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I. SUPPLEMENTARY MATERIAL
A. DModelling dark matter spikes

We assume that the density profile in Eq. (1) of the main article extends down to the innermost stable circular
orbit (ISCO) of the central IMBH (risco = 6Gm1/c?, for a central mass m1). We neglect relativistic corrections to
the shape of the spike close to riseo [1—3]; at small radii gravitational wave emission dominates over effects from the
spike, making the dynamics of the binary largely insensitive to the precise DM density profile close to the merger.
We assume that the IMBH has not undergone major mergers with other IMBHs, which would substantially suppress
the spike density [4, 5]. Mergers with lighter compact objects may also affect the precise shape of the density profile,
though as argued in Ref. [6] such mergers are unlikely to reduce the DM density by more than a factor of 2. Finally,
we assume that the cold DM particle is not self-annihilating; DM annihilation would flatten the central cusp of the
DM spike [7, 8].

Guided by N-body simulations [6], we take the maximum impact parameter as bmax = /qr, giving A ~ 1/,/3.
Dynamical friction traces the DM density in the spike pcpm(r,t). In the absence of feedback, pcpm(r, t) would be
given by the power-law spike in Eq. (1) of the main article. However, the injection of energy by the inspiraling compact
object leads to a transient depletion of the DM spike. Thus, the DM density profile is time-dependent and can be
modelled by evolving the distribution function of particles in the spike during the inspiral, as described in Ref. [6]
and implemented in the HaloFeedback code [9]. The transient depletion of the spike generally reduces the size of the
dynamical friction effect, though as demonstrated in Refs. [10, 11], it should still give rise to a dephasing large enough
to be observable with future ground- and space-based GW observatories.

For the results in the main article, we generate CDM-dephased waveforms using the pydd [12] code, which uses a bro-
ken power law parametrization for the phase evolution, fit to more complete results obtained using HaloFeedback [9].
For longer signals, such as the 5-year durations studied in Section I G, a faster approach to waveform generation is
required. In that case, we make use of a surrogate waveform model (also trained on HaloFeedback [9] results). For
further details, see Section I G.

We do not include torques for the case of cold collisionless dark matter, because co-rotation and Lindblad torques
arise from the fact that the companion is moving coherently with the material in which it is embedded so as to excite
orbital resonances. This is not the case for DM spikes, where the particles are not expected to be co-rotating with
the binary. Although the halo may be spun up due to the transfer of angular momentum from the companion to
the particles, by the time enough energy has been transferred through scatterings for a particle to co-rotate, it will
have gained enough energy to become unbound from the halo [6]. We therefore expect the halo to be minimally
spun up during the inspiral, and certainly not enough to excite co-rotation or Lindblad torques as is the case for
differentially-rotating baryonic disks.
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B. Modelling Gravitational atoms

The ionization power Fion quantifies the energy lost by the binary to the cloud and is defined as [13]

Fion = i% 3" —m)Q [n(en)|* O(e) - (1)

0 m’

In this expression, the sum runs over all possible angular momentum states (¢, m’), then n(e) = (e ¢'m’|V|nfm) is
the level mixing induced by the gravitational perturbation V of the companion, e, = —pua?/(2n?) £ (m’ —m)S, and

O is the Heaviside step function. The =+ sign refers to co-/counter-rotating orbits respectively, but Fio, is guaranteed
to be positive in both cases. The backreaction of ionization can be interpreted as dynamical friction [14].

The accretion power is given by
3/2
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where the accretion rate is equal to

d
g = 167(Gma)*p(7), 3)

where p(7%) is the local density of the cloud. Finally, the conservation of mass reads

dms  dme
dt dt

= *mionv (4)

where o is the mass lost to ionization, and is given by a formula analogous to (1), but with the factor +(m’ —m)Q
removed.

We solve numerically the energy balance equation, together with (3) and (4), for the three quantities ra(t), ma(t)
and m(t). The phase of the GW signal is then extracted from ro(t) as for other environments. The quantities Fion
and 7hion are hard to compute accurately, due to the many overlap integrals of the form (e; ¢'m/|V|ném) that enter
the formulae. However, the existence of a universal dependence of those quantities on «, ¢ and m,. [14] allows us to
tabulate their value for a fiducial set of parameters, and simply re-scale them appropriately for every system. The
numerical integration of the equations is then very fast.

Notably, this model neglects resonant transitions, which are known to occur at specific orbital frequencies,

(ma - mb)ﬂ = Ea - Eb, (5)

where the subscripts a and b refer to the two bound states resonating. Such resonances can lead to the cloud smoothly
transitioning from one bound state to another, analogous to the Landau-Zener transition in quantum mechanics
[15, 16]. Due to the difference in energy and angular momentum between two bound states, these resonant transitions
induce a backreaction on the orbit, which depending on the transition are known as either “floating” or “sinking”
orbits [17].

C. Torques from accretion disks

In this environment, the behaviour of the drag force term is different with respect to the dark matter case, because
of the collisional nature of the medium. The problem of dynamical friction in a gaseous medium was studied in [18]
in the case of a straight-line trajectory, and further elaborated in [19] in the case of a perturber moving on a circular
orbit. Both works agree on a vanishing contribution of this effect in the limit of zero relative velocity between the
compact object and the medium. Therefore, under the assumption of co-rotation of the companion with respect to
the disk, the contribution of dynamical friction as presented in for the dark matter spike can be considered negligible
(see also [20]).

Instead, the dominant cause of dephasing for compact binaries in accretion disks can be ascribed to gas torques.
In the case of dynamical friction, it is the build up of particles, or wake, behind the companion object that slows the
orbital velocity and hence drives the inspiral to completion in fewer cycles than in vacuum. In the case of accretion
disks, it is instead the perturbation of the disk due to the companion object which leads to an asymmetry between
the leading and trailing density waves on smaller or larger radii than the orbit of the companion object [21, 22].



Much of the work quantifying this effect has been inherited from planet migration studies [23-26], for which there
are two classes of migration. Type I migration applies to mass ratios mg/m; < 10~%, where the companion object
perturbs the disk linearly. Type II migration applies to mass ratios mo/m; > 10~ (the exact threshold is also
dependent on the disk parameters [27]), where the companion object perturbs the disk non-linearly, and drives a
groove through the disk. This is referred to as gap-opening, where gas flows across the gap (usually from larger radii
to smaller radii) become an important contribution to the gas torques [28].

The analytic expression from [29] describes the total net torque on a 2D disk due to a planet orbiting around a star
at the centre of the disk:

Q 2
Tiot,2p = (1.160 + 2.828) (mI’M) N pt02 (©)

b)
me c p'pip

where m,, is the mass of the planet, m. the mass of the central star, r, is the radial separation between the star and
the planet, ¥, is the surface density of the (unperturbed) disk at the position of the planet, 2, is the orbital angular
velocity of the planet and « is a parameter which describes the radial gradient of the surface density. If o > 0, then
the gradient is negative. The torques are due to the excitation of Lindblad and corotation torques, which arise due to
resonances between the pattern speed of the density wave caused by the perturber and the orbital velocity of the gas
particles in the disk [25]. These torques are present in an entirely Keplerian disc, with the companion also moving at
Keplerian velocity, however it is not necessary for this to be the case.

This expression assumes that the perturbations on the disk due to the planet are linear (i.e. Type I migration,
small mass ratio between planet and star), that the orbit of the planet is in the plane of the disk and non-eccentric,
and also that the disk and perturbations are locally isothermal. It also assumes that the planet is on a fixed orbit
and finally, that the disk has no self-gravity and no viscosity.

We use this prescription to describe a pair of black holes with small mass ratio ¢ = my/m; embedded in an accretion
disk and write the total net torque on the secondary black hole, hence the opposite sign to Eq. (6) which describes the
torques on the gas which then back-react onto the black hole. Neglecting the pre-factor from Eq. (6), the net torque
on the secondary black hole is [30]

Ty = —X(r)r*Q%¢* M?, (7)

which is the expression we use in Eq. (5) of the main article.

Although this analytical description makes many approximations and was calculated in the context of planet
migration, 2D hydrodynamical numerical simulations results have shown that it captures the effects of the gas torques
on a secondary black hole being driven towards a central black hole due to gravitational wave emission to within a
factor of a few, although the level of agreement is very sensitive to the parameters of the binary and the disk [30, 31].
We choose to use the analytic expression as a first approximation to the gas torques, sufficient to distinguish between
different environments. It will also facilitate fast production of gravitational waveform templates in the presence of
an accretion disk, which will be necessary for efficient parameter estimation in Section IV of the main article.

However, in order to learn about the properties of accretion disks from gravitational waves, a more complete
description of the interplay between the secondary black hole and the accretion disk will be vital, and we expect this
to be informed by improvements to numerical simulations.

One interesting subtlety found in [30] was that resolving the gas torques inside the Hill sphere region surrounding
the secondary black hole displays a clear asymmetry of gas in front and behind the companion. For mass ratios
q > 3 x 1074, this can change the overall sign of the torques. For ¢ < 3 x 1074, this effect is shown to be small and
the analytic prescription does better, modulo sensitivity to disk parameters which have only been simulated within
given ranges. We will only report negative torques on the black hole, however, if the sign of the torques is in fact
positive due to a combination of disk and binary factors, we would expect distinction of accretion disks versus other
environments to be even more tractable.

We do not include the effects of accretion onto the companion object, as these were shown to be small in the gas-
only simulations conducted in [30]. However note that this may not hold for all regions of the parameter space, and
may not hold when radiation is included in the simulations. Furthermore, the impact of turbulence [32], eccentricity,
relaxing the locally isothermal disk model, as well as 3D effects could all impact the amount of dephasing that can
be expected from these systems. For now, we provide a proof of concept for distinguishing accretion disks from dark
matter environments with this simple analytical model, and aim to update the modelling of the accretion disk as
numerical simulations progress.
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FIG. 1. Number of cycles dephasing induced by environmental effects Dephasing with respect to naive vacuum signals,

using the models for the frequency evolution in Section III of the main article which we use for parameter estimation in Section
IV of the main article.

D. Dephasing

Each of the energy loss terms can be written instead in terms of the rate of change of the separation of the binary

2r2E
e ———— & - nv- 8
" Gmimsg Tew +Te (8)
The phase of the signal is then related to this by:
1 G(m1 + mg) /flsco at ,, ..,
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The observable effect on the waveform, i.e. the difference in the number of cycles Ny from a given reference frequency
until ISCO (or merger) between a given environment and the vacuum case, is then the dephasing:

0P = 27T(Ncyc,\/ - Ncyc,env) = (I)V - (Penv . (]-0)

We plot the dephasing with respect to the vacuum system with the same masses for each environment in Fig. 1.
This phase shift with respect to an inspiral in vacuum enters into the gravitational waveform via its second derivative
with respect to time, and here we use the Newtonian order expression

1 4x2/3GS3 MB/3 2/3 [37 . do\
ho(f) = 5 i % where @ :47r2f<df) . (11)

E. Match integral, SNR, and faithfulness

The likelihood maximized over extrinsic parameters between the signal d(t) and the template hg(¢) with intrinsic

parameters 6 is
(ho|d):
— max 12
p(d}h) exp<2<h9|h0> , (12)



where the inner product between the signal and template in the numerator is given by

hy(f)d(f)
N D (t) - (13)

Here t. is the time at coalescence and FT(g)(-) is the Fourier transform of the function g(-). We assume that our time
series data is a linear combination of the signal plus the detector noise, which is Gaussian and given by the power
spectral density noise curve as made publicly available in [33] by the LISA consortium. We maximise over extrinsic
parameters of the binary, namely the phase of coalescence ¢. (by taking the absolute value), the time of coalescence
t. (by taking the fast Fourier transform), and the luminosity distance dy, to the binary (with the normalisation factor
in Eq. (12)), all according to [34]. We thus assess our ability to reconstruct the intrinsic parameters of the binary
defined in the detector frame, which are the chirp mass M., mass ratio ¢, and the parameters that describe each
of the environments 6,,. Prior ranges for these parameter values are given in Table I of the main article. We use
noise-free (i.e., Asimov [35]) signals that span 1 year’s worth before the time of coalescence, which we take to be at
the time corresponding to the ISCO frequency, and we place the mergers at a distance such that the accumulated
signal-to-noise ratio (SNR) over that time is 15, where the optimal SNR of a signal d is

SNR = +/(d|d). (14)

The faithfulness of a given system’s waveform with respect to another is given by [36]

(h|d)

max

= n%ax FT <4

_ (hold)
Flhodl= ey @a (15)

In Fig. 2 we show the faithfulness of the signal waveform with respect to its best-fit vacuum system, as a function of
the duration of the signal. All durations are measured backwards from ISCO frequency and the distance to the source
is fixed such that the SNR of the 1 year signal is 15. The faithfulness degrades substantially for the gravitational
atom and the dark dress for durations longer than 1 month, whilst the accretion disk faithfulness degrades more
gradually as expected. The threshold on the faithfulness required to distinguish between environments is F = 0.99,
shown by the dotted dark red horizontal line. This is calculated for an SNR of 15 as laid out in [37], and we choose
a dimensionality of 4 in the parameters which makes the threshold conservative for the accretion disk system which
is only described by 2.

F. Fitting dark dresses and gravitational atoms with accretion disk templates

The pair of systems with the lowest Bayes factors are those of fitting an accretion disk signal with a dark dress or
gravitational wave template. Note that all parameter estimation runs including accretion disks involve fixing the mass
ratio because it is degenerate with the surface density and Mach number combination in our set-up. This drives the
better reconstruction of the remaining parameters, although the accretion disk template is still severely disfavoured
with respect to the correct model. However, it is still interesting to observe that the wrong template can fit the signals
well in these cases. As an example, the posteriors for fitting our benchmark dark dress and gravitational atom signals
with an accretion disk template are shown in Fig. 3. In both cases, the parameter reconstruction infers a biased-high
chirp mass as well as a large value for £y M?, mimicking the speed-up of the inspiral due to dynamical friction and
ionization/accretion respectively.

G. Parameter estimation with different waveform durations including the use of surrogate models

With 1 year’s worth of data, as shown in Fig. 2 of the main article, the parameters of the dark dress system are only
partially measured, whilst the parameters of the gravitational atom are measured to incredible precision. We show
here that increasing the duration of the signal to 5 years for the dark dress (which would be the best-case scenario
for LISA observations) leads to well-converged posteriors for all parameters.

For long waveforms, the analytical approximation introduced in [10] becomes inadequate to capture the evolution of
the phase ®(f). Instead of devising a new analytical approximation for long waveforms, we introduce here a surrogate
model for the phase evolution, trained on the fiducial waveforms produced by the HaloFeedback code.

We generate a dataset split between 852 train and 100 test ‘points’ that represent the evolution of dressed binaries
initialised 25 years before the coalescence of a vacuum system. Their intrinsic parameters correspond to our model’s
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FIG. 2. Faithfulness between environmental and vacuum waveforms Faithfulness of environmental signal waveform
compared to the best-fit vacuum system as a function of the duration of the signal, measured in years before merger, for our
benchmark accretion disk (grey), dark dress (light blue) and gravitational atom (light pink).

input features X = {log;q(m1), log,o(mz), log,4(ps), Vs }, and were sampled to cover the intended application range
logyo(m1/Mg) = U(2.9,6), ma /Mg = U(1,15), log,o(ps/ (Mg /pc?)) = U(13,19), and v, = U(2,2.55). After ignoring
approximately the first 15 years of the simulation to avoid initial transients (see a discussion in [6]), we extract the
phase evolution ®(f) until the merger frequency f., taken at the binary’s ISCO radius. From that we construct the
dephasing according to Eq. (10).

For any choice on the input parameters, the logarithm of the dephasing curve achieves a similar functional form
after the linear frequency transformation

f_fc

flOyr(mlme) - fc € [07 1] ’ (16)

z(f;ma,ma) =

where fioyr(m1,m2) is the GW frequency emitted by a vacuum binary 10 years before merger. We transform the
dephasing curves log;q A®_,.(z) using dimensionality reduction, with a greedy basis-construction algorithm [38, 39],
and ensure that the maximum reconstruction errors falls below a threshold of 1079, resulting in a reduced, 24-
dimensional basis.

To learn the mapping between the intrinsic parameters X and the low-dimensional representation of the dephasing
Y, we implement Gaussian process regression (GPR) [40, 41], with a linear combination of a radial basis kernel and
a white Kernel, such that for two input parameters X, X’,

_Ix-x')?

(X, X')=coe” 22 +0%0x x1, (17)

where 4. . is the Kronecker delta function. The hyperparameters (cg, \,0?) are tuned over many iterations during
training using scikit-learn [42] to maximize the log-likelihood of the GP. After the GPR is conditioned, we can evaluate
it at any point of the parameter space within the training range to find basis function coefficients, and through them
reconstruct the dephasing curve log;, A®_,.(x), and finally the phase ®(f). In order to validate the phase evolution
obtained with the surrogate model, we have compared it with a test set of waveforms generated with the HaloFeedback
code. We found that the surrogate model improves by one order of magnitude the accuracy in the calculation of the
phase evolution in frequency with respect to the analytical approximation in [10]. In particular, it more effectively
captures the evolution of the phase around the ‘break’ region where the analytical approximation interpolates between
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FIG. 3. Parameter estimation using the incorrect environmental template Posterior distribution for the chirp mass
and environmental parameters when fitting a dark dress signal (left), and a gravitational atom signal (right) with an accretion
disk template. The true chirp mass, Moy, is indicated by the red vertical line at M — My = 0.

two power laws. Physically, this ‘break’ occurs when the timescale for the depletion of the DM spike due to feedback
matches the timescale for the inspiral of the binary due to gravitational wave emission. At high frequencies (closer to
the merger), the spike depletion is slow compared to the rate of inspiral and the spike can effectively be considered
static. At frequencies lower than the break (earlier in the inspiral), the depletion of the spike substantially alters the
phase evolution of the inspiral.

In Fig. 4, we show the 4D posteriors obtained with the surrogate model, in 1D and 2D. All posteriors are all
well converged and contained within the priors. We note that with these longer waveforms it becomes possible to
accurately measure 5. This is a consequence of the fact that with 5 years worth of data, the break frequency of
the dephasing is observed, which is a distinctive phase of the inspiral evolution that carries key information on the
properties of the dark matter spike and the component masses of the binary. As discussed in detail in Appendix A of
Ref. [10], increasing m; increases the binding energy of the spike, increasing the depletion timescale and shifting the
break to lower frequencies. Instead, increasing meo enhances the amount of energy injected into the spike and therefore
shifts the break to higher frequencies. The depletion timescale (and therefore the break frequency) does not depend
on the normalization of the spike. However, it does depend on -, through its impact on the velocity distribution in
the spike, which in turn affects the size of the dynamical friction force and the rate of energy injected into the spike.

We also note that the dark dress posteriors demonstrate strong correlations between parameters for a number
of reasons. For example, pg and -, are strongly correlated because a larger overall density normalisation can be
compensated partially by decreasing the slope of the power-law profile. The mass and the mass ratio are correlated
because increasing the chirp mass causes the inspiral to happen in fewer cycles, which can be compensated by a
smaller mass ratio since EMRIs go through more cycles in a given frequency window than IMRIs. There are then
correlations between the binary and the environmental parameters which follow the same logic (e.g. increased mass
speeds up the inspiral, so a lower density pg can compensate.) These effects aren’t all completely degenerate however,
due to the time evolution of the density spike which cannot be compensated for across the whole frequency range of
interest by the other parameters.

We also show in Fig. 5 that with just one month of data the posterior distributions for a gravitational atom signal
are still measured to excellent precision. The 95% credible intervals for the parameters are M, = 398.0997 50500
q=0.0001 £107%, a = 0.24+107° and m./m; = 0.01 1075 (which we denote as € in Fig. 5). These parameters are
not correlated because all of them are evolving in time (the effects of accretion are more relatively important for this
system due to the larger enclosed mass) and have a very distinct frequency evolution that is extremely sensitive to
each of the parameter choices.

We keep the SNR fixed at 15 for all durations, meaning that the source is further away for the dark dress and closer
for the gravitational atom in Figs. 4 and 5.
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