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canonical bundle is a pull back of a line bundle on a P!-bundle over the moduli

that its push down is (close to) the Hodge bundle and use this to construct mod-
ular forms. In the Appendix, we use our method to calculate divisor classes in
the dual projectivized k-Hodge bundle determined by Gheorghita-Tarasca and
by Korotkin-Sauvaget-Zograf.
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1 | INTRODUCTION

Moduli spaces of curves and of abelian varieties come with a natural vector bundle, the Hodge bundle E. Starting from
this vector bundle, one can construct other natural vector bundles by applying Schur functors, like Sym" (E) or det(E)®"™.
Sections of such bundles are called modular forms. For example, for the moduli space .A, of principally polarized abelian
varieties of dimension g these are Siegel modular forms, and for the moduli space M, of curves of genus g these are
Teichmiiller modular forms. If the Schur functor corresponds to an irreducible representation p, we say that a section
of E, is a modular form of weight p. The Hodge bundle extends to appropriate compactifications of such moduli spaces
and in many cases the sections also extend automatically to the compactifications, for example, for A, with g > 2 by the
so-called Koecher principle.

In this paper, we try to construct modular forms in a geometric way. It is well known that an effective divisor on A,
or on ﬂg with g > 2 representing the cycle class mA with 1 = ¢;(det(E)) and m € Z, yields a scalar-valued modular
form of weight m, that is, a section of det(E)®™. We will exploit explicit effective divisors on projectivized vector bundles
to construct vector-valued modular forms. In particular, we will construct in this way certain modular forms that play a
pivotal role in low genera.

For example, in the case of g = 2 there is the modular form y4g, a section of Sym6([E) ® det(E)®, that appeared in
[4] as follows. Recall that the Torelli morphism M, & A, has a dense image and we have an equality of standard
compactifications Mz = A,. The moduli space M, has another description as a stack quotient. This derives from the fact
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that a smooth complete curve of genus 2 over a field k of characteristic not 2 is a double cover of P! ramified at six points,
so can be given as y? = f with f a polynomial of degree 6 with nonvanishing discriminant. Writing f as a homogeneous
polynomial in two variables, say f € SymG(W) with W the k-vector space generated by x4, x,, and observing that we may
change the basis of W, we find a presentation of M, as a stack quotient

My~ [W0_, /GLOW)],

where we write W, j, for the GL(W)-representation Sym“(W) ® det(W)P. Here, the space W — can be seen as the vector
space of binary sextics f with an action of GL(W) by

f(x1,x,) = (ad — be)"2f(ax; + bx,,cx; + dx,)

for a matrix (¢ ;) € GL(2). The subspace W _, of W _; is the space of f with nonvanishing discriminant. The twisting
by det(W)~?2 is required to get the right stabilizer for the generic f, namely +Idy; .

This interpretation of M, was used in [4] to construct vector-valued Siegel modular forms of degree 2 by using invariant
theory of binary sextics, thus extending and simplifying the description of scalar-valued Siegel modular forms by invariants
by Igusa [17, 18]. Covariants define vector-valued modular forms and all Siegel modular forms of degree 2 on .4, can be
constructed this way. In [4], it was shown that the most basic covariant, the universal binary sextic, defines a meromorphic
Siegel modular form ), _, of weight (6, —2), that is, it defines a meromorphic section of Sym6([E) ® det(E)~2 on A,. After
multiplying ys _, by Igusa’s cusp form y;,, one obtains the holomorphic modular form Y, the “first” vector-valued
Siegel modular cusp form of degree 2.

In the case of g = 3, there is an analogous form y,g, a section of Sym*(E) ® det(E)8. Here, it derives from the
description of the moduli space Mg’h of nonhyperelliptic curves of genus 3 as a stack quotient

MY~ W], /GLW)],

401 C Sym*(W) ® det(W)~! represents ternary quartics defining smooth curves.
In [5], this description led to the construction of a meromorphic Teichmiiller modular form y,, _; of weight (4,0,—-1)
and a (holomorphic) Siegel modular form y, o g of degree 3 and weight (4,0,8). Also in this case all Teichmiiller and Siegel
modular forms of genus 3 on ﬂ3 and A3 can be constructed from these forms by invariant theory.

This paper arises from the desire to construct these basic forms and similar forms in a geometric way. We use cycle
relations for effective divisors (or almost effective divisors) on the projectivized Hodge bundle to construct our forms. It
is based on the observation that an effective divisor D on the projectivized Hodge bundle P(E) with cycle class

where W is now of dimension 3 and W?

[D]=[0(D] +kA—-A

with positive integers j, k, and A an effective boundary class gives rise to a section of Symj (E) ® det(E)* vanishing on
boundary divisors, that is, a modular form. This method produces the basic modular forms ) g and x4 g of degree 2 and
3 in an efficient way.

This connection between divisors and modular forms can also be used in the other direction, obtaining cycle classes for
divisors on projectivized Hodge bundles. We give some examples of this.

Another objective of this paper is to construct modular forms on moduli spaces of hyperelliptic curves of genus g.
For this we work with two descriptions of the moduli, a description as a stack quotient and a description as a Hurwitz
space. The latter space H, , has as compactification the space ﬁg,z of admissible degree 2 covers of genus g. In the stack
description, modular forms pull back to covariants for the action of GL(2) on the space of binary forms of degree 2g + 2.

In the Hurwitz space description, the relative canonical bundle of the universal curve over H, , can be viewed as the
pull back of O(g — 1) from the trivial P!-bundle P over H, , equipped with 2g + 2 nonintersecting sections. Using the
theory of admissible covers, P is compactified to a space P, a fibration of rational stable curves with 2g + 2 marked points
over ﬁg,z, and we show that the line bundle O(g — 1) on P extends to a line bundle on P with the property that its push
down to ﬁg’Z is close to the Hodge bundle. This allows us to construct modular forms on ﬁg’z.

When we consider projectivized bundles, projectivization is meant in the Grothendieck sense, so that for a vector space
V the projective space [P(V) parameterizes hyperplanes in V.
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In an Appendix, we apply a method used in this paper to calculate the classes of certain divisors in the dual projectivized
k-Hodge bundle that were determined by Gheorghita-Tarasca and by Korotkin-Sauvaget-Zograf.

2 | THE CASE OF GENUS 2

Let k be a field of characteristic not 2. We consider the moduli space M, of curves of genus 2 over k. This is a Deligne-
Mumford stack and it carries a universal curve 7 : C — M, of genus 2. The relative dualizing sheaf w, is base point free
and thus defines a morphism ¢ : C — P(E). For a curve C, the map ¢ : C — P(E,) associates to a point the space of
differentials vanishing in that point. We have a commutative diagram with u the natural morphism

¢ —2~ P(E)

RN

M,

We let ﬂz be the Deligne-Mumford compactification and 7 : C- ﬂz the corresponding universal curve. However,
the extension w; of w,, does not define an extension of the morphism ¢ to P(E) over the boundary component A; that
parameterizes reducible curves.

We consider the branch divisor D ¢ P(E) of the morphism ¢. The divisor D is of relative degree 6 in the P!-bundle P(E)
over the base M,. We define D to be the closure of D in P(E) over ﬂz. In the rational Picard group of P(E), we can write

[D] = [0(6)] + u*(A)

with A a class in the rational Picard group of M, and u : P(E) - M, the natural projection.

We want to determine A in terms of the generators 1, 8, of the Picard group of M,. We write A for the first Chern class
of E and &; (resp. 8,) for the class of A, (resp. A,) in the Picard group of the stack M.,; here A, is the boundary component
that parameterizes irreducible curves with a double point.

In order to do this, we extend the morphism ¢. It extends over a Zariski open part of A, since w, has no base points there.
However, over A; with i > 0 this system has base points. We then use a base change as described in Appendix A. After a
base change, we have in an open neighborhood U; of the generic point of A; a semistable family. If we take the base to be
1-dimensional, we get a semistable family f : ¢ — B with as central fiber a chain C’ + R + C”" with R a (—2)-curve and
C’ and C” of genus 1. The extension ¢’ of ¢ is given by w(—R) with Falw 7(=R)) = Ez and the morphism ¢’ : ¢ - P(E)
contracts C’ and C”" and is of degree 2 on R. We refer to Appendix A for the details. The morphism ¢’ has the property

¢ (OpE, (1) = wf(—R).

Proposition 2.1. We have [D] = 6 [O(1)] + u*(8 A — 8, — 87).

Proof. We write [D] = 6 [O(1)] + u*(A). We work with the above two types of 1-dimensional families f : C — B. The
morphism ¢ is ramified over D, and thus ¢’ is ramified over D and contracts C' and C”". We denote the ramification
divisor by S. We thus get (writing abusively line bundles and divisors for the corresponding divisor classes)

wi=9¢ w, +S+2(C"+C"), ¢ D/2=S+3(C" +C"),
where the first equation comes from adjunction wz + Cl’ o = Ocr for C’ and similarly for C”/, and the second one from
C'-¢'"D=0=C"-¢' D. This gives
wj = ¢ (w, +D/2) - (C" +C")

= ¢ (O(=2) + u*(A) + OB3) + u*(A/2)) - (C" + C")

= ¢ (OQ) +u*(A + A/2)) - (C' +C")
w;—R+ f*A+A/2)—(C"+C")
wi+ f*(A+A/2—by)
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with b, the special point of B. This shows that A = —21 + 2 b;. Because of the base change that we executed, we have
2b; = 6; and we obtain A = —21 + §;. Now we use the well-known relation 101 = §, + 28, (see [24]) and thus get

Remark 2.2. We indicate an alternative proof of this result in Remark 13.5.
An important remark is now that u,(©(1)) = E and u,(©(m)) = Sym"™ (E) for m > 1. The divisor D with
[D] = [O(6)] + u*(8 — &, — &1)

is an effective divisor on P(E). We apply u, to the corresponding section 1 of @(D). By Proposition 2.1, we see that we get a
regular section y, g of the vector bundle Sym°(E) ® det(E)® over M,. Moreover, this section vanishes on the divisors A,
and A;. Note that the Torelli map extends to an isomorphism M, = A, with A, the standard smooth compactification of
A,. Therefore, our section defines a Siegel modular form ), g of weight (6,8) that is a cusp form.

Corollary 2.3. Let D be the closure in P(E) of the branch divisor of the canonical map for the universal curve over M,. The
push forward u,(s), with s the natural section 1 of O(D) on P(E), defines a Siegel modular cusp form yqg of degree 2 and
weight (6,8).

The relation 104 = §, + 28; quoted above implies that there exists a Siegel modular cusp form y;, of degree 2 and
of weight 10 with divisor &, + 2 §;. The quotient s _, := x¢3/X10 defines a meromorphic section of Symé([E) ® det E~2
that is regular outside A;.

We now analyze the orders of vanishing along ; of y¢ g and xs _,. When identifying Mz with A,, we also write A, ;
for &;; it is the locus of products of elliptic curves.

We analyze the orders by working locally on a family over a local base B with central fiber a general point b; of the
boundary divisor A;. As we mentioned before, the map ¢ : C — P(E) defined over M, does not extend to the whole c
over ﬂz due to the fact that the canonical system has base points at the nodes of the curves over the boundary divisor A;.
On the other hand, by the theory of admissible covers, the ramification divisor of the above map ¢ extends to a divisor S on
Cina way that avoids the above nodal locus. Namely, over b; € A; the fiber is a nodal curve C, which is the union of two
elliptic curves C; and C, meeting at a point p. The restriction of the ramification divisor on each component is the union
of the three—additional to p—ramification points of the system |(9(2p)|. Therefore, the extension of the map ¢ is defined
on the ramification divisor S. The map ¢ maps C; \{p} and C,\{p} to two distinct points p; and p,, respectively, which are
defined as follows. The fiber of P(E) over b; can be identified with P(H°(C, w.)). The points of H(C, w.) have the form
(s1,5,), with s; a section of H(C;, ©(p)). Then, the point p; corresponds to the hyperplane {(0, s,), s, € H°(C,, O(p))} and
the point p, corresponds to the hyperplane {(s;,0),s, € H(C;, O(p))}.

The divisor D, the image of the ramification divisor under the extended map ¢, splits then into six irreducible com-
ponents denoted by Dy, ..., Dg. Over our local base B, we thus have the six local sections D; (i = 1, ..., 6) of the family
P(E) — B. By the above description of the extension of the map ¢, we may conclude that D;, D,, D3 pass through p; and
Dy, Ds, Dg through p,.

Lifting the sections D; locally to sections o; of E and choosing a basis e;, e, of E over B such that e; and e, determine p;
and p, in the fiber of P(E) over z = 0, we can write o; = a;e; + b;e, fori = 1,...,6. Then at z = 0, the functions by, b,, b3
and ay, as, ag vanish, while ay, a,, as, by, bs, bg do not vanish. Since by blowing up once we can separate, we may assume
that these sections vanish with order 1 at z = 0. By construction the section y of Symﬁ([E) ® det(E)~2 is locally given by

o’l ---0'6
P .

We may write oy --- 04 as
a -+ ag ef + (ayaya3a4a5b + -+ + b1a2a3a4a5a6)efe2+
(a1a2a3a4b5b6 + -+ b1b2a3a4a5a6) e;‘e§+

(a1a2a3b4b5b6 + -+ b1b2b3a4a5a6) eie; + -+ bl b6 eg .
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The order at z = 0 of the coefficient of e e

equals

min(#A° N{1,2,3}+ #A N {4,5,6)
=1

with A running though the subsets of {1, ..., 6} of cardinality i and A° denoting the complement. We find for these orders
3,2,1,0,1,2,3) fori = 0,..., 6, hence for the section y given by o, --- g¢/z, we find the orders (2,1,0,—-1,0, 1, 2).

Corollary 2.4. The section 1 of the line bundle O(D) on P(E) over ﬂz pushes down via P(E) — ﬂz to the meromorphic
modular form xs_, on M, = A,. The orders of the seven coordinates of x5 _, along A, ; in A, are (2,1,0,-1,0,1,2).

These orders are in agreement with the result of [4] where y _, was constructed by invariant theory and properties of
modular forms were used to determine these orders.
A different way to construct the form y¢ g uses the so-called Weierstrass divisor W' in the dual bundle:

W :={(C,n) € P(EY) : div(n) contains a Weierstrass point}

over M,. Here, C denotes a curve of genus 2 and 7 a differential form on C. We let W be the closure of W over M,. We
then have an identity due to Gheorghita [12, Theorem 1]

[W] = 6[OpEn(Q)] +341—-38, - 58,

where we write A and §; for the pull back of 1 and §; to P(EY). Now W is an effective divisor and the push forward of
the section 1 of O(W) is a section of Sym°(EY) @ det(E)** ® ©(—38, — 56,). For g = 2, we have EY = E ® det(E)~, hence
Sym6([EV) = Sym6([E) ® det(E)~°. This implies that under the isomorphism of P!-bundles P(E) = P(EY) the isomorphism
identifies [W] with [D], and we get in the dual bundle

(W] =6[O1)] +281—-38,—58, =6[O1)]+81—35,—5;.

Using push forward, we find again a form of weight (6,8) vanishing on &; and §,. Up to a multiplicative nonzero constant,
this is x4 g

Remark 2.5. The identity [W] = 6 [O(1)] + 28 1 — 38, — 58, implies that there exists a modular form of weight (6,28)
vanishing with multiplicity 3 on Ay and multiplicity 5 on Ay, but this is (up to a multiplicative constant) the form )(fo X638
with y;, the form of weight 10 with divisor §, + 28; that displays the relation 104 = §, + 26;.

3 | THE CLASS OF THE k-CANONICALLY EMBEDDED CURVE

For the calculation of the classes of effective divisors in [P(E) related to the canonical image of the universal curve, it is
helpful to have (part of) the class of the closure of the canonical image in P(E) over ﬂ . Without extra effort we can and
will extend the calculation to the case of the k-canonically embedded curve for k > 1.

We consider the universal family 7 : C — M. This comes with a natural vector bundle E; = n*(co ) fork € Z>1
and for k = 1 this is the Hodge bundle E; = E. We write u : [P’([Ek) - M for the natural map. For k > 2, the sheaf co

is base point free for stable curves and the surjection 7*E; — w ¥ defines a morphism ¢ : Cg — P(Ey). For k = 1, the
sheaf w, is base point free on M, U A% with Ag C Ay the open locus with only disconnecting nodes, but it has base points
on the nodes lying over the generic points of the boundary components A; for i > 0. Appendix A describes the closure of
the image over an open neighborhood of the generic point of A;.

We denote by I'; the image of ¢, (C,) over M, U Ag and by T, the closure of T, in P(E,) over ﬂg. We can write the
class of Ty as a cycle on P(Ey) as

r—2

[Tl = D hiw(Br—sm), @

i=0

with r = rank(Ey), hi = ¢1(Op(g, (1)) and B; a codimension j cycle on ﬂg.
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lg/2]

Proposition 3.1. We have B, = 2k(g — 1) and 8, = k*x; — 2k(g — 1)c;(E}) — e withe = 2o, Gifork =1ande = Oelse.

k(k_l)xl +Adandx; =121 — zl[i/ozl

Using ¢;(Ey) = 8; (by [23]), we can write 3, as
[g/2]
Br = ((1—@Q2k> — 12k + 2k) + 12k?) 2 + ((g — Dk — ) k? 2 5, —e.

i=0

Proof. We start with the case k > 2. In this case, T is the image of Eg under ¢ and ¢, (hy) = k w,. Since the image of
the generic fiber has degree 2k(g — 1), we find 3, = 2k(g — 1). The hyperplane class hy, satisfies Z;ZO(—I)ihf{cr_i([E k) =0.
For dimension reasons we have u*(h;{) =0fori <r-—2and u*(h]’{_l) = 1. Thus, we get

w(prc, [1117) = u,p (KPwz) = K2, (w7) = k2 5y,
with 7, (w2) = %, while on the other hand by (1)

(i, [1DA2) = (w,h)Bo + (ua kDB, = 2k(g — Ve (E) + B,

giving B; = k?x; — 2k(g — 1)c,(E,) and this settles the case k > 2. The same argument works for k = 1 as long as we work
on M, U Ag. To get the coefficients of the &; for i > 0 we work over a 1-dimensional base B in an open neighborhood U; of
the generic point of A; with special fiber C’ + R + C”’ as in Appendix A where the extension ¢’ of ¢ is defined by w,/(—R).
The contribution of §; to 23, is now 7.(w(—R)?), where the coefficient 2 of 8; comes from the fact that ¢’ is of degree 2
on R. We get 77,(w/(—R)?) = ﬂ;(cofr,) + 7, (R*) = —26; — 28; = —46;, as the fiber has two singular points and R? = —2.
Putting everything together results in the given formula. O

4 | THE CASE OF GENUS 3

Here, there is no restriction on the characteristic. We consider the moduli stack M3 of curves of genus 3 over our field
k and the universal curve 7 : C — M;. The canonical map defines a morphism ¢ : ¢ — P(E) and we thus obtain the
image divisor D in P(E) over M;. We have a commutative diagram

¢ —2~ P(F)

RN

M,

We consider the closure D of D in IP(E) over M. The canonical image of the generic curve is a quartic curve. Thus, we have
arelation [D] = [O(4)] + u*(A) in the rational Picard group of P(E) with A a divisor class on M given in Proposition 3.1.

Corollary 4.1. We have [D] = [O(4)] + u*(81 — &y — 2 6;).

The divisor D is effective over ﬂg — A;. Because of the relation [D] = [O(4)] + u*(8 4 — 8, — 26,), the corresponding
section 1 of O(D) maps under u, to a section i of Sym4([E) ® det(E)® that is regular outside A; and vanishes on A,,.
In view of the even powers Sym4 and 8, this section % is invariant under the action of —1 on the fibers of E. As the
action of —1 defines the involution of the double covering of stacks M3 — A3, the section ¢ descends to a section x4
of Sym4([E) ® det(F)® on the image of ﬂ3 — A; under the Torelli morphism ﬂ3 — Aj, with A5 the standard second
Voronoi compactification of .4;. Since the image of A; in A3 is of codimension 2, the section y4¢ extends to a regular
section of Sym4([E) ® det(E)® on all of .45, and then by the Koecher Principle it extends to .45. Thus, it defines a regular
Siegel modular cusp form x4 g of degree 3 and weight (4,0,8).
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Corollary 4.2. Let D be the closure of the canonical curve over M5 in P(E) and s the natural section 1 of O(D). Then,
X408 = U (s) is a Teichmiiller modular form and it descends to a Siegel modular cusp form of degree 3 and weight (4,0,8).

The class $ of the hyperelliptic locus H; in M satisfies [14, p. 140]

Relation (2) shows that there exists a scalar-valued Teichmiiller modular form yq of weight 9 on M. Its square is invariant
under the action of —1 on the fibers of E, hence descends to a Siegel modular form of weight 18. Up to a multiplicative
scalar, this is Igusa’s modular form y1g.

If we divide x4 g by x9 we obtain a meromorphic section of Sym4([E) ® det(E)~! on Mj that is regular on M; outside
the hyperelliptic locus. This form was used in [5] to construct Teichmiiller modular forms and Siegel modular forms by
invariant theory.

5 | MODULI OF HYPERELLIPTIC CURVES AS A STACK QUOTIENT

In this section, we discuss the stack quotient description of the moduli of hyperelliptic curves. We consider hyperelliptic
curves in characteristic not 2. A hyperelliptic curve of genus g is a morphism « : C — P! of degree 2 where C is a smooth
curve of genus g. A morphism a : « — a between two hyperelliptic curves is a commutative diagram

cC——=C

'

Pl —— P!

A hyperelliptic curve C of genus g can be written as y*> = f(x) with f € C[x] of degree 2g + 2. In fact, choosing a basis
(%1, x,) of the g% defines the morphism a. Let W = (X1, X, ), a vector space (over our algebraically closed base field) of
dimension 2, and L = a*(Op1(1)). By Riemann-Roch, we have dim H(C, L8+!) = g + 3, while dim Sym®*' (W) = g + 2,
so we have a nonzero element y € H°(C,L8*!), which is anti-invariant under the involution corresponding to a. The
anti-invariant subspace of H°(C, L8*!) has dimension 1. Then y? is invariant and lies in Sym**2(W’). Thus, we find the
equation y? = f(x, x,) with f homogeneous of degree 2g + 2 and with nonzero discriminant.

We have made two choices here: a generator y of H O(C,Lg“)(‘l), a space of dimension 1, and a basis of W. We can
change the choice of y (by a nonzero scalar) and the choice of a basis of W by y = (a, b;c,d) € GL(W). The action of
GL(W) is on the right via

f(x1, %) = f(ax; + bx,, cxq + dx,).

If we let GL(W) act on y by a power of the determinant, then this action preserves the type of equation. In inhomogeneous
form, the action by GL(W) is by

fo<ax+b>’ y = y/(ex + d)Ett,

cx+d

with the following effect on the equation:

¥ =f(x) = p* = (ex + d)*“f(%) :

The last expression on the right-hand side can be written as binary form of degree 2g + 2.

85UB017 SUOWIWIOD BA 11810 3|qeol ddke ayy Aq pausenob ke Sapiie YO 8SN JO Sa|nJ 10} ARIq1T8UIUO 8|1 UO (SUOTPUOO-PUR-SLUIBY/ALIOD A8 |1 Afe.q 18U JUO//:Sdy) SUOTIPUOD PUe SWwiie | 8y} 885 *[Z02/70/2T] Uo ARiqiauliuo A8|1m Yeeuiol|qigsiels AN AN AQ 860005202 BUeL/Z00T OT/I0p/Lco" A3 1M Al 1jeuljuo//Sdny woly pepeojumod ‘€ ‘%20z ‘9T9222ST



GEER and KOUVIDAKIS &A:gg&lhéﬁ'%lé‘)ﬁHE 1149

The stabilizer of a generic f € Sym2g+2(W) IS fog 12, the roots of unity of order dividing 2g + 2. Since we want a stabilizer

of order 2 for the generic element, we consider a twisted action: Define the GL(W)-representation
Wap = Sym“ (W) ® det(W)®? .

This can be identified with Sym®(W) as a vector space, but the action by GL(W) is different. Inside this space W, , we
have the open subspace Wg,b of homogeneous polynomials of degree a with nonzero discriminant. We now distinguish
two cases.

Case 1. g even. Here, we consider the stack quotient

[W 3 45—/ SLOW)].

This stack quotient can be identified with the moduli stack H, of hyperelliptic curves of genus g for g even. Indeed, the
action of ¢ - Idy, is (on inhomogeneous equations) by

frt78f, yey/tetl,

hence y? = f maps to y? = t? f, so that the stabilizer is u,, as required. Note also that the action of —1 € GL(W) is by
y = —y, so0 y is an odd element. A basis of H’(C, Qé) is given by

xidx/y, (i=0,..,g—1).
The action on dx is by (ad — bc)dx /(cx + d)? resulting in the action on the space of differentials by
xidx/y — (ad — be)(ex + d)2~i(ax + b) dx/y.

If we forget the twisted action on y, we can identify H°(C, Qlc) with W,_, ;. But y? must be viewed as an element of

Wg42,—g» SO the action of ¢ 1y, on y should be twisted by t76 = det™8/%. We get

HO(C,QL) = Wy_1 (5—g)» for geven.

We see that under the identification & : [Wg t2—g /GL(W)] = H, the pullback h*(E) of the Hodge bundle E is the

equivariant bundle Wy_; (,_¢)/». The action of —1y, isby —1 on Wy_; (5_g)/,. We also observe h*(det(E)) = det(W)8/2.
Case 2. g odd. Here, we take Wyeyr o41-

Remark 5.1. 1f we consider W, ,, then r has to be even, since as above we later view ¥? as an element of Wigsa, and

we need an action by det”’? on y.

Here the stabilizer of a generic element is ;. Now on inhomogeneous equations the action is by
f — t—2g+2 f, y e y/tg+1 ,

hence y* = f maps to y* = t* f. Note that here —1y acts by f — fandy — y. But /=1, actsby f — fandy — —y. To
get the right stack quotient with stabilizer of the generic element of order 2, we take

(W0, 1o/ (GLOV) /(13 )]
The action on the differentials x'dx /ywithi=0,..,g—1isby

xidx/y ~ (ad — be)1=82(cx + d)$ 1 "{(ax + b) dx/y,
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hence without twisting we get HO(C,Qé) =Wy . Since we view y? as element of Wgi31-¢ We find under h :
wo __J(GL(W)/(x1y) — M, that h* E) =W,_1(3-0/2. The element 4/—11y, acts on the differentials as
2g+2,1-g w g §-1.3-8)/2 w

(~DE®/2(Y-1DE! = 1.

We summarize.

Proposition 5.2. Writing W, = Sym“(W) ® det(W)? we have the identification of stacks

el [ng+2,_g/GL(W)] g even
E (W, 1o/ GLOV)/(£13)] g odd,

and

hx(IE) ™ Wg—l,(Z—g)/Z g even h*(det(E)) — det(W)g/2 g cven
We 13-g))2 & o0dd, det(W)8 g odd.

For a somewhat different description see [2, Corollary 4.7, p. 654]. L

Recall that the moduli stack H, has as compactification the closure }, of H, inside the moduli stack M,. The Picard
group of H, is known by [2] to be finite cyclic for g > 2 of order 4g + 2 if g is even and 8g + 4 else. The rational Picard
group of ﬁg is known by Cornalba (see [7]) to be free abelian of rank g generated by classes §; and {; fori =0, ..., |g/2]
and j =1,... |(g — 1)/2]. Cornalba gives also the first Chern class 4 of the Hodge bundle E on ﬁg

lg/2] (g-1)/2]
Bg+MA=gd+4 Y ilg—D&+2 Y (+DE-D&,
i=1 i=1

where the generic point of the divisor ¢; has an admissible model C’ U C”” with two nodes C' n C"" = {p, q} mapping to a
union of two P!, with 2i + 2 marked points on C’, see Figures 1 and 2 in Section 7.

6 | MODULAR FORMS ON THE HYPERELLIPTIC LOCUS OF GENUS 3

Let E be the Hodge bundle on H ;. By amodular form of weight k on H, we mean a section of det(E)®¥. The construction in
the preceding section shows that a modular form of weight k on H when pulled back to the stack [Wg,0 /(GL(W)/ + idy)]
gives rise to an invariant of degree 3k /2. Indeed, it defines a section of the equivariant bundle det(W)3* invariant under
SL(W), but in view of the fact that we divide by the action of GL(W)/(xidy,), this yields an invariant of degree 3k /2.

Let M (T;) = H(A;, det(E)X) be the space of Siegel modular forms of degree 3 on I's = Sp(6,Z). In [19], Igusa

considered an exact sequence

‘X18
0 = Mj_15(T'3) — M(T'3) = I312(2,8)

with I4(2, 8) the vector space of invariants of degree d of binary octics. We can interpret Igusa’s sequence in the following
way. A Siegel modular form of weight k defines by restriction to the hyperelliptic locus a modular form of weight k on H,
and it thus defines an invariant of degree 3k /2.

For each irreducible representation p of GL(3), we have a vector bundle E, made from E by a Schur functor. By a modular
form of weight p on H 5, we mean a section of a vector bundle E - We can pull back to the stack [Wg,_2 /(GL(W)/ +idy)],
but the situation is more involved as Sym” (Symz(W)) decomposes as a representation of GL(W). For example, we have
with W, = Sym*(W) ® det(W)?

h*(Sym*(E)) = Sym*(Sym*(W)) = Wy @ W4, ® Wo .
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Here and in the rest of this section, we assume that the characteristic is 0, or not 2, and high enough for the representation
theory (plethysm) to work.! In this case, we can consider the restriction of the Siegel modular form y, ¢ 5 to the hyperelliptic
locus and we know that it does not vanish identically by [5, Lemma 7.7]. On the other hand, we have the basic covariant
f8.—2, the diagonal section of W _, over the stack [Wg’_2 J(GL(W)/ £ idw)].

The discriminant form b of binary octics, an invariant of degree 14, does not define a modular form, but its third power
3 does. It defines a modular form of weight 28, see [27, p. 811] and also Remark 13.1.

Via the projection pgj : Sym4(Sym2(W)) — Wy, a section of Sym4([E) ® det(E)® defines a covariant of bidegree
(8,24/2) = (8,12) for the action of GL(W).

Proposition 6.1. The restriction to the hyperelliptic locus of the section )4 g corresponds via the projection pg o to a multiple
of the covariant fg _, - b with d the discriminant of binary octics.

Proof. By restricting and projecting we obtain a covariant of bidegree (8,12). This covariant is divisible by the discriminant
and does not vanish on the locus of smooth hyperelliptic curves. Therefore, division by d gives a nonvanishing covariant of
bidegree (8, —2). Taking into account the “twisting” by det(W)~2, this must be a multiple of the universal binary octic. []

We will discuss the other two projections later in Lemma 14.3. Note that the divisor D, the canonical image of the
universal curve in P(E) that defines y, g, has a restriction to the locus of smooth hyperelliptic curves, which is divisible
by 2. Indeed, the canonical image of a hyperelliptic curve is a double conic. This suggests that we can take the “square
root” of the restriction of y, g to the hyperelliptic locus. However, the boundary divisors prevent this. If we take a level
cover of the moduli space we can construct a modular form of weight (2,0,4). We will carry this out later (in Corollary 13.4),
working on a Hurwitz space that we shall introduce in the next section.

7 | THE HURWITZ SPACE OF ADMISSIBLE COVERS OF DEGREE 2

This and the following sections will use the other description of the moduli of hyperelliptic curves, namely the moduli
space ﬁg’z of admissible covers of degree 2 and genus g in the sense of [16], see [15]. Thus, we are looking at covers
f : C — P of degree 2 with C nodal of genus g and P a stable b-pointed curve of genus 0. Here, the b = 2g + 2 branch
points are ordered and H, , — H, is a Galois cover with Galois group, the symmetric group @, .

The boundary ﬁg,z — H, , consists of finitely many divisors that we shall denote by AQ = A®, where we omit the index
b if g is clear. Here the index A defines a partition {1,2,...,b} = A LI A, and the generic point of A* corresponds to an
admissible cover that maps to a stable curve of genus 0 that is the union of two copies of P!, one containing the points
with mark in A, the other one those with mark in A°. Here, we will assume that #A = jwith2 < j < g+ 1.

The parity of #A plays an important role here. If #A = 2i + 2 is even, then the generic admissible cover corresponding
to a point of A is a union C; U C,y_;_1 thatis a double cover of a union of two rational curves P; and P, with C; lying over
P, and C,_;_, over P,. Here C; (resp. Cy_;_;) has genus i (resp. g — i — 1) with 0 < i < (g — 1)/2 and is ramified over the
points of A (resp. A°).

C; Cy—i1

T

If #A = 2i + 1 is odd with 1 <i < g/2, then we have a union C; U Cy_; lying over P; U P,, where C; (resp. Cq_;) of
genus i (resp. g — i) is ramified over A and in p, the intersection of C; and Cy_; (resp. over A° and in p). Note that p is a
simple node.

FIGURE 1 Aeven.
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C; Cyi
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Py l Py
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FIGURE 2 Aodd.

Assuming that g and b = 2g + 2 are fixed, we will write

Aj= ) AM  with2<j<b/2
HA=]

and provide the symmetric case with a factor 1/2, that is, A, ), = % Y H#A=b/2 AN,

8 | DIVISORS ON THE MODULI OF STABLE CURVES OF GENUS 0

For later use, we recall some notation and facts concerning divisors on the moduli spaces Mo,n- We refer to [20]. The
boundary divisors on Mo,n are denoted by S2 and are indexed by partitions {1, ..., n} = A LI A€ into two disjoint sets with
2 <#A <n-2andwehaveS) = S,’}C.Via the natural map 7,1 : ﬂo,nﬂ - ﬂo,n,we may Viewﬂo,nﬂ as the universal
curve and 7,,,, has n sections. The generic point of S2 corresponds to a stable curve with two rational components, one
of which contains the points marked by A. For pull back by 7,,, 1, we have the relation

% Ay _ ofAn+1} {A°,n+1}
7Tn+1(S'l ) - Sn+1 U Sn+1 :

The n sections of 7, ; have images S{i n+1} withi=1,...,n.

n+1
We can collect these boundary divisors on M, 11 via

_ {An+1} c _ {A¢,n+1}
Thi,y = Z Sn+1 > Tn+1,j - Z Sn+1 >
#A=] #A=]

with the convention that in view of the symmetry we add a factor 1/2 for even n and j = n/2

! {An+1} c 1 {AC,n+1}
Tuvin/a =3 Z/ St 0 Tapin = 3 Z/ Spr1
#A=n/2 #A=n/2

Later, when a fixed index k is given, we will split these divisors as T = T(k*) + T(k~) where (k™) (resp. (k7)) indicates
{A,n+1}
S

2inzjkenSns1 ~ (and with a factor

that the sum is taken over A containing k (resp. not containing k). So T}, 1, j(k+) =
1/2if j = n/2).

9 | AGOOD MODEL

We now will work with a “good model” of the universal admissible cover over ﬁg,z. Such a model was constructed in [11,

section 4]. We start with the observation that the space ﬁg’z is not normal, and we therefore normalize it. The result ﬁg’z
is now a smooth stack over which we have a universal curve ¢ — Hyg .
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We have anatural map h : ﬁg,z - ﬂo,b with b = 2g + 2 and the universal curve now fits into a commutative diagram

~ c —
C——=Mopn

J

v ~ h vl
Hg, Mo

Hg,l

We can construct a proper flat map that extends the relative canonical morphism C — P%{ , by taking the fiber product P
&>

of ﬂosbﬂ and 7~{g72 over ﬂo,b and thus obtain a commutative diagram

/

C—>P—>Mgpn

NFR

W —
Hgy —— Moy

The resulting space [P is not smooth, but has rational singularities. Resolving these in a minimal way gives a model P;
taking the resolution Y of the normalization Y of the fiber product of P and C over P gives us finally a commutative
diagram

v . p 0.1)
N ®
B’ Hy»

where B is our base flg,z or any other base mapping to it. We write 7 for the resulting morphism P — B, h for the natural
map B — Ho,b, and v for B — ﬁgyz. We refer to [11, section 4] for additional details.

In the following, we will assume that we have a physical family over a base B. We will abuse the notation A” for the
pull back of the divisor A* under v : B — Hg,.

In the case that #A is even, say #A = 2i + 2 with 0 < i < (g — 1)/2, the pull back of A* decomposes as

(AN = TN + T

{A,b+1}
Sb+1

juc mapping to . Note that we restrict #A by < g + 1, hence the notation IT* should not lead to confusion.
In the case #A is odd, we find a similar decomposition

corresponding to the two components of a general fiber of 7z, with IT* mapping to under P — ﬂo,bﬂ, and similarly

{AC,b+1}
Sp41
(AN =TT + RM + 11,
corresponding now to the fact that the general fiber of 7 has three components, one coming from the blowing up.

‘We notice

AN #A =0(mod 2
h*(Sll)\) — (IIlO )
2AY  #A =1(mod 2).

If we use the notation A; = 3, Amj A, we find for the tautological classes 1 = ¢;(E) and h*(3y), simply denoted by 1
and defined as the first Chern class of the line bundle given by the cotangent space at the kth point of our pointed curve
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(k =1,...,b), and the following formulas on our base B (see [10])
-1/2 . . 5 .
i (gz)/ (i+1)(g—i) N 8/ i(g — 1) o
- Tl 4 1) S2it2 o 1 1 P2itl
= 20g+1) & 2g+1
and
(g-1/2 ; . ' .
(g—1)(g—2i—1) (i+1D2i+1) )
= Ar: k+ + LA k_
i i=0 < g(2g+1) 2i42(k7) 222 + 1) 2i42(k7)
/2 ()
g ; , e
(g—i2g—-2i+1) i2Qi+1) )
+2 Ao (k) + =T 2 A (k) ),
; < g(2g+1) 2i+1(k™) 22+ 1) 2i+1(K7)

where we use the notation (k*) (resp. (k™)) to denote the condition k € A (resp. k & A) as above. The relation (4) implies
the following.

Corollary 9.1. There exists a scalar-valued modular form of weight 2(2g + 1) on the moduli space ﬁgz whose divisor is a

union of boundary divisors. It descends to the hyperelliptic locus ﬁg and corresponds to a power of the discriminant of the
binary form of degree 2g + 2.

10 | EXTENDING THE LINEAR SYSTEM

The canonical system on a hyperelliptic curve is defined by the pull back of the sections of the line bundle of O(g — 1) of
degree g — 1 on the projective line. We now try to extend this line bundle over our compactification.

A first attempt would be to consider the divisor (g — 1) S with S the pull back to P of the section Sj, of 774, : ﬂo’bﬂ -
Mo,b- Recall the morphism ¢t = 7f : ¥ — B. We can add a boundary divisor E; to it such that f*Op(Dy) with D), =
(g — 1)S; + E; coincides with w, on the fibers of ¢, namely in view of the intersection numbers take E; equal to

(g-1)/2
D (g =1 =D Thypp(k™) + i1, (k7)) +
i=0
g/2 g/2
Y (g =i =Dy (k) = (g = DI, (kD) + Y (= DI, (k) — i Ty (k7).
i=1 i=1

Here, IT; = ), Asj " and IS = ¥, Asj 1A and (k*) (resp. (k7)) indicates the condition that k € A (resp. k & A);
moreover, we add a factor 1/2in case j = b/2.

Now f*O(Dy) and w, agree on the fibers of ¢, so they differ by a pull back under t = o f, see diagram (2).

To see the above, when, for example, #A = 2i + 2 is even, in that case the fiber of Y over ¢ is as in Figure 1 and w¢ =
(wc, +p+q, wc, ., TP+ q)=(i(p+q),(g—i—1)p+q)) = f*>l,g—1i— 1), where we indicate by i the line bundle of
degree i on P!. One then checks that with the above choice of 5, the restriction of Dy on the corresponding fiber of 7
is of type (i,g — 1 — i). Indeed, in case k € A, then (g — 1)S) + (g — 1 — i)IT,;,(k™) restricts to (g — 1) — (g —i —1),g —
i—1)=(i,g—i—1)and in case k & A, then (g — 1)S + iH§i+2(k_) restricts to (i,(g — 1) — i) = (i,g — i — 1). The case
where #A = 2i + 1 is odd, although a little more complicated, is treated similarly.

We therefore will change D, by a pull back under 7. Define a divisor class on B by

(g-1)/2
o= D ((@—i=1D)Aguakh) +iAykD)
i=0
8/2
— D (@ =i = D) Ay (k) + (i = 1) Agiyy (k7))

i=1

_2g—1

Ep = =
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and define a line bundle on P by
M = O(Dk + 7T*Ek) . (6)

Lemma 10.1. The line bundle M does not depend on k, satisfies f*(M) = w,, and restricts to the general fiber P! of 7 as
O(g — 1). For #A = 2i + 2, its restriction to the general fiber P, U P, over A™ is of degree (i, g — i — 1), while for #A = 2i + 1,
its restriction to the general fiber P; U R U P, is of degrees (i,—1,g — i).

Proof. We use the section 7 of t : ¥ — B with ft; = §;, with §, the natural sections of the map 7 with image S;. Then,
we have 7w, = ¢y /2 and 7, f*Dy. = 5, D, for which we have

(g-1/2
§D=—@— D+ Y, ((@—i—1)Aun(k™) +iAy,(k7))

i=0

g/2
+ (@ =1 =) Ay (k") + (i = 1) Agir (k7)) .

i=1

From this we obtain 7, (w;) — 7, f*Dy = 7*(Ey), so thatw, = f*(O(Dy + E)). We also see that the restriction of M on the
fibers of 7 does not depend on k. Moreover, we have

§; (D + 7 Ep) = 7 f* (D + Ey) = 7j(w) = $;/2 = §,(D; + 1°E)),

showing that the restrictions of O(Dy + 7*Ey) and O(D; + 7*E;) agree on S - The restrictions of the fibers of 7z over the
general points of AQ are easily checked. O

We now want to compare 7,.(M) with the Hodge bundle E = ¢, (w,) on B. The next proposition shows that these agree
up to codimension 2.

Proposition 10.2. We have an exact sequence 0 - m,(M) - E — T — 0, where T is a coherent sheafthat is a torsion sheaf
supported on the boundary. Moreover, we have ¢;(7,.(M)) = A.

Proof. By Lemma 10.1, we have w, = f*(M). But R'z,. (M) = (0), so we have
ﬂ*(M ® fxOY) = ”*f*(f*(M)) = ﬂ*f*(wt) = t*(wt)'
We have an exact sequence 0 - Op — f,.Oy — F — 0 with F a coherent sheaf of rank 1 that restricted to the smooth
fibers of 7 has degree —(g + 1), as one sees by applying Riemann-Roch to f and Oy. Tensoring the sequence with M and
applying 7. gives the exact sequence
0->n7,M)»>7.MQ f.Oy) > 1. (MRF)— 0.
On the smooth fibers of 7 the sheaf M ® F restricts to a line bundle of degree (g — 1) — (g + 1) = —2, hence 7,(M ® F)
is a torsion sheaf.
We now calculate ¢, (7,.(M)). We apply Grothendieck-Riemann-Roch to 7z and O(Dy ). It says

ch(m(O(Dy))) = 7,(ch(O(D))Td () ,

which by n*(TdZ(a)ﬂ)) = 0 gives

(T (ODY)) = 37.(~Dy oz + DY)
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We calculate
(g-D)/2 g/2
T (Drog) = (@ = Dpe — D, (@ —i—1)Agipa(k™) +iDgin (k7)) + D Mgy » (7)
i=0 i=1
and
(g-D/2
DD == (@-1PP+ Y (g—i—1)E+i—1)Ayu,(k")
i=0
®
(g-1)/2 g/2
+ D (28 —2-Didy(k)+ DR —i—1)i— 1) = i2) Ay .
i=0 i=1
Adding 7. (7*E},) gives
gz 1 (g-1)/2
(D)) =S =5 Y, (@—i=1E= DAk +ili+1) Agia(k))
i=0
g/2
= D (= D Mg (k*) + 12 Agyyy (k7)) -
i=1
Substituting the formula for 3;, we find
(g-1)/2 N g/2 . ,
_ (g—Di+1) i(g—1) _
o (m.(M)) = ; mAzuz + ; m%iﬂ =41.

O

The line bundle M on P is not base point free as Proposition 10.2 shows; the restriction to the R-part has negative degree.
We can make it base point free by defining

N = M(-R) = O(Dy + 7*E, — R). )

Now the restriction of N to a general fiber over A,;,;, which is a chain of three rational curves P, R, P,, has degrees
(i—1,1,g —i—1) and one checks that N is base point free.

Lemma 10.3. Up to codimension 2, we have on B that 7. (N) = E.
Proof. We have R'7,(N) = 0. Therefore, the exact sequence 0 > N - M — M |g — 0yields the exact sequence
0- ”*(N) - ”*(M) - ”*(M|R) - 0.

We now show that ¢; (7, (N)) = ¢;(,.(M)). Since R' (M) = 0 = R'z,(N), we find by Grothendieck-Riemann-Roch that
1 1
Cl(ﬂ*(M)) = 57[*(01 (M)2 - Cl(M)wT[)’ C1(7T>:<(N)) = En*(cl(N)z - Cl(N)wn') .

By the definition of N and the fact that R is a (—2)-curve if we take a base B of dimension 1, and thus has intersection
number 0 with a fiber, we have

m.(e1(N))* = m.(c (M)

and ¢;(N) w,; = ¢;(M) w,, since the restriction of w,, to R is trivial. O
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11 | THE RATIONAL NORMAL CURVE

The image of a hyperelliptic curve by the canonical map is a rational normal curve, that is, P! embedded in P¢~! via the
linear system of degree g — 1.

In our setting, we can see the rational normal curve and its degenerations using the extension N of the line bundle of
degree g — 1, as defined in (9), to the compactification as constructed in the preceding section.

We let u : P(E) — B be the natural projection. Now N is base point free and up to codimension 2 we have 7. (N) = E
so the global-to-local map 7*7,(N) — N induces a surjective map v : 7*(E) — N over P. This induces a morphism ¢ :
P — P(E) by associating to a point of P the kernel of v. It fits into a diagram

P> P(E)

N

B
Proposition 11.1. For a point of B with smooth fiber under 7, the image of ¢ is a rational normal curve of degree g — 1. For
a general point B € A,; ., with fiber Py U P,, the image is a union of two rational normal curves of degree i and g — i — 1.
For a general point 8 € A,;; with fiber P1, R, P, the image is a union of three rational normal curves of degreei — 1, 1, and
g — i — 1. Here, we interpret the case of degree O as a contracted curve.

Proof. The proposition follows almost immediately from Lemma 10.1. O

Remark11.2. Ifi = 1, then P, is contracted. If also g = 2, then both P; and PP, are contracted and the image of R coincides
with the fiber of P(E).

Remark 11.3. The sections §; : B — P for i = 1,..., b induce sections g; = ¢os; : B — P(E) by sending 8 to the kernel of
E=3§7"(E) — s/ (N).

Remark 11.4. In the case g = 2, the map ¢ is a birational map P — P(E) that blows down boundary components. More
precisely, over A, it blows down IT, and over A; the components supported at IT; = TLS.

12 | SYMMETRIZATION

We have been working with the moduli space H, , and M, ;, and their compactifications. Here the symmetric group &,
acts. We therefore make our construction symmetric.

We putD = 21};1 Dyand E = Eizl Ej and set

b b
M=OD+E), $=) %, and S=) §.
k=1 k=1

We find
© Q2 (= i+ 1) 3 (2g—2i + 1)(2i +1)
‘(,b =4 Z Zg 1 A21+2 +2 Z 2g 1 2i+1
and
(g-1)/2
=@-DS+2 Y (@—i—1(i+Dy,+i(g—DI,,,)+
i=0

g/2

D ((g—4i = Dy — (3g —4i + DI, )
i=1
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and
201 (g-1)/2 g/2
E="o—9-2 ¥ (§=D@+D =+ ) (4(g—1)— g+
i=0 i=1

13 | THE CASE OF HYPERELLIPTIC GENUS 3

The Hurwitz space 3, admits a compactification ﬁ“ with boundary components A* with #A € {2, 3, 4}. Taking the
components with A of fixed cardinality together gives boundary components A,, A3, and A,. Under the morphism H;, —
M3, the components A, and A4 are mapped to 8y, while A3 goes to §;. The formulas (4) and (5) specialize to

3 2 2
/l—ﬁA2+7A3+7A4 (10)
and
S s Loy s P a et s a2
z,bk—7A2(k)+21A2(k)+21A3(k)+7A3(k)+7A4.

Remark 13.1. Equation (10) shows that on ﬁs,z there exists a scalar-valued modular form of weight 14 whose square equals
X2s,a form mentioned in Section 6. Since on H;wehave 281 =358, + 88, +8¢;,an integral class not divisible by 2, there
is not a modular form of weight 14 on H; with square y,g. Compare with Cornalba’s formula at the end of Section 5.
We have the line bundle M on P defined in (6) corresponding to the divisor class Dy, + Ej given by
Dy =28, + 2T (k%) + 2T(k™) + H5(k*) — 21I5(k™) — M5(k™)
and
5
By =5 -2 Ay (k™) + Az(k™) + Ay),
where 1y, is given in (6). Define the rational divisor class

U = 2y 38 +89) = S = (g0 + By(kY).

The divisor class of Dy + E is independent of k as observed in Lemma 10.1, but this can be seen also directly from the
next lemma.

Lemma 13.2. We have the linear equivalence Dy + Ej. ~ —w, + I1, + I3 + 7*(U).

Proof. One checks that —w, + IT, + I3 and Dy + E have the same restriction to fibers of 7. We have s, (—w,, + IT, + IT3) =
P + Ay(k™) + Az(k) and s (Dy + Ey) = P /2. O

Let Q be the image of ¢ : P — P(E), see Proposition 11.1. The map ¢ is the composition of a map ¢’ : P — Q with the
inclusion map ¢ : Q & P(E). The generic fiber of Q — B is a conic, hence O(Q) = O(2) ® O(u*A) for some divisor A on
B. We determine A.

Lemma 13.3. On P(E) we have the linear equivalence

[Q] ~ [OQ)] +u* (41 — (A2 + Az + Ay)).
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Proof. We have wp() ® u*(cogl) = O(-3) ® u*(det E) and by adjunction w, = *(O(Q) ® wp(r)). Since ¢’ is a blow down,
we have wp = (¢')*wg ® O(II, + I1;). We get

$"(0Q) =¢' wg ® ¢"wp ;.
=wp ® O(-TI, - IT;) ® $"O(3) ® 7* det(E) ! ® 7wy
=, ® O(-T1, — I13) ® $*O3) @ 7* det(E) " .
On the other hand, we have ¢*O(Q) = ¢*O(2) ® O(r*A) and ¢p*©O(1) = N, hence we get
OWw*A) =N Q® w, ® O(-I1, — 1) @ 7* det(E) ' . (11)
By Lemma 13.2 we have N = w;! ® O(I1, + I15) ® O(U). Substituting this in (11) we get the desired result. O
The effective divisor Q yields a modular form and Lemma 13.3 gives its weight.

Corollary 13.4. The effective divisor Q on P(E) defines a modular form x4 on Hs, of weight (2,0,4), that is, a nonzero
section of Sym*(E) @ det(E)*.

Since the divisor A, + Az + A, is not a pull back from the moduli space ﬁ3, the modular form does not descend to ﬁ3.
Recall that the modular form y, g restricted to the hyperelliptic locus was associated to a divisor D that equals 2 Q.

Remark 13.5. In the same vein as above, we can determine in an alternative way the result of Proposition 2.1 on class of
the closure D of the ramification divisor D of the universal genus 2 curve. By the theory of admissible covers, there is a
natural map H,, — M, with the property that the pull back of the Hodge bundle on .M, is the Hodge bundle on H,
associated to the corresponding family of admissible covers. Hence the pull back of the @(1) of the bundle P(E) — M,
equals the O(1) of the bundle P(E) — ﬁz,z. LetX = ¢*(22:1 Si), with ¢ : P — P(E) the map defined in Section 11. By

geometry, the pull back of D to the bundle P(E) over ﬁz,z equals T. By Remark 11.4, we have ¢*> = S + 211, + 6 I15. By
using the formulas of Section 12, we have for g = 2:

- L 12 2 24 3
=M—-6R= —II, + =11 + —TII; — =R.
¢*0O(6) 6 S+S 2+5 2+S 373

We now write [D] = O(6) + u*(a 8, + b 8;). By pulling back to [® and using the above formulas, we get (we refer to the
diagram in Section 11 for notation)

~ 12 2 24 . -
S+ ?Hz + gl'[; + ?H3 - §R+7r*(2aA0 +bA3)=S+21I,+6Il;.
This implies

2 3 2 3
7'[*(261 AO + bAg) = —g(nz + H;) + §(2 H3 +R) =" <—§A2 + §A3>,

hence a = —1/5 and b = 3/5 and the result follows by using the formula 104 = §, + 2 §;.

14 | COMPARISON WITH THE HODGE BUNDLE

We know by Lemma 10.3 that the line bundle N = Op(Dy + E; — R) on [P over ﬁ3,2 has the property that 7.(N) = E up
to codimension 2. We now deal with the push forward of the tensor powers of N.
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Lemma 14.1. We have form € Z,

2m?+m 5m?

-m
ey (m (N®™)) = 12 A, + 2 (As+4y).

Proof. We apply Grothendieck-Riemann-Roch to 7 and N®™ as in (10) in the proof of Proposition 10.2. Recall that N
corresponds to the divisor (class) Dy + Ej, — R. We use that R'zz, N®™ = 0 for all m and find

6T (N®") = 272, (m*(Dy + By, = R = mo - (D + By~ R))

and using the relations (8) and (9) of the proof of Proposition 10.2, we get

2m?+m 5m?

-m
) (m (N®™)) = 2 A, + 2 (A3 +4Ay)

as required. Ol
Proposition 14.2. On B we have the exact sequence
0 = Sym™ *(E) ® O(—A) - Sym™(E) - m,(N®™") - 0,
With A =44 — (A, + Az + Ay).
Proof. By Lemma 13.3, we have on P(E) the exact sequence
0—O(m—-2)@u*O(-A) - O(m) - O(m)|p — 0.
Applying u, and observing that R'u,,(@(m — 2) vanishes gives the result. O

A section of Symj([E)®det([E)k over H; pulls back to the stack [Wg_z/(GL(W)/(ilw))] as a section of
Symj (Symz(W)) ® det(W)¥/2 for even k. We have an isotypical decomposition

sym’(Sym*(W)) = @2 sym? ") @ det(w)?,

where we assume here and in the rest of this section that the characteristic is 0 or not 2 and high enough for this identity to
hold (or use divided powers as in [1, 3.1]). A section of Symj (E) @ det(E)* over Mg’h pulls back to [V 4 _1 /GL(V)], where
we now write V for the standard space of dimension 3. An identification V = SymZ(W) corresponds to an embedding
P! & P2 with image a smooth quadric. If we view V with basis x, y, z, the kernel of the projection

Sym’(V) = Sym/(Sym*(W)) — Sym* (W)

consists of the polynomials of degree j in x, y, z that vanish on the quadric. Thus, in view of the isotypical decomposition
above, the exact sequence

0 - Sym™ *(E) ® O(—A) — Sym™(E) - 7, (N®") > 0

corresponds to (the pull back to Wg _, of) an exact sequence

0- (Symm_z(SymZW)> ® det(W)? » Sym™(Sym*W) — Sym*" (W) — 0.
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The section ¢ of Sym4([E) ® det(E)® restricted to the hyperelliptic locus allows three projections according to the
decomposition

Sym*(Sym’W) ® det(W)** = Wy 54 @ Wy 26 ® Wo 5. (12)

Lemma 14.3. The projections to the three summands in (12) of the pull back of x4 g to H; ; define modular forms on ﬁ&z of
weights (4,0,8), (2,0,4), and (0,0,14) and these are up to a scalar given by the covariants fs—2 D, f4_1 D and the discriminant
D.

Proof. The identification of E with Symz(W) corresponds to the embedding of P! as a conic C in P2. A ternary quartic
Q contains C either 0, 1, or 2 times, say Q = mC + R with 0 < m < 2. The three projections correspond to R N C and give
the universal binary octic, the universal binary quartic, and 1 up to twisting. The first projection was identified in Propo-
sition 6.1. The argument for the second is similar, while the third descends to 7, and does not vanish on H;. Therefore, it
must be a multiple of the discriminant. Taking into account the action of GL, /+1y,, we get the indicated weights (namely
2(14 + ¢) withe = —2,—1,0). O

15 | MORE MODULAR FORMS FOR GENUS 3

We will use more effective divisors on projectivized Hodge bundles to produce more modular forms. Note that the con-
nection between divisors on projectivized Hodge bundles and modular forms can also be used in the other direction:
obtaining results on cycle classes using modular forms. We give a few examples. To a canonical quartic plane curve C,
we can associate a curve S in the dual plane of lines intersecting C equianharmonically. It corresponds to a contravariant
(concomitant) o of the ternary quartic given by Salmon in [25, p. 264] and it is defined by an equivariant GL(3) embed-
ding W[4,4,0] & SymZ(Sym4(W)). It gives rise to a divisor in P(E") and a modular form y 4,6 of weight (0,4,16). We
refer to [5, p. 54] for the relation between invariant theory of ternary quartics and modular forms. The Siegel modular
form ) 4,16 vanishes with order 2 at infinity and order 4 along the locus A, ; of decomposable abelian threefolds. With
it : P(EY) — Ms, the projection we have 11,(OpEvy(1) = EY = A’E @ det(E) !, and we thus find an effective divisor on
P(EY) over A3 with class [S] = [OpEv)(4)] + 201 — 26 and it vanishes with multiplicity 4 along A, ;. We thus find on
P(EY) over M, a relation

[S] = [OpE) (D] +201 — 28, — 46,

where we identify A and &; with their pull backs to P(EY). Similarly, in the dual plane, we have the sextic T of lines
intersecting the quartic curve in a quadruple of points with j-invariant 1728. The corresponding concomitant 7 corresponds
to W[6,6,0] & Sym3 (Sym4(W)) and defines a modular form of weight (0,6,24) vanishing with multiplicity 3 at infinity
and multiplicity 6 along A, ;. We thus get a cycle relation

[T] = [OpE(6)] + 304 — 38, — 66, .

The concomitant o3 — 27 72 vanishes on the locus of double conics and the corresponding modular form of weight (0,12,48)
isdivisible by X%s as can be checked using the methods of [5]. Dividing by )(fg gives a cusp form of weight (0,12,12) vanishing
with multiplicity 2 at infinity and multiplicity 3 along A, ; . It is classically known (see, e.g., [3, p. 43]) that this concomitant
defines the dual curve C to the canonical image C in P(E). We thus find an effective divisor in P(E") containing the closure
of the dual curve with class

12[OpEvy(D)] + 244 — 28, — 36, .
This effective divisor class can also be given by the cycle

B ={(C,n) € P(EY) : div(n) has a point of multiplicity 2}
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over M; and Korotkin and Zograf in [22, Theorem 1] determined the class of its closure B
[B] = 12[OpgEvy(1)] + 241 — 28, — 35, .
Another example of an effective divisor for genus 3 is provided by the Weierstrass divisor W with class
[W] = 24[OpE (D] + 681 — 65, — 126,
as given by Gheorghita in [12]. Here, we get a section of
Sym**(A%E) @ det(E)**(—6 8, — 12 6;).

This gives a Teichmiiller modular form of weight (0,24,44) vanishing with multiplicity 6 at the cusp. It descends to a Siegel
modular form.

Corollary 15.1. The dual of the canonical curve defines a Siegel modular cusp form of degree 3 of weight (0,12,12) vanishing
with multiplicity 2 at infinity. The Weierstrass divisor defines a cusp form of weight (0,24,44) vanishing with multiplicity 6
at infinity.

16 | THE HYPERTANGENT DIVISOR

A generic canonically embedded curve C of genus 3 has 24 (Weierstrass) points where the tangent line intersects C with
multiplicity 3. The union of these 24 lines forms a divisor in P2. Taking the closure of this divisor for the universal curve
over M defines a divisor H in P(E) over M3, which we call the hypertangent line divisor. We calculate the class of this
divisor over M3 and also calculate the class of a corresponding divisor over ﬁa,z-

The calculation over ﬂ3 uses the divisors $ and T in P(EY) over ﬂg as defined in the preceding section. It is a classical
result that the intersection S - T in the generic fiber is the O-cycle consisting of the 24 points defining the 24 hyperflexes
of the generic curve C, see [25]. We consider the incidence variety

I={(p,t) e P(E) X, P(EY) : p € ¢}
Letp : I » P(E)and § : I —» P(EY) be the two projections fitting in the commutative diagram

I— o pEY)

-

P(E) —— M,
We have the tautological sequence on P(E)
0—F — u*(E) - Op(1) - 0
and a similar one on P(EY)
0 F - u*(EY) —» OpEv(1) — 0.
Now note that I can be identified with the P'-bundle P(F") on P(E), but also with the P!-bundle P(¥") on P(EV).

The tautological inclusion F — u*E induces a surjection u*EY — F¥ and this gives an inclusion P(FY) - P(u*EY)
of projective bundles over P(E), which composed with natural map P(u*EY) — P(EY) gives the map g : I = P(FY) —
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P(EY). This implies
Op@Evy(1) = §*OpEvy(1)  and similarly  Opvy(1) = p*OpE) (1) . (13)
With
f=a®), f=a@®, h=c0pr), h=c(Ope,1),
this gives the identities of pull backs of the first Chern classes ¢;(E) = —¢;(EY) = 1
oD+ W) = pw @) = 5 () = =" () — 5.

Since I = P(FY) over P(E) and ,5*]71 = ¢1(Op(rvy(1)), the Chern classes of FV and the first Chern class of the tautological
line bundle satisfy the relation

P> + p*(f) p*(h) + p*(c2(F)) = 0. (14)

Corollary 16.1. Under the map p..p* we have
R h—u*), hit() = ut(€), a0
for & € CH'(M3) and n € CH*(M5).
Proof. Using relation (14) gives
p(B*(W)?) = —p.(p*(fIP*(h) — p*(cy(F)) = —f = h —u*(2).
The other properties follow from general intersection theory. |
Let now 3 be the class of the codimension 2 cocycle S - T.
Lemma 16.2. We have p,. 0% =24 h + 216 1 — 2465, — 48 6;.
Proof. By the results of the preceding section, we have
¥ =24h%+240hA — 24 hdy — 48 hd, +r

with r € $*CH?(M;). Corollary 16.1 implies the result. O

We now claim that the codimension 2 cycle S - T when restricted to the hyperelliptic locus is of the form 12 i, in other
words, by (2) it contains an effective codimension 2 cycle with class

12(91 — 8y —38,)) h + 11*(&)

with £ a codimension 2 class on M. We check this using the explicit form of the two concomitants ¢ and 7 defining S
and T. Here, o is a polynomial of degree 4 in q, ..., a14 and degree 4 in the coordinates u,, u;, u, where ay, ..., a4 are the
coefficients of the general ternary quartic. A calculation shows that o restricted to the locus of double conics becomes a
square g with g of degree 2 in the u;, while T becomes a cube g>. Hence, the cycle SV - T restricted to the hyperelliptic
locus is represented by an effective cycle representing 6 g ~ 12h. By Corollary 16.1 under p, 6* this is sent to an effective
cycle with class 12(9 4 — §, — 3 8;). Since H is defined as the closure of the hypertangent divisor in the generic fiber, the
class of H equals p, 0"y minus 12 times the class of the hyperelliptic locus; by Lemma 16.2 we get

24h +2161 — 2468, — 4868, —12(91 — 8, — 36,) = 24 h + 1081 — 126, — 126, .

‘We summarize.
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Proposition 16.3. The class [H] of the hypertangent divisor H in I]:"ﬂ3 (E) equals [OpE)(24)] + 108 A — 126, — 12 6;. It gives
rise to a Siegel modular form of degree 3 and weight (24,0,108) vanishing with multiplicity 12 along the boundary.

We now work on the Hurwitz space and define and calculate the class of a hypertangent H, divisor there. It is defined
by taking the eight tangent lines at the ramification points of the canonical image. More precisely, on [P we have the line
bundle N defined in (9). Recall that S for 1 < k < 8 is the pull back of the section Sy of 77 : Mo’g - ﬂo’g. Under restric-
tion to the hyperelliptic locus, the Weierstrass points degenerate to the ramification points. We define the corresponding
hypertangent divisor H, in P(E) over ﬁ3,2 by taking the tangents to the canonical image of the generic curve at the points

of the sections Sy, k = 1,..., 8 over Hj3 , and then taking the closure over ﬁs,z-
We now consider the bundle N(—2S)) on P. This line bundle is trivial on the generic fiber of 7 : P — B, so 7, (N(—2S)))
is a line bundle on B.

Lemma 16.4. We have
(R, N(=25)) = Ay(k™) + A(k™), and ¢, (m N(=28)) = —As(k+) — Ay + By .

Proof. Recall that N = O(Dy. + 7*(E)) — R). The first statement follows by analyzing the restrictions over the boundary
components. For the second, we apply Grothendieck-Riemann-Roch as in the proof of Proposition 10.2. By (7) and (8),
we have

1 (T N(=28;)) = =A5(k*) = 2 A3(k™) — Az + ¢; (R' . N(=25)))

= —Ay(k*) — As + By .
O

Put 7 = m,(N(=2S))). The injection N(-2S)) < N induces an injection 7} — E. Pulling back to P(E) via u* and
composing with the canonical surjection u*(E) — Op)(1), we get an induced map

q: u*T’k - OP(IE)(I)

The degeneracy locus of g is an effective divisor F that is the vanishing divisor of a section of Op)(1) ® u*F,” ! The
interpretation is as follows. The map ¢ defines an embedding of the generic fiber of P into the generic fiber P(E). If
we identify HO(P!, ©(2)) with the fiber of E and projectivize, the divisor p; + p, € |©(2)| is mapped to the line through
through the points ¢(p;), $(p,). We now sum these divisors F), and get an effective divisor H) with class

8 8
[H,] = 8[0)] - Y [u*Fi] = [08)] + u*<3 As+885- ) Ek)

k=1 k=1
=[O®)] +u*(84—2A, +A3),
where we use the formulas of Section 10 and Section 12.
We can now compare the class of the hyperelliptic hypertangent divisor H), with that of the pull back of the hypertangent
divisor H to the Hurwitz space. By Proposition 16.3, the pull back of H has class [O(24)] + 108 4 — 24 (A, + A,) — 12 A,.

Since the 24 Weierstrass points collapse with multiplicity 3 to the eight ramification points, we compare the class (of the
pull back of) [H] with that of 3 [H},]. Substituting the formula for 1, we get

[H] - 3[Hp] =94,

which means that the pull back of H vanishes with multiplicity 9 at the hyperelliptic boundary component A;.
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17 | GENUS4

For a smooth curve C of genus 4, the natural map Symz(H °%(C,wc)) = HO(C, w?z) is surjective and the kernel has dimen-

sion 1. It determines a quadric in P> = P(H°(C, w.)) containing the canonical curve. Over ﬂ4, we find a corresponding
exact sequence

X2

c - 0.

0->U— Symz([E) - W
The line bundle U has first Chern class 54 — (131 — §) = —8 4 + § by Mumford’s calculation of cl(ﬂ*w?z [23, Theorem

5.10]. In the bundle P(E) the quadric containing the canonical curve determines a divisor Q. Let u : P(E) — M4 be the
projection.

Lemma 17.1. The divisor class of Q satisfies: [Q] = [O(2)] + u*(8 1 — 5).

Proof. Observe that u*u,0(2) = u*(Symz([E)). The natural morphism u*u,©(2) — O(2) induces u*U — O(2). The divisor
Q is the vanishing locus of this morphism, hence has class [O(2)] + u*(8 4 — 9). O

Corollary 17.2. The effective divisor Q defines a Teichmiiller modular cusp form y of genus 4 and weight (2,0,0,8).

If we view a section of Symz([E) as a quadratic form on EY, we can take the discriminant, cf. [6]. Doing this with the
form y of weight (2,0,0,8) just constructed we get a scalar-valued modular form D() of weight 34. This modular form
vanishes on the closure of the locus of curves whose canonical model lies on a quadric cone. This locus has class 344 —
46, — 146, — 18 5, by Teixidor i Bigas [26, Proposition 3.1] and equals the divisor of curves with a vanishing thetanull.
The modular form D()) is the square root of the restriction to M, of the product of the even theta characteristics on .A,.
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ENDNOTE

! Alternatively one could use divided powers as in [1, 3.1]

REFERENCES

[1] M. Aprodu, G. Farkas, S. Papadima, C. Raicu, and J. Weyman, Koszul modules and Green’s conjecture, Invent. Math. 218 (2019), 657-720.
[2] A. Arsie and A. Vistoli, Stacks of cyclic covers of projective spaces, Compos. Math. 140 (2004) 647-666.
[3] A. Clebsch, Ueber symbolische Darstellung algebraischer Formen, J. Reine Angew. Math. 59 (1861), 1-62.
[4] F. Cléry, C. Faber, and G. van der Geer, Covariants of binary sextics and vector-valued Siegel modular forms of genus 2, Math. Ann. 369
(2017), no. 3-4, 1649-1669.
[5] F.Cléry, C. Faber, and G. van der Geer, Concomitants of ternary quartics and vector-valued Siegel modular and Teichmueller modular forms
of genus three, Sel. Math. 26 (2020), 55.
[6] F.Cléry and G. van der Geer, Modular forms via invariant theory, Res. Number Theory. (2023), 9:35.
[7] M. Cornalba, The Picard group of the moduli stack of stable hyperelliptic curves, Rend. Lincei Mat. Appl. 18 (2007), 109-115.
[8] F. Cuckierman, Families of Weierstrass points, Duke Math. J. 58 (1989), 317-346.
[9] G. van der Geer and A. Kouvidakis, The Hodge bundle on Hurwitz Spaces, Pure Appl. Math. Quarterly 7 (2011), no. 4, Special Issue: In
memory of Eckart Viehweg, 1297-1307.
[10] G.van der Geer and A. Kouvidakis, The cycle classes of divisorial Maroni loci, Int. Math. Res. Not. IMRN (2017), no. 11, 3463-3509. https://
doi.org/10.1093/imrn/rnw133
[11] I. Gheorghita, Effective divisors in the projectivized Hodge bundle, Int. Math. Res. Not. IMRN (2021), no. 1, 303-325.
[12] I. Gheorghita and N. Tarasca, k-Canonical Divisors through Brill-Noether Special Points, arXiv:2110.07624, Ann. Sc. Norm. Super. Pisa
Cl. Sci, to appear.
[13] J. Harris, Curves and their moduli, in: Algebraic Geometry Bowdoin 1985. Proc. Sympos. Pure Math., vol. 48, American Mathematical
Society (AMS), Providence, RI, 1987, pp. 99-143.
[14] J. Harris and 1. Morrison, Moduli of curves, Graduate Texts in Mathematics, vol. 187, Springer Verlag, Berlin 1998.
[15] J. Harris and D. Mumford, On the Kodaira dimension of the moduli space of curves, Invent. Math. 67, (1982), 23-86.
[16] J.-I. Igusa, Arithmetic moduli for genus two, Ann. of Math. 72 (1960), 612-649.
[17] J.-1. Igusa, On Siegel modular forms of genus two, Amer. J. Math. 84 (1962), 175-200.

85UB017 SUOWIWIOD BA 11810 3|qeol ddke ayy Aq pausenob ke Sapiie YO 8SN JO Sa|nJ 10} ARIq1T8UIUO 8|1 UO (SUOTPUOO-PUR-SLUIBY/ALIOD A8 |1 Afe.q 18U JUO//:Sdy) SUOTIPUOD PUe SWwiie | 8y} 885 *[Z02/70/2T] Uo ARiqiauliuo A8|1m Yeeuiol|qigsiels AN AN AQ 860005202 BUeL/Z00T OT/I0p/Lco" A3 1M Al 1jeuljuo//Sdny woly pepeojumod ‘€ ‘%20z ‘9T9222ST


https://doi.org/10.1093/imrn/rnw133
https://doi.org/10.1093/imrn/rnw133

1166 %ﬁggﬁ%ﬁ%ﬁ“ GEER and KOUVIDAKIS
[NACHRICHTEN |

[18] J.-I. Igusa, Modular forms and projective invariants, Amer. J. Math. 89 (1967), 817-855.

[19] S. Keel, Intersection theory of moduli space of stable N-pointed curves of genus zero, Trans. Amer. Math. Soc. 330 (1992), 545-574.

[20] T. Korotkin, A. Sauvaget, and P. Zograf, Tau functions, Prym-Tyurin classes and loci of degenerate differentials, Math. Ann. 375 (2019),
213-246.

[21] D. Korotkin and P. Zograf, Tau function and moduli of differentials, Math. Res. Lett. 18 (2011), no. 3, 447-458.

[22] D. Mumford, Stability of projective varieties, Enseign. Math. XXIII (1977), 39-110.

[23] D. Mumford, Towards an enumerative geometry of the moduli space of curves, in: Arithmetic and Geometry. Papers dedicated to I. R.
Shafarevich, Vol. II: Geometry. Progr. Math., vol. 36, Birkhéduser, Boston-Basel-Stuttgart, 271-328.

[24] G. Salmon, A treatise on the higher plane curves, Dublin, Hodges, Foster and Figgis, 1879.

[25] M. Teixidor i Bigas, The divisor of curves with a vanishing theta-null, Compos. Math. 66, (1988), 15-22.

[26] S. Tsuyumine, On Siegel modular forms of degree three, Amer. J. Math. 108, (1986), 755-862.

How to cite this article: G. van der Geer and A. Kouvidakis, Effective divisors on projectivized Hodge bundles and
modular Forms, Math. Nachr. 297 (2024), 1142-1170. https://doi.org/10.1002/mana.202300098

APPENDIX A: BASE POINT FREENESS

The relative dualizing sheaf w, of the universal family 7 : C; — M, of genus g smooth curves is base point free and the
surjection 7*E — w, gives a map ¢ : C; — P(E) over My, which is generically an embedding. Let I be the image ¢(Cy).
We wish to describe the closure of the image over the generic points of the boundary components A; fori =0, ..., [g/2].
Over the general point of A, the sheaf w,; is base point free and the map ¢ extends over this locus. But over the general
point of A;, i > 1, which represents a nodal curve of the form C; U C,, with C;, C, smooth curves of genus i and g — i
meeting at a nodal point x, the sheaf w,, has a base point at x. We consider a family 7 : Y — B of stable curves of genus g
with B the spectrum of a discrete valuation ring. We assume that the central fiber C is a nodal curve C = C; U C, of genera
i and g — i and smooth generic fiber. After a degree 2 base change B’ — B, we get an A;-singularity, which we resolve
resulting in a semistable family 7’ : X — B’ with a special fiber, which is a chain of three curves C = C{ URU Cé with
Ci ~ C;and C; =~ C, smooth curves of genus i and g — i, and R a rational (—2)-curve. We have the commutative diagram

The morphismvis (2 : 1) ramified at C;, C,. We have v*w,; = w,s,and 0*Ep = Ep and v*C;j = 2 C;. + Rfor j = 1,2. There
is then a natural (2 : 1) map P(Ep/) — P(Ep).

Now we will show that the system w,/(—R) defines a map X — P(Ep ), which combined with the above (2 : 1) map
givesa (2 : 1) map ¢’ : X — P(Ep) mapping the curves C| and C, to their canonical image and R to a double line. The
reduced image of the map ¢’ describes the closure of D over by, the special point of B.

To avoid unnecessary notation, we now write 7 : X — B for the semistable family denoted by 7’ : X — B’ above.

Proposition A.1. Let w be the relative dualizing sheaf of = : X — B. Then, we have . (w(—R)) = 7.(w) and the central
fiber of m.(w(—R)) is of codimension 1in H°(C,w(—R)) and defines a base point free linear system on C.

Proof. Weletq = C; NnRand p = C, N R. The exact sequence 0 — w(—R) — @ — w|g — 0 induces a sequence

0 > 7,(@(—R)) = 7,(@) > 7.(@)

and the map r is zero because w|c = (wc,(q), Or, @, (p)), therefore the restrictions to C; (resp. C,) must vanish at q (resp.
P), hence extend by 0 on R. We thus see by the exactness that 7, (w(—R)) = 7. (w).
Next, we observe that dim H°(C, w(—R)) = g; + g, + 1 with g; the genus of C;. This follows directly from w(—=R)|c =

(wc,, Or(2), wc,)
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We have the exact sequence
0 - w(=R - Cy) - @(=R) = @(=R)|c, = 0, (A1)

where w(—R)|c, & wc, and w(—R — Cy)c = (w¢, (q), Or(1), w¢, ). For a section (s, s,5,) € H°(C,w(—R — Cy)), the sec-
tion s is the unique section of ©x(1) that vanishes at g and with s(p) = s,(p). We thus see dim H°(C,w(-R — C;)) =
g1 + & Therefore, h°(w(—R — C;)) has constant rank g, + g, on the fibers of 7, hence R'z,(w(—R — C})) is a line bun-
dle. We conclude that the special fiber of 77, (w(—R — C;)) equals H°(C, w(—R — C;)). But 7..(w(=R)|c,) is a torsion sheaf,
hence the connecting homomorphism 7, (w(—R)|c,) = R'7,(w(—R — C;)) of (15) must be zero and we get an induced
exact sequence

0 7. (@(=R = C1))> m.(@(~R) 7(0(=R))c,) > 0.

Consider now a section o of 7, (w(—R — C;)) with restriction (sy, s, $,) to C. Suppose that s # 0. If we multiply o with
a local section 7 of O(C;) on X with divisor Cy, then (o) = o - 7| has as restriction to R a section of O(2) vanishing
with multiplicity 2 at g and therefore it does not vanish anywhere else. Hence, the subspace of the special fiber V' of
7. (w(—R)) of sections vanishing on C; has g as only base point on R. Furthermore, the map j is surjective, and choosing
a section s; € H(C}, wc,) with s,(q) # 0, we see that g is not a base point. Therefore, there are no base points on R. By
the surjectivity of j, the restriction of V to C; is H°(C;, wc,) and therefore there are no base points on C;. By symmetry,
the same holds for C,.

Similarly to (15), we have an exact sequence

0 - w(=R - C; = C3) = @(=R) = w(—=R)|c,+c, = 0,

and by a similar reasoning, we see that we get an exact sequence

0 = 7, (@(~R — C; = C;)) > 7,(@(~R)) > 7. (@(=R)) c,4¢,) = 0.

This implies that given s; € H’(C;, wc,)and s, € H o(c,, wc, ), there is a unique element (sy, s, s,) in the special fiber V/
of 7,.(w(—R)) mapping to (51, S,) under j. The morphism X — P(x,(w(—R))) is given by the surjection 7*7,.(w(—R)) —
w(—R). The image of the curve C in the special fiber of P(E) consists of the canonical images of C; and C,, provided with
images of p and q and the image of R, that is, the line connecting the images of p and q. If the genus g(C;) = 1, then the
image of C; is a point. O

APPENDIX B: DIVISOR CLASSES OF GHEORGHITA-TARASCA AND KOROTKIN-SAUVAGET-ZOGRAF
Here, we apply the method employed in Section 16 to determine in a relatively straightforward way the divisor classes of
two divisors in [F"([E;(’) with E, = 7, (co7kf), thus reproving a theorem of Gheorghita-Tarasca [13, Theorem 1] and a theorem
of Korotkin-Sauvaget-Zograf [21, Theorem 1.12]. The first divisor is a generalization of a divisor in P(E) considered by
Gheorghita in [12]. We consider in [FD([EE) over M, the divisor

G, ={(C,w) € IP’([EZ) : div(w) contains a Weierstrass point}

and let Gy be the closure of G, in [P’([EZ) over ﬂg. Welet i : IP(EZ) - ﬂg be the natural morphism and  the hyperplane
class on P(E)).

Theorem B.1 (Gheorghita-Tarasca). The class of Gy is given by

1 — g+1 lg/2]
_ — 2 _ " 2 vk ) _ Y VS
k[Gk] glg—1h+23g~+2g+ Du* ( ) >u 8o ; (g —Di(g+3)u*s;.

The second divisor is the divisor Z in [F"([EZ) over ﬂg of regular k-differentials for k > 2 possessing a double zero.
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Theorem B.2 (Korotkin-Sauvaget-Zograf). The class of the divisor Z;. for k > 2 for k > 2 and (g, k) # (2, 2) is given by

lg/2]
[Z] = (4k +2)(g — 1) h + k(k + 1) u*[ 121 — 25

For the proof of both theorems, we use, as in Section 16, the incidence variety I between P(E;) and IP’([EZ), which fits
in the following commutative diagram:

I, — = P(EY)

P(E,) ——= M,

We denote by h (resp. h) the first Chern class of the hyperplane line bundle on P(E,,) (resp. [P’([EZ)), thus suppressing the
dependence on k. As explained in Section 16, we have I}, = [P’(F]\{’) as a bundle over [P’([EZ), with F}, defined by the exact
sequence on P(E,)

0— F, — Lvt*[EZ - OP([EZ)(D - 0.

Then, p*h = OP , )(1) Similarly, I} = [P’(F /) as abundle over P(E, ), with F) the tautological rank r — 1 bundle on P(Ey).
Then, p*(h) = OP(FkV)(l)-
We let

¥ =p.p" 1 CHo(P(Er)) —» CHo(P(E)))
be the induced map.

Lemma B.3. We have y(h') = 0 fori <r —3,y(h""2) = 1and y(W~) = h + 11" c,(Ey).
Proof. For dimension reasons y(h') = 0 for i < r — 3. Moreover, y(h"~2) = 1 by construction. Applying g, to the Chern
class relation Zir:_ol(—l)r‘l‘i(p*h)i,é*c,_l_i(F;(’) =0, we get y(W'™!) = ¢;(F}) and this equals h + ¢, (E;) by the exact

sequence. O

Proof of Theorem B.1. Let W be the Weierstrass divisor on Eg. This is an irreducible divisor. We denote by ¢} : Eg - P(Ey)
the morphism defined in Section 3. For k > 2, we have Gy = p,.0*(¢x(W)) over M, and p.0* sends an irreducible divisor
over Hg to an irreducible divisor. Therefore, we have [G] = Y(@k [W]). The group Pic@(Eg) is generated by w,, 7%4,
7“8y, and y; (for i = 1,...,g — 1) with y; the divisor class defined by the component of genus i lying over A,y ¢—i)- By
Cuckierman [8], the divisor class [W] can be written as w; — w, with

g+1 g—i+1\ %o
wl:( 2 )a’”_”*’l’ w2=( 2 )Zyi'
i=1

Note that ¢, h = k w,.. We thus get

1 1
¢k*w1=¢k*<g(g2+ ) ,/1> k*(pk<g(g2;{r ), u*/1>
<g(g2;r n, _u*/1> o l1] = (g(g2+ v, > Zhlﬁr -

r—1 ' 1
- 2 h'u <g(g s )ﬁr 1-i lﬁr—Z—i) s
i=0
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where we used (1). Lemma B.3 implies that under applying y only the terms with h/ where j = r — 1 or r — 2 contribute
and we get

glg+1)

B Do+ pirey (28 D5, - 25, )

Y(pr,wy) = y(h"™h)

Substituting the expressions for 8, and 8; from Proposition 3.1 leads to

[g/2]
. . k y
V(@) = 8" —~Dh+2k (3¢ + 28+ i~ 5 g(g+1) Y 5.
i=0

For the term y (¢, w,), we first observe y(¢y,¥;) = (2i — 1)kit*§; because the component of genus i over Ay g—i) has
degree (2i — 1)k in P"~! and thus maps under y to (2i — 1)k times the class [1] of (P"~1)" over Amin(i,g—i)- This gives

Ko = 5 3 (g =g~ 1+ V@I~ D5

[g/2]
i=1
[g/2]
) Y (i(g —i)g +3) — g(g + D)it*5;.
i=1

Together this gives the correct expression for class of [G] as in Theorem B.1.

When k = 1, over M, U A, we work as above and the coefficients of 1 and &, in the formula are as in the case k > 2. To
find the contribution of §; in the formula of 8;, we work over the family over a base B, as in Appendix A, where we have
the (2 : 1) morphism ¢’ : X — P(E) defined by the w,(—R). We follow the notation of Appendix A and in the formulas,
we only need to consider terms that contribute to the boundary class §;. By [8], the Weierstrass divisor does not pass
through the node of a general element over A; and thus v*W does not contain the “exceptional” divisor R. We have by
Cuckierman’s formula [v*W] = w; — w, with w, = (g;rl)con/ — 7'* 2, and as contribution to w, over A; (fori < [g/2]), we
have the expression

i+ DRy +1v)+(g—i)g—i+ 12y, +1), (BD)

where y, (resp. y,) is the class of the component C{ of genus i (resp. C; of genus g — i) over A; N B and t the class of R.
If we denote by T the closure of the reduced image of v*W under the (2 : 1) map ¢’ : X’ — P(Ep), then [G;] = y([TD.
Recall that ¢"*h = w,, — R. Thus, the §;-contribution in 2[T] coming from w; is

D ) = EEI Dot o n vy = EEED (i) 4 1),
If we apply (1), the contribution to §; in
g2
y(he' [1]) = <2 By ) = 2g — D(h+°2) + 0By
i=0

comes from #*3, alone and equals —41i*§;, as §; appears in the formula of §; with coefficient —2. Since y(¢,t) = 2 i*5;
we get from w; together the contribution —g(g + 1)ii*§;. From w, we get by applying y to (16), using y(¢.y,) = (2i —
2)u*8;, y(@lhy,) = (2g — 2i — 2)u*S; and y(¢'t) = 21i*§;, the contribution 2(g + 3)i(i — g) + g(g + 1). Together w; — w,
thus contributes —2(g + 3)i(i — g) to the coefficient of §;, as required. O
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Proof of Theorem B.2. Here k > 2, hence we have the morphism ¢, : Eg — P(Eg). Let m; : Eg’l - Eg be the universal
curve over Cgand s : Cg — C, 1 the tautological section, the image of which we denote by S.

We claim: Pr “Fr = 77.'1*(60 ( S)). Indeed, by our assumptions on g and k, we have Rln'l*(co ( S)) =0, so
7T1*(CU ( S)) is a vector bundle on C For a point x € P(Ey), the fiber of Fy, is the hyperplane in the correspondmg fiber
of E, representing the point x. When x = ¢, (p) with p € C g then (Fy), = H O(C cu®k( —p)), with C,, the corresponding
fiber of 7; over p. Hence the claim. We now have on Eg the sequence

0 = 7.2 (=28)) > 7. (W2 (=S)) > 5" (@S (-8)) - 0, (B2)

with s*(w%k(—s)) = wﬁ‘r“, and this sequence is exact up to codimension 2 because Rlnl*(wﬁk(—zs)) vanishes in
codimension 2 in view of the conditions on (g, k).

Let Fi(v) = 1, (w®(—vS)) for v = 1,2 with Fy(1) = ¢*F. Let j : P(F,(1)V) — [P’(FV) be the natural map. Then,
h=jp *(h) is the class of the hyperplane line bundle on P(Fj(1)V). The inclusion F;(2) < F;(1) induces a map o :
P(F(2)Y) = P(Fr(1)Y). We have the commutative diagram:

P(F(2)Y) —2> P(F, (1)) —~ I = P(F)) -~ P(EY)

S~k

Cq P(E,) M

Leta = jo : P(Fi(2)V) — I and A = Im(x) the image of this map. Then, [Z,] = p.[A]. By the exact sequence (17) we have
o PE] =h + (k + 1)pjwz. We observe that j,[1] = p*[T}] and k w, = ¢, h and we find

k[A] = k j.(j*B*R) + (k + D) j.(p{¢ch) = k 5*h j.[1] + (k + Dp*(h)j.[1]

= k" hp*[Ti] + (k + Dp*(RITL]) -

By Proposition 3.1 and Lemma B.3, we have fly([fk]) = 2k(g — 1)h and

r—2
y(h[TR)) = <Z B, ) = 2k(g — D(h + 0 cy () + w'By = 2k(g — Dk + k2
i=0
and thus [Z;] = 2(2k + 1)(g — )i + k(k + 1)ii*x, in agreement with the formula of Theorem B.2. O
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