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2
T H E O RY

In this chapter we present the theoretical foundations of vibrational
circular dichroism spectroscopy. To derive the expressions for the ro-
tational strength, we follow a semiclassical description for radiation-
matter interactions, in which the electromagnetic field is described clas-
sically, whereas molecules are treated as quantum-mechanical objects.
We then discuss the quantum-mechanical equations for VCD, and ex-
plain the necessity to consider molecular wave functions beyond the
Born-Oppenheimer approximation to obtain non-zero VCD intensities.†
Finally, we discuss the current level of theory implemented in quantum-
chemical packages for the calculation of VCD spectra using Density
Functional Theory. Additionally, we show alternatives to the calculation
of VCD spectra using the simpler, semi-quantitative coupled-oscillator
model.

0 † The formalism used in this chapter follows the ones used in references [14], [15], [16]
and [17].
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2.1 rotational strength

2.1.1 Transitions between molecular states

We consider a molecular system containing Ne electrons and N� nu-
clei that is perturbed by a classical electromagnetic field. This perturba-
tion causes an energy exchange between the molecular system and the
field, which induces transitions between molecular states. The observed
spectral intensities depend on the rate of energy transfer between the
molecule and the radiation field. From standard time-dependent pertur-
bation theory, the transition rate for transitions |ii ! |fi (where |ii is the
initial state and |fi is the final state) is given by Fermi’s Golden Rule:

Ti!f =
2⇡
 h
|hf|H 0|ii|2⇢(�Efi), (1)

where ⇢(�Efi) is the density of final states |fi per unit of energy at
�Efi = Ef - Ei and hf|H 0|ii represents the transition matrix element of
the perturbation H 0 between final and initial states.

For a time-dependent perturbation Hamiltonian of the form

H 0(t) = C1(e
i�t + e-i�t) +C2(e

i�t - e-i�t), (2)

the matrix element hf|H 0|ii is determined by the time independent
parts of the Hamiltonian, so that hf|H 0|ii = hf|C1 + C2|ii, where |ii
and |fi are solutions of the unperturbed time-independent Schrödinger
equation.[18]

2.1.2 Interaction with a circularly polarized electromagnetic field

In the following we consider a time-dependent perturbation given by
a circularly-polarized electromagnetic field propagating along the z

direction with phase-shifted electric ( ~E±), and magnetic ( ~B±) vector
components[18]:

~E±(t) = 2E0 (cos(�t)~ex ± sin(�t)~ey) (3)
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~B±(t) = -2B0 (±sin(�t)~ex - cos(�t)~ey) , (4)

where E0 and B0 are the time-independent amplitudes, �t = !(t- z/c),
± labels the handedness of the fields (+ for left-handed and - for right-
handed circularly polarized) and ~ex and ~ey are the unit vectors for the x

and y axis. The perturbation Hamiltonian can thus be written as:

H 0 = -~µel · ~E± - ~µmag · ~B±, (5)

where ~µel = ~µe
el + ~µn

el and ~µmag = ~µe
mag + ~µn

mag are the electric and mag-
netic transition-dipole operators, with electronic and nuclear contribu-
tions, respectively:

~µe
el = -

X

i

e~ri (6)

~µn
el =

X

�

Z�e~R� (7)

~µe
mag = -

X

i

e

2mc
~ri ⇥ ~pi (8)

~µn
mag =

X

�

Z�e

2M�c
~R� ⇥ ~P�, (9)

where the mass, charge, position and momentum of the ith electron are
m, -e, ~ri and ~pi, and the mass, charge, position and momentum of the
�th nucleus are M�, Z�, ~R� and ~P�, respectively. It is important to note
that, in most cases the magnetic term in Eq. 5 is neglected since the
magnetic interaction is approximately two orders of magnitude weaker
than the electric one[19]. However, as will become clear later, inclusion
of the magnetic interaction is necessary to explain optical activity, and
in particular vibrational circular dichroism intensities.

Combining Eqs. 3 and 4 and Eq. 5 and substituting the result in Eq. 1

followed by some algebra involving Eq. 2 [18, 20] leads to the following
expression:

T±
i!f =

2⇡

3 h2

⇥
|hi|~µel|fi|2 + |hf|~µmag|ii|2 ± 2ihi|~µel|fi · hf|~µmag|ii

⇤
⇢(�Efi).

(10)
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Furthermore, making use of Einstein’s transition probabilities, it can be
shown that the transition rate T±

i!f is proportional to the energy density
of radiation states by Einstein’s coefficient of stimulated absorption Bif:

T±
i!f = Bif⇢(�Efi). (11)

Combining Eq. 10 and Eq. 11 we obtain the following expression for the
B±

fi coefficients:

B±
fi =

2⇡

3 h2

⇥
|hi|~µel|fi|2 + |hf|~µmag|ii|2 ± 2ihi|~µel|fi · hf|~µmag|ii

⇤
. (12)

2.1.3 VCD intensity

The experimental infrared absorbance can be related to the molar ex-
tinction coefficient ✏(⌫) by Beer-Lambert’s law as Abs = -ln( I

I0
) =

✏(⌫) · l ·C, where l and C are the length and concentration of the sample.
I and I0 designate transmitted and incoming light, respectively. The ex-
perimental parameter ✏(⌫) is related to the Einstein coefficient for stim-
ulated absorption, Bif, by the following expression: [18]

A =

Z
✏(⌫)d⌫ =

h⌫fi

c
NABif, (13)

where NA is the Avogadro number, c is the velocity of light in vacuum
and ⌫fi = �Efi/h. The quantity A on the left side of Eq. 13 is the in-
tegrated absorption coefficient, i.e., the area under the experimental in-
frared band. The VCD of a transition is defined as the differential absorp-
tion of left and right-circularly polarized (LCP and RCP, respectively)
infrared light, i.e., the difference between the integrated absorption co-
efficients for LCP and RCP light. We can thus write the differential ab-
sorption coefficient �A as:

�A = ALCP -ARCP =
h⌫fi

c
NA(B

LCP
if -BRCP

if ). (14)
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The designations LCP and RCP indicate the handedness of the electric
and magnetic field vector components, as + and - respectively. Intro-
ducing Eq. 12 into Eq. 14 leads to:

�A = (
32⇡3

3
)(
⌫fiNA

hc
) Im

⇥
hi|~µel|fi · hf|~µmag|ii

⇤
. (15)

The dot product of the two transition moments in Eq. 15 is called rota-
tional strength, Rif, and is thus defined as the imaginary part of the dot
product between the electric and magnetic transition-dipole moments:

Rif = Im
⇥
hi|~µel|fi · hf|~µmag|ii

⇤
(16)

The differential absorption of LCP and RCP infrared light is thus pro-
portional to the rotational strength. Rif is a real quantity since ~µmag is a
purely imaginary operator. Hence, in order to evaluate the optical activ-
ity of a molecular system, one must include the magnetic interaction to
describe non-zero VCD intensities, since Rif has its origin in the interfer-
ence between electric and magnetic dipole transitions.

2.1.4 Symmetry Breaking

The rotational strength, the molecular quantity that characterizes vibra-
tional circular dichroism, has interesting and rather fundamental proper-
ties for the study of chiral molecules. Chiral molecules lack an improper
rotation axis, i.e. their mirror images are not superposable. Simply speak-
ing this makes them different molecules which we designate by enan-
tiomers. Applying a symmetry transformation of the kind of SN (S for
Spiegel, German for mirror), i.e., an n-fold (360�/n) improper rotation
(rotation about an axis and a reflection in a plane) to one of the enan-
tiomers transforms it into its mirror image. Applying a transformation
to Rif under SN, it can be shown that the two mirror-image molecular
systems have rotational strengths of equal magnitude but opposite sign.
Considering two enantiomers L and D, we can thus write:

Rif(L) = -Rif(D). (17)
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2.2 theoretical framework of vcd

Theoretical prediction of rotational strengths for infrared transitions in
chiral molecules requires the calculation of the electric and magnetic
transition-dipole moments ~µel and ~µmag. This would seem like a straight-
forward calculation since only excitations in the electronic ground state
are involved. However, although the calculation of ~µel is easily achieved,
the electronic contribution to ~µmag is identically zero within the Born-
Oppenheimer (BO) approximation. Avoiding this non-physical result re-
quires a description of the molecular wave functions beyond the BO
approximation. As has been shown [14, 15], an extension of the theory
beyond the BO approximation leads to the conclusion that VCD signal
magnitudes are strongly dependent on the increased mixing of electronic
states with the ground state.

2.2.1 Born-Oppenheimer Approximation

The Hamiltonian for an isolated molecule is:

H(~r,~R) = Hel(~r,~R) + Tn(~R), (18)

where ~r and ~R are the electronic and nuclear coordinates, respectively,
Hel(~r,~R) is the electronic Hamiltonian, and Tn(~R) is the nuclear kinetic-
energy operator, which is given by

Tn(~R) =
1

2

X

�

~P2
�

M�
= -

 h2

2

X

�

1

M�

~r2
� (19)

where M� and ~P� are the mass and momentum of the �th nucleus.
The electronic Hamiltonian can be decomposed in:

Hel(~r,~R) = V(~r,~R) + Tel(~r,~R), (20)

where V(~r,~R) and Tel(~r,~R) are the Coulomb potential energy of electrons
and nuclei, and the electronic kinetic energy, respectively:

V(~r,~R) =
X

�<� 0

Z�Z� 0e2

| ~R� - ~R� 0 |
+

X

i<i 0

e2

|~ri - ~r 0i|
-
X

i,�

Z�e
2

|~ri - ~R�|
(21)
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Tel(~r,~R) =
X

i

~p2
i

2m
= -

 h2

2m

X

i

~r2
i , (22)

where m, -e, ~ri and ~pi (= -i h~ri) are the mass, charge, position and
momentum of the ith electron, and Z�e and ~R� are the charge and po-
sition of the �th nucleus. Smaller terms such as spin-orbit coupling are
neglected. We will assume that the symmetry of the system is such that
all electronic states are non-degenerate with the exception of spin degen-
eracy. The total spin of the electronic ground state is zero. All electronic
wave functions can then be taken as real.

The time-independent Schrödinger equation associated with the
Hamiltonian defined in Eq. 18 is:

H(~r,~R) Kk(~r,~R) = EKk Kk(~r,~R), (23)

where K and k represent the electronic and nuclear states, respectively.
An exact solution of Eq. 23 for an average sized molecule can not

be obtained. However, it is possible to obtain an approximate solution
of Eq. 23 using the Born-Oppenheimer (BO) approximation. The basis
of the BO approximation is that the nuclear and electronic masses are
very different. This suggests that the wave function of a molecule can be
separated into an electronic and nuclear component

 Kk(~r,~R) =  K(~r;~R)�Kk(~R), (24)

where  K(~r;~R) is the electronic wave function, which has the electronic
coordinates as variable and depends parametrically on the nuclear coor-
dinates, and �Kk(~R) is the nuclear wave function of the kth vibrational
level in electronic state K. The first step in the BO approximation con-
sists of solving the electronic Schrödinger equation for a fixed set of
nuclear coordinates ~R, yielding  K(~r;~R) as the solution of the electronic
Schrödinger equation:

Hel(~r;~R) K(~r;~R) = WK(~R) K(~r;~R), (25)
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where WK(~R) is the electronic energy eigenvalue of electronic state K for
a specific set of nuclear coordinates.

In order to obtain an equation for the nuclear wave function �Kk(~R) we
evaluate the result obtained when Tn(~R) acts on the total wave function
 Kk(~r,~R):

Tn Kk = -
 h2

2

X 1

M�

~r2
� K�Kk =

-
 h2

2

X

�

1

M�

h
�Kk(~r2

� K) + 2(~r� K)(~r��Kk) + K(~r2
��Kk)

i
.

(26)

Since electrons move much faster than nuclei, we assume that the elec-
trons instantaneously adapt their position in response to a nuclear dis-
placement. As a result, Tn(~R) can be approximated by:

Tn(~R) ' T0
n (~R) = -

 h2

2

X

�

1

M�
(~r2
�)

n (27)

where the index (n) indicates that the operator ~r2
� acts only on nuclear

�Kk wave functions. Finally, using Eqs. 18, 24 and 27 we can rewrite the
Schrödinger equation (Eq. 23) as

h
Hel(~r;~R) + T0

n (~R)
i
 Kk(~r;~R) = EKk Kk(~r;~R) (28)

h
Hel(~r;~R) + T0

n (~R)
i
 K(~r;~R)�Kk(~R) = EKk K(~r;~R)�Kk(~R). (29)

Furthermore, we rewrite Eq. 29 using Eq. 25 which then becomes:
h
T0

n (~R) +WK(~R)
i
�Kk(~R) = EKk�Kk(~R). (30)

Solving Eq. 30 is formally the second step in the BO approximation, and
gives the nuclear wave function �Kk(~R) as a solution. In this equation,
the electronic energy obtained in the first step (Eq. 25) as the eigenvalue
WK(~R), is used as a potential for the nuclear motion.
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2.2.1.1 Vibrational Electric and Magnetic Transition-Dipole Moments

For a transition between two vibrational states (g ! e) of a non-
degenerate electronic state G, the electric and magnetic transition-dipole
moments of a molecular system are respectively:

h Gg|~µel| Gei = h�Gg|h G|~µel| Gi|�Gei =
= h�Gg|h G|~µ

e
el| Gi+ ~µn

el|�Gei (31)

h Gg|~µmag| Gei = h�Gg|h G|~µmag| Gi|�Gei =
= h�Gg|h G|~µ

e
mag| Gi+ ~µn

mag|�Gei (32)

Both nuclear and electronic components of the electric transition-dipole
moment (Eq. 31) can be calculated using BO wave functions. However,
the electronic contribution to the magnetic transition-dipole moment
(Eq. 61) is identically zero within the BO approximation.[21] This follows
from the hermitian and imaginary nature of the ~µe

mag operator together
with the non-degeneracy of G. Therefore we have:

h G|~µ
e
mag| Gi = 0 (33)

This result leads to a scenario where only the nuclei contribute to the
magnetic transition-dipole moment. Therefore, in order to evaluate the
contribution of the electrons to the magnetic transition-dipole moment
we require an expansion of the theory beyond the BO approximation.

2.2.2 Beyond the Born-Oppenheimer Approximation

To obtain more accurate wave functions we use first-order perturbation
theory using the BO wave functions as the zero-order expansion func-
tions. The perturbation Hamiltonian is then constructed using the terms
of the nuclear kinetic energy operator, Tn(~R) (Eq. 27), that were neglected
in the BO approximation:

T
(1)
n (~R) = -

 h2

2

X

�

1

M�

h
(~r2
�)

el + 2(~r�)el(~r�)n
i

. (34)
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where we recall that the superscripts (el) and (n) indicate on which
wave function (electronic or nuclear) the differential operator is oper-
ating. Moreover, since the matrix elements of Hel are zero for K6=G, the
perturbation Hamiltonian (H = Hel +Tn) is reduced to the nuclear kinetic
energy operator Tn.

Consequently, using T
(1)
n (~R) we can refine the BO wave functions:

 cor
Kk (~r;~R) =  Kk(~r;~R) +

X

K 0k 0 6=Kk

aK 0k 0,Kk(~R) K 0k 0(~r,~R), (35)

where the coefficients aK 0k 0,Kk(~R) are defined on the basis of Rayleigh-
Schrödinger perturbation theory as:

aK 0k 0,Kk(~R) =
X

K 0k 0 6=Kk

h K 0(~r,~R)�K 0k 0(~R)|T (1)
n | K(~r,~R)�Kk(~R)i

EKk - EK 0k 0
. (36)

The corrected wave functions are now defined considering a BO vibronic
coupling mechanism. Using the corrected molecular wave functions, the
electronic contribution to the magnetic transition-dipole moment associ-
ated with the transition  Gg !  Ge is given by:

h cor
Gg |~µ

el
mag| 

cor
Ge i =

X

Kk

[h Gg|~µ
el
mag| KkiaKk,Ge+

+ a⇤Kk,Ggh Kk|~µ
el
mag| Gei]. (37)

Note that Eq. 37 can only be evaluated if mixing of BO functions of
electronically excited states with the ground state is taken into account,
which follows from the fact that for K = G:

h Gk|~µ
el
mag| Kk 0i = h�Gk|h G|~µ

el
mag| Ki|�Kk 0i = 0. (38)

Eq. 37 can be simplified by introducing a number of approximations.
First, all electronic matrix elements can be expanded in a Taylor series
around the ground-state equilibrium geometry (~R = ~R0) where only
zero-order terms are kept since it can be assumed that electronic tran-
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sitions take place for stationary nuclear positions (the Franck-Condon
approximation). It follows that:

h G|~µ
el
mag| Ki ' h G|~µ

el
mag| Ki0 (39)

h G|~r2
�| Ki ' h G|~r2

�| Ki0 (40)
h G|~r�| Ki ' h G|~r�| Ki0. (41)

Moreover, we neglect the vibrational contribution to the energy differ-
ence EGg - EKk, and thus:

EGg - EKk ' W0
G -W0

K, (42)

where W0
G ⌘ WG(~R0) and W0

K ⌘ WK(~R0) are the eigenvalues of the
electronic Schrödinger equation (Eq. 25) at the nuclear equilibrium posi-
tions ~R0. Moreover, we use h G|~µel

mag| Ki = -h K|~µel
mag| Gi because ~µel

mag

is purely imaginary, and h�Kk|~r�|�Kk 0i = -h�Kk 0 |~r�|�Kki which follows
from the anti-symmetric property of the operator ~r� with respect to the
interchange of wave functions. We can thus write Eq. 37 as

h cor
Gg |~µ

el
mag| 

cor
Ge i = h�Gg|

X

K 6=G

h G|~µel
mag| Ki

W0
K -W0

G

(h K|T
(1)
n | Gi- h G|T

(1)
n | Ki)|�Gei. (43)

By adopting molecular wave functions with improved accuracy (beyond
the BO approximation), one can generate non-zero electronic contribu-
tions to the magnetic transition-dipole moment. Eq. 43 can be expanded
as a sum over all electronically excited states, which is dependent on the
electronic excitation energies and magnetic transition-dipole moments
between electronic states and the ground state. The vibronically induced
mixing of BO wave functions expressed in Eq. 43 is the essence of the
mechanism through which VCD signals gain intensity. Eq. 43 thus shows
that electronic magnetic transition-dipole moment can be "borrowed"
from these electronic transitions due to mixing of BO states. Despite its
apparent triviality, this result has important consequences for VCD sig-
nal magnitudes, as will be discussed in extense throughout this thesis.
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2.3 vcd calculations using density functional theory

The applicability of VCD as an analytical tool for the determination of
the absolute configuration of chiral molecules generally relies on the
comparison of experimental and simulated VCD spectra. For that pur-
pose, ab initio VCD calculations are nowadays routinely performed using
quantum-chemical software packages such as Gaussian[22, 23] or the
Amsterdam Density Functional (ADF)[24]. However, one must realize
that evaluation of an equation such as Eq. 43, which involves a sum over
all electronically excited states, is not possible without a truncation, i.e.,
considering a finite set of excited states. This problem was successfully
tackled by P. J. Stephens [15] who showed that the sum over states ex-
pression could be rewritten to an expression involving the derivative of
the ground state wave function with respect to nuclear displacement and
the derivative of the ground state wave function with respect to a mag-
netic field perturbation. The underlying assumption is that electronic
wave functions vary slowly with nuclear displacements from the equilib-
rium geometry, which is reasonable for closed-shell organic molecules,
with non-degenerate ground states well-separated from the lower elec-
tronically excited states. This Magnetic Field Perturbation (MFP) theory
is the theory that has been implemented in the Gaussian and ADF sub-
routines for the calculation of VCD intensities. However, if we consider
metal-organic systems with open-shell configurations, which may have
many low-lying electronically excited states, the approximations under-
lying MFP theory break down and one may expect significant differences
between experiment and theory. An extension of the theory of VCD and
infrared absorption for molecular systems with low-lying electronically
excited states has been derived by Nafie [25]. However, as yet, these
equations have not been implemented in quantum-chemical programs.
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2.4 vcd calculations using the coupled-oscillator

model

An alternative to using DFT calculations, is the simpler, semi-
quantitative coupled-oscillator method. In this approach the molecular
vibrations are treated as localized, interacting transition dipoles. Such
an approach is attractive because of its transparency and computational
ease,[26, 27, 28, 29] in particular for large molecular systems such as
polypeptides and helical polymers. Considering the through-space inter-
actions between the transition-dipole moments of such molecules, we
can use this coupled-oscillator approach to interpret the observed VCD
spectra.

To calculate the vibrational frequencies and the vibrational circular
dichroism of a molecule containing n oscillators using the coupled-
oscillator model, we use the "degenerate extended coupled oscillator"
(DECO) model derived by Diem et al.[30] Due to the interaction between
the oscillators, the vibrational normal modes will be delocalized over
the n-mer, i.e., they will involve the vibration of more than one oscilla-
tor. These delocalized normal modes are the eigenstates of the excitonic
Hamiltonian

H =

2

66666664

⌫0 J
12

J
13

. . . J
1n

J
21

⌫0 J
23

. . . J
2n

J
31

J
32

⌫0 . . . J
3n

...
...

... . . . ...
Jn1

Jn2

Jn3

. . . ⌫0

3

77777775

, (44)

where ⌫0 is the frequency of an unperturbed vibrational mode and Jij
the coupling between oscillators i and j. The Hamiltonian H is a symmet-
ric (Hermitian and real) matrix so that Jij = Jji. The interaction between
the oscillators is described by transition-dipole coupling:

Jij =
1

4⇡✏0


~µi · ~µj

|~rij|3
-

3(~µi ·~rij)(~µj ·~rij)
|~rij|5

�
, (45)

where ~rij is the distance vector between dipoles ~µi and ~µj.
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The dipole-dipole interaction lifts the degeneracy of the vibrational fre-
quencies of the oscillators, and gives rise to as many delocalized normal
modes as there are interacting oscillators. The vibrational frequencies of
these delocalized normal modes (excitons) are the eigenvalues of the ex-
citonic Hamiltonian matrix. The dipole (D) and rotational (R) strengths
for the kth exciton are given by[30]

Dk =
NX

i=1

NX

j=1

bikbjk(~µi · ~µj) (46)

and

Rk = -(⇡⌫0/c)
NX

i=1

NX

j>1

bikbjk[~rij · ~µi ⇥ ~µj], (47)

where c is the velocity of light in vacuum, and the bij are the compo-
nents of the eigenvectors of the Hamiltonian. The dipole and rotational
strengths are converted to infrared absorption and vibrational circular
dichroism spectra by convolution with Gaussian or Lorentzian (or a com-
bination of the two) band profiles with suitable parameters.


