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Chapter 2
Electric and magnetic dipole coupling in

split ring arrays

We present experimental observations of strong electric and magnetic inter-
actions between split ring resonators in metamaterials. We fabricated near-
infrared (1.4 µm) planar metamaterials with different inter-split ring spacings
along different directions. Our transmission measurements show blueshifts
and redshifts of the magnetic resonance, depending on ring orientation rela-
tive to the lattice. The shifts agree well with a simple model with simultaneous
magnetic and electric near-field dipole coupling. We also find large broad-
ening of the resonance, accompanied by a decrease in effective cross section
per split ring with increasing density. These effects result from superradiant
scattering. Our data may shed new light on Lorentz-Lorenz approaches to
metamaterials.

2.1 Introduction

Full control over ϵ and µ requires ‘metamaterials’ of artificial nano-scatterers with
electric and magnetic response, arranged in sub-wavelength arrays. The archetyp-
ical building block is the split ring resonator consisting of a single cut metal loop
with an inductive response. In recent years the field of metamaterials has made
tremendous progress in shifting the resonant response from microwave to optical
frequencies [1–9]. An important conceptual question is whether the effective re-
sponse captured by ϵ and µ is influenced by coupling between constituents. Cou-
pling between SRRs in vertical 1D stacks [10, 11] has attracted great attention lately
outside the scope of metamaterials, e.g., for magnetic waveguides [10, 12–14], an-
tennas [15], metamaterial lasers [16], and stereomaterials [17, 18]. Although con-
stituent coupling might be anticipated to affect effective medium parameters [19],
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Electric and magnetic dipole coupling in split ring arrays

measured effective responses have been attributed to single constituents in all ex-
periments on metamaterial arrays to date.

In this chapter we present the first measurements of strong constituent cou-
pling in planar SRR metamaterial arrays. We fabricated and characterized SRR
lattices with a magnetic response at λ = 1.4 µm [4, 5] in which we vary the spac-
ing between SRRs along different lattice directions independently, as described in
Section 2.2. In Section 2.3 we observe large redshifts and blueshifts in the transmis-
sion resonances depending on SRR orientation relative to the lattices. We establish
that in-plane electric-electric dipole coupling and out-of-plane magnetic-magnetic
dipole coupling are strong competing interactions. In subsection 2.3.2 we explain
the shifts by a quasistatic electric and magnetic dipole coupling model [11], that en-
ables us to estimate the static magnetic and electric polarizability of SRRs. Finally,
in subsection 2.3.3 we discuss the role of dynamic effects on the metamaterial res-
onance, which are evident in density-dependent broadening and a saturation of the
transmission.

2.2 Methods

We have fabricated Au split rings arranged in arrays on glass substrates by electron
beam lithography and lift-off using poly(methyl methacrylate) (PMMA) resist [14],
without any adhesive layers. Fig. 2.1 shows a schematic of the fabrication process.
A Raith e-LiNE electron beam lithography machine was set to a beam current of
0.04 nA at 20 keV voltage, 10 µm aperture size, and a nominal dose of 160 µC/cm2.
We spin coated a bi-layer of PMMA (120 nm /100 nm thickness) separated by a thin
15 nm Ge layer on base-piranha cleaned glass substrate (10×10×0.5 mm, PGO).
Once the structures were written with the e-beam, the sample was developed in 3:1
methyl isobutyl ketone:isopropyl alcohol (MIBK:IPA) solution. An undercut in
the lowest PMMA layer is necessary as to avoid deposition of Au onto the PMMA
walls, and its subsequent lift-off with the PMMA layer. Ge is used as a mask during
plasma etching of the lowest layer of PMMA. The two PMMA layers have different
densities which ensure that the undercut is formed. After etching, 30 nm of Au was
evaporated in a physical vapor deposition machine (p∼10−7 mbar) after which the
remaining PMMA layer was removed in a lift-off in acetone at 60◦C. Geometrical
parameters are determined after scanning electron microscope (SEM) imaging with
image analysis software developed in Matlab.

A split ring with dimensions shown in Fig. 2.2 (a), (length l = 200 nm, width
w = 80 nm, thickness t = 30 nm, and gap size d = 80 nm) is expected to exhibit
a resonant response at λ = 1500 nm. It can be noted from Eq. (1.13) that the
frequency of the resonance will directly depend on the physical dimensions of the
split ring as 1/SRR size, and will further vary as gap width, arm width and thickness
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Figure 2.1: A schematic of a step-by-step fabrication process of Au split rings on a glass
substrate with electron beam lithography.

are changed, due to changes in L and C. The electron beam dose determines the
lateral dimensions of the structure, and depends on the e-beam current, beam step
size, and beam dwell time. Furthermore, the dose, and hence size of the SRR, can
be affected via proximity effects of the beam during writing of the nearest neighbor
structures in arrays. Therefore, we have investigated the effects of size variation on
the LC resonance shifts prior to studies dependent on lattice density.

We quantify the LC resonance by optical transmission measurements. The
transmission was measured in a commercially available Witec confocal microscope
set up. The set up consists of a movable stage on which the sample is mounted, used
for navigation across the sample. A low NA lens (f=100 mm) is mounted in the
illumination path as to ensure quasi-collimated illumination from the Ando fiber
coupled halogen lamp. The transmitted intensity is collected with a 50x objective
and the spectra are collected by a Princeton Instruments Si CCD spectrometer for
visible wavelengths and InGaAs array for IR resonances. Fig. 2.2 (b) shows trans-
mission through arrays of SRRs with lattice spacing d = 500 nm, exposed with
different e-beam doses with dose scaling ranging from 1 to 1.5 times the nominal
dose. Insets in Fig. 2.2(b) (from 1 to 5) show the variations in SRR dimensions.
These are: vertical arm length l1=170, 180, 195, 200, 200; horizontal arm length
l2=185, 190, 200, 200, 200; gap width d = 100, 105, 90, 90, 85, and gap depthw =
65, 80, 80, 80, 80 nm (± 5 nm error). At this lattice spacing, almost no coupling of
SRRs in arrays is expected and therefore resonance shifts can only occur due to the
geometrical parameters of the split rings. Fig. 2.2(b) shows that the transmission
has two features. The feature at 1500 nm is the LC resonance, while the feature
at 800 nm is a higher order resonance that we disregard in this work. Fig. 2.2(b)
shows that only the center position of the transmission minimum at 1500 nm varies
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Figure 2.2: (a) A sketch of a split ring with indicated lateral dimensions. We fabricated
arrays of Au split rings on glass with periodicities dx,y = 300 nm (SEM micrograph)
and larger (inset). (b) Transmission spectra of split ring samples arranged in identical
lattices but different per-split ring size show a geometry dependence of the LC resonance
frequency. The SEM insets show a zoom in of split rings with lattice spacing dx = dy =
500 nm. The scale bar size is 100 nm.
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Figure 2.3: Transmission spectra for square split ring arrays with periodicities dx,y = 300
nm and larger (polarization along x). The magnetic resonance at 1.4 µm blueshifts and
broadens with increasing density. Each split ring has l =200 nm, w = 80 nm, d = 80 nm
and t = 30 nm (± = 5 nm).

with varying SRR dimensions, while width and depth of the transmission minimum
are negligibly affected. In general, reducing the lateral parameters l of SRRs results
in shifting of the resonance towards visible frequencies. From our measurements,
it can be seen that a 20% increase in l results in 50 nm resonance shift towards
the IR, due to an inverse dependence of the resonance frequency on the SRR arm
length. However, if l is increased, while d is decreased (1, 2), the resonance shifts
towards the visible part of the spectrum, due to the square root dependence of the
resonance on capacitor size.

Since the frequency of the resonance directly depends on the physical dimen-
sions of a split ring, we took great care to produce SRRs of identical dimensions
for our study on arrays of different densities, using image analysis of SEM micro-
graphs (see Fig. 2.2) to overcome proximity effects by post-selecting samples to
match a targeted size. Based on [4], our SRRs (l1 = l2 =200 nm, t = 30 nm,
d = 80 nm, w = 80 nm) are expected to have an LC resonance at 1.4 µm. Al-
though driven by the electric field [20, 21], we refer to the resonance as ‘magnetic’,
consistent with literature [22, 23]. To resolve the coupling strength between SRRs
along the x (along SRR base) and y (along SRR arms) directions separately, we
varied the pitches dx and dy independently between 300 nm and 550 nm, staying
below 550 nm to avoid grating diffraction in the range of the magnetic resonance.
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We measured polarization-resolved normal incidence transmission using the set up
reported in Ref. [14]. We illuminated a mm-sized area on the sample with a beam
from a halogen lamp (5◦ opening angle) and used a 20 µm pinhole in an interme-
diate image plane to select the transmitted intensity from single 36× 36 µm2 SRR
arrays, which we spectrally resolved by cooled Princeton Instruments Si CCD and
InGaAs array spectrometers, and normalized to transmitted intensity through bare
substrate.

2.3 Results

2.3.1 Transmission measurements

Fig. 2.3 shows x-polarized transmission spectra measured on a sample with square
lattices (dx = dy) of 200 × 200 × 30 nm SRRs with split width d = 80 nm. We
observe the magnetic resonance at 1.4 µm only for polarization along x, as reported
by [4, 5, 20, 21], as well as higher order plasmon resonances at 500 nm and 800
nm [4]. Incident light polarized along the long axis of the SRR , i.e., along y, ex-
cites plasmons that due to the length of the arms exhibit resonances in the visible
part of the spectrum. In this chapter we focus on the magnetic resonance only.
Tracing the minimum in transmission versus SRR density in Fig. 2.3, we find that
the resonance blueshifts as SRRs are brought closer. A blueshift upon increased
coupling is expected by analogy with plasmon hybridization [12, 13, 24], since
the magnetic dipoles are all oriented perpendicular to the SRR plane, and hence
transversely coupled. To study this coupling in detail, we fabricated samples with
a large set of SRR arrays (split width d = 100 nm) where dx and dy are varied
independently. We expect a blueshift with increasing density for all arrays since
the magnetic dipoles are always transversely coupled. In Fig. 2.4(a) we plot the
measured center frequency of the resonance versus SRR spacing for three sets of
arrays. For square lattices dx = dy we indeed observe a continuous blueshift, con-
firming the data for gap width d = 80 nm in Fig. 2.3(b). We also observe a blueshift
when only dy is varied (dx = 500 nm). Remarkably, we measure a redshift when
only dx decreases and dy is fixed at 500 nm. This result is surprising since red-
shifts imply longitudinal coupling, which is inconsistent with the orientation of the
magnetic dipoles. The redshift can only be understood by noting that SRRs also
have an electric polarizability in addition to a magnetic dipole [11, 20, 21]. The
electric dipole moment points along the SRR base, hence allowing for longitudinal
coupling in the plane of the sample.
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Figure 2.4: (a) Frequency of the magnetic resonance versus lattice spacing. The frequency
blueshifts when decreasing dy whether dy = dx (black squares) or not (light gray triangles,
dx = 500 nm), while it redshifts when decreasing dx (dark gray circles, dy = 500 nm). The
inset shows raw spectra for dx = dy = 300 nm (black curve), dx = 500 nm, dy = 300 nm
(light gray curve), dx = 300 nm, dy = 500 nm (dark gray curve). (b) FWHM of the
magnetic resonance versus lattice spacing (color coding as in (a)). Curves are theory
(electrostatic in (a), electrodynamic in (b)).

2.3.2 Quasistatic model

We implement a model that takes into account simultaneous electric and magnetic
dipole coupling, similar to the model for SRR stereodimers reported in [11]. In this
model, all magnetic dipoles couple transversely while electric dipoles transversely
couple along y and longitudinally along x. We limit ourselves to electrostatic and
magnetostatic nearest-neighbor coupling, ignoring electro-dynamic effects, the air-
glass interface, and multipole corrections. However, this model captures the main
physics embodied in our observations. We will improve on this model in Chapters
3 and 4. For a system of coupled harmonic oscillators, the coupled resonances are
set by the Lagrangian first formulated by Liu et al. [11]

L =
∑
i,j

[L
2
(Q̇2

i,j − ω2
0Q

2
i,j)−

Mh

d3x
Q̇i,jQ̇i+1,j

−Mh

d3y
Q̇i,jQ̇i,j+1 + 2

Meω
2
0

d3x
Qi,jQi+1,j −

Meω
2
0

d3y
Qi,jQi,j+1

]
,

(2.1)

where L is the SRR inductance, Qi,j(Q̇i,j) represents the charge (current) on the
SRR at site (i, j), and where Mh and Me quantify the mutual inductance and the
electric dipole coupling with nearest neighbors only. Solving Eq. (2.1) for the
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resonance frequency at normal incidence (k∥ = 0) yields

ω = ω0

√√√√ 1− 4κe
d3x

+ 2κe
d3y

1− 2κh
d3x

− 2κh
d3y

(2.2)

where ω0 is the resonance frequency of a single SRR, and κe,h =Me,h/L. Eq. (2.2)
is similar to a prediction by Marqués et al. [19] for 3D SRR arrays. We fix κe =
1.04·10−21 m3, i.e., the SRR electric polarizability, to match the resonant extinction
cross section of 0.3 µm2 measured by Husnik et al. [25], and we set κh = 0.67κe as
previously reported for a system of two vertically stacked SRRs by Liu et al. [11].

First, we examine predictions with either κe or κh set to 0. Fig. 2.5(a) shows
the resonance ω versus dx,y assuming magnetic coupling only (κe = 0). The reso-
nance blueshifts for decreasing dx,y in all cases due to transverse magnetic dipole
coupling. Fig. 2.5(b) shows the resonance frequency for electric coupling only
(κh = 0). The resonance redshifts with increasing density both for square arrays
and strips of SRRs arranged side by side unless dx is fixed at 500 nm. This result
indicates that longitudinal coupling exceeds transverse coupling in square lattices
of strictly in-plane dipoles. This behavior is indeed observed for the purely electric
resonance at 800 nm, at least in the regime max(dx, dy) ≤ 400 nm where grating
anomalies [26] (asymmetric shoulders at 750 nm in Fig. 2.3(b)) do not yet set in.

Neither model with solely electric or solely magnetic interaction is consistent
with the measured shift of the 1.4 µm resonance, since we observe blueshifts in all
cases except when dx is varied and dy is fixed. Fig. 2.5(c) shows the calculated
ω taking into account both electric and magnetic interactions at κh=0.67κe. As in
the data, the resonance only redshifts when decreasing the distance dx at large dy.
In this case transverse electric coupling is weakest. The longitudinal electric cou-
pling exceeds the sum of weak transverse electric and strong transverse magnetic
coupling, leading to a net redshift. For a quantitative comparison with our data we
plot the shifts in Fig. 2.5(c) together with the data in Fig. 2.4. The good quantita-
tive agreement without any adjustable parameters confirms our interpretation that
SRRs in metamaterial arrays show strong electric and magnetic dipole-dipole inter-
actions. These interactions are best quantified in rectangular arrays, since in square
arrays studied sofar [4, 5] partial cancelation obscures the magnetically induced
blueshift. The data show that the ratio κe/κh = 0.67 reported for vertically stacked
SRRs [11] is also relevant for dipole-dipole coupling in the xy-plane, allowing a
direct identification of κe and κh with on-resonance electric and magnetic polariza-
bilities. It is remarkable that the magnetic polarizability αH is of the same order as
the electric polarizability αE , as opposed to the normal ordering αH ≪ αE [27].
This conclusion is in accordance with recent estimates of Merlin [27], that SRRs
have αH comparable in magnitude to αE provided ImϵAu ≫ λ/ℓ, where ℓ is the

30



2.3. Results

Magnetic only

All interactions

Lattice spacing (nm)

Electric only

F
re

q
u

e
n

c
y
 (

c
m

-1
)

dx=dy

dy varies

dx varies

dx=dy

dy varies

dx varies

dx=dy

dy varies

dx varies
(c)

(b)

(a)

Figure 2.5: Electrostatic calculation of the magnetic resonance frequency as a function of
lattice spacing. Black curves: dx = dy . Light gray curves: dy varies at fixed dx = 500 nm.
Dark gray curves: dx varies at fixed dy = 500 nm. For magnetic coupling only (a),
resonances always blueshift with decreasing lattice spacing, while for electric coupling
only (b), the behavior of the resonances for dx = dy changes sign with respect to (c) (all
couplings). Insets in (a), (b) and (c) are sketches of the electric and magnetic coupling
between split rings. Curves in (c) are reproduced in Fig. 2.4.
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characteristic scatterer size. Given the dielectric constant of Au ImϵAu ∼ 10, and
the size λ/ℓ ∼ 7 of our SRRs, their LC resonances are indeed expected to be mag-
netic resonances with large αH . Into the visible, ImϵAu rapidly decreases, causing
αH to vanish [27], as argued independently in [9].

2.3.3 Width and depth of the resonance

A striking feature in our transmission data (cf. Fig. 2.3) in addition to the spectral
shifts, is the large broadening of the resonance as the density of SRRs increases.
In Fig. 2.4(b) we plot the measured full width at half minimum (FWHM) of the
transmission minimum versus lattice spacing. For square lattices, the width more
than doubles from 1000 to 2150 cm−1 as the pitch is reduced from 550 to 300 nm,
while for both types of rectangular lattices (dx or dy fixed at 500 nm) the width
increases from 950 to 1400 cm−1. Such broadening was also noted by Rockstuhl
et al. [5] for square arrays. Our extensive data on many rectangular and square
arrays allow us to quantitatively identify the source of broadening. From the outset
it is clear that the broadening is outside the scope of Eq. (2.1), since the (Ohmic)
damping rate is almost independent of coupling in any electrostatic model. Instead,
electrodynamical radiation damping, i.e., scattering loss into the far field must be
taken into account. As all oscillators in our sub-diffraction lattices are driven in
phase (k|| = 0), scattered light radiated by all oscillators interferes destructively
for all angles, except along the transmitted and reflected direction. Since the mag-
netic dipoles are aligned along the incident beam, they do not radiate any ampli-
tude into the k|| = 0 directions. Hence, all radiation damping is solely due to
the induced electric dipoles. For a quantitative analysis we use an electrodynam-
ical model for electric point dipoles with a Lorentzian resonance in αE according
to [13, 26], centered at 1.4 µm. We will improve on this model in Chapter 3 and 4.
We use σext = 4πkImα with k = 2π/λ, using the Lorentzian electric polarizabil-
ity α0 = ω2

0κe/(ω
2
0 − ω2 − iωγ) implicit in Eq. (2.2), and with radiation damping

1/α = 1/α0 − i23k
3 [13]. We take γ = 1.2 · 1014 s−1 for the Ohmic damping of

Au from [28]. We evaluate Eqs. (8,9) in Ref. [26] to predict the array transmission.
This dynamic model has no adjustable parameters, since the on-resonance polariza-
bility is fixed to match the extinction cross section of single SRRs that was reported
in [25]. We find a broadening of the collective transmission resonance that quanti-
tatively reproduces the measured broadening with decreasing lattice spacing for all
lattices (FWHM curves in Fig. 2.4). An important conclusion is that the large width
of the magnetic response commonly observed for SRR arrays [1–5] is not due to
intrinsic loss, but is quantitatively consistent with superradiant decay of the electric
dipoles. The collective enhancement of the single SRR radiative linewidth, already
suspected by [5], implies enhanced scattering and a reduction of the absorption of
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Figure 2.6: Effective extinction cross section per split ring derived from on-resonance
transmission. The black dashed line indicates the cross section of a single split ring
(from [25]). The cross section per split ring is limited by the area dxdy of the unit cell
(black and gray lines).

the array far below the albedo of single SRRs.
Finally we correlate the resonance broadening with the measured transmission

T on resonance. Fig. 2.6 shows the effective extinction cross section derived from
our measurements through σeff = dxdy(1−T ). For uncoupled scatterers we expect
constant σeff equal to the extinction cross section σext = 0.3 µm2 measured for a
single SRR in [25] (dashed line in Fig. 2.6), as indeed almost found in our data
for dx = dy > 500 nm. For d < 500 nm, we measure values for σeff far below
σext indicative of strong dipole-dipole coupling. The collective superradiant decay
(Fig. 2.4(b)) which widens the resonance reduces the extinction per element to
remain below the unit-cell area dxdy (curves in Fig. 2.6).

2.4 Conclusions

In conclusion, we have measured large resonance shifts as a function of density in
SRR arrays resonant at λ = 1.4 µm. These shifts are due to strong near-field
electric and magnetic dipole coupling that we analyzed in a quasistatic nearest
neighbor model. Furthermore, we observe electrodynamic superradiant damping
that causes resonance broadening and an effective reduction of the extinction cross
section per SRR. Since the data show that the response of SRR arrays is not sim-
ply given by the product of the density and polarizability of single constituents,
we conclude that a Lorentz-Lorenz analysis to explain effective media parame-
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ters of metamaterials ‘atomistically’ may need to be re-assessed [29]. Indeed, our
data has important repercussions: it calls for a shift away from the paradigm that
the highest polarizability per constituent is required to obtain the strongest electric
or magnetic response from arrays of electric or magnetic scatterers. Our experi-
ments show that increasing the density of highly polarizable constituents to raise
the effective medium response [4] is ineffective, since superradiant damping limits
the achievable response. To strengthen ϵ or µ, we propose that one ideally finds
constituents that have both a smaller footprint and a smaller polarizability per con-
stituent. We stress that even if constituent coupling modifies ϵ and µ, we do not
call into question reported effective medium parameters or the conceptual valid-
ity thereof per se. We propose that the effective medium parameters only loose
their usefulness when constituent coupling is so strong that collective modes of dif-
ferently shaped macroscopic objects carved from the same SRR array have very
different resonance frequencies or widths. In this regime interesting physics comes
into view, particularly regarding active devices. Specific examples are array anten-
nas for spontaneous emission [15] and ‘lasing spasers’ [16], where the lowest-loss
array mode will lase most easily.
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