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Buckling Metamaterials for Extreme Vibration Damping

David M.J. Dykstra, Coen Lenting, Alexandre Masurier, and Corentin Coulais*

Damping mechanical resonances is a formidable challenge in an increasing
number of applications. Many passive damping methods rely on using low
stiffness, complex mechanical structures or electrical systems, which render
them unfeasible in many of these applications. Herein, a new method for
passive vibration damping, by allowing buckling of the primary load path in
mechanical metamaterials and lattice structures, is introduced, which sets an
upper limit for vibration transmission: the transmitted acceleration saturates
at a maximum value in both tension and compression, no matter what the
input acceleration is. This nonlinear mechanism leads to an extreme damping
coefficient tan𝜹 ≈ 0.23 in a metal metamaterial—orders of magnitude larger
than the linear damping coefficient of traditional lightweight structural
materials. This principle is demonstrated experimentally and numerically in
free-standing rubber and metal mechanical metamaterials over a range of
accelerations. It is also shown that damping nonlinearities even allow
buckling-based vibration damping to work in tension, and that bidirectional
buckling can further improve its performance. Buckling metamaterials pave
the way toward extreme vibration damping without mass or stiffness penalty,
and, as such, could be applicable in a multitude of high-tech applications,
including aerospace, vehicles, and sensitive instruments.

1. Introduction

Any mechanical system will exhibit a resonance. At this reso-
nance, the transmission of force and acceleration is maximal.
Limiting the amplification of acceleration is paramount in a
wide range of applications where vibrations can cause unwanted
noise and failure. A paradigmatic example is that of a mass
and spring damper shaken from the bottom (Figure 1A): at
resonance, the mass will vibrate with a much higher accelera-
tion than the input acceleration provided by the shaker. While
myriad strategies using highly viscoelastic materials,[1,2] nega-
tive stiffness components,[3-8] low stiffness or quasi-zero-stiffness
components,[9-13] band-gap metamaterials,[14-20] acoustic black
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holes,[21-23] and active control[2,24,25] have
been proposed, they typically suffer from
added mass or loss in stiffness. Some
strategies have also been developed us-
ing buckling elements,[26-34] but the buck-
ling elements are either not fully load
carrying,[28-30,33] are unstable without ad-
ditional supports[27,31] or require an ar-
chitecture with an inherently low specific
stiffness.[32,34] Hence, they also suffer from
a mass or stiffness penalty.

Here, we propose to use buckling of the
primary load bearing structure of mechan-
ical metamaterials and lattice structures to
dampen vibrations. We use this as a func-
tional mechanism to create metamaterials
which combine a high specific stiffness and
high damping. Namely, lattice structures
are stiff before buckling while buckling
induces both a force plateau under com-
pression and increased nonlinear damping.
Such nonlinear damping even works in ten-
sion, where the structures do not buckle.

Although the idea is best illustrated
with a single column under axial vibra-
tions (Figure 1B), such a structure would

collapse in post-buckling and would not be suitable for applica-
tions that require freestanding unsupported structures.[27,31] This
is precisely where metamaterials could come to the rescue, as
they can combine buckling in one direction and structural stiff-
ness in the other directions.[35–41] While their shock response has
been well studied, their nonlinear vibration response remains
poorly understood.

Here, we demonstrate that free-standing load-carrying meta-
materials that undergo a buckling instability provide an upper
limit for transmission of vibrations. We show that this efficient
vibration absorption stems from elastic and damping nonlinear-
ities that are induced by buckling. We further generalize the con-
cept to metallic metamaterials and to metamaterials that buckle
both under compression and tension. We obtain extreme damp-
ing with respect to ordinary lightweight structural materials. Our
work demonstrates that buckling metamaterials are a competi-
tive solution for lightweight structures combining high damping
and high specific stiffness in high-tech applications.

2. Free-Standing Buckling Vibration Damping

To create a structure that can maintain its own lateral stability in
post-buckling, we first turn to one of the most common designs
in flexible mechanical metamaterials:[42-44] a polymeric slab that
is patterned with a square array of circular holes (Figure 1C,D).
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Figure 1. Damping vibrations with buckling. A) A mass (M) spring damper system, with base excitation (blue) can show a large amplified response
(orange) around resonance. B) When the spring is a slender beam, which can buckle when subjected to a sufficient compressive load from the base
excitation, the amplified response may be lower. C,D) The deformation of a holar sample with mass mounted on top when subjected to a base excitation
from the bottom around the eigenfrequency. C) Base excitation acceleration of 0.26G at 33.8 Hz; D) cbase excitation acceleration of 0.89G at 33.0 Hz.
The ellipticity of the holes, Ω, is tracked with red and blue ellipses (see “Image Analysis” in the Experimental Section, color bar). E,F) Base excitations
(blue) of 0.26G (E) and 0.89G (F) induce output accelerations (orange) of 4.3G (E) and 5.7G (F), respectively.

This metamaterial exhibits a global buckling mode, where the
pattern of pores becomes an array of ellipses with alternating
orientations (Figure 1D, centre). To determine its nonlinear vi-
bration characteristics, we mount a mass on top and subject the
sample to a base excitation around the eigenfrequency at 2 dif-
ferent levels: a low level of 0.26G (Figure 1C,E) and a high level
of 0.89G (Figure 1D,F), where G = 9.81 m s−2 is the acceleration
of gravity.

At the lower excitation level, we observe that the holes remain
close to circular (Figure 1C, see also Video S1, Supporting In-
formation) and we observe both a sinusoidal output response,
which has a 𝜋/2 phase lag with respect to the input excitation
(Figure 1E). This was to be expected based on linear vibrations.[45]

At the higher excitation level, the sample buckles as seen in
Figure 1D, see also Video S1 (Supporting Information). As a re-
sult, the output response in Figure 1F is no longer perfectly si-
nusoidal. Importantly, despite the input level increasing by more
than a factor three (from 0.26G to 0.89G), the output level in com-
pressive direction merely changes by a third (from 4.3G to 5.7G).
More surprisingly, the maximum acceleration in tensile direction
also only increases by a factor of two instead of three (from 4.3G
to 8.9G). This suggests that compressive buckling also dampens
vibrations in tensile direction.

This efficient vibration damping stems from nonlinearities
induced by buckling. To quantify such nonlinearities, we per-
form compression and tension mechanical tests at various
strain rates (Figure 2A, see Experimental Section for details). As
expected,[43,46] while the response is nearly linear in tension and
for compression less than 2 mm, a buckling instability occurs at
a compressive displacement of 2 mm. This instability induces a
force plateau, a key nonlinearity that explains the saturation of ac-
celeration under compression seen in Figure 1F. However, this
nonlinearity alone does not suffice to explain the reduction of ac-
celeration in the tensile direction.

The missing ingredient is an additional damping nonlinearity
that is also rooted in buckling. Indeed, when we vary the loading
rate, we observe that the amount of hysteresis increases signifi-
cantly around the point of buckling when we increase the loading
rate, that is, the difference between the loading and unloading
curves in the inset in Figure 2A increases substantially when go-
ing from 1 (yellow) to 1000 mm min−1 (bordeaux). To better quan-
tify this effect, we compress and extend the sample at a loading
rate of 1000 mm min−1 up to different compression levels and
measure the average hysteretic force (difference between load-
ing and unloading) across the loading regime as function of the
compression, see Figure 2C. We see that the hysteresis is non-
monotonic with a maximum at a compression of 4 mm, which
is just beyond buckling. This non-monotonic damping differs
from that of linear viscoelastic materials (e.g., the Voigt damper
in Figure 1A), where the average hysteretic force is constant. One
concludes that buckling amplifies viscoelastic effects. This can be
interpreted by the fact that the material that makes up the slen-
der parts of the metamaterial undergoes much larger strain rates
than the full structure does. Moreover, another key component
is present specifically in vibrations with a base excitation. Effec-
tively speaking, nonlinearities break resonance. As the peak force
levels do not increase linearly with acceleration exciting level, the
energy injected in the system does not increase linearly with ac-
celeration exciting level either.

These combined elastic and damping nonlinearities both team
up to efficiently dissipate vibrations. To quantify such dissipation,
we measure the amplification factor (ratio between output and
input acceleration) as a function of frequency: we perform fre-
quency sweeps at various input levels with both rising (Figure 2F)
and dropping (inset in Figure 2F) frequency levels, passing the
resonance. For rising frequencies, buckling is very efficient at
limiting the vibration transmission. For small excitations (blue
in Figure 2F), amplification factors up to 19 are found. During
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Figure 2. Vibration damping performance of buckling metamaterials. A) Force (F)–displacement (d) curves during compression-tension tests at various
strain rates of the sample of Figure 1. The four curves correspond to loading rates of 1, 10, 100, and 1000 mm min−1 from yellow to red, respectively.
B) Equivalent force–displacement curve of simplified model (see “Numerical Model” in the Experimental Section). C,D) Average hysteretic force over
compression range when performing tension–compression experiments at 1000 mm min−1: C) experimental, D) numerical, normalized with the average
hysteretic force for 0.1mm compression–tension. E) Numerical Voigt damper strength as function of the compressive displacement, normalized by the
linear Voigt damper strength (Experimental Section). F,G) Maximum acceleration amplification factor A as function of frequency f during a frequency
sweep with rising and (inset) dropping frequency: F) experimental and G) numerical. Solid lines correspond to tension while dashed lines correspond
to compression. The color of the curve indicates the input acceleration ain. H,I) Maximum output acceleration aout across the frequency range: H)
experimental and I) numerical. Blue (orange) curves correspond to rising (dropping) frequencies. Circles and solid lines (squares and dashed lines)
correspond to compression (tension) in (H) and (I), respectively. The gray lines show the linearized trend.

post-buckling the peak amplification factors across the frequency
domain become as low as 6 in compression (bordeaux solid lines)
and 9 in tension (bordeaux dashed lines). This corresponds to
more than doubling and tripling the amount of damping for ten-
sion and compression, respectively. The peak amplification fac-
tors also shift to lower frequencies. For dropping frequencies,
we experience a different trend. We observe larger amplification
factors (inset in Figure 2F) at smaller frequencies compared to
a frequency sweep with a rising frequency. This difference be-
tween rising and dropping frequency sweeps demonstrates bista-
bility post-buckling at frequency ranges below that of the linear
resonance. Equivalently, this reduction of the amplification fac-
tor corresponds to a saturation of the maximum output acceler-
ation, aout, across the frequency range as function of the input
acceleration, ain (Figure 2H). In the compressive direction (cir-
cles), we observe a hard limit on the maximum vibration trans-
mission at 5.9G. In tension (squares), we observe that the trend
becomes markedly lower than the linear trendline (gray) post-
buckling. This behavior is consistent with analytical examples of
vibrations of mass–spring dampers with softening springs such
as quadratic or cubic examples.[47-49] However, while analytical ex-
amples of vibrations of mass–spring dampers with weakly non-
linear softening springs typically demonstrate increased ampli-
fication factors at larger excitations,[47,48] Figure 2F,H demon-
strates the opposite: the drastic nonlinearities spawned by buck-

ling shave off the resonance peak and efficiently limit vibra-
tion transmission. Without this damping nonlinearity, buckling-
based vibration damping would not work under tension for drop-
ping frequencies, as we show in “Damping Performance Without
Nonlinear Damping” in the Experimental Section.

However, the fact that buckling dampens effectively simple
frequency sweeps does not yet guarantee that it dampens more
complex vibrations. After all, nonlinear vibration responses can
not be linearly combined like linear vibration responses can be
combined. Therefore, we also subject the sample of Figure 1 to
random vibrations (see “Random Vibration” in the Experimental
Section) and we find again that the maximum transmission of
acceleration saturates at 6.0G. This demonstrates that buckling-
based vibration damping works effectively regardless of the type
of vibration: controlled or random.

In order to design buckling-based vibration damping, it is also
necessary to be able to predict it. In theory, finite element meth-
ods could be used to model the response of buckling-based vi-
bration damping. However, nonlinear dynamic finite element
methods are notoriously expensive computationally, especially
for a very large number of cycles.[50] For this purpose, we develop
a simple numerical model, based on a nonlinear mass spring
damper, similar to the simplified representation of Figure 1A.
However, instead of a linear model, we use nonlinear force-
displacement (Figure 2B) and dashpot strength–displacement
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(Figure 2D,E) curves. We tune these parameters to fit the exper-
imental results of Figure 2A,C and the low excitation eigenfre-
quency of Figure 2F (Experimental Section). We then subject the
model numerically to the same frequency sweeps as Figure 2F,H
(Experimental Section) and obtain the equivalent numerical
results in Figure 2G,I.

We observe that the results in Figure 2G,I match the results
of Figure 2F,H well: not only qualitatively but also quantitatively.
The only significant difference found is that the numerical model
predicts slightly higher output accelerations post-buckling than
the experiments. This could suggest that the bilinear approxima-
tions of Figure 2B,E oversimplify the nonlinear dissipation of the
experiments. However, the fact that the numerical predictions
are slightly higher than the experimental results also show that
the numerical results slightly underestimate the damping per-
formance. Moreover, while the fitting parameters of Figure 2B,E
have been obtained based on the experiments (see “Numerical
Model” in the Experimental Section), these could also be gener-
ated using nonlinear finite element methods, without modeling
the entire frequency sweep tests with these same finite element
methods. Together, this implies that buckling metamaterials with
target stiffness and target damping could conservatively be de-
signed and predicted using a very simple single element numer-
ical model.

3. High-Stiffness Materials

So far, in Section 1, we have demonstrated that vibration damp-
ing using buckling metamaterials made out of an elastomer is

efficient. However, our results suffer from three main shortcom-
ings. First of all, elastomers inherently suffer from a low specific
stiffness, which makes them inherently unsuited for load bearing
structures. Second, it is far from obvious that buckling metamate-
rials can be generalized to stiff materials, such as metals, fibre re-
inforced composites or ceramics, which have a low yield or failure
strain.[51] This implies that stiff metamaterials cannot undergo
repeated thick-walled buckling. Finally, while viscoelastic buck-
ling will increase the amount of dissipation (inset in Figure 1D),
the resulting extra amount of dissipated energy can still be rela-
tively small compared to the total strain energy in the system for
base materials with low damping coefficients.

To overcome the first two problems, we can use thin-walled
metal metamaterials. We can prevent yielding while buckling
by letting the entire mechanism bend, as is demonstrated in
Figure 3A,B, as opposed to localized mechanism deformation in
Figure 1D. Furthermore, while straight thin-walled beams inher-
ently exhibit a low buckling load, the buckling load can be in-
creased and tailored using curvature about the longitudinal axis
of each beam. In turn, by using a thin-walled design, a 2D de-
sign becomes inherently sensitive to shear. We can remove this
compliance to shear by creating the 3D structure of Figure 3A,B,
made out of two copies of the 2D mechanism, wherein the two
2D mechanisms stabilize one another.

The metamaterial sample of Figure 3A,B consists of 0.15 mm
thin laser cut steel sheets (AISI 301 Full Hard) of 90 × 50 mm,
bolted to 3D printed aluminium connectors (AlSi10Mg, selective
laser sintering). The steel sheets are pre-curved by 1.5 mm. The
top and bottom crosses are made from 5 mm thick CNC milled
aluminium, while the cross sheets in the middle are made from

Figure 3. Metallic buckling metamaterial for vibration damping. A,B) Metallic metamaterial consisting of two crossing 3 × 3 unit cells, allowing buckling:
(A) unbuckled and uncompressed, (B) buckled and compressed by hand. C) Force displacement curve of metal metamaterial with zoomed insert. D)
Cumulative dissipated energy, H, corresponding to (C). E) When subjected to a base vibration, with a 1.4 kg mounted on top: as function of the average
input acceleration ain, the peak output acceleration aout across the frequency domain. Orange (blue) curves correspond to rising (dropping) frequencies.
Circles (squares) correspond to compression (tension). Gray lines show the average linearized trend. F–H) Numerical results for simulations, equivalent
to the experimental results of (C–E) (see Experimental Section).
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0.25 mm thin laser cut steel sheets (AISI 301 Full Hard). The ge-
ometry has been selected with the help of static nonlinear finite
element methods in Abaqus, see “Design & Finite Element Anal-
ysis” in the Experimental Section. The sample measures 333 ×
333 × 328 mm and has a mass of 1.9 kg.

When we compress the sample slowly (1 mm min−1) and plot
the force-displacement curve in Figure 3C, we observe a buck-
ling force plateau at 78 N. While buckling, we observe snap-
through instabilities (inset in Figure 3C). When the pre-curved
members buckle, they snap to an uncurved state about their
longitudinal axis. In particular, we observe that snap-through
releases strain energy and excites local vibration modes of the
metal sheets. This immediately helps to solve the third prob-
lem: insufficient dissipation for low damping base materials,
which was identified in the beginning of this section. The
snap-through instabilities show negative stiffness and dissipate
energy.[3,5,52]

In turn, this dissipated energy as function of the displacement
is plotted in Figure 3D. It is also noteworthy that we observe that
the force–displacement curve before buckling is not entirely lin-
ear due to imperfections in the sample.

Similar to what we did for the elastomeric sample in Figures 1
and 2, we add a mass of 1.4 kg on top of the sample and sub-
ject the metal sample to a vibrational base excitation, see also
Video S2 (Supporting Information). We subject the sample to
frequency sweeps from low to high frequencies and back at sev-
eral acceleration excitation levels (see “Defining the Vibration
Signal” in the Experimental Section). We track the acceleration
response at the base and top of the sample, similar to what
we did for the elastomeric sample in Figure 2. We also com-
pute the maximum output acceleration across the frequency do-
main as function of the input acceleration level in Figure 3E.
Again, we find that buckling-based vibration damping works.
More specifically, the metal sample features a loss coefficient tan𝛿
≈ 1/Amax ≈ 0.23 at ain = 1G, a tripling of the damping coeffi-
cient with respect to the low excitation response. While the ba-
sic geometry already induces a high damping coefficient at low
excitations because of the thin-walled design, nonlinear snap-
through damping greatly increases the damping coefficient in-
ducing this extreme value. This loss coefficient greatly surpasses
those of traditional light-weight structural materials such as alu-
minium alloys (1 × 10−4 to 2 × 10−3), steels (2 × 10−4 to 3 × 10−3)
or carbon fibre reinforced polymers (1 × 10−3 to 3 × 10−3).[51]

This shows that buckling-based vibration damping can be used
to surpass the Ashby limits of loss coefficient versus specific
modulus.[51]

Moreover, it is noteworthy that the metal sample did not suf-
fer from fatigue damage during the performed vibration tests.
Over the course of the test campaign, the metal sample has been
subjected to around ≈105 vibration cycles, across a variety of
frequency and acceleration levels. At no point during this test-
ing campaign has any visual damage been identified. This is all
the more impressive considering that snap-through induces lo-
cal modes, which may even vibrate at a higher frequency. This
shows that it is also possible to produce buckling metamaterials
for vibration damping with a high specific stiffness without being
fatigue sensitive.

Similar to what we did for the elastomeric sample, we can
also model the performance of the metal sample using a numer-

ical model in Figure 3F–H (see “Numerical Model” in the Ex-
perimental Section). We can approximate the force–displacement
curve of Figure 3C using the bilinear force–displacement curve
of Figure 3F (blue). Here, we omit the imperfections in the
force–displacement curve of Figure 3C to see how a sample with
little imperfections would respond. However, unlike what we
considered for the numerical model of the elastomeric sample
in Figure 2B–E, we will omit nonlinear viscosity and instead
only consider the dissipation due to the snap-through instabil-
ities. To do this, we smear the hysteresis of Figure 3D linearly
over the range between the start of buckling in Figure 3F and
the distance of the last snap-through instability in Figure 3D.
As such, we obtain the unbuckling force–displacement curve of
Figure 3F (orange), with corresponding hysteresis–displacement
curve in Figure 3G. We then subject the model numerically
to the same back-and-forth frequency sweeps as the experi-
mental sample and obtain the equivalent numerical results of
Figure 3E in Figure 3H. Again, we also find that buckling-
based vibration damping works numerically, particularly in
compression.

We do however obtain some significant differences between
the experiments and numerics. Namely, the numerics predict
lower peak accelerations in compression than the experiments
and higher peak accelerations in tension, especially for dropping
frequencies. The lower peak acceleration in compression could
be because the metal sample also has additional local modes,
which the numerical model does not take into account. Further-
more, viscoelasticity can delay buckling, which can increase the
peak load.[40] A similar effect in turn explains why the numer-
ical mode predicts higher accelerations in tensile direction: de-
layed buckling and unbuckling induced by viscoelasticity can in-
crease dissipation,[40] which can lead to lower amplification fac-
tors, as discussed in Section 1 in the case of the elastomeric sam-
ple. Despite these discrepancies, even without considering non-
linear damping, but when considering snap-through induced dis-
sipation, the numerical model shows valid trends. This demon-
strates that such a simple numerical model can still be used to
predict and design the performance of buckling-based vibration
damping metamaterials, even when they are made from thin-
walled structures with high specific moduli and snap-through
instabilities.

4. Bidirectional Buckling

So far, with Figures 1 and 2, we have demonstrated that buck-
ling metamaterials dampen vibrations for both soft and stiff ma-
terials. However, all of the cases analyzed so far consider buck-
ling exclusively in the compressive direction. Yet, it is also possi-
ble to realize geometries that can buckle in multiple directions,
such as the geometries considered in Figure 4. In Figure 4A, we
have created a sample, which can buckle in both the compres-
sive (Figure 4B) and the tensile (Figure 4C) direction (see “De-
sign & Finite Element Analysis—Multidirectional Buckling Sam-
ple Fabrication” in the Experimental Section for manufacturing
details).

This sample has in fact been optimized to buckle in tension
and compression at the same strain level using Bayesian op-
timization and nonlinear finite element methods with Python
and Abaqus.[53] The sample can even buckle simultaneously
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Figure 4. Buckling-based vibration damping in tension and compression. A) 3D printed TPU sample allowing buckling in two directions, buckling, re-
spectively, in B–D) compression (B), tension (C), and bending (D). E) Numerical model force–displacement curve featuring tensile and compressive
snap-through buckling, based on the force–displacement curve of Figure 3F. F) For numerically simulated up and down frequency sweeps at various
acceleration levels, the maximum output acceleration aout across the frequency range. The blue (orange) curves correspond to rising (dropping) fre-
quencies. Solid (dashed) lines correspond to compression (tension). The gray lines show the linearized trend.

in tension and compression when subjected to more complex
loading cases, such as bending in Figure 4D.

While this sample demonstrates that buckling can be achieved
simultaneously in both tension and compression, it does not of-
fer sufficient stiffness by itself to be used as a load bearing vibra-
tion damping structure. However, we can generalize our numer-
ical model to simulate the vibration response of structures that
offer snap-through buckling in both tension and compression.
To do so, we adjust the model we used to simulate Figure 3F–
H, and apply the force–displacement curve of Figure 4E instead.
This force–displacement curve is in fact the symmetrically buck-
ling version of Figure 3F, with the numerically considered mass
subtracted (see “Numerical Methods” in the Experimental Sec-
tion). We then use our numerical model to subject the sample
numerically to the same up and down frequency sweeps at differ-
ent base accelerations as we did for Figure 3H. When we track the
maximum output acceleration across the frequency domain, aout
as function of the input acceleration, ain, we obtain the results of
Figure 4F. Here, we find that buckling-based vibration damping
is very effective to set an upper limit for vibration transmission.
In compression, it is already more effective than what was the
case when buckling only occurred in compressive direction, as in
Figure 3H. This is because the snap-through induced hysteresis
per cycle is twice as large, as snap-through occurs in both com-
pression and tension. Furthermore, Figure 4F demonstrates that
the same upper level for vibration transmission can be set in ten-
sile direction, making it much more effective in tensile direction
than what was the case in Figure 3H. This shows that buckling
metamaterials offering buckling in both tension and compres-
sion can offer increased vibration damping over those that only
buckle in compression.

5. Outlook

Of course, many metamaterial designs could offer buckling in
both tensile and compressive direction; not only the geometry
of Figure 4A–D. For instance, many kirigami designs can also
buckle in tension and compression.[54-56] Nonetheless, kirigami
may not be able to offer a high specific stiffness and can be dif-
ficult to produce as free-standing load carrying structure. How-
ever, if we look carefully at the structure of Figure 4A, we can
see that it is very similar to lightweight lattice structures.[57,58]

Such fibre-reinforced lattice structures are specifically designed
for their high strength and stiffness to weight ratio and can be
made in both 2D or 3D geometries. Typically in such structures,
the members have been sized such that they do not buckle un-
der load.[57,58] However, their members could also be sized in-
stead to allow for elastic buckling, possibly accompanied by snap-
through, such as the sample shown in Figure 3. A specific ad-
vantage of such lattice structures, but also of the metal sample
of Figure 3, is that they are stretching dominated pre-buckling.
This implies that a much higher specific stiffness can be
achieved than in many bending dominated structures.[36-38,41,59]

As such, it may be possible to produce buckling-based vi-
bration damping metamaterials with a very high stiffness to
weight ratio.

Furthermore, while the current research demonstrates a
threefold improvement in damping for both samples, we expect
that much larger improvements in damping coefficient could be
obtained in systems with large amplification factors at small ex-
citations. More specifically, if the sample of Figure 3, or another
similar structure produced out of high stiffness materials, had
less imperfections, we would expect a much larger amplification

Adv. Mater. 2023, 35, 2301747 2301747 (6 of 12) © 2023 The Authors. Advanced Materials published by Wiley-VCH GmbH
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at small excitation. Meanwhile, we would not expect the amplifi-
cation factors of excitations that induce post-buckling to increase
significantly. As such, the increase in damping performance of
buckling metamaterials for vibration damping could even be
much larger than reported in this manuscript. Finally, while
this manuscript has focused on limiting the transmission of
a specific resonance, the method itself does not depend on a
frequency. In fact, this method should work to restrict transmis-
sions of any vibration. This could be a big advantage in cases
with multiple modes.

Open challenges remain however. Specifically, it still has to be
demonstrated that buckling-based vibration damping metamate-
rials can be produced with an even higher specific stiffness, with-
out significant imperfections. Similarly, the possible ceiling lim-
its of performance still need to be identified.

When these points are addressed, we anticipate applications
in any situation, where a high specific stiffness is required along
with high damping, including aerospace, sensitive instruments
and high-tech machinery.[1,2,8,60–62]

6. Experimental Section
Sample Design and Fabrication—Elastomeric Holar Sample Fabrication:

To create the sample of Figure 1, a two component silicone rubber (Zher-
mack Elite Double 32) was poured in a 3D printed mold, manufactured
with a Stratasys Objet Connex 500 3D printer. The mold contains a pattern
of 5 × 5 circular holes in which steel rods were placed. The holes have a
diameter of 10mm and wall thickness of 1.5 mm, implying a sample width
and height of 59 mm. The depth of the sample was 50 mm. The sample
was connected to two perspex plates using silicone rubber glue. The per-
spex plates can be used to mount the sample to a test rig at the bottom
and to mount additional weight and an accelerometer at the top.

Sample Design and Fabrication—Multidirectional Buckling Sample Fab-
rication: The sample of Figure 4A–D has been manufactured from a 2-
component slow curing silicone rubber using an EnvisionTEC 3D Bioplot-
ter. The sample measures 240 × 115 × 22 mm.

Experimental Methods—Uniaxial Testing: To perform the tests of
Figures 2A,C and 3C, the samples were compressed and extended using
a uniaxial testing device (Instron 5943 with a 500 N load cell). It was done
so that at constant rates of 1 mm min−1 (Figure 3C) and 1, 10, 100, and
1000 mm min−1 (Figure 2A,C).

Experimental Methods—Vibration Testing: To perform the vibration
tests of Figure 1 and Figure 2, the sample was vibrated using an Instron
Electropuls 3000. A rectangular steel frame was suspended from the ma-
chine and mount the sample on the bottom of this frame, such that a base
exciting from the bottom was effectively obtained. A mass was mounted
on top of the frame to effectively obtain a mass–spring system with base
excitation (Figure 1C,D).

For the vibration tests with the metal sample of Figure 3, the sample was
vibrated using a Tira Vibration Test System TV 5220-120 instead, where
the frequency was controlled with an Aim-TTi TG5011 function generator.
A large mass of 4.5 kg was added on the shaker next to the sample to keep
the vibration input acceleration level more constant during a frequency
sweep. The set-up is shown in Figure 5.

In both cases, the accelerations was measured at 5000 Hz with two
PCB Piezotronics 352C33 accelerometers: one at the bottom, capturing
the base excitation and one on top, capturing the output accelerations.
The tests of Figures 1 and 2 were also recorded using a Phantom VEO 640
monochrome high-speed CMOS camera with a Nikon 200mm f/4 macro
lens, at 250 frames per second at a resolution of 1024 × 1024, inducing a
spatial resolution of 0.10 mm.

Damping Performance Without Nonlinear Damping: Figure 2 shows
that buckling based vibration damping works. More specifically, Figure 2I
shows numerically that buckling based vibration damping works, when

Figure 5. Metal buckling-based vibration damping sample mounted on a
shaker table.

the sample has both a bilinear force–displacement curve (Figure 2B) as
well as nonlinear damping (Figure 2E). However, this raises the questions
whether both nonlinearities were required.

Therefore, the analyses of Figure 2G,I was repeated but with linear
damping instead, that is, Cn = 1 in Figure 2E. The results were plotted
in Figure 6. For the most parts, the results of Figure 6A,B were simi-
lar to the results of Figure 2G,I, respectively. Without nonlinear damp-
ing, post-buckling still induces nearly a plateau of force-transmission
in compressive direction (Figure 6B, solid lines). Furthermore, for ris-
ing frequencies, a noticeable reduction in output acceleration with re-
spect to the linear trend is also seen (Figure 6B, blue dashed line). How-
ever, for dropping frequencies, post-buckling even induces an increase
in output acceleration with respect to the linear trend (Figure 6B, or-
ange dashed line). This was unlike what Figure 2I shows. This shows that
nonlinear damping, triggered by delayed buckling and unbuckling, was
necessary to obtain buckling based vibration damping, as discussed in
Section 1.

Processing Accelerometer Data: To process the accelerometer data, a
fourth order Butterworth bandpass filter was first applied from 4 to 60 Hz
for the elastomeric sample and from 5 to 100 Hz for the metal sample.
This way, low frequency sensor drift and high frequency noise generated
by the test set-up was filtered out.

The Python scipy.signal.find_peaks algorithm was used to find the trends
of the peak acceleration and as function of time and frequency. A Savitzky–
Golay filter was also applied to smooth the resulting peak accelera-
tion trends.

Image Analysis: To get a quantitative understanding of the degree of
buckling of the sample used in Figures 1 and 2, particle tracking (OPENCV
and Python) and custom-made tracking algorithms were used to quantify

Adv. Mater. 2023, 35, 2301747 2301747 (7 of 12) © 2023 The Authors. Advanced Materials published by Wiley-VCH GmbH
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Figure 6. Numerical vibration damping performance without nonlinear damping. A) Maximum acceleration amplification factor A as function of fre-
quency f during a frequency sweep with rising and (inset) dropping frequency. The solid lines correspond to tension while the dashed lines correspond to
compression. The color of the curve indicates the input acceleration ain. B) Maximum output acceleration aout across the frequency range. Blue (orange)
curves correspond to rising (dropping) frequencies. The solid (dashed) lines correspond to compression (tension). The gray lines show the linearized
trend.

the flattening f and orientation ϕ w.r.t. the horizontal of each pore and
calculate the polarisation:[35,40,63]

Ωnx ny
:= (−1)nx+ny f cos 2𝜙 (1)

where nx and ny are the hole’s column and row, repsectively. These
tracked ellipses were then plotted along with their polarisation in red and
blue in Figure 1C,D.

Numerical Model: The numerical model consists of a nonlinear mass
spring damper system (Figure 1A). The system contains a mass M, out-
put displacement y(t) and acceleration ̇̇y (orange in Figure 1A),coupled
through a spring to a base excitation u(t), ̇̇u (blue in Figure 1A). The
spring extension s = y − u. The spring stiffness K was multilinear, while
the damper C was multilinear only in the spring extension s. K and C can
be normalized with the mass to obtain the k and c. These can then be
coupled to the linear system response as follows, where 𝜔n = fn∕2𝜋 is the
angular eigenfrequency, 𝜁 is the damping coefficient, G is the amplification
factor and fn is the eigenfrequency:

k = K
m

= 𝜔2
n (2)

c = C
m

= 2𝜁𝜔n (3)

𝜁 = 1
2G

(4)

The linearized spring stiffness K, eigenfrequency fn and amplification
factor G were derived from the experimental data of Figure 2A,F for the
elastomeric sample and Figure 3C as well as the underlying data at small
excitations of Figure 3E for the metal sample. It was derived for small
excitations, K = 11.38 N mm−1, fn = 32 and G = 19 for the elastomeric
sample and K = 368.8 N mm−1, fn = 48 Hz and G = 13.2 for the metal
sample. These values were used to derive M = 0.28 kg and C = 2.83 N s
m−1 for the elastomeric sample and M = 4.0 kg and C = 92.6 N s m−1

for the metal sample. These masses were higher than the actual masses
mounted on top as the sample mass also affects the eigenfrequency. The
buckling force plateaus were used to be 25 and 78 N, for the elastomeric
(Figure 2B) and metal (Figure 3) samples, respectively. To account for
gravity, the gravitational acceleration was subtracted, gM, where g =
9.81 m s−2 in the model to end up with the base state at s = 0 without
excitation in the model. The force–displacement curve for the model with

buckling in two directions, seen in Figure 4E presents the same force
plateau as the one for the metal sample in Figure 3F, with gM subtracted.

The system was governed by the following differential equation.

̇̇y + c(ẏ − u̇) + k(y − u) = 0 (5)

When the system was subjected to a base excitation u(t), ̇̇u, the system
can be solved numerically in the time domain using a forward Taylor series,
which was done at a frequency of 2000 Hz:

̇̇y = −c(ẏ − u̇) − k(y − u) (6)
̇̇̇y = −c

(
̇̇y − ̇̇u

)
− k(ẏ − u̇) (7)

Compared to some alternative ways to numerically solve the system, a
forward Taylor series has a number of distinct advantages. Compared to
closed form solutions, such as piecewise solutions,[64,65] a forward Taylor
series has the distinct advantage that it can easily be modified to allow
for more complicated stiffness and damping characteristics. Compared
to Euler’s method, which was a first order Taylor series, a higher order
forward Taylor series offers more numerical stability and offers a much
higher speed of convergence. Finally, compared to explicit nonlinear finite
element methods, a simple single degree of freedom system offers large
advantages in simplicity, computational needs and numerical stability, at
the cost of a lower accuracy.

Defining the Vibration Signal: To obtain the frequency response, the
numerical and experimental sample was subject to a sinusoidal vibration
with constant acceleration amplitude, where the sine slightly changes fre-
quency after every cycle. At each start of a full cycle, implying the accelera-
tion and displacement were 0, the frequency of the sine cycle was updated.
This implies that the input acceleration, velocity and displacement are de-
fined as follow, with B the input acceleration amplitude, f the frequency
and tc the time in the cycle between tc = 0s to tc = 1/f:

̇̇u = B sin (2𝜋ftc) (8)

u̇ = − B
2𝜋f

cos (2𝜋ftc) (9)

u = − B

(2𝜋f )2
sin (2𝜋ftc) (10)

Random Vibration: A random vibration spectrum was first defined. It
starts from the acceleration power spectral density function of Figure 7A,

Adv. Mater. 2023, 35, 2301747 2301747 (8 of 12) © 2023 The Authors. Advanced Materials published by Wiley-VCH GmbH
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Figure 7. Random vibration. A) Power spectral density (PSD) profile of the input acceleration, normalized with the peak PSD level. B) Corresponding
time–displacement history applied in the tests. C,D) Experimental time-acceleration history for input accelerations of 0.06 gRMS (C) and 0.30 gRMS
(D). The orange and blue curves correspond to the input and out accelerations, respectively. E) Output acceleration (gRMSout) as function of input
acceleration (gRMSin). F) Maximum acceleration, amax, as a function of the input acceleration. Blue and orange correspond to compression and tension,
respectively. All RMS values are shown at 1𝜎.

Adv. Mater. 2023, 35, 2301747 2301747 (9 of 12) © 2023 The Authors. Advanced Materials published by Wiley-VCH GmbH
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calculated at 1 standard deviation (1𝜎). PSDn was the PSD value, normal-
ized with the maximum PSD value. This PSD shows a constant PSD value
between 12.5 and 50 Hz, which also includes the area surrounding the
eigenfrequency of the sample of Figure 1. This implies that vibration with
this PSD will only excite the frequencies around the eigenfrequency.

The 1𝜎 root-mean-square of any PSD spectrum can be calculated as:[66]

RMS =

√
∫

∞

0
PSD df. (11)

The acceleration PSD could be converted to a time signal using an
inverse Fourier transform,[66] where random values were assumed for
the starting phase of the equivalent wave at each frequency. The time–
acceleration signal could be integrated to a time–velocity and time–
displacement signal and use a high-pass Butterworth filter to remove low-
frequency drift. As such, the time–displacement signal of Figure 1B could
be obtained. Time signals could also be converted to PSD signals using a
Fourier transform.

The sample was then shaken, as described in the Main Text and in “Ex-
perimental Methods—Vibration Testing” in the Experimental Section, us-
ing this time signal as an input. If the sample was subjected to a low ran-
dom base excitation of 0.06 gRMS in Figure 7D, it was observed that the
output acceleration in blue was much larger than the input acceleration in
orange and that acceleration levels were similar in tension and compres-
sion. However, when it was done at the same at a higher base excitation of
0.30 gRMS in Figure 7D, a clear upper limit was observed in compression,
due to buckling.

The output accelerations change could also be tracked with the applied
input acceleration. In Figure 7E, gRMSin > 0.15 such that gRMSout starts to
go lower than the linear trend was observed, which suggests that buckling
based vibration damping also works in random vibrations. However, to
convert a time signal to a frequency based signal, including a gRMS value,
the implicit assumption was made that the signal was a sum of sinusoidal
signals, which was approximately symmetric about 0. That was not the
case here, as seen in Figure 7D. As such, it was more representative to
look at the peak accelerations instead. These were plotted in Figure 7F.
Here, a clear upper limit was observed in compression (blue) for gRMSin
> 0.1. However, for gRMSin > 0.2, a similar plateau in tension (orange)
was observed. It was presumed that the reason why it requires a much
larger base excitation to set an upper limit in tension, was because only
a few cycles induce buckling and therefore induce additional dissipation.
This was different from vibrations at constant frequency and acceleration,
where buckling occurs every cycle, along with the accompanying increased

dissipation. However, both Figure 7E,F demonstrate that buckling based
vibration damping also works in tension.

Design & Finite Element Analysis: For the sample of Figure 4, the sam-
ple was designed using a form of Bayesian optimization combined with
finite element simulations in Abaqus.[67]

To predict the response of the metamaterial samples of Figures 3 and 4,
nonlinear finite element simulations was used in Abaqus 2021 (Dassault
Systémes).

Design & Finite Element Analysis—Metal Sample: The sample of
Figure 3 was designed using a combination of finite element analyses and
experiments. The sample using 3D analyses was designed with 2D plane
stress plate elements (CPS8R). A combination of single strip analyses was
used, 3 × 3 and 5 × 5 metamaterial analyses. The entire sample was mod-
eled using aluminium with a Young’s modulus of 70 GPa, Poisson’s ra-
tio of 0.3 and density of 2800 kg m−3. Various sets of analyses were per-
formed, varying the aspect ratio, thickness and out-of-plane curvature. The
sample was compressed and uncompressed numerically using a nonlin-
ear quasi-static analysis. In some cases, snap-through instabilities made
the analyses unstable, in which cases dynamic explicit analyses were opted
for instead. The design was sized using two main criteria:

1. At fives times the post-buckling strain, the force-drop from peak was
less than 50% and a 5 × 5 aluminium sample still has at least a 40 N
force. This prevents unstable collapse post-buckling.

2. At fives times the post-buckling strain, the maximum Von Mises Stress
was less than 100 MPa in aluminium. This prevents fatigue damage in
high strength metals.

After analysis, the sample was opted to make out of steel sheets instead
due to the higher load carrying capacity and better availability of high-
strength variants with small thicknesses (AISI 301 Full Hard). After pro-
ducing the first sample, the final sample of Figure 3 was opted to produce
out of a higher thickness than originally analysed as the produced load
carrying capacity was lower than predicted due to imperfections.

Design & Finite Element Analysis—Bidirectional Buckling Sample: The fi-
nal design and mesh of the sample of Figure 4 was given in Figure 8A. The
sample in 2D was modeled using quadratic quad-dominated CPE8R plane
strain elements. For the material, a neo-Hookean material model was as-
sumed with a Poisson’s of 0.48. The left and right side of Figure 8A was
fully constrained and compressed and extended the sample numerically
using a nonlinear quasi-static analysis.

To maximise the efficiency of bidirectional buckling based vibration
damping, the sample had to buckle in both directions at an equal strain.
To obtain a suitable design, Bayesian optimization was used.[53,67] First,
the design was specified using the parameters as shown in the quarter

Figure 8. Simulating and optimising bi-directional buckling metamaterials. A) Finite element mesh. B) Tensile response. C) Compressive response. D)
Quarter unit cell. E) Stiffness ratios for training points before and after buckling: minimum of tension of compression. F) Stiffness ratios interpolated
with Gaussian Processes Regression before and after buckling: minimum of tension of compression. G) Normalized stress (𝜎*)–strain (ϵ) curve in
tension (blue) and compression (orange) of sample in A.
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unit cell of Figure 8D. The design was optimized for three normalized de-
sign parameters: t∗

beam
= tbeam∕a, t∗

hinge
= thinge∕a and angle = 𝛼. With a

variety of combinations of these three variables 500 analysis were ran. The
design space was populated using a Sobol sequence, an efficient method
to populate a multivariable design space with an arbitrary number of data
points.[68] Two outputs were tracked: (i) the ratio in stiffness before and
after buckling, K1/K2: minimum of tension and compression, and (ii) the
ratio of the buckling force in tension and compressive direction, Fb,t/Fb,c.
For K1/K2, the results in Figure 8E were plotted. Bayesian machine learn-
ing (Gaussian processes regression) was used to more densely interpolate
the design space as seen in Figure 8F for K1/K2. In doing so, the standard
deviation was obtained, 𝜎, of the uncertainty of the interpolation. We then
defined the following criteria to define designs of suffcient quality:

1. K1∕K2 > 5 + 1.96𝜎K1∕K2
2. |Fb,t∕Fb,c| − 1 < 0.15 − 1.96𝜎Fb,t∕Fb,c

This presents us with several designs which adhere to the requirements.
Around these locations, by running 100 additional analyses using a Sobol
sequence the data was refined, which then accurately provided us with
a variety of designs adhering to the requirements. One of those was the
design of Figure 8A–C, which was produced in Figure 4. The nonlinear
normalized stress–strain curve as calculated by Abaqus, is presented in
Figure 8G, where the stress has been normalized by the cross-section and
Young’s modulus.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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