 150 in textual form after 8 steps.

Figure 3.7: Structure, generated by function 150 after 64 steps.
1
1 1
1 0 1
1 1 1 1
1 0 0 0 1
1 1 0 0 1 1
1 0 1 0 1 0 1
1 1 1 1 1 1 1 1
Figure 3.8: The very top of the binary Pascal triangle.

3.1.5

Invariance with Respect to the Operations “Equality”
and “Inverse”

As an example, let us consider the inverse of the structure generated by automaton
number 90. It is generated by automaton number 165 (Fig. 3.11). Note that in this
work we consider inversion up to the zeroth step, because the initial conditions are
the same for all the structures, discussed here.
The above interrelation between “direct” and “inverse” structures can serve as a
basis for classifying them with respect to the invariance operation “inverse”. However,
it is unreasonable to classify with respect to the single operation “inverse”, because
each class would contain at most two items and many items would belong to more
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1
1 1
1 0 1
1 1 1 1

Figure 3.9: The very top of the rearranged binary Pascal triangle or the structure,
generated by function 90 in textual form after 8 steps.

Figure 3.10: Structure, generated by function 60 (rearranged binary Pascal triangle)
after 64 steps.

Figure 3.11: Structure, generated by function 165 (inverted Sierpinsky gasket) after
64 steps.
than one class. Therefore, the total number of classes will increase significantly and
become non-informative.
We suggest that each class assembles structures that are invariant with respect
to both operations: “equality” and “inverse”. With these operations being used, for
instance, there is a class that assembles nine automata with the numbers C ∪ {165}
= {18, 26, 82, 90, 146, 154, 165, 210, 218} (the value of the set C has been defined
in Sect. 3.1.4).
It is noteworthy that this example is special, because both the generated structures

38

Chapter 3. Exploring Evolving 1D Structures and 2D Universal Data Indexing

and the transition functions are inverse. As was mentioned above this is evidenced
by the fact that the sum of their numbers equals 255 (so the rightmost columns of
transitions tables for automata 90 and 165 are exactly the inverse of each other).
At the same time the inverses of functions number 18, 26, 82, 146, 154, 210,
and 218 do not generate inverse structures for class C. In particular, the behavior
generated by function number 37 (the inverse of function number 218) is of little
interest (see Fig. 3.12).

Figure 3.12: Structure, generated by function 37 after 64 steps.
In conclusion, note that there are 135 invariance classes with respect to the operations “equality” and “inverse”. We call this EI-classification.

3.1.6

Invariance with Respect to the Operations “Equality”
and “Mirror Reflection”

Let us give an example of a structure that is the mirror reflection (with respect to the
vertical axis) of the structure generated by automaton number 60. It is generated by
automaton number 102 (Fig. 3.13).

Figure 3.13: Structure, generated by function 102 (reflected rearranged binary Pascal
triangle) after 64 steps.
There are 89 invariance classes with respect to operations “equality” and “mirror
reflection”. This classification is called the EM-classification.
Consider the EM-class with the maximum number of representatives: {2, 10, 16,
24, 34, 42, 48, 56, 66, 74, 80, 88, 98, 106, 112, 120, 130, 138, 144, 152, 162, 170, 176,
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184, 194, 202, 208, 216, 226, 234, 240, 248}. This class contains 32 elements, because
it unites two E-classes:
• {2, 10, 34, 42, 66, 74, 98, 106, 130, 138, 162, 170, 194, 202, 226, 234} – the “left
diagonal” structure, for which the rightmost column of the transitions table has
the form |0 1 0 ? 0 ? ? ?|T ;
• {16, 24, 48, 56, 80, 88, 112, 120, 144, 152, 176, 184, 208, 216, 240, 248} – the
“right diagonal” structure, for which the rightmost column of the transitions
table has the form |0 0 0 ? 1 ? ? ?|T .

3.1.7

Invariance with Respect to the Operations “Equality”,
“Inverse”, and “Mirror Reflection”

Consider the set of four structures {60, 102, 153, 195} belonging to the same class
with respect to the operations under discussion (see Fig. 3.14).

Figure 3.14: Structures, generated by functions 60 (upper left), 102 (upper right),
153 (lower left), and 195 (lower right) after 64 steps each.
It can be seen in this figure that structures 60 and 102 are mirror twins, as well
as structures 153 and 195. At the same time, structures 60 and 195 are inverses of
each other as well as structures 102 and 153.
There are 83 invariance classes with respect to operations “equality”, “inverse”, and
“mirror reflection”. This classification is called the EIM-classification. It contains the
smallest number of representatives among the classifications considered above.
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Invariance with Respect to the Operations “Equality”
and “Inverse-Mirror Reflection”

Consider the same set of structures {60, 102, 153, 195}. Under the classification with
respect to the operations considered, these four automata belong to two different
classes: automata with numbers {60, 153} form one class and the pair {102, 195}
forms another one. We called this classification E(I+M)-classification.
There are 135 invariance classes with respect to the operations “equality” and
“inverse-mirror reflection”. This coincides with the number of EI-classes. In fact,
these two classifications generate similar classes – only 40 structures are differently
classified. They fall into four different classes under EI- and E(I+M)-classifications.
The differences between these four classes are demonstrated in Table 3.1.
EI-classification
{2, 10, 34, 42, 66, 74, 98, 106, 130, 138,
162, 170, 173, 189, 194, 202, 226, 234}
{16, 24, 48, 56, 80, 88, 112, 120, 144, 152,
176, 184, 208, 216, 229, 231, 240, 248}
{60, 195}
{102, 153}

E(I+M)-classification
{2, 10, 34, 42, 66, 74, 98, 106, 130, 138,
162, 170, 194, 202, 226, 229, 231, 234}
{16, 24, 48, 56, 80, 88, 112, 120, 144, 152,
173, 176, 184, 189, 208, 216, 240, 248}
{60, 153}
{102, 195}

Table 3.1: Four classes, which represent the only difference between the EI- and
E(I+M)-classifications.

3.1.9

Classification with a Single-Cell Offset

Let us introduce new invariance operations: “offset equality”, “offset inverse”, “offset
mirror reflection”, and “offset inverse-mirror reflection”. These operations mean that
two structures are examined to mutually correspond either directly or with a vertical,
horizontal, or diagonal single-cell offset. As in the case of the “inverse” operation,
structures are compared starting from the first timestep, while the initial state is
ignored.
Classifications with respect to offset operations will be abbreviated similarly to
classifications with respect to direct operations, but with the additional letter “O”.
As an example, consider structures 20 and 155 (see Fig. 3.15, which are equivalent
with respect to operation “offset inverse-mirror reflection”. Structure 155 is obtained
from structure 20 by means of mirror reflection, inversion, and offset down by a single
cell.
There is no point in considering invariance operations with offset by more than
a single cell, because the purpose of this paper is to classify together automata with
similar behavior, while, in one step, the seed can affect only the cells that are on at
most one cell distance from it.
Offset classifications allows reducing the number of classes as compared to classifications without offset. For instance, EIM-classification distinguishes 83 classes,
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Figure 3.15: Structures, generated by functions 20 (left) and 155 (right) after 16 steps
each. Here the structures are four times magnified with respect with the majority of
figures above in this section.
whereas EIMO-classification reduces their number to 56. These classes are listed in
Appendix A.2.
The numbers of classes under classifications with respect to offset invariance operations are presented in column “O²0” † of Table 3.3. All the aforementioned in
Sect. 3.1.4–3.1.8 invariance operations account no offsets. Column “²0” Table 3.2
contains all the numbers of classes under these classifications.

3.1.10

Classification with Errors

It is reasonable to test the structures for correspondence with respect to invariance
operations not exactly, but up to several errors, because few mismatches on the first
lines of two structures is not a reason for classifying them as unrelated.
As an example, consider structures number 233 and 235 (see Fig. 3.16), which
differ only in five cells.

Figure 3.16: Structures, generated by functions 233 (left) and 235 (right) after 16 steps
each. Here the structures are four times magnified with respect with the majority of
figures above in this section.
Classifications with respect to operations that account for errors will be abbreviated similarly to classifications with respect to exact operations, but with the addition
of “²n”, where n is the maximal number of mismatches.
For n > m then ²n-classification contains less classes then the ²m-classification.
Obviously, they will be quite similar, because each of the ²n-classes will represent one
† The

meaning of the suffix “²0” is explained in Sect. 3.1.10.
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or more ²m-classes.
Columns “²0”–“²6” of Tables 3.2 and 3.3 contain the numbers of classes in various
classifications with zero to six mismatches. Note that, in the case of no offset (Table 3.2), all the values in rows EI and E(I+M) coincide, whereas the corresponding
values in Table 3.3 are different.
E
EM
EI
E(I+M)
EIM

²0
143
89
135
135
83

²1
134
83
124
124
76

²2
129
81
120
120
74

²3
128
80
119
119
73

²4
128
80
119
119
73

²5
128
80
119
119
73

²6
127
79
118
118
72

Table 3.2: Number of classes in various classifications without offsets.

EO
EMO
EIO
E(I+M)O
EIMO

²0
125
78
88
88
56

²1
118
75
86
85
55

²2
118
75
86
85
55

²3
117
74
85
84
54

²4
117
74
85
84
54

²5
117
74
85
84
54

²6
117
74
85
84
54

Table 3.3: Number of classes in various classifications with offsets.

3.1.11

Discussion

In this section, seventy classifications of structures generated by one-dimensional cellular automata from a single seed are presented. The numbers of classes, according to
all variants of classifications, are presented in Tables 3.2 and 3.3. EIMO-classifications
family brings the most informative structures grouping. All 256 structures can be subdivided into 54 different kinds of shapes. It is also demonstrated that there are automata with cells which have memory and automata with memoryless cells exhibiting
the same behavior.
Reference [50] contains supplementary material for this work.
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Generalized Coordinates for Cellular Automata
Grids

The topic of this section will be two-dimensional grids of cellular automata (the
space G from its formal definition in Sect. 1.3) composed of regular polygons and
non-standard metrics, which can be defined on them. We are going to introduce
a way of mapping a two-dimensional grid to a one-dimensional structure, providing
a concept of universal data organization. At the same time, the approach should
not be based on the adjacency lists caching in memory or files. It should provide
a methodology to quickly find neighbours. The benefits and disadvantages of this
approach are discussed in Sect. 3.3.
There are only three two-dimensional grids of cellular automata composed of regular polygons: a grid of triangles (Fig. 3.17), a grid of squares (Fig. 3.18) and a grid
of hexagons (Fig. 3.19).

Figure 3.17: Two-dimensional grid of triangles with Cartesian coordinates introduced.
The nearest neighbours of the origin of the coordinates are shown with grey. Main
neighbours are darker.
The nearest neighbours of a cell are cells, which share at lease one common vertex‡ . In Figs. 3.17–3.19 the origin of the coordinates is outlined and its nearest (or
immediate) neighbours are shown in grey on the figures. The cells, which have a common edge (or two vertexes) are called “main neighbours”. They are shown in darker
grey.
A neighbourhood N , consisting of main neighbours only, is called a “von Neumann
neighbourhood”. A neighbourhood containing all nearest neighbours is called a “Moore
This section is based on: L. Naumov. Generalized Coordinates for Cellular Automata Grids.
Computational Science – ICCS 2003. Part 2. pp 869–878. 2003. In is also based on: L. Naumov.
Generalized Coordinates Introduction Method and a Tool for Computational Experiments Software
Design Automation, Based on Cellular Automata. SPbSU ITMO. 2007.
‡ In the figures in this section cells are moved apart for the visual representation reasons and to
be able to outline cells, when needed. It is still obvious, which cells have common vertex or edge.

44

Chapter 3. Exploring Evolving 1D Structures and 2D Universal Data Indexing

Figure 3.18: Two-dimensional grid of squares with Cartesian coordinates introduced.
The nearest neighbours of the origin of the coordinates are shown with grey. Main
neighbours are darker.

Figure 3.19: Two-dimensional grid of hexagons with Cartesian coordinates introduced.
All the nearest neighbours of the origin of the coordinates are the main neighbours
of it. They are shown in dark grey.
neighbourhood”.

3.2.1

Basic Concepts

A key notion is that “an i-th ring” of a distinct cell. In the sequel of this section“neighbours” refers to nearest neighbours of the cell (in other words, we will use
the Moore neighbourhood). Define neighbours of a cell to be the set of cells of the
“first ring”. The definition of the i-th ring is constructed recursively: for a cell a, the
set of cells of the i-th ring is a union of all members of the first rings for all cells,
which belong to the (i − 1)-th ring of cell a, excluding all the cells, which are members
of the lower order rings of cell a.
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Formally, if R(a, i) is a set of cells of the i-th ring of a cell a, then one may write.
R(a, i) = {b|∃c : b ∈ R(c, 1); c ∈ R(a, i − 1); @j < i : b ∈ R(a, j)}.

(3.7)

Figures 3.20–3.22 show the sequence of the first four rings for the origin of coordinates for all two-dimensional grids, composed of regular hexagons.

Figure 3.20: First four rings for the origin of coordinates for the two-dimensional grid
of triangles. Adjacent rings are shown with different colors.
On the bigger rings one can distinguish “corners”. Along the edges of the rings all
cells has the same pattern of neighbours, which belong to the same ring. Corner cells
can be distinguished as cells, where this pattern changes. For example, if we consider
the forth ring of the origin of coordinates for the grid of hexagons, shown in Fig. 3.22,
then cells (−1; 4), (0; 4), and (1; 4) belong to the upper edge of the ring, when (−4; 4)
and (4; 4) are corners.
It is useful to use assume that
a = R(a, 0),

(3.8)

the zero-ring of a cell is the cell itself.
Now we may say that for any cells a and b there is one and only one index i, such
that b is in R(a, i).
Moreover, an important property of the ring concept is that if a is in R(b, i) then
b is in R(a, i).
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Figure 3.21: First four rings for the origin of coordinates for the two-dimensional grid
of squares. Adjacent rings are shown with different colors.

The notion of the ring may be easily generalized for different types of cells’ neighbourhoods and also for grids of larger dimensions.
When the problem requires an n-dimensional space, then the grid G usually represents a discrete space of the same dimensionality. Each cell can be defined with the
help of n-dimensional coordinates (Cartesian in most cases). Usage of generalized coordinates is the way to represent a n-dimensional discrete space by a one-dimensional
sequence.
The idea is to enumerate all cells of the grid with non-negative integer numbers,
which we will call generalized coordinates. They should be used in a row from zero to
the amount of cells minus one. Each number is to have one and only one corresponding
cell.
The choice of a cell, which gets zero coordinate, is not a subject of a discussion,
because the system is invariant relative to its position.
To be able to execute a transition function over the grid after the introduction of
such enumeration one need to provide a mechanism of nearest neighbours foundation
for any given cell. In case when the neighbourhood N contains other then only
nearest neighbours, generalized coordinates would be applicable too, because then
neighbouring cells could be found recursively, as the nearest neighbours of the nearest
neighbours and so on.
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Figure 3.22: First four rings for the origin of coordinates for the two-dimensional grid
of hexagons. Adjacent rings are shown with different colors.

Several methods to associate cells with generalized coordinates exist. The main
point is to introduce them, providing an ability to get neighbours for any cell and do
it fast. In Sect. 3.2.2 we will consider spiral coordinates introduction. In Sect. 3.2.3
an effective composite method will be presented for the grid of triangles. This method
is based on the spiral generalized coordinates for the grid of hexagons.

3.2.2

Spiral Generalized Coordinates

When using the spiral approach for generalized coordinates, the algorithm for cell
enumeration is very straightforward: one cell is chosen as the origin and is associated
with number zero. All other cells are enumerated from one ring of the zeroth cell to
the other, for example, clockwise in each ring, starting from the “upper-right corner”
of the ring§ . Consider all possible two-dimensional grids, composed of the regular
polygons.
§ What is the “upper-right corner” of the ring will be shown for each type of the grid. This should
become obvious from the illustrations, which accompany this section.
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The Grid of Triangles
Spiral generalized coordinates for a grid of triangles is presented in Fig. 3.23. As was
done above in Fig. 3.20–3.20, adjacent rings are shown in different colors: white or
light grey. At the same time the corner cells of the rings are shown with dark grey.
Corners of the rings are also associated with six indices.

Figure 3.23: Spiral generalized coordinates for the grid of triangles. Adjacent rings
are shown in different colors: white or light grey. All rings’ corners are colored in
dark grey. Corners’ indices are shown outside of the grid’s fragment.
To provide a mechanism to determine a cell’s nearest neighbour enumerate cells
of the first ring with indices from 0 to 11 as it is shown in Fig. 3.24. One of the
specific properties for the grid of triangles is that two possible orientations for the
cells should be distinguished. These orientations will be designated as “N” and “H”
in further discussion.
For the cell in the N-orientation (Fig. 3.24, left), enumeration of neighbours first
runs over the main neighbours, and after this it restarts from the upper-left corner.
At the same time, the indexation for the H-orientation is obtained from the first one
by the rotation. This provides an invariance in terms of the orientation, that will be
exploited below.
A set of functions should be defined for further use. First consider the length of
the i-th ring’s edge. Usually, it will be denoted as li , when all edges of the rings are
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Figure 3.24: Neighbours’ indices for the basic neighbourhood for the grid of triangles.
Main neighbours are darkened. Both central cell’s orientations are considered.
equal, as they are for grids of squares and hexagons. However, for a grid of triangles in
our variant of enumeration, according to mnemonic rule, mentioned in the beginning
of the section, edges have different lengths. The i-th ring for the case represents an
irregular hexagon of 6i cells with edges of three different lengths. The length of an
edge is defined as li,j , where j is an index of the corner, from which the edge starts,
being drawn clockwise (so, j can take values from 0 to 5).
For the first ring is can be observed that
l1,0
l1,1
l1,2
l1,3
l1,4
l1,5

=3
=3
=2
=5
=2
= 3.

(3.9)

The length of higher order rings can be recursively computed as in Eqs. 3.10.
li,0
li,1
li,2
li,3
li,4
li,5

= 2i + 1
= 2i + 1
= 2i
= 2i + 3
= 2i
= 2i + 1.

(3.10)

These formulae are not correct for the zeroth cell. Later we will consider the origin
of coordinates separately.
In Fig. 3.23 corners’ indices are shown outside the grid fragment. Denote the
coordinate of a j-th corner of an i-th ring as Ci,j .
Eqs. 3.10 allow to claim that the perimeter of each next ring is twelve cells longer
then for the previous one. Knowing that the perimeter of the first ring is twelve cells,
it is possible to conclude that
Ci,0 = 12 · Σ(i − 1) + 1,

(3.11)
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where
Σ(i) = 1 + 2 + . . . + (i − 1) + i =

i
X
k=1

k=

i2 + i
.
2

(3.12)

Each corner can now be calculated, knowing the previous one and the length of
the edge between them. The difference between the j − 1-th and j-th corners’ of the
same ring i equals to li,j−1 − 1. So, for the triangular grid, each corner of any ring
can be found with the help of Eq. 3.13.

Ci,j



 −1,
2
1,
= 12·Σ(i−1)+1+
(li,k −1) = 6(i −i)+1+2i· j +


k=0
0,
j−1
X

if j = 3
if j = 4 . (3.13)
otherwise

The number of the ring, which contains a cell a will be denoted as n(a) and can
be computed as follows:
&p
'
1 + 8 · da/12e − 1
n(a) =
.
(3.14)
2
Lets denote the i-th neighbour of the cell a as Ni (a) (i is from 0 to 11 as shown
in Fig. 3.24).
It will be sufficient to introduce a method, which allows to find only three main
neighbours, because all other neighbours can be generated via:
N3 (a) = N2 (N0 (a))
N4 (a) = N1 (N2 (N0 (a))) = N0 (N2 (N1 (a)))
N5 (a) = N2 (N1 (a))
N6 (a) = N0 (N1 (a))
N7 (a) = N2 (N0 (N1 (a))) = N1 (N0 (N2 (a)))
N8 (a) = N0 (N2 (a))
N9 (a) = N1 (N2 (a))

(3.15)

N10 (a) = N0 (N1 (N2 (a))) = N2 (N1 (N0 (a)))
N11 (a) = N1 (N0 (a)).
Determining the neighbours for the cell a starts with the calculation of the ring
number to which it belongs, using Eq. 3.14. Then one may determine the position
of cell a inside the ring, comparing its coordinates with corner coordinates calculated
using Eq. 3.13. All 13 possible positions (it could be any corner¶ or on any edge of
the ring) have a corresponding row in Table 3.4. On the edges the two possible cell
orientations should be also distinguished, when orientation of corner cells is known
beforehand.
¶ Here and further we also distinguish a last cell in the ring (C
n(a)+1,0 − 1), which is not a corner,
but also belongs to a special cases. Saying “corner” in context of the position of the cell inside the
ring, we will roughly mean this individual case too.
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Position
Cn(a),0
(Cn(a),0 ; Cn(a),1 )

N/H
N
N
H

Cn(a),1
(Cn(a),1 ; Cn(a),2 )

N
N
H

Cn(a),2
(Cn(a),2 ; Cn(a),3 )

N
N
H

Cn(a),3
(Cn(a),3 ; Cn(a),4 )

H
N
H

Cn(a),4
(Cn(a),4 ; Cn(a),5 )

H
N
H

Cn(a),5
(Cn(a),0 ; Cn(a),1 )

N
N
H

Cn(a)+1,0 − 1

H
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Neighbour’s Index
1
2
Cn(a)+2,0 − 1
a+1
Cn(a)+1,0 − 1
a−1
a+1
Cn(a)−1,0 + a −
Cn(a),0 − 1
a+1
a−1
Cn(a)+1,0 + a −
Cn(a),0 − 1
a−1
Cn(a)+1,1 + 1
a+1
a−1
Cn(a)+1,1 + a − a + 1
Cn(a),1 − 1
a+1
Cn(a)−1,1 + a − a − 1
Cn(a),1 − 1
a−1
Cn(a)+1,2 − 1
a+1
Cn(a)−1,2 + a − a − 1
a+1
Cn(a),2 − 1
Cn(a)+1,2 + a − a + 1
a−1
Cn(a),2 − 1
Cn(a)+1,3 − 1
a+1
a−1
a+1
a−1
Cn(a)+1,3 + a −
Cn(a),3 − 1
a−1
a+1
Cn(a)−1,3 + a −
Cn(a),3 − 1
a−1
Cn(a)+1,4 − 1
a+1
a+1
Cn(a)−1,4 + a − a − 1
Cn(a),4 − 1
a−1
Cn(a)+1,4 + a − a + 1
Cn(a),4 − 1
Cn(a)+1,5 + 1
a+1
a−1
Cn(a)+1,5 + a − a + 1
a−1
Cn(a),5 − 1
Cn(a)−1,5 + a − a − 1
a+1
Cn(a),5 − 1
Cn(a)−1,0
a−1
Cn(a),0
0

Table 3.4: Formulae for calculating all the main neighbours of cell a, depending on
its position inside the ring n(a) (can be calculated for the given a with the help of
the Eq. 3.14) and orientation. All possible doublets of positions and orientations are
presented in first two columns. The remaining columns correspond to each distinct
neighbour’s index, as in Fig. 3.24.
In addition, the origin of coordinates requires a separate discussion, because it
represents all corners of the zero ring simultaneously. Following definitions should be
added: N0 (0) = 12, N1 (0) = 4, N2 (0) = 8, N0 (12) = 0, N1 (4) = 0, and N2 (8) = 0.
Presented approach is using recursive calls to determine non-main neighbors of a
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cell. This has negative consequences to the productivity of computations, but, in the
same time, if the recursion will be eliminated then the amount of positions, which
should be considered, will rise dramatically.
The difference between two cases of cell’s orientation on the edges is following:
• signs in a ± 1 members are changed to the opposite;
• sign in Cn±1,k + a − Cn,k − 1 member is changed to the opposite.
The Grid of Squares
The following discussion will follow the same sequence of actions as for the grid of
triangles. A possible spiral generalized coordinates the grid of squares is presented in
Fig. 3.25. Corners of the rings are associated with four indices.

Figure 3.25: Spiral generalized coordinates for the grid of squares. Adjacent rings are
shown in different colors: white or light grey. All rings’ corners are colored in dark
grey. Corners’ indices are shown outside of the grid’s fragment.
To determine the nearest neighbour of a cell enumerate the cells of the first ring
with indices from 0 to 7 as shown in Fig. 3.26.
The same set of the functions discussed above should be defined. The length of
the i-th ring edge is determined by
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Figure 3.26: Neighbours’ indices for the basic neighbourhood for the grid of squares.
Main neighbours are darkened.

li = 2i + 1.

(3.16)

The coordinate of the j-th corner of the i-th ring (j is from 0 to 3) is Ci,j . For
zero corners we find
2
Ci,0 = li−1
= (2i − 1)2 .

(3.17)

Each next corner lies li − 1 cells from the previous one. Each corner of any ring
can be found by
2
+ j · (li − 1) = (2i − 1)2 + i· j.
Ci,j = li−1

(3.18)

The number of the ring, which contains a cell a, can be found by
» √
¼
d a + 1e
n(a) =
.
2

(3.19)

It will be sufficient to find only the four main neighbours, because
N4 (a) = N0 (N1 (a)) = N1 (N0 (a))
N5 (a) = N1 (N2 (a)) = N2 (N1 (a))
N6 (a) = N2 (N3 (a)) = N3 (N2 (a))
N7 (a) = N3 (N0 (a)) = N0 (N3 (a)).

(3.20)

Determining the neighbours for the cell a starts from the calculation of the ring
number, to which it belongs, using Eq. 3.19. Then one may determine the position
of the cell a inside the ring, comparing its coordinates with the corner’s coordinates
calculated using Eq. 3.18. All 9 possible positions have a corresponding row in Table 3.5.
Again, the origin of coordinates requires a separate discussion, because it represents all corners of the zeroth ring simultaneously. The following definitions should
be added: N0 (0) = 2, N1 (0) = 4, N2 (0) = 6, N3 (0) = 8, N2 (2) = 0, N3 (4) = 0,
N0 (6) = 0, and N1 (8) = 0.
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Position

0

Cn(a),0
(Cn(a),0 ; Cn(a),1 )
Cn(a),1
(Cn(a),1 ; Cn(a),2 )
Cn(a),2
(Cn(a),2 ; Cn(a),3 )

Cn(a)+1,0
Cn(a)+1,0 +
a−Cn(a),0 +1
Cn(a)+1,1 − 1
a−1

Cn(a),3
(Cn(a),3 ; Cn(a)+1,0 − 1)

a−1
Cn(a)−1,2 +
a−Cn(a),2 −1
a+1
a+1

Cn(a)+1,0 − 1

Cn(a),0

Neighbour’s Index
1
2
a+1
Cn(a)+1,0 − 1
a+1
Cn(a)−1,0 +
a−Cn(a),0 −1
Cn(a)+1,1 + 1 a + 1
Cn(a)+1,1 + a + 1
a−Cn(a),1 +1
Cn(a)+1,2 − 1 Cn(a)+1,2 + 1
a−1
Cn(a)+1,2 +
a−Cn(a),2 +1
a−1
Cn(a)+1,3 − 1
Cn(a)−1,3 + a − 1
a−Cn(a),3 −1
Cn(a)−1,0
a−1

3
Cn(a)+2,0 − 1
a−1
a−1
Cn(a)−1,1 +
a−Cn(a),1 −1
a+1
a+1
Cn(a)+1,3 + 1
Cn(a)+1,3 +
a−Cn(a),3 +1
Cn(a)+2,0 − 2

Table 3.5: Formulae for calculating all the main neighbours of the cell a, depending
on its position inside ring n(a) (can be calculated for the given a with the help of the
Eq. 3.19). All possible positions are presented in the first column. The remaining
columns correspond to each distinct neighbour’s index, as in Fig. 3.26.
The Grid of Hexagons
A possible spiral generalized coordinates for the grid of hexagons is presented in
Fig. 3.27. Corners of the rings are associated with six indices.
Enumerate the first rings cells with indices from 0 to 5 as shown in Fig. 3.28.
The same set of the functions discussed above should again be defined. The length
of the i-th ring edge is determined by
li = i + 1.

(3.21)

From Eq. 3.21 it follows that the perimeter of each next ring is six cells longer
then of the previous one. Taking into account that the perimeter of the first ring is
six cells, it is possible to determine zeroth corner’s coordinate in the following way
Ci,0 = 6 · Σ(i − 1) + 1,

(3.22)

where Σ(i) was defined above.
Each next corner lies li − 1 cells from the previous one. So, each corner of any
given ring can be found with
Ci,j = 6 · Σ(i − 1) + 1 + j · (li − 1) = 3(i2 − i) + i· j + 1.
The number of the ring, which contains a cell a, can be
&p
'
1 + 8 · da/6e − 1
n(a) =
.
2

(3.23)

(3.24)
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Figure 3.27: Spiral generalized coordinates for the grid of hexagons. Adjacent rings
are shown in different colors: white or light grey. All rings’ corners are colored in
dark grey. Corners’ indices are shown outside of the grid’s fragment.

Figure 3.28: Neighbours’ indices for the basic neighbourhood for the grid of hexagons.
Main neighbours are darkened.
All cell neighbours are main on the grid of hexagons. Nevertheless, it will be
enough to formulate a method, which allows to find only four by
N0 (a) = N5 (N1 (a)) = N1 (N5 (a))
N3 (a) = N4 (N2 (a)) = N2 (N4 (a)).

(3.25)

Despite of this fact, we will show how to find all neighbours without recursive
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operations.
Determining of neighbours for cell a starts from the calculation of the ring number
using Eq. 3.24. Then one may determine the position of the cell a inside the ring,
comparing its coordinates with corner’s coordinates calculated using Eq. 3.23. All 13
possible positions have a corresponding row in Table 3.6.
The origin requires a separate discussion, because it represents all corners of the
zeroth ring simultaneously. The following definitions should be added: N0 (0) = 1,
N1 (0) = 2, N2 (0) = 3, N3 (0) = 4, N4 (0) = 5, N5 (0) = 6, N3 (1) = 0, N4 (2) = 0,
N5 (3) = 0, N0 (4) = 0, N1 (5) = 0, and N2 (6) = 0.

3.2.3

Composite Generalized Coordinates for the Grid of Triangles

An effective composite method for generalized coordinates for a grid of triangles will
be discussed. It is based on the spiral coordinates for a grid of hexagons, described
in Sect. 3.2.2.
We use the fact that six triangles form a hexagon as in Fig. 3.29. So, we may
distinguish a “metagrid” of hexagons over the triangular grid. Generalized coordinates
may be introduced in the following way: first, spiral generalized coordinates should
be applied to such hexagons. Next a coordinate of a triangle can be retrieved as a
coordinate of a hexagon, multiplied by 6 with the added index of triangle inside the
hexagon. These indices can be seen in Fig. 3.29 in the zeroth hexagon.
In other words, if a is a cell on the grid of triangles (and, in the same time, it is an
integer number, which is equal to its generalized coordinate), H(a) is a spiral coordinate of composite hexagon, which holds it, and h(a) is an index of the corresponding
triangle within the hexagon.
a = 6H(a) + h(a).
(3.26)
H(a) = ba/6c
h(a) = a mod 6,

(3.27)

The resulting enumeration is presented in Fig. 3.29. Note that grid of hexagons is
turned counterclockwise in comparison with Fig. 3.27.
The same neighbour enumeration, as shown in Fig. 3.24 will be used for this
method. Coordinates of the m-th neighbours of a cell a can be retrieved, using the
following algorithm.
1. Calculate H(a) and h(a), using Eqs. 3.27.
2. Having h(a) and m get the corresponding value from Table 3.7 (lets denote it
as M ). If there is a diamond (¦) instead of a number in the corresponding box
of the table, then the m-th neighbour of the cell a on the hexagonal metagrid
belongs to the same hexagon H(a) as the cell a does. Otherwise it belongs to
the M -th neighbour of the hexagon H(a) in terms of spiral coordinates for the
grid of hexagons. That is why M is from 0 to 5, and moreover it may be equal
only to h(a), h(a) + 1 or h(a) + 2 modulo 6. So, each row contains exactly

a−1
Cn(a)−1,2 +
a−Cn(a),2 −1
Cn(a)−1,3
Cn(a)−1,3 +
a − Cn(a),3
a+1
a+1

Cn(a)+1,5 + 1
Cn(a)+1,5 +
a−Cn(a),5 +1
Cn(a)+2,0 − 1

Cn(a),2
(Cn(a),2 ; Cn(a),3 )

Cn(a),5
(Cn(a),5 ; Cn(a)+1,0 − 1)
Cn(a),0

a−1
Cn(a)−1,3 +
a−Cn(a),3 −1
Cn(a)−1,4
Cn(a)−1,4 +
a − Cn(a),4
a+1
a+1

Cn(a)+1,0 + 1
Cn(a)+1,0 +
a−Cn(a),0 +1
Cn(a)+1,1
Cn(a)+1,1 +
a − Cn(a),1
Cn(a)+1,2 − 1
a−1

1

Neighbour’s Index
2
3
a+1
Cn(a)−1,0
a+1
Cn(a)−1,0 +
a − Cn(a),0
Cn(a)+1,1 + 1 a + 1
Cn(a)+1,1 + a + 1
a−Cn(a),1 +1
Cn(a)+1,2
Cn(a)+1,2 + 1
Cn(a)+1,2 + Cn(a)+1,2 +
a − Cn(a),2
a−Cn(a),2 +1
Cn(a)+1,3 − 1 Cn(a)+1,3
a−1
Cn(a)+1,3 +
a − Cn(a),3
a−1
Cn(a)+1,4 − 1
Cn(a)−1,4 + a − 1
a−Cn(a),4 −1
Cn(a)−1,5
a−1
Cn(a)−1,5 + Cn(a)−1,5 +
a − Cn(a),5
a−Cn(a),5 −1
Cn(a)−1,0
Cn(a),0 − 1
a−1

Cn(a)+1,3 + 1
Cn(a)+1,3 +
a−Cn(a),3 +1
Cn(a)+1,4
Cn(a)+1,4 +
a − Cn(a),4
Cn(a)+1,5 − 1
a−1

4
Cn(a)+1,0 − 1
Cn(a)−1,0 +
a−Cn(a),0 −1
Cn(a)−1,1
Cn(a)−1,1 +
a − Cn(a),1
a+1
a+1

Cn(a)+1,4 + 1
Cn(a)+1,4 +
a−Cn(a),4 +1
Cn(a)+1,5
Cn(a)+1,5 +
a − Cn(a),5
Cn(a)+2,0 − 2

a−1
Cn(a)−1,1 +
a−Cn(a),1 −1
Cn(a)−1,2
Cn(a)−1,2 +
a − Cn(a),2
a+1
a+1

5
Cn(a)+2,0 − 1
a−1

Table 3.6: Formulae for calculating all the main neighbours of the cell a, depending on its position inside the ring n(a) (can
be calculated for the given a with the help of the Eq. 3.24). All possible positions are presented in the first column. The
rest columns correspond to each distinct neighbour’s index, adduced in Fig. 3.28.

Cn(a)+1,0 − 1

Cn(a),4
(Cn(a),4 ; Cn(a),5 )

Cn(a),3
(Cn(a),3 ; Cn(a),4 )

Cn(a),1
(Cn(a),1 ; Cn(a),2 )

Cn(a)+1,0
Cn(a)+1,0 +
a − Cn(a),0
Cn(a)+1,1 − 1
a−1

0

Cn(a),0
(Cn(a),0 ; Cn(a),1 )

Position
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Figure 3.29: Generalized coordinates for the grid of triangles based on spiral generalized coordinates for the grid of hexagons. Coordinates of triangles are shown as small
numbers. Big numbers refer to the coordinates of hexagons.
five diamonds, two cells with h(a), three cells with h(a) + 1, and two cells with
h(a) + 2.
3. Knowing, which hexagon the m-th neighbour of the cell a belongs to, and having
h(a) and m find the index of the required cell inside the hexagon (number from
0 to 5) in the Table 3.8.
4. After finding the coordinate of the containing hexagon and the index of the cell
inside it, the coordinate of the m-th neighbour for the cell a can be calculated,
using Eq. 3.27.
The advantage of this approach to the enumeration of neighbours results from
the fact that there is no need for two separate tables for different cells’ orientations.
All cells with even numbers are N-oriented, whereas all cells with odd numbers are
H-oriented.
Tests show, that this variant of the generalized coordinates for the grid of triangles
allows to find the nearest neighbours more than four times faster than the spiral
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h(a)
0
1
2
3
4
5

0
1
¦
¦
4
¦
¦

1
¦
¦
3
¦
¦
0

2
¦
2
¦
¦
5
¦

3
1
¦
2
4
¦
5

Neighbour’s
4 5 6
2 2 ¦
¦ ¦ 1
2 3 3
5 5 ¦
¦ ¦ 4
5 0 0

Index
7 8
¦ ¦
1 2
4 4
¦ ¦
4 5
1 1

9
0
2
¦
3
5
¦

10
0
3
¦
3
0
¦

11
1
3
¦
4
0
¦

Table 3.7: Indices of the neighbouring hexagons (in terms of the metagrid with spiral
coordinates introduced), which contain the nearest neighbours for the distinct triangle
cells. If “¦” is found in the corresponding cell, then the required neighbour belongs
to the same hexagon H(a), which the cell a belongs to.

h(a)
0
1
2
3
4
5

0
3
2
1
0
5
4

1
1
0
5
4
3
2

2
5
4
3
2
1
0

3
2
3
4
5
0
1

Neighbour’s
4 5 6
5 4 2
4 5 3
3 0 4
2 1 5
1 2 0
0 3 1

Index
7 8
3 4
2 5
1 0
0 1
5 2
4 3

9
2
3
4
5
0
1

10
1
0
5
4
3
2

11
4
5
0
1
2
3

Table 3.8: Indices of the nearest neighbours inside hexagons of the metagrid.

variant, presented in Sect. 3.2.2. This is caused by the complexity of a ring for the
grid of triangles and by deep recursive calls, which are required, when using the spiral
coordinates.
One may say that the efficiency of the spiral approach for the grid of triangles can
be significantly increased, by providing explicit formulae for the non-main neighbours.
Of course, this will eliminate recursion, but the complexity of a ring will aggravate
the situation, requiring much more positions to be considered.
Moreover, the composite approach has another important benefit: any neighbourhood for a distinct cell requires close to the same amount time. Nevertheless, when
dealing with spiral coordinates, if calculation of neighbours with indices 0, 1, and 2
(see Fig. 3.24) need an average time t, then calculation of neighbours 3, 5, 6, 8, 9,
and 11 will require an average time 2t. Finally, finding neighbours 4, 7, and 10 will
take an average time 3t.
The composite approach presents a general idea, which can be used in the different
manners: triangles can be grouped into a metagrid of parallelograms (metrics will be
the same as for squares), squares can be united into shapes similar to hexagons and
so on.
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3.3

Discussion

Generalized coordinates provide a universal approach to data storage. For different
kind of grids, regardless dimensionality, the same data structure – a one-dimensional
chain, is sufficient. The only thing that needs to be changed for a specific cellular automaton is a set of expressions for the cells nearest neighbours calculation. Serial data
can be serialized [16] and stored straightforwardly. All stream-based processing algorithms (for example, analysis, preprocessing, compression or other) are immediately
applicable.
Grid may be easily enlarged if necessary. Appending cells to the end of a chain
is simpler than a reallocation of a multidimensional block structure. At the same
time, it can be enlarged in the spiralk or another, but a predefined way. This is
not suitable for a case when unstructured grids need to be simulated. If the method
of coordinates introduction does not allow to follow the structure of a grid, then
prebuilding of adjacency lists of coordinates looks advantageous.
Moreover, adjacency lists can be of use to simulate periodic boundary conditions.
They can be combined with spiral generalized coordinates to find neighbours on the
boundary. At the same time, spiral generalized coordinates allow convenient of constant boundary conditions usage.
Offered approach in general has worse productivity being compared with the
Cartesian metrics case. We performed tests on the example of the Game of Life [78]
modelling on the 201 × 201 grid of squares. As a result we see that when using
the generalized coordinates the simulation is less than 1% slower. When the algorithm is more complex the benefit of Cartesian coordinates will become negligible.
Nevertheless, the overhead will be more significant, when running experiments on a
three-dimensional grid.
We also performed efficiency tests for the methods of generalized coordinates,
discussed in Sect. 3.2.2 and 3.2.3. Test were run on five different computing systems.
If we will assume the average time required to find a random neighbour using the
slowest method (spiral coordinates for the grid of triangles) as unity, then the method
of the
• spiral coordinates for the grid of squares is 3,92 times faster;
• composite coordinates for the grid of triangles is 4,44 times faster;
• spiral coordinates for the grid of hexagons is 6,17 times faster.
Cellular automata can be considered as general models of parallel computations
with in principle infinite extent of parallelism [17]. The same functionality could be
achieved with the help of infinite amount of Turing machines [23, 24]. Using generalized coordinates a system with infinite extent of parallelism can be mapped to
the system of finite quantity of Turing machines. A single machine used to represent a data storage (a tape) and finite quantity of machines are used for neighbours
calculation and synchronization. Their exact amount depends on the implementation.
k When

speaking about spiral generalized coordinates.
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Spiral generalized coordinates make a problem for the parallel computations, based
on domain decomposition, but there are many other ways of such coordinates introduction, which remain out of the scope of this chapter. When the enumeration of
cells will follow the Peano curve [93, 94] (for the grid of squares) or the Gosper-Peano
curve (for the grid of hexagons) of other space filling curves [93], it would be possible
to decompose the grid efficiently.

Chapter 4. Modelling 3D Tumour Growth

4.1

Introduction

Cancer is the second leading cause of death (after heart diseases) in developed countries [95]. Cancer represents a wide spectrum of pathologies, which can be commonly
characterized by an uncontrolled cells division, caused by a series of DNA mutations.
Normally, the balance between proliferation and programmed death (apoptosis) is
strictly controlled to save the integrity and structure of a tissue. This harmony will
be broken as soon as at least one cell will start to divide rapidly and unsupervised [96].
An effective cancer treatment is an objective for many scientists from different
fields. Not only biologists and clinicians should participate in the fight against the
disease. The role of mathematical modelling is gaining importance. Modern biological approaches are often unable to disentangle the underlying mechanisms of tumour
growth. This is where statistics and mathematical modelling make their contribution [97, 98].
Modelling gives an opportunity to predict the progress and the impact of different
treatment schemes. A large range of models for tumour growth in different tissues
have been proposed [99–110]. As was said in Sect. 1.1, explanation is the way for
validating the level of cognition. This “explanation” starts form the choice of the level
of abstracting, while creating the conceptual model, and this where the key problem
lies.
The phenomenon of tumour growth is extremely complex and consists of many
tightly coupled multiscale subphenomena. Despite the overwhelming amount of information that is available on many of these relevant processes, it turns out that
many details required for mathematical modelling (such as accurate values for model
parameters) are just not known. In Sect. 4.2 we will present an introduction to the
biology of tumour growth by enumerating and discussing the primary subphenomena.
A part of Sect. 4.3 is based on: A. Sottoriva, J. Verhoeff, T. Borovski, Sh. McWeeney, L.
Naumov, J. P. Medema, P. Sloot, L. Vermeulen. Cancer Stem Cell Tumor Model Reveals Invasive
Morphology and Increased Phenotypical Heterogeneity. Cancer Research. Vol. 70(1). 2010. pp 46–
56. Sect. 4.4 is based on: L. Naumov, A. Hoekstra, P. Sloot. Cellular Automata Models of Tumour
Natural Shrinkage. Physica A: Statistical Mechanics and its Applications. Vol. 390(12). 2011. pp.
2283–2290. Sect. 4.4.5 is based on: L. Naumov, A. Hoekstra, P. Sloot. The Influence of Mitoses
Rate on Growth Dynamics of a Cellular Automata Model of Tumour Growth. Procedia Computer
Science (ICCS-2010). Elsevier. 2010. 1(1). pp. 965–972.
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The second problem is validation of the models of tumour growth, which is due
to the relative lack of high quality dynamical data on tumour growth. In case of
humans, as soon a tumour has been detected treatment starts. That is why it is
hard to find a detailed description of the dynamics of untreated tumour growth in
time. The importance of validation as a final stage of the conformance between
the computational experiment and the phenomenon (see Fig. 1.1) rise the value of
this problem. On the other hand we do have a lot of in vitro data, and if we have
then it is often contradictory (for example compare the opinion of the proliferating
layer thickness in [111] and in [112, 113]). Nevertheless researchers are still creating
new models of fair validity, usually neglecting relevant subphenomena of the complex
process of tumour growth. An overview of existing models is provided in Sect. 4.3.
Sometimes two models are simulating very similar kinds of tumour, but demonstrate different growth patterns. At the same time there are data sets, which validate
each one. Moreover there still are several completely different sights on several subphenomena. This proves the fact that despite of the significant progress we are quite
far from understanding the tumour growth underlying mechanisms.
In Sect. 4.4 we are presenting two three-dimensional cellular automata based models of tumour growth. With the help of these models we study the relevance of the
tumour natural shrinkage and its influence on the growth regime. In addition we introduce several algorithmic substitutions to optimize computations and demonstrate
the fact that this does not influence the resulting growth regime. Moreover, involving
one of our models, we study the influence of the successful mitoses rate on the tumour
growth dynamics.

4.2

Biology of Tumour Growth

Tumour growth can be decomposed into a wide range of interconnected subphenomena. In Fig. 4.1 we enumerate key subphenomena and group them within following
scales:
Microscopic [µ], covering intracellular processes taking place on the molecular level.
Mesoscopic [m], covering the cellular scale.
Macroscopic [M], covering the tissue (tumour) scale.
We have listed most subphenomena, which are usually discussed in the field of
tumour growth modelling. The allocation to a specific scale is sometimes debatable,
Fig. 4.1 presents a possible view. Other authors have created a scale separation map of
tumour growth, basically proposing a comparable division into intra-cellular, cellular
and tissue level processes [114]. Subphenomena, which are usually not taken into
account in mathematical models of tumour growth shown in grey.
We ignore any processes related to treatment. Taking those into account would
significantly enlarge the figure.
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Figure 4.1: Key subphenomena, grouped into micro, meso and macro scales. Processes, which are often ignored in models, shown in grey. Several subphenomena
are represented by both microscopic and mesoscopic biological processes, so they are
shown on the overlapping area.
In the following we will discuss each of these subphenomena in terms of microscopic
(Sect. 4.2.1), mesoscopic (Sect. 4.2.2), and macroscopic (Sect. 4.2.3) scales. The
processes, which are “shared” between two scales will be discussed twice.

4.2.1

Microscopic Subphenomena

Initial mutations. Tumour growth is assumed to start from a single malignant
cell [111]. There is a theory that malignant cells appear in a body from time
to time, but are usually killed by the immune system. As soon as the immune
system fails to kill it the cancerous growth starts [115].
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Figure 4.2: Schematic representation of the cell cycle. Regulatory points in G1 and
G2 phases are shown with small arrows. G0 phase corresponds to a quiescent state
Each healthy cell can become a malignant one if it underwent at least two
DNA mutations. The first one is a mutation of a proto-oncogene, which is a
gene, involved in the cell cycle regulation process. If the mutation of the protooncogene results in an uncontrolled cell proliferation then the proto-oncogene is
an oncogene [116].
For example, an oncogene can express the protein, which will implement a
truncated receptor (without the exterior sensor, but with all the interior part).
This receptor can act as if the signal molecule is permanently connected thus
constantly promoting proliferation of the cell. This is one of many possible
mechanisms, used by oncogenes.
The second mutation should affect a tumour suppressor gene (or anti-oncogene).
Usually, proteins coded by such genes are able to slow down of even halt the
proliferation or promote apoptosis in case of a cell disease. There are number
of such proteins. The retinoblastoma protein (pRb) was the first tumour suppressor protein discovered. But growth of half of solid tumours starts from the
mutation of the gene, coding for the p53 protein.
Proliferation. Cell proliferation is a series of internal processes, which take place
in a cell finally leading to its duplication via mitosis. Four phases can be distinguished in the cell cycle: gap-1 (G1 phase), DNA synthesis (S phase), gap-2
(G2 phase) and mitosis (M phase) [116, 117]. After division, both mother and
daughter cell continue to proliferate entering the G1 phase. In Fig. 4.2 schematic
representation of proliferation is presented.
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During G1 and G2 phases the cell accumulates and prepares resources for DNA
synthesis (during G1) or mitosis (during G2). A key process during G1 and
G2 is self-verification of conditions of health. For example, the p53 protein
participate in DNA verification during the G1 phase. If errors are detected p53
will delay G1 until DNA has been repaired. It also is able to drive the cell into
apoptosis (see “Apoptosis”), if the DNA cannot be repaired. During G2 the two
copies of DNA are compared. Copy errors may also lead to the apoptosis. Even
during the S phase a special mechanism prevents erroneous genes to be put into
the synthesized DNA.
At the same time there are so called “regulatory points” [118] during the G1 and
G2 phases. After having passed it during the G2 phase the cell will necessarily
enter the M phase (even if the consequences can be fatal). The same applies to
entering S after the G1 phase.
The cell cycle is controlled by cyclins and cyclin-dependent kinases (CDKs).
Cyclins are special proteins, which are synthesized and destroyed by lysosomes.
During G1 the activity of CDKs is low because the relevant cyclin partners are
missing – their production is inhibited, and they are rapidly degrading. But
then cyclin synthesis is promoted, hence the CDKs are activated, and their
activity remains high during S, G2, and M phases, since this is necessary for
DNA replication and other processes occurring during the final stages of the
cycle. At the end of mitosis (in the anaphase) a protein complex is activated
and marks specific target proteins (such as cyclins) for degrading with the help
of the proteolytic machinery of the cell. This protein complex is composed of
a dozen of polypeptides and two auxiliary proteins: CDC20 (cell division cycle
protein 20) and CDH1 (CDC20 homologue 1). These two proteins present the
target proteins for labelling. Together, they label cyclins for destruction at the
end of the cycle, allowing the control system to return to G1. CDC20 and
CDH1 activity is also controlled by CDK complexes. However, CDKs control
each protein separately and while CDK activates CDC20 it inhibits CDH1 [115].
In Fig. 4.3 the dynamics of the concentration of several CDKs is shown.
Despite the large number of differences between the cell-cycle of cancerous and
normal cells, some mechanisms are common. In particular, regulation of the
transition through the check points is accomplished in both cases the CDK
network.
Quiescence (see also “Hypoxia”). Cells need three kinds of resources for supporting its life: glucose and oxygen for metabolism, and aminoacids as building
blocks [118]. A cell can enter a quiescent state called gap-0 phase (G0), for
example, due to lack of supporting resources or bad external conditions (high
concentration of toxins or physical pressure). In Fig. 4.2 the possible moment
of entering this state is shown with a dashed line [103–106].
Quiescence is a bit similar to anabiosis – all internal metabolic processes are
slowing down. Quiescent cells are much less susceptible to apoptosis than proliferating cells. Being quiescent, cells still exist in the morphological sense. They
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Figure 4.3: Dynamics of the concentration of several CDKs along the cell cycle. The
radial thickness of the hollow figures shows the relative concentration of CDK2A,
CDK2B, CDK2E, and CDK2D, CDK4D, CDK5D triplet in the corresponding moment of the cycle.
still are able to migrate (see “Migration”) and still need nutrients, but much less
than being proliferating (approximately, by a factor of ten) [99, 109]. This gives
them the opportunity to survive during lack of resources. The ability of cancer
cells to go into a quiescent state provides them with a remarkable resistance to
unfavourable conditions.
The transition to the quiescent state is reversible and the cell can get back to
proliferation. Many cells in human body are quiescent and some particular cells
be quiescent permanently [116].
Quiescence becomes a weapon of cancer cells, which might wait, being protected
from apoptosis, while normal cells are starving or dying, for example, from
chemotherapy. This allows malignant cell to wait for better times, for example,
until the local cell density will decrease and there will be more oxygen available,
so they can come back to the proliferating state.
Necrosis. Necrosis is the first kind of cell death [116]. It is provoked by external
causes such as lack of resources, spread of toxins, extreme pressure etc. As soon
as the cell dies, its membrane breaks, the intracellular liquid is flowing away,
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and all the consumable resources are absorbed by surrounding cells. Remaining
material should be processed by phagocytes (see “Immune system response”) if
they are able to find it. Otherwise the remains will start to degrade acting as
toxins and tumour angiogenesis factors (TAFs) (see “Tumour Angiogenic Factors
(TAF)”) simultaneously.
Apoptosis. In contrast to necrosis, apoptosis is a programmed cell death [116]. In
early literature it was also called “shrinkage necrosis”. Apoptosis can be triggered
by p53 in case of DNA damage, by hypoxia, by viruses etc.
One of the mechanisms of tumour invasion is that malignant cells are trying
to trigger apoptosis of neighboring normal cells on the boundary of the tumour
clot [108]. If the neighbourhood of a normal cell contains more normal cells than
cancer cells, then the threshold p53 concentration will be fixed to a higher value
than for the situation where there are more cancer cells than normal cells. As
a result, normal cells are more resistant to apoptosis if they have more normal
cells as neighbours.
Hypoxia (see also “Quiescence”). The lack of oxygen (or hypoxia) can be considered
as a special case, because the behaviour of the cell can differ from the situation
of lack of other resources, mentioned above in the discussion of quiescence. Hypoxia may lead to slowing down of the cell cycle without getting quiescent [116].
Such state can be called “arrest”, because the most of cell’s functions, including
proliferation, will be suspended. This mechanism is controlled by p27, whose
production is stimulated by hypoxia. Lower p27 concentration will result in
faster proliferation, lower apoptosis rate and lower normal cells mitotic activity [118].
Arrest is observed mostly in healthy cells. Malignant cells in conditions of
hypoxia can demonstrate both – arrest or quiescence.
Hypoxia also stimulates vascular endothelial growth factor (VEGF) secretion to
catalyze vessel growth and thus provide blood supply. Finally, hypoxia rises the
p53 concentration and apoptosis probability [108].
Senescence. Even in fine conditions cell life cannot last forever. There is the so
called Hayflick’s limit [119] for the maximum number of possible divisions a
single cell can undergo. In 1961 Leonard Hayflick showed that no human cell
divides more than 40–60 times. Later it was found that this is caused by the
fact that telomeres is shortened each time during DNA replication. However, it
can become too short to allow creation of a complete DNA copy. In addition,
histons (alkaline proteins, which package the DNA into nucleosomes) are also
loosing elasticity in time.
At the same time malignant cells do not suffer from senescence and usually are
immortal due to the activation of their telomerase genes [120]. Mutation of
such genes are involved in 85% of solid tumours (see “Initial mutations”). This
means that reactivation of telomerase in healthy cell increases the risk that it
can become malignant.
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Mitosis suppression. Cell mitosis can fail even after the regulatory point due to
external causes such as overcrowding, physical pressure, incoming intercellular
signals or other reasons. A malignant cells which is situated deep inside the
tumour has less chance to divide successfully than one on the periphery of the
tumour [121, 122].
Mitosis failure is discussed in literature, but there we no attempts to quantify
it. This subphenomemon is always neglected in tumour growth models, because
the rate of successful mitoses can hardly be observed and measured in vivo or in
vitro. In Sect. 4.4.5 we will perform an in silico study of possible mitosis rates.
Roles of proteins (p16, p21, p27, p53, p57). Life of a cell is regulated by many
proteins. Modelling a cell on the microscopic level will require the simulation of
the dynamics of their concentrations [118]. Only five proteins, which are now
considered as most important to tumour growth are discussed below.
P16 – CDK inhibitor 2A (see Fig. 4.3), a tumour suppressor protein, which
plays an important role in the cell cycle regulation. Mutations in p16 may lead
to miscellaneous cancers and often to melanoma [123]. Increased expression
of the p16 gene as organisms age reduces the proliferation of stem cells. This
will act as a cancer protection, but rises the chances for cellular senescence (see
“Senescence”). A chain of chemical reactions puts p16 concentration in tight
interdependence with concentration of p53.
P21 – CDK inhibitor 1. It plays a regulatory role of cell cycle progression
during DNA synthesis. Most of the time the expression of the gene, which codes
for p21, is controlled by the concentration of p53, but sometimes it is expressed
independently.
P21 can promote the growth arrest and cellular senescence. Not being able to
provoke cell death on its own, it inhibits apoptosis. This protein also participates
in a the stress response [124]. In term of tumour growth this means that it is
important for response to therapy. At the same time, mutations related to
p21 do not correlate with cancer. In contrary, experiments on mice showed
that the complete lack of p21 does not pose any problems in the organism
development [125].
P27 – CDK inhibitor 1B, one of the most important proteins, which was
already discussed (see “Hypoxia”). By blocking the activation of CDK2, p27
controls the cell cycle progression at G1 phase. It is also required early in
the cell cycle for the assembly of cyclin D1/CDK4 complexes. This allows to
conclude that in the beginning of the cell cycle p27 acts as a starter, but later
it takes a restrictive function, so lower p27 concentration will result in faster
cell cycle and lower apoptosis rate [108]. P27 is used by miscellaneous growth
factors to slow down the proliferation [115].
But the function and influence of p27 seems to be even more complex and is
not fully understood: “The current dogma has been that p27 is a classic tumour
suppressor... Our studies suggest a more complex role for p27. We found that
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p27’s role as a tumour suppressor requires two functional copies of the gene,
since the loss of a single copy of p27 results in increased susceptibility to breast
tumour formation. However, loss of both p27 alleles results in decreased growth
of breast epithelium, and a reduced frequency of breast tumour formation” [126].
In normal cells the production of p27 is controlled along the cell cycle, whereas
no such control has been assumed in cancer cells. Although p27 mutations are
quite rare in tumours, this plays significant role.
P53 – the most important tumour suppressor protein (see “Proliferation”,
“Apoptosis”). It is also called “the guardian of the genome”. The p53 gene
can activate DNA repair proteins, mediate apoptosis in various situations, such
as DNA damage, lack of resources, presence of certain cytokines etc. Cells,
which have lost p53 expression or have acquired a mutation in the p53 gene,
can survive in unfavourable conditions for longer periods than their wild-type
counterparts [116].
In normal cells, p53 expression stimulates apoptosis and may also inhibit VEGF
production (see “Tumour Angiogenic Factors (TAF)”). Mutations in p53 may
lead to an extremely dangerous scenario in which cells do not decrease VEGF
production rate and stop triggering apoptosis [108].
P57 – CDK inhibitor 1C is a negative regulator of cell proliferation, having
an ability to slow down or even arrest the cell in the G1 phase. On contrary, its
mutations may lead to uncontrolled cell proliferation and are associated with
sporadic cancers and the Beckwith-Wiedemann syndrome [118].
Tumour Necrosis Factor (TNF). From a chemical point of view, TNF is a group
of cytokines produced mainly by monocytes and macrophages and is a special
kind of an immune system reaction. TNF can induce cytolysis or apoptosis of the
tumour cells [127]. The way it triggers apoptosis is not involving p53, because
it is mutated in most of the tumour cells. TNF uses a special TNF receptor,
which is associated with procaspases and is able to cleave it. In addition it is
also able to trigger the caspase cascade leading to apoptosis.
The range of TNF functions is very wide. It is also able to interact with endothelial cell receptors to give leukocytes an opportunity to access an infection.
Except death it can provoke tumour cells to proliferate, differentiate, mutate,
depending on the conditions and tasks. But the primary role of TNF is in the
regulation of the immune cells. Mammals have a special TNF gene, providing
such a rich set of possibilities.

4.2.2

Mesoscopic Subphenomena

Proliferation. From the mesoscopic point of view we consider the cell as a closed
box, which is characterized (among the others) by its phase. The duration of
these phases is the key here. Assuming a total cell cycle duration of around 25
hours the actual division of a cell during mitoses will take 30–60 minutes. The
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G1 phase requires at least 9 hours. Of course there is a large biological spread
on these data, so in our models these durations will be of a stochastic character.
Another important mesoscopic note is that during M phase a cell is most fragile
and sensitive to external factors like treatments. In contrast it is mostly resistant
(excluding G0) during the S phase.
Necrosis and Apoptosis. The key question with regard to necrosis and apoptosis
at the mesoscopic scale is the difference between these two kinds of cell death.
First, usually necrosis happens with a group of cells, while apoptosis occurs
with individual cells. When dying due to necrosis, the cell is breaking with
a significant part dissolving. However, the rest remains until evacuated with
blood. On the other hand, apoptotic cells break apart into several vesicles
called apoptotic bodies, which are immediately phagocytosed, because apoptosis
is the result of systematic processes and the immune system is informed about
its occurrence. So, apoptosis leaves no remains, while necrosis does. This can
be relevant for future dynamics as these remains can start acting as toxins [116].
Hypoxia. Similar to necrosis, hypoxia is a phenomenon acting on regions of cells.
As was mentioned above, hypoxia triggers chemical pathways and promotes a
number of mesoscopic responses, such as VEGF release (see “Tumour Angiogenic
Factors (TAF)”), arrest, quiescence, and others [108].
Quiescence. A quiescent cell is even more resistant to external impacts than in the
S phase (see “Proliferation”). This state seems to be very advantageous for
malignant cells, but for most types of cells there is a principal limit of time,
which cell can spent quiescent [103–106].
Senescence. In some sense senescence may look almost similar to quiescence. The
only difference is that it is not reversible and necessarily leads to necrosis sooner
or later.
Tumour Necrosis Factor (TNF). Leaving all the details on the microscopic level,
TNF is a substance which is subject to diffusion. Moreover, two types of
TNF should be distinguished: TNF-α (known as cachexin or just “TNF”) and
TNF-β (known as lymphotoxin). They differ by their effect and concentration
ranges [118].
Adhesion. Cellular adhesion is binding of a cell to a surface – extracellular matrix or
another cell. Cell adhesion molecules (such as selectins, integrins, and cadherins)
and proteins play an important role for living organisms [116]. For example,
Alzheimer’s disease is caused by errors in the cells adhesion regulation.
Cell adhesion proteins hold solid tissues together. When a cell is dividing it
becomes round and looses connections with the substrate. There is a special
mechanism (see “Intercellular communications”), which allows only a few cells
to divide at the same moment in a local region of space. Otherwise this may
break tissue integrity. At the same time, malignant cells are characterized with
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much lower adhesiveness than their healthy counterparts, so this mechanism is
switched off for them. Moreover, if normal cells cannot divide without being
connected to the substrate prior to mitosis, tumour cells can hardly divide,
being tightly attached to the substrate.
Cancer can involve mutations in genes, corresponding to adhesion proteins. This
results in abnormal intercellular interactions [128].
Local pressure. The effect of local cell overcrowding influences all key processes
such as mitosis (it can fail due to high local pressure), apoptosis (it can be
triggered), necrosis (extreme pressure can result in necrosis), quiescence (cells
can try to survive by entering it). Local pressure depends on the tissue landscape: it is higher close to blood vessels, which bring resources to the cells. In
contrary, spread of toxins forces cells to migrate away. Cells can retrieve information about the pressure via intercellular communications from neighboring
cells [99, 107].
Intercellular communications. Three types of intercellular information exchange
can be distinguished by distance: juxtacrine signalling is happening if cells are
immediately attached to each other, paracrine signalling is possible on short
distances, and endocrine signalling is a large range communication [116].
In most of cases cells are interchanging information with the help of signalling
molecules which can bind to receptors. Endocrine signalling is performed by
hormones.
Among others, cells are exchanging information concerning the conditions in
which they stay. A cell can be informed about less crowded places and the
amount of resources in some neighbourhood (even not immediately close) and
make a decision about migratory actions (see “Migration”). Growth factors –
special proteins, which are capable of stimulating cellular proliferation, are often
triggered by signalling molecules interchange. Malignant cells can utilize this
feature if oncogenes code growth factors.
Tumour Angiogenic Factors (TAF). Solid cancers cannot grow beyond a limited
size. The only way in which glucose and oxygen can reach inner cells in isolated
tumours is by diffusion through outer malignant cells. In such situation only the
outermost layers of cells are supplied adequately, when the rest are suffering from
lack of resources. The lack of glucose and oxygen leads avascular tumour mass
to produce and release substances called TAF. These substances are diffusing
through the surrounding tissue. On reaching the vasculature TAF triggers a
cascade of events which initiates the growth of vascular structures into the
tumour (see “Vasculogenesis and angiogenesis”) to restore the supply of the
resources.
Vascular endothelial growth factor (VEGF) [129] is one of the best known chemical signal for blood vessels growth stimulation. TAF is a general class of substances, when VEGF is a subclass – the platelet-derived growth factors family
of cystine-knot growth factors. The functioning of VEGF consists in binding to
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tyrosine kinase receptors on the cell surface, activating them through transphosphorylation. As a result not all VEGF, which is diffused through the tissue, is
necessarily triggering vessel formation. When modelling this process free VEGF
and assimilated VEGF should be distinguished. The probability of contact with
a receptor defines the assimilation. VEGF degradation also plays key role in
the process [108].
In healthy tissue VEGF is secreted to generate the circulatory system during
embryonic development and restore vessels after they were damaged for some
reasons. VEGF is interacting not only with vascular endothelium (as one may
consider from its name), but is also involved into the stimulation of monocytes
and macrophages migration. VEGF secretion may also lead to the migration or
further differentiation of a cell. At the same time it can contribute to a disease
when it is overexpressed. Producing VEFG cancer is able to grow over the
avascular limit and produce metastasis (see “Three stages of growth”). Moreover,
VEGF overexpression can result in vascular diseases and malignant tissue is
often subjected to them.
Drugs based on VEGF secretion suppressors (like ranibizumab or bevacizumab)
are often used in cancer treatment.
Vasculogenesis and angiogenesis. The constructive evolution of the circulatory
system involves two major processes: vasculogenesis (the formation of the new
embryonic circulatory system) and angiogenesis (the growth of vessels from
existing vasculature). Angiogenesis may lead to anastomosis – the reconnection
between previously branched vessels, which leads to a kind of loops formation.
Due to anastomosis pathological fistulas can be formed [130].
In the vascularized tissue vessels form a high density network: for each cell there
should be a vessel at a distance of no more then five cells [108]. The formation
of this network is in tight connection with the tumour itself: vessels influence
tumour shape (by pushing cells, while growing into and by bringing resources),
while the tumour influence vessels (by secreting TAFs). In addition, vessels in
malignant tissue are very unstable (much less stable than in healthy tissue) and
can undergo a dematuration process after being assimilated into the tumour. As
a result, newly formed vessels of a previously avascular tumour clot can easily
collapse. At the same time the concentration of VEGF will remain high enough
to trigger angiogenesis, so the process will be restarted [108].
Influence of pH-factor. From the point of view of metabolism malignant cells behave similar to their healthy counterparts, consuming both: glucose and oxygen.
Glycolisis always results in a rise of acidity, and this becomes a weapon for a cancer, because the resistance of tumour cells is much higher. There is a theory that
cancer may promote the glycolytic phenotype (see “Phenotypical mutations”) in
order to increase the invasiveness [108].
The value of the pH-factor influences the cell cycle duration (the speed of proliferation) and cell survival probabilities.
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Influence of H+ . Another one side-effect of glycolytic phenotype is the rise of H+
ions concentration. H+ can also catalyze angiogenesis [108].
Natural shrinkage (see also “Necrosis”). Usually shrinkage is associated with tumour treatment, but in fact any neoplasm, where cells are subject to necrosis,
show shrinkage. After a cell dies due to necrosis its membrane disintegrates,
then all the fluid content flows out and diffuses away or is consumed by neighboring cells. As a result the remains occupy nearly one third of volume of the
living cell [103–107].
This may have relevance for determining the tumour growth regime, because
the necrotic core usually occupies more than half of the tumour volume (see
“Three layered structure”). Most models do not take natural shrinkage into
account [131]. That is why in Sect. 4.4 we present several mesoscopic models
of tumour growth with and without such shrinkage in order to illustrate its
relevance and influence to the growth regime.
Immune system response (see “Tumour Necrosis Factor (TNF)”). The immune
system is a complex of processes and biological structures aiming to protect
an organism against malfunctioning and invasions by identifying and killing
pathogens. The immune system governs leukocytes (white blood cells), which
behave like independent units, travelling inside the organism and taking care
of abnormalities. Leukocytes can be grouped into phagocytes (macrophages,
neutrophils, and dendritic cells), mast cells, eosinophils, basophils, natural killer
cells, and lymphocytes (B cells and T cells) [132].
One of the basic functions of the immune system is garbage collection and evacuation of cells remains (see “Necrosis” and “Apoptosis”). In addition, VEGF acts
as a macrophages attractor. While modelling this subphenomena one should account that macrophages and other immune system facilities are travelling with
the blood flow and thus are able to access only the neighbourhood of vascularized areas.
Due to their mutations malignant cells express antigens which are considered
by the immune system as foreign. Tumour antigens are presented in a way
similar to viral antigens and the response of the immune system is to destroy
the malignant cells by means of killer T cells. The immune system may also
involve natural killer cells into the tumour cell destruction if malignant cells
express fewer major histocompatibility complex (MHC) class I molecules on
their surface than their healthy counterparts [116].
Some tumours are trying to hide from the immune system. One of the possible mechanisms a cell can use is trying to reduce the number of MHC class I
molecules on its surface. This can hide the cell from T killers, but will attract
natural killers [132].
Some malignant cells are able to release immune response inhibitors such as
the TGF-β (transforming growth factor), which suppresses the activity of
macrophages and lymphocytes.
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Migration. Even when forming a tumour clot, malignant cells are moving inside it,
according to information from it’s receptors. The main reason for cells to move
is looking for better conditions. This means that all cells are trying to get close
to the surface of the clot, where the pressure and toxins concentration is less,
and the concentration of resources is larger. Important to note that not only
proliferating cells, but also quiescent cells are subjected to such migration (see
“Quiescence”).
At the same time experiments show that cells are migrating not only towards the
periphery. A significant number is migrating towards the center of the tumour
(necrotic core) [133, 134]. This inward flow is a requirement for saturation of
avascular growth. Without it, a constant flow of nutrients from the perfectly
vascularized tissue around the tumour will result in unbounded growth [99].
Two major types of migration should be distinguished. The first is chemotaxis
– motility according to chemical signals, in the direction of the largest concentration of an attractor (glucose, for example) or the smallest concentration of
an repeller (toxins or the products of degradation, for example). The second
one is haptotaxis – motility under the influence of an extracellular matrix. The
key role in this process belongs to fibronectin, which enhances cell adhesion to
the matrix. According to haptotaxis, a cell is trying to adopt its shape and to
move to minimize an energy of adhesion (see “Adhesion”).
The only time when cell cannot migrate is during mitosis, because all the internal
systems are focused on the division and ignore incoming information from the
receptors. Obviously, even in the M phase cells can still change their position
due to pressure (see “Local pressure”) if they are pushed towards neighbourhood
with lower cell density.
Phenotypical mutations. The term “phenotype” designates some characteristic of
a cell. Changes in phenotype are originated by the expression of definite genes
or influence of environmental factors. So, mutations which turn the cell into the
malignant state lead to phenotype changes.
Usually viable malignant cells have modified phenotype, which boosts their
invasiveness and resistance [135, 136]. That is why, as was mentioned above
(see “Influence of pH-factor”) tumour cells are promoting glycolytic metabolism.
Shifting of the proliferating cycle regulatory points is also observed (see “Proliferation”). They also try to overcome the Hayflic’s limit on the number of
divisions.
A healthy cell is not dividing all the time, but is waiting for a signal to divide
via the intercellular communications mechanism (see “Intercellular communications”). Malignant cells have a phenotype in which this mechanism is switched
off and they are dividing persistently.
Tumour phenotypical mutations cannot be neglected, because they influence
such properties as the shape of a tumour (because of the influence on invasiveness), speed of growth and the growth regime [137].
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Cancer Stem Cells (CSC). The theory of a CSC-driven tumour growth represents
a relatively new insight on the phenomenon [138]. Phenotypical mutations
makes malignant cells strong enough to win the competition against other cells.
This phenomenon was called “tumour Darwinism” [139]. But recent experimental evidence demonstrates the diversity in differentiation grade of malignant
cells. Cells with an immature phenotype expression seem to be the main vehicle of tumour growth, having unique opportunities to renew themselves and to
differentiate. Such features are known as attributes of normal stem cells. That
is why malignant cells with such abilities were named as CSCs.
The CSC concept sheds new light on the process of the malignancy formation,
but is still involved in a very few models of the growth [109, 110]. But even
several decades ago it was observed that malignant tumour cells can demonstrate
abnormal mitosis, producing three or more daughter cells [131]. Such “wild
division” is a typical feature of not differentiated cells.

4.2.3

Macroscopic Subphenomena

Three layered structure. From the macroscopic point of view, three layers can be
distinguished in an avascular tumour spheroid (see Fig. 4.4). The outermost
consists principally of the proliferating cells, which are close enough to the
nutrients supply from the healthy tissue. Then comes a quiescent layer. Cells
of this layer turn to a non-proliferating state because of lack of nutrients and
spread of toxins. The Necrotic core is a clot of remains of the dead cells, which
were suffering from lack of resources too long, while being quiescent [99].
The external supply of nutrients on the avascular phase of tumour growth often
results in a radially symmetric shape. Nevertheless, such growth is limited,
because the inward flux of nutrients is proportional to the area of the surface
of the spheroid. In other words is is proportional to the squared radius of the
spheroid, while the volume is proportional to the radius cubed. So, avascular
growth will stop, unless angiogenesis starts.
Three stages of growth. Three stages of cancer growth may be distinguished:
avascular growth, angiogenesis, and vascular growth. On the first stage the
tumour is growing in the absence of blood supply. As was mentioned above,
growth during this stage is limited by the amount of nutrients, which could
be obtained via the tumour surface. It cannot grow over few millimetres in
diameter, so the tumour starts to produce TAFs to promote vascularization.
As soon as the creation of a circulatory subsystem inside the malignant clot is
completed, the tumour enters the vascular stage and gets access to virtually
unlimited resources. It gets the opportunity to grow beyond the limit of the
avascular stage and produce metastasis. Metastasis represents a minimalistic
tumour clot. It can be brought by the blood flow to another location inside the
organism and is able to initiate the growth of another tumour there. So, while
the avascular phase of tumour growth is harmless, once it become vascular, it
is potentially fatal [108].
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Figure 4.4: Schematic representation of the three layered tumour structure.
Being in vascular stage, tumour can release great number of metastasis into the
circulation, but only less than 0.1% can survive and initiate a tumour growth
in another area of organism [140, 141].
From the medical point of view two main properties allow to classify the tumour:
the grade and stage of the growth. Unfortunately, there is no precise system
of tumour grading. It was agreed that it should be based on the degree of
malignant cells differentiation. Thus there is no gauge for the measure of this
parameter, it is empirical and subjective. Moreover, different parts of the same
specimen can vary in the degree of differentiation. So a biopsy in a random
point of a neoplasm cannot characterize the tumour as a whole.
On practice, medics use three grades: well differentiated, moderately differentiated, and poorly differentiated. One quarter of tumours falls into the first
group, one half into the second, and the remaining quarter into the third.
Circulatory system (see “Vasculogenesis and angiogenesis”). All processes, which
are related to the blood flow and angiogenesis should take an origin from the
preexisting circulatory subsystem, which exists in the tissue, surrounding the
neoplasm. The structure of the vessels is quite complex. Their radius is not
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constant, they are bifurcating and reconnecting. Simulation of these processes
requires knowledge, that is not yet available.
Moreover, the actual blood flow brings not only glucose and oxygen, with the
red blood cells, but also wide variety of white blood cells (see and “Immune
system response”).
Physical pressure. Local pressure, which appears inside a cellular mass should be
accounted for together with the pressure, which can be produced by macroscopic
objects around the tumour, such as bones and neighbouring organs.
These lists is not are by no means complete. Nevertheless we have included the
main subphenomena, which are involved into tumour growth. The effect of some of
them is underestimated (see grey nodes in Fig. 4.1). So, in Sect. 4.4 we are going to
present studies of two of them: natural shrinkage and mitosis suppression.

4.3

Overview of Existing Models

A lot of tumour growth models were proposed in last four decades [137, 142]. The
biological basis of the phenomenon was permanently being studied and refined during that time. This process is still not finished. So, each new finding as suggested
by experiments shed new light on the process of tumour growth. Conceptual models therefore were subjected to revisions, extensions and renovations based on new
experimental evidence.
The choice of scales, methods, and subphenomena to be included, multiplied by
the number of possible computational modelling vehicles results in many simulation
approaches. We will briefly describe some models, which played a significant role in
the history of the field. In the following overview models will be presented more or
less in chronological order, and named by the first author. The aim of this overview
is to show the progress in the fields, but also to point to relevant subphenomena that
have not been included into the state-of-the-art models for tumour growth.
In 1986 Adam offered [143] his by now classical one-dimensional continuous mathematical model of tumour growth. This model is based on the generalized
mitotic inhibitor (chalone) dynamics simulation. Based on [144] assumes that
the growth of a tissue is regulated by a threshold mechanism: there is a value
of chalone concentration, above which mitosis is not possible. Among others,
chalone provides a limit to the tissue dimensions limiting. Overcoming this
limit, the growth becomes uncontrolled∗ .
In comparison with model of Glass [144], which was offered 13 years earlier,
model of Adam requires much greater chalone production rate to achieve tissue stability, but this stability is achieved at much larger limiting dimensions.
At that time, which can be named as the initiation of the field, models were
competing on the level of gaps of validity and stability.
∗ Compare

these reasoning with the phenotypical mutations and cancer stem cells concept.

80

Chapter 4. Modelling 3D Tumour Growth

Next year Adam generalized the model to three dimensions [145, 146]. This
model was able to provide a qualitative description of the spheroid growth, but
it was not compared with the experimental data. An important note is that
the approaches of Glass [144] and Adam [143, 145, 146] did not incorporate any
volume loss mechanisms such as necrosis.
In 1993 Qi et al.[100] proposed a two-dimensional model of tumour growth, which
was accounting such microscopic subphenomena as cells proliferation, cytotoxic
behavior of the immune system, local pressure inside the tumour and some more.
This model is able to reproduce phenomenological Gompertz growth [147, 148].
The model is based on a cellular automaton with the grid of squares and von
Neumann neighbourhood. Each cell contains one of four objects: a healthy cell,
a malignant cell, a dead tumour cell or a complex, produced by phagocytes as a
product of the immune system reaction. The timestep equals one day. A cross
of five tumour cells is taken as the initial condition. Proliferation is modelled in
a probabilistic way. Moreover, a tumour cell is able to proliferate only if there
is at least one vacant cell nearby.
An automaton cell containing a complex can become unoccupied with a distinct probability. A dead cell is also able to dissolve. This mimics important
subphenomena, like infiltration of healthy tissue into the cancerous one due to
local pressure or migration and evacuation of cell’s remains with the blood flow.
Even more recent models are often neglecting this.
To compute the pressure, a large enough neighbourhood is taken into consideration to compute the number of malignant cells.
In the same year, Chaplain et al. [131] proposed a model of tumour growth based
on continuous inflation under the mechanical pressure from the environment
using results and techniques from nonlinear elasticity theory. Conditions and
restrictions for the processes of tumour invasion are formulated in terms of
the strain-energy function. Metastasis are interpreted as bifurcations of the
spherical shell, which is used to essentially model the tumour.
This formulation in terms of the strain-energy function exposes the difference
between two important classes of tumours: benign and malignant. The degree
of benign tumour cells differentiation is much higher. So, a being tumour has a
close resemblance to the originating tissue. The growth rates and the way of extension are different. Malignant tumours start with the exponential growth, but
as the tumour enlarges, the cell loss increases and the rate of growth gradually
slow down to linear. Benign tumours proliferate locally and grow by expansion, compressing the surrounding tissue, and thus causing its atrophy, while
malignant tumours grow by both expansion and infiltrating the surrounding
tissue.
The fact that malignant cells differ from the healthy cells from the mechanical
point of view at least by their adhesiveness to one another is also taken into
account.
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Elasticity theory describes the basic relationship between forces in a continuous
body and its shape. The deformation of the body can be described in terms
of the strain, which is directly related to the stress. Authors assume that the
underlying deformations, involved in the growth of solid tumours, are large and
thus they are using finite deformation elasticity theory to model the growth.
Initially, the tumour is assumed to be a sphere with a necrotic core inside and
a layer of proliferating cells around it. All cells are supposed to be identical
and presented as incompressible structures of constant volume. The layer of
proliferating cells is modelled as the membrane of a balloon being inflated. Such
membrane is characterized by a strain-energy function. The key misconception
of such modelling is caused by the fact that the membrane of the balloon should
physically grow (the amount of material increases, because of cells replication),
when it is not met in traditional balloons.
Chaplain et al. consider a thick layer of living cells and bifurcations into nonspherical configurations, abnormal mitoses (which can be considered as mimicking the phenotypical mutations).
Being interpreted from the oncological point of view, the physical model parameters have significant medical meaning: the strain-energy function represents the
degree of malignancy of the tumour and, at the same time, the degree of differentiation of the tumour cells. “Gaussian curvature” represents the local growth
rate of the surface of the tumour, “mean curvature” – the local variation of the
tension force over the tumour surface, which indicates the degree of spread of
the tumour versus invasion and metastasis. Classification of real tumours using
these three parameters will give the ability to determine all of the main factors
by grading and staging of simulated tumours.
Moving focus to the mechanical properties of cancer was quite novel at that time.
The model retains many important features of previous models, while introducing new qualitative measures of both tumour and malignant cells (macroscopic
and microscopic).
In 2000 Kansal et al. [101] created a three-dimensional cellular automata model of
tumour growth with an adaptive grid. It focused on malignant neuroepithelial
tumours such as glioblastoma multiforme. In this model growth starts from
a few malignant cells, then forms a multicellular spheroid, and proceeds to
macroscopic stages. Only on this latest stage a tumour can be detected with
clinical methods.
The authors consider the tumour as a self-organizing complex dynamic system
with Voronai tessellation, initially generated according to random sequential
addition. Traditionally, healthy cells are considered as vacancies, which can be
occupied by the malignant cells. Proliferation of cells is only possible if there is
at least one such “vacancy” nearby.
The resulting tumour represents an idealized spheroid with fluctuations on the
boundaries between proliferating, quiescent and necrotic layers. The approach
fits experimental data.
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In the same year Kocher et al. [102] presented a simulation of the cytotoxic and
vascular effects of radiosurgery in brain tumours. Radiosurgery is a kind of
cancer treatment, based on necrotizing of definite tissue regions.
This model is based on a three-dimensional cellular automaton with Moore
neighbourhood. Each tumour cell occupies single grid position, with a size equal
to 20 µm along all axis. The cell cycle duration is 5 days. A single tumour cell
is placed in the center of the grid as an initial state for the simulation. Cells are
dividing once per cycle duration. In order to desynchronize them a random value
from +2 to −−2 days is added. Daughter cell takes place in one of randomly
chosen neighboring positions. If the chosen position is occupied, then all tumour
cells and vessels are shifted.
The model of the circulatory systems assumes that capillaries can be positioned
at every seventh grid cell in any space directions (so, there will be no less than
140 µm between vessels). Tumour cells which are farther than 100 µm from
a blood supply are considered to be quiescent. Cells on a distance more than
140 µm are regarded as necrotic.
Irradiation simulation is based on a linear-quadric model [117, 149], which is
usually used for this. Survival probabilities are computed for proliferating and
quiescent cells separately. Cells hit by irradiation undergo mitotic death at their
next attempt to divide. Quiescent cells are dieing after one cell cycle if they
were lethally hit.
For simulation of angiogenesis, new capillaries are generated as soon as the capillary density in some area fell below 90% of “normal”. A model also accounts
for vessels occlusions. If a vessel was seriously hit by irradiation, occlusion may
occur at a random time point between the moment of irradiation and a maximum time of one year. After occlusion the vessel stops to deliver nutrients. The
model demonstrates the agreement with medical data, taken from 90 patients
with one to three brain tumours.
In 2002 Mansury et al. [122] offer an agent-based multiscale model of brain tumour growth. The behaviour of the system is controlled by both tumour cells
self-organization and interactions between them and the environment. This approach combines a mesoscopic and macroscopic look onto the system. Growth
stimuli like the presence of vessels, resources supply, and suppressors like toxic
metabolites are taken into account. Migratory behavior is modelled simultaneously by local and global search to emulate the spread of information via
receptors. Proliferation is simulated as a stochastic process with a dependency
from the local nutrients supply.
On the macroscopic level the model is evolving on a two-dimensional grid. Each
cell of the grid is characterized by the number of biological cells located in it
and its area. Biological cells can migrate, divide or die with some probabilities. Proliferation can occur only on the surface of the neoplasm, so mitoses
is assumed to be totally suppressed inside the tumour. Such view can hardly
be correct alongside with the assumption that all cells of proliferating layer are
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dividing. Nevertheless, the same assumption was made as early as in 1961 in
the model of Eden [150].
Dorman et al. [99, 107] presented a model for pattern formation of multicellular
tumour spheroids with the help of the two-dimensional hybrid lattice-gas cellular
automaton. The model explicitly simulates mitosis, apoptosis and necrosis as
well as nutrient consumption. A rare feature is modelling a diffusing chemotactic
signal, which is emitted by necrotic cells. This signal induces migration of
tumour cells towards its maximal signal concentrations. Local pressure also
influences migration.
The chemotactic motility induces an antagonistic process to tumour expansion
and this is why the lattice gas looks very advantageous. As was mentioned in
Sect. 4.2, if there would be no cell flow towards the necrotic core, but only motionless cells and cells moving to the periphery, it would result in the unbounded
tumour growth. That is why the two opposing populations are considered.
The lattice-gas automaton has four velocity channels and one resting channel.
Mitosis, apoptosis and necrosis rates depend on the local nutrient concentration
and the degree of overcrowding. Redistribution of cells is defined by rules which
account for adhesion, pressure (cells are pushed towards neighbouring cell with
lower density) and chemotactic motility (tumour cells desire to move into the
direction of the maximal signal gradient).
One malignant cell always occupies the rest channel, if there is another malignant cell in the neighbourhood. The other cells are distributed via channels
which point to less crowded neighbors. The density of a node is defined as the
number of tumour cells plus one third of the number of necrotic cells, which
represents a three times smaller volume. This density simulates the local pressure and represents a unique accounting of natural shrinkage for the mesoscopic
model.
In order to demonstrate the impact of active and passive cells motion, velocity
channels are associated with priorities, depending on the chemotactic signal.
The density and the priority-based ordering of velocity channels defines an interval from which a preference weight is randomly chosen.
The model reproduces realistic tumours with complex geometry (not just
spheroids) and correlates with experimental data.
Stamatakos et al. [103–106] present a macroscopic cellular automata model of
tumour growth and response to radiation therapy, which extends some ideas
from Kocher’s model [102], mentioned above, but without angiogenesis.
Each cell state (except necrosis and apoptosis) is associated with a maximum
duration and transitions probabilities. Authors use cytokinetic model offered
by Duechting et al. [117]. Nevertheless the conceptual model does not consider
individual biological cells. They are united into so called “geometrical cells” and
each of these geometrical cells corresponds to a cell of the automaton.
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Geometrical cell stores the amounts of biological cells for each state. If any of
these amounts become larger then a threshold, a new geometrical cell will be
created nearby and biological cells will be divided between the old and the new
geometrical cell. Chain shifting along a straight line is performed if needed.
In this way the tumour expands. Inversely, if any of the amounts of biological
cells becomes smaller than a given threshold, a geometrical cell will be collapsed
and remaining biological cells will be distributed between its neighbors. Chain
shifting may be used if needed. In this way the tumour can shrink.
Radiation therapy is modelled based on linear-quadric model [117, 149]. Fatally
damaged biological cells undergo two final divisions before death.
The model uses patient specific imaging data in combination with a detailed
description of cells evolution. Initial numbers of biological cells for each geometrical cell can be obtained from positron emission tomography (PET) images,
single photon emission computer tomography (CT) or functional magnetic resonance imaging [105]. As a result the model allows to predict the results of radiation therapy for a given patient and create individualized treatment schema.
The geometrical cells-based approach is very opportune for such study, because
imaging technologies cannot detect cells colonies smaller than a millimeter in
diameter. The amount of biological cells in each phase can be estimated according to the position of the corresponding geometrical cell within the tumour,
based on estimated metabolic activity in the local area.
The model is easily extensible. As an example, reference [106] explains how the
status of p53 was taken into account in addition to basic functionality.
In 2005 Alarcon at al. [108] developed a multi-scale model, accounting a wide
range of subphenomena. To be precise, it simulates the blood flow and structural adaptation of the vasculature, transport of oxygen, competition between
malignant and healthy tissue, cell division, apoptosis, VEGF release, and the
coupling between these processes.
On the top layer of the model there is a hexagonal vascular network. Each
individual vessel is assumed to undergo structural adaptation (changes in radius)
in response to different stimuli until the network reaches a stationary state. The
radius is assumed to be a parameter of vascular cells, and vessels thickening and
thinning does not result in additional cells. Nevertheless, the model accounts for
vascular adaptation, complex blood rheology (plastic deformations and fluidity)
and the red blood cell distribution at bifurcations.
On the intermediate layer (the cellular layer) there are intercellular interactions
and spatial distribution of cells. Authors distinguish healthy and malignant
cells, which are modelled as individuals. These two populations compete for
space and resources and malignant cells are usually better competitors. This
competition is introduced by simple rules, which connect intermediate layer with
the intracellular layer of the model.
On this bottom layer intracellular processes, like division, apoptosis, and VEGF
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secretion are modelled using ordinary differential equations and a cellular automaton with a two-dimensional grid with von Neumann neighborhood. The
state of each cell is an element of 13-dimensional space. Semantically, each cell
can represent one of four: empty space, malignant cell, healthy cell or vessel.
At the same time authors focused attention on how external conditions modulate
the dynamics of intracellular phenomena: how the level of extra oxygen affects
the division rate, the expression of p53 and the production of VEGF. Since
the spatial distribution of oxygen depends on both the spatial distribution of
cells (taken from cellular level) and the distribution of haematocrit (taken from
vascular layer), these processes at the intracellular layer are tightly linked to
the behavior of the other two layers: cell proliferation and apoptosis influence
the spatial distribution of the cells. The cellular and the intracellular layers
modulate the process of vascular adaptation through diffusion of VEGF and its
absorption by the endothelial cells lining the vessels.
The authors also offer some implications for therapy, but do not account migration and immune system response.
In 2006 Escudero [151, 152] proposed a model of a tumour as a competing process
between the tumour and the host. Malignant cell diffusion at the neoplasm
boundary demonstrates the strategy of minimizing the pressure and promoting
tumour development. Stochastic partial differential equations are used for the
model. Starting from Mullins-Herring equations [153, 154] to describe molecular
beam epitaxy Escudero derives an expression for diffusive drift and growth laws.
The model predicts the constant velocity growth regime. Linear stability analysis of radial solutions allowed to estimate the density distribution of new cells.
The fact that on later stages growth is characterized by deceleration of the
growth rate is not taken into account.
The model uses an assumption that the difference in local pressure is caused
mainly by geometric effects. This is just one of the simplifications. In [152]
an example of flower-like initial conditions in discussed. The model correctly
reproduces the geometry of tumour with spherical symmetry.
Khain et al. [155] offered a continuum model, which, in contrast to Escudero [151,
152], takes other subphenomena into account. The model assumes one nutrient
metabolism and uses two coupled reaction-diffusion equations for simulation of
cells and nutrient concentrations. When the amount of the nutrient and cells
diffusion coefficient exceeds some critical value, the propagating front becomes
unstable with respect to transversal perturbations. One of the goals was to
determine this instability threshold.
This work is inspired by in vitro experiments, where spheroids were put into
collagen-I gel and allowed to grow. The key task of this model is to satisfy the
following experimental observations: within the inside region rapid proliferation takes place, whereas in the invasive region cells have high migration rate,
but slower proliferation. The switch of phenotype is modelled by introducing
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a function, reflecting the dependency of the proliferation rate from the local
pressure.
The scope of macroscopic continuum models remain the same as the original
model by Adam [143, 145, 146]. That language of “proliferation coefficients”,
“consumption rates”, “densities”, and “spreads” belongs to a completely different
level of abstraction than real experimental data. Conceptual model creation
should account for this, otherwise it can evolve into the computational model,
which will depend on parameters, which cannot be determined precisely enough.
Ayati et al. [156] offered a multiscale continuous tumour growth model, which takes
molecular, cellular, and tissue level subphenomena into account. The model is
focused on the invasion of tissue by a tumour, under the assumption that the
surrounding tissue is an origin of vasculature.
The authors study functions, which describe the dynamics of the proliferating
and quiescent cells densities. These functions are considered versus sequences of
mutated phenotypes, surrounding tissue density, concentrations of oxygen and
toxins.
The numerical simulation in two dimensions shows that the interior core of
the tumour mass becomes necrotic, because of its increasing distance from the
oxygen supply provided by the exterior tissue. This was observed, while classifying cells into proliferating and quiescent only by their ability to diffuse and to
haptotactical motility.
The approach to simulation is worth special discussion. Authors apply Galerkin
methods of moving-grid, which provide higher-order accuracy, to age-, time-,
and space-dependent equations. Then authors solve each of these equations
by a combination of step-doubling and alternating directions implicit methods.
The model is considered as a template for handling a broader range of biological
problems, which can be easily extended by additional equations to account for
more subphenomena.
In 2007 Zhang et al. [157] proposed an agent-based model, including epidermal
growth factor receptor activation, TGF-α, glucose and oxygen tensions, migration and many other subphenomena. Vessels are modelled as trivial nutrient
source points. This work continues the one made by Mansury at al. [122] described above.
Each virtual tumour cell has four layers: external space (source of nutrients
and growth factors), cell membrane, cytoplasm and nucleus. A simplified cell
cycle model is used: it includes only mitosis, but despite this the influences of
hypoxia, p27 and phosphorylated retinoblastoma† proteins expression on the
cell division are taken into account. Models for these subphenomena were taken
from [108].
† Proliferation

inhibitor.
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Simulation is performed on the level of each single biological cell. Correlation
with experimental data is not discussed in the paper. The model covers a wide
range of subphenomena and has a huge number of parameters.
In 2010 Sottoriva et al. [109, 110] presented a two-dimensional cellular automata
model, based on the emergent cancer stem cells hypothesis [138]. Cancer stem
cells (CSCs) have unlimited replicative potential and self-renewal abilities, while
differentiated cancer cells (DCCs) are subjected to Haiflick’s limit. So discussed
model distinguishes CSCs and DCCs among the malignant cells. Authors assume that only CSCs contribute to tumour enlargement in the long run.
Model is implemented by a two-dimensional cellular automaton with von Neumann neighbourhood. A single biological cells is represented by a single automaton cell, which is assumed to correspond to 10 µm × 10 µm area of tissue. The
cell can be in one of four states: healthy, proliferating, quiescent, or necrotic.
Oxygen metabolism is considered, while glycolysis is neglected. Model is based
on the assumption that proliferation concentrates in the proximity of the tumour
surface. Mitosis suppression is simulated by the probability of division, which is
distributed linearly from 1 (on the surface of the neoplasm) to 0 (at the depth of
60 cells or 600 µm). If there is no vacant place for a daughter cell after division,
an outward chain shifting in used.
Oxygen around the tumour is kept constant by the vascular system. There are
oxygen concentration thresholds for proliferating cells to turn quiescent and for
quiescent cell to turn dead. In contrast to models, described in [103–106], there
is no quiescence duration limitation in this one. So, in principal, cell can stay
quiescent forever.
The model gives special attention to the invasiveness study. During the tumour
progress, malignant cells lose cell-to-cell attachment and that is why they become able to invade surrounding tissues [158]. This subphenomenon is modelled
using the hybrid discrete-continuum technique [128]. According to this technique cells dispersion is characterized by the random motion coefficient. The
cell adhesion is simulated in the following manner: for each malignant cell the
number of tumour cells in the neighbourhood is calculated and compared with
the adhesion coefficient, which is in the range from 0 to 4. So cells are moving
according to both a random motion coefficient and an adhesion coefficient.
CSCs divide symmetrically with probability PS and asymmetrically with probability 1 − PS . So, classical approach to tumour growth modeling, which neglects
CSCs, corresponds to P S equal to 1.
One kind of experiments with the discussed model consists in varying PS value
to study tumour dynamics and invasiveness for different CSC frequencies, while
the maximal number of DCCs divisions is limited (to 5 in [109]). Results of
such study are presented in Fig. 4.5.
Model is also able account tumour phenotypical mutations by assuming that
CSC division has a chance PM ut to acquire a genetic hit and generate a daugh-
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Figure 4.5: Invasive behavior in the CSC model. A shows that different PS values result in different CSC fractions. B demonstrates growth curves for different PS values.
In C quantitative measure for invasiveness shows increasing invasive behavior with
declining PS . D shows how the hierarchical organization affects tumour morphology.
Color legend for three left columns of D: cells which have divided within the last 48 h
are shown in dark grey (depicted larger); nondividing cells – in light grey; necrotic
core – the dark grey formation in the center (if any). Rightmost column reproduce the
same formation as its left neighbour, but in different color scheme to demonstrate the
localization of CSCs: tumour mass – in light grey; CSCs – in darker grey (depicted
larger). All figures represent 6 mm × 6 mm of tissue.

ter cell with a different phenotype selected from a randomly generated pool
of 30 phenotypes. Authors demonstrate that under an equal mutation rate
(PM ut = 0.1), the CSC model demonstrates a slower acquisition of new phe-
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Figure 4.6: Tumour evolution and phenotypical selection. Phenotypes are generated
randomly. A corresponds to equal mutation rates (PM ut = 0.1). The cumulative
amount of phenotypes is higher in the classical model (PS = 1) compared with the
CSC model (PS = 0.03). In B authors adapted PM ut to obtain an equal rate of
emergence of phenotypes. In C, under equal conditions, the phenotypes in the CSC
model are more diverse compared with the classical model.
notypes, due to its smaller effective population size, but also shows a radically
different selection process. Simulation results are shown in Fig. 4.6.
The work demonstrates that hierarchical organization of malignancies significantly contributes to the invasive morphology and increased heterogeneity of
tumours. Therefore it is a crucial issue for better understanding tumour biology
and to improve current cancer treatments.
The major properties of the models discussed above are summarized in Table 4.1.
Our model, which will be discussed in Sect. 4.4, is also included as the “Naumov et
al. [159, 160]” row.
Only eight classes of subphenomena were used to illustrate the differences between
the models. The task was not to cover the whole spectrum of subphenomena, discussed
in Sect. 4.2, but to show different directions in which models are tending to move.
If one model accounts cell senescence or adhesion, while others do not, this is not a
reason to put them into different classes. At the same time, accounting blood flow or
any kind of treatment may be such a reason.
Two modelling trends can be distinguished. Assuming that the table contains
most significant models, in period between 2000 and 2005 cellular automata were

90

Vessels

Positives

Negatives

Treatment

Migration

Phenotypes

Immunity

Adam
[143, 145, 146]
Qi et al. [100]
Chaplain et
al. [131]
Kansal et al.
[101]
Mansury et
al. [122]
Kocher et al.
[102]
Dormann et
al. [99, 107]
Stamatakos
et al. [103–
106]
Alarcon et al.
[108]
Escudero
[151, 152]
Khain et al.
[155]
Ayati et al.
[156]
Zhang et al.
[157]
Sottoriva et
al. [109, 110]
Naumov
et
al. [159, 160]

Subphenomena

Type
Cycle

Authors
[references]

Dimensions

Chapter 4. Modelling 3D Tumour Growth

1

math

−

−

−

−

−

−

−

−

2
3

CA
math

M
−

−
−

−
−

+
−

−
−

−
−

−
+

+
−

3

CA

M

−

−

−

−

−

−

−

2

agents

M

+

+

+

−

+

−

−

3

CA

M

⊕

−

+

radiation

−

−

−

2

CA

M+A

−

+

−

−

+

−

−

3

CA

full

−

+

−

radiation

−

−

−

2

CA

M+A

⊕

+

+

−

−

−

−

2

math

−

−

−

−

−

−

−

−

2

math

−

−

+

−

−

−

+

−

3

math

full

−

+

+

−

+

+

−

3

agents

M

+

+

+

−

+

−

−

2

CA

−

−

+

−

−

+

+

−

3

CA

full

−

+

+

−

−

−

−

4.4. Several Models of Tumour Growth

91

Table 4.1: A comparative survey of discussed tumour growth models. The first
column contains the name of the first author with reference, the second column
stores the dimensionality of the modelling realm, the third column presents the
applied formalism, used for model description and execution (“math” for continuous
equations; “CA” for cellular automata; “agents” for agent-based systems). Eight
remaining columns list the information about subphenomena. Column “Cycle”
shows, which biological phases of malignant cells are distinguished (“−” means none;
“M” means mitosis only; “M+A” means mitosis and apoptosis; “full” means the full
cell cycle). For the rest columns “+” means that subphenomenon is accounted (or
at least mimicked) and “−” designates that it is not. Column “Vessels” shows if
circulatory system related subphenomena are included ("⊕" designates that vessel
growth is “really modelled”, not just imitated, for example, in probabilistic manner).
Column “Positives” shows the accounting of subphenomena, which promote tumour
growth (like favourable cells conditions). Column “Negatives” shows the accounting
of subphenomena, which inhibit tumour growth (like spread of toxins). Note that
"Positives" are not the negation of "Negatives" and vice versa. Column “Treatment”
shows if any cancer treatment is modelled (here the type of treatment is mentioned
instead of “+”). Column “Migration” demonstrates if migration and locations
comparison mechanisms are taken into account. Column “Phenotypes” shows if any
phenotype distinguishing is simulated. Column “Immunity” designated if immune
system response (cytotoxic effects, elimination of tumour cells, white blood cells flow
etc.) is taken into account.

mostly used as computational vehicles. Then the attention has moved to continuous
models. Now attention returns to cellular automata.

4.4

Several Models of Tumour Growth

As was already mentioned in Sect. 4.1, here we will present two three-dimensional
cellular automata based models of tumour growth, with special attention to natural
tumour shrinkage simulation. Then we will study the influence of the successful
mitoses rate on the tumour growth dynamics, involving one of these models. There
was no three dimensional mesoscopic cellular automata model, which has payed special
attention to it. Some involve shrinkage implicitly [161], but a distinct rate of shrinkage
was not determined. In [107] it was accounted for two dimensional case, but its
influence was not studied.
Cellular automata [10, 19, 21, 84, 162] were chosen as basic simulations vehicle,
because they have proven their suitability and advantageous usability in the field of
biomodelling [99, 163].
The scientific community has produced significant results and software [32, 48]
based on cellular automata. The model was implemented with the help of the
CAME& L software environment [48, 49]. Results of the simulation were validated
against in vitro growth of the LoVo cells spheroid [164].
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4.4.1

General Considerations

On the level of conceptual models we choose a level of abstraction, which will give us
an opportunity of creating an approach to incorporate subphenomena on the module
basis. The aim is to be able to perform simulations with and without inclusion of
distinct modules, as it was recommended in Sect. 2.1 speaking about “extensibility”.
Traditionally, tumour growth models are based on the assumption that the process
starts from a single malignant cell [111]. In the current version of the model one
nutrient metabolism is considered. While neglecting angiogenesis, the healthy tissue
around the tumourous clot is supposed to be perfectly vascularized. Nutrient is
diffusing from the healthy area to the clot of malignant cells. As a result, normal
cells act as nutrition sources for the cancerous tissue. We model the tumour during
the early stage, when its size is not larger than several millimeters along each axis.
We assume homogeneous pressure, and neglect obstacles such as, for example, bones.
The simulation is always based on the number of assumptions. Tumour expansion
due to cell division or its shrinkage due to cell death are smooth processes in real
biological systems, but would be modeled with a set of volumetric jump (or number
of jumps) in silico. A schematic representation of the cell volume along the cell cycle
in vivo is shown in Fig. 4.7.a [165]. When modelling a biological cell with a single
automaton cell, this process is substituted with the burst-like expansion (Fig. 4.7.b).
At the same time, when using cellular Potts models [166] a single biological cell is
represented by a number of automaton cells and the expansion is performed smoother,
but still discreetly, of course.
The main question in cellular automata models of tumour growth is how to find
a place for a newborn cell. Two approaches are mostly used for this. The first one
consists in looking for a vacancy (a healthy cell) in the immediate neighbourhood of
the mother cell. Only the outermost tumour cells are considered to be able to divide
in this case. Such models reproduce observations that the proliferating rim should be
“several” cells thick. This is a trivial case of the mitosis inhibition due to overcrowding
and physical pressure inside the tumour [121].
The second way of expansion modelling in cellular automata is a chain shifting
algorithm [101, 103–106, 121, 167–169]. Cells are pushed outwards one by one along a
certain trajectory, starting from one of the mother cell’s neighbours. In most cases this
trajectory represents a straight line [103–106] (Fig. 4.8.a) or a random zigzag [109].
A newborn cell is placed to the newly freed vacancy (Fig. 4.8.b).
The same algorithm can be used for shrinkage modelling, but in this case cells are
shifted along the trajectory in the inward direction (Fig. 4.9).
The chain shifting approach has a number of disadvantages:
• This algorithm is not local and this affects its parallelization.
• Strictly speaking, this algorithm cannot be implemented as a synchronous cellular automaton, prohibiting the use of corresponding benefits, which can be
provided by an optimized cellular automata problem solving environment.
• The invasiveness of the tumour depends on the type of phenotypical mutations,
which occurred with its cells. Plane chain shift along straight lines will result
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Figure 4.7: Schematic representation of the cell’s volume dynamics along the cell cycle
(a) in biological system and (b) in its in silico model.
in a fussy boundary of the clot unless additional routines to maintain pattern
integrity will be involved [169].
In Sect. 4.4.2 we present an algorithm, which simulates shrinkage and expansion
using chain shifting. In Sect. 4.4.3 we describe an alternative to the chain shifting
algorithm, which represents a computational workaround. Validation of both algorithms is discussed in Sect. 4.4.4.

4.4.2

Algorithm 1. Basic

The algorithm is implemented with a three dimensional cellular automaton with
Cartesian metrics and Moore’s neighbourhood [26]. The timestep is equal to one
hour. This value was chosen as an appropriate compromise to represent the various
phases in the cell cycle, and to allow for some cell to cell variability in the duration
of the cell cycles.
Each automaton’s cell represents a single biological cell, with size 10 µm × 10 µm × 10 µm.
Each cell can be in one of the following biological states
• N corresponds to a normal tissue cell;
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Figure 4.8: Chain shifting along a straight line after cell division. The mother cell is
shown in black, the daughter cell is hatched. Cells are enumerated to illustrate the
order of the shift. Cell positions (a) before the shift and (b) after the shift are shown.
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Figure 4.9: Chain shifting along a random trajectory due to cell necrosis. A dead
cell is shown in black. Cells are enumerated to illustrate the order of the shift. Cell
positions (a) before the shift and (b) after the shift are shown.
• TM , TG1 , TS , and TG2 designate different phases of the proliferating malignant
cell’s cycle;
• TG0 denotes a quiescent malignant cell;
• D represents the mortal remains of dead cells.
Initially all cells of the grid are normal biological cells, except the center one, which
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holds a malignant cell ready for mitosis (in TM state). The cell cycle is modeled as
follows: in good conditions a malignant cell is continuously transiting through phases
of the cycle – TM , then TG1 , then TS , then TG2 and again TM . The amount of
timesteps which a new phase has to last is randomly generated at the moment of
the cell’s transition to a new phase, according to known statistical data [170]. To
determine the moment of a transition the generated duration is compared with the
amount of steps spent in the current phase.
The duration of the TM phase is always assumed to be one timestep. As mentioned
in Sect. 4.4.1 mitosis inside the tumour can be prohibited due to overcrowding and
physical pressure. A cell, which is situated deep inside the tumour, has less chance
to divide successfully than an outer one [121]. This can be modeled in a probabilistic
manner, however the exact “rate of abandoned divisions” can hardly be measured in
vitro or in vivo. In our approach the inner cells fail to divide with a probability of
30%. This is an average probability of a mitosis failure, which was calculated using
algorithm 2 described in Sect. 4.4.3. We will further study the influence of the mitoses
rate on growth dynamics in Sect. 4.4.5.
Being in the mitotic phase, in case of a successful mitosis, a chain shift in random
direction along a straight line is performed starting from the mother cell. A newborn
cell in the TG1 phase is placed to the disengaged cell, which is a mother cell’s neighbour. As was mentioned in Sect. 4.4.1, such kind of chain shift will result in a very
fussy boundary of the growing clot. That is why we introduced one more operation:
move the outermost malignant cell of the trajectory to one of its vacant neighbours
(neighbours in N state), if it is closer to the center of the tumour. This imitates the
pressure between the healthy tissue and the cancerous formation.
One nutrient metabolism is considered, which is diffused into the clot of malignant
cells from the outside. Cancer cells act as sinks, and the healthy tissue acts as source.
Diffusion is much faster than the time step used to model the cell cycle. Therefore,
at each time step we compute a steady state field of concentration of the nutrient.
Metabolism is simulated for malignant cells only, with normal tissue acting as a
nutrition source, due to the assumption that it is perfectly vascularized.
The key parameter of the model related to the metabolism is the consumption rate
per hour, which defines the amount of nutrient sufficient for the proliferation. When
the level of nutrient gets below this threshold the cell turns quiescent. In this state the
cell needs much less nutrient. Quiescent cells do not change their states unless they
return to proliferation or die [108, 115]. The cell can stay quiescent no longer then
a fixed amount of time [103–106]. The cell returns from quiescence to proliferation
(transits to the phase TS ) if the local level of nutrient is above the consumption rate
for the proliferating state, otherwise it dies.
Simulation of shrinkage concerns necrosis. Once a cell dies it transits to the D state
with probability 1/3, otherwise it collapses due to chain shift in a random direction
along a straight line from the tumour center to the died cell. All cells along the line
should be moved one by one in the inward direction.
Both outward and inward shifts should be performed after all cells of the grid have
been considered on the current timestep. In was implemented by providing two lists,
which store the coordinates of cells, which initiated the shifts. During the timestep,
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the first list accumulates coordinates of all mother cells for the outward shifts and
the second collects 2/3 of died cells coordinates for inward shifts. After all cells were
considered, the shifts are executed.

4.4.3

Algorithm 2. Optimized

In this section an alternative for the chain shifting algorithm is proposed. In this
approach we do not look for a place for a newborn cell near the mother cell, but
on the surface of the tumour. This substitutes chain shifting of cells one by one
in the outward direction by placing the daughter cell directly to the outer end of
the chain. This purely computational trick can be used when such local cellular
phenomena as adhesion and influence of pressure are neglected. Taking Hayflick’s
phenomenon [115] into account also needs to abandon the usage of such approach,
but during the avascular stage of tumour growth cells are dying due to the lack of
resources earlier than after 50 divisions.
The destination point, where a newborn cell appears, is found with the help of a
random walk from the mother cell.
Such “teleportation” of newborn cells was used in [121], but in that work all malignant cells are equal, because the authors did not distinguish the phases of a cell
cycle and the division had a probabilistic character. Our algorithm distinguishes cell
phases and will therefore result in concentration of cells in the TG1 phase closer to
the surface, but this is not critical due to the fact that cells on the surface would not
die immediately, having sufficient supply of nutrient.
For tumour shrinkage modelling, each third cell, which is subjected to death via
necrosis, turns to the D state. The other two thirds turn to a new state H, which
corresponds to “holes” – virtual empty spaces. Holes have a volume equal to that of
a single cell. They should be eliminated from the modeled mass due to reshuffling.
Their life cycle consists in getting out of the tumour by flowing to the surface. As
soon as they reach the normal tissue they turn into state N . Holes are changing
their position according to a random or direct walk in the outer direction. On each
timestep a hole is swapped with one of its neighbouring cells, chosen randomly or
according to a walking strategy.
In other words, if according to algorithm 1, described in Sect. 4.4.2, the chain shift
should be performed immediately (see Fig. 4.9), here we offer to execute this process
step by step as shown in Fig. 4.10. A number of such holes walking steps in succession
will lead to total elimination of holes from the tumour. If the total elimination would
be performed after each iteration, this would be the same as the shrinkage simulation,
utilizing the chain shifting along a random trajectory.
The fact that holes are moving at the speed of one cell per timestep gives the newborn cells a chance to occupy holes before they get out. This will improve effectiveness
of both: newborn cells placing and holes walking.
Tumour shrinkage and expansion can now be implemented with the help of a
synchronous cellular automaton. Random walking is also not a local operation (as
the chain shifting), but it can be implemented, having read only access to one data
plane and write only access to another if the set of data fields associated with the
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Figure 4.10: Hole random walk step by step in the outer direction, assuming that the
resulting random trajectory is the same as on Fig. 4.9. The hole is hatched.

cell will be enlarged by one boolean flag. This flag is significant only for holes and
normal cells. It is “true” if on the current timestep they have already found their
inhabitants (newborn malignant cells) and cannot be considered as candidates for
any other transitions. A better way is to create a separate data plane for this flag,
because there is no need to store two copies of it. One more reason to implement
it as a separate plain is the fact that this is the only data field, which will require
a synchronized access in case of parallel implementation. The same could be also
achieved utilizing just a synchronized list of the coordinates of newly occupied cells.
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4.4.4

Experiments

Gompertz Law Based Validation
One of the key approaches to the validation of the in silico tumour growth consists in
the volumetrical comparison with in vivo or in vitro data. The kinetic behavior of a
tumour growth process can be reproduced by the Gompertz law [147, 148, 164, 171–
173] which is widely used for these purposes.
The law can be written in the following form:
³a
´
V (t) = V0 exp
(1 − exp(−b t)) ,
(4.1)
b
where V (t) is the tumour volume in time; V0 the initial volume; a the initial
instantaneous tumour growth rate; b the growth retardation factor.
Knowing V0 it is possible to describe the growth with two parameters: a and b.
The validation procedure consists in the comparison of these two parameters for the
in silico data with the same values known for real in vitro or in vivo specimen.
Demicheli et al. [164] report the following values for the in vitro growth of the
mice LoVo cells spheroids:
a = 0.04 ± 0.01 h−1 ,
b = 0.0022 ± 0.0007 h−1 .

(4.2)

Moreover, they postulate a strong linear correlation between both parameters:
a = (7 ± 1) b + (0.023 ± 0.002).

(4.3)

Experimental Setup
Before starting experiments it is necessary to tune the model to reflect the in vitro
tumour composed of LoVo cells. In Table 4.2 parameters of the model are presented
with their values.
Name
G1DurationMean

SDurationMean

Comment (Measure)
Tumour cell’s gap-1 phase mean duration (in hours). In [170] durations of
all phases of the murine sarcoma 180
cell’s cycle are reported. The cycle duration for that type of tumour cells is
19.8 hours, while for mice LoVo cells it
equals to 29.3 hours [174]. Values for
the cell cycle phases for LoVo cells were
obtained by proportional scaling from
the values for murine sarcoma 180 cells
Tumour cell’s DNA synthesis phase
mean duration (in hours). For details
see the G1DurationMean description

Used Value
12.3 h

12.5 h
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G2DurationMean

G0MaxDurationMean

G1DurationSD

SDurationSD

G2DurationSD

G0MaxDurationSD

NutrientConsumptionProlif
NutrientConsumptionQuiesc
NutrientDiffusion

Tumour cell’s gap-2 phase mean duration (in hours). For details see the
G1DurationMean description
Tumour cell’s gap-0 phase mean duration (in hours). This value represents not the exact prolongation of the
cell’s quiescence, but the maximal possible duration of the dormancy. Value
obtained from data published in [175].
Such order of magnitude is also presented in [176]
The standard deviation for tumour
cell’s gap-1 phase duration (in hours).
For details see the G1DurationMean description
The standard deviation for tumour
cell’s DNA synthesis phase duration
(in hours).
For details see the
G1DurationMean description
The standard deviation for tumour
cell’s gap-2 phase duration (in hours).
For details see the G1DurationMean description
The standard deviation for tumour
cell’s maximum gap-0 phase duration
(in hours) [175].
The amount of nutrient consumed by
proliferating cell per hour (in grams per
hour) [107]
The amount of nutrient consumed by
quiescent cell per hour (in grams per
hour) [107]
Nutrient diffusion coefficient (in square
meters per hour) [111]

3.5 h

147.5 h

12.3 h

3.75 h

1.4 h

30 h
7.2 · 10−11 g/h
9.38 · 10−12 g/h
1.52 · 10−7 m2 /h

Table 4.2: Model parameters and their values used for the experimentation.
Validation and Discussion
Experiments were performed with the setup, described in Sect. 4.4.4, on a grid of
201 × 201 × 201 cells. This size (and, consequently, the maximum dimensions of an
in silico tumour) was chosen to stay well in the avascular growth regime.
Four variants of algorithms were tried. Namely,
• algorithm 1 with shrinkage (Algorithm 1);
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Figure 4.11: Number of cells as a function of time is shown for the run of algorithm 2
(one datapoint per 10 hours of model time). We also draw the best fitting Gompertz
curve with a=0.0367 and b=0.00230.
• algorithm 1 without shrinkage (Algorithm 1NS);
• algorithm 2 with shrinkage (Algorithm 2);
• algorithm 2 without shrinkage (Algorithm 2NS).
For every experimental run values of a and b were calculated. One example of the
correspondence between the in silico data obtained using algorithm 2 and the best
fitting Gompertz curve is shown in Fig. 4.11.
Average values of parameters calculated from 15 runs for all four algorithms are
summarized in the Table 4.3, as well as the a/b ratio.
All simulation results agree with the experimental values reported in Eq. 4.2.
Moreover, all four sets demonstrate the linear correlation between parameters (Eq. 4.3).
Fig. 4.12 shows growth curves corresponding to average results, achieved utilizing
all variants of algorithms. This figure together with Table 4.3 shows that algorithm 1
(with and without accounting shrinkage) reproduces the same spectrum of growth
regimes as algorithm 2. So, despite the fact that the second algorithm has a number
of procedures, which are not realistic from a biological point of view, it reproduces
the same dynamics as the approach which is commonly used.
At the same time Fig. 4.12 shows a significant difference between the results with
and without shrinkage. Taking shrinkage into account influences not only the volume
values, but also the growth pattern (see the difference between a/b ratios in the
Table 4.3). Being a compromise between linear and exponential processes, growth
without accounting shrinkage has a stronger exponential character. Moreover, it
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Algorithm
Algorithm 1
Algorithm 1NS
Algorithm 2
Algorithm 2NS

a [h−1 ]
0.0353 ± 0.0015
0.0334 ± 0.0002
0.0361 ± 0.0008
0.0342 ± 0.0006

b [h−1 ]
0.00221 ± 0.00011
0.00186 ± 0.00004
0.00227 ± 0.00007
0.00191 ± 0.00005

a/b
15.93 ± 0.42
17.94 ± 0.26
15.86 ± 0.29
17.90 ± 0.17

Table 4.3: Mean values and standard deviations for a, b and a/b ratios for results,
achieved with both algorithms with and without shrinkage.

Figure 4.12: Growth curves corresponding to average growth parameters for algorithm 1 (solid grey line), algorithm 1NS (dashed grey line), algorithm 2 (solid black
line) and algorithm 2NS (dashed black line).
saturates later and weaker. This illustrates the fact that exclusion of shrinkage from
the model can have significant impact on the growth dynamics.
At the same time, algorithm 2 has avoided several shortcomings of algorithm 1
listed in Sect. 4.4.1 and has several more benefits, which are listed bellow.
• Parallel implementation of algorithm 1 requires global synchronization of data
access and the control of the shifting trajectories crossing. This will lead to a
unbalanced load on different nodes. Algorithm 2 is also not local, but it can be
implemented, providing synchronized access to a field of single boolean flags, as
explained earlier.
• In contrary to an algorithm 1, algorithm 2 could be implemented by a synchronous cellular automaton.

Duration (in hours)
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Figure 4.13: Execution period (in hours) as a function of model time when using
algorithm 1 (grey line) and algorithm 2 (black line).
• Algorithm 2 will produce a tumour with a smooth boundary, providing a good
starting point for accounting the invasiveness, involving special routines for this.
Fig. 4.13 shows a comparison of execution time until a distinct timestep. Nutrient
diffusion is a very time-consuming part for both algorithms. It takes 44% of the total
time. At the same time, parallel implementation of algorithm 2 should demonstrate
much better performance than parallelized algorithm 1 due to reasons mentioned
above.
The spread of the results achieved with the help of all algorithms is much more
compact than for the in vitro data. This agrees with the fact that the amount of
simulated biological subphenomena is marginally small. Excluding other influent
processes means less uncertainty of the resulting values.

4.4.5

The Influence of Mitoses Rate on Growth Dynamics

The fact is that mitosis inside the tumour can be prohibited due to overcrowding,
physical pressure, incoming intercellular signals or other reasons. A cell, which is
situated deep inside the tumour, has less chance to divide successfully than one on the
periphery of the tumour [121]. The rate of successful mitoses can hardly be observed
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Figure 4.14: Amount of timesteps, needed for the modeled tumour to reach 201 ×
201 × 201 cells size versus the successful mitoses rates.
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Figure 4.15: Maximal, minimal, and average values of a (shown in black) and b (shown
in grey) versus the successful mitoses rates.
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Figure 4.16: Maximal, minimal, and average values of a/b ratio versus the successful
mitoses rates.
and measured in vivo or in vitro. At the same time it can be easily simulated in silico.
Our objective here is to study the dependency of growth dynamics on this parameter.
We assume that the mitosis rate is uniformly distributed over the inner cells of
the proliferating tumour layer. In vivo or in vitro this is different and there is a
dependency between a chance to divide and the depth of the cell disposition. While
the exact character of this dependency is questionable, we assume that the successful
mitosis rate is the same for all cells inside the tumour. This assumption is not critical,
accounting that a proliferating rim is usually several cells thick [111, 177].
Using the same experimental setup as above, we will validate the results against in
vitro growth of the LoVo cells spheroid [164], trying to draw conclusions concerning
the realism of distinct successful mitosis rates.
For these experiments algorithm 2 without shrinkage was used as a most traditional
one, to study pure mitosis rate influence. In Sect. 4.4.1 we used a constant rate of
70%. Here we consider a range of values.
We have performed five experiments for each of the following successful mitoses
rates: 10%, 20%, 30%, 40%, 50%, 55%, 60%, 65%, 70%, 75%, 80%, 85%, 90%, and
100% (despite the last value not being realistic). The step is shortened between 50%
and 90%, because, as we will demonstrate, this region represents the major interest.
Again a grid of 201 × 201 × 201 cells was used.
We measured the time (in cellular automaton steps) needed for the tumour to
reach a 201 × 201 × 201 cells size as a function of the successful mitoses rates. The
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results, averaged over the five experiments, are shown in Fig. 4.14.
The maximal, minimal, and average values of a and b for a given successful mitoses
rate are presented in Fig. 4.15. Starting with a successful mitoses rate of 20%, both
Gompertzian growth parameters fall into the range of values as observed in vitro
(see Eq. 4.2). At the same time, only starting from 60% almost all pairs of these
parameters satisfy the linear correlation, given by Eq. 4.3. Only 2 of 40 experiments
produce a and b values, which do not comply with it. At the same time, for a successful
mitoses rate of 55% and below no single set of parameters pairs is in agreement with
the linear correlation. This allows to make an assumption that at least 55% of inner
proliferating tumour LoVo cells are dividing (see Fig. 4.16).
The global trends for a and b as function of the successful mitoses rate are as follows: a is growing and stabilising, while b is descending. At the same time, both parameters are tightly interdependent. This is illustrated by the fact that their spreads
(relative magnitude of difference between minimal and maximal values) and relative
positions of the average values look similar for any given successful mitoses rate. Their
interdependency results in the fact that the average a/b ratio is monotonously growing as one may see in Fig. 4.16. This conforms with the expectations: the role of the
exponential component of growth is rising with the successful mitoses rate, when the
role of intrinsic saturation becomes less meaningful. Nevertheless, there is a limit in
the avascular exponential growth, so a is stabilising.

4.5

Conclusions

This chapter described two models of avascular tumour growth, including the phenomenon of tumour shrinkage. Despite its simplicity, the results demonstrate a
strong compliance with biological data in terms of the parameters of the Gompertzian
growth. Moreover it is illustrated that ignoring shrinkage may have consequences not
only for the final volumetrical results, but also for the observed growth pattern.
We propose two algorithms for tumour shrinkage modelling. One is based on the
traditional chain shifting algorithm, while the second offers several novel computational adaptations. Agreement between both algorithms with biological data and with
each other allows to conclude that the second algorithm can be used as a substitute
for the first one.
Moreover, having no ability to measure such microscopic parameter as the successful mitoses rate in real biological system, we can draw some conclusions about
its magnitude, based on the simulation presented in Sect. 4.4.5 and in vitro experiments of larger scale [164]. Our results suggest that at least 55% of inner proliferating
tumour LoVo cells are dividing (see Fig. 4.16). Detailed study conforms with the expectations that the growth obtains more exponential character if the proportion of
mitotic cells inside a tumour is increasing.
In Sect. 4.4.2 we use a value of the successful mitoses rate, which was computed
during the simulations as a rate of the successful random walks from an inner malignant cell outside. A length of the walking trajectory was limited by a squared distance
from the cell to the geometrical center of the tumour. Note, that the artificially com-
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puted result was 70%, which falls into the range of possible rates.
At the same time, we also studied another way of approaching tumour growth
modeling Among the overviewed models we have described the method based on the
cancer stem cells concept [109, 110]. Our work demonstrates that hierarchical organization of malignancies significantly contributes to the invasive morphology and
increased heterogeneity of tumours. As a result we may conclude that taking the subphenomenon of stem cells into account is important for better understanding tumour
biology.

Chapter 5. Summary, Discussion and
Conclusions
The work presented in this thesis addresses a special class of problem solving environments, which can be called cellular automata based modelling environments. Utilizing
natural parallelism of cellular automata, such tools represent powerful facilities for
modelling large scale complex phenomena in many application domains from science
and engineering to economics and social sciences.
A lot of representatives of this class were created in last several decades. It may
seem that authors of these facilities are not using the experience of each other, trying
to reproduce marginally the same functionality in each of the cellular automata based
modelling environments. Design of a universal, extensible and handy tool of this
class requires a deep study of both fields: a problem solving environments common
functionality and general expectations from the cellular automata modelling facility. Creation of significantly beneficial and conceptually new cellular automata based
modelling environment CAME& L is a central thread, which runs through this thesis.
In Chapter 2 we pose the following scientific question: what are the invariant
requirements for a general cellular automata based modelling environment? To answer
we united known requirements for the problem solving environments with the needs
of researchers, who use cellular automata for computational models creation, and
obtained a list of nine common requirements. After this we compared existing cellular
automata based modelling environments versus this list to find out the flaws in their
functionality and feature sets. The fact that all nine requirements were taken into
account by some of existing tools allows to conclude that we formed a list of the
invariant requirements for a general cellular automata based modelling environment.
But none of the existing facilities totally satisfy all of them∗ .
The main bottleneck we point out is the niche specialism of each distinct existing environment. Most of them have latent orientation on a specific domain, or
have significant restrictions allowing a distinct subclass of the cellular automata. At
least, usually tools support grids of limited dimensionality, have predefined sets of
neighbourhoods, possible cells’ states etc.
We have motivated the necessity of a new environment called “CAME& L ” (the
“Cellular Automata Modelling Environment & Library”), which represent a next level
∗ One may say that in Table 2.1 JCASim and SIMP/STEP (alongside with CAME L ) got positive
&
marks for all the requirements, but, as it is written above that table, the tool gets positive mark
even if there was any step made in the direction of the requirement. This does not mean that the
tool satisfies it totally.
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problem solving environment in this field. CAME& L allows to model even a wider
class of systems than “cellular automata”. It was achieved with the help of the cellular automata based computational experiment decomposition, which distributes the
functionality of a general computational model between five independent components.
The fact that these components are independent plays a key role, allowing to
assemble the automaton required for computational model from building blocks. If
needed, one of the blocks can be modified or replaced.
We hope that creation of such a universal facility, which can be extended, incorporating new algorithms, approaches and technologies, can stop the process of endless
and wasteful creation of new cellular automata based modelling environments, giving the community a common tool. This would streamline solutions interchange and
knowledge sharing.
To prove that CAME& L is suitable for this, we present examples of its usage to
produce scientific results, solving both theoretical and practical problems in one-, twoand three-dimensions.
Chapter 3 is devoted to its applications for the theoretical research and consists
of two major sections. In Sect. 3.1 the classification of structures generated by onedimensional binary cellular automata from a single seed have been performed. We
juxtapose all 256 possible structures of this kind and group them, basing on different
invariant operations. In this case CAME& L allows to answer following scientific questions: how many and what kind of classes of equivalence can be distinguished among
these structures? What is the number of really different shapes of structures, which
do not represent mirror reflection, inversion or offsets of each other? Seventy variants
of classifications have been performed and numbers of classes were calculated for each
of them. According to the research we made a conclusion that there are 54 different
kinds of shapes of structures generated by one-dimensional binary cellular automata
from a single seed. In addition, it was shown that it is possible for a structure generated by an automaton with cells, which have memory, to belong to the same class as
a structure, generated by an automaton with memoryless cells.
Another theoretical application is presented in Sect. 3.2. Cellular automata based
computational experiment decomposition, which lies in the basis of CAME& L design,
offers to detach metrics into a separate part of the computational model definition.
This gives an opportunity to use non-standard coordinate systems seamlessly. We
offer to call a mapping of multidimensional grid structures into one-dimensional as
“generalized coordinates” introduction.
CAME& L allows to test and study different methods of generalized coordinates
introduction, providing a universal way of data storage for the completely different
grids. The only thing need to be changed for the particular grid is a set of expressions
for the neighbours calculation. These expressions are the main content of a metrics
component.
We have considered cellular automata with two-dimensional grids, composed of
regular polygons. There are three possible grids of this kind: grid of triangles, squares,
and hexagons. For each of this grids we proposed so called “spiral generalized coordinates”, which represent helical enumeration of cells around the one, which was chosen
as an origin of coordinates. For each of grids there is a formalism, which gives ex-
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plicit expressions for main neighbours lookup, when other neighbours can be found
recursively. We demonstrate that such enumeration is mostly effective for the grid of
hexagons, because all cell’s neighbours are main on it. At the same time, it shows the
worst productivity for the grid of triangles, because for this case only one quarter (3 of
12) of neighbours are main. That is why we propose a special way of the generalized
coordinates introduction for the grid of triangles.
Six triangles can compose a hexagon. Consequently we can consider a metagrid
of hexagons over the grid of triangles. Effective spiral generalized coordinated for the
grid of hexagons can be introduced on the metagrid. Final generalized coordinate
of a triangle is obtained as a composition of its index inside the hexagon and a
coordinate of containing hexagon on the metagrid. Such approach outperforms even
spiral generalized coordinates for the grid of squares.
Usage of generalized coordinates give an opportunity to enlarge the grid easily,
because appending of cells to the end of a chain is much simpler than the reallocation of a multidimensional block structures. Moreover, in this case the state always
presents a serial data and can be serialized straightforwardly.
At the same time, cellular automata are general models of parallel computations with in principle infinite extent of parallelism. The same functionality could
be achieved with the help of infinite amount of Turing machines [23, 24]. Using the
generalized coordinates a system with infinite extent of parallelism can be mapped to
a system of finite quantity of Turing machines. A single machine used to represent a
data storage (a tape) and finite quantity of machines are used for neighbours calculation and synchronization. Exact amount of machines depends on the implementation.
Generalized coordinates introduction along the space-filling curves [93] were widely
used in computational physics for the numerical methods. Such enumeration optimises the calculations for the processor’s stack [94]. Being executed on the modern
hardware, the overheads of the offered generalized coordinates introduction methods
are neglectable.
Chapter 4 demonstrates an application of CAME& L for a practical task: threedimensional tumour growth modelling. A complex multiscale process of tumour
growth can be divided into a number of interconnected subphenomena. Deep overview
of these subphenomena and existing models brings us to a conclusion that tumour
natural shrinkage, which requires special attention, is deliberately neglected by models. That is why we demonstrate its relevance and influence on a growth regime.
This rises a question about the validity of models, which neglect this phenomenon † ,
because its influence is significant even from the resulting volume point of view.
Several approaches to the tumour shrinkage modelling are presented and comparatively studied. Some innovations, which can look as nonsense from the biological
point of view were introduced for computational reasons. Their influence to the realism of the model was the third scientific question, which had been posed in Sect. 1.4:
does purely computational tricks influence the realism of in silico tumour growth?
CAME& L gave an opportunity to conclude that this influence is negligible on the
early stages of avascular tumour growth. We demonstrated that the substitution of
† Among the models, which were subjected to a review, only the one made by Dorman et al. [99,
107] accounts it on the cellular mesoscopic level.
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the chain-pushing by looking for a vacant place using random walking does not influence the growth regime. This substitution results essentially in the abnormality
of cells distribution from the biological phases point of view. Majority of outermost
cells will be in G1 phase, when in real system there is no such extremum of G1-cells
concentration on tumour surface. But the point is that exactly for the outermost cells
this does not matter, because they would not be subjected to quiescence or necrosis
in closest time, because they are close to the nutrition source.
In addition we presented a tumour successful mitoses rate study. Having no ability to measure such microscopic parameter in real biological system, we can draw
some conclusions about its magnitude, basing on the simulation performed with
CAME& L and in vitro experiments of larger scale [164]. Our results suggest that
at least 55% of inner proliferating tumour LoVo cells are dividing.
In Sect. 4.4.2 we use a value of the successful mitoses rate, which was computed
during the simulations as a rate of the successful random walks from an inner malignant cell outside. A length of the walking trajectory was limited by a squared distance
from the cell to the geometrical center of the tumour. The artificially computed result
was 70% and it falls into the range of possible rates.
Among the overviewed models we have described another look to tumour growth
modelling, which we have used [109, 110]. This approach is based on the cancer stem
cells conception. Our work demonstrates that hierarchical organization of malignancies significantly contributes to the invasive morphology and increased heterogeneity
of tumours. Accounting stem cells is a crucial issue for better understanding tumour
biology and to improve current cancer treatments.
Presenting CAME& L applications for the theoretical and practical research, we
have also demonstrated its usability for one-dimensional (Sect. 3.1), two-dimensional
(Sect. 3.2), and three-dimensional (Chapter 4) problems. This proves the fact that
CAME& L is a universal and powerful problem solving environment suitable for a
complex research in a wide spectrum of scientific areas.
In future research we plan to continue applying CAME& L to the tumour growth
modelling, studying the later stages of neoplasms formation. At the same time different approaches to the generalized coordinates introduction should be tested and
compared. Moreover, we are planning to present research in new fields of cellular
automata application, done with CAME& L .

Appendix A. Sample Classes of Structures
Generated by 1D Binary Cellular Automata
from a Single Seed
A.1

Nontrivial E-classes

Each item represents a non-trivial class of invariance as above. Class members are
represented by the numbers of transition functions. Classes are sorted by the minimal
number of the contained transition function.
1. {0, 8, 32, 40, 64, 72, 96, 104, 128, 136, 160, 168, 192, 200, 224, 232}
2. {1, 33}
3. {2, 10, 34, 42, 66, 74, 98, 106, 130, 138, 162, 170, 194, 202, 226, 234}
4. {3, 35}
5. {4, 12, 36, 44, 68, 76, 100, 108, 132, 140, 164, 172, 196, 204, 228, 236}
6. {6, 38, 134, 166}
7. {7, 19, 21, 23, 31, 55, 63, 87, 95, 119, 127}
8. {11, 43, 47}
9. {14, 46, 142, 174}
10. {16, 24, 48, 56, 80, 88, 112, 120, 144, 152, 176, 184, 208, 216, 240, 248}
11. {17, 49}
12. {18, 26, 82, 90, 146, 154, 210, 218}
13. {20, 52, 148, 180}
14. {28, 156}
15. {50, 58, 114, 122, 178, 186, 242, 250}
16. {70, 198}
111

112

Appendix A. Sample Classes of Structures Generated by 1D Binary Cellular Automata...

17. {81, 113, 117}
18. {84, 116, 212, 244}
19. {129, 161}
20. {139, 171}
21. {151, 159, 183, 191, 215, 223, 233, 235, 237, 239, 247, 249, 251, 253, 255}
22. {173, 189}
23. {203, 217, 219}
24. {206, 238}
25. {209, 241}
26. {220, 252}
27. {222, 254}
28. {229, 231}

A.2

EIMO-classes

Class members are represented by the numbers of transition functions. Classes are
sorted by the minimal number of the contained transition function:
1. {0, 8, 32, 40, 64, 72, 96, 104, 128, 136, 151, 159, 160, 168, 183, 191, 192, 200,
215, 223, 224, 232, 235, 237, 239, 247, 249, 251, 253, 255}
2. {1, 33, 123}
3. {2, 10, 16, 24, 34, 42, 48, 56, 66, 74, 80, 88, 98, 106, 112, 120, 130, 138, 144,
152, 162, 170, 173, 175, 176, 184, 187, 189, 194, 202, 208, 216, 226, 229, 231,
234, 240, 243, 245, 248}
4. {3, 17, 35, 49, 59, 115}
5. {4, 12, 36, 44, 68, 76, 100, 108, 132, 140, 164, 172, 196, 203, 204, 207, 217, 219,
221, 228, 236}
6. {5}
7. {6, 20, 38, 52, 134, 148, 155, 166, 180, 211}
8. {7, 19, 21, 23, 31, 55, 63, 87, 95, 119, 127}
9. {9, 65, 111, 125}
10. {11, 43, 47, 81, 113, 117}

A.2. EIMO-classes

11. {13, 69, 79, 93}
12. {14, 46, 84, 116, 139, 142, 143, 171, 174, 209, 212, 213, 241, 244}
13. {15, 85}
14. {18, 26, 82, 90, 146, 154, 165, 167, 181, 210, 218}
15. {22}
16. {25, 61, 67, 103}
17. {27, 39, 53, 83}
18. {28, 70, 156, 157, 198, 199}
19. {29, 71}
20. {30, 86, 135, 149}
21. {37, 91}
22. {41, 97}
23. {45, 101}
24. {50, 58, 114, 122, 178, 179, 186, 242, 250}
25. {51}
26. {54, 147}
27. {57, 99}
28. {60, 102, 153, 195}
29. {62, 118}
30. {73}
31. {75, 89}
32. {77}
33. {78, 92}
34. {94}
35. {105}
36. {107, 121}
37. {109}
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38. {110, 124}
39. {126, 129, 161}
40. {131, 145}
41. {133}
42. {137, 193}
43. {141, 197}
44. {150}
45. {158, 214}
46. {163, 177}
47. {169, 225}
48. {182}
49. {185, 227}
50. {188, 230}
51. {190, 246}
52. {201}
53. {205}
54. {206, 220, 238, 252}
55. {222, 254}
56. {233}
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[100] A. S. Qi, X. Zheng, C.-Y. Du, and B.-S. An. A cellular automation model of cancerous
growth. Journal of Theoretical Biology, 161:1–12, 1993.
[101] A. R. Kansal, S. Torquato, G. R. Harsh, E. A. Chiocca, and T. S. Deisboeck. Simulated
brain tumour growth dynamics using a three-dimensional cellular automation. Journal
of Theoretical Bioliology, 203:367–382, 2000.
[102] M. Kocher, H. Treuer, J. Voges, M. Hoevels, V. Sturm, and R. Mueller. Computer
simulation of cytotoxic and vascular effects of radiosurgery in solid and necrotic brain
metastases. Radiotherapy and Oncology, 54:149–156, 2000.
[103] G. S. Stamatakos, D. D. Dionysiou, E. I. Zacharaki, N. A. Mouravlinsky, K. S. Nikita,
and N. K. Uzunoglu. In silico radiation oncology: Combining novel simulation algorithms with current visualization techniques. Proceedings of IEEE, 60:1764–1777,
2002.
[104] D. D. Dionysiou, G. S. Stamatakos, N. K. Uzunoglu, K. S. Nikita, and A. Marioli. A
four-dimensional simulation model of tumour response to radiotherapy in vivo: Parametric validation considering radiosensitivity, genetic profile and fractionation. Journal
of Theoretical Biology, 230:1–20, 2004.
[105] D. D. Dionysiou, G. S. Stamatakos, N. K. Uzunoglu, and K. S. Nikita. A computer
simulation of in vivo tumour growth and response to radiotherapy: New algorithms
and parametric results. Computers in Biology and Medicine, 36:448–464, 2006.
[106] D. D. Dionysiou and G. S. Stamatakos. Applying a 4D multiscale in vivo tumour
growth model to the exploration of radiotherapy scheduling: The effects of weekend
treatment gaps and p53 gene status on the response of fast growing solid tumours.
Cancer Informatics, 2:113–121, 2006.
[107] S. Dormann and A. Deutsch. Modeling of self-organized avascular tumour growth with
a hybrid cellular automaton. In Silico Biology, 2:393–406, 2002.
[108] T. Alarcon, H. M. Byrne, and P. K. Maini. A multiple scale model for tumour growth.
Multiscale Modeling & Simulating, 3:440–475, 2005.
[109] A. Sottoriva, J. Verhoeff, T. Borovski, S. McWeeney, L. Naumov, J. P. Medema,
P. Sloot, and L. Vermeulen. Cancer stem cell tumor model reveals invasive morphology
and increased phenotypical heterogeneity. Cancer Research, 70(1):46–56, 2010.
[110] A. Sottoriva, P. Sloot, J. P. Medema, and L. Vermeulen. Exploring cancer stem cell
niche directed tumor growth. Cell Cycle, 9(8):1472–1479, 2010.

124

References

[111] Y. Jiang, J. Pjesivac-Grbovic, C. Cantrell, and J. P. Freyer. A multiscale model for
avascular tumour growth. Biophysical Journal, 89(205):3884–3894, 2005.
[112] A. C. Burton. Rate of growth of solid tumours as a problem of diffusion. Growth,
30:157–176, 1966.
[113] J. P. Freyer and R. M. Sutherland. Regulation of growth saturation and development
of necrosis in EMT6/Ro multicellular spheroids by the glucose and oxygen supply.
Cancer Research, 46:3504–3512, 1986.
[114] R. WcisÃlo, W. Dzwinel, D. A. Yuen, and A. Dudek. A new model of tumor progression
based on the concept of complex automata driven by particle dynamics. Journal of
Molecular Modeling, 2009. Submitted.
[115] G. M. Fuller and D. Shields. Molecular Basis of Medical Cell Biology. Appleton and
Lang, Stamford & Connecticut, 2006.
[116] B. Alberts, A. Johnson, J. Lewis, M. Raff, K. Roberts, and P. Walter. Molecular
Biology of the Cell. Garland Science, 5 edition, 2007.
[117] W. Duechting, W. U. anr R. Lehrig, T. Ginsberg, and E. Dedeleit. Computer simulation and modeling of tumour spheroid growth and their relevance for optimization of
fractionated radiotherapy. Strahlentherapie und Onkologie, 168:354–360, 1992.
[118] G. M. Cooper and R. E. Hausman. The Cell: A Molecular Approach. Sinauer Associates Inc., 5 edition, 2009.
[119] C. Harley, A. Futcher, and C. Greider. Telomeres shorten during ageing of human
fibroblasts. Nature, 345:458–460, 1990.
[120] R. Pearl. The Rate of Living. Being an Account of Some Experimental. Studies on the
Biology of Life Duration. Alfred A. Knopf, New York, 1928.
[121] D. Drasdo. Coarse graining in simulated cell populations. Advances in Complex Systems, 8:319–363, 2005.
[122] Y. Mansury, M. Kimuraz, J. Lobozy, and T. S. Deisboeck. Emerging patterns in
tumour systems: Simulating the dynamics of multicellular clusters with an agent-based
spatial agglomeration model. Journal of Theoretical Biology, 219:343–370, 2002.
[123] N. C. Dracopoli and J. W. Fountain. CDKN2 mutations in melanoma. Cancer Surveillance, 26:115–132, 1996.
[124] R. Rodriguez and M. Meuth. Chk1 and p21 cooperate to prevent apoptosis during
DNA replication fork stress. Molecular Biology of Cell, 17(1):402–412, 2006.
[125] K. Bedelbaeva, A. Snyder, D. Gourevitch, L. Clark, X.-M. Zhang, J. Leferovich, J. M.
Cheverud, P. Lieberman, and E. Heber-Katz. Lack of p21 expression links cell cycle
control and appendage regeneration in mice. In Proceedings of the National Academy
of Sciences, volume 107, pages 851–860, 2010.
[126] C. Manley. P27 protein’s role in halting cancer probed. Reporter. Vanderbilt University
Medical Center’s Weekly Newspaper, May 2002.

References

125

[127] S. J. Terlikowski. Tumour necrosis factor and cancer treatment: a historical review
and perspectives. Roczniki Akademii Medycznej W Bialymstoku, 46:5–18, 2001.
[128] A. R. Anderson. A hybrid mathematical model of solid tumour invasion: The importance of cell adhesion. Mathematical Medicine and Biology, 22:163—-186, 2005.
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Summary
In English
The aim of the work in this thesis was to create a general, universal and sophisticated cellular
automata modeling environment, suitable for a wide range of research in different theoretical
and practical fields, and demonstrate applications for one-, two-, and three-dimensional
problems.
In Chapter 2 we study existing cellular automata based problem solving environment.
Nine invariant requirements for a general cellular automata based modeling environment are
formulated. An overview of existing tools is presented, as well as their conformance to the
list of requirements.
As a response to the requirements “CAME& L ” (“Cellular Automata Modeling Environment & Library”) was developed. CAME& L allows to model an even wider class of systems
then “cellular automata”. This was achieved with the help of the cellular automata based
computational experiment decomposition, which allows to distribute the necessary functionality between five independent components of different purposes: grids, data, metrics, rules,
and analyzers.
Chapter 3 is divided into two parts, both of which present an application of the modeling
environment for theoretical oriented research. In Sect. 3.1 a classification of structures generated by one-dimensional binary cellular automata from a single seed has been performed,
focussing on the question how many and what kind of classes of equivalence can be distinguished for this kind of structures? Seventy variants of classifications have been performed.
In addition, it was shown that it is possible for a structure generated by the automaton
with cells, which have memory, to belong to the same class as a structure, generated by an
automaton with memoryless cells.
Another theoretical application is presented in Sect. 3.2. Thanks to the detachment of
a metrics into a separate part of the computational experiments definition, it is possible
to use non-standard coordinate systems. We call a mapping of multidimensional grids into
one-dimensional coordinates “generalised coordinates”.
CAME& L allows to test and study different methods of such coordinated usage, providing
a universal way of data storage for completely different grids. When using generalized
coordinates, the grid can be easily enlarged if necessary, because appending of cells to the end
of a chain is much simpler than reallocation of a multidimensional block structure. Moreover,
in this case the state always presents a serial data and can be serialized straightforwardly.
Chapter 4 demonstrates an application of CAME& L for three-dimensional tumour modeling. First several approaches to tumour shrinkage modeling are presented and compared.
In addition we presented a tumor cells mitoses rate study. Having no ability to measure
such microscopic parameter as the successful mitoses rate in real biological system, we
can draw some conclusions about its magnitude, based on the simulation performed with
CAME& L and in vitro experiments of larger scale [164]. Our results suggest that at least
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55% of inner proliferating tumour LoVo cells are dividing.
Presenting CAME& L applications for the theoretical and practical research, we have also
demonstrated its usability for one-dimensional (Sect. 3.1), two-dimensional (Sect. 3.2), and
three-dimensional (Chapter 4) problems. This proves the fact that CAME& L is a universal
and powerful problem solving environment.
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In Russian (Реферат)
Цель настоящей работы состояла в том, чтобы создать универсальную и расширяемую
среду моделирования на основе клеточных автоматов, лишённую существенных функциональных ограничений, подходящую для решения широкого спектра задач как
из сферы теоретических, так и прикладных исследований. Цель также состояла в
том, чтобы продемонстрировать применение среды для одно-, двух- и трёхмерных
пространств моделирования.
Глава 2 посвящена изучению существующих сред моделирования на основе клеточных автоматов. Базируясь на исследовании теоретических и практических работ в
области создания сред для решения задач в целом и сред моделирования на основе
клеточных автоматов в частности, мы формируем список из девяти инвариантных
требований к функциональности сред моделирования на основе клеточных автоматов.
Мы также представляем обзор существующих сред и демонтируем их соответствие или
несоответствие полученным девяти требованиям.
На основании проведённых исследований мы предлагаем программное обеспечение
“CAME& L ” (“Cellular Automata Modeling Environment & Library” – среда и библиотека
для моделирования на основе клеточных автоматов), позволяющее моделировать даже
более широкий класс динамических систем, чем “клеточные автоматы”. Это достигается
с помощью метода декомпозиции вычислительных экспериментов на основе клеточных
автоматов, который позволяет распределить необходимую функциональность между
независимыми компонентами, реализующими вычислительный эксперимент. Мы выделяем пять типов компонентов: решётки (grids), хранилища данных (data), метрики
(metrics), правила (rules) и анализаторы (analyzers).
Глава 3 разделена на две части, обе из которых посвящены применениям предложенной среды для теоретических исследований в сфере клеточных автоматов. В
разделе 3.1 представлена классификация структур, порождаемых одномерными клеточными автоматами из точечного зародыша. Исследование ориентировано на определение
количества и вида классов эквивалентности этих структур. Было рассмотрено семьдесят вариантов классификации. Также было установлено, что автоматы с клетками,
наделён-ными памятью, могут порождать структуры, которые принадлежат тому же
классу эквивалентности, что и структуры, произведённые автоматами с клетками без
памяти.
Другое теоретическое исследование представлено в разделе 3.2. Благодаря тому,
что, согласно методу декомпозиции вычислительных экспериментов, метрика автомата
выделена в отдельный компонент, становится возможным использование нестандартных
систем координат, вводимых на решётке автомата. Мы называем отображение многомерной структуры на одномерную введением “обобщённых координат”.
CAME& L позволяет использовать и изучать различные методы введения и использования таких координат, предоставляя унифицированный способ хранения данных
для самых разных решёток. При использовании обобщённых координат размеры
решётки могут быть легко и эффективно увеличены по ходу эксперимента в виду
того, что добавление данных в конец одномерной структуры осуществляется куда
проще, чем изменение размеров многомерного блока, так как последнее приводит к
перераспределению данных. Более того, при использовании обобщенных координат
данные хранятся в априори сериализованном виде, что позволяет избежать их преобразования при чтении или сохранении в файловый или любой другой поток ввода/вывода.
В главе 4 демонстрируется применение среды CAME& L для трёхмерного моделирования процесса роста опухолей. Мы предлагаем и сравниваем несколько алгоритмов
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для моделирования этого феномена с учётом естественной усадки (потери в массе)
опухолей, связанной с некрозом ткани. Кроме того, мы представляем исследования
частоты удачных митозов клеток опухоли. Известно, что далеко не все митозы в
опухолевой ткани заканчиваются порождением дочерней клетки, зачастую они приводят к смерти материнской. Измерить такой микроскопический параметр как частота
удачных митозов в реальной биологической системе невозможно. Однако наше исследование позволяет сделать базовые заключения о его величине. На основании моделирования в среде CAME& L и макроскопических экспериментов, проведённых в искусственных
условиях и описанных в работе [164], мы пришли к выводу, что как минимум 55%
внутренних пролиферирующих опухолевых LoVo клеток делятся успешно.
Представляя примеры применения среды CAME& L для теоретических и прикладных исследований, мы также показали, что она может быть использована для решения
одномерных (раздел 3.1), двумерных (раздел 3.2) и трёхмерных (глава 4) задач (а
на самом деле и для задач большей размерности). Это подтверждает тот факт, что
CAME& L представляет собой универсальную и мощную среду моделирования на основе
клеточных автоматов.
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In Dutch (Samenvatting)
Het doel van het in dit proefschrift beschreven onderzoek was de ontwikkeling van een geavanceerde en universele cellulaire automaten modelleeromgeving die geschikt zou moeten
zijn voor een breed scale aan theoretisch en praktisch onderzoek, voor een-, twee- en driedimensionale problemen.
Hoofdstuk 2 beschrijft bestaande cellulaire automaten modelleeromgevingen, waarvoor
negen vereisten zijn geformuleerd. Een overzicht van bestaande software wordt gepresenteerd,
en een analyse in hoeverre deze systemen overeenstemmen met de lijst van vereisten.
“CAME& L ” (“Cellular Automata Modeling Environment & Library”) is ontwikkeld als
antwoord op de genoemde lijst van vereisten. Met CAME& L kan een bredere klasse van
systemen dan alleen “cellulaire automaten” gemodelleerd worden. Dit is mogelijk door opspliting van de functionaliteit in vijf onafhankelijke componenten: roosters, data, metrieken,
regels, en analyse instrumenten.
Hoofdstuk 3 is opgedeeld in twee delen, met elk een toepassing van CAME& L voor theoretisch georienteerd onderzoek. Sectie 3.1 beschrijft een analyse van structuren die door
een een-dimensionale binaire cellulaire automaat worden gegenereerd. Hierbij staat de vraag
hoeveel en welke equivalentieklassen onderscheiden kunnen worden centraal. In totaal zijn
70 classificaties gevonden. Daarnaast is aangetoond dat strukturen die door een automaat
met geheugen zijn gegenereerd tot dezelfde klasse kunnen behoren als structuren die door
een automaat zonder geheugen worden gegenereerd.
Een tweede theoretische toepassing wordt beschreven in sectie 3.2. Dankzij de ontkoppeling van de metrieken van de rest van het computationele model is het mogelijk om nietstandaard coordinatensystemen te gebruiken. Een afbeelding van een multidimensionaal
rooster op een-dimensionale coordinaten noemen we “gegeneraliseerde coordinaten”. Met
CAME& L is het mogelijk om verschillende gegeneraliseerde coordinaten te onderzoeken en
te testen. Met gegeneraliseerde coordinaten kan een rooster eenvoudig worden uitgebreid,
want toevoegen van nieuwe cellen aan het eind van een keten eenvoudiger is dan reallocatie
van een multidimensionale blokstructuur. Daarnaast is serialisatie van de status van de
automaat eenvoudig juist omdat dit een een-dimensionale datastructuur is.
Hoofdstuk 4 beschrijft een toepassing van CAME& L voor een drie-dimensionaal tumorgroeimodel. Ten eerste zijn een aantal modellen om afname van tumormassa ten gevolge
van necrose met elkaar vergeleken. Daarnaast is gekeken naar de delingsnelheid van tumor
cellen en het percentage succesvolle celdelingen. Aangezien het moeilijk is om dergelijke
microscopische parameters in-vivo te meten, zijn simulaties van tumorgroei vergeleken met
in-vitro en in-vivo experimenenten, zodat enige conclusies getrokken konden worden over
deze parameters. Onze resultaten suggereren dat minstens 55% van tumor LoVo cellen
delen.
De gepresenteerde toepassing van CAME& L laten zien dat CAME& L een universele en
krachtige modelleeromgeving is voor een-dimensionale (sectie 3.1), twee-dimensionale (sectie 3.2), en drie-dimensionale (hoofdstuk 4) problemen.

Translated by Alfons Hoekstra.
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