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—4—  Integrals of 1 -classes over double ramication
cycles

4.1 Introduction

In this chapter we introduce the so-called double ramification cycles on the the moduli space
of curves, and prove a direct formula for their intersection with monomials in -classes of
complementary codimension.

4.1.1 Relative stable maps and double ramification cycles

Let ay,...,a, be a list of integers satisfying > a; = 0. To a list like that we assign a space of
“rubber” stable maps to P! relative to 0 and oo in the following way.

Denote by n, the number of positive integers among the a;. They form a partition p =
(f15- - -, ftn, ). Similarly, denote by n_ the number of negative integers among the a;. After a
change of sign they form another partition v = (v4,...,1,_ ). Both p and v are partitions of

1 n
d= §Z|a¢|. (4.1)
i=1

Finally, let ng be the number of vanishing a;.
To the list a4, ..., a, we assign the space

the same integer

mg;cn.,...,an = HN (]P)lv 07 OO) (42)

g:noipv
of degree d “rubber” stable maps to P! relative to 0 and oo with ramification profiles 4 and v,
respectively. Here “rubber” means that we factor the space by the C* action in the target P'.
We consider the pre-images of 0 and oo as marked points and there are ng more additional
marked points.

Thus in the source curve there are n numbered marked points with labels a4, ..., a,. The
relative stable map sends the points with positive labels to 0, those with negative labels to oo,
while those with zero labels do not have a fixed image.

We have a forgetful map

p: mg;al,m,an — mg,n- (4.3)
Definition 4.1. The push-forward
y2 [ﬂg;mw,anrirt (4.4)

of the virtual fundamental class under the forgetful map p is called a double ramification cycle
or a DR-cycle and is denoted by DRy(ay, . .., a,).
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4.2. INTEGRAL OF -CLASSES OVER A DR-CYCLE: THEOREM

It is known (see [43]) that the Poincaré dual cohomology class of DRy(ay, . .., a,) lies in the
tautological Chow ring of M, . The virtual dimension of M,,, _,, and hence the dimension
of DRy(ay, .. .,a,) equals 2g — 3 + n.

A well-known problem, publicized in particular by Y. Eliashberg in view of applications
to Symplectic Field Theory, is to find an explicit expression for the class DRgy(a1, ..., a,) in
terms of the standard tautological classes. Recently R. Hain [54] found the restriction of
DR(as,...,a,) to the locus ﬂ;n of curves with compact Jacobians. His expression is a
homogeneous polynomial of degree 2¢ in aq, . .., a, with coefficients in HY (ﬂ;n) In this paper
we find the intersection numbers of DR, (ay, ..., a,) with monomials in y-classes. Note that
these numbers involve more than the knowledge of DRy(ay, ..., a,) on ﬂ;". Thus our results
are in some sense complementary with Hain’s, even though they are still insufficient to deduce
the complete expression for the double ramification cycles. For a given monomial in 1, ... 1,
the intersection number we find is a non-homogeneous polynomial of degree 2¢g in variables

ai,...,a,. This gives additional evidence to the following folklore conjecture.

yerny

Conjecture 4.2. DR,(ay,...,a,) is a polynomial in ay, ..., a, with coefficients in HY(Mg,,).

4.1.2 Plan of the chapter

In Section 4.2, we give a general formula for the intersection number of a double ramification
cycle with any monomial in 1-classes. We also give a particular case of this formula where the
monomial consists of just some power of one i-class. The reason is that this formula is a lot
simpler, interesting in its own right, and is used as a base case for an inductive proof of the
more general formula later in this chapter.

In Section 4.3 we provide formulas for the intersection of a DR~cycle with a 1-class in terms
of other DR-cycles. In Section 4.4 we use those formulas to inductively proof Theorem 4.3.
Theorem 4.4 is then proved in Section 4.5 using Theorem 4.3 as a base case and the splitting
formulas from section 4.3 for the induction step.

4.2 Integral of i-classes over a DR-cycle: Theorem

We first give a formula for the intersection number of a double ramification cycle with a power of
just one 1)-class, then we generalize this formula to the intersection number with any monomial
in 1)-classes.

4.2.1 Intersection with one 1/-class

For the first formula, denote by S(z) the power series

sinh(z/2) 22 22 2 28
_ — S ——— T 4.
5 =—x ; k1) 24 T 1020 T 322560 (45)

Theorem 4.3. We have

Iz, S(ai2)

2g—3+n — [~29
(0 DRy(ay,...,a,) = [z%] Se) ,

(4.6)

where [2%9] denotes the coefficient of z29.

4.2.2 Intersection with several v)-classes

Our next goal is to express the integral over a DR-cycle of a monomial in ¢-classes at different
marked points. We will use the following notation.
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4. DOUBLE RAMIFICATION CYCLES
e We let ((2) = e*/2 — ¢7#/2. (In the previous section we were using S(z) = ((z)/z, but
here ((z) is much more convenient.)
e For a permutation o € S, denote a; = a,(;y and zj = z,(;).

e Finally,
a b
d

= ad — be. (4.7)
Theorem 4.4. Given a list of n integers as,...,an, satisfying > . a; = 0 and a list of non-
negative integers du, ..., d, satisfying > d; = 2g — 3 + n, the integral

DRy (a1, -~ ap)ypd - aptn (4.8)

n

of a monomial in 1-classes over a DR-cycle is equal to the coefficient of

20 e (4.9)

n

in the generating function

ay d ay +ah aj ay+--+a,, a,
Uz a2 Narg ) et 2
C(Z1++Zn) €S, o all a/Z al2 ai’i a’;z—l a;’L o ‘
a(1)=1 Yozl 24| 2 2 2h 2|

(4.10)

Remark 4.5. The expression for the generating function is not written in a symmetrical form:
the first marked point is singled out, since we only sum over the permutations that fix the
element 1. However the generating function turns out to be symmetric in all n variables. The
expression can be symmetrized by extending the summation to all permutations and dividing
by n.

Remark 4.6. At first sight it appears that the generating function has simple poles along the
hyperplanes a,z; — a;2; (because of the determinants in the denominator) and z; +---+2, =0
(because of the ((z; + -+ + z,) in the denominator). It is easy to see, however, that these
denominators actually simplify.

Indeed, in each summand the factor afz} — a)z] simplifies with ((a}z} — a)z]). But this
was the only factor of the form a,2; — a;z1, thus no factor like that remains in the denominator
of any summand and hence of the total sum. Since the first marked point was singled out
arbitrarily, this implies that no factor of the form a;z; — a;2; remains in the denominator.

As for the factor z; + - - - + z,, it simplifies with

3

if we take into account that a} + -+ +al,_; = —a,.

The only case where this reasoning breaks down is when n = 2. Indeed, in this case z; + 25
and a1 29 — a2 = a1(21 + 22) are twice the same factor, but this factor is only compensated for
once in the numerator. In this case the generating function does contain a singularity of the
form 1/(z; + z9) (see Example 4.7). This singular term should be ignored when we extract the

coefficients.

’ ’ ’

ayt o,y ay
/

21tz 2

), (4.11)
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4.2. INTEGRAL OF -CLASSES OVER A DR-CYCLE: THEOREM

Example 4.7. For n = 2 we let a1 = a, as = —a. There is only one permutation in Sy that fixes
the first element. Thus we get the generating function
ZIZQ C(a(zl + 22)) — C(a(zl + ZQ)) (4 12)
C(z1+22) malz1+22) 20 al(z1+ 22)C(z1 + 22) ’
1 a?—1 (a®> —1)(3a®> = 7) 3
B 0 . 413
pa TG R 5760 (o1 4 2)"+ (4.13)
It follows that
a’?—1
DRi(a, —a)yy = DRy(a, —a)ihs = YRR (4.14)
. 2-1)(3a®> -7
DRy (a, —a)? = DRy(a, —ayit — (-~ DB =T 5)7(63 ), (4.15)
DP{Q(CL7 —a)’(/)%i/)g = DRQ(CL, —a)’l/)li/); (416)
12 —1 2 _ 12 —1 2 _
_ 3(a )(3a® —7) _ (a )(3a 7). (4.17)
5760 1920
Ezample 4.8. For n = 3 we have a3 = —(a; + a2). There are two summands in the formula
corresponding to the permutations (1,2, 3) and (1,3,2). We get
1 C(ar1z0 — azz1) 22 C((a1 + az)(z1 + 22 + 23)) (4.18)
C(z1+ 22 + 23) 122 — G221 azzs + (a1 + az)z '
Clarzs + (ar + az)z1) 23 C((lQ(Zl + 22 + 23)) (4.19)
arzz+ (a1 +ag)zr azzz+ (a1 + az)z . .
Expanding this expression we get, in particular,
2, 2
-1
DR1 (al, as, ag)lﬂ% = (12_'_%, (420)
2, 2 2
-2
DRy (a1, az, az)ihthy = D2 T8~ 2 %2;: B (4.21)

where we have re-introduced a3 for more symmetry.
4.2.3 Completed cycles as a particular case of Theorem 4.3

Let ﬂgﬁLKW(CPl, o0) be the space of degree K relative stable maps f: C' — CP! with branch-
ing profile Kk = (kq,..., k,) over co and with one marked point x € C' satisfying the condition
that f(xz) = 0. It is a natural problem to find an effective cycle representing the homology class

i vir m

[Mg,l,K;m(CPI’ OO)] ! 1/]9: . (422)
Okounkov and Pandharipande gave an answer to this question when m is equal to the virtual
dimension K + n + 29 — 2 of W717K;R(CP1,OO) and thus the answer is just a number. To
simplify the formula we assume that the n pre-images of co in our space of relative stable maps
are numbered. Then we have the following equality.

Theorem. (Okounkov, Pandharipande [88]). For m = K +n+ 2g — 2 we have

1 virt jm ;L: kZ g - -
My 1 s (CPY, 00) T g :m!HTl[ZQ 1S(2) ] S(iz). (4.23)

!
i=1
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4. DOUBLE RAMIFICATION CYCLES

Using the degeneration of the target it is not hard to generalize this formula to several
relative points with ramification types p1, ..., us. In particular, for the case of two relative
points, the following expression is given in [88], Eq. (3.11) or [94], Eq. (10). Let ay,...,a,
be the list of elements of p; merged with the list of elements of uy with reversed signs. Thus
> a; = 0. Denote by 1, the ¢)-class at the marked point .

Theorem (Okounkov-Pandharipande, Rossi). We have

0

. C omioe v S(az
2 (P, o)) 2 = (20 Tz P0s2)

S02) (4.24)

It is easy to see that this formula is a particular case of Theorem 4.3, namely, the case when
as = 0 while all other a;’s do not vanish. The case where a;, = 0 and some other a;’s may also
vanish is covered by a more general computation in Proposition 2.5 of [89].

Actually, we don’t have an independent proof for the case a; = 0; we just invoke the above
result. Our proof for the case as; # 0 is quite different and does not generalize to a; = 0. Thus
we get the same answer for a; = 0 and ay # 0, even though we do not know any proof that
would work in both situations.

4.3 DR-cycle times a 1)-class: splitting formulas

In this section we express the intersection of a -class with a double-ramification cycle in terms
of “splittings” of the DR~cycle. These formulas can then be used in the next sections to give
inductive proofs of Theorems 4.3 and 4.4.

4.3.1 The splitting formulas - formulations

In this section we express the product of a double ramification cycle DRy(ay, ..., a,) and the
class ¢, for some s € {1,...,n} in terms of other DR-cycles. This will make it possible to
evaluate monomials in 1)-classes on a DR-cycle by induction. Note that we can only do that if
as # 0.

The picture below shows a cycle in M, obtained from two DR-cycles via a gluing map.

The two DR-cycles are constructed in the following way. The list aq,...,a, is divided
into two disjoint parts: /U .J = {1,...,n} in such a way that > .., a; > 0 or, equivalently,
> icy @i < 0. In the figure, for instance, we have 1,2,s € I and n € J. Then a new list of
positive integers ki, ..., k, is chosen in such a way that

P P
>ai—Y k=Y a+y k=0 (4.25)
iel i=1 icJ i=1
Now two DR-cycles of genera ¢g; and gy are formed as shown in the figure and glued together

at the “new” marked points labelled £y, ..., k,. Since we want to get a genus ¢ in the end we
impose the condition g; + go +p — 1 = g. We denote by

DR,, (ar, —ki, ..., —k,) B DRy, (as, ky, ... k) (4.26)

the resulting cycle in ﬂg,n.
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4.3. DR-CYCLE TIMES A t-CLASS: SPLITTING FORMULAS

Let r = 2g — 2 + n be the number of branch points of our initial DR~cycle DR(ay, ..., a,).
Let ' =2¢g; — 2+ |I| + p and 7" = 2g; — 2 + |J| + p be the numbers of branch points in the
two components of the target curve. (In both cases we do not count 0 and o0.)

Theorem 4.9. Let ay,...,a, be a list of integers with vanishing sum. Assume that as # 0.
Then we have

assDRy(aq, ..., a,) = (4.27)
2% Z pH Wi Kipr (ks k) R DRy, (ay, ko, k). (4.28)

I.J p>1 g1,92 k1,..
Here the first sum is taken over all I U.J = {1,...,n} such that . a; > 0; the third sum is
over all non-negative genera g1, g» satisfying g1 + g2 +p — 1 = g; the fourth sum is over the
p-uplets of positive integers with total sum Y, a; = =Y . a;. The number p is defined by

" sel,
p—{ —r’ if seld (4.29)
Theorem 4.10. Let ay,...,a, be a list of integers with vanishing sum. Assume that as # 0
and a; = 0. Then we have
assDRy(ay, ... a,) = (4.30)

I3« 21 L=LEDR, (ar, —ky, - —ky) R DRy, (ag, ki, - .o ky). (4.31)

I,J p>1 g1,92 k1,....kp

Here the first sum is taken over all I U.J = {1,...,n} such that y_,_; a; > 0; the third sum is
over all non-negative genera g1, go satisfying g1 + g2 +p — 1 = g; the fourth sum is over the
p-uplets of positive integers with total sum Y ;. a; = — Y .., a;. The number ¢ is defined by

1 if selleld,

e=< —1 if seJlel, (4.32)
0 otherwise.
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4. DOUBLE RAMIFICATION CYCLES

Theorem 4.9 is called the splitting formula with respect to branching points, while Theo-
rem 4.10 is the splitting formula with respect to a marked point. Before proving the theorems
let us formulate some corollaries that we will use in our computations.

Corollary 4.11. Assume that as # 0. We have

ras Y7 'DRy(ay, . . ., a,) = (4.33)
1 ~ ~
— 5 Z(at + Clj) ¢;_2DRg(a1, vy Ay ey gy ey Oy A + a]-)
1,j#£S
1 . ~
~5 Zsign(ai) Z be Wi 2DRy_1(a1, ..., @iy . . .y Gy b, C).
i#s bg—c:gi
>

Here, as before, r = 2g — 2 +n and a hat means that the element is skipped.

Proof. We will use the splitting formula with respect to the branch points. Since we are
interested in the intersection number of our DR-cycle with 17~ we only need to keep those terms
of the splitting formula for which the s** marked point stays on a DR-cycle of dimension 7 — 2.
This implies that the remaining DR-cycle is of dimension 0, that is, it is of the form DRg(a, b, ¢).
The expression in the corollary is a sum over all splittings of this form. O

This corollary gives a recursive relation for intersection numbers of DR-cycles with powers
of one 1)-class. We will use it to prove Theorem 4.3.

Corollary 4.12. Let t and s be two different elements in {1,... ,n}. Assume that both as and
a; are non-zero. Then we have

(ass — arpy)DRy(ay, . . ., an) (4.34)

= > 3> N H“ L=LEDR, (ag, =k, . .., —ky) R DRy, (ay, ki, - . ., kp) (4.35)

selted p>1 g1,92 ki,....kp

- Yy s Lo bR, (0~ k) BDR s ) (1360
tel,s€J p>1 g1,92 k1,..
Here, as before, the first sum is taken over all I UJ = {1,...,n} such that ), a; > 0; the
third sum is over all non-negative genera gy, g satisfying g1 + go +p — 1 = g; the fourth sum
is over the p-uplets of positive integers with total sum Y, a; = —> . a;

Proof. This follows directly from the splitting formula with respect to the branch points. It
suffices to notice that the expressions it provides for a4ty and a,); only differ in the definition
of 7. |

Multiplying the identity in this corollary by any monomial in -classes of degree 2g —4+n
we obtain a simple way to “move” a 1-class from one marked point to another.

4.3.2 The splitting formulas - proofs
Plan of proof

Our proof uses the Losev-Manin compactification LM, of Mg ,42. It is the moduli space of
chains of spheres with two special “white” marked points 0 and oo at the extremities of the
chain and r more “black” marked points on the other spheres. The black points are allowed
to coincide with each other and there should be at least one black point per sphere. For more
details see [75].
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4.3. DR-CYCLE TIMES A t-CLASS: SPLITTING FORMULAS

°
00 4=6=8 O

..... n*

LNIT-Q—nO/Sr <L mg;al,...,an L) mg,n7 (437)

where ng is the number of indices ¢ such that a; = 0 and r = 29 — 2+ n is the number of branch
points.

The map ¢ assigns to a relative stable map its target rational curve. The marked points
are the r branch points and the images of the marked points in the source curve. The map p
assigns to a relative stable map its stabilized source curve. (This is the map that we used to
define the DR-cycle DRy(ay, . .., a,).)

The proof of the splitting formulas proceeds as follows.

1. Identify the 1)-class on the DR-space with the -class on the Losev-Manin space.

2. Express the 1-class on the Losev-Manin space as a sum of boundary divisors (we will do
that in two ways, whence two splitting formulas).

3. Lift these divisors to the DR-space
4. Subtract the difference between the 1)-class on the DR-space and the 1)-class on M, ,.

We start with two lemmas that will be needed in the course of the proof.
DR-cycles with disconnected domains

Consider the space of stable maps to CP! relative to 0 and oo, but with disconnected domains

Mgiialar, X o0 X

" (4.38)

qk
Gh3QY 5eens Oy

We assume that 2¢g; — 2 +n; > 0 for each i. From the corresponding rubber space

~

(Mg];a},...,al X X gk;a’f,...,a,ﬁk) (439)

ny

there is a natural forgetful map p to the product of moduli spaces My, ,,, X = X My, ..

Lemma 4.13. The image of the virtual fundamental class of

~

(Pt iy % P, ) (4.40)
in Mg, py X -+ X My, . under the forgetful map p vanishes.

Even though the computations of this section take place in the DR-space, the goal of the
paper is to study the DR~cycles, that is, the images of the virtual fundamental classes of DR-
spaces by the map p. Therefore in the sequel of this section we will perform all our computations
“modulo terms with disconnected domains”. In other words, we will disregard all the terms
that, according to the lemma, vanish after the push-forward by p.

Proof. We will call parts the k connected components of the curves.
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4. DOUBLE RAMIFICATION CYCLES

Adding a new marked point. Consider the space

(Mgl?a}w

If 7 is the forgetful map that forgets the new point, we have, by the dilaton relation,

~

Lo XX My o) (4.41)

‘7an1 b

— - ~ qvirt
T { [(Mgl;a;...,a;,l,o X X My gk a;g,k> } %wl} (4.42)
— - ~ qvirt

= (291 -2+ nl) {(Mgl;a%,...,ail Koeee X M‘qk;a’f,m,a’;’;k) i| . (443)

Thus it suffices to prove that the image of

— - ~ qvirt
[(Mgl;a%,...,a}ll,() X X Mgk;a’f,...,aﬁk) i| ,lz]77«1+1 (444)
vanishes in ng a1 X e X ﬂgwk_.

Introducing a C*-action On the space

~

(Mgl;ai,m,a}u,o X X gk;a’f,m,aﬁk) (445)

we can introduce a C*-action in the following way. Let f : C — S be a rubber map, where S
is a genus 0 curve from the Losev-Manin space. Let S, be the irreducible component of S that
contains the image of the new marked point, that is, the (n; + 1)** marked point in the first
part of C. (The purpose of adding a new marked point was precisely to be able to single out
a component of S in this way.) Now, for A € C*, we let A.f be equal to f on every component
of C' that does not map to S, or is in the first part (that is, the part that contains the new
marked point). On the components of the other parts that map to S, we let A\.f = A\f.

The pull-back of any differential form from ﬂglmﬂ X - X Mg, n, to our DR-space is
C*-invariant, because the action of C* does not change the complex structure of the source
curve. We are going to prove by localization that the integral against

— _ ~ qvirt
[(Mg1 ;a},...,a},,l,o XK X gk;a/f,...,a,ﬁk) i| Z/)’!LrH (446)

of any C*-invariant form vanishes.

Localization. The invariant locus of the C*-action is composed of maps that have no marked
or ramification points over S, on parts 2,...,k. Thus the invariant locus has three types of
components, classified by the topological type of the target genus 0 curve S (at the generic
point of the component of the locus):

1. the curve S has the form S’ U S,;
2. the curve S has the form S, U S”;
3. the curve S has the form S’ U S, U S”.

Each component of the invariant locus is the product of two (in the first two cases) or three (in
the last case) disconnected DR-spaces and has the same virtual fundamental class. A simple
dimension count shows that the virtual dimension of each component of the invariant locus is
less than the virtual dimension of the original DR-space. (Indeed, the dimension is equal to
the number of marked and branch points minus the number of components of S.) Therefore
each term in the localization formula vanishes, completing the proof of the lemma. i
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4.3. DR-CYCLE TIMES A t-CLASS: SPLITTING FORMULAS

Pull-backs of divisors from the Losev-Manin space

Consider a DR-space M., . ., and consider the forgetful map

q : Mg;al,...,an — Ll\/Ir+no/Sr- (447)

Let a U 8 be a partition of the set of indices ¢ such that a; = 0. Let ' + " = r. Denote by
D o gy the boundary divisor in the space LM, ,,/S, with self-explanatory notation.

Lemma 4.14. Modulo terms with disconnected domains, we have

virt

O Dir o p) [Mgasnan] = (4.48)

HZ;: ]{ZL —_ virt virt
SO Y T Mperbii] B Mooy, ] ™ (449)
I,J p>1 g1.92 k1,...kp P
Here the first sum is taken over all IU.J = {1,...,n} such thata C I, 3 C J and ) ,.;a; > 0;
the third sum is over all non-negative genera g1, go satisfying g1 + go +p — 1 = g; the fourth
sum is over the p-uplets of positive integers with total sum Y .., a; = —> . a;.

Proof. This lemma is a version of Jun Li’s degeneration formula [72, 73]. It should be applied
to the target rational curve where all branch points have been marked and numbered. We then
take the sum of contributions from all possible ways to put 7’ marked point on one component
of the degeneration and r” on the other component. After this we can forget the numbering of
the branch points once again.

In the degeneration formula we see DR-spaces with both connected and disconnected do-
mains over each component of the target. However, since we are working modulo terms with
disconnected domains, only the terms indicated in the lemma survive. O

Comparing the i/-classes on different spaces

Recall the two forgetful maps from the DR-space

p: Mg;al,m,a" — Mg,n (450)

and
¢ Mgy, an = LMy /Sy (4.51)

Denote by W, and 1, the i)-classes at the sth marked point on ﬂg;ahm,an and on Mg,n
respectively. Denote by 1y and 1, the 1-classes on the Losev-Manin space.

Proposition 4.15. Assume that as # 0. We have
asU, = ¢y if as >0, (4.52)
—a, ¥V, = ") if as <O. (4.53)

Proof. This simple but very useful statement first appeared in lonel’s paper [55]. Assume for
definiteness that as > 0. Then ¢ obviously identifies the tangent line to 0 in the target with
the asth power of the tangent line to the sth marked point in the source, which proves the
proposition. O
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4. DOUBLE RAMIFICATION CYCLES

Lemma 4.16. Assume that as # 0. Modulo terms with disconnected domains we have

T, — p'h, = (4.54)

s i T vir vir
1 ZZZ Z %[Mgl?ahfklwwfkp] tgwgmwhklw-»kp] " (4.55)

|a5| I,J p>1 g1.92 k1,....kp

Here the first sum is taken over all I U.J = {1,...,n} such that Y, ,a; > 0 and s € J if
as > 0 ors € I if ag < 0; the third sum is over all non-negative genera g1, go satisfying
g1+ 92 +p—1= g, the fourth sum is over the p-uplets of positive integers with total sum

Zie[ a; = — Zz‘e] @i

Proof. The sum in the lemma enumerates all the boundary divisors, modulo the ones with
disconnected domains, on which the sth marked point lies on a bubble (that is, on a rational
component that gets contracted by the forgetful map p). It is precisely those divisors that
contribute to the difference between the two 1)-classes. It remains to determine the coefficients.

Assume, for definiteness, that a, > 0. A divisor enumerated in the sum splits the marked
and branch points in the target into two groups: those that lie on the component of 0 and
those that lie on the component of co. Consider the map ¢ that forgets all the marked and
branch points from the component of 0. It is a forgetful map between two Losev-Manin spaces.
Denote by ¢y the 1-class at 0 on the smaller Losev-Manin space, that is, on the image of the
forgetful map. It is easy to see that in the neighbourhood of our divisor and outside of the
other divisors enumerated in the lemma we have as1)s = ¢*¢*, and therefore

as(\Ijs - p*l/}s) = q*(% - Cf*%) (456)

The difference ¢y — ¢*¢y, is exactly given by the divisor where the target curve degenerates.
Therefore the coefficient of our divisor in ¥, — p*1, is equal to the coefficient of the same divisor
in Lemma 4.14 divided by as. O

Expressing v, and 1), as boundary divisors

The class 1y on the Losev-Manin space LM,,, is easily expressed as a sum of boundary
divisors: namely, for any i € {1,...,r+ng}, we have

Yo=Y O@w : (4.57)

where the sum is over all boundary divisors such that the ith marked point lies on the same
component as co. If 7 is the image of a marked point we leave this expression as it is.

If 7 is a branch point, it makes sense to symmetrize the expression with respect to the S,
action, since we are working with the quotient LM, ,,,/S,. We get

%:Z% O@w : (4.58)

where the sum is over all boundary divisors and r” is the number of branch points on the
component of co.
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Computing p*i,

Now we prove Theorems 4.9 and 4.10 using the preceding lemmas to express p*i, in terms of
boundary divisors. Assume for definiteness that ay > 0. Then we have

asp*hs = as Wy — a (Vs — p™bs) = "o — as (Vs — p*ibs). (4.59)
Equations (4.58) and (4.57) give two alternative expressions for ¢*iy while Lemma 4.16
gives an expression for as(V, — p*1)s). All three expressions involve very similar summations

over the same set of divisors, but with different coefficients.

Proof of Theorem 4.9. We use Equation (4.58) for ¢*y. The coefficient of

4 kl vir vir
;7!1 ng;al,fkl,m,fkp] ' X Wgz;aJ,lc““,kp} ' (460)

in Eq. (4.58) equals r”/r. Its coefficient in Lemma 4.16 multiplied by as equals 1 if s € J or 0
if s € I. Subtracting the second coefficient from the first one and using ' + r” = r we get

/],,//
— if sel, (4.61)
r
7,,/
—— if se (4.62)
r
These are exactly the coefficients from Theorem 4.9. i

Proof of Theorem 4.10. We use Equation (4.57) for ¢*g. Denote by [ the index of the marked
point with a@; = 0 that appears in this equation. The coefficient of

Hﬁll kz virt virt
T Wg1;a1,—k1,..,,—kp:| ‘E Wgz;a.],kh...,kp} (463)

in Eq. (4.57) equals 1 if [ € J and 0 otherwise. Its coefficient in Lemma 4.16 multiplied by as
equals 1 if s € J and otherwise. Subtracting the second coefficient from the first we get

1 if selled, (4.64)
-1 if seJlel, (4.65)
and 0 otherwise. These are exactly the coefficients from Theorem 4.10. |

Both theorems are proved.

4.3.3 A digression on admissible coverings

Double ramification cycles have an alternative definition, using admissible coverings rather than
relative stable maps (see, for instance, [55]). To distinguish the two notions, just for the length
of this section, we will write DR*™ and DR***". The goal of this section is to explain what
would change in our results if we replaced DR®**" by DR*™ . This section is not self-contained,
since we don’t introduce the admissible coverings here; it can be skipped in first reading.
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4. DOUBLE RAMIFICATION CYCLES

Example 4.17. We have
DRZI}dm(aﬁ _a) = a’Q —le Ho(ﬂl,1)7 (466)

DR;*P(a, —a) = a* € H'(M,,), (4.67)

where the tilde means that the the corresponding marked point is forgotten.

Indeed, given an elliptic curve (C,x) with one marked point, there exists a® points y such
that z —y is an a-torsion point in the Jacobian of C'. The space of admissible coverings contains
one point per y # x, that is, a®> — 1 points. The space of rubber maps contains one additional
point corresponding to y = x: it represents the map with a contracted elliptic component.

Theorem 4.18. The intersection numbers of a monomial djfl -eeapdn with Ddem(al, )
and with DR;tab(al, ..., ay) coincide if none of the a;’s vanishes. These intersection numbers

may differ in presence of an a; = 0.

Corollary 4.19. At least for some g and n the class DRZd“’(al, ..., ay) does not have a poly-
nomial dependence on aq, ..., ay.

Proof. Our formulas show that the intersection number of a given monomial in 1-classes with
DRZ“‘b(al7 ..., a,) depends polynomially on ay,...,a,. The intersection number of the same
monomial with DRde(al, ...,ay,) has the same values for non-zero a;’s, but different values
if some of the a;’s vanish. Therefore this intersection number cannot depend polynomially on
ai,...,a,. Hence the class itself cannot depend polynomially on ay, ..., a,. O

Remark 4.20. Ultimately it’s Corollary 4.19 that convinced us that DRS**P-cycles must be
preferred to DR*™-cycles.

Proof of Theorem 4.18. The first claim of the theorem is proved by checking that all the steps
of our computation of DRy(ay, ..., a,) fl - apn g0 through in the same way for DR*™ and
DR**" as long as ay, . . ., a, do not vanish.

Theorem 4.9 is the base of our computations. Its analogue for DR*™-cycles is well-known
(see [55], Lemma 2.4 for a proof modulo some omitted terms; see [100] Lemmas 3.2, 3.3, 3.6, 3.7
for a detailed proof is genus 1 that easily generalizes to higher genus). The proof is actually even
simpler for DR*™_cycles because the space of admissible coverings has the expected dimension,
so there is no virtual fundamental class involved. The combinatorial part of the computation
only uses Theorem 4.9 as long as there are no vanishing a;’s, therefore it works in the same
way for both DR*™ and DR,

The only part of the computation that does not generalize is the use of Okounkov and
Pandharipande’s computation in the case where there are 1)-classes only at the marked point
with vanishing a;’s. If there are no vanishing a;’s this part is not needed.

To prove the second claim of the theorem we will use the following example. Let

8= : (4.68)
e s

be two cohomology classes in H2( M, 5).
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Proposition 4.21. We have

a®>—1

DR (a, —a) = (a® — 1)B + 13

v, (4.70)

a®>—1

DR;*"(a, —a) = a*8 + 1

5. (4.71)

Proof. In this case the space of rubber maps has two irreducible components of the same
dimension equal to the expected dimension. Its virtual fundamental class is the sum of the
fundamental classes of the two components. The first component coincides with the space of
admissible coverings. The second component is composed of maps with a contracted torus in
the source curve. Thus the difference between DR}™(a, —a) and DRS™(a, —a) comes from
the component with contracted tori, whose fundamental class projects to 5. In other words,
DR***"(a, —a) — DR™™(a, —a) = B, which is actually the only thing that is needed for the proof
of the theorem.

The expression for DR (a4, ..., a,) is given by Hain [54] in full generality, so our expression
can be found as a particular case. Both formulas can also be proved using a lifting of the WDVV
relation in the Losev-Manin space. O

Corollary 4.22. We have
DR}™(a, —a,0)2 = (a* —1)/12, (4.72)
DR (a, —a, 0)y% = (22> — 1)/24. (4.73)
Proof. The classes DRy (a, —a, 0) are obtained from DR (a, —a) by pull-backs under the forget-
ful map 7*: My 3 — M. It is straightforward to compute the intersection of the classes thus

obtained with 2. Note that the second equality is a particular case of Example 4.8. What
matters for us is that

w 1
Y2(DR***"(a, —a,0) — DR*™(a, —a,0) = ¢i7*B = 5170 (4.74)
O

Thus we have found an example where the intersection numbers of the same monomial in
h-classes with a DR*™-cycles and with a DR®**P-cycle differ. This proves the second claim of
the theorem. O

4.4 Generating functions for one 1/-class

In this section we prove Theorem 4.3 that evaluates the power of a 1/-class on a DR-cycle.

4.4.1 Proof of Theorem 4.3
The proof of Theorem 4.3 splits into two very different cases: as = 0 and as # 0.

Proof for a;, = 0. We use two lemmas.

Lemma 4.23. Let p: My, 4, — My, be the forgetful map from the rubber space to the
moduli space. Assume that as = 0. Then we have p*is = 1.
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4. DOUBLE RAMIFICATION CYCLES

Proof. Let f: C' — CP! be a point of Mo, ... an- If the sth marked point lies on a component
of the source curve contracted by f then this component is stable, because f is stable. If it lies
on a component that is not contracted by f then this component contains at least two more
marked points: a pre-image of 0 and a pre-image of co. Therefore it is also stable. Thus the
sth marked point never lies on a component of the source curve contracted by the forgetful
map. This allows us to identify the cotangent lines to the curve at the sth marked point before
and after the forgetful map. O

Note that the statement of the lemma is completely wrong if as # 0.

Lemma 4.24. Let p,v be two partitions of the same integer d. Consider the rubber space

Vi 1

M (CP,0,00) (4.75)
of relative stable maps to CP' with p marked points x, . .. ,xp. Also consider the moduli space

— .

M (CP,0,00) (4.76)
of relative stable maps to CP! with p marked points x1,...,x, such that the image of x1 is fizved

to be 1 € CP'. These two spaces are isomorphic to each other; their perfect obstruction theories
and virtual fundamental classes coincide.

This is a well-known fact and the proof is a simple check.
The consequence of these two lemmas is that the intersection number

¢zg_3+"DRg(a1, ) (4.77)

is actually a Gromov-Witten invariant of CP' relative to two points. Indeed, by Lemma 4.23,
instead of evaluating ¥2973" we can evaluate it directly on the rubber space ﬂg;alwan. And,
according to Lemma 4.24, this is equivalent to finding a Gromov-Witten invariant of CP!
relative to two points.

The Gromov-Witten invariants that we need were computed in [88], Eq. (3.11) and [94],
Eq. (10) if as is the only vanishing marking; while the general case is covered by Proposition 2.5
of [89]. We do not have any new contribution to this computation.

This proves the theorem for a; = 0. O

Proof for as # 0. We proceed by induction on the number of branch points r = 29—2+n, +n_.
The base case isr = 1, that is, g = 0, n,.+n_ = 3. (Genus 1 is impossible, because n,+n_ > 2.)
We have

Mo,ng+3

1/J;L°DR0(a1, ag, gz, O, e ,0) = / ’(/)go =1, (478)
——

no

which coincides with the constant term of the generating function in the theorem.
Recall the recursion from Corollary 4.11:

ras . 'DRy(ay, ..., a,) = (4.79)
1 ~ ~
5 Z (a; +a;) Wi 2DRy(an, ..., @iy, @Gy e e vy Gy @i + @) (4.80)
1,j#s
1 ~
~5 Z sign(a;) Z be YL DRy_1(ar, ..., @y ...y an, b, ). (4.81)
i#s b+c=a;
b-c>0
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By the induction assumption, the sum (4.80) is equal to

L 5 ) o () e S) (152)
aiz) H#i,s S(a;2) _

2g 1
= [z ]7“7@ ;(aiJraS)cosh( 5 S%)

ij#s 2

By the induction assumption, the sum (4.81) is equal to

c 18 Oz
- [ng*Q}% Zsign(ai) Z Z;S(bz)S(cz)W = (4.83)
S its b+c=a;
g L a;z\  sinh (%) cosh (%) \ ;4. S(a;2)
=—[z }ms ; (ai cosh( 5 ) — - (%) ) ;éS(z) .

Thus, (4.79) is equal to

DY <a5 cosh (a;) + S () oo (;)) g St052) (4.84)

Ta vn sinh (%)

- [229]% (zddz +n— 2> [z, Steiz) =

S(z)
Hi;és S(aiz) .

— [»2%9
(2] SG)
The theorem is proved. O
Remark 4.25. Our formula for 47" 'DR(ay, ..., a,) coincides, up to a simple factor, with the

formula for one-part double Hurwitz numbers found in [51] (first equality of Theorem 3.1).
This is due to the fact that the recursion relation of Corollary 4.11 coincides with the cut-and-
join equation for Hurwitz numbers. Note, however, that in the Hurwitz numbers theory the
formula only holds for one-part numbers; in other words, all the numbers aq, ..., a, must be of
the same sign except for ay that is of the opposite sign. If this condition is not satisfied then
the cut-and-join equation fails. In our situation, however, the signs of the numbers a; do not
matter. Thus we get the same generating function and the same cut-and-join equation, but
their interpretations and their ranges of applicability are different.

4.5 Integrals of 1-classes over a DR-cycle: Proof

In this section we use the infinite wedge formalism to prove Theorem 4.4. The proof is by
induction, and the base case is Theorem 4.3. For that we first need to restate both theorems
in terms of the infinite wedge formalism.

In the rest of this section g will always be used to denote the genus of some DR-cycle
which is intersected with some -classes. It is determined by the dimension constraint that
this intersection should be a number.

Proposition 4.26. Let ay,...,a, be a list of real numbers such that > a; = 0. Denote J =

{1,...n}\{s} and define
Jy={jeJ 1 aq;>0} (4.85)
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and J_ = J\J.. Then
&4,(0)

. S(a;z
[Zgg} H]EJ ( J ) _ [x29—2+n] < H

£,(0)\
26 Ea(@) ] > . (4.86)

jeJy 9 jer

Remark 4.27. When a; = 0 for some i, we interpret the right-hand side of the formula as
follows. We first compute the vacuum expectation value using the commutation relations of
the E-operators (Proposition 2.22) where we keep a; as a variable. It is easy to see that the
result can be continued analytically to a neighbourhood of a; = 0, so we take the limit a; — 0.
Note that way the apparent singularity coming from the factor a% will be cancelled with the
zero coming from ((a;x).

Lemma 4.28. Let ay,...,a, be a list of non-zero real numbers with vanishing sum. Assume
that it is split into a disjoint union of three sets
{1,...;n}={s}UJUuJ_. (4.87)

Then the vacuum expectation value

<H €, (0)E0, () T & (0)> (4.88)

jedy jed-
vanishes unless all the elements of Jy are positive and all the elements of J_ are negative.

Proof. Assume, for instance, that an element a; = a of J_ is positive. We apply our algorithm
by moving this operator to the right. Since

[ga(o)v gb(o)] = %i_I}%C(at)ga+b(t) = a50,a+b (489)

by Proposition 2.22, we see that the commutator term either vanishes or contains an &, factor
that is prohibited in a connected expectation value. Thus to compute the connected expectation
value we only need to take the passing term. In other words we can just move the operator &,(0)
to the right-most position and we see that the expectation value vanishes, because &,(0)vy =
0. |

Proof of Proposition 4.26. We first assume that the a; # 0 for all i € {1,...,s}.

To compute the expectation value we apply our algorithm by commuting &, (z) with its
right and left neighbours in an arbitrary order. At every step the contribution of the passing
term vanishes by the lemma. Using the commutation formulas we get

Casz) 1 C(—asz) a" ] S(a;2) [T S(a:x)
29—2+n a;x —a;r) 29—2+n JjeJ _[..2g178

(4.90)
where we used S(0) =1 and S(—a;z) = S(a;x). Now note that when a; = 0 for 7 in some index
set I, we can view this case as the previous one, where now we have to add those a; by hand.
The left-hand side remains unchanged, since S(0) = 1, while the right-hand side is multiplied
by

jeJ4 7 jed-

. ¢ (aiff) _

ahng Tu x (4.91)
iel

while simultaneously n is increased by |I]. Because of the [2?~2""] in front, these two changes

exactly cancel. This completes the proof of the proposition. O
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Proposition 4.26 allows us to restate Theorem 4.3 in terms of the infinite wedge formalism:

Corollary 4.29. We have

YBIDR, (an,... ,) = [52H) < T e, o) T & @> S

jEJ+ J jeJ-
On the other hand, Theorem 4.4 is equivalent to the following:

Theorem 4.30. Let n be a positive integer, and let ay,. .., a, be integers such that Y a; =0
and d, . .., d, non-negative integers such that > d; =29 — 3+ n. Then we have

,Sa/z(xg)] ,] Ear (@,

! /
/ ATy o Gna®n
oes! v (ah = ) (ay, =

n—1

P DR, (ay, . . a,) = [28 - a] Z (L Sy (o) ) , (4.93)

where S! is the group of permutations o of the set {1,...,n} with (1) = 1. As before, we
define x; == 2,0y and @} 1= a,).

The fact that Theorem 4.30 is equivalent to Theorem 4.4 follows immediately by repeated
application of the commutation relation of Proposition 2.22.

Notation 4.31. In the following, if a sequence of integers ay,...,a, and a corresponding
sequence of formal variables z1,...,z, have been defined, we will often use the following ab-
breviation for the sake of clarity:

g]‘ = ga] (.Z‘]) (494)

Definition 4.32. Let I C {1,...,n}. Given a list of integers ai, ..., a, and a list of variables
T1,...,%y, let P be a polynomial in operators &;, ¢ € I, whose coefficients are rational functions
inz; and a;. Let t & I.

For any i € I we define O!P to be the result of the substitution

& —&, & 4.95
6] (1.95)
Furthermore, we define O'P =3, _, O!P.
Definition 4.33. Let n be some positive integer, let aq,...,a, be some sequence of integers,
and let xy, ...z, be a sequence of formal variables. Then we define
R (oA S A o
G'ay, ..., an;21,. .., 2,) = Z aol[%:z o1, €l G‘J—lz"tt] (4.96)
res; Tor (o ) (S05E —a0)
To prove Theorem 4.30, we will need the following lemmas.
Lemma 4.34. For any positive integers t < n, and for all ay,...,a, € Z, we have
1
Glay,...,an;71,...,1,) = O O*—&,. (4.97)

X1

Note that the empty product of operators that appears on the right-hand side in the case t = 1
should be interpreted as the identity operator, as usual.
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Proof. We prove that the coefficients of ib’llil -~z are equal on both sides of the equation for

any non-negative integers dy,...,d,. The lemma is clearly true when t = 1. We proceed by
induction on t.
Denote by F* the right-hand side of equation (4.97):

1
Ft ot...0?—¢ (4.98)
Zy

Now assume that F'* and G are equal for some ¢, and are related by just a series of applications
of the Jacobi identity. Defining .

Gt = Ot Gt (4.99)
it follows that O Ft = Gf“, again related by a series of applications of the Jacobi identity.
We complete the proof by showing that G**! is equal to G**! := ZE:O G and this equality
can be given just by application of the Jacobi identity.

The terms of G'*! are of the form
[' o [5017502]7 - ']7 501}7 £t+1]1 s ']1 gﬂt]

i (B ) (R — g, (P2 — )

, (4.100)

where ¢ is some permutation appearing in the sum in G, and where j runs from 1 to ¢ — 1,
skipping 7.

First we look at the case where 0 < i < t. A term with the iterated commutator appearing
in (4.100) arises in G**! in precisely two ways:

1. In C:“;“, as the first term of the Jacobi identity applied to
[' o [5017 502}7 e ~L So'i—l]’ [501" 50t+1]7 gai+1]a e -]a gat] (4~101)

2. In @fﬂ, as the second term of the Jacobi identity applied to
[‘ o [80'] ) 50'2}7 e ']7 801}7 [801+17 Eﬂ't+1]7 801+2]7 s ']7 gar,]' (4'102)

Taking into account the coefficients of these two contributions, we get

1 1
Hj(anj;:JH - a01+1) ((ani::iﬂ - aﬂi+1)(ao;ji+l - at+1)

J i

1
T GoiToiy, Qojqq Tt+1
( o, - a01+1)( Ty - at+1)
1 1 1
= o Ty Ug, Tii1 At 1%0 , (4.103)
[T —ap,,,) =5 — e L — g
VAN 75+1 To; + Tit1 Tit1

(where j runs over the same set as above) which is precisely the coefficient of the iterated
commutator appearing in (4.100).

In this way, we use all the terms of G**! except three to get the terms of the form (4.100)
in G**!' with 0 < i < t. The three terms we did not yet use are G5!, the second term of the
Jacobi identity applied to Gi*! and the first term of the Jacobi identity applied to GI*'. The
only remaining terms in G**! are those of the form (4.100) with i = 0 and with i = ¢. By
a similar argument as the one above, the first is easily seen to be equal to the sum of é’f)“
and the second term of the Jacobi identity applied to C~¥§+17 whereas it is immediate that the
second is equal to the first term of the Jacobi identity applied to éﬁ“. This completes the
induction. O
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Corollary 4.35. Let a = (a1,...,a,) be an ordered set of integers. Denote T = (x1,...,%y).
Then the expression

F(z;a) := 0" (92 5a1 (1) (4.104)
is symmetric with respect to the action of S, on {1,...,n}.

Proof. The group S, is generated by S/, and the transposition (1,2). The fact that F(Z,a) is
symmetric with respect to the action of S), follows immediately because the quantity on the
left-hand side of (4.97) is symmetric with respect to this action. The invariance under the
transposition (1,2) is shown as follows:

1 &1, & &, &
orle - Enbl [2 J 01 & (4.105)
T a1ty — agry  wo( 2 —ay)
|
Lemma 4.36. Let n be any positive integer, and let aq, ..., a, be any integers. For any sub-

set I C {2,...,n} we have

[H I% <O"---(92x1151>0 _< H o <H0f 81) H 5;]> ; (4.106)

ielc i€l¢,a;>0 tel j€I¢,a;<0
where I¢ denotes the complement of I C {2,...,n}.

Proof. Let k =|I| 4+ 1. By Corollary 4.35, we can assume that [ = {2,--- , k}.
First note that
On @k—}—l

Qn k41

=0 (92—81

iel°

1
o ... 02;51 (4.107)
1

where O is defined by O = ade,, (o). This follows immediately from the fact that we take the
coefficient, of e -2 and the expansion of the factor —=— ” — appearing in the operator (’)t
t

Whenever a, = 0 for some t > k, the operator & ” Just acts as multiplication by from
the left; since we take the connected vacuum expectation value, it will be forced to 1nv01ved in
a commutator with a negative energy operator from the left at some point. It is easy to see
that the effect of this commutator will be the same as the effect from the one coming from the
definition of @t.

For t > k with a; # 0, we use the standard Lie-theory fact that for any ¢ > &

Ot... OOk ..(92igl -

T

=&,(0)07... 01Ok . 02i51 — O ORI Ok 02(%51)5%(0). (4.108)
1

Ty

Depending on the sign of a;, only one of these two terms will contribute when we take the
vacuum expectation value. Iterating this procedure from ¢ = k + 1 up to ¢t = n completes the
proof of the lemma. O

Remark 4.37. Using Lemmas 4.34 and 4.36, it is easy to see that Corollary 4.29 is a special
case of Theorem 4.30, i.e. that Theorem 4.3 is a special case of Theorem 4.4.
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Lemma 4.38. Let n be a positive integer, let ay,...,a, be a sequence of integers and let
Z1,...,%, be a sequence of formal variables. Denote a := (aq,...,a,) and T = (x1,...,Tp).
Then we have, for any p,q with 1 <p < q < n:

G"(@:z) = — 2 NG agar), G ag; ) (4.109)

UpLe = Qqlp 7

where the sum is over all disjoint sets I and J such that ITUJ ={1,....,n} andp €I, g€ J,
and G is as defined in definition 4.33.

Proof. Let us introduce the following notation. Suppose hq, ha, ..., h, are operators. Let

ootog " Lo, [T ha17h02 On
Qulhs, ol =y oo o [ L] o] (4.110)

ses!, (Toy = Toy)  (Tg_y — T,

For any o € S,,, we have the symmetry
Qn(hoys o Noi Ty ooy Toy) = Qu(hay oo by Ty, o ). (4.111)

It can be proved in the same way as the symmetry of G"(a;z). We have

_ ( 1)” ! X Tn

G"(a;7) = (s S Ty, 4.112
(@53) = - Qa2 (1.112)

The lemma obviously follows from the formula

Tpk
Qn(h;z) = ﬁ Z Qn(hr;zr), Qi (hays ). (4.113)
P 9 I11J={1,..,n}
pel, qgeJ

We prove (4.113) by induction on n. The case n = 2 is obvious. Suppose n > 3. Let us denote
the set {1,2,...,n} by [n]. We have

TpT
% Z Qn(hrszr), Quu(hysxy)] =
P qzugw

oer

i#p,q
€T
xv_(; Z [Q111-1([hp: ha]s Rgipys Tis Trgipy ), Qray(hurs 25)]+ (4.114)
! 9 r11J=[n]
i,pel
qed
+l [h Qn—1(ha)\(p}; T\ (o})]- (4.115)
P

By the induction assumption the sum (4.114) is equal to

(1 —
Z( ol ) 4)Qn71([hp>h/i]ah[n]\{i,p};xia£[n]\{i,p}):

Tp — xq)(l’p — T

1#p,q
—1([Pp, Pi, hp\gipys T T\ gy )+ (4.116)
#pq
+ Z Qn—1([hp, Nl Ba\ i pys Tis T\ fip}) (4.117)
Zsﬁpq p
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It is easy to see that (4.117) is equal to

——— [, Qn1 (b} T\ (1) ]+ (4.118)
Tg = Tp
T
———Qn-1 ([ hgl Pia\ .03 T T\ tp.ab)- (4.119)
Tp = Xq
Clearly, the sum of (4.116) and (4.119) is equal to Q,(h; z) and the sum of (4.115) and (4.118)
is zero. The formula (4.113) is proved. O

The proof of Theorem 4.4 is by induction, starting from two base cases. In the first case all
1-classes are at points on the DR-cycle which are not mapped to zero or infinity. In the second
case there is one point in the inverse image of zero or infinity were some non-zero power of a
1-class appears, and all other 1)-classes again are at points which are not mapped to zero or
infinity. The induction will then be completed using Corollary 4.12, which allows us to move
1-classes between points on the boundary. We now prove the two base cases.

Proposition 4.39. Let n be some positive integers, and let ay, . .. ,a, be integers. Let dy, ..., d,
be a set of non-negative integers such that d; is zero whenever a; # 0. Then Theorem 4.30 holds.
That is, under the conditions described above, we have:

n n 1
i=1 i=1

Proof. First note that by Lemma 4.34, equation (4.120) is indeed equivalent to the described
special case of Theorem 4.30.

Denote by I the set I = {1 <i < n:d; > 0}. It is clear that the in the left-hand side
of (4.120), we can replace the product over i from 1 to n by a product over the set I.

By Corollary 4.35 we can assume that 1 € I and that ¢ < j whenever a; = 0 and a; # 0. Let
t be the number of ¢ for which a; = 0. By Lemma 4.36, the right-hand side of equation (4.120)

is equal to
¢ N gl . , Sj o
[gm 11 @ <O 0 51) I =) (4.121)

i,a;>0 4,a;<0 aj
which shows that when I contains only one element, the statement of the proposition is a direct
consequence of Corollary 4.29.
Furthermore, by [89], Proposition 2.5;

d +"'+dn —-n
DRy(ar, ..., a,) [ o = (1d1 P )DRg(al,‘..,an)zﬂf” Fdn—ntl (4.122)
icl v

Using this and the expression above for the right-hand side of (4.120), it only remains to show

that

1 di+---+d 1
[1(111 L w;it}ot L 02751 _ < ld_li' ‘; t> [xd1+mdt—t+1];(€0(x). (4123)
geeey Ut :

It is a direct computation that this equation is equivalent to
O 02 51 = (l‘] + -+ .’Z't)t_250(.’l'1 + -+ It)7 (4124)
which is clearly true when ¢t = 1, so we proceed by induction. Suppose that the equation above

is true for all ¢ <[ for some [ > 1.
Note that the action of (9; on [], O is given by the following actions.

88



4. DOUBLE RAMIFICATION CYCLES

e replace x; by ;5 + 14
e replace a; by a; +

zjC(ajz—ayxy)
a; T —aT;

tend to 0 (which is the case for us since 7 € I implies a; = 0).

e multiply the result by = x;5(ajx;—ax;), which is equal to ; when a; and a;

Thus, we have, by the induction hypothesis

OlJrl e 02&1] (Il) = Ol+1I1(I1 + -+ xl)17250(xl + o+ l’l)
= (.’IJ1 + 331+1)(.%'1 + -+ $l+1)l7250(l’1 + -+ $l+1)-73'1

+ Z.’L’l ((L’1 + -+ ZL‘1+1)I_2(€0(JJ1 + - .’L’l+1).’L'j
=xy(zy 4+ a) T E(r -+ ). (4.125)
0

Proposition 4.40. Let n be some positive integer, and let aq,...,a, be some sequence of
integers with a1 # 0. Let K be a subset of {2,...,n}, and suppose that a; is zero for all i € K.
Then for all sequences of integers dy, . .., d, with d; # 0 if and only if i € K U {1} we have

DR, (a1, .., a Hw H <o -02;5a1(x1)>. (4.126)
=1

where g is determined by the usual formula.

Proof. Let k := |K|. By Corollary 4.35 we can reorder the set {1,...,n} in such a way that
the elements of K correspond to 2,...,k. By Lemma 4.36, the statement of the proposition is
equivalent to

k
ZDR ay, . » (n H 1/} xt
di,...,dy i=1
& &
:<< 11 a) (ok .02~ gl> H T]z] > (4.127)

i>k,a;>0 j>k,a;<0

We prove this statement using induction on k. If k = 0, the statement is a direct consequence
of Corollary 4.29. On the other hand, the right-hand side of (4.127) is equal to

M<( 11 5) O o) | 1 _% >

o1 . @; . j
i>k,a; >0 j>k,a;<0
o
1 &; E;
=— > IT o) (dloe Jloe) | 1T =
1Ty — Ao a; .
P2 2P g k) \ \iskia>0 ses tese j>kaj<0  J
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—mi%Z{klk! <H Z<H0551)H ; 13[5,;; >

el seS jeJ q=1

(e (1o %)

g=1 7 ere s€8¢ jeJe
P (o]
- <H§ (H 05&) eRIE s >
iel ' \seS jeJ T g=1
P o
< 5’%(0 H <H05>H & >} (4.128)
a; ]

q=1 q S seSe jeJ©

S

where the last sum is over all subsets S as in the line above, all subsets I C {i;¢ > k,a; > 0}
and J C {j;j > k,a; < 0}, all positive integers ¢ and all sequences of integers ki, ..., k.
If we take the coefficient of .rih -+~ a9 in this expression, using the induction hypothesis and
Proposition 4.39, we get

1 kg k
Za— 1 p' p<DRg1(a17&1,k17...,kp)@DRQQ(QQ,&Z,kh...,kp)
1 !

— DRy, (a2, @1, k1, . .., kp) ® DRy, (a1, @, ky, . . ., kp) )0 Hapg2 - - e (4.129)

where we use a; as shorthand for the set of variables {a;}icrusus and as as shorthand for
{a;}icreuseuse, and where the sum is over the same range as in the previous equation (note
that the genera g; and go are determined by dimensional constraints). By Theorem 4.10,
this combination is precisely equal to the intersection of i-classes and a DR-cycle as in the
proposition. O

Proof of Theorem 4.30. The left-hand side of equation (4.93) is completely determined by the
case where a; is zero whenever d; is not zero, the case there is precisely one ¢ with a; # 0 and
d; # 0, and Corollary 4.12.

The right-hand side of the equation is completely determined by the same two cases, and
Lemma 4.38. By Proposition 4.39 the left- and right-hand side are equal in the first case, and
by Proposition 4.40 they are equal in the second case.

Furthermore, intersecting the equation of Corollary 4.12 with a monomial in v-classes of
total degree 2g — 4 + n, we see that the application of Corollary 4.12 and Corollary 4.38 lead
to equivalent operations on the left- and right-hand sides of equation (4.93). O
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