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ABSTRACT: Symmetric product orbifold theories are valuable due to their universal features
at large N. Here we will demonstrate that they have features that are not as pervasive:
we provide evidence of strange behaviour under deformations within their moduli space.
To this end, we consider the symmetric product orbifold of tensor products of N' = 2
super-Virasoro minimal models, and classify them according to two criteria. The first
criterion is the existence of a single-trace twisted exactly marginal operator that triggers
the deformation. The second criterion is a sparseness condition on the growth of light states
in the elliptic genera. In this context we encounter a strange variety: theories that obey
the first criterion but the second criterion falls into a Hagedorn-like growth. We explain
why this may be counter-intuitive and discuss how it might be accounted for in conformal
perturbation theory. We also find a new infinite class of theories that obey both criteria,
which are necessary conditions for each moduli space to contain a supergravity point.
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1 Introduction

The symmetric product orbifold theory of a two-dimensional conformal field theory (CFT)
C is given by

Sym™(C) == ——. (1.1)

That is, one tensors N times a two-dimensional CF'T C, with central charge ¢y, and orbifolds
by the symmetric group Sy permuting any of the N theories. The resulting theory is a
CFT with central charge ¢ = N¢p. The spectrum of such theories was computed in [1].
Assuming that C is a compact, unitary CF'T, the orbifold procedure by the symmetric group
gives several appealing properties in the limit N — oo.

First, the orbifold has an effect analogous to gauging the theory: it keeps states that
are invariant under Sy, the untwisted sector, and adds new states labelled by conjugacy
classes of Sy, the twisted sectors. This assures that the correlation functions in Sym® (C)
comply with large-N factorization [2-6]. Second, there is a Hawking-Page phase transition
at large N [7, 8]. These are favorable features in the context of AdS/CFT.



There are also two additional properties that are key for their holographic interpretation:
the universal Hagedorn growth of light states [7], and the appearance of higher spin currents
due to the orbifold structure, see e.g. [9, 10]. Based on these two features, and concrete
constructions in string theory, a Sym?® (C) theory is usually interpreted as a weakly coupled
CFT, whose dual can be matched to a tensionless limit of string theory [11-19]. It is expected
that under a suitable deformation, this weakly coupled system will reach a strongly coupled
point, where the Hagedorn growth is dramatically lowered and the higher spin symmetry is
gone. At strong coupling, the gravitational dual is expected to be well approximated by a
semiclassical supergravity theory on AdS3. These expectations are what we want to explore
and challenge here.

Our aim here is to distinguish among different Sym®™ (C) theories based on their response
under deformations. In particular, we want to turn on a marginal coupling in the theory: a
coupling that preserves the large-N factorization, and introduces interactions that modify
the spectrum of the theory significantly. With this in mind, we will present criteria that
allow us to infer responses under the deformations based on properties of the seed theory
C. Although we cannot prove or disprove the existence of a strongly coupled point even
when the criteria are satisfied, we will see distinct patterns regarding the existence of a
deformation and the response of Sym” (C) under it.

Let us discuss more specifically how we plan to distinguish the different theories. We
will classify symmetric product orbifolds based on properties of their moduli space. Here
moduli space refers to the collection of exactly marginal operators that can be used to
change the couplings of the theory, i.e., a conformal manifold. One can establish very
precisely the existence of moduli in supersymmetric theories, and therefore we will focus our
work on superconformal field theories (SCFT) with at least A/ = 2. The possible operators
that define the moduli space, and the behaviour of protected quantities therein, will give us
two criteria to make distinctions among distinct Sym® (C) theories.

The first criterion is the existence of an exactly marginal operator that breaks the
orbifold structure of Sym” (C): this way of introducing interactions should lift the higher
spin currents. As reviewed recently in [10, 20], it requires that the operator is single-trace,
%—BPS, and in the twisted sector. This condition already places restrictions on C that we
will review in the upcoming sections. More interestingly, we will see how it interplays with
our second criterion.

The second criterion is related to the behaviour of the elliptic genera of Sym” (C)
theories at large N. The elliptic genus is an index that counts %—BPS states weighted by
(—=1)¥; more importantly it is a protected quantity on the moduli space. This provides an
extremely useful diagnostic: if the growth of light states is Hagedorn, i.e., exponential, for
the elliptic genus,' it immediately rules out any possibility of having a strongly coupled
point with a spectrum that resembles a supergravity theory holographically.

As we explore and classify Sym” (C) theories based on these two criteria, we will
encounter some fundamental limitations. The space of all unitary and compact SCFTs C
is not known. Still there is an interesting subset of theories that one can systematically
analyze: the N' = 2 super-Virasoro minimal models. The work of [20] showed that when C

1See section 2 and appendix D for a more detailed definition of the growth conditions.



is a single minimal model, the two criteria are satisfied: there is at least one single-trace,
twisted, %—BPS marginal operator, and the growth of light states in the elliptic genus is
sub-Hagedorn, i.e., slow. Here we will consider instead cases where C is a tensor product
of N' = 2 super-Virasoro minimal models. This situation is much richer and gives rise to
strange and unexpected results. On the one hand we find a new infinite class of theories
that obey both criteria, whose moduli spaces thus meet the necessary conditions to contain
a supergravity point. We will however also see that both criteria are not automatically
satisfied. In particular, we will find cases where we can find a suitable marginal deformation,
but the elliptic genus displays Hagedorn-like behaviour. This challenges the lore on how to
achieve a strongly coupled point that lifts the aforementioned properties of Sym®™ (C).

1.1 Deformations of symmetric products

It is useful to describe more concretely how we are envisioning a deformation of a symmetric
product orbifold theory. In particular, we will describe the basic setup and how it affects
some of the observables. The idea is simple: we will turn on an marginal operator in
Sym®™ (C). From a path integral perspective, this means that we are adding to the action a
term of the form

AS()) = A\/N/d% d(z,7%). (1.2)

Here ® is the deformation operator, with weights (h,h) = (1,1); in our case it is also a
single-trace twisted sector operator that is exactly marginal, i.e., its dimension is protected
to all orders in perturbation theory. Furthermore, A is a coupling constant, and we have
added a factor of /N that ensures that there is a well-defined planar limit as N — oo (with
this convention A is independent of N).

There are three observables that we will consider in this work. The first one is ®, and
the question at hand is: can one establish the existence of at least one operator satisfying
the appropriate requirements? The second observable is the elliptic genus. As mentioned
above it is a protected quantity, i.e., independent of A. This is useful since it is an excellent
diagnostic over the entire moduli space. In particular, it gives a lower bound on the growth
of states that is insensitive to the value of A.

The third type of observables we will discuss are anomalous dimensions.? These are
extracted from correlation functions in the deformed theory, and their precise definition is
as follows. A normalized two-point function in the deformed CFT is given by

O4(2)0p(2")eA5P)
(O4(2)0p(2"))y = < ( <€Abg(A))> > : (1.3)

After deforming by a marginal operator, the resulting two-point-function is still constrained
to be of the form:

5ab

(0a (2) 0y (), = (2 — o) hatua ) (5 _ z,)z(ﬁawa(x)) ; (1.4)

where h, and h, are the left- and right-moving dimensions of the original, undeformed
operator Og, and pi4(\) is the anomalous dimension. (Because spin is quantized, it cannot

2GQee, e.g., [9, 10, 21, 22], for more details. The following is a very short summary of the key concepts.
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continuously vary, so the corrections to h, and h, are forced to be the same.) As usual, the
operators O, are chosen to have a diagonal two-point function, so they are generally not
the same as the operators O, y.

As we compare the different behaviour of the theories under study, we will report on
the values of u, at leading order in A. This first correction comes from expanding the
exponentials in (1.3) in orders of \; evaluating the integrals in the expansion leads to an
expression of the form

(0 () Oy (z’))A:( - ,)Zhal(/)zﬁa (00— 2rvaplog =P +..) . (L5)

The anomalous dimensions u, are then equal to the eigenvalues of the matrix 7., while the
eigenvectors of v, describe the operator mixing relating O to O. Anomalous dimensions
can thus be found by computing the correction terms in (1.3) and extracting the factor that
multiplies the logarithm.

Being able to evaluate p4 () is key to understand what happens to the spectrum of
Sym™ (C) once the deformation is turned on. In this work, we will denote a CFT to be
holographic if for a finite value of A the vast majority of states get lifted (that is, very many
become arbitrarily heavy, including the higher spin currents), and as a result the asymptotic
growth of light states is significantly slowed relative to the fast Hagedorn growth. This is
the “very sparse” condition, which requires that the CFT has very few operators of low
scaling dimension [8, 23, 24].

The tools of conformal perturbation theory are still too rudimentary to give us enough
control on p,(A). For this reason we are taking more indirect routes via supersymmetric
quantities, and we only discuss j,(\) for holomorphic operators at leading order in A.
Despite these limitations, we find some interesting patterns that we will discuss in section 4.

1.2 Outline

In this manuscript we study symmetric product orbifolds theories whose seed theory C
corresponds to the tensor product of NV = 2 super-Virasoro minimal models. In appendix A,
we define conventions of N/ = 2 SCFTs and appendix B discusses the N' = 2 super-Virasoro
minimal models. We classify these theories based on two criteria, discussed in section 2:

Criterion 1: Existence of single-trace twisted moduli.

Criterion 2: Slow growth of elliptic genera.

The formula to check whether a theory contains such moduli is described in appendix C,
the procedure to extract the growth of the elliptic genus is discussed in appendix D.? These
give us four types of theories that we label from I-IV:

Type I: Theories that obey both criteria.

Type II: Theories that obey only criterion 1.
Type III: Theories that obey neither criteria.
Type IV: Theories that obey only criterion 2.

3Tt is worth noting that both criteria individually require co < 6 [20].



The classification of tensor products of minimal models into these four types is given
in section 3, where we find that they fall into the types I, IT and III. To gain a better
understanding of the different types, we contrast type II theories with type III theories in
section 4.1. This is done by studying the parameter that regulates the Hagedorn-like growth.
Moreover, we contrast type II theories with type I theories in section 4.2, by studying the
effect of the deformation on higher spin currents. Our results are summarised and discussed
in section 5. In appendix E we give a proof that modularity alone is not enough to rule out
that type IV theories exist.

2 Classification criteria

Despite many shared properties of Sym” (C), there are certain features that distinguish
them. These are particularly important to signal if Sym®(C) could lead to a holographic
CFT. In this section, we will present the two properties used in this work to differentiate
between different Sym” (C) theories.

Our construction is catered to superconformal theories in two dimensions with at least
N = (2,2) supersymmetry and a discrete spectrum. This class of theories is interesting
because the behaviour and anatomy of BPS quantities are highly dependent on the properties
of the seed theory C. We will briefly review these quantities and their disparities, which
will be the foundation of our classification in subsequent sections.

Criterion 1: existence of single-trace twisted moduli. We denote as moduli the set
of exactly marginal deformations. In the context of N' = (2,2) theories, these correspond
to certain %—BPS operators with appropriate charges and dimensions. For reasons reviewed
recently in [10], it is as well crucial that they are single-trace and twisted operators. The
existence of this class of operators depends on the properties of C: both its central charge
and operator spectrum.

A Sym”(C) theory that satisfies this criterion 1 is a theory in which we can identify at
least one %—BPS twisted sector operator that single-trace, and of the appropriate weight.
The positive cases will be denoted as moduli. It is important to stress that we will only use
this terminology for single-trace and twisted sector operators in moduli space; we will not
report on other classes of exactly marginal deformations (e.g. operators that are multi-trace
or untwisted states). In this context, the term no-moduli means the theory has no exactly
marginal operators that are both single-trace and twisted.

Criterion 2: growth of elliptic genera. For supersymmetric theories, the elliptic
genus contains valuable information about the spectrum: it captures %—BPS states, weighted
by (—=1)¥, and it is independent of couplings. As a result, we can check the growth of
low-lying states at large N; if the growth is Hagedorn, then at no point in the moduli space
can there be a weakly-coupled holographic theory [25, 26]. Following the results in [27-29],
we will use this criterion to determine if the growth of light states at large N in the elliptic

genera is compatible with a holographic CFT.



Along the lines of criterion 2, we will denote if a Sym™(C) theory as slow if the
asymptotic growth of low-lying states at large N is very sparse. We will denote a Sym™ (C)
theory as fast if the asymptotic growth of low-lying states at large N is Hagedorn-like.*

With these two criteria, we will coin theories using the following four labels.

Type I: slow and moduli. A necessary, but not sufficient, condition for Sym® (C) to
be type I is that the central charge of C is in the range 1 < ¢y < 6 [28]. In fact, the
unitary N’ = 2 super-Virasoro minimal models — i.e., all unitary and compact SCFTs
with central charge in between 1 < ¢y < 3 — fall into this class [20]. For 3 < ¢y < 6 these
two requirements are very stringent, and relative to their cousins, there are very few and
difficult to come by — like a needle in haystack. We hope that these type of theories will
lead to a holographic CFT.

Type II: fast and moduli. These theories are rare beasts. They will challenge the notion
that the existence of single-trace twisted moduli is sufficient to argue for a strongly coupled
point. They can occur in the range 3 < ¢y < 6. We will find many examples here.

Type III: fast and no-moduli. The most common occurrence in our classification. As
shown in [26, 28] (see also [20]) any theory C with central charge ¢p > 6 will fall into this
category. There are also plenty examples within the range 3 < ¢g < 6, which we use to
contrast against the other types.

Type IV: slow and no-moduli. The unicorns of the landscape. So far we have not
found a unitary theory that complies with this behaviour. However, it is possible to design
modular functions that are compatible with their existence. We will illustrate this in an
example in appendix E. To prove that these theories do not exist, modular invariance alone

seems insufficient.

The exploration in the next section will focus on seeds theories in the range 3 < ¢y < 6,
since it is the only window of C where it is meaningful to discuss all four types of theories.
One interesting finding, that we will continue to stress, is that we have not found a unitary
and compact theory C that is type IV. This indicates that criterion 2 might imply criterion
1, and hence is a stronger criteria to construct a holographic CFT. In other words, the
slow growth in the elliptic genera might not be a coincidence, and should be taken as a
key indicator that there is a point in moduli space where the theory is sparse and strongly
coupled at large N.°

4The nomenclature follows the one introduced in [27, 28]. If d(A) counts the low-lying states with
conformal dimension A in Sym® (C), slow means Ind(A) ~ O(A”), with 0 <y < 1, for 1 < A < N. The
term fast or Hagedorn-like means Ind(A) = vA + ..., with 0 < v < 27, for the aforementioned range.

5As a technical point, we only consider theories whose elliptic genera do not vanish, and whose NS-sector
vacua contribute in a nontrivial way to their elliptic genera. Otherwise one could consider theories with
fermion zero modes. In some sense, theories with vanishing Zgg trivially have “slow” growth (though one
could reconsider this analysis with a modified index [30]).



3 Tensor products of minimal models

In this section we implement and classify SCF'Ts based on the criteria described in section 2.
The interesting range that potentially could contain type I-IV theories is 3 < ¢y < 6, for
the reasons mentioned before.

For seed theories of central charge 3 < ¢y < 6 the situation is subtle, partially because
there is no classification of them, and thus no exhaustive search that covers all SCFTs.
Hence, we will proceed by looking at simple, but systematic, constructions of SCFTs and
establish their properties. In [20] some examples of theories of both type I and III were
found among the Kazama-Suzuki theories. Up to now there were no known CFTs of type II
and IV. In this work we provide an exhaustive classification of tensor products of minimal
models. They will divide themselves into type I, IT and III theories (introduced in section 2).
Tensor products of minimal models do not contain type IV theories.

To start, we will quickly review some basic facts about minimal models; more information
is presented in appendix A and appendix B. The N = 2 super-Virasoro minimal models
fully classify the unitary and compact N = (2,2) SCFTs, with central charge less than
3 [31, 32]. They are indexed by a positive integer k, that relates to the central charge via
3k
=ria
The minimal models are minimal in the sense that they consist of a finite number of

o (3.1)

irreducible representations of the N’ = 2 superconformal algebra. The characters of the
algebra must then combine into a modular invariant partition function, that additionally
is invariant under spectral flow by a half unit. Possible ways to do this are in one-to-one
correspondence with the ADE classification of simply laced Dynkin diagrams [33-35]. The
partition function in the Ramond sector is given by

k+1
o1 - =
Zg{)R(Tﬂ_)sz) = 5 Z N;"I,)r’ Z X;(7—7 Z)X; (T,Z) : (32)
rr'=1 S€Z/(2k+2)Z

Here @ is one of the simply laced Dynkin diagrams that are given by the A-, D-, and
F-series. Nf}, is the multiplicity matrix corresponding to this Dynkin diagram, and X7 are
characters related to the A/ = 2 algebra.

The tensor product theories that we are interested in are given by

K
C:=Q)Co, , (3.3)
=1

where with Cg, we denote one of the N' = 2 super-Virasoro minimal models, and with K we
denote the number of factors in the tensor product. The central charge of C is:
K 3k

Cco = Z . (3.4)
P k; +2

The Ramond sector partition function of the tensor product theory is just the product of
the partition functions of the individual minimal models:

K

Zr(r,7,2,2) =[] Zai (1,7, 2,%) . (3.5)
=1



From the partition function of the tensor product, we can easily recover both the elliptic
genus, by setting Z = 0, and the %—BPS spectrum, by furthermore specializing to g = ¢ =20.
These quantities are crucial to investigate the holographic criteria. The elliptic genera
and %—BPS spectra of the A/ = 2 super-Virasoro minimal models are given in appendix B.
Just as was the case for the Ramond sector partition function, the elliptic genus of the
tensor product is then just given by the product of the elliptic genera of the minimal model
factors in the tensor product, which are fractions of theta functions. Hence, to investigate
criterion 2 we should check the sparseness condition, reviewed in appendix D, for products
of fractions of theta functions.

In order to study criterion 1 we must investigate the existence of single-trace twisted
sector moduli in the symmetric product of C. To ensure that the modulus is exactly marginal
we require that it is a Gfl /2 descendant of a %-BPS primary of weight h = % and U(1)
charge ) = +1. To have such a primary that is also single-trace and in the twist-L sector,
the following relation should be satisfied:

T 1 COL!
—=]+=—=1. .
;<k»+2 2>+ 6 (3.6)

See appendix C for a derivation of this requirement. Here the r; are labels for the %-BPS
states in the minimal model ®;. The allowed values for the r; are given in appendix B;
with these conventions r; = 1 corresponds to the NS ground state. We will adopt the same

notation for the twisted moduli as [20]:

(Tl...Tl,...,TK...T’K), (37)
S~—— N——
L times L times

where the tensor product C consist of K tensor factors of minimal models.

We are now ready to list our results. They will be organized in the following way: first
by type (I through IV), and then by number of factors K in the tensor product. Furthermore,
to avoid redundancies, we will not consider products that include the factors As ® Ao,
Ay ® Az and Ay ® A4, since

A2®A2:D4, A2®A3:E6, and A, ® Ay = Ey. (38)

Lastly, we will consider tensor products with K < 4, since four tensor factors is the largest
amount that does not include the aforementioned products and satisfies ¢y < 6.

Type I: these are the theories that contain single-trace twisted moduli and have slow
growth in their elliptic genera. They pass both tests needed to have a weakly-coupled
gravity dual, and are thus good candidates for potential theories dual to semiclassical
supergravity (though evidently, these two tests are necessary but not necessarily sufficient).

K = 2: The results have been summarised in table 1. The tensor product of any two A-series
theories is of type I. For tensor products involving D- or E-series, the classification is
slightly more complicated. We also report on the single-trace and twisted moduli.



K = 3: There are only a few ways to construct tensor products of three minimal models
with central charge ¢y < 6. Besides a finite number of sporadic combinations, such as
Ay ® Ap @ Xj<39 and Ay ® Ay ® Xi<7, where X € {A, D, E}, there are three infinite families
of theories with ¢y < 6 that can be characterised by

Ay ® A5 ® X, Ar®D,®X, and A3® A3 X. (39)

This is caused by the fact that Ay ® A5, A2 ® Dy and Az ® A3 are the only ways to tensor
two minimal models with total central charge co = 3.9 It turns out that the theories in (3.9)
are of type I if and only if X is an A-series minimal model. The finitely many sporadic
combinations (that are not included in (3.9)) are of type III.

Furthermore, there are precisely 34 combinations of three minimal models with ¢y = 6.
Interestingly enough, all of them are of type I, with one twist-2 modulus of the form
(11,11,11). The type I theories with K = 3 are summarized in table 2.

K = 4: Subject to the redundacies in (3.8), there is only one theory with K = 4: (A43)%, and
it is of type I. The central charge is ¢p = 6 and the modulus is (11,11,11,11), i.e., a twist-2
NS ground state.

Type II: these are the theories which contain a single-trace twisted moduli, but do not
exhibit slow growth in their elliptic genera. They are interesting to study, because even
though they have a single-trace modulus, one cannot take this modulus to sufficiently strong
coupling such that the Hagedorn density of states lifts to a supergravity-like growth.

K =2: See table 3. In fact these are the only theories of type II that come from tensor
products of minimal models.

Type III: these are the theories that have no single-trace twisted moduli and also no

slow growth in their elliptic genera.
K = 2: The results are given in table 4.

K = 3: The theories in this category are all tensor products of three minimal models that
did not appear in table 2, i.e., the infinite families in (3.9) for X a D— or E-series minimal
model, and a finite number of sporadic combinations with ¢y < 6.

Type IV: Type IV theories have slow growth in their elliptic genera, but no moduli.
There are no tensor products of minimal models that fall into this category.

4 Contrasting theories

In this section we will try to create some order in the chaos that is the classification of the
tensor products of minimal models into type I, II, and III. In particular, we look for patterns

5We can also tensor product theories to make the total central charge ¢y < 3, but this will land us on
another minimal model (see (3.8)), so we will not include it in our classification to avoid overcounting.



Type I ki, ko Moduli ‘ Constituents ‘

ki =1, ky = 1 twist-2, 1 twist-3 | (22,22), (111,111)
22,22), (11
k1 =k =2 3 twist-2, 1 twist-3 (22,22), (11,33),
(33,11), (111,111)
. 22,22), (11,33),
Apy41 @ Apyit, ko =k >3 3 twist-2 ( (3)3 1(1) )
ki < k ’
b= ko = k1 + n(k + 2), > twist2 (22,22),
n € Zs (11;(3+ n,3+n))
k1 # ko mod k1 +2 1 twist-2 (22,22)
, (11,33), (33,11),
Dk1/2+2 & Dk2/2+2, ki=ky=4 4 twist-2 (11 33) (33 1)
k < k ) M )
t=" ki = ks > 6 2 twist-2 (11,33), (33,11)
. . (11,33), (33,11),
=1 =4 2 st-2. 1 _
k1 , ko twist-2, 1 twist-3 (111,111)
11 11
ki =ko=4 3 twist-2 ( ’33)7 A(E))B’ >7
Ak 41 ® Diyya42 (11,33)
ki =2, ko =6 1 twist-2 (11,44)
ki =1, ko = 10 1 twist-2 (11,66)
ki =ky>6 2 twist-2 (11,33), (33,11)
ki =2, ko =10 1 twist-2 (11,55)
A Eg
ki1 © B ki =4, ko =10 1 twist-2 (11,44)
Ap 11 ® Er ki =4, ky = 16 1 twist-2 (11,55)
Ap, 41 ® Eg ki =4, ky =28 1 twist-2 (11,77)
ki =4, ko =10 1 twist-2 (11,55)
D, E
/242 ® 26 ki =ky =10 1 twist-2 (33,11)
ki =4, ky =16 1 twist-2 (11,55)
D E
ki /22 © BT ky = ks = 16 1 twist-2 (33,11)
ki =4, ko =28 1 twist-2 (11,77)
D E
ki/242 @ L8 ki = ko = 28 1 twist-2 (33,11)

Table 1. Overview of the different single-trace twisted operators for sparse theories with two
minimal models in the tensor product. Details on the notation can be found in appendix C.

that distinguish between the different types of theories. Our main goal is to understand
type II theories, in contrast to theories of type I and III. Recall that type II theories are
theories that do contain a modulus, but their elliptic genus exhibits Hagedorn-like (fast)
growth. Therefore, their moduli space cannot contain a holographic point, in the sense that
we will never meet the very sparse condition on the spectrum.

It is important to stress that the mere existence of type II theories is somewhat
counter-intuitive. If there is a modulus, the lore is that all operators that are not protected
should get lifted under the deformations. This has been explored in [9, 10, 36-39] using
conformal perturbation theory, where one consistently gets non-trivial anomalous dimension
g for the operators considered. Type II theories are evidence that there is tension in this

~10 -



Type 1 ‘ Moduli ‘ Constituents ‘

As ® (As5)? 2 twist-2 (11,11,22), (11,22,11)
(A3)? 3 twist-2 | (11,11,22), (11,22,11), (22,11,11)
Ay @ As @ Appr 1 twist-2 (11,11,22)
Ay ® Dy ® Apyq 1 twist-2 (11,11,22)
(A3)* ® Ags1 1 twist-2 (11,11,22)
Any corr;binaéion with 1 twist.9 (11,11,11)
0=

Table 2. Overview of the different single-trace twisted operators for sparse theories with three
minimal models in the tensor product, with ¢y < 6. Here we have k € Z~.

Type 11 k1, ko ‘ Moduli ‘ Constituents ‘
D D
’“1/222 Qj k’”/?*?’ ko = k1 + 2n(k1 4 2) 1 twist-2 | (11;(3 + 21,3 + 2n))
1< R
A %D ko = k1 + 2n(k1 +2) 1 twist-2 | (11;(3 + 2n,3 + 2n))
tl S Pha /242 ki = kg + n(ks + 2) 1 twist-2 | ((3+mn,3+n);11)
Akﬁ-l QR F; k1 = kgyi + (’I’L — 1)(/{271’ + 2) 1 twist-2 ((2 +n,2+ n); 11)
Dk1/2+2 QR F; k1 = kg}i + 271(/{271' + 2) 1 twist-2 ((3 +2n,3 + 271),11)

Table 3. Overview of the different single-trace twisted operators for non-sparse theories. For
1=0,7,8 one has ky; = 10,16, 28. In all cases, n € Z-.

Type III \ ki, ks |

Dk1/2+2 ® Dk2/2+27

k k d 2(k 2
Ky < ko 2 # k1 mod 2(k; + 2)

k1 # k2 mod 2(k; +2) and
k1 %kg mod ko + 2
Ap41 ® E; k1 # ka; mod kg ; + 2
Dk1/2+2 ® F; k1 # kgﬂ' mod 2(]432,1' + 2)

Aky+1 @ Dyy oo

Table 4. Theories which have neither slow growth nor single-trace twisted operators with two
minimal models in the tensor product. For ¢ = 6,7,8 one has k3 ; = 10, 16, 28.

understanding of the conformal manifold: the elliptic genus of type II is telling us that too
many states are unaffected as )\ is turned on, but the intuition from conformal perturbation
theory would say this is unlikely. In the following we will attempt to find a signal in the
seed theory C that could resolve this conflict.

From our analysis in section 3, type II theories only occur when K = 2. That is, when
the seed theory is of the form

C = Xk1 & YkQ , (41)

with X,Y € {A, D, E}. There are two notable features behind this structure. As displayed
in table 3, criterion 1 for type II is satisfied due to having a suitable operator belonging to
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X (Y); the other portion of the marginal deformation sits on the twisted NS ground state
of Y (X). On the other hand, the fast growth in criteria 2 relies on the combined spectrum
of i—BPS states from both X and Y — recall that X and Y are individually slow. These
features motivate how we will contrast and scrutinize type II theories.

In section 4.1, we investigate the differences in the elliptic genus between theories of
type II and III. In both these classes the elliptic genus exhibits fast growth, despite one of
the classes having a modulus and the other one not. In an attempt to have a more refined
view of what it means to be “fast,” we will compare the magnitude of the parameter that
controls the exponential growth for fixed central charge of the seed, ¢g. We will find that
type III theories are not necessarily faster than type II, although they “usually” are. In
particular, if the operator content between the theories is very similar, type II theories are
slower than their type III counterpart. We will compare a type II theory X3, ® Y, versus
a type III theory with X, ® Yy, .

In section 4.2, we contrast type I and II theories by investigating the effect that the
marginal operator has on the anomalous dimensions p, of higher spin currents, by using
conformal perturbation theory. The aim here is to see if the composition of the marginal
operator is significant. We will study in detail an example where we fix ¢y, the composition
of the marginal operator is exactly the same for a type I and II theory, and Y}, is shared
too; we deem this as a case where the two types are the most similar. Unfortunately, we
have not detected any differences on pu, at leading order for unprotected currents. We will
gain some insight on what should happen for generic operators.

4.1 Contrasting fast growth

For type II theories, the elliptic genus exhibits fast growth, despite the existence of an
exactly marginal deformation along the lines of criterion 1. This means that turning on
the marginal deformation for these theories should have a mild effect on the spectrum.
In particular, it will not reduce the Hagedorn-like (fast) growth of light operators to a
supergravity-like (slow) growth. Still, this mild effect might be reflected on a reduced
parameter that controls the fast growth in the elliptic genus. This potential reduction is
what we will explore in the following, by making suitable comparisons between type II and
type III theories.

To make the comparison more precise, we need to quantify the asymptotic growth of
these light states. The slope of the Hagedorn-like growth in the elliptic genus is regulated
by the value of &, defined in appendix D. If & is positive, the elliptic genus of Sym®™ (C) has
Hagedorn-like growth with parameter v in the large-N limit [27]:

246
d(A) ~ exp <2m / CQA> = exp(rA), 1< AKN, (4.2)
0

246
vi=2m iy (4.3)
o

where

Both the partition function of Sym” (C) and the unsigned count of $-BPS states of Sym™ (C)
universally have this type of growth with v = 27 [7, 40]. Since the elliptic genus is the
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Figure 1. Comparison of the largest value of v/27 as a function of the central charge for A 1®Dy 1a,
Dy 242 ® Eg 1b and Az ® Dy /242 1c. The maximal value v/2m can assume is 1, corresponding to
exactly Hagedorn growth. Note that in some case v approaches 27, but never reaches it.

index of i—BPS states, the maximal value that v can have is 2. In the following we will
report on the value of v, or alternatively &, for type II and III theories with K = 2.

In figure 1, the value of /27 is shown for theories of the form Agy1 ® D4, Dy 240 @ Eg
and A3 ® Dy, /g4 for different values of k. In all three cases, the different theories seem to
follow separate trajectories. Figure la and 1b seem to suggest that the trajectory of v /27
for type II theories, with moduli, lies below the trajectory for type III theories, without
a modulus. However, in figure 1c, the trajectory for type II theories lies between two
trajectories for type III, so something more intricate is happening.

There is one claim we can prove easily with an example: at fixed ¢y, a type II theory
does not necessarily have a smaller value of v than a type III theory. A simple example is

the following: compare A7 ® Do and A4 ® D7. Both have ¢y = %, but the type II theory
has faster Hagedorn growth than the type III theory, since
9 8
A7 ® Doy (typeH): a=—_—, Z/:l 15,
51 17 (4.4)
8 1670 /10 ’
A D7 (% I10) - A= — = —/—=.
u®Dr (pelll): @ =5, v="my/3

Nevertheless, figure 1 does seem to suggest there is a pattern between the existence of
the modulus and a reduced slope of the Hagedorn-like growth. Given the example in (4.4),
one has to consider a more restricted setting than just fixing cy. Since we are looking at
tensor products of minimal models, one might try to compare theories with the same values
for the central charges of the separate factors in the tensor product. More precisely, we will
consider the following conjecture:

Let Xy, and Yy, be minimal models parameterized by ki and ka respectively. If the
symmetric product of Xy, ®Yy, contains an exactly marginal single-trace twisted operator and
X, @Yy, does not, then Xy, ®Yy, has a smaller slope of the Hagedorn growth than X, ®Yy, .

The only types of theories where such asymmetry in the moduli can occur is Ag, 41 ®
Dy, j242. More specifically, when k; + 2 = 2n(kz + 2) (where n € Z5¢), Ak, 11 ® Diy/o40
contains an exactly marginal single-trace twisted operator, while Ay, 1 ® Dy, /2,2 does not.
Therefore, the former is a type II theory while the latter is a type III theory. By computing
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& for n < 25 and kg < 500, the theories follow
ka(2n — 1)

a(n, ko) = t II, ko= d4
a(n, k) 12n(ky +1)—1)° ype II, ko =0 mod 4,
- (k2 —2)(2n—1)

ko) = t II, ko =2 d4 4.5
a(n7 2) 4(2n(k2 + 1) — 1) 9 ype 11, 2 mo 3 ( )
~ nkg -2

ko) = t III.
O[(?’L, 2) 2(2n(k2 + 1) — 1) ) ype

One can show that the states that cause these values of & occur in the spectrum for
all n and ks. We have checked them explicitly for as many as 6200 theories, providing
significant confidence in their correctness for any value of n and ko.” From (4.5), it is then
straightforward to show that

Gtype 11(1, k2) < Gype 11(N, K2) (4.6)

where this inequality is saturated if and only if ko = 4. Therefore, we can say with a high
level of confidence that our conjecture is true. This supports the expectation that the
existence of the modulus lowers the growth of the low-lying states in the elliptic genus,
albeit in a restricted setting.

4.2 Effects of the marginal deformations

Next, we will attempt to understand type II theories based on the composition of their
moduli, and study the effects on the spectrum. In particular, we investigate the change
in dimension of some simple operators. In this way, we can compare type II theories to
type I theories. Which operators we consider, and why the computations are simple will be
explained shortly.

From section 3 we notice a few things about type II theories. First of all, the only
theories of type II consist only of two tensor factors (i.e., K =2 for all type II theories).
Second, all the moduli that appear in type II theories have twist equal to two.® This fact
simplifies the computations needed to evaluate u, perturbatively. Third, from table 3 we
see a pattern in the constituents of the moduli of type II theories; it is constructed out of
states of the form

(11,77r). (4.7)

The fact that one of the states has label r; = 1 gives a particular simple structure of the
modulus; this will alleviate some of the technicalities as we will explain below. There are
also a few type I theories with this same composition for the moduli, as illustrated in table 1.
Our aim is to compare the effect of deformation of the form (4.7) on certain unprotected
operators for type I versus type II.

Let us elaborate on the precise form of the moduli. For cases with K = 2 we will have’

b = (G:1/2 RI+1® G:1/2) (pa, ® pa,) o2 x anti-holomorphic . (4.8)

"However, a rigorous proof or derivation of (4.5) has so far been elusive.

8This is because of the range of ¢o: for seed theories with central charge in the range 3 < ¢o < 6, one can
show that the only twisted sector moduli that can appear are those of twist-2 [10].

9We denote with & only the chiral part of the full Hermitian modulus ® to keep notation simple. The
computations and logic is completely analogous when using the full ®. Recall that & is the exactly marginal
operator with (h, h) = (1,1).
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Our conventions for the supercurrents G* are in appendix A. Here (v, ® @o,)09 is a
%—BPS primary of weight A = 1/2 in the twist-2 sector. That is, it is an excitation of the
twist-2 ground state oy. For all type II theories (and also plenty of type I theories) one of
the tensor factors of this operator is the twist-2 ground state, i.e., g, is a ground state for
t =1 or i = 2. The fact that g, is a ground state is directly linked to the label r; being
equal to one.

Next, let us discuss the type of operators we will consider. We want to evaluate (1.5).
For a general operator O,, albeit straightforward conceptually, it is quite complicated to
extract 7,5. The basic reason is that one is dealing with at least a four-point function.
The appearance of twisted states in (4.8) also complicates the process. Therefore, to keep
the technicalities at a minimum, we will consider primary operators O, that are in the
untwisted sector of Sym® (C) and also holomorphic.

These holomorphic operators are clearly conserved currents. They are interesting
because they are generically not protected by symmetry along the conformal manifold, but
they do lead to significant simplifications when evaluating (4.8). Moreover, in order to have
a low-energy effective field theory description of supergravity, there cannot be any higher
spin currents in the spectrum. Therefore, checking that any higher spin current that is
present at the orbifold point will lift (or not) is key to establish a holographic point on the
moduli space.

Symmetric product orbifold theories contain several classes of currents, with arbitrary
high spin; some are more universal and some depend on the details of the seed theory. We
can split these currents into three families: "

Symmetric product currents. These are currents constructed out of the N' = 2 algebra
currents of the seed theory, and are present purely because of the structure of the symmetric
product. The construction and lifting of the first few symmetric product currents is
investigated in [10], where it is shown that they lift for all seed theories that belong to
type I or II.

Tensor currents. These are currents come about because the seed theory we consider
is a tensor product. We can use the tensor product to construct new currents out of the
N = 2 algebra of the individual tensor factors. For example, in case of the stress tensor T,
we can use

T®l, and 1®T. (4.9)

We should compare this to the symmetric product currents, that are constructed only using
the stress tensor of the tensor product

Toed =T @1+1T. (4.10)

Because the structure of tensor currents is not much different than symmetric products, we
expect (and verify for specific cases) that all currents will lift along the lines of [10].

10Note that we can also have a higher spin current that are a mixture of different families. For example,
we can have a seed current on one tensor factor, with a tensor current on another. This does not impact
our conclusions.
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Seed currents. We will denote seed currents of spin s with W;. They are constructed
using enhanced symmetries of the seed theory. In our setup they originate from the D- and
E-series minimal models, which have an enlarged chiral algebra compared to the A = 2
algebra, see appendix B for an overview, that can be used to construct currents.

In the following we will discuss the leading effect in A for the anomalous dimensions
1a Of these currents. We will place emphasis on the seed currents, since they fall outside
the results in [10]. We will find that all currents considered lift, and hence there are no
signals of a difference between type I and II theories. We will illustrate this by considering
a particular simple example, after which we end the section with some general remarks.

4.2.1 Concrete example: Eg ® X

To be concrete, in this subsection we will consider seed theories we consider are of the form
C=E®X. (4.11)

Here we pick X such that the theory is type I or II, and such that the modulus is labeled by
(11,rr), (4.12)

i.e., the part of the modulus that sits on FEjg is a twisted ground state. For example, if
X = Ajy, the theory is type IT and has modulus (11, 33), whereas X = D7 gives a type |
theory and also has modulus (11, 33). The contrast between these two choices will illustrate
sharply the odd behaviour of type Il theories. We have theories of the same central charge,
same values of k;, and with moduli that look exactly the same, yet one is of type I, while
the other is of type II.

The current we consider is of the following form. As noted in appendix B, Eg contains
an additional spin-1 current (next to the U(1) current of the N' = 2 algebra) that we
will denote with J; [32, 35, 41]. We can use J; to construct the following current in the
symmetric products of (4.11)

1 X A
W= —Y 0 @1@, (4.13)

VN i=1
where the upper index ¢ denotes the different sheets of the orbifold theory. Note that we
have defined the current such that all its weight is on the Fjg factor of the seed. Together
with the fact that the modulus is such that it has no nontrivial weight on FEg, this makes
the setup in some sense optimal to study the interplay with the modulus (4.8). Basically,
this is one of the simplest states one might suspect is not keen to interact with ®.

To compute the lifting of W; we must compute the correction terms in (1.3) with
Oup = Wi. The first nonzero correction term appears at order A\* and is given by

(4.14)

connected *

2
% / dw d*w' (Wi (2)B(w)d(w )Wy ()

The fact that there is no linear term can be understood from unitarity. If there was one,
one could choose the sign of A to obtain a negative anti-holomorphic weight, which is not
allowed in a unitary theory.

~16 —



To extract the anomalous dimension we can make use of the fact that the operator
that we are computing the lifting of is a current. This fact can be used to perform the
anti-holomorphic integrals using Ward identities, which will give rise to a logarithm, whose
coefficient determines the anomalous dimension [9, 10]. Once all the dust is settled, the
matrix elements of the lifting matrix are determined by contour integrals around the

operator insertions

AQN 2
Wi, = (iz)<7{dw% dw’—i—?{ dw%dw’)
6 2 e L (4.15)

X (0 — ') <W1(z)ci>(w)<i>(w’)w1(z')>

connected

Here we denote with @ the left-moving part of the full modulus ®. It thus follows that
the anomalous dimensions are completely determined at leading order by the connected
contribution to the holomorphic four-point function with two insertions of the deforma-
tion operator.

In order to evaluate the four-point function in (4.15), it is simplest to first use Ward
identities to exchange the Gfl /2 modes on the moduli for derivatives (see for example
appendix D of [42]). To compute the resulting twisted correlator, we go to the L-fold cover,
where L denotes the twist of the moduli, using the so-called cover map [2, 3, 43-46]. The
reason why one would use an L-fold cover to compute twisted sector correlators, is that
twist operators get mapped to ordinary primaries or descendants of the seed theory on the
cover space. Under the cover map, operators on the i-th tensor factor of the symmetric
product get mapped to the i-th sheet on the cover, while twisted operators get mapped to
branch points of the cover space. The correlator we must compute contains two twist-L
insertions at w and w’ (for us L = 2). For such a correlator, the cover map is given by

r—w  (t—ty)"
= 4.16
r—w  (t—ty,)L’ (4.16)

where x is the coordinate we use on the base space of the symmetric product, and ¢ is

the coordinate we use on the cover space. Moreover, the twist insertions get mapped to
insertions at t, and t,, on the cover. NS sector twist operators of the form poy of weight
1/2 (which is the operator applicable to us) will get sent to a Ramond sector primary ¢ on
the cover of weight h, which satisfies

A (4.17)

For the theories we consider, ¢ takes a particularly simple form: on one of the tensor factors
it is trivial. More precisely, whenever r; = 1 appears in the form of the modulus of a seed
theory, its image under the cover map will be a Ramond ground state.

For the current defined in (4.13), the correlator we must compute on the cover space

then factorizes over the tensor product to'!1?

% (1 (t2) 1 (82)) gy (P (bu) Bx ()
e 1 (4.18)

N (t, —t,)? (tw — tw,)?i}r ’

"Here we keep prefactors of N, but we do not write any other factors multiplying the correlator.

12Had we not chosen the currents and moduli so carefully, this factorization would generally not hold, and
there would be additional contributions to the four-point function in (4.15).
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s |12 3] 4|5 | 6 | 7

15 175 945 4851 3003

TWeW
e | 1 1 | 32 | 128 | B2 | 256

T2A2

=]
\

Table 5. Matrix elements yyy,yy, for the first few values of s.

where h, — 5% =1— %. This step is key. The correlator factorizes on the cover due to the
tensor product nature of C, which gives two independent pieces — a piece controlled by the
operator sitting on Fg and a piece by the primary on X that defines the modulus. Still,
this contributes to the connected correlator (4.15). Combining the steps described above,
we can finally evaluate the anomalous dimension of W;. We find that at leading order in A

frem1 = T2A2. (4.19)

Here the matrix element vyy,yy, is equal to the eigenvalue ps—; since at spin one there is (at
most) one unique current (beside the U(1) current of the N' = 2 algebra, which is protected
from getting an anomalous dimension), and hence the lifting matrix is just a number.

4.2.2 Remarks and generalizations

We end this section with some remarks and generalizations of the concrete example we
just gave.

The first remark is that the factorization in (4.18), due to the composition of the
modulus, did not spoil the lore coming from conformal perturbation theory. In particular,
we obtained a non-trivial value for us—1, and we expect this to persist for other seed currents.

Let us investigate this more carefully. Consider cases with K = 2 and the modulus of
the form (11,7r). For any spin-s current of the form (4.13), with J; replaced by a spin-s
current, our analysis in section 4.2 follows in a straightforward way. In table 5 we give the
matrix element vy, )y, of the lifting matrix for the spin-s current W;.

Remarkably, the matrix elements are very robust, and only depend on the existence
of the current and modulus of the form such that we have factorization (4.18); there is no
explicit dependence on the central charges of the minimal models in the tensor product.
This is different from, e.g, the symmetric product currents; there the answers depend on ¢
and the detailed composition of the modulus [10].

Note that table 5 contains matrix elements, and not full anomalous dimensions. The
anomalous dimensions are given by the eigenvalues of the full mixing matrix. Therefore,
these matrix elements cannot guarantee that the eigenvalues of the lifting matrix are
nonzero. A miracle could occur where the lifting matrix becomes degenerate and has a zero
eigenvalue. We have shown however, that such a miracle does not occur at spin two, when
we consider all symmetric product and tensor currents, and seed currents that live on the
tensor factor where the modulus has no nontrivial weight.

We reiterate that the factorization (4.18) was crucial to simplify the computation
and get our results. Nevertheless, we believe that the ultimate conclusion, namely that
currents get lifted, does not depend on the factorization. This belief is rooted in the fact
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that even when we do not have factorization as in (4.18), there is always a term of the
form (4.18) where the four-point function splits into the product of two two-point functions.
In this sense, our setup is minimal: there is only one term in the correlation function that
contributes. It is true however, that this “universal” contribution is already enough to
generate a nonzero logarithmic term, or equivalently a nonzero v,,. We do not believe that
any additional terms in the correlator on the cover space can spoil the existence of the
logarithmic term, even though we have not checked this explicitly.
For the reasons explained above we come to the following hypothesis:

All currents (not part of the N' = 2 algebra) get lifted in type I and type II theories.

We thus conclude that currents are no good for distinguishing between type I and type
II theories. Nonetheless, there must be a big difference between the spectra of type I and
type II theories under deformation by the moduli, since the spectrum grows significantly
slower in type I theories. The question remains however how we can see that difference
explicitly. From the results here, and [10], it seems that to access differences in the lifting
of the spectrum, one needs to consider the non-holomorphic spectrum. One concrete thing
one could do to expose a difference between type I and II theories is to look at the i—BPS
spectrum, where from the elliptic genus we know that for type I theories a large part of the

spectrum must lift, while for type II theories not many states can lift.

5 Discussion

In this paper we studied a family of symmetric orbifold CFTs — namely symmetric orbifolds
of tensor products of N’ = 2 minimal models — and classified them based on two criteria:
(1) the existence of single-trace marginal operators and (2) the growth of the density of
states of the elliptic genus. Both the existence of a single-trace marginal operator and slow
growth of the index are necessary (but not sufficient) conditions for the theory to have a
weakly-curved Einstein gravity dual in the moduli space.

The most striking results of our work are:

(i) We found a new infinite family of type I theories. These theories obey both crite-
ria, which are necessary conditions for each moduli space to potentially contain a
supergravity point.

(ii) We found theories of type II (obeying criterion 1 but not 2). This clearly shows that
criterion 1 alone is not sufficient to find a holographic CFT.

(iii) We found no theories of type IV (obeying criterion 2 but not 1). This hints that
criterion 2 is more stringent that criterion 1. It might also be possible that criterion 2
implies criterion 1, and hence it should be viewed as more fundamental.

There are various interesting future directions that one could pursue, some of which we
collate here.
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More on type IV theories. If a type IV theory existed, it would be the result of a
“mathematical accident” in the following sense. Since the theory has no marginal operators
to move far from the symmetric orbifold, the density of states has to be Hagedorn everywhere
in the moduli space [7]. Nonetheless these theories have a sub-Hagedorn growth in the
index. This would mean there is an accidental cancellation that is not the result of the
index being forced to match the slowest-growing point in moduli space.

Of course, such mathematical accidents are not logically impossible. However, in the
class of examples we have considered (tensor products of minimal models as seed theories)
we have shown they are impossible. It would be very interesting if we could prove they
never happen (which would mean criterion 2 is strictly stronger than criterion 1), or to find
an example of a type IV theory. Note that modular invariance of the supersymmetric index
alone is not enough to prove that type IV theories cannot exist (see appendix E).

Lifting i-BPS states. Can we quantify more precisely which and how many %—BPS
states get lifted as one moves away from the orbifold point? For theories of type I, we
expect the vast majority of states to be lifted (meaning, the asymptotic growth changes
from exponential to sub-exponential). In this paper we began analyzing this at the level of
the currents, but on general grounds we also expect a similar statement to be true for all
BPS states. This was also analyzed for K3 in [36] and Sym®™ (T4) in e.g. [21, 37-39, 47].
Unfortunately it seems that the conformal perturbation theory technology may be too
complicated to go to extremely large energies and track the BPS states, but this should in
principle be possible to do. It may be especially interesting to do this analysis for the type
IT theories. For these theories, we expect some states to get lifted, but “not many” of them
(since there is an exponential growth in the index). If we can track carefully which states
get lifted and which do not, it may give a more intuitive explanation as to why most do not
get lifted.

An even more challenging question would be to move towards calculating the anomalous
dimension at finite coupling (as opposed to perturbatively close to the orbifold point). It
is possible, for instance, that some states have anomalous dimensions that plateau to a
certain value at large coupling. It would be interesting to see if type I and type II theories
behave differently in this respect.

Other families of theories. In this paper we have just analyzed a very special class of
N = 2 theories with 3 < ¢y < 6, the tensor products of minimal models. Of course there is
no classification of NV = 2 theories with ¢y > 3 so there is no a priori reason to expect the
theories we studied in this range are generic. It would be nice if we could somehow do a
more exhaustive search.

More broadly, so far we have only been analyzing symmetric product orbifold theories.
It would be interesting also to analyze other classes of large-IN theories and see where they
fit in terms of criteron 1 and 2. See for example [48-51] for a class of theories with Wy
symmetry with A/ = 2 supersymmetry. Could we use similar techniques as the ones in this
paper to study theories of higher spin gravity?
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A Conventions on N = 2 SCFTs

In this appendix we collect some basic properties of unitary and compact A/ = 2 supercon-
formal theories, in particular their algebra and elliptic genera. Our conventions follow those
in, e.g., [52, 53].

The N = 2 superconformal algebra contains a stress tensor 7', a weight-1 U(1) current
J, and two weight-3/2 fermionic currents G* and G~ with U(1) charges +1 and —1,
respectively. In terms of its generators, the corresponding commutators are given by

[Luns Ln] = (m = 1) Linn + 15m (m? = 1) Snno
[Ty Jn] = §m5m+n0,
(GG} =2+ (=) T+ 5 (r2 - 1) 5rian,
[Lins In] = =1 Jingen (A1)
[Jm: Gr] = £Grsy
Lo, G] = (5 1) G

{(GF,GT}=0.

Here the central charge is ¢ and U(1)g level is £ = ¢/6. The N/ = 2 superconformal algebra
is invariant under the spectral flow automorphism [54]:
2

Lo — L. =Ln+nJn+ %cémo ,
Jn — J/ = Jn + %"7 5n,07 (A2)
GE -  GF=GE,.

For n € Z 4+ 1/2 the flow interpolates between the NS and R sectors, while for n € Z it
maps the NS and R sectors to themselves.

The representations of this algebra are parametrized by their weight h and their U(1)p
charge . There are two types of representations: long (or non-BPS) representations, and
short (or BPS) representations. In the NS sector, the BPS states are of the form

‘h ’Q‘,Q> , (A.3)

NS
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and depending on the sign of @, we call it a chiral (¢) or anti-chiral (a) field. In the Ramond
sector, this implies that

’h:;l,Q>R, (A.4)

and we therefore call it a Ramond ground state. Each state has a left- and right-moving
component; if both components are BPS, we say the state is %—BPS, and if only one is BPS,
we say it is i—BPS.

One of the central objects we will consider is the elliptic genus

Zwg (1, 2) = Trrr ((_1)F qLo—iyJ()q/io—i ) 7 q= €2m‘77 y = e2m‘z7 (A.5)

which captures the %—BPS states in the Ramond sector. If the CF'T has a discrete spectrum,
then Zgq is a holomorphic function of 7, as it only receives contributions from right-moving
ground states.

B Aspects of N = 2 minimal models

N = 2 minimal models are unitary SCFTs, and constitute a complete classification of unitary
CFTs with N' = (2,2) supersymmetry and central charge ¢ < 3 [31, 32]. The minimal
models are parametrized by a positive integer k, that relates to the central charge as

3k

_ ok B.1
‘T k2 (B-1)

The classification of minimal models is naturally related to simply-laced Dynkin diagrams,
which define the A-, D-, and F-series. These families are labeled as:

e The A-series, with ¢ = kg—fQ for any k € Z-~o which we will call Ay, ;. Besides the

N = 2 currents they contain no other currents.

e The D-series, with ¢ = k3—f2 for any even k > 4 which we will call Dy, /5,5. On top of
k

the N = 2 currents, Dy, /249 contains a current of spin s = 7.

e Finally there are three exceptional theories which we call Fg, F7, and Fg, with

_ 5 8 14
C_§7§7 and 5

higher spin currents, besides the N' = 2 currents: Eg contains an additional spin-1

respectively. Each of the exceptional theories contain additional

current, F/; contains an additional spin-4 current, and Eg contains a spin-1, spin-3,
and spin-7 current.

In the following we will summarize some main results about these theories, following the
conventions stated in [20].

The highest weight representations in the Ramond sector are given by the following
weights and U(1) charges

7"2—82 C S €

€ _ _ € — — . B.2
hr,s 4(k+2) +24? QS + ( )
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The labels run as
re{l,...k+1}, 0<|s+¢<r-—1, r+s=0mod 2, (B.3)

and € = £1; the positive integer k labels the central charge of the minimal model. Through
spectral flow these can be related to NS sector representations of weight and U(1) charge
. r?+2s—s2+k € 2s+ k €

he = ¢ e_ STR L€ B.4
Wy 1 ST gty e (B-4)

The f—BPS representations in the Ramond sector for an ADE theory correspond to
states with 7 = [s|. The 1-BPS partition function is given by
]. 1 T 1
® ) Nt
Z,_Bps 9 Z N ((yy) 2+ (yy) FF2 2) . (B.5)
0<r<k+2

Here N;I;q, is Capelli-Itzykson-Zuber (CIZ) matrix [41], and ® is the simply-laced Dynkin
diagram. We note that the %—BPS partition function only depends on the diagonal entries of
the CIZ matrix and is always diagonal, even for the D- and E-series models. By writing out
the CIZ matrix one can find the %—BPS partition functions for the individual minimal models:

A-series. For @ = Ay, we find the following expression for the %—BPS partition function:

k+1 , 1

A _ _ _1
2y s (v:) = Zl(yy) S (B.6)

Moreover their elliptic genera are given by [55, 56]

0y (T ktl,

A " k2

2" (. z)—(,l(( H)). (B.7)
Ly o

D-series. For ® = Dy, 55, we find

D _ 2j—1_1
Zy e g) =1+ Zl yy) R (B.8)
J

where we can compare to the A-series be setting r = 2j — 1. Their elliptic genera are

given by
k44
Drr2en _ 0 ( ™ k+2) 0 ( ™ 2k+4z) (B.9)
EG k2 :
0 (7. 25) 01 (305
FE-series. For the E-type minimal models, we find
_ 5 1 N 1 1 g
Z1° ops(9) = (W) 7T + (y5) 70 + (v9) 7T + (y9) T + (v9)T + ()
_ 4 2 1 1 2 4
Z{S?Bps(y y) = (y9) 75 + (¥9) "% + (yy) 70 + 1+ (y9)® + (¥9)° + (y9)° , (.10)
T 4 2 L L 2 ’
ZIES ® aps ¥ 0) = (Y9) 7T + (y5) 7T + (yy) T 4 (y9) T + (yy) T + (yy)

e
5

+ (y) T + (y9) T
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and elliptic genera

0 (. %) 01 (%)
7t (7:2) = 01 (77471) 0 (r, ;) ’
by A0 05)
Zpé (1,2) = o (T’ %Z) 1 (. 2) ; (B.11)

C Single-trace twisted moduli

One of the criteria that we will check is the existence of single-trace twisted moduli. In the
NS sector, the moduli that can deform the CFT must be Gj:1 /o descendants of (anti-) chiral
primaries (or equlvalently, -BPS states) with h = 1/2 and @ = £1 [20]. In the Ramond
sector, (anti-)chiral primaries correspond to ground states. In the seed theory, these are
captured by

Zl _gps (¥: ) Zd<Q Q) (C.1)

The generating function for the symmetric product in the Ramond sector then takes the
following form [57]:

- N
NZ:: .

1
2

1

I1

1@ (1 - ply79)

(C.2)

||::]8

d(QQ)

Here Z iViBPS(y,y) is the %—BPS spectrum of the symmetric product orbifold with NV copies
2

and L corresponds to the twist of the operator. Focusing on the (¢, ¢) primaries, we can
write down the generating function in the NS sector as

1
Z 07 H 11 @) (C:3)
=100 (1 _pLyQ—i-coL/GyQ—i-coL/G) '
A single-trace %—BPS operator in Sym®™ (C) of twist L thus has a charge
L
I (C.4)

where (Q;, Q;) is the charge of one of the Ramond ground states in the seed. For (c,c)
primaries, we thus need to find (Q;, Q) such that (Q,Q) = (1,1).

In the Ramond sector, the ground states in the seed theory for the minimal models
parametrized by k have a charge

Qr:@r:kr -5 (05)
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where the range of r depends on the type of minimal model we are considering: see (B.6)—
(B.10). We are looking for chiral primaries of C = ®X_, C;, where C; are N' = 2 super-
Virasoro minimal models parametrized by k;. A state ¢ € C that is built up as ¢ =
®i-(:1 ¢i, ¢; € C; is a chiral primary of C if and only if ¢; is a chiral primary in C; for all .
Therefore, we are looking for solutions to

Q_ZK:( " _1)+COLL1 (C.6)
= \kit+2 2 6 '

with L > 2. Since the central charge of C is the sum of the central charges of the different

C;, we have
T, 3k
= L C.7
“ Z ki +2 (G.7)

i=1

We will use a similar notation to denote the different solutions of the moduli as the
authors of [20]:

(F1..oT1ye ooy TK« - - TK)- (C.8)
S—— ——
L times L times

Almost all charges are non-degenerate. However, if % + 1 is odd, the charge with this value

of r appears twice in the %—BPS spectrum of Dy, /5 5. To denote this degeneracy, we will

write a hat if this special value happens to be odd.

D Sparseness condition on the elliptic genus

In this appendix, we review the criterion first discussed in [27, 28] in order to give necessary
and sufficient conditions for a family of symmetric product orbifold CFTs to have slow-
growing (sub-Hagedorn) elliptic genus at large N. The condition is on the elliptic genus of
the seed theory. This criterion was used in [20] for a large family of seed theories and we
extend it in this paper. A more convenient formulation for a specific family of seed elliptic
genera (in terms of Jacobi theta functions) was recently given in [29)].

Let us consider a seed theory C that has N' = (2,2) supersymmetry and elliptic
genus ZS. (7, 2) (defined in (A.5)). The “standard” convention in the literature for the
normalization of the U(1)g current is so that the supercharge of the N' = 2 algebra has
charge £1. Under this convention, not all charges of operators are integers. (For example in
N = 2 minimal models, under this convention, most operators have fractional charges.) We
will instead normalize the U(1) current so that all operators have integer charges with ged
= 1. In [27, 28], this was called unwrapping the elliptic genus. To be more precise, suppose
under the convention where the supercharges have charge +1, all operators have charge
with ged % for some integer k. We define the unwrapped elliptic genus as

o(1,2) = Zpg(T, K2) = Z c(n, 0)q™y"t . (D.1)

n>0
ez

By definition ¢(7, z) now has an integer charge expansion and is a weak Jacobi form of
weight 0 and index ¢, with
¢
t= 242, (D.2)
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If we assume that the most polar term (which comes from the spectral flow of the NS
vacuum) does not vanish in the elliptic genus, it is of the form yCO’{/ 6¢Y. In the notation
of [20, 27, 28] this was denoted by b (i.e. b = cor/6). With this notation out of the way, the
criterion is then given by the following. For every nonvanishing term ¢™y* in the unwrapped
elliptic genus, compute the following quantity:

a(n,l) :zmax(—tj(j—be)—n) j=0,1,....,b—1. (D.3)
J b2 t

In (D.3), for a fixed n, ¢, we maximize the quantity in parenthesis over b different values
of j. If, for any term, o > 0, then the NS-sector elliptic genus of the symmetric orbifold
of C has Hagedorn growth at large N (in the regime 1 < A < N). However, if for all
coefficients in the elliptic genus, (D.3) has a < 0, then the elliptic genus of the symmetric
orbifold grows sub-Hagedorn, or supergravity-like. It was also shown that if 4tn — ¢2 > 0
(which defines a “nonpolar” state), we have a(n,f) < 0 automatically. Thus the criterion
requires only a finite calculation to check (since there are only finitely many polar states
with 4tn — (2 < 0).

In [29], a computationally simpler criterion was written down for seed elliptic genera of
the following special form

91 (T, nlz)Hl(T, ngz) e 91(7’, nNz)

o(r,2) = (D.4)

- 91(T,m12’)91<T, mgz) s 91(T,m|\|2’) ’

for n;, m; € Z~¢. If the NS vacuum contributes to the elliptic genus, the most polar term
is of the form ¢%y® with b =1 SN (n; —m;). The authors of [29] showed that we should
compute the value of

N 9 9.9 o LnijJ<LnijJ+1)
(e mE R n—mig L
“= m}“(; 2 B 2 b 2
) ) m]) o
2 b Lb b L b =t
It can be shown that & and «(n, ¢) agree when «(n, ¢) takes its maximal value
& = max (a(n,?)) . (D.6)

n,l

If @ > 0, the NS sector elliptic genus of the symmetric product orbifold has Hagedorn
growth at large V. Moreover, the growth is parametrized by & in the following way:

246
d(A) ~ exp (27” /CO‘A> l<A<N. (D.7)
0

Conversely, if & < 0, the coefficients of the NS sector elliptic genus of Sym® (C) grow as
d(A) ~exp(csVA) 1< AN, (D.8)

for some parameter cg. One of the advantages of computing & instead of a(n, ¢) is that there
is only one value to be computed for every j, while if we compute the growth parameter
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using (D.3) we are required to compute the value of a(n,¢) for all polar states (there are
roughly ~ ¢2/12 such states).

The N = 2 super-Virasoro minimal models all have elliptic genera of the form (D.4)
(see appendix B for the explicit expressions). Since for elliptic genera we have

Zrc(C ® C2) = Zra(Cr1) Zra(Ca), (D.9)

tensor products of minimal models also have elliptic genera of the form (D.4). Therefore,
we are able to use the more convenient method and compute @ to find the growth of the
coefficients of the NS sector elliptic genus of Sym™ (C).

E Type IV theories

In this section we give an explicit example of a weak Jacobi form that would be considered
type IV (subject to an assumption that we specify later). The purpose is to illustrate that,
if we want to prove that type IV theories never exist, we need to use a tool more than
simply modularity.

The main tool we will use is that there exist “spurious” slow-growing weak Jacobi forms
at small ¢,b that do not obey t/b € Z (t/b being an integer is a necessary condition for a
weak Jacobi form to be the elliptic genus of a CFT with central charge ¢y = % [20]). We
will then unwrap one of these (see (D.1)), and take a linear combination of it with physical
CF'T elliptic genera in such a way that the marginal operators get cancelled.

To give an explicit example, let us consider ¢t = 19,b = 3. There is precisely a one-
dimensional space of weak Jacobi forms with ¢ = 19,b = 3 which obey criterion 2 [27, 29].
Let us denote it as ¢193(7, 2). It has the following g-expansion:

pro3(1,2) = (3 + 2y 2+ 27 + 24 2 + 27 + o)
+(—y =2y oy T2y -3y 2y gy ay sy e

—|—5y+4y2+y3—2y4—3y5—2y6—2y7—2y8—y9)q+0(q2) )
(E.1)

Since t/b = 19/3 is not an integer, this cannot be the elliptic genus of a physical CFT.
However, if we unwrap it by a multiple of 3, it can have the same ¢, b as CF'T elliptic genera
with central charge %. There are two N’ = 2 SCFTs with this central charge — the A- and
D-series k = 36 minimal models.'3
From (3.8) of [20], we see the A- and D-series minimal models at k = 36 have ¢t = 684,

b=18 and t = 171, b = 9 respectively, and correspond to the following unwrapped weak
Jacobi forms:
91 (T s 372)

01 (7‘ , 2 )
91 (T, 182’)91 (7‘, 102)

91(7’, 9Z)91(T, Z)

Z A k=36(T, 2) =
(E.2)

Zp g=36(T,2) =

13Note that even after unwrapping, @103 cannot literally be the elliptic genus of either of these two CFTs,
because all of its charges will have a nontrivial greatest common divisor.
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We will now unwrap (19 3(7,2) by 6 and Zp r—36 by 2 to make all three Jacobi forms have
t = 684,b = 18 and take the following linear combination:

OType V(T 2) == 019,3(7,62) + Z4 p=36(T, 2) — Zp =36(T, 22)
— y—18 + y—17 + y—15 + y—13 + 2y—12 + y—ll + y—9 + y—7 + 2y—6 + y—5
+y Py vy + P+ 200y )yt 20
v +yT+ Y+ 0(g). (E.3)

Let us now argue that (E.3) — if it corresponded to a bona fide CFT — would be a type IV
theory. Since it was written as a linear combination of weak Jacobi forms obeying criterion
2, (E.3) also obeys criterion 2.

To show that it has no marginal operators, we need full access to the half-BPS spectrum.
In particular we need to show that (in the RR sector) there are no operators with charges

Lc, Lc,
qoy(lfTO)%qu(lfTo)% for L = 2,3,--- (as well as any charge conjugations). For our
example, cp = %,t = 684,b = 18, this means we need to check charge 2 and 16 (L > 3 is

automatically vanishing by unitarity).

Unfortunately, the elliptic genus only gives us a signed count. We have to make the
assumption that if the y*2¢° and y*'%¢" terms vanish in the elliptic genus, then the full
unsigned half-BPS terms also vanish. If we make this assumption, we see that indeed, the
desired terms vanish in (E.3).

Note that the function in (E.3) cannot correspond to a physical CEFT because it would
correspond to a SCFT with ¢ = %, and NV = 2 SCFTs with ¢y < 3 are fully classified by
the minimal models. Since @rype 1v(7, 2) is not a minimal model elliptic genus, it cannot
be a physical CFT. Nonetheless, the example we gave here just illustrates that if we want
to prove that type IV theories never exist, we need to use more than just modularity of the

elliptic genus.
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