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Introduction
1.1 Background of this study
In Section 1.1.1, the background and main reasons for starting this study on
modelling in education are given. In Section 1.1.2, our approach to modelling, in
which graphical modelling is systematically combined with experimenting, is
expounded. In Section 1.1.3, our choices to integrate modelling into the curriculum and to start a modelling learning path from the initial phases of physics
education are explained.
1.1.1 Computer modelling in the physics curriculum
The importance of computer modelling for education was already recognised in
the early eighties of the twentieth century (see, for instance, Ogborn & Wong,
1984). Löhner (2005) distinguishes three categories of claims in favour of
computer modelling. The first category concerns learning about modelling.
Students should be introduced to modelling because it is a professional activity
of scientists and engineers. As citizens, they must learn about the possibilities
and limitations of computer models, as future professionals they should learn
how to construct and use models. The second category concerns an assumed
improvement of scientific reasoning skills. Modelling is supposed to help
students develop higher level scientific skills, like predicting, hypothesizing,
hypotheses testing, analytical reasoning, and explaining. The third category is
about learning domain content. For this study, the most relevant aspect is that
students are less confined by their mathematical capabilities when the computer deals with the mathematical difficulties. This enables study of more
realistic subjects and solving of problems that are too complex otherwise.
Notwithstanding the claimed importance of modelling, the integration of
modelling in physics curricula has been rather poor for a long time, even in the
Netherlands (Lijnse, 2008). Although modelling formally became part of the
Dutch physics secondary curriculum in 1991, until recently it was confined to
only the highest levels (age 17-18, pre-university level) and it occurred at only a
modest scale in school practice. New curricula for the upper levels of Dutch
secondary physics education, with more emphasis on modelling, started in 2013
(Commissie Vernieuwing Natuurkundeonderwijs havo/vwo, 2010). System
dynamics based graphical modelling is considered an appropriate candidate for
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an approach to computational modelling for these new curricula (Savelsbergh
et al., 2008). Henceforth, it will be referred to as graphical modelling.
Despite the claimed importance of modelling, and although positive effects of graphical modelling are reported (cf., Doerr, 1996; Van Borkulo, 2009),
in practice graphical modelling in education does not go without problems.
Schecker (2005) reports on a mechanics modelling project not having an overall
positive effect on students’ understanding of mechanics. According to Van
Borkulo (2009), graphical modelling seems to be disadvantageous for the
learning of simple conceptual domain knowledge. Cronin, Gonzalez, and
Sterman (2009) report on severe difficulties that students have when interpreting model output. Many authors report on difficulties that students have when
designing or adapting graphical models (Tinker, 1993; Bliss, 1994; Kurtz dos
Santos & Ogborn, 1994; Sins, Savelsbergh, & Van Joolingen, 2005; Lane, 2008;
Westra, 2008; Van Borkulo, 2009; Ormel, 2010).
Thus, a complete, well-designed and well-tested learning path on modelling for the physics curriculum is needed. It must be found out how modelling
can be implemented into the physics curriculum in an effective way. Therefore,
in 2008 I started, as a member of a research and development team of the
AMSTEL Institute at the University of Amsterdam, a design research project on
graphical modelling. For reasons described below, a modelling learning path has
been designed for lower secondary physics education. This learning path has
been tested in school practice through several design and research cycles.
Several student difficulties with modelling tasks have been identified and taken
into account. In future, this learning path is to be expanded into upper secondary education. Outcomes of this work are presented in this dissertation.
1.1.2 Modelling
In this section, modelling is described as a comprehensive process, starting with
the analysis of a realistic situation and involving the validation of the model. The
role of experimenting in this process is explained and graphical modelling is
introduced.
The modelling process. Modelling is much more than just constructing
and running (computer) models. It involves a comprehensive process. The
framework for this so-called ‘modelling process’ that has been adopted for this
study is described schematically in Figure 1.1.
This framework reflects the general modelling competency described in the
proposal for renewal of the Dutch physics curricula (Commissie Vernieuwing Natuurkundeonderwijs havo/vwo, 2006):
“Students must be able to analyse a situation in a realistic context
and reduce it to a manageable problem, translate this into a model,
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generate outcomes, interpret these outcomes, and test and evaluate
1
the model.”
In our framework, a ‘real problem’ has been inserted between the ‘realistic
context situation’ and the ‘manageable problem’. With this ‘real problem’ is
meant a realistic physics problem that still contains too many aspects to be
‘manageable’ at once.

Figure 1.1: Schematic representation of the modelling process.

This modelling process is often called the modelling cycle, because for
testing, validation, and evaluation of the model it is necessary to revisit the
realistic context situation, while for extension of the model the real problem is
revisited. Similar frameworks for the modelling cycle have been used by Blum
and Leiß (2005), Galbraith and Stillman (2006), and Maaß (2006) in the context
of mathematics education.
The emphasis in the learning path described in this dissertation is on
computational modelling with computers, but for a clear view on models and
the modelling nature of physics, students also get acquainted with other
models, such as (analytically solvable) mathematical models and molecular
models, each with its own benefits and limitations. The modelling process
describes the creation and use of such other models too.
In mathematics and science education, sometimes the term ‘modelling’
is used in a narrow sense, limited to the translation of the manageable problem
into a model and the generation of outcomes. We consider this approach to
modelling as incomplete, because it lacks the necessary links to reality. Our aim
is complete modelling, in which the complete modelling process is involved, not
only as a learning goal for students, but also as an educational approach to the
learning of physics. Complete modelling offers a better view on the methods
and nature of science. By means of complete modelling, students may get
acquainted with much more aspects that are important for understanding and
doing mathematics and science and they may get a better view on the coherence of these aspects.
Modelling and experimenting. In our approach, modelling is systematically combined with experimenting and doing measurements. Three reasons for
1

This formulation is almost equal to the formulation in the final version of the new
curriculum for pre-university physics education which has been approved by the Dutch
government (College voor Examens vwo, havo, vmbo, 2012).

3

Chapter 1

this choice directly follow from the modelling process. Firstly, by doing experiments, students get acquainted with phenomena and concepts that appear in
the realistic context situation to be modelled. They become aware of what the
model is about. This is important, because a lack of knowledge of the realistic
context situations is an important cause for blockages of students during the
modelling of such situations (Galbraith & Stillman, 2006; Maaß, 2006). Secondly, experimenting is expected to help students familiarize with the involved
concepts, analyse the realistic context situation, create the real problem, and
reduce it to a manageable problem. Thirdly, measurements can provide data to
be used for evaluation of models. Comparison of outcomes from experiments
with model output is an important and natural way of evaluation of models.
Only when students have developed sufficient understanding of relevant
concepts from physics and mathematics, other approaches can be used for
evaluation too, such as comparison of model output with theoretically predicted outcomes for limiting cases. Of course, experimenting is not only
important for modelling. It also has a value of its own, as part of doing physics.
Graphical modelling. For the learning path, the system dynamics based
graphical approach developed by Forrester (1961, 1968) has been chosen as
approach to computational modelling. Several computer environments exist in
which this approach has been implemented. Examples are STELLA (Steed, 1992)
and Coach 6 (Heck, Kedzierska, & Ellermeijer, 2009). In a graphical model,
variables and relationships between variables are represented by means of a
system of icons in a diagram (see Figure 1.2). From a mathematical perspective,
graphical modelling mainly concerns the numerical solving of (systems of) onedimensional difference (or differential) equations. Besides difference equations,
2
direct relations appear in these models.

Figure 1.2: Example of a graphical model (for the effect of solar radiation
on the temperature of the surface of the earth).
2

By a direct relation, we mean a mathematical relationship between symbolized quantities in which at least one quantity can be isolated and written as a closed form expression of the other quantities.
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The main goal of the diagrams used in graphical modelling is communication of the causal assumptions and the main features of the model in a way
that is also clear to people with less mathematical education. Several authors
have suggested that the visual representations in graphical models of model
quantities and their causal relationships provide students with an opportunity
to express their own conceptual understanding of physical phenomena (e.g.,
Niedderer, Schecker, & Bethge, 1991). Research has shown that students using
an environment for graphical modelling can reason qualitatively and intuitively
about systems (cf., Doerr, 1996) and graphical modelling seems to be effective
for learning to reason with complex structures (Van Borkulo, 2009). But, as
mentioned earlier, graphical modelling does not go without problems, especially not if it concerns the adaptation and construction of models by students.
Doerr (1996), Lane (2008), and Savelsbergh (2008) conclude that more research
is needed for successful integration of graphical modelling in education.
Modelling competencies. For mastering the modelling process, many
(sub) competencies are required (see, for example, Galbraith and Stillman
(2006), and Maaß (2006) for modelling competencies in mathematics education). Gellert, Jablonka, and Keitel (2001), and Galbraith and Stillman (2006)
report that basic competencies, such as the mathematical knowledge of the
students and their knowledge of the technological tools at their disposal, have a
direct impact on how these students tackle a problem. Therefore, such basic
competencies must be acquired at an early phase of the learning path by the
students. We distinguish five categories of competencies for our learning path.
These are competencies regarding the use and understanding of:
1. the computer environment (the modelling software);
2. graphs, as means for interpreting outcomes from models and experiments;
3. variables and formulas, for the purpose of analysing the realistic context
situation and reducing it to a manageable problem;
4. the elements of graphical models and their relation to variables and
formulas;
5. evaluation processes regarding models, model output, and experiments.
This requires knowledge of limitations of models, modelling, and experiments, and some understanding of the nature of models.
Each of the required competencies is a sub goal of our modelling learning path.
A partial learning path has been developed for each of these sub goals.
Choice of the computer learning environment. We chose Coach 6 as
computer learning environment for the learning path because it is a multipurpose educational environment that also can be used for other activities in
the curriculum, such as experimenting, doing measurements with sensors, and
doing video measurements (Heck et al., 2009; Heck, 2012), it is available at
most Dutch secondary schools, and in Coach animations can be coupled to
graphical models. In addition, it was possible for us to adapt Coach for our
research purposes. An example of such an adaptation is the possibility to couple
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graphs, sketched by students, with graphical models that subsequently drive
animations.
1.1.3 A learning path integrated in the curriculum, starting from the initial
phase of physics education.
In the Netherlands, physics education starts in the second year of secondary
education, at age 13-14 years. We decided to start the learning path on
graphical modelling from this moment and to integrate it into the physics
curriculum. Reasons for these choices are discussed in the following sub
sections.
Starting from the initial phase of physics education. We consider it advantageous to start with modelling at an early age, for the following reasons:
• It gives students more time to get acquainted with modelling.
• More students will get acquainted with modelling. Near the end of lower
secondary education, each student in the Netherlands must choose a set of
courses for upper secondary education. Physics needs not to be part of this
set. If we start with modelling in upper secondary education, many students
will not get acquainted with modelling.
• Realistic problems can be studied at an early stage of education.
• Modelling offers new ways of teaching and learning physics that might be
more effective than traditional instruction.
• Traditional approaches of doing physics may not get in the way of modelling.
An example is the focus in traditional education on closed mathematical
2
solutions for special cases, such as the formula s = ½gt for free fall, instead
of on fundamental equations. Another example is the tendency in traditional education to concentrate on problems that lead to answers consisting
of one value instead of focussing on entire physical processes.
For research purposes, starting a modelling learning path from the initial phase
of physics education offers an advantage too. It enables study of the coherence
between modelling and the competencies required for modelling before this
coherence is obscured by the conceptions and competencies that are usually
developed by students in traditional lower secondary physics education. By
starting with novice students, we can better distinguish what is really necessary
for modelling.
There also may be disadvantages to starting at an early age. Modelling
and modelling tools may be too abstract for young students, and situations that
are to be modelled may be too complex when too many concepts are involved.
If this is the case, not only the success rate will be low, but an early negative
experience may hamper the learning process at a higher age too. Further,
modelling takes time, that cannot be used for the development of traditional
skills, such as performing calculations with formulas. In the design of the
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learning path, care has been taken to avoid these disadvantages as much as
possible.
Integration into the curriculum. Most research on modelling has focussed on project-based modelling lessons, not on modelling as an integrated
part of a curriculum. But, as Schecker (1998) points out, modelling requires a
new way of thinking which takes considerable time to learn. Therefore modelling should not be limited to only one theme or subject, but should be integrated into the curriculum.
A proper integration of modelling into the physics curriculum requires
adaptation of the rest of the curriculum to modelling, and vice versa. Otherwise
modelling takes an unnecessary amount of extra time and misconceptions may
arise (Schecker, 2005; Cronin et al., 2009). Consequently, for field testing we
needed a concrete implemented physics curriculum that could be adapted as a
whole. The self-designed physics curriculum of the Montessori Lyceum of the
Hague (HML) fulfilled this purpose. It enabled us to develop instructional
materials that address many competencies required for modelling, such as
graph comprehension, correct use of variables and formulas, and an adequate
notion of model, in coherence with modelling. Also, the physics content could
be adapted. This enabled an integrated, rather holistic approach to modelling.

1.2 Educational goals and research questions
Broad educational goals of our modelling learning path are the general modelling competency corresponding to the modelling process depicted in Figure 1.1
and the learning of physics content by means of modelling. These general goals
consist of sub goals. Below, the educational goals are discussed and connected
to research questions (labelled RQ).
1.2.1 Research questions related to the general modelling competency
Acquisition of the general modelling competency corresponding to the modelling process of Figure 1.1 is a final goal of our modelling learning path, but it
needs to be reached only near the end of secondary education. Main questions
for this study are what can be an effective design for such a learning path, and
what can already be achieved with lower secondary students.
RQ1: What are characteristics of an effective learning path on graphical
modelling in lower secondary education?
RQ2: To what extent do students learn to model when they follow this learning
path?
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1.2.2 Research questions related to the learning of physics content
Woolnough (2000) notes that students tend to consider reality, physics, and
mathematics as three distinct worlds, failing to make substantial links between
these worlds. A reason for this may be related to the way subject matter is
usually treated. In traditional physics education, students only study situations
that are within the limits of their mathematical capabilities. Many of these
situations are not realistic but simplified, for example, about cars moving with
constant acceleration. Other situations are only limiting cases of situations that
occur in daily life, such as free fall instead of fall with air resistance. Students
may not be aware that they are actually studying models. Also, they may not be
aware of the assumptions that have been made for these models, or to what
extent these assumptions are valid. Finally, sometimes situations are studied for
one specific moment, whereas many quantities in these situations actually are
in a process of change. A concrete example of such a situation is shown in
Figure 1.3. It is taken from a rather old textbook, but an almost identical
example can be found in a recent textbook (Ottink, 2013). For these reasons, it
may be difficult for students to connect school physics to reality or, vice versa,
to connect their own knowledge of the real world to physics. Getting students
acquainted with more or less realistic situations by means of practical work is
important for students, but it is not sufficient. In school practice, students
usually fail to connect their observations in practical work to scientific concepts
(Abrahams & Millar, 2008).

Figure 1.3: A ship is pulled by two tugboats. Positions, velocities, and forces are
changing permanently in such a situation, but in the physics textbook only the
forces at the moment of the picture are considered. Students may get confused
if they are not aware of this.

8

Introduction

Modelling can be expected to help to solve these educational problems,
not only because modelling enables students to study more realistic subjects,
but also because students may become more aware of assumptions and
simplifications in case they are involved in the modelling process. As a result,
students may be less troubled by differences between their own conceptions
and the conceptions as they understand them from physics at school. An
important question for the design of the modelling learning path is which
realistic domain content can be used for these purposes. Realistic situations can
be expected to have a more general nature, involving more variables, and
involving more dynamic phenomena, in which variables vary in a more complex
way. Without computer models such situations are too complex. The question
is, to what extent lower secondary students can understand the physics of such
more complex situations. Another question for research is how the physics and
mathematics content of the curriculum is affected by the modelling learning
path. Which new concepts are required? What are characteristics of the new
content, apart from being more realistic?
RQ3: To what extent can students understand the physics of the more realistic
and more dynamical phenomena in the modelling learning path?
RQ4: How is the mathematics and physics content of the lower secondary
physics curriculum affected by the modelling learning path?
Note that the second category of claims in favour of modelling, concerning improvement of scientific reasoning skills, has not been incorporated in
these research questions. This category is left out, because we consider it
premature to study such high level skills with lower secondary students who are
still occupied with mastering basic concepts and modelling skills.

1.3 Methodology
In the subsequent sections, the type of research is described, the theoretical
framework is discussed, the design process is outlined, the setting of the
research is given, and the research instruments and the methods of data
acquisition are presented.
1.3.1 Design research
Our research approach can be classified as design research (or developmental
research): instructional materials are designed, tested in classroom, and
redesigned in an evolutionary process consisting of several cycles (Van den
Akker, Gravemeijer, McKenney, & Nieveen, 2006). This process of development
and research can be referred to as "theory-guided bricolage": a process that is
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guided by theory and that also produces theory (Gravemeijer, 1994). At the
start, the theory is merely a global framework. During the process the theory
grows and is made more specific, based on empirical input. The goal of the
process is to develop a local theory on the subjects involved. This local theory is
justified based on interconnected theoretical and empirical components.
The cyclic process of designing and testing can occur on scales of different sizes
within the same design and research project. According to Gravemeijer (1994),
the cyclic process is more efficient when the cycle is shorter.
1.3.2 Theoretical framework
Nature of this study. This study can be classified as holistic, longitudinal,
explorative, and formative. It can be classified as holistic, because competencies
required for the modelling process, the realistic contexts to be modelled, and
the relevant concepts of physics are so much interwoven that students’
modelling development cannot be understood without taking all these aspects
into account. It can be classified as longitudinal, because the development of
students’ understanding over a period of two years is investigated. It is explorative, because this holistic approach of graphical modelling with such young
students is new, as far as we know. As a consequence, a researcher needs to
keep his mind open. It is formative, because research activities have been
performed during the entire development process, for both explorative and
evaluative purposes, aiming at optimisation of the learning path as well as at
optimisation of the design principles (cf., Van den Akker, 1999).
Because of the holistic and explorative nature, we have not used just one
complete, specific theoretical framework for the design of all aspects of the
learning path. Each competency and each concept from physics requires its own
domain specific framework. These specific frameworks have been developed
during this study, partly based on literature study, but also via experimental
educational research in classroom. The only distinguished general theoretical
element that was used from the beginning was the formation of bases of
orientation for new concepts.
The formation of bases of orientation. As Gal’perin points out, for learning how to use and understand a new concept, students need a complete, or at
least sufficiently extended base of orientation (‘orienting base’) for that concept
and its use (cf., Haenen, 2001). A complete base of orientation consists of the
complete set of elements that a learner needs for the execution of an action
involving the concept. An insufficiently extended base of orientation is an important cause for alternative conceptions. For establishing sufficiently extended
bases of orientation, we must provide students with enough sufficiently different examples. This enables them to learn distinguish between non-essential and
essential properties. This eventually leads to a high degree of generalization of
students’ actions and prevents the learner from attending to non-essential
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properties. For each concept in the learning path, the associated competencies
are developed in small steps, aiming for the formation of the required bases of
orientation. In the initial phases of this study, it was not clear yet which elements are essential for sufficiently extended bases of orientation for graphical
modelling. Establishing these elements is one of the goals of this study.
1.3.3 Design process
The designer of the learning path. Parts of the design of the learning
path, especially in the initial phases, have largely been based on the pedagogical
content knowledge of author of this dissertation who is also an experienced
instructional designer and physics teacher. He also has developed the curriculum into which the learning path must be integrated. Because of the holistic and
longitudinal nature of this study, it is important that both the designer and the
researcher have a good overview of secondary physics education as a whole
and much practical insight in students’ conceptions, competencies, and difficulties. This requires much expertise. From this perspective, it can be an advantage
for the researcher and designer to be one and the same person. In order for the
design to meet criteria of objectivity, fellow researchers, other teachers, and
students were regularly asked for criticism.
The design and research process. It would be premature to design an
entire learning path on modelling, extending over two years of education, in
one piece. Instead, the learning path initially has been developed piecewise,
starting with only a few modules early in the learning path. The learning path
has gradually expanded. The first cohort of students involved in this study, the
cohort 2008-2010, followed an incomplete version of the learning path. The
second cohort (2009-2011) worked with a more extended version. The final
version has been tested with a third cohort of students, the cohort 2010-2012.
Thus, since 2009, permanently two cohorts have been working simultaneously
on different parts of the learning path.
In the design and research process, in general, three partly overlapping
phases can be distinguished. The first phase had an orienting character. It
consisted of literature study, pilot experiments (with small groups of upper
secondary students), and exploratory experiments with the first modules, early
on the learning path. In this phase, the focus was on exploring what is feasible,
on establishing students’ difficulties and opportunities for learning, and on
detecting and solving practical problems regarding the instructional materials.
The second phase consisted of the designing and testing of the first elaborated
version of the learning path. This design was based on experiences from the
first phase. The research in this phase focussed on identifying and understanding students’ conceptions and led to more specific design principles and
associated research questions. In the third phase, the last version of the

11

Chapter 1

learning path was designed and field tested. In this phase, research focussed on
specific research questions and on educational outcomes.
These phases not only can be distinguished for the learning path as a
whole, but also for the partial paths on specific competencies. For some of the
partial learning paths, the third phase has not yet been reached. An example is
the partial path on evaluation of models and understanding of the nature of
models.
Cycles of design and research. Cycles of design and research took place
on scales of different sizes.
Very short cycles took place within one lesson; regularly, a teachinglearning discussion with one student or with a small group of students on a
subject made the teacher change his teaching approach to this subject in a
discussion with a next student, or made the researcher pose specific questions
to other students. Such discussions and answers to such questions were audio
taped and registered in observation notes. Based on these registered observations, the design has been adapted.
A next scale of cycles has the size of a lesson. Between lessons in different classes, often small adaptations could be made to the instructional materi3
als, to the approach of the teacher, and to the focus of the researcher.
A larger cycle is on the scale of a module. On this scale, adaptations to
the design are not only based on registered observations, but also on outcomes
of analysis of handed-in student materials, especially student results of computer tasks, screen recordings of students working on computer tasks, and
students’ answers to questions of the final test of each module. Part of the test
questions have been designed especially for research purposes. Incidentally,
questionnaires or tests that only served research purposes have been used as
well.
The largest cycles are on the scale of the entire learning path. Based on
experiences and analysis of data from one or several different modules,
adaptations to other modules, and sometimes even to the design of the entire
curriculum have been made. An extreme example is the inclusion of a complete
new module in the beginning of the third year of the learning path.
In general, the shorter cycles prevailed in the earlier phases of design
and research, whereas the larger cycles dominated the later phases. During the
design research study, both the number of types of sources of data and the
amount of data have increased. Qualitative data have been used in all phases,
but in the course of this study the contribution of quantitative data gradually
became more important.

3

Fellow teachers were informed by e-mail and in private communication.
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1.3.4 Setting
School setting. In practice, it is not easy to find a school that is willing to
test an extended experimental curriculum, but the Montessori Lyceum of the
Hague (HML), where the researcher is one of the physics teachers, offered the
unique opportunity to test all instructional materials in all second and third year
classes with more than three cohorts of students.
Usually at HML, there are six or seven classes in the second year, and five
or six classes in the third year of lower secondary education. Each class consists
of up to 30 students. Most students attend senior general secondary education
or pre-university education (in Dutch: HAVO or VWO, respectively). In the
Netherlands approximately 40% of all students of this age participate in these
two levels of secondary education (Ministerie van Onderwijs, 2012). At HML,
students effectively got physics lessons for 80 minutes per week during each
year. In addition to these regular lessons, students had the opportunity to
attend additional lessons if necessary.
Eight HML teachers have been involved in this project. One of them is
the researcher. All classes have followed the learning path, although data from
some classes could not be used for research purposes. Main reasons were
incompleteness of data and cancelled classes.
Although the HML is a normal Dutch secondary school in many respects,
there are some principles of Montessori education that need attention, because
of their relevance for this study.
Montessori education. The learning path is developed for secondary
physics education in general, but most of it is tested on a school for secondary
Montessori education. Within the limits posed by the Dutch government to
secondary education, this school strives to work according to the principles of
the Italian educator Maria Montessori (see, for instance, Montessori, 1912;
Lockhorst, Wubbels, & Wester, 2001). This puts additional demands to the
design and has some consequences for research.
An important demand is that self-study of the instructional materials is
possible. There are two reasons for this. Firstly, according to Montessori
principles, students must be raised to become free, independent citizens. This
means that they must learn to be in control of their own learning and must not
become too dependent on their teachers. Secondly, to a certain extent students
must get the opportunity to work at their own pace. This offers students the
possibility to master the subject matter, which prevents them from getting
stuck at later stages of their learning paths. Consequently, instructions in the
instructional materials must be as complete as possible and goals of the
materials must be clear to students. Also, students must be able to correct their
own work and therefore must be provided with materials to do so, or the
instructional materials must be self-correcting. Finally, students are used to
cooperate in small groups, so they can learn from each other. Other Montessori
requirements are that education must be connected to the real world and that
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linkages between disciplines must be shown to the students. These requirements were met in a natural way on our modelling learning path.
Advantages of Montessori education for research. An advantage of Montessori education for research is that students are used to discuss freely with
their teachers, and much time is available for discussions between small groups
of students and the teacher. This holds even more for the additional lessons.
These discussions often have the character of short in-depth interviews, in
which students are invited to explain how they arrived at their questions and
conceptions, and to make suggestions for improvement of the instructional
materials. The fact that students are allowed to redo a test if they failed the first
time also contributes to this, because usually students discuss their test with
the teacher before redoing it. All discussions are valuable sources of information for research. Differences in students’ paces sometimes enabled us to
adapt instructional materials after testing them with only one or a few groups
of students. In this way, short design and research cycles could be carried out.
Disadvantages of Montessori education for research purposes. Apart
from the problem of generalizability, which is considered below, there are some
other disadvantages of Montessori education. To a certain extent, students are
allowed to postpone the final test of a module. This makes it more difficult to
collect all tests. Also, students are allowed to redo a test if they failed the first
time; tests have a more formative character than in traditional education.
Sometimes, we had to choose which attempt to use for data analysis. For
practical reasons and to avoid a bias towards good results, in general we have
chosen the first attempt. Other consequences are that there must be several
different versions of the final test of a module, and that results of final tests are
not always final results of learning: sometimes, students finished their work
with the instructional materials only after the test. A last consequence of
students working at their own pace is that not all students finish the curriculum
completely. This may lead to a bias towards hard working students at the end of
each year. As a consequence, the statistical reliability of the data decreases
towards the end of the year.
Generalizability. Because the main part of the research has been carried
out at only one school with some particular characteristics, generalizability of
research results is an issue. In order to enhance the generalizability, a number
of measures has been taken. Firstly, the first module of the learning path has
been tested by six teachers at two other Dutch secondary schools as well.
Secondly, important results have been incidentally checked by means of a
questionnaire at several other Dutch schools. Thirdly, whenever possible,
results are compared to findings in literature. Fourthly, the internal consistency
of the findings and the arguments supporting them can make it plausible that
results can be generalized.
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1.3.5 Research instruments
Sources of data. As mentioned in Section 1.3.3, a variety of data sources
have been used. They are listed in Table 1.1 and are discussed briefly below.

Table 1.1

Overview of research data and instruments for registration
Data
Instruments
Registrations of students working
with the instructional materials in
classroom
Short in depth interviews with
students
Interviews with and comments of
teachers
Handed-in student materials
Final tests of modules

Questionnaire, specific test
(incidentally)

audio recordings,
computer screen recordings,
observation notes.
audio recordings,
field notes,
e-mails.
audio recordings,
interview notes.
results from computer tasks,
written materials (incidentally).
written final tests made by students,
audio recordings and notes of discussions afterwards.
• written answers of students.

•
•
•
•
•
•
•
•
•
•
•
•

Table 1.1
In general, two approaches have been used for registration of the way
students work with the instructional materials in classroom. Goals of the first
approach are to detect unforeseen difficulties and opportunities, and to get a
broader overview of the students’ conceptions and competencies. The observer
walks around in classroom, focussing on students’ questions and remarks.
Discussions with students are tape recorded and field notes are written down.
Both the researcher and the teacher usually carried an audio recorder for this
purpose. In summary, participatory observation took place. The second approach aims at getting more insight in specific, task-related students’ competencies and conceptions. Here, the focus is on complete learning processes. For
this purpose, more extended audio recordings, screen recordings, and/or
observations have been made of small groups of students working on specific
tasks (usually computer tasks). Generally, these students cooperated, which
enabled audio recording.
Regularly, discussions with students resulted in interviews. Other interviews were initiated by the researcher, having specific questions for research. In
order to check respondent validity, students were asked afterwards whether
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the researcher’s interpretation of the content of the interview was correct, if
necessary.
In addition to the observations of the researcher, use has also been
made of observations of the other teachers, the teacher assistant (for practical
work) and, incidentally, of upper secondary students participating in the
research project as fellow researchers. For this purpose, short interviews with
teachers have been made.
In order to get an overview of competencies acquired by all students,
students’ materials have been collected, especially students’ results of computer tasks. Because students got help from each other and from the teacher, in
general, the value of such materials is limited. Yet, they can be used to identify
students’ difficulties and to study to what extent students work meticulously.
This holds even more for collected written materials, because students are
allowed to use materials for checking their paper work.
The aforementioned data sources have a qualitative and often explorative character. In addition to these qualitative data sources, more quantitative
data sources have been used also. The most important of these sources are the
final tests of the modules. Specific questions in these tests were designed
especially for answering research questions. For students, these questions
appeared as regular parts of a normal final test. Incidentally use has been made
of other quantitative sources, such as questionnaires and tests that only serve
research purposes.
Analysis of data. In the initial phases of this study, analysis of data has
occurred in order to establish problems, to improve educational materials, and
to generate research questions. For this purpose, mostly qualitative data have
been used. In the later phases, analysis of the more quantitative sources,
mostly handed-in final tests, has been combined with retrospective analysis of
other data sources. A selection has been made, based on the expected relevance for the subject to be investigated. This expectation usually has been
based on the written observation notes.
Our holistic long-term approach enabled us to combine sources stemming from different moments of the learning path in our analysis. Answers to
similar test questions in different modules were compared. It made it possible
to focus on relationships and processes. Our holistic approach in school practice
enabled us to cope with the complexity and subtleties of situations in real life
education. Because the learning path is tested in school practice, using classroom observations and regular final tests as main sources of data, the ecological
validity can be expected to be high.
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1.4 Overview of the dissertation
Chapters 2, 3, and 4 describe the explorative part of this study. The final design
of the modelling learning path is presented in Chapter 5. In Chapters 6 and 7,
two of the partial learning paths are discussed and empirical results are presented. In Chapter 8, results of the study are summarized and reflected upon.
Chapter 2.
Three pilot studies have been performed with upper level students with a focus
on the problems they encountered during a variety of modelling tasks. In a
fourth pilot, lower level students (age: 13-14) have studied different representations of movement by comparing video with model-driven animation. This
combination appears to stimulate learning, as it acts as a mechanism for selfcorrection.
Chapter 3.
A first, incomplete version of the modelling learning path has been tested in
classroom. After giving an overview of this path, we focus on the part in which
students have to build a complete model themselves for the first time. Student’s understanding of the graphical relation structure, of the distinction
between difference equations and direct relations, and of the relation between
difference equations and stock-flow diagrams is investigated. It appears that
students mix up different aspects of dependences of variables. We have
identified a number of misconceptions which students showed when discriminating between direct relations and difference equations. Finally, we have
detected a number of problems students may have when constructing graphical
models.
Chapter 4.
By means of a classroom experiment and a questionnaire, the understanding by
lower level secondary school students of the calculation process and the use of
formulas (direct relations) in a graphical computer model has been investigated.
Students could understand the calculation process on a numerical level, but had
problems with the creation and use of formulas. Students did not yet have a
clear notion of formula. The term formula must be defined more clearly.
Suggestions are given for improvement of the learning sequence leading to the
use of direct relations in a computer model.
Chapter 5.
This chapter describes one of the main results of this study, namely, the design
of the modelling learning path, integrated in the first two years of the Dutch
lower secondary physics curriculum, and tested in school practice. Several
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student difficulties have been identified and dealt with. At the end of lower
secondary education, a majority of students was able to construct and use a
simple graphical model based on known equations, without assistance.
Chapter 6.
In this chapter, the focus is on students’ conceptions of formula and variable,
on their ability to connect graphical stock-flow diagrams to difference equations, and on their ability to construct simple formulas independently. The
design of a learning path on formulas and variables as part of the modelling
learning path and the research findings of field testing of this part of the
learning path with lower secondary students are presented. The main conclusions are the following. The introduction of operational definitions of formula
and variable and the use of formulas in educational software contribute to a
clearer notion of formula and variable, as is required for modelling. Part of the
students have problems translating graphical stock-flow diagrams into difference equations and vice versa. The fact that the integration time step from the
equations is not visible in graphical stock-flow diagrams seems to be related to
these problems. Results with respect to students’ abilities to construct formulas
are promising.
Chapter 7.
In this chapter, the focus is on students’ understanding of the relation structures shown in the diagrams of graphical system dynamics based models. Only
part of the students understand these structures correctly. Reality-based
interpretation of the diagrams can conceal an incorrect understanding of
diagram structures. As a result, students seem not to have problems interpreting the diagrams until they are asked to construct a graphical model. Misconceptions have been identified that are the consequence of the fact that the
equations are not clearly communicated by the diagrams or because the icons
used in the diagrams can be misleading for novice modellers. Suggestions are
made for improvements.
Chapter 8.
In this chapter, we reflect on this study, answer research questions, and give
recommendations for modelling in school practice and for future research on
modelling.
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Towards a learning path
on computer modelling*
Abstract
Although the use in teaching of computer modelling and of measuring
with video and sensors is promising, results are not always as good as
expected. More insight is needed into the way students can develop
an understanding of mathematical and physical concepts and methods by means of modelling. Our aim is to develop a learning path on
which students not only can learn how to model, but also develop
such an understanding by combination of modelling and experimenting. Three pilot studies were done with upper level students with a focus on the problems they encountered during a variety of modelling
tasks. In a fourth pilot, lower level students (13-14 years) studied different representations of movement by comparing video with modeldriven animation. This combination appeared to stimulate learning,
as it acted as a mechanism for self-correction.

2.1 Introduction
Modelling is a key activity in scientific enquiry and engineering. Therefore it
might be expected that in education explicit attention should be paid to it.
According to Hestenes (1987, 1992), it should be the central theme of physics
instruction. But until recently, explicit attention to models and modelling in
educational practice has been rare, at least in the Netherlands (Lijnse, 2008).
During the last decades of the twentieth century however, educators in science
and mathematics started to realise that modelling on computers could be
useful in education. Educational researchers began to make suggestions in
*
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(2010). Towards a learning path on computer modelling. In D. Raine, C. Hurkett, & L.
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GIREP-EPEC & PHEC 2009 International Conference. Leicester: Lulu/ The Centre for
Interdisciplinary Science.
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favour of computer modelling as a learning activity. Within these suggestions,
three categories can be distinguished (Löhner, 2005). The first category concerns learning about modelling. Students should be introduced to modelling
because it is a professional activity of scientists and engineers. They have to
learn about the possibilities and limitations of computer models and should
learn how to make and use models themselves. The second category concerns
an expected improvement of scientific reasoning skills. Modelling might
encourage higher level skills, like predicting, developing hypotheses, testing
hypotheses, analytical reasoning and explaining. The third category concerns
learning domain content by modelling. Because the computer can deal with a
great part of the mathematical difficulties, students should no longer be
confined by their mathematical capabilities. This should make it possible to
study more realistic subjects and to solve problems that would be too complex
otherwise.
Almost without saying, our focus has shifted from modelling in general
towards the type of computer modelling mostly used in physics courses. This
type of modelling is often referred to as ‘dynamical modelling’. From a mathematical point of view, this mainly concerns the numerical solving of differential
equations, especially initial value problems and boundary value problems. In
this study, the focus will be on this type of modelling.
The importance of computer modelling has now been recognized in
many countries, but the integration of modelling in the curricula is still rather
poor. Until recently, Dutch secondary students were not involved in modelling
activities until they reached the highest level of secondary education (age 1718, pre-university level). Even at this level, computer modelling only occurs at a
modest scale in the curriculum. At this moment, the situation is changing. New
curricula are under development for the upper levels of Dutch secondary
education for all sciences. Modelling is meant to be part of all of these new
curricula (Savelsbergh et al., 2008).
In spite of all promising suggestions, educational results of modelling
activities do not always meet expectations. Students do not automatically
connect models, experiments and underlying theories and concepts with each
other (Doerr, 1996; Hodson, 1993; Schecker, 2005). Claims on positive learning
effects are proven only occasionally (Hwang, 2006; Löhner, 2005). But as the
importance of modelling in education is clear, the question is not whether, but
how we should use modelling in teaching. We need to develop a learning path
into modelling. Therefore we need more insight into the way students can
develop modelling skills and an understanding of mathematical and physical
concepts and methods by means of modelling (Hwang, 2008; Lijnse, 2008).
A related question is at what age such a learning path may start. So far
most research has been focussed on the highest levels of secondary education
and on modelling lessons on a project base, not on modelling as an integrated
part of a curriculum. As far as we know, little research has been done on the
learning of students with modelling activities extending over a longer interval of
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time. Nevertheless, it might be advantageous to start with modelling at an
earlier age, based on the following assumptions:
1. It gives students more time to get acquainted with modelling.
2. More realistic problems can be tackled at an early stage of education.
3. Modelling makes it possible to study traditional subjects in a different,
possibly more effective way.
4. More students will be acquainted with modelling.
5. Modelling might turn out to be a more natural activity for students if they
are introduced to it in the initial stages of their science education, when
they are not yet used to the standard approaches of doing physics.
Possible disadvantages of starting with modelling at an early age may be, that
1. modelling and modelling tools may be to abstract for young students. In that
case not only the success rate will be low, but an early negative experience
may also hamper the modelling learning process at a higher age.
2. students do not have the required skills and knowledge yet.
3. modelling may have a negative influence on the development of traditional
skills such as calculating with formulas. Not only does modelling take time
which cannot be used for traditional exercises, students even might become
‘spoiled’, because they might not see the relevance of doing traditional calculations any longer.
4. the situations that are to be modelled may be too complex for young
students when too many concepts are involved
5. with computer models, an additional representation of physics will be added
to the curriculum. This may take extra time and can be an extra complication.
Research by Mulder, Slooten, Uylings, and Wieberdink (2008) has indicated that
it is possible to involve students in quantitative modelling at the age of 14-15
years. Schwarz and White (2005) did some research with seventh grade children
(age 12-13 years), but their software was domain specific and limited, as
children had to express their ideas qualitatively by answering multiple choice
questions. Their answers were translated into a quantitative, hidden model,
used for simulation. Lawrence (2004) describes a strategy for modelling using
VnR-software, based on his experiences with 11-14 years-old children, but his
approach is semi-quantitative. We want to examine if starting a learning path
into quantitative modelling in the Netherlands is possible in the year in which
students get their first lessons in physics. At most Dutch secondary schools, this
is the second year (age 13-14 years).

2.2 Theoretical framework: the modelling process
The question for us is which skills and knowledge are required for modelling. To
answer this question we will examine the modelling process more closely. The
requirements proposed by the commissions for renewal of the Dutch science
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curricula form a general description of the modelling skills a science student
must possess after finishing secondary school (see, for example, Commissie
Vernieuwing Natuurkundeonderwijs havo/vwo, 2006). The proposal offers a
framework that can be useful for describing the modelling process:
“The student must be able to analyse a situation in a realistic context and
reduce it to a manageable problem, translate this into a model, generate
outcomes, interpret these outcomes, and test and evaluate the model.”
This has been represented schematically in Figure 2.1. In this figure the modelling process is represented as a sequence of six ‘states’ and six ‘transitions’
between states.

Figure 2.1: Modelling process
Similar descriptions can be found elsewhere, especially in research on mathematical modelling (Blum & Leiß, 2005; Galbraith & Stillman, 2006; Maaß, 2006).
The process is often called the modelling cycle, as for the evaluation of the
process it is necessary to revisit the realistic context. If the outcome does not
prove to be appropriate, particular steps or even the entire modelling process
need to be revised.
In practice, the process is far from linear and not unidirectional
(Galbraith & Stillman, 2006; Haines & Crouch, 2009). This is not surprising. As
we will see below, during most transitions knowledge of subsequent transitions
and stages is required, and vice versa. The advantages of the description are
that it can serve as a map on which to put the required skills and knowledge,
and that it gives direction to the process, not only for the researchers, but also
for students (Maaß, 2006).
Sometimes, the term ‘modelling’ is used in a narrow sense, limited to the
translation of the problem into a model and the generation of outcomes. We
consider this approach to modelling as ‘incomplete’, as it lacks the necessary
links to reality. Our aim is ‘complete’ modelling, in which the whole modelling
process is involved.
We shall examine the stages and transitions of the process more closely
below.
2.2.1 The realistic context situation
Without sufficient knowledge of the realistic context situation, neither analysis
and reduction nor interpretation, testing and evaluation will be possible.
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Students’ understanding of this situation can be a major hurdle (Galbraith &
Stillman, 2006; Hwang, 2008; Maaß, 2006).
Therefore, this situation must first be studied. Doing experiments can be
an appropriate way to get a better understanding of the situation and to collect
data on which analysis, reduction, interpretation and evaluation can be based.
2.2.2 Analysis and reduction
Some basic knowledge of the domain content is required or must be learned at
the beginning of a modelling task, because the situation must be analysed in
terms of its possible applicable theories and because variables, and relations
between them, must be determined. Part of the analysis can be an estimation
of magnitudes of variables on which a proper reduction can be based. Estimations and predictions can provide a base for evaluation during the whole
process.
In order to reduce the situation to a “manageable” problem, the modeller must recognize that problem as manageable. This requires some experience
and sufficient skills concerning the subsequent steps of the modelling process.
This is congruent with findings of Galbraith & Stillman (2006) and Gellert,
Jablonka, & Keitel (2001). They found that the mathematical knowledge of the
students and the knowledge of the capabilities of the technological tools at
their disposal have a direct impact on how these students tackle a problem.
For more advanced students, part of the reduction can be the splitting
up of the problem in partial problems, which can be solved subsequently
(Lijnse, 2008).
2.2.3 Translating the problem into a computer model
For the translation of the problem into a computer model, students must be
able to manipulate the relations between variables, in order to adapt them for
the model. They must understand some principles of numerical modelling, e.g.
iteration processes. They must know how to use their tools and how to build
models. It is recommended that they learn to recognize standard patterns in
order to use these patterns as building blocks (Lawrence, 2008; Lijnse, 2008). In
case of graphical modelling tools based on the stock and flow approach developed by Forrester in the early 1960s, such as Stella or PowerSim, some understanding of this approach is required. The software we have used, Coach 6,
offers a mode based on this approach (Heck, Kedzierska, & Ellermeijer, 2009).
2.2.4 Interpreting, testing and evaluation
Without interpretation, the model cannot be tested or evaluated. The output of
a model usually consists of tables and graphs. As graphs provide the best
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overview, we consider the ability to read and interpret them as one of the most
important skills.
In Figure 2.1, evaluation is positioned at the end of the process. However, in practice competent modellers constantly evaluate intermediate result
during all stages of the process. The inability to do so can form a blockage for
students (Galbraith & Stillman, 2006).
When evaluating a model, a modeller must compare model outcomes
with their counterparts not only in the realistic world, but also in the ‘manageable problem’. The values of key variables often will be somewhat different in
these different stages, as a result of simplifications and the numerical method.
There can be even more different values corresponding to each variable when
the model is developed in multiple cycles with an increasing level of complexity.
For an appropriate evaluation, students must be able to keep all approximations and corresponding values of variables apart.
2.2.5 Concluding
More can be said about skills and knowledge required for modelling. For
example, for most skills, levels of increasing abstraction and difficulty can be
distinguished. Much is yet to be uncovered. The description given above
provides us with a first overview.
Summarizing, we conclude that basic skills and knowledge for modelling
are: knowledge of the realistic situation, some content knowledge and the skills
to use this knowledge, some knowledge of the modelling tool, and the ability of
interpreting graphs.

2.3 Research questions
Our final goal is the development of a learning path into modelling. As mentioned above, students do not automatically connect reality, experiments,
models and underlying theories and concepts with each other. Therefore, our
first research question is:
How can a combination of measuring and modelling help to bridge the
gap between realistic contexts and the relevant mathematical and physical concepts and methods in school practice?
The development of basic skills and knowledge is part of a learning path.
Related research questions are:
What is a good sequence of steps on a learning path on modelling?
Which conditions must be fulfilled for each step?
Which problems and which new opportunities for learning are encountered by students and teachers on a learning path on modelling?
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2.4 Four pilot projects
We did four pilot studies. Three of them involved upper grade students. These
pilots will be summarized below. The fourth involved lower grade students. This
pilot will be described in more detail in Section 2.5. As an educational tool we
mainly used Coach 6. This integrated computer working environment is used at
the majority of Dutch secondary schools. It integrates the facilities required for
doing experiments with sensors, video analysis, modelling and model driven
animation, thereby making it possible to combine these activities (Heck et al.,
2009).
2.4.1 First pilot project
In this pilot we observed two upper grade students (age 16-17 years) with little
experience on modelling, doing a multiple-cycle modelling research project (60
hours) on celestial mechanics. We wanted to investigate which blockages occurred. Blockages reported by the students were analysed and discussed. We encountered 4 kinds of potential blockages:
• Blockages caused by a lack of knowledge of the realistic situation. Students
were not able to evaluate some of their results because they could not perceive if their results were realistic.
• Blockages caused by misconceptions about the realistic situation. In some
cases students did not perceive that their outcomes were correct.
• Blockages caused by a lack of experience with debugging. Especially in cases
where two or more bugs occurred simultaneously, debugging turned out to
be very difficult.
• Blockages that had to do with the differences in perspective between
traditional teaching and modelling. Models are mainly built on fundamental
equations, such as the definitions of velocity and acceleration, and Newton’s
second law. In traditional teaching, much emphasis is put on solutions of
fundamental equations for special cases, such as h=½gt2, which is only valid
for free fall with zero initial velocity in a constant gravitational field. Another
example is the supposed circularity of planetary orbits. The students tended
to use these solutions as laws on which the model was to be built, instead of
using the fundamental equations.
The first two of these kinds of blockages stress the importance of a careful
introduction of the realistic situation. To the third, explicit attention must be
paid on a learning path. The last blockage might be overcome by an early introduction of modelling, prior to or simultaneously with exact solutions for special
cases.
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2.4.2 Second pilot
In this pilot we involved a class of 16 upper grade students (16-18 years) in parts
of the modelling process. Most of them had not been involved in modelling
activities before. The lessons were part of an experimental course on weather
and climate. The pilot concerned the first chapter, in which the pressure in the
atmosphere was modelled in a few cycles with an increasing level of complexity.
In the last cycle, the students had to change an existing computer model, after
an introduction of the iteration process, in which a few iterations had to be
calculated by hand. Partial research questions were:
1. Can these students understand the iteration process?
2. Can these students separate the effects on key parameters of the different
approximations and assumptions connected to successive steps in the modelling process?
From classroom observation, analysis of their exercise-books, and a
questionnaire among the students, it appeared that most students were able to
understand the iteration process. However, from an analysis of their exercisebooks and a test it appeared that most of them had great difficulty in separating
the effects of the different approximations and assumptions. This may be
considered as a cause for blockages during evaluation.
2.4.3 Third pilot
The third pilot was with the same group of students as the second, and the
lessons were part of the same series of lessons. A given graphical model, for the
temperature of the surface of a square meter of the earth during a day, was
used as a tool for simulation. The graph for the surface temperature was to be
matched to experimental data, provided in written material. Therefore some of
the model parameters had to be adjusted. Model output consisted both of the
graph of the surface temperature and graphs of two underlying quantities.
Partial research questions were:
1. What do students learn about the underlying model from a simulation in
which parameters must be adjusted?
2. How do students use the model and the underlying quantities in their
reasoning?
3. How do students use the realistic context in their reasoning?
From a post-test it appeared that most students were able to reproduce
the main structure of the model. They also succeeded in qualitatively describing
the influence of a change of the key parameter on the target, the graph of the
surface temperature. However, most of them failed in describing the influence
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of this key parameter on underlying quantities, and in describing the effects of
other parameters on the target. Apparently, they had not learned much more
than the direct influence of the key parameter on the graphs they had to match,
in spite of the fact that the entire model had been introduced to them in the
preceding lessons.
From classroom observations, screen recordings and sound recordings, it
appeared that during the task students did not use the underlying model for
reasoning and did not pay attention to the graphs of underlying quantities.
It also appeared that few students used the realistic context in their reasoning. Even more, some students were seen adapting their view on the
realistic context instead of questioning their model input after making some
mistakes. Apparently, an orientation on the realistic situation by reading about
it is too weak for these students.

2.5 Fourth pilot project: combining video analysis and
model-driven animation in the second year of Dutch
secondary education
2.5.1 Partial research questions
Research questions for this pilot study are:
Is it possible to involve students of 13-14 years into complete modelling?
Can a combination of video analysis and model-driven animation stimulate
students to interpret and evaluate their models?
Can this combination stimulate students to use or acquire new domain skills?
What differences in behaviour are there between well skilled and poor skilled
students?
2.5.2 Set up of the experiment
Choice of a starting point for a learning path. In accordance with Section 2, in order to make a start on a learning path on modelling, students must
at least be able to interpret and evaluate graphs and they must know how to
use formulas. At the school at which we planned this pilot project, these skills
are usually taught in the middle of the year. During a first course on kinematics,
graphs of distance versus time (x,t-graphs), graphs of velocity versus time (v,tgraphs) and the formula relating mean velocity to displacement and time are
introduced. Therefore, this seems to be an adequate starting point.
Research method. As we wanted to integrate modelling into the curriculum, we developed a series of lessons on kinematics for this purpose. These
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lessons were to be tested and are to be improved in subsequent cycles. This
approach can be indicated as educational design research (Plomp & Nieveen,
2009; Van den Akker, Gravemeijer, McKenney, & Nieveen, 2006). We tested the
materials in two different groups of 30 students each. After testing in the first
group, it was possible to adapt part of the materials for the second group.
Therefore we went through two research cycles.
Design of the lessons. The 5 lessons of 80 minutes each consisted of the
following topics:
1. Reading & interpreting x,t-graphs
2. Formula for mean velocity
3. Video analysis: start of a runner
4. Reading & interpreting v,t-graphs
5. Combining video analysis & model-driven animation
In the first two lessons, basic skills were introduced. In the third lesson,
the realistic context was introduced by means of a video which was to be
analysed by the students. Also, in this lesson Coach was introduced. The fourth
lesson was meant for basic skills (v,t-graphs). In the fifth lesson modelling was
introduced. The design of the third and fifth lesson will be described in more
detail below.
Design of the third lesson: video analysis. As a context we chose the
start of a runner. We used an already existing video, not only for logistical
reasons, but also because this made it possible to adapt the modelling activity
and the video measurements to each other, as we shall see later.
In this lesson Coach had to be introduced. Whereas higher grade students usually do not have problems working with Coach for the first time,
younger students can have some problems if too many new features have to be
learned. Therefore, we only introduced the features we considered most
important. These were: starting the measurement; measuring by clicking on the
target in the video; scaling the video; scaling diagrams; scanning data in a graph;
and saving results. We consider scaling important, because scaling confronts
students with real magnitudes in the real situation. In addition, a wrong scale
can make effects in graphs invisible. Coach offers the option to scale graphs
automatically, but if data are not correct, automatic scaling can put students on
a wrong track.
All instructions were on screen, and instructional pictures were added
(see Figure 2.2). Because results of this approach were poor, as we shall see
later, we replaced these instructions by a short (2 minutes) instructional video.
The measurements of the students resulted in an x,t-graph. The students
had to study qualitatively the relation between the velocity of the runner and
the slope of the graph. They also had to determine quantitatively the mean
velocity of the runner over different intervals of time.
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Figure 2.2: Video analysis in Coach.

Design of the fifth lesson, combining video analysis & model-driven
animation.
Set-up of the lesson.
In the last lesson, modelling was introduced. The start of the video runner was
to be modelled in a simple way. The model should have the same starting place
and the same mean velocity as the video runner. The students had to determine the right values for these parameters from the x,t-graph of the video
runner, just as they had done in the lesson on video-analysis.
The targets of this lesson were: introduction of modelling, improvement
of understanding of graphs, and clarification of the difference between the
concepts of mean velocity and velocity as a function of time. Students often
have difficulty with these concepts, as could be seen in tests in the years before
this pilot. Even higher grade students often make mistakes with these concepts.
One cause for this is the confusion of distance with position. Therefore, we did
not use x = 0 as the starting place of the runners.
As we wanted to put emphasis on interpretation and evaluation, the
model drove an animation which we wanted to run simultaneously with the
video. Because of problems with timing, this was not possible. Instead, we used
the data of the video as input for a second model, which drove a second
animation. Now, we had two models which ran simultaneously. We told the
students about this trick, but the second model itself was kept hidden. While
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the models were running, x,t-graphs and v,t-graphs were drawn. In this way, the
runs of both the video and the model were represented in three ways. A
screenshot, made during the run, can be seen in Figure 2.3.

Figure 2.3: Screenshot during the run.
By means of questions and tasks the students were invited to compare
video and model in each representation, and to compare different representations with each other. A fourth representation was offered by the formula,
which the students had to use to determine the mean velocity of the video
runner. This velocity had to be entered into the model. The run of the model
provided them with feedback on the results of their calculations.
Choice of the modelling mode.
Coach offers three modes for constructing and viewing models: the graphical
mode, the equations mode and the text mode. Only the graphical mode
permitted us to drive an animation while keeping the second model hidden. A
disadvantage of this mode at this stage might be that it would take considerable
time and effort to explain the stock and flow approach to our students, especially because this approach is quite abstract in the case of kinematics. Because
no numerical knowledge is needed to understand this simple model, forcing
students to learn the numerical method would not stimulate them. Therefore,
we decided not to explain the numerical method yet. Instead, we offered a
ready-made model, in which the initial values had to be adapted. This model
can be seen in the upper left corner of Figure 2.3. Although the model was used
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as a simulation, in this case the difference between simulating and complete
modelling is rather small, because the students still had to use the basic relation
for the model in order to determine the mean velocity. An advantage of our
approach is that it provides the students with a first orientation on graphical
modelling. We used an instructional video of a few minutes in order to introduce our students to the required features.
Extra activity.
Finally, an extra activity was added for the fastest students. In this activity,
students were asked to change the model. We let them use an if-then condition
for this purpose, as their mathematical skills were not suited for other ways of
changing the model. By means of an if-then condition the movement of the
runner can be split into two parts, each with a different velocity. The students
were asked to keep the distance between the two runners as small as possible.
2.5.3 Data acquisition
We did classroom observations during all lessons and analysed a number of
exercise books and some of the questions in the post test. During the fifth
lesson, six pairs of students were observed more closely. In addition, audio
recordings were made.
2.5.4 Results
Results of the third lesson, on video analysis. For organisational reasons
the lesson on video analysis in the first of the two groups was started earlier,
halfway the second lesson. This first group appeared to have great difficulties
using features of Coach. Much scaffolding was required and students didn’t
finish this activity in time. The main reason appeared to be poor reading. After
this lesson, we decided to make an instructional video in which the use of the
software was demonstrated. Attending this video took only two minutes. We
showed it at the start of the next lesson. This video solved most of our problems. Students who still had difficulties after seeing the video could easily watch
it again. Students became far more enthusiastic about the activity.
Most students were able to answer the qualitative questions about the
relation between the slope of the x,t-graph and the velocity of the runner. The
determination of mean velocities over different intervals of time proved to be
more difficult.
Results of the fifth lesson, combination of video-analysis and modeldriven animation. Most students were able to finish the greatest part of the
activity in time. After watching the instructional videos, students had few
problems using the modelling environment. They clearly favoured video
instructions above written ones. However, even with video instruction, we
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observed that students who don’t like to read encountered more blockages and
used more trial and error. On the other hand, some of these students discovered and used more features of Coach.
In the first group, not being able to use the formula appeared to be a
major reason for blockages. Therefore, in the second group, the students were
briefly reminded of the formula at the beginning of the lesson. We observed
fewer blockages in this group.
The activity stimulated students to interpret and evaluate their model.
The combination of animation and video acted as a debugging tool. Students
still made mistakes in determining the mean velocity, but they clearly detected
these and other mistakes by watching the animations and the x,t-graphs, and
they were able to correct these mistakes. Therefore we conclude that the combination of video and model-driven animation can act as a mechanism for selfcorrection. However, the ways students corrected their errors were different.
Some of them discovered and understood the cause of their errors themselves,
other students invoked the help of the teacher, but others corrected their
errors by trial and error.
The activity stimulated students to use or acquire new domain skills. We
observed students
• comparing representations in order to get a better understanding of the
more abstract ones;
• discussing different representations of the same movement;
• making and testing hypotheses about different representations;
• getting a better understanding of the relation between velocity and slope of
the x,t-graph by experimenting with different values of the velocity.
Differences were seen in behaviour between well skilled and poorly
skilled students. Poorer skilled students more often made use of the animations
and their own experience with running. They seemed to avoid the more
abstract and new representations. They also made more use of trial and error.
After making a mistake, better skilled students still used all representations in
order to correct their error, whereas poorer skilled students showed some
regression to the less abstract representations.
Many students worked fast enough to accomplish the extra task. These
students were able to use the if-then condition. However, as far as we could
observe, they mainly used trial and error to fulfil the task. This is not surprising,
as this is actually an efficient method for this purpose.
Test results on qualitative reasoning with both x,t-graphs and v,t-graphs
were good. 76% of the students scored adequately on questions. 40% of the
students could determine a mean velocity from an x,t-graph. As this was a
major hurdle in preceding years, this can be considered an improvement.
However, this number dropped to 19% when the students were offered a
choice between an x,t-graph and a v,t-graph to determine the mean velocity
from. 17% chose the x,t-graph but did not correct for the starting position. 40%
of the students tried to use the v,t-graph. Among this last group, three different
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types of answers were given. 12% used the velocity at the end of the v,t-graph,
10% divided the end velocity by the time, and 19% took an average of velocities
from the v,t-graph.
2.5.5 Fourth pilot: discussion and conclusions
Our main result is that it is possible to involve students in this modelling
activity.
The combination of video and model can be used to acquire new domain skills and does stimulate students to interpret and evaluate their model
more than video analysis alone. The combination acts as a mechanism for selfcorrection. However, attention must be paid to the way students correct
themselves.
Students still had difficulty in determining a mean velocity when offered a choice between an x,t-graph and a v,t-graph. This might be because we
did not pay explicit attention to the relation between mean velocity and v,tgraph in our modelling lesson, and the paper lesson on v,t-graphs was near the
end of the course, so probably not all students had enough time to understand
it sufficiently. In the next version of the course, more advantage can be taken of
the mechanism for self-correction to improve students’ understanding of v,tgraphs.
A question is, if the different behaviour of poorer-skilled students is
caused by a lack of knowledge. We observed students who, having the formula
written down and filled-in, still hesitated to use their results in the model. In
many cases, encouraging students to use new representations was enough.
Therefore, the different behaviour may also be caused by a lack of confidence
or a lack of experience. Another question is who learned the most from the
activity, the better-skilled students of the poorer-skilled ones.

2.6 Conclusions
To our main research question, how can a combination of measuring and
modelling help to bridge the gap between realistic contexts and the relevant
mathematical and physical concepts and methods in school practice, we can
say, that, in the case of video-analysis and modelling, this combination stimulates students to compare the results of the measurements in the realistic
context with the outcomes of the model, thereby acting as a mechanism for
self-correction.
Regarding the sequence of steps and the conditions to be fulfilled for
each step on a modelling path, we can say the following:
• The realistic situation that is to be modelled is to be introduced carefully
before, or at the beginning of the activity, because a lack of knowledge or
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•

•

misconceptions about it can cause blockages. An introduction by means of
written material only is possibly not effective.
A lack of basic domain knowledge and skills can be a cause for blockages. At
the beginning of a learning path this knowledge and these skills must be
developed to a sufficient level before the modelling activity commences.
The integration of modelling into the curriculum may have consequences for
the way physics is taught, because modelling needs more emphasis on fundamental equations instead of emphasis on exact solutions for special cases.

To the learning problems encountered by students and teachers, much
has already been said above. We add to this:
• A lack of debugging skills can cause blockages;
• Students may have difficulty in separating the effects of different
approximations and assumptions on key variables.
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First version of the modelling learning path*
Abstract
Until recently most research on computational modelling in education
has been focussed on the higher educational levels, often with courses
on a project base only. During the past two years we developed a
learning path on system dynamical graphical modelling, integrated into
the Dutch physics curriculum, starting from the initial phases (age 13-15
years). A first version of this path has been tested in classroom.
In this paper, after giving an overview of this path, we will focus
on the part in which students had to build a complete model themselves
for the first time. Student’s understanding of the graphical relation
structure, of the distinction between difference equations and direct
relations, and of the relation between difference equations and stockflow diagrams is investigated. It appears that students mix up different
aspects of dependences of variables. We identified a number of
misconceptions which students showed when discriminating between
direct and difference equations. Finally, we detected a number of
problems students may have when building graphical models.

3.1 Introduction
In this study on modelling in physics education, the emphasis will be on quantitative computational modelling with graphical modelling tools, such as Stella,
PowerSim, and Coach 6, based on the ‘system dynamical’ stock and flow approach developed by J.W. Forrester in the early 1960s (Forrester, 1968). From a
mathematical point of view, this mainly concerns the numerical integration of
ordinary difference and differential equations.
It appears that understanding the conceptual network of system dynamics can be difficult for students (Booth Sweeney & Sterman, 2000; Westra,
*

This chapter has been presented in 2010 as a paper at the GIREP-ICPE-MPTL
Conference and has been published as Van Buuren, O., Uylings, P., & Ellermeijer, T.
(2011). A modelling learning path, integrated in the secondary school curriculum,
starting from the initial phases of physics education. In Proceedings GIREP-ICPE-MPTL
Conference 2010, Teaching and Learning Physics Today: Challenges. Reims.

39

Chapter 3

2008; Cronin, Gonzalez, & Sterman, 2009). A new way of thinking is required
which takes considerable time to learn. Therefore modelling should not be
limited to only one theme or subject, but should be integrated into the curriculum (Schecker, 1998).
There are several reasons to start such a curriculum from the initial
phases of science education (Van Buuren, Uylings, & Ellermeijer, 2010). Research has indicated that it is possible to involve students in quantitative
modelling at the age of 14-15 years (Mulder, Slooten, Uylings, & Wieberdink,
2008).
In the past two years we have been working on the design of a learning
path on modelling, integrated into the first two years of physics education (age
13-15), with the intention of expanding it to the subsequent years in future. A
pilot version of this path has now been tested in classroom. Our approach can
be classified as educational design research (Van den Akker, Gravemeijer,
McKenney, & Nieveen, 2006). In educational design research, materials are
designed, tested and improved in subsequent cycles. In this paper, our focus is
on establishing the required orientation elements for building system dynamical
graphical models.

3.2 Main design principles
3.2.1 The modelling process as a starting point
Modelling involves the modelling process as a whole. This process is described
schematically in Figure 3.1, which is derived from the proposal of the commissions for renewal of the Dutch science curricula. (see for example: Commissie
Vernieuwing Natuurkundeonderwijs havo/vwo, 2006). This proposal states:
“Student must be able to analyse a situation in a realistic context and
reduce it to a manageable problem, translate this into a model,
generate outcomes, interpret these outcomes, and test and evaluate
the model.”

Figure 3.1: Modelling process
This process is often called a cycle, because for the testing, validation and
evaluation of the model it is necessary to revisit the realistic context situation.
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Similar modelling cycles can be found elsewhere (Blum & Leiß, 2005; Galbraith
& Stillman, 2006; Maaß, 2006).
We used this process as a framework on which the determination of the
elements for our learning path can be based. A first description of this framework and its implications has been given elsewhere (van Buuren, Uylings, &
Ellermeijer, 2009). In this paper, we confine ourselves to the translation of the
manageable problem into a system dynamical graphical model.
3.2.2 Analysis of the main elements of system dynamical graphical models
Following Gal’perin (Van Parreren & Carpay, 1972), we want to establish a complete orienting base for working with the main elements of system dynamical
modelling. Therefore we will give a brief analysis, using examples from Coach 6
(Heck, Kedzierska, & Ellermeijer, 2009).
Five types of variables can be distinguished: stock- (or state-) variables,
flow variables, the independent variable, auxiliary variables, and constants
(Figure 3.2). The type of a variable is not an intrinsic property, but must be
derived from its role in the process, which is a process of numerical integration
of a system of equations. There are two types of relations, difference equations
and direct relations.

Figure 3.2: Representation of variables in Coach 6.

The graphical equivalent of a difference equation is a combination of a
stock variable and one or more flow variables (Figure 3.3). The flow variables
are to be integrated; the stock variable is the integral and needs an initial value.
Often, stock-flow combinations are introduced in a qualitative, intuitive way:
“the flow tells the stock how to change”.
All other relations are direct relations. All five types of variables can be
part of direct relations, but only flow variables and auxiliary variables can be
defined by them. They are indicated by connectors (see Figure 3.2; in Dutch:
‘relation arrows’).
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Figure 3.3: Difference equation and its graphical representation.
The independent variable t is not visualised.
In this paper we will make a distinction between variables which are
connected directly and variables with one or more other variables in between.
We will call the former “direct linked” and the latter “secondary linked”. Direct
linked variables are used explicitly in the definition (formula) of the variable
they are linked to, secondary linked variables are not (Figure 3.4).

Figure 3.4: Variables a and b are directly linked to y, c and d are secondary
linked to y.

We consider the following, not necessarily exhaustive list of aspects to
be important for the formation of a complete orienting base:
1. Difference equations, as describing differences or changes (of the stock
variable).
2. The role and use of stock variables.
3. The need of an initial value for the stock variable.
4. Numerical integration and iteration.
5. The role of the independent variable and its step size.
6. The role and use of flow variables.
7. The role and use of auxiliary variables and constants.
8. The graphical representation of difference equations.
9. The distinction between difference equations and direct relations.
10. The graphical representation of direct relations.
11. The role of connectors in showing the relational structure of the model.
These aspects must be addressed on our learning path.
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3.3 Design and implementation of the learning path
3.3.1 Overview of the learning path
We want our students to be able to build simple models before the end of the
second year of physics education (age 14-15 years). Before we can establish the
required orienting base, an orientation on graphical models must be given (for
example, by using models for simulation), students must become acquainted
with the software tool, an understanding of graphs must be developed, and a
few of the above aspects, such as difference equations and initial values, must
already be introduced. For the development of the orienting base it is
important that modelling activities are not restricted to one domain. We choose
six domains. For each new domain, before the start of a modelling activity,
some conceptual domain knowledge must be developed first.
Table 3.1 gives an overview of our design, starting with the module on
kinematics, in which students use simple models for simulation as a first
orientation, and ending with the module on heat, in which a model must be
built without the help of the teacher. In the preceding module on dynamics all
elements required for model building are integrated for the first time, so at this
point the required orienting base should be established.
We need a curriculum to which not only interventions must be added,
but which must be adaptable as a whole. The self-written curriculum of the
HML (the Hague Montessori Lyceum) fulfils this purpose.
3.3.2 First version of the learning path
The first version of the learning path we tried out in classroom was a shorter
version, to be used as a pilot. It consisted of only four modules: kinematics part
1, vibrations, and both modules on dynamics. We faced two disadvantages of
this approach. Not all aspects could be addressed as they should be, and not
everything worked out as intended. These disadvantages were counteracted by
additional activities in the modules on dynamics. An overview of this version is
shown in Table 3.2. Tests with a second, more complete version of the path are
still in progress and will be reported about in future.
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“X” means that an aspect is used more or less tacit, or is repeated.

Typical model

9. Difference equations ↔ direct
relations
10. Graphical representation of
direct relations
11. Connectors & structure

8. Graphical representation of
difference equations

7. Auxiliary variables

Number

Step size
Sketched function

6. Flow variable

X

X
X

Explicit

3. Initial value

5. Independent variable

X

Kinematics, part 2
v,t-graphs

Energy

(qualitatively)

X

Explicit

Explicit

X

∆E = Pav·∆t, E,t- & P,t-graphs

First year of the learning path. Age: 13-14 years.

4. Numerical integration

X

2. Stock variable

Kinematics, part 1
x,t-graphs, ∆x = vav·∆t

1. Difference equations

Typical domain content

Domain

Table 3.1
Overview of the learning path.

Chapter 3

Vacuum pump

Typical domain content

X

X

Simple direct relation

Explicit

Explicit

Explicit

Part of relation

ut = u1 + u2

Vibrations

X

X

X

Δv = (F/m)·Δt

Dynamics: Newton

Explicit

X

Explicit

Explicit

X

Explicit

X

X

X

Fair = k·v

2

Dynamics: Falling

Second year of the learning path. Age: 14-15 years.

“X” means that an aspect is used more or less tacit, or is repeated.

Typical model

11. Connectors & structure

8. Graphical representation of
difference equations
9. Difference equations ↔
direct relations
10. Graphical representation
of direct relations

7. Auxiliary variables

6. Flow variable

Iteration
Pump beat

5. Independent variable

X

3. Initial value

4. Numerical integration

X

2. Stock variable

1. Difference equations

Molecules

Table 3.1 (continued)
Overview of the learning
path.
Domain

Test

ΔQ = C·ΔT; P = K·(T0-T1)

Heat
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Part of relation

X

X

(Explicit)

(Explicit)

(Explicit)

*

Explicit*

Explicit*

Explicit

Explicit

Explicit*

Explicit*

X

Explicit*

X

Fair = k·v

2

may-june 2010

Dynamics: Falling

“X” means that an aspect is used more or less tacit, or is repeated. Some aspects should be introduced in modules that are missing in this version
and some other aspects did not work out as intended (in brackets). We solved these problems temporarily with additional activities in the
modules on dynamics (with *). Age of the students: kinematics part 1: 13-14 years; all other modules: 14-15 years.

Typical model

8. Graphical representation of
difference equations
9. Difference equations ↔ direct
relations
10. Graphical representation of direct
relations
11. Connectors & structure

7. Auxiliary variables

Number

Sketched function*

Step size*

6. Flow variable

X

Explicit

3. Initial value

X

5. Independent variable

X

2. Stock variable

Δv = (F/m)·Δt

X*

X

1. Difference equations

ut = u1 + u2

dec 2009 - feb 2010

4. Numerical integration

x,t-graphs, ∆x = vav·∆t

feb-mar 2009

apr-may 2010

Overview of the first, pilot version of the learning path.
Vibrations
Dynamics: Newton
Kinematics, part 1

Typical domain content

Date try-out

Domain

Table 3.2
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3.3.3 Design of the module on falling
In the module on falling, the integration of the orienting base for model building
is to be established. A second goal of the module is the presentation of modelling as a process starting with simple models that are improved in subsequent
cycles. In the module, two of these cycles are completed. In the first, students
predict characteristics of free fall, by making calculations based on Newton’s
second law, introduced in the preceding chapter as the difference equation
F
∆v = net ∆t , with gravity as the sole force, without a computer. These predicm
tions are tested experimentally. In the second cycle, after analysis of video
measurements, the model is revisited and expanded with air resistance. The
2
formula Fair = k·v as a candidate for air resistance creates the need for a computer model. At this point, the orienting base is introduced. See Section 3.3.4.
Finally, the model is built, validated and explored. This module takes 4 lessons
of 80 minutes.
3.3.4 Design of the introduction of the complete orienting base for model
building
The purpose of this part of the module on falling is the integration of all main
elements of graphical model building. All aspects of Section 3.2.2 must be addressed, especially the new ones. In addition, students must learn to use the
interface for creating models.
For the introduction of the elements a variety of topics is used, both
from within physics as from other fields, in order to force our students to
orientate on the essential features. In order to avoid the risk of the module
becoming too complicated for our students, we decided:
1. to confine ourselves, implicitly, to time as the independent variable;
2. not to make the distinction between constants and auxiliary variables yet,
but to use the latter for constants as well;
3. to confine ourselves to models containing only one stock variable.
For difference equations the term “change formulas” is introduced, because we
expected this to be a more meaningful term to our students.
The lessons start with an introduction of the main elements, followed by
a number of learning tasks. The six most important tasks are three pen-andpaper exercises and three model building tasks (Table 3.3).
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Table 3.3
Six learning tasks
Task
Main learning
goal
1. Exercise 1 to use the structure
of a graphical model
to recognize on
which other
variables a variable
depends
2. Exercise 2 to recognize which
type of relation is
required in a given
situation
3. Exercise 3 to connect a
difference equation
to a stock-flow
model
4. Building interface
task 1
knowledge, how to
create a graphical
model in the
modeling
environment
5 Building the development of
task 2
a more general view
on stock and flow
variables

6. Building
task 3

translation of an
extended physics
model (set of
formulas) in a
graphical model

Aspects
addressed

Model involved

10. Graphical
representation of
direct relations;
11. Connectors &
structure.
(see Figure 3.7)
9. Difference
equations ↔ direct
relations
8. Graphical
representation of
difference
equations
2. Stock variable;
6. Flow variable;
8. Graphical
representation of
difference
equations
2. Stock variable
6. Flow variable
8. Graphical
representation of
difference
equations
All (except 4 & 5)

(see Figure 3.11)

(see Figure 3.3)

(see Figure 3.5)

(see Figure 3.6)

Table 3.3
Design considerations of the learning tasks are the following:
1. Exercise 1 aims at the development of an understanding of the main structure of graphical models, especially with respect to direct relations. Students
are asked about dependencies in a given graphical model.
2. Exercise 2 is on the recognition of the difference between direct relations
and difference equations. Eleven realistic ‘situations’, from physics, econ-
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3.

4.

5.

6.

omy and biology are presented. In each situation a direct relation or a difference equation is involved. In some situations a formula is given, other
situations are described in words only. Students must decide whether a situation corresponds to a “change formula” or to a “direct relation”. Situations involving feedback mechanisms, e.g. about interest, are not included,
because in a small pilot study with upper level students, we noticed that
students got mixed-up by these situations, whereas at this stage these situations do not help in clarifying the difference between both types of equations.
Exercise 3 is on the graphical representation of difference equations. Students must be able to translate a difference equation into a stock-flow
combination and also to interpret a stock-flow combination as a difference
equation. In this exercise students are asked to do the latter.
In building task 1 the required equipment knowledge is developed. Students
must build the simple stock-flow model of Figure 3.3, supported by an
instructional video, integrated in Coach.
The purpose of building task 2 is the development of a more general view on
stock and flow variables. Students must learn that variables can have different roles, depending on the equations they are part of. Therefore, we let
them build a model in which one of the variables from building task 1 was
involved, but in a different role. See Figure 3.5.
In building task 3 an extended model must be build. This is the final goal of
the module. In order to save time and, possibly, some frustration, a semibuilt model is provided, in which all variables are already present, but to
which all relations and values must be added (Figure 3.6). This model must
be finished, fitted to experimental data, and explored.

Figure 3.5: Model from building task 2. In building task 1, v was a flow variable,
in this task it is a stock variable.

Figure 3.6: Initial modelling screen of building task 3.
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3.4 Set up of the classroom experiment on model
building
In this experiment we focus on the understanding by students of aspects of the
elements of graphical models.
3.4.1 Research questions
Partial research questions are:
1. How do students understand relation structures?
2. How do students understand the difference between difference equations
and direct relations?
3. How do students understand the relation between stock-flow patterns and
difference equations?
4. Which problems do students have when building an extended model?
3.4.2 Setting
The lessons were tested in four third-year classes (14-15 years), numbered 3A
to 3D, consisting of 124 students, with two different teachers. The researcher
was one of the teachers. Students worked individually or in small groups.
Because they were allowed to collaborate, results of individual students may
not be independent. The lessons were planned near the end of the year, and for
several reasons we ran out of time. Therefore, in 3A and 3B, we decided to
concentrate on experimenting and modelling and to skip other parts of the
module. In 3C and 3D, we let students work at their own pace. As a consequence, not all students completed all modelling activities, but those who did
followed the learning trajectory as intended. This may have lead to a bias in our
results for faster students.
3.4.3 Data collection
Data from three of the exercises and two of the modelling tasks were analysed.
During classroom activities, notes were made of the questions and problems of
our students. We analysed delivered results, consisting of produced models and
written or typed answers. In addition, we made screen recordings and a few
detailed observations of individual students. See Table 3.4.
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Table 3.4
Data collection table.
Research question

Task

Classroom Delivered Screen Indiv.
observation results recordings Obs.
3A+3B (55) 24 (42)
(pilot 4HV)
20 (36)
1
3A+3B (55)
3A+3B (55) 21 (38)

1. Relation structure? Exercise 1
2. Difference equation
Exercise 2
or direct relation?
3. Stock-flow pattern Exercise 3
and difference
Building
3A+3B (55) 28 (48)
3 (6)
equation?
task 2
1. Relation structure? Building
3B (28)
24 (44)
2* (3)
1
4. Building problems? task 3
Students were working in small groups or individually. Numbers between
brackets are the numbers of individuals involved. *: 1 including sound.
Table 3.4

3.5 Results
Results of this first, incomplete version on the learning path, with a possible
bias towards faster students, must be viewed only as indicatory. The results will
be used to make changes in future versions, however. In presenting the results,
we follow the order of the research questions.
3.5.1 Understanding of the relational structure
In exercise 1 students’ understanding of the structures of graphical
models as shown by connectors is investigated. Students were given a picture of
a model (Figure 3.7) and were asked on which other variables some specific
variables depended, according to the model. Both direct and secondary linked
variables were present. In the subsequent questions they were asked explicitly
about dependencies on the secondary linked variables. The terms “direct” and
“secondary” were not mentioned to our students.
From analysis of 24 students’ answers on the first question it appeared
that, in 20 of these, all direct linked variables were mentioned correctly, but in
only three of these the secondary linked variables were mentioned also. This is
in accordance with our classroom observations. Many students wondered
whether secondary linked variables should be regarded as “dependent” on each
other. To the subsequent explicit questions about dependencies on secondary
linked variables, 21 answers were correct, but many students added comments,
like “Partially”, or “Yes, in a very indirect way”. Apparently, these questions
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draw attention to a relational aspect of secondary linked variables that is not
automatically recognized properly. For two reasons this aspect is important.

Figure 3.7: Model used for showing how connectors reveal dependencies.

First, students may misinterpret models when they do not realise that the
influence of secondary linked variables is direct and instantaneous.
Second, when students start building models themselves, they may follow a
qualitative, dependency based approach, by drawing the relational structure
first and adding the formulas later, as is advised by some authors (Westra,
2008). PowerSim even forces its users to do so. Our results indicate that this
may lead to a less adequate relational structure. An example of this can be seen
in a screen recording of building task 3 (Figure 3.8). Some of our students
started building their model by drawing a connector from the friction constant k
to the acceleration a. Although a is influenced by k, k does not appear directly
F
in the formula a = net , so it should have been secondary linked, through the
m

Figure 3.8: Screenshot of the initial phase of the model of two students. The
flow variable is the acceleration a.
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friction force Fw (= Fair), especially since our students were not familiar with
substitution. With a more quantitative, equation based approach, this problem
may be avoided.
3.5.2 Understanding of the distinction between direct relations and difference
equations
We used classroom observations and 20 sets of delivered student answers of
the 11 questions of exercise 2 in order to investigate how students understood
the difference between direct relations and difference equations. On average,
in each set of student answers, 8 questions were answered correctly. Therefore,
we conclude that it is possible for students to determine the type of relation in
most situations. We analysed these data further, looking for criteria that
students may have been using, consciously or not, when answering these
questions. Results are summarised in Table 3.5.
Table 3.5
Criterions, possibly used by students in distinguishing between difference
equations and direct relations
Criterion: presence of:
Valid
Students’
Sets of student
conclusion
answers*
1. formula with ∆-notation
+ Change formula
20
2. variable “time”
- Change formula
≤6
3. variable with a name suggesting
- Change formula
10
change
4. written physics formula vs. a
- Change formula
3
relation in words from outside
/ direct relation
physics.
*Sets of student answers in which this criterion may have been used (max. 20).
Table 3.5
Only the question in which ∆-notation was used explicitly was answered
correctly by all students. ∆-notation apparently is a good trigger. However, the
idea that “a change formula always involves time”, as one student explicitly
stated, may have interfered. We found six sets of answers that might be based
on this invalid idea, including the 2 sets that were totally correct. This idea may
be the consequence of our simplification only to use time as independent
variable. Orientation on this aspect will be improved in the next version. This
requires both situations with other independent variables and situations with
time as part of a direct relation.
The highest number of wrong answers occurred on the only question
concerning direct relations to a variable suggesting change. See Figure 3.9.
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Figure 3.9: “The expenses of a restaurant depend on the number of employees, the rent of the building, the mean salary and the purchases” may be
modelled as in this picture. If “Expenses” is seen as “change of capital”, its
role is twofold.
Between “Expenses” and four auxiliary variables exists a direct relation, but it is
tempting to consider “Expenses” as a flow variable to a stock-variable “capital”.
The possibly twofold roles of flow variables can be confusing.
Analysing a number of errors that appeared to be correlated, we arrived at the possibly underlying misconception that “a written physics formula
means a difference equation, a relation in words from outside physics indicates
a direct relation.” This must be investigated more closely in future.
Finally, students may interpret situations not as intended, but slightly
different, with correct alternative models as a possible consequence. An
example is shown in Figure 3.10.

Figure 3.10: Intended and alternative solution for ‘The population of a country
increases through birth and immigration’.
3.5.3 Understanding the relation between stock-flow patterns and difference
equations
In order to investigate students’ understanding of the relation between stockflow patterns and difference equations, we asked students to give the equation
corresponding to a stock flow model (Figure 3.11, exercise 3). We received 21
students’ answers, from which 6 answers were clearly wrong.
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Figure 3.11: Model from exercise 3. Students were asked for the corresponding
difference equation.
In modelling tasks 1 and 2 students had to do the opposite, building
models corresponding to the equations ∆× = v·∆t. and ∆v = a·∆t. We observed
many students having problems with task 2. These could be solved by stressing
the similarity of the formulas and highlighting the twofold role of v. Eventually,
23 out of 28 models that were sent in appeared to be correct.
Initially, we expected a system of coupled difference equations to be too
complicated, but confronting students with such a system may actually be an
effective way to clarify the possibly twofold role of variables. Results of a pilot
with such a system (Figure 3.12) with five student couples were promising, but
further testing is necessary.

Figure 3.12: Model of coupled difference equations, making the twofold roles of
v, as both a stock and a flow variable, more explicit.
3.5.4 Building problems and errors
In order to detect building problems, we did classroom observations and
analysed screen- and audiorecordings of building task 3, in which students had
to build a more extended model. The variables for this model were already on
the modelling screen, but relations still had to be defined (Figure 3.6). All
required physics formulas could be known to our students. We detected the
following building problems and errors of students:
1. Not understanding if a variable must be defined by a number or a formula;
2. Use of cyclic definitions;
3. Defining a stock variable by a direct relation;
4. Finding a building order.
Some students initially thought that only numbers are used in the definitions of variables. Even if students knew that formulas could be used, some of
them found it hard to decide whether a number or a formula was required. An
example is the value for the friction constant k, which eventually must be
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determined by curve fitting. It was not clear to some students why k should not
F
be defined by the formula k = air . In order to solve this problem, the special
v2
icon for constants could be introduced, but then the concept of a constant must
still be clarified.
Some students tried to use relations in a cyclic way, defining the accelerF
ation a as net , while simultaneously defining Fnet as m·a. Another example is
m
the cyclic definition of friction force and friction constant.
A number of students, said not to know where to start building. This may
be an underlying problem for the problems mentioned above. For students it is
not a priori clear which variable should be defined by which other variable. The
question for students is how to determine an appropriate building order. Some
authors advise to start building from a variable ‘in which we are interested’. The
question is, if this approach is adequate in all cases. For example, in building
task 3 we are ‘interested’ in determining the constant k, but k is not an
appropriate starting point. A more fundamental approach follows from the fact
that our type of modelling is developed for integration only. The stock (the
integral), is determined by the flow, the opposite is not possible. This largely
determines the order in which the model can be built. After putting a stock and
one or more flows on the screen, we can advance by defining the flows. For our
∆x
students, to whom the difference between ∆x = v·∆t and v =
is just the
∆t
difference between multiplying and dividing, this one way dependence must be
clarified.
Some students tried typing “a*t” in the window for the initial value of
the stock variable v. Apparently, they tried to define v in this way. This might be
caused by an asymmetry in graphical models between direct relations, which
must be defined explicitly, and difference equations, that are defined automatically by stocks and flows, and by a lack of understanding of the integrating
process.

3.6. Conclusions
We conclude that students can understand simple relation structures as shown
by connectors, but attention must be paid to the difference between direct
linked and secondary linked variables. Students are able to distinguish between
difference equations and direct relations in realistic situations, but a better base
of orientation must be provided to prevent misconceptions, and more attention
must be paid to the possibly twofold role of variables in one model. The latter
may also facilitate the translation from a difference equation to a stock-flow
model, and vice versa, for students.
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When building graphical models, problems can arise concerning the
definitions of variables and the building order. These problems will be investigated more closely in a future version.
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Lower secondary students’ use
of formulas in computer models*
Abstract
By means of a classroom experiment and a questionnaire, the
understanding by lower level secondary school students of the
calculation process and the use of formulas (direct relations) in a
graphical computer model was investigated. It appeared that
students could understand the calculation process on a numerical
level, but had problems with the creation and use of formulas.
Students did not yet have a clear understanding of the concept of a
formula. The term ‘formula’ must be defined more clearly.
Suggestions are given for improvement of the learning sequence
leading to the use of direct relations in a computer model.

4.1 Introduction
Until recently, most research on quantitative computational modelling in
education has been focussed on the higher educational levels, often with
modelling courses on a project base only. There are good reasons for starting
with modelling at an earlier age (Van Buuren, Uylings, & Ellermeijer, 2010), and
in integrating it into the curriculum (Schecker, 1998). Therefore, in the past
three years we have been working on the design of a learning path on
modelling, integrated into the Dutch physics curriculum, starting from the initial
phases (age: 13-14 years) (Van Buuren et al., 2010; Van Buuren, Uylings, &
Ellermeijer, 2011). This learning path is tested in school practice. The modelling
approach used is the ‘system dynamical’ stock and flow approach developed by

*

This chapter is a paper that is presented in 2011 at the GIREP-EPEC Conference and has
been published as Van Buuren, O., Uylings, P., & Ellermeijer, T. (2012). The use of
formulas by lower level secondary school students when building computer models. In
A. Lindell, A.-L. Kähkönen, & J. Viiri (Eds.), Proceedings GIREP-EPEC Conference 2011,
Physics Alive (pp. 140–149). Jyvaskyla: University of Jyväskylä.
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Forrester (1968). Examples of software tools built for this approach are Stella
(Steed, 1992) and Coach 6 (Heck, Kedzierska, & Ellermeijer, 2009).
With computer models, students can solve difference equations
numerically that otherwise would be beyond their mathematical capabilities. In
graphical computer models these difference equations are not entered in the
model as formulas. Instead, combinations of graphical ‘stock and flow’ symbols
are used. Although in this way the difference equations are not used explicitly, a
certain level of understanding of the different roles of the variables is still
required. In addition, students still need the ability to use formulas for variables
that are defined by direct relations. Even more advanced students don’t possess
the required levels of understanding automatically (Doerr, 1996; Hogan &
Thomas, 2001; Schecker, 2005; Westra, 2008; Van Buuren et al., 2011).
Therefore, the development of understanding of formulas and variables, and
their connection to graphical models, must be tuned carefully.
The terms ‘formula’ and ‘variable’ both have many different meanings in
mathematics and science (Heck, 2001; Malisani & Spagnolo, 2008). Here, we
consider the term variable, which is of great importance to the concept of a
formula. We confine ourselves to three of its meanings, stemming from
mathematics and increasing in level of abstraction:
1. Placeholder: a variable that stands for one number, known or unknown.
2. Generalised number: an indeterminate number that appears in
generalisations and in general methods.
3. Variable object, a symbol for an object with varying value (Heck, 2001), often
in functional relationship to another variable, as “a thing that varies”
(Malisani & Spagnolo, 2008), with a “changing nature” (Graham & Thomas,
2000).
In school practice in physics, in exercises students often replace symbols in
formulas by numbers as soon as possible. What they are actually doing then is
turning generalised numbers into placeholders. In this way, a more formal use of
formulas can be avoided for quite a long time. In modelling however, direct
relations must be used explicitly. Initially, they just can be entered into the
model. Eventually, students must learn to build simple formulas themselves.
Research questions are:
1.

Which level of understanding of formulas and variables is required for
students if they are to build models themselves?

2.

How must a leaning path be shaped to achieve the required level of
understanding?

The calculation process of computer models is a process of iteration. In order to
understand the use of formulas in this process, students must understand the
process itself. Therefore, an additional research question is:
3.
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Our approach can be classified as educational design research (Van den Akker,
Gravemeijer, McKenney, & Nieveen, 2006): educational materials are designed,
tested in classroom, and redesigned in several cycles. In this paper, we describe
the design and test results of the module in which a variable was to be defined
by means of a direct relation for the first time by our students. Because it
appeared that a number of students had problems using a formula in a model, a
questionnaire was developed in addition to investigate the understanding of our
students of the term “formula” itself.

4.2 Method
4.2.1 Graphical modelling
A more detailed description of the graphical stock and flow approach has been
given in Van Buuren et al. (2011). Here, we restrict ourselves to the relation
between graphical models and formulas, using examples from Coach 6.
Fundamentally, graphical models consist of two types of formulas: difference
equations and direct relations. Graphical modelling boils down to the numerical
integration of the difference equations. Their graphical equivalent is a
combination of a stock variable, represented by a square, and one or more flow
variables, represented as ‘thick’ arrows (Figure 4.1). The flow variables are to be
integrated; the stock variable is the integral and needs an initial value. If a
variable is required that is not a stock or a flow variable, it is defined as an
‘auxiliary variable’ and is represented by a circle (Figure 4.2). Connectors (thin
arrows) are used to indicate direct relations (Figures 4.2 and 4.3). These
relations must be entered into the model after double clicking on the symbol
that is to be defined.

Figure 4.1: Difference equation of one stock and two flow variables, and its
graphical representation. The independent variable t is not visualised.

Figure 4.2: Auxiliary variables are used for variables that are not stock or flow
variables.
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Figure 4.3: A connector indicates that a variable is defined by a direct relation
involving the other variable.

4.2.2 Design of the module
Preceding part of the learning path. Before students can use direct
relations in a computer model, they must learn to use formulas for calculations,
they must get acquainted with both direct relations and difference equations,
and they must learn to handle the software. Such aspects are addressed in the
preceding modules of our learning path (Van Buuren et al., 2010, 2011). In these
modules, there is an increase in complexity in models and model input. The first
model consists of only one stock and one, constant, flow variable. The first
varying flow is not defined by means of a formula, but by means of a graph, to
be sketched by the students.
Design considerations. We expected our students to be able to enter
formulas into the model. Therefore, our design mainly aimed at the following
targets:
- the creation of an understanding of the iterative calculation process;
- the creation of an understanding of the direct relation to be used;
- the creation of a need for a computer model.
To facilitate thinking in iterations, the process to be modeled must be discrete
and cyclic by nature. The required physics must not be too abstract, students
must be able to visualise the process. The model must consist of only one stock
and only one flow variable, and one direct relation. Finally, the subject should fit
into the curriculum. This led us to the following principle set-up of the learning
trajectory:
1. to make the process concrete, students perform real experiments first;
2. in order to develop an understanding of the calculation process on a
concrete level, students calculate several cycles of the process by hand,
without using formulas, filling in a table;
3. the required direct relation emerges from the repetitive character of the
calculations;
4. the huge amount of calculations creates a need for a computer model;
5. students complete a partially built model by entering the required direct
relation and initial value;
6. the model is adapted to fit the real measurements by changing parameters;
the resemblance between model results and experimental results enhances
students’ confidence in the model and in their own modelling skills.
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Implementation of the design. A manually driven vacuum pump met our
requirements. It could simply be added to the existing module on molecules. For
an ideal gas with constant temperature and volume, pressure is proportional to
the number of molecules. When air is pumped out of a vessel, each pump beat
the same fraction of the molecules is removed. This enables a comparison of the
real process, in which pressure can be measured, with the computer model, in
which the number of molecules can be calculated, both as functions of the
number of pump beats. A complication is the determination of the pump factor,
the fraction of molecules pumped out each beat. This factor depends on the
volumes of the pump and the vessel. We expected our students to be able to
calculate it after some practice.
For step 2 of the trajectory a simplified imaginary pump was used, in
which the dimensions were chosen in such a way that the arithmetic would not
block students’ progress (Figure 4.4). The teacher assisted in making step 3, the
emergence of the formula. This led to both a formula for the pump factor
Vpump
p=
and the required direct relation for the number of molecules in
Vvessel + pump
the pump N p = p × N , with N the total number of molecules in vessel and pump.

Figure 4.4: Imaginary pump with simplified dimensions.

For steps 5 and 6, students had to calculate the pump factor for the real
vessel and pump from estimated dimensions. After this, the formula for Np had
to be entered. Finally, the pump factor had to be adapted to get a better fit with
the results of the measurements. After the module, a test was given to the
students.
4.2.3 Set up of the classroom experiment
Setting and instruments. The module was tested a few weeks after
summer holiday in five third-year classes (14-15 years), numbered 3A to 3E,
consisting of 146 students, doing senior general secondary education or preuniversity education (in Dutch: HAVO or VWO). The researcher was one of the
two teachers. Up to a point students were allowed to work at their own pace,
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individually or in small groups. The measurements (step 1) had to be done in
special hours, for which students had to subscribe. Research data consist of:
• observation notes, and audio recordings of lessons and of individual students,
• worksheets for step 2 (39 sheets, involving 83 students),
• screen recordings of the Coach task (steps 5 and 6; 3 recordings of 7 students),
• uploaded Coach files (36 files of 80 students), including answers to questions
to the Coach task,
• students answers on the questions on modelling in the final test of the
module.
Test. In the test, students were asked to do a similar task as they had
done in step 2. For an imaginary pump and vessel for which the dimensions and
the initial total number N of molecules was given, students were asked to
calculate the initial value of Np, and the values of N and Np after one and two
pump beats. Thereto, they had to calculate the pump factor. After this, they
were asked to give the formula for Np that should be entered into the computer
model.
4.2.4 Additional questionnaire
As will be described below, a number of students appeared to have problems
using the formula in the model. Especially, some of them used numbers where
variables are required. Therefore a questionnaire was developed, consisting of
five questions, to investigate students’ understanding of the term “formula”
itself (see Appendix 1). Research questions are:
a. to what extend do our students consider expressions in which a variable is
equated to an expression consisting only of numbers as formulas?
b. which criteria do our students use, consciously or unconsciously, to determine
whether an expression is a formula?
Research question ‘a’ is addressed in the questions 1, 3 and 4. In question
1 and 4, several expressions from mathematics and physics were offered.
Students were asked which they considered as formulas. In question 3, students
were asked to compare a formula with a ‘filled-in’ version of it. Students may
have problems using formulas because they don’t feel themselves familiar with
symbols. Therefore, in question 3, word formulas were offered as an extra
alternative.
Research question ‘b’ is addressed in questions 1 and 4, but also in
questions 2 and 5. In these questions, students were asked to explain why they
considered certain expressions as formulas.
This questionnaire was given to the students of 3A, 3B and 3C. Accidently,
3B received an older version, in which question 4 was missing.
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4.3 Results
4.3.1 Learning process
Most students needed two lessons of 80 minutes for the learning trajectory.
Determination of the pump factor and understanding of the calculation
process. From observation and from the worksheets, it appeared that only a few
students had problems determining the pump factor for the simplified pump.
The determination of the factor for the real pump in Coach task appeared to be
more difficult, but finally only 5 out of 83 students did not succeed.
Understanding the calculation process appeared not to be problematic. We
detected only a few student errors, and most of these were corrected during the
learning process. Errors were:
• keeping the number of molecules in the pump Np constant over all pump
cycles (5 out of 39 worksheets, 11 out of 83 students);
• mixing up the pump factor and Np (2 out of 39 worksheets, 6 out of 83
students);
Determination of the formula for Np and entering it into the graphical
model. Determining the correct formula for Np and entering this formula into
the model appeared to be more difficult. Many students needed assistance of
the teacher or of each other. In 7 of the 36 delivered final Coach results (17 out
of 80 students), the formula still was not correct. The most frequently occurring
errors were:
• assigning a constant value to Np (5 Coach results, 11 students); in a number of
cases, this value was optimized to fit the measurements as much as possible.
• mixing up variables, such as volume, pump factor, and number of molecules
(3 Coach results, 6 students);
• assigning an expression to Np consisting of numbers (constant values) only;
some students called such an expression literally a “formula” (1 Coach result,
2 students; 1 screen recording, 4 students);
• some students did use symbols when calculating manually, but not did not use
symbols in the graphical model.
4.3.2 Results of the test
We received 130 student tests. However, because of a failure of the computer
network, most 3C students did not do the Coach task. In the other classes, some
students did not do this task either, or did not deliver their results. Because the
Coach task is crucial to our experiment, we decided to analyse in detail only the
80 tests of the students who had delivered their Coach task. Results are
summarised in Table 4.1.
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Table 4.1
Results of the test.
Determination of pump factor

Manual calculated Formula
values for
for Np
pumping process

Correct of Correct
49%
59%
consequent ‘Reasonable’ calculation error 23%
Not correct
19%*
29%
No answer
10%
13%
*13% used the pump factor from the example of the worksheet.

16%
44%
40%

Table 4.1
4.3.3 Results of the questionnaire
Student answers on question 1 of the questionnaire are summarised in
Table 4.2. Answers in group 3B on this question deviate from answers in 3A and
3C, probably due to the explanation in 3B a few days before of the difference
between ‘formula-notation’ and ‘function-notation’ by the mathematics teacher.
Table 4.2
Results of question 1.
Is y = 7×8 + 27 a formula,
according to you?

‘Yes’ & ‘I think so, but
I’m not sure’

3A (28)
68%
3B (25)
28%
3C (24)
67%
The number in brackets is the number of respondents.

‘No’ & ‘I don’t think
so, but I’m not sure’
21%
64%
13%

Table 4.2
In Table 4.3, student answers to question 3 are summarised. Of all respondents,
83% chooses a formula or a word-formula, only 17% prefers a ‘filled-in’ version,
an expression consisting of numbers. Symbols (options B and D in Table 4.3) are
preferred above word variables (options A and C) by 53% of all respondents.
Some students spontaneously commented on the options: “they are all the
same”.
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Table 4.3
Results of question 3.
3A
(28)
43%
39%
4%
14%

3B
3C
(25)
(24)
A. Word formula
28%
38%
B. Formula (consisting of symbols)
48%
54%
C. Word formula, ‘filled-in’
12%
8%
D. Formula, ‘filled-in’
4%
E. Other: ‘They are all the same’
8%
(Exercise: velocity and time are given). “Your teacher asks you to write down
the formula that can be used to calculate the distance. What do you write
down?”
Table 4.3

Figure 4.5: Percentage of students considering the given expression to be a
formula.
In Figure 4.5, results of 3A and 3C on question 4 are summarised. As can
be seen, a significant number of students considers an expression as a formula
as soon as there is a symbol in it. For many students, an ‘=’-sign is not required.
When students were asked to explain when they considered expressions as
formulas (questions 2 and 5), there appeared to be much doubt. Answers were
very diverse and not always consistent. Analyzing all answers, we arrived at the
following ‘student criteria’:
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• you can calculate something with it / get an answer from it (~50%)
• it contains letters or symbols (~50%), but only a small part (~13%) mentions
that there must be more than one letter or symbol.
• A number of students refers to mathematics (~16%)
• Very few students referred to something like a varying quantity.

4.4 Conclusions, and recommendations for a next round
We can conclude that a majority of students can understand the calculation
process (Research question 3). However, the understanding is on a numerical
level only. Students have more difficulty understanding the formula and using
the formula in the model. Some use numbers where variables are required.
From the questionnaire it appears that our students do not have a clear
understanding of the concept of a formula. Expressions consisting of numbers
and only one symbol are considered to be formulas by approximately half our
students (Table 4.2 and Figure 4.5). This may indicate that their understanding of
the concept of a variable is on the level of a placeholder. ‘Varying object’ would
suit the variables in this module better (Research question 1). However, there
are more simple explanations for the difficulties of our students, leading to a
number suggestions for answers to research question 2:
1. A clear definition of the term ‘formula’ was not given to our students. The
deviating student answers in class 3B on question 1 of the questionnaire
(Table 4.2) indicate that some sort of definition does make a difference. The
term ‘formula’ needs a more precise introduction.
2. In the preceding modules, model input mainly consisted of constant
numbers. The difference equations needed not to be entered. This may give
rise to the impression that there is no difference between a variable and a
constant number. A recent remark of one of our students points in that
direction. The relation between a difference equation and the graphical
symbols should be made more explicit.
3. Students used the formula explicitly in the model only. They probably did not
get acquainted with it enough.
4. Students may have had not enough training in the use of more than one
formula in a module. It may be advantageous to add a module in which more
than one formula must be used, preceding the module on the vacuum pump.
5. In our module, students not only had to use a formula, they also had to
reconstruct it. Construction of formulas is difficult, even for higher level
students (Schaap, Vos, Ellermeijer, & Goedhart, 2011). More training is
required.
6. Students do not always rehearse experiments and modelling tasks when
preparing for a test. They should be invited to do so, or the textbook must be
adjusted, to refer more to the experiments and models.
These suggestions will be tried out in the next version of our learning path.
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Appendix 1: Questionnaire on student perceptions of the concept ‘formula’.
Dear student,
We are doing research in order to improve the teaching of physics. We want to
know how students understand some concepts often used in physics. We ask
you to fill in this short questionnaire according to your own ideas. It is not a test,
it is not about being right or wrong, it is about your perception of these
concepts.
1. Is
y = 7×8 + 27
suits your opinion best:

a formula, according to you? Choose the answer that

A. Yes
B. I think so, but I’m not sure
C. I am in doubt
D. I don’t think so, but I’m not sure
E. No
2. Explain your answer.
3. In science class, you get an exercise about a car that drives for 3,7 hours with
a velocity of 97 km/h. Your teacher asks you to write down the formula that can
be used to calculate the distance travelled. What do you write down?
A. distance = velocity × time span
B. ∆x = vav·∆t
C. distance = 97×3,7
D. ∆x = 97×3,7
E. something else, namely: …………………………………
4. Which of the “expressions” below are formulas, according to you?
A. 3x + 2 = 5x − 7

F. 30 : 8

B. ax = by
1
C. f =
T
m
D.
V
325
E.
= 13
25

G. Gravity is proportional to mass
H. y = x
I. a = 17 2

5. Try to explain what a formula is, according to you.
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Design of the modelling learning path∗

Abstract
In the past five years, a learning path on modelling integrated in the
first two years of the Dutch lower secondary physics curriculum was
developed and tested in school practice in an iterative design and research approach. The graphical version of Forrester’s system dynamics
was used as a modelling approach. Integration of modelling into the
physics curriculum may have important consequences for this curriculum. This paper describes the main result of this project, namely, the
design of this learning path. Several student difficulties were identified
and dealt with. At the end of lower secondary education, a majority of
students was able to build and use a simple graphical model based on
known equations independently.

5.1 Introduction
Although the importance of computer modelling for education was already
recognised in the early eighties of the twentieth century (see, for instance,
Ogborn & Wong, 1984), the integration of modelling in physics curricula is in
general still rather poor. In the Netherlands modelling formally became part of
the physics curriculum in 1991, but until recently it was confined to the highest
levels of secondary physics education only (age 17-18, pre-university level) and it
occurred only at a very modest scale in school practice. A new curriculum for the
upper levels of Dutch secondary physics education, with more emphasis on
modelling, starts in 2013 (Commissie Vernieuwing Natuurkundeonderwijs
havo/vwo, 2010), but a concrete implementation of a complete, well-designed
learning path on modelling into the physics curriculum does not exist yet in the
Netherlands.

∗

This chapter has been submitted for publication as Van Buuren, O., Heck, A., &
Ellermeijer, T. (2013). Design of a modelling learning path for lower secondary education,
integrated in the physics curriculum.
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Although positive effects of modelling are reported (cf. Doerr, 1996; Van
Borkulo, 2009), it also is reported that educational results of modelling activities
do not always meet expectations. Schecker (2005) reports on a mechanics
modelling project not having an overall positive effect on the understanding of
mechanics. According to Van Borkulo (2009), modelling seems to be disadvantageous for the learning of simple conceptual domain knowledge. Several authors
report on difficulties that students may have when designing or adapting models
(Bliss, 1994; Kurtz dos Santos & Ogborn, 1994; Lane, 2008; Westra, 2008; Van
Borkulo, 2009; Ormel, 2010) or when interpreting model output (Cronin,
Gonzalez, & Sterman, 2009). More research is advised by Doerr (1996), Löhner
(2005), and Lane (2008). This brings up the question how modelling can be used
in secondary physics education in a more effective way, for students to learn
physics and to learn about models and modelling in this field.
In 2008 we started an educational design research project on modelling
combined with experimenting in school practice (Van Buuren, Uylings, &
Ellermeijer, 2010). We refer to this combination as quantitative computational
modelling. We had reasons to integrate this learning path into the physics
curriculum instead of designing a separate course on modelling (Van Buuren,
Uylings, & Ellermeijer, 2011; see also Schecker, 1998) and to start with quantitative computational modelling from the initial phases of physics education. In the
Netherlands, this is in the second year of secondary education, at the age of 1314 years. Identified possible advantages of early introduction to modelling are:
(1) it gives students more time to get acquainted with modelling; (2) more
students will get acquainted with modelling; (3) more realistic problems can be
studied at an early stage of education; (4) modelling offers new ways of teaching
and learning physics that might be more effective than traditional methods; and
(5) traditional approaches of doing physics may not get in the way of modelling
(Van Buuren et al., 2010).
The instructional materials for the first two years of this learning path
have been tested in school practice through several design cycles. Several
student difficulties with modelling tasks have been identified and taken into
account. In future, this learning path is to be expanded into the subsequent
years of secondary education. Henceforth in this paper, the term ‘learning path’
refers to only the first two years of the modelling learning path.
The remainder of this paper is organised as follows. First we describe the
educational goals and the associated research questions. Next we outline the
selected modelling approach and its integration into the physics curriculum.
Subsequently, the core of this paper is presented: the main design principles,
the structure, and the implementation of the learning path. Finally we discuss
some major outcomes.
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5.2 Educational goals and research questions
We consider the following three educational goals of the learning path to be the
most important:
1. Students must learn how to use and create models themselves.
From all the competencies required for modelling (see Section 5.3), the ability to
create models appears to be one of the most problematic (Bliss, 1994; Kurtz dos
Santos & Ogborn, 1994; Lane, 2008; Westra, 2008; Van Borkulo, 2009; Ormel,
2010), but it is also the ability that is most closely connected to modelling; for all
other competencies, alternatives can be imagined. If modelling is the learning
goal, we must teach our students how to use and to create models themselves.
A question for research is what can be achieved with students at lower
secondary level. Important questions for the design of the learning path are:
What is an adequate sequence of steps on a learning path on modelling?
What conditions must be fulfilled for each step?
What difficulties and what opportunities for learning do young students
and teachers encounter in a learning path on modelling?
We chose as an intermediate aim that students can use and create simple
models at the end of the second year of the learning path, the last year of lower
secondary education. Here, a simple model is understood to involve only a few
physical quantities of a moderate level of abstraction, and a few relationships
between variables that are expressed in mathematical formulas of a type
students are already familiar with. The question is to what extent this aim can be
reached.
To what extent can students use and create simple models at the end of
lower secondary education?
2. Students must get a better understanding of the relation between physics and
reality.
In spite of modelling being a key activity in scientific enquiry and engineering, in
traditional physics curricula the modelling character of physics usually stays
hidden, at least in the Netherlands (Lijnse, 2008). Many students do not realise
that the physics presented to them at school mainly consists of models and
often they are unaware under which conditions these models are valid. As a
result, students may mix up these models with reality, get puzzled by unrealistic
models, such as cars accelerating at a constant rate, or, as Woolnough (2000)
suggests, consider reality, physics, and mathematics as three distinct worlds,
failing to make substantial links between these worlds. Often, students must
wait until the end of a book chapter before ‘the physics is applied’ to more or
less realistic situations.
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By starting with studying more realistic context situations and doing
measurements, subsequently modelling these situations, and finally explicitly
comparing model results with measured data, students must get a better idea of
the role and value of models in physics. This combination of experimenting and
modelling both reflects the so called scientific method and can serve as an
introduction into it.1 The question is whether this approach meets expectations.
Are there indications that students get a better understanding of the
relation between physics and reality by means of an approach, in which
realistic situations are studied experimentally and subsequently modelled explicitly?
3. Students must be able to get some understanding of concepts and phenomena
that traditionally are considered as complex for their educational level.
In traditional school physics, the nature of the models that can be studied is
restricted by the limited mathematical capabilities of the students. As a result,
most situations that are studied usually have a static or quasi-static character.
The involved variables are constants, the relations between variables are not
much more complicated than linear, or the models for these situations only hold
for one specific moment. Being unaware of such restrictions may cause misconceptions.
Because the computer can deal with a great part of the mathematical
difficulties, it seems possible by means of computer modelling to let students
study situations of a more general nature, involving more dynamic phenomena,
in which variables vary in a more complex way. Without computer models such
situations would be too complex. Studying these more complex situations may
provide students with a more complete base of orientation, as will be discussed
in Section 5.5.2. The question is, to what extent lower secondary students can
understand the physics of such more complex situations.
Can students understand the physics of the more complex situations
that can be studied by means of computer-based modelling?

5.3 Modelling approach
Our choice for quantitative modelling does not implicate that we have ignored
qualitative reasoning. In our opinion, students must learn to combine qualitative
reasoning with a more strict, quantitative approach. Quantitative results can be
1

In this paper, with the scientific method, we mean the intricate interplay of experiments, theories, and models, as described by, among others, Hodson (1993, p.144 and
115), that often can be found in scientific enterprise, but we do not pretend that there is
only one exclusive scientific method.
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used to refine qualitative ideas and, vice versa, qualitative reasoning is important for the evaluation of model results. Eventually, a proper comparison of
experimental results with model outputs asks for quantitative data.
The quantitative modelling approach that we used is the graphical version of the ‘system dynamics’ approach, developed by Forrester (1961, 1968),
often referred to as ‘stock-flow’ approach. From a mathematical point of view,
this mainly concerns the numerical solving of (systems of) one-dimensional first
order difference (or differential) equations. The graphical equivalent of a
difference equation is a combination of a ‘stock variable’, represented by a
rectangle, and one or more ‘flow variables’, represented as ‘thick’ arrows
(Figure 5.1). If a variable is required that is not a stock or a flow variable, it is
defined as an ‘auxiliary variable’ and is represented by a circle (Figure 5.2).
Connectors (thin arrows) are used to indicate direct relations (Figure 5.2).2 These
direct relations must be entered into the model explicitly, by double-clicking on
the symbol for the variable to be defined. A more detailed description of this
graphical approach is given by Van Buuren et al. (2011). Henceforth, we refer to
this approach as ‘graphical modelling’.

Figure 5.1: Difference equation consisting of one stock and two flow variables,
and its graphical representation. The independent variable t is not visualised.

Figure 5.2: Auxiliary variables are used for variables that are not stock or flow
variables. A connector indicates that a variable is defined by a direct relation.
Graphical modelling tools are considered to be suitable candidates as
modelling tools for the new curricula in the Netherlands (Savelsbergh, 2008),
although the educational effects of these tools need to be investigated more
closely (Lane, 2008; Savelsbergh, 2008). Examples of software tools for this
modelling approach are STELLA (Steed, 1992) and Coach 6 (Heck, Kedzierska, &
Ellermeijer, 2009). We use the latter, because Coach is an integrated computer
2

By a direct relation, we mean a mathematical relationship between symbolized
quantities in which at least one quantity can be isolated and written as a closed form
expression of the other quantities.
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learning environment in which modelling can be combined with experimentation and animation, and Coach is available at the majority of Dutch secondary
schools.
Modelling is much more than just constructing and running computer
models. It involves a complete process, starting with the analysis of a realistic
situation and involving the validation of the model. This ‘modelling process’ is
described schematically in Figure 5.3.

Figure 5.3: Schematic representation of the modelling process.
This figure resembles the general modelling competency as described in the
recent proposal for renewal of the Dutch physics curricula (Commissie
Vernieuwing Natuurkundeonderwijs havo/vwo, 2006):
“Students must be able to analyse a situation in a realistic context
and reduce it to a manageable problem, translate this into a
model, generate outcomes, interpret these outcomes, and test
and evaluate the model.”
Between the ‘realistic context situation’ and the ‘manageable problem’ we
inserted the ‘real problem’ as an intermediate stage. With this ‘real problem’ we
mean a realistic physics problem, still containing too many aspects to be
‘manageable’ at once.
This modelling process is often called the modelling cycle, because for
testing, validation and evaluation of the model it is necessary to revisit the
realistic context situation. We used the process in Figure 5.3 as a framework for
the identification of the key abilities required for modelling (Van Buuren et al.,
2010; 2011). These key abilities are described in Sections 5.5 and 5.6. Similar
frameworks for the modelling process are given by Blum & Leiß (2005), Galbraith
and Stillman (2006), and Maaß (2006) in the context of mathematics education.
Finally, although the emphasis of the learning path is on computational
modelling with computers, the alternative conception that all models are such
computer models must be avoided. In order to get a clear view on the modelling
nature of physics, it is important that students also encounter other models,
such as (analytically solvable) mathematical models and several molecular
models, each with its own benefits and limitations.
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5.4 Integration into the physics curriculum
A proper integration of modelling into the physics curriculum requires adaptation of the rest of the curriculum to modelling, and vice versa. Otherwise
modelling would take an unnecessary amount of extra time, and misconceptions
may arise (Schecker, 2005; Cronin et al., 2009; Van Buuren et al., 2011). Also, the
rest of the curriculum must prepare for modelling and for the more realistic and
more dynamic context situations that can be studied as a result of computerbased modelling. Consequently, for field testing we needed a concrete implemented physics curriculum that could be adapted as a whole. The self-designed
physics curriculum of the Montessori Lyceum of the Hague (HML) fulfilled this
purpose. Other advantages of this curriculum were that already some attention
was paid to the relation between physics and reality, to evaluation of results (by
stimulating students to make estimations), and to the way formulas can be
constructed.
The main criterion for selecting topics for modelling activities was that
they should fit to the standard physics curriculum as much as possible. However,
conform the third goal of Section 5.2, in order to prepare students in such a way
that they can take full advantage of the dynamic possibilities of modelling, some
topics were chosen that usually are not present in a traditional and more staticsoriented curriculum.

5.5 Overall structure and implementation of the
learning path
For describing the structure and main design principles of our learning path, we
need to distinguish between two different ‘educational scales’: (1) a smaller
scale, of a ‘modelling learning sequence’, an individual modelling activity together with the sequence of supporting learning activities around it, and (2) a
larger scale, for describing the order in the learning path of all different activities
and abilities required for modelling. The curriculum as a whole consists of
several modules. With a module, we mean a ‘book chapter’ about a specific
physics subject. A module can contain one or more modelling learning sequences. In each modelling learning sequence, a number of abilities required for
modelling are addressed. Each educational scale needs its own design principles
and guidelines. The general guidelines and design principles for the modelling
learning sequences are described in Section 5.5.1. The learning path on the
larger scale is described in Sections 5.5.2 to 5.5.4, and in Section 5.6.
For the design of the learning path on this larger scale, it must be realised
that modelling not only requires specific modelling abilities, such as knowledge
of graphical models and an understanding of the nature of models, but also
essential general abilities, such as the ability to interpret graphs, proper notions
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of variable and formula, and the knowledge required for handling the equipment (the modelling tool). This holds especially for lower secondary students,
who are novices to physics. Both these modelling specific and these more
general abilities require their own ‘partial’ learning paths. The modelling
learning path as a whole can be seen as a collection of intertwined partial
learning paths.
For the design of the partial learning paths and the modelling learning
path as a whole, we used the formation of bases of orientation as a general
guideline. This general guideline is discussed in Section 5.5.2. The overall
sequence of key models and modelling tasks is described in Section 5.5.3. This
sequence largely coincides with the partial learning path on graphical models.
This partial learning path can be considered as the most important. The description of this sequence is followed by an overview of the modules of the curriculum in Section 5.5.4. Finally, the learning path in terms of its partial leaning paths
is described in Section 5.6.
5.5.1 Design of modelling learning sequences
In a modelling learning sequence, several new aspects of modelling are addressed. In a typical modelling learning sequence, a realistic situation is explored, the required aspects are introduced, and the modelling activity itself is
carried out and reflected on. In this section, we focus on the general structure of
these learning sequences and the guidelines that we used for their design. This
section consists of three parts. The first part describes the guidelines derived
initially from the modelling process. The second part describes the guidelines
originating from the educational similarity that we identified between modelling
and practical work during the first field tests of the instructional materials. The
third part describes the guidelines that we used for the students to keep an
overview over a learning sequence.
The following guidelines for the design of modelling learning sequences
can be derived from the modelling process (Van Buuren et al., 2010):
• For context situations that are to be modelled but that are new to students,
modelling tasks must be preceded by experiments and measurements. These
experiments serve as introductions to these new situations. After all, when
students do not familiarize with and acquire knowledge of the situation to be
modelled, how will they ever know what the model is about? An important,
but often ignored function of experiments is to provide the knowledge of the
reality that physics is trying to describe (Hodson, 1993).
• Data from the measurements are used for evaluation of the model; the
descriptive quality of a model is mainly determined by comparing model
results with experimental data.
• Basic concepts from physics and mathematics required for the experiment
and/or the modelling activity must be introduced before the experiment
and/or modelling activity are carried out.
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The above guidelines are supplemented by guidelines originating from
the educational similarity that we identified between modelling and practical
work during the first field tests of the designed instructional materials. For
practical work, three main types of goals can be distinguished (Van den Berg &
Giddings, 1992; Van den Berg & Buning, 1994):
1. learning of skills required for dealing with the equipment;
2. acquiring abilities for doing research;
3. learning of new physics (or mathematics) concepts.
Too many goals in one student task may interfere negatively with each other
(see also Hodson, 1993). The following guidelines may help in preventing such
negative interference of goals:
• Per task, a limited number of learning goals must be chosen;
• Skills concerning the equipment (type 1) must be dealt with first and
separately;
• For these equipment skills, a ‘cookbook’ (‘recipe following’) approach
suffices;
• Basic research abilities (type 2) must first be trained separately and with a
conceptual simple subject, so that students are not distracted by the conceptual complexity;
• A conceptual learning goal (type 3) requires that students are able to
consider the practical work from a conceptual point of view. Therefore:
– basic concepts must be introduced in advance;
– students’ attention must be focussed to the relevant conceptual aspects
of the experiment in advance, for instance by posing questions in the instructional materials or by the teacher;
– explicit attention must be paid to reflection afterwards.
• For graphical modelling, there is the understanding of the meaning of the
elements of graphical models as an additional facet. These elements must
also be introduced in advance, possibly in separate, relatively simple modelling activities.
These guidelines are rendered into the typical structure of a learning sequence
shown in Table 5.1. The order of this sequence in this table is top-down. The
sequence must be understood as an ideal, full-fledged sequence. Some elements
of the sequence in this table need not always be present. In some cases multiple
modelling cycles are performed after only one experiment. Students probably
need not do the measurements themselves in context situations that are well
known to them. See, for example, the description of the module on velocity in
Section 5.5.4.2. Also, minor changes of the suggested order occur. Some
modules in the learning path consist almost entirely of only one sequence,
others contain more sequences.
Some steps in Table 5.1 need clarification. After the introduction of the
required basic concepts, in some modelling learning sequences a formative test
is given to the students, for the purpose of verifying the presence of this
essential knowledge. The more extended a learning sequence, the more
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important such a formative test is. Otherwise students may lose overview or,
even worse, may not understand the experiment or the modelling task at all.
In some cases, the preceding experiment suffices for focussing attention
to relevant aspects of the modelling task.

Table 5.1
General learning sequence around a modelling activity
Introducing the required new basic concepts from physics
and/or mathematics
Basic
concepts
Verifying the presence of this new basic knowledge via a
formative test
Dealing with equipment (preferably in a separate task)
Focussing attention to relevant aspects by means of questions
or by letting students make predictions
Experiment
Carrying out the actual experiment, doing measurements
Reflecting at the end of the experiment
Reflecting after the experiment
Introducing new conceptual aspects of modelling
Focussing attention to relevant aspects
Dealing with new aspects of the software tool (preferably in a
separate task)
Carrying out the actual modelling task
Modelling
Testing and evaluating the model by comparing model output
and experimental data
Optionally: applying the model to new situations; separate task
if necessary
Reflecting at the end of the modelling task
Reflecting after the modelling task
The order in this table of this modelling learning sequence is top-down.
Table 5.1
Both for an experimental task and a modelling task, there can be reflection at the end of the task and after the task. The necessity of reflection at the
end of the task depends on the learning goal. Comparison of the experimental
data with the model results is an important and sometimes sufficient step in the
reflection process. Reflection after the task consists of stimulating the rethinking of the core elements of the task and of the application of the main
concepts of the task in similar but new situations, in both cases without a
computer or other equipment at hand. The first reason for this stems from the
work of Gal’perin (see, for instance, Haenen, 2001), namely to support the
process of internalization. During the experiment or the modelling task, students
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manipulate more or less concrete objects. The level of abstraction of their
actions is still at a materialized level. In order for their actions to become
mental, the ‘concrete objects’ must be removed. The removal of these concrete
objects also prevents students from answering questions that are supposed to
stimulate reflection by means of trial and error. A more practical argument for
reflection after the modelling task, provided by our students on several occasions, is that students tend not to rehearse experiments and modelling activities
before a test, unlike they do with written work. Therefore, the content of
modelling activities and experiments is more easily forgotten. Reminders to
these activities and experiments, and to their main conclusions, must be
incorporated in the written instructional materials, or students must be invited
to write down their own reflections.
The last step for clarification is the application of the model to new situations. This step may enlarge the base of orientation (see Section 5.5.2) of the
students and may stimulate transfer. If the conceptual or cognitive load of the
preceding sequence is severe, it is advisable to create a separate task for the
application of the model to new situations.
When students are already sufficiently acquainted with the required basic
concepts, the order of modelling and experimenting can be reversed. In such a
case, the model predicts the outcomes of the experiments. In this way, the
model helps focussing attention on the main concepts behind the experiments.
In our learning path, this reversion of order only occurs near the end of the
second year, when students already have attained enough basic knowledge.
Finally, keeping overview can be difficult for students, as we observed in
classroom on occasion. Therefore, the following two additional guidelines are
used for the design of learning sequences.
Firstly, modelling learning sequences must not be distributed over too
many weeks. The same holds for modules. The risk of modules becoming too
extended is severe, because for a developer it is tempting just to add modelling
learning sequences to a module.

Figure 5.4: Scheme serving as a map for students for orientation during a
modelling learning sequence.
Secondly, students need some means of orientation while working on a
modelling learning sequence. The scheme of Figure 5.4 is used in several
modelling learning sequences as a map for orientation. Simultaneously, it makes
the coherence of the activities in a modelling learning sequence more explicit.
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This may prevent students from perceiving the activities and lessons as isolated
events, as they tend to do according to Hodson (1993). In addition, it is meant to
help students in distinguishing between experiments, experimental results, and
reasoning related to the experiments on the one hand, and models, model
results, and reasoning related to models on the other. Learning goal 2 from
Section 5.2 is addressed explicitly by the use of this scheme. The scheme reflects
the scientific method and is used as an introduction to it. In this way, it assists in
addressing an additional learning goal, for practical work formulated by Hodson
(1993), namely, to learn about science.
5.5.2 Creation of bases of orientation for new concepts
As described in the introduction of Section 5.5, the learning path as a whole can
be seen as a collection of intertwined partial learning paths. Each partial learning
path contains a certain amount of new concepts. As Gal’perin points out (see,
for instance, Haenen, 2001), for learning how to use and understand a new
concept, students need a complete base of orientation (or ‘orienting base’) for
that concept and its use. For establishing such bases, we must provide students
from the beginning with enough sufficiently different examples in order for
them to learn to distinguish essential properties from non-essential properties.
This must lead to a high degree of generalization of students’ actions and
prevents the learner from attending to non-essential properties.3 Preferably,
examples are taken from various fields. In some cases, examples can be used
from daily life or from other disciplines, but in most cases at least a few examples from different fields within physics are required. Therefore, the formation
of these bases of orientation is often spread out over several modules. Only
when the number of available examples has become sufficiently extended, a
formal introduction of the corresponding concept is given. Therefore we often
use a setup in which the first examples of a concept are introduced in two or
more modules before the concepts are introduced formally, taking advantage of
these first examples.
5.5.3 Overall sequence of key models and modelling tasks
The overall sequence of the key models in the learning path is depicted in
Figure 5.5. We have strived for a progress in complexity, starting with readymade graphical models consisting of only one stock variable and one flow
variable (Figure 5.5a), followed by models with more than one flow variable
(Figure 5.5b), which are in fact not executed but for which only the stock-flow
3

A proper base of orientation consists of the set of elements a learner needs for the
execution of an action. The set of examples we are providing the students with is not the
same as this set of elements, but is first used for orientation and subsequently for
establishing this set of elements.
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(a) First model, containing only one
stock and one flow variable (module
on velocity, half way 1st year).

(c) Use of a direct relation (module
on the vacuum pump, beginning of
2nd year).

(e) Building an extended model, for
falling with air resistance, when all
relations are given (module on force
and movement, end of 2nd year).

(b) Extension of the number of flow
variables (module on energy and
power, end of 1st year).

(d) Introduction of a network of direct
relations (module on sound, half way
2nd year). u1 and u2 are sinusoids that
must be combined for modelling
beats.

(f) First model to be built from scratch
(Dune Project, end of 2nd year), for the
water conductance of a thin layer of
saturated sand.

Figure 5.5: Sequence of key models along the entire learning path.
diagrams have to be constructed. After this, the first direct relation that must be
constructed and entered in a model is introduced (Figure 5.5c), followed by a
model in which the understanding of a network of direct relations is the main
learning goal (Figure 5.5d). Parallel with the increase in complexity of graphical
models, an increase must be achieved in the level of understanding of variables
and formulas and their representation in graphical models. Therefore, the next
stage consists of the construction by students of a more extended model based
on equations that are already given, enabling them to focus on the translation
from formulas to graphical models (Figure 5.5e). The final stage in our learning
path is the construction by students of relatively simple models for new
situations from scratch (Figure 5.5f). Overall, there is a gradual increase in the
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amount and the kind of graphical model icons used and a growing influence of
students on the models.
Modelling has surplus value for the more complex problems, such as
problems involving flow variables that truly are varying (i.e., changing in time or
space). It may even be counterproductive for students’ understanding if initially
only models are used in which all model inputs are constants, because the role
of formulas and the difference between variables and constants stays hidden in
such models. Therefore, we want to use explicitly varying flow variables as soon
as possible. In the first year of physics education this cannot be accomplished by
using direct relations as definitions for flow variables, because the level of
understanding of the students does not yet sufficiently allow for the use of
formulas.
Instead, use is made of the options, available in the modelling tool of
Coach, to define flow variables by means of if-then-else conditions and sketched
graphs. See the description of the module on velocity in Section 5.5.4.2. The first
direct relation in a model is used at the beginning of the second year of the
learning path. This approach, however, appeared not to be sufficient for the
development of an understanding of the concept of variable as required for
formulas. Additional measures must be taken; see Section 5.6.3.
In our opinion, the use of graphical models as black boxes may hamper
students’ progress, because students’ trust in models depends on their understanding of the way a model works, as we noticed on several occasions. Therefore, attention is paid as soon as possible to the process of numerical integration
that is behind these graphical models. Tables are used to clarify this process for
students.
It is noted that this overview of models and modelling tasks in the
learning path is not exhaustive. In the learning sequences surrounding the above
mentioned key modelling activities, additional models have been used, in
examples and in exercises, for the purpose of increasing bases of orientation or
for the introduction of minor aspects.
5.5.4 School setting and overview of the content of the modules of the
learning path
In this section, we briefly discuss the school setting of the field tests of the
learning path and give summaries of the contents of the modules designed for
the learning path.
5.5.4.1 School setting. At the secondary Montessori school where we did
most of the classroom tests for our learning path, students got physics lessons
for 80 minutes per week during the first year of physics education and for 120
minutes per week during the second year of physics education. In this second
year, chemistry and physics were integrated. The chemistry modules are left out
of this overview because they do not contribute to the modelling learning path.
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Effectively, in this second year, students got physics lessons for also 80 minutes
per week. In addition to these regular lessons, students had the opportunity to
attend additional lessons if necessary (this is common practice in Montessori
education). In Montessori education, to a certain extent students are allowed to
work at their own pace. This puts an extra demand on the educational materials:
students must be able to use them without teacher assistance as much as
possible.
Almost all students attended senior general secondary education or preuniversity education (in Dutch: HAVO or VWO, respectively). In the Netherlands
approximately 40% of all students of this age participate in these two highest
levels of Dutch secondary education (Ministerie van Onderwijs, 2012). In the
next subsections we give a short overview of the content of the modules in the
learning path.
5.5.4.2 First year of physics education, second year of secondary
education (13–14 yr.). The complete physics course for this first year consists of
the following seven modules:
1. Doing Research
2. Light
3. Density
4. Electricity
5. Velocity
6. Forces and Bridges
7. Energy and Power
Only the fifth and the seventh module have been strongly influenced by
modelling. The content of these two modules is outlined below. The
contributions of the other modules to the learning path have a more general
nature. Examples are the introduction in the first module of the concept of
variable as a physical quantity that can be measured and the introduction in the
third module of the first formula (a direct relation).
5th module, Velocity. The fifth module, on kinematics, contains the first
four modelling activities. The most important basic physics concepts of this
module are (position,time)-graphs, (velocity,time)-graphs, and the difference
equation relating displacement, average velocity, and duration, namely
∆x = v av ⋅ ∆t . In this shape, this formula fits better to graphical modelling than
∆x
in the more usual form v av =
. In all four modelling activities, model output
∆t
is compared with data from one-dimensional movements with realistic changing
speeds. Students start using Coach by making video measurements of the start
of a runner. In the subsequent two modelling activities, students compare these
measurements with model output, making use of animations and graphs. See
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Figure 5.6: Screenshot of the second modelling task in Coach. Video results for
a real runner are compared with model output by means of animation,
(position,time)-graphs and (velocity,time)-graphs. The movement of the model
runner is split up into two parts, each with its own constant velocity, by means
of an if-then-else condition.

Figure 5.7: Exploring numerical integration and the effect of step size.
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Figure 5.6 and the description of an early version of this module (Van Buuren et
al., 2010). Different modelling strategies during the second modelling activity, in
which the model movement must be split up in two parts, leads to a student
discussion on the ‘quality’ of a model being dependent on its goal. In the third
modelling activity, real data of the velocity of an accelerating car are used to
introduce numerical integration (Figure 5.7).
In the fourth activity, students use a more varying input for the velocity in
a model of a breaking car. This input consists of graphs, sketched by the
students. The animated motion of this model car is compared with an animation
of a real breaking car. As explained in Section 5.5.3, the nature of the flow
variable representing the velocity becomes more varying in the course of the
first four activities. Overall, in spite of the simplicity of the models, there is an
increasing influence of the students on the models.

Figure 5.8: Introduction of the concepts of energy flows and stocks and their
representations in graphical models. The associated difference equation is
ΔE = (Pin – Pout)·Δt.

Figure 5.9: In- and outflow of energy in an artificial lake, with water as energy
carrier, as a function of time. Students must use these graphs to explain what
happens with the water level (and the amount of energy stored) in the lake.
This example of a more dynamic approach stems from the end of the module
on energy and power. It is a version of the type of problem described by Cronin
at al. (2009).
7th module, Energy and Power. The seventh module, on energy and
power, is inspired by ideas from the Karlsruhe Physics Course (Falk, Herrmann, &
Bruno Schmid, 1983; Herrmann, 2000), using storage and flows of energy and
the associated difference equation ΔE = (Pin – Pout)·Δt as basic concepts, and
exploiting the mathematical similarity between this equation, the corresponding
graphical model, (energy,time)-graphs, and (power,time)-graphs on the one
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hand, and their mathematical counterparts in the module on velocity on the
other hand. This way, the base of orientation on difference equations is expanded. Stock-flow schedules are introduced formally (Figure 5.8) for several
realistic situations. Some of these situations are demonstrated, but no models
are actually executed. The initial reason is that we did not succeed in finding a
realistic situation in which measurements can be done and that is mathematically and physically easy enough to be modelled by our students. With hindsight,
this actually may have turned out as an advantage, because it helps students to
focus on the main modelling goal of the module, namely the construction of
stock-flow diagrams (or stock-flow schemes, as they are called in the module).
The use of the concepts of energy storage and energy flows with a varying
character is an example of the less traditional, more dynamic topics in our
learning path (see, for example, Figure 5.9).
5.5.4.3 Second year of physics education, third year of secondary
education (14–15 yr.). In the second year of physics education, there are five
physics modules, supplemented by a special project:
1. Solid, Liquid, Gas
2. Resistance and Conductance
3. Vacuum Pump
4. Sound
5. Movement and Force
6. The Dune Project
All five modules are strongly influenced by the integration of modelling. The
Dune Project, a project in which physics and biology are combined, at the end of
this year, is also used for the learning path.
1st module, Solid, Liquid, Gas. The first module, Solid, Liquid, Gas, and the
third module, Vacuum Pump, originally were one, but this one module had to be
split up because it became too extended. In the first module, molecular models
for solids, liquids and gases are introduced. One goal of this first module is
broadening students’ view on the concept of a model, preventing the misconception that all models are computational models. Another goal is showing
students that for different situations different models are used. A gas, for
instance, can be modelled as consisting of particles without any volume and
without attractive forces, whereas for fluids the particles need attractive forces
and some volume. A third goal of this module is to introduce the essential basic
physics concepts for the module Vacuum Pump.
2nd module, Resistance and Conductance. The second module, on electrical resistance and conductance, was inserted here in order to help students
develop their level of understanding of the concepts of variable and of formula
as required for modelling (Van Buuren, Uylings, & Ellermeijer, 2012). In this
module students do not actually work with a computer model, but they enter a
formula into a computer program in order to let the computer do calculations
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for them. It is a clear example of a necessary adaptation of another part of the
curriculum to prepare for modelling.
3rd module, Vacuum Pump. Key targets of this module are the use of a direct relation in a graphical model and the introduction of the scientific method
as a combination of experimenting and modelling. An early version of this
module has been described in more detail elsewhere (Van Buuren et al., 2012).
In the first section of this module, the scientific method is introduced, represented by the scheme of Figure 5.4. In the remainder of this module and in all
subsequent modelling learning sequences, this scheme is used in the instructional materials as a map for students for orientation, as is explained in
Section 5.5.1. The vacuum pump is used as an example for demonstrating the
scientific method. The experiment consists of measurements of the pressure in a
vessel connected to a hand driven vacuum pump (Figure 5.10) as a function of
the number of pump beats. In the corresponding model (Figure 5.5c), the
number of molecules, at constant temperature and volume being proportional
to the pressure, is calculated as a function of the number of pump beats based
on a statistical analysis. Students must find and enter an adequate formula for
the number of molecules being pumped out each beat. By comparing model
output and experimental data, students can examine the adequacy of their
formula. By means of several questions and exercises, students are asked to

Figure 5.10: The hand driven vacuum pump and vessel.
criticize both the experiment and the model, in order to find the limitations of
both. At the end of the module, the more advanced students are given a
mathematically similar modelling task in the field of economics (on interest), in
order to enlarge their base of orientation.
4th module, Sound. The main goals of this module are the introduction of
structures of direct relations and an expansion of the base of orientation for
direct relations in a graphical model. After an introduction of basic concepts
such as period, frequency, harmonic vibrations, and amplitude, students explore
89

Chapter 5

experimentally the ‘mysterious’ phenomenon of sound beats caused by two
tuning forks with slightly different frequencies. They must try to model this
phenomenon as ‘some mathematical combination’ (addition) of two different
sinusoids (Figure 5.5d). The model we use here is not a genuine dynamic model,
because there is no difference equation to be solved, but to our students the
use of the model is justified by its going beyond their mathematical capabilities.
This is an example of a topic addressing the third educational goal mentioned in
Section 5.2.
5th module, Movement and Force. In this module, all basic elements required for modelling come together for the first time. After this module,
students should be able to build graphical models when all formulas are given.
An early version of this module has been described by Van Buuren et al. (2011).
It is by far the longest of all modules, taking almost twenty hours. The part
affected by modelling however only takes eight hours. Because of its length, the
module has been split up in three parts. In the first two parts, important basic
concepts are introduced, such as tangents and Newton’s second law, written as
F
∆v = net ⋅ ∆t , where Δv is the change of velocity of a mass m over an interval of
m
time Δt as a result of a net force Fnet.4 By the introduction of this equation, the
base of orientation for difference equations (for the context of graphical
modelling in physics) is completed. In the third part, students eventually build
and explore the model shown in Figure 5.5e for falling with air resistance, going
through two complete modelling cycles. In the first cycle, students use Newton’s
second law to predict the movement of a free falling object to be independent
of its mass, using only mathematics. This is both an example of a model preceding an experiment and an example of a model that is not computer-based. In the
second modelling cycle, air resistance is added. This creates the need for a
computer model. In this modelling sequence, difference equations and direct
relations (named ‘Δ-formulas’ and ‘direct formulas’) are introduced formally as
two different types of formulas, and all aspects of graphical models are summarised. Before students start building the model of Figure 5.5e, they are guided to
design this model themselves step by step, mainly without a computer. This
must help them to focus on the mere process of designing. During this process,
several partial modelling problems must be solved. For some of these a computer is used. An example is the problem of modelling coupled difference
equations (Figure 5.11). After completion of the full design, the model is
implemented, tested and explored.

4

For the introduction of tangents, a sketch-activity similar to the one in the module on
kinematics appeared to be very useful. This is a clear example of spin-off from the design
of the modelling learning path.
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Figure 5.11: Graphical representation of two coupled difference equations. The
velocity v has a twofold role, as a flow variable in the first, and as a stock variable
in the second equation.

6. The Dune Project. The last modelling learning sequence, at the end of
this school year, is inserted into the Dune Project, a project in which biology,
some geography, and physics are integrated. The learning goal of this modelling
learning sequence is to build a relatively simple model from scratch. Students
start with measurements of the absorption of water and the water conductance
of a filter containing a thin layer of saturated sand for several types of sand from
the dunes (Figure 5.12). Subsequently, the flow of water through the filter must
be modelled by the students. An example of a graphical model for this situation
is shown in Figure 5.5f. This modelling learning sequence must be considered as
a pilot project, as it was tested only once, with a small group of students, in the
last year of our research project.

Figure 5.12: measurement of absorption of water and conductance for water of
a thin layer of sand.
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5.6 Description of the learning path in terms of partial
learning paths
At the beginning of the research project, during pilot studies, five sorts of
abilities were distinguished that seem to be important for a full-fledged modelling process. Students must be able to:
1. use the modelling software effectively;
2. read graphs, as a means for interpreting outcomes from models and experiments;
3. deal with variables and formulas for the purpose of analysis of the realistic
context situation and reduction of the given problem task to a manageable
problem task;
4. understand the elements of graphical models and their relation to the
formulas so that they can create and work with graphical models;
5. evaluate models, model output, and results of experiments, which requires
knowledge of limitations of models, modelling, and experiments, and some
understanding of the nature of models.
The last two abilities are more specific for modelling (and experimenting); the
first three are more general abilities that are essential for modelling. Attention
to the acquisition of these abilities forms an essential part of the learning path.
Each ability requires a learning path of its own. The five partial paths are strongly
intertwined with each other and with the modelling learning path as a whole.
They are presented in Tables 5.2 and 5.3 at the end of the chapter (pp. 108-113).
In these tables, the time goes from top to bottom. All five partial paths will be
discussed in more detail in the following subsections.
5.6.1 Use of the modelling software
The partial path on the use of the software tool, in our case Coach 6, is outlined
in the first labelled column of Tables 5.2 and 5.3. The number of features of fullfledged modelling software are quite extended, even if we confine ourselves to
the more basic features. Minor issues, such as the use of the * -sign for multiplication and the use of scientific E notation for large and small numbers, may add
up to become large obstacles for students. On several occasions, students
indicated that Coach must be used regularly in order to get acquainted with it.
Each relevant feature, modelling-specific or of a more general nature, must be
considered as a separate learning goal, especially since the concepts behind
many of these features, such as scaling graphs and defining variables, are new to
young students. As described in Section 5.5.1, the number of learning goals per
task must be limited. Therefore, care has been taken to distribute all features
required for modelling evenly over the learning path. The more general features
are addressed in the initial phases of the learning path. New features are
explicitly introduced and preferably just before students need them. Most new
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features are introduced by means of instructional videos, usually embedded in
Coach activities. These instructional videos were developed to be short (approximately 2 minutes maximum) and were dedicated to only one or just a few
features each. Depending on the load of the learning task, we used separate
activities for getting acquainted to these new features.
5.6.2 Graphs
A crucial step for modelling and experimenting is the interpretation of the model
output and the experimental data. This output and these data usually are
presented by means of tables and graphs. Because in most cases graphs provide
a better overview, we consider the ability to read and interpret graphs as one of
the most important abilities for modelling. Students can have severe problems
understanding and interpreting graphs. An overview of common types of errors
in graph comprehension is given by Beichner (1994). We consider the following
errors as important for the learning path:
• interpreting a graph as a picture of the underlying situation (graph as a picture
or iconic misconception);
• misinterpreting the slope as the height in the graph (slope/height confusion);
• not distinguishing between distance, velocity, and acceleration (variable
confusion);
• being unable to calculate the slope of lines which do not pass through the
origin (non-origin slope errors);
• not understanding the meaning of the area under the curve (area ignorance).
Therefore, at the threshold of the modelling learning path, in the module on
velocity, much attention must be paid to the introduction of graphs, bearing in
mind the above types of errors commonly made by students. Because of the
importance of graphs for the succeeding part of the curriculum, the majority of
aspects of graphs must be addressed at this early stage.
Testa, Monroy, and Sassi (2002) report that students who are only used
to deal with mathematically regular graphs of mathematical functions and/or
graphs for ‘ideal’ physics cases experience difficulties in interpreting the more
irregular graphs stemming from real measurements. On the other hand, these
‘irregularities’ often appear to trigger a correct physics explanation and a deeper
understanding of the phenomenon. In our learning path, in accordance with the
second goal mentioned in Section 5.2, we want to prepare students for the more
realistic types of graphs that can be the results of computer models and experiments. Therefore graphs based on real data are used as much as possible and
immediately from the beginning. Students are stimulated to interpret and
evaluate these realistic graphs. An example is the comparison of the (position,time)-graph of a long distance skater with the extrapolated graph of a short
distance skater. Students must not only extrapolate the graph of the short
distance skater, but they must also discuss how realistic such an extrapolated
graph may be. The interpretation of graphs is supported by the use of video
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measurements and animations in the first modelling activities (Table 5.2, rows 2
to 6; see also Van Buuren et al., 2010). By the comparison of measurements and
model-based animation, (position,time)-graphs and (velocity,time)-graphs, the
graph as a picture misconception and variable confusion are addressed. A
special example of this approach is the sketching activity outlined in Sections
5.5.3 and 5.5.4.2.
Because of the importance of difference equations for the learning path,
special attention is given to aspects in graphs that are important in relation to
difference equations and the integration of these equations, such as initial
values in (position,time)-graphs, slopes (velocities) in (position,time)-graphs, and
the difference between points and intervals. Almost from the start of the
learning path, non-zero initial values are used and positive and negative slopes
are studied, both qualitatively and quantitatively. In this way, the problems of
the non-origin slope errors and slope/height confusion are addressed too. The
introduction of points and intervals is discussed in Section 5.6.3.
With respect to the interpretation of (velocity,time)-graphs we decided
not to introduce the area-method, for calculating the distance travelled, in the
first year of physics education, but to postpone the introduction of this method
to the next year (Table 5.3, row 14). Instead, students must learn to estimate
the average velocities in (velocity,time)-graphs (Table 5.2, row 3). We consider
this important for two reasons.

Figure 5.13: Explicit reduction of a real problem to a manageable one by
replacing the real, changing velocity of a long-distance skater by one constant
velocity.
Firstly, we expect students to become more aware of what they are doing
when they consciously estimate an average velocity from a (velocity,time)-graph
and, if necessary, calculate the distance travelled by using this average velocity,
rather than when they are blindly using an abstract algorithm such as the area-
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method too soon. In this way, we hope to prevent area ignorance. For the same
v begin + v end
is not introduced.
reason, the common equation v av =
2
Secondly, by letting students explicitly replace realistic (velocity,time)graphs by idealised piecewise constant graphs, students learn more about
modelling, as they themselves are reducing a problem that is too complex by
one that can be handled by them (cf. Section 5.3; see for examples Figure 5.6
and Figure 5.13).
These difficulties of variable confusion and area ignorance, which students may have when interpreting (velocity,time)-graphs, seem to be special
cases of the more general problem of ‘stock-flow’-failure identified by Cronin et
al. (2009): the inability to infer from given flow variables what happens to the
corresponding stock variable. They describe the so-called ‘correlation heuristic’
error: even highly educated people often erroneously assume that the behaviour of a stock matches the pattern of its flows. This poor understanding of
accumulation appears to be a persistent problem. It is not attributable to the
context (velocity, water levels in bath-tubs, or people leaving and entering a
store), the way the flows are presented (bar graph, line graph, table or text), or
the complexity level of the data. Cronin et al. (2009) suggest that traditional
mathematics education may strengthen any predisposition to use the correlation heuristic that people have prior to formal schooling by encouraging the use
of correlational reasoning and by failing to teach the principles of accumulation.
Therefore a question for research is to what extent a modelling approach with
young students can contribute to an improvement of graph comprehension, and
especially to coping with the problem of stock-flow failure mentioned above.
The latter problem is an example of the addressing of educational goal 3 from
Section 5.2.
After paying attention to all above aspects of graphs in the module Velocity (Table 5.2, rows 2 to 6), the base of orientation for graphs is extended in
the module Energy and Power (Table 5.2, row 7). Figure 5.9 is an example
addressing the problem of stock-flow failure.
5.6.3 Variables and formulas
Three aspects of variables and formulas deserve special attention:
• the conceptions of variable and formula;
• the understanding of the distinction between difference equations and direct
relations;
• the ability to construct simple new formulas.
The conceptions of variable and formula. A too limited notion of variable
and the lack of a clear definition for students of formula cause student blockages
(Van Buuren et al., 2012). The terms variable and formula both have many
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different meanings in mathematics and science (Heck, 2001; Malisani &
Spagnolo, 2008). For a proper notion of formula, a correct conception of variable
is of great importance. A distinction must be made between two aspects of
variables, namely a variable in the sense of a measurable physical property of an
object and a variable in the more mathematical sense that is required for
formulas. The former aspect is addressed almost immediately from the start of
our physics curriculum (see Section 5.5.4.2); an adequate conception of this
aspect is also relevant for modelling (Section 5.6.4). In the current section, we
consider the term variable in the more mathematical sense. We confine ourselves to three of its meanings, stemming from mathematics and increasing in
level of abstraction:
1. Placeholder: a variable that stands for one number, known or unknown.
According to Heck (2001),
in this sense a variable can be regarded as a rather static entity by a student:
it makes no sense to him or her to consider change of the variable.
2. Generalised number: an indeterminate number that appears in generalisations and in general methods (Malisani & Spagnolo, 2008). The variables in a
physics formula, expressing a general relation between physics quantities,
such as the relation between mass, volume, and density, can be considered
generalised numbers. Usually in traditional school practice, as soon as a formula is applied to a specific situation, the generalized numbers are turned
into placeholders.
3. Varying object: a symbol for an object with varying value (Heck, 2001), often
in functional relationship to another variable, as “a thing that varies”
(Malisani & Spagnolo, 2008), with a “changing nature” (Graham & Thomas,
2000).
In traditional school practice in physics, an understanding on the level of
placeholder suffices for a long time. For modelling, an understanding on the
level of varying object is required. In formulas, constants may be written both as
a symbol or as a number, but for variables in the sense of varying objects,
symbols are a necessity. On the partial learning path, several steps are introduced with respect to the notions of variable and formula that otherwise would
not necessarily occur in a physics course:
• In the module on velocity in the first year, the equivalence of a ‘simple
calculation’, such as 9.1/4.2, and its outcome, both representing constants, is
introduced (Table 5.2, row 3), as a prelude to a more formal introduction of
the concepts of formulas, variables, and constants at the beginning of the
next year (Table 5.3, row 9).
• As described in Section 5.5.3, already in the second and third modelling
activity, a varying input is used (Table 5.2, rows 4 and 6), using conditions
and sketched graphs as input. This approach turned out to be insufficient for
the development of an understanding of a variable as a varying object (Van
Buuren et al., 2012), probably because there is no linkage with formulas.
• Therefore, the module Resistance and Conductance has been inserted into
the learning path (Table 5.3, row 9; see also Section 5.5.4.3). In this module,

96

Design of the modelling learning path

calculations must be carried out on rows of a table with data from measurements. By entering the required formulas in Coach, students can let the
computer carry out these calculations automatically instead of carrying out
all calculations by hand. This activity shows the advantage of using symbols
in formulas. An operational definition of formula, equation, and simple calculations is given in a for students unambiguous way just before this point in
the learning path. For the notion of variable, the activity can be seen as an
intermediate step. Each individual calculation can be understood with a notion of variable on the level of placeholder, but from one measurement to
the next, the variables are clearly changing. Although no use has been made
in this module of graphical models, we do consider this as an important step
on a modelling learning path.
• In the next module, on the vacuum pump, the difference between constants
and variables in the sense of varying objects is introduced formally (Table
5.3, row 10). At this point, students must use a formula in a model for the
first time (Table 5.3, row 11).
A question for research is whether the problems resulting from a too limited
notion of variable and formula reported by Van Buuren et al. (2011) can be
solved by our approach.
The understanding of the distinction between difference equations and
direct relations. The understanding of the difference between the two main
building blocks of graphical models, difference equations and direct relations, is
of great importance for modelling. During the first year, bases of orientation for
both types of formulas are built up. Δ-notation is not postponed to the upper
levels of secondary education, but is used immediately from the beginning, in
the module on velocity (Table 5.2, row 2). Points and intervals (such as moments
of time and time duration, or positions and distances) are explicitly distinguished
right from the start.
At the end of the first year, in the module on energy and power, the second difference equation is introduced (Table 5.2, row 7). At this point, the term
‘Δ-formulas’ is introduced for difference equations. Also, the relation between
Δ-formulas and stock-flow schedules is introduced. Near the end of the second
year (Table 5.3, row 14), the base of orientation for Δ-formulas is completed
F
with Newton’s second law, written as ∆v = ∆t . The term ‘direct formulas’ for
m
direct relations is introduced and the difference between both types of relations
is introduced formally. A special feature of this approach is that it leads to a
natural introduction of the acceleration a. Because of the term F/m, the ΔF
formula ∆v = ∆t cannot directly be translated into a stock-flow schedule. By
m
replacing F/m by a, Newton’s second law is split up into a = F/m and the Δformula Δv = a·Δt. The variable a appears as a flow variable in the stock-flow
diagram.
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In older versions of the modelling learning path, some tests were carried
out to investigate if students can decide if a relation in a new realistic situation
needs to be described by a Δ-formula or by a direct formula. Although results
were encouraging, we decided not to implement this in the latest version
because otherwise the number of learning goals would have become too
extended.
Ability to construct simple new formulas. If we want our students to
learn to design their own models for new situations, they must learn to construct simple new formulas. Therefore, from the beginning, attention is paid to
the (re)construction of formulas (Table 5.2, row 1). In the second year of the
learning path, in the module on the vacuum pump, students start to construct
simple new formulas, direct relations between three variables, themselves
(Table 5.3, row 10). A question for research is whether students are able to
construct such simple formulas from scratch.
5.6.4 Graphical models
The overall sequence of models and modelling tasks is described in Section
5.5.3, and an extended overview of all elements of graphical models is given by
Van Buuren et al. (2011). Therefore, in this section, we confine ourselves to the
discussion of some special aspects of our approach to graphical modelling.
Relation approach instead of stock-flow approach. In this subsection,
our approach to graphical modelling is discussed. Our view on what we consider
as the fundamental building blocks for (graphical) models is an important aspect
of this approach.
Forrester (1961, p. 81) considers the graphical stock-flow diagrams as “an
intermediate transition between a verbal description and a set of equations.”
The main goal of the diagrams is communication of the causal assumptions and
the main features of the mathematical model. While differential equations
communicate only to mathematically educated people, system dynamicists aim
to advance communication with and among the many (Lane, 2008, p. 5). The
graphical diagrams are used in two different ways:
1. as a graphical expression of a mental model. The graphical diagram can
subsequently be turned into a quantitative computer model by entering the
required direct relations. Within this approach, often more qualitative intermediate representations are also used, such as causal loop diagrams. This approach
is discussed by several authors, for instance Ossimitz (2000) and Lane (2008).
2. for expressing the meaning of the equations in a way that is also understandable to people with less mathematical education.
Therefore, two ways of creating graphical models can be distinguished. The first
is from a more conceptual, ‘mental’ starting point, and the second is from the
equations.
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The structure of graphical stock-flow models is based on the idea that essentially there are three fundamental types of variables: stock variables, flow
variables, and auxiliary variables. Each type has its own icon. These three types
are usually considered to be the fundamental building blocks for graphical
models. The use of the stock-flow metaphor should make designing and understanding models easier for students, helping them to circumvent the problems
of building and understanding the associated difference equations. Instead,
students must determine the types of the variables, making use of these and
similar metaphors. In practice, however, this approach does not go without
problems:
• The distinctions between flows (or rates) and stocks (or levels) are not easily
made by students (Bliss, 1994; Schecker, 2005; Westra, 2008).
• Considering the type of a variable as a fundamental property is questionable.
As shown in Figure 5.11, one variable can be part of several equations, in
each of which its ‘type’ can be different. Therefore the type of a variable is
not a basic, inherent property of a variable.
• According to Bliss (1994), it is difficult for students of age 12–14 years to
consider the rate of change of a variable as a variable in itself. When not
confident of this idea, students cannot express themselves with stock-flow
diagrams.
• Students of age 16–18 years tend to use objects, events and processes
instead of true variables (in the sense of measurable properties) when trying
to conceptualize their models, although this seems to depend very much on
the problem (Kurtz dos Santos & Ogborn, 1994).
• The stock-flow metaphor may work for many people, but does not work for
all (Lane, 2008). After an instruction based on this metaphor, the stock-flow
diagrams are not yet easily grasped by students (Tinker, 1993; Sins,
Savelsbergh, & Van Joolingen, 2005).
• The metaphor is not very useful for modelling dynamics, as it is hard to
imagine ‘position’ as a stock where ‘velocity’ accumulates (Tinker, 1993).
• Even if the use of differential equations can be circumvented, the use of
direct relations cannot be avoided. Lower secondary students can have difficulty using these relations in their models if they do not have the required
notions of variable and formula (Van Buuren et al., 2012).
• Although the graphical diagram can help to clarify the model structure (Lane,
2008; Van Borkulo, 2009; Van Buuren et al., 2011), students sometimes mix
up ‘not being a direct part of a definition’ with ‘not being dependent on’ (Van
Buuren et al., 2011).
• Finally, students easily confuse connectors and flows, both being represented as arrows, as we observed on several occasions in classroom.
The question is whether these problems also will arise with an approach in
which the establishing of equations forms a more dominant part of the starting
procedure for the creation of graphical models. Such a more equation-based
approach possibly fits better to the existing physics curriculum, in which formu99
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las are introduced and used almost from the beginning. As a result, physics
students already have a collection of formulas at their disposal that are wellknown to them. The problems with determining the types of variables may be
diminished by considering the relations between the variables, i.e., the difference equations and direct relations, as the dominant building blocks of models,
instead of the individual variables. Finally, the underlying reason why the stockflow metaphor may be useful as an aid for constructing models lies in the
uniformity of the underlying difference equations. Therefore, in our opinion,
these equations should not be concealed, but highlighted.
For these reasons we chose a more mathematical approach to graphical
modelling than is usually done by proponents of graphical system dynamics
modelling. It is rooted in a ‘formula perspective’: we call it a relation approach. A
similar approach, in which graphical models were consistently presented to
students as representations of computer programs evaluating recurrence
relations, appeared to be possible and successful in upper secondary mathematics education (Heck, 2012, p. 82, 245). Central to the relation approach are
the relation between a difference equation and a stock-flow diagram, and the
interpretation of connectors as showing structures of direct relations.
The relation between difference equations and stock-flow diagrams is introduced in the module on energy and power (Table 5.2, row 7). Structures of
connectors are introduced in the module on sound (Table 5.3, row 13). The
twofold (or even threefold) type of a variable is introduced in the module on
dynamics (Table 5.3, row 15), after which all elements are integrated. The
question for research is whether a relation approach can be used effectively in
lower secondary education as an introduction to graphical modelling.
Role of stock-flow metaphor. Even with such a more mathematicsoriented approach, the stock-flow metaphor still may be useful, initially as an aid
in comprehending models (and especially the difference equations in these
models) , at a later stage for constructing models. But, as it is mentioned above,
the understanding of the stock-flow metaphor does not go without problems.
Although these problems are well known, little research has been done on the
question exactly how the stock-flow metaphor is understood by students (Doerr,
1996; Lane, 2008). In order to solve the problems that accompany this metaphor, it may be useful to answer this question first.
5.6.5 Evaluation of models and nature of models
In this section we discuss the partial paths on the evaluation of models, the
nature of models, and on the scientific method that in a natural way emerges
from our approach. At the end of this section, we make some remarks on
debugging skills and (self-)confidence of students.
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Partial path on evaluation. For a proper evaluation of a model, the model
must be tested and limitations of the model must be sufficiently established. In
order to test a model, students must be able to judge the outcomes of the
model. This judging can be done by comparing model output with real data from
measurements. A prerequisite is the validity of these data. Therefore students
also must be able to evaluate the experiments from which these data originate.
A second way to judge the outcomes of a model is by comparing this output
with qualitative or quantitative predictions for special, limiting cases for which
more simple qualitative or quantitative models exist. This requires the ability to
interpret model output. In both ways, students must be able to explore their
models in some systematic way.
In order to establish the limitations of a model, students must have an understanding of the nature of models in general, including an understanding of the
difference between a model and reality, an awareness of the influence of model
assumptions and simplifications, and students must have knowledge of typical
limitations of the modelling method used.
This process of evaluation by comparing model output with measurements and
by critically examining both the model and the corresponding experiment is part
of the scientific method. Many authors consider an understanding of the
scientific method and of the role and nature of theories, experiments, and
models as important learning goals in secondary science education (see, for
instance, Carey & Smith, 1993; Hodson, 1993; Raghavan & Glaser, 1995;
Treagust, Chittleborough, & Mamiala, 2002; Schwarz & White, 2005). In our
approach, the scientific method is a helpful concept emerging in a natural way
from the modelling learning path.
The abilities required for evaluation of model results highly depend on abilities
to be acquired on the other partial paths. As a result, the partial path on
evaluation and nature of models initially develops slowly. However, in order to
stimulate students to judge all results, already in the first physics lessons
attention is paid to making estimations and judging of outcomes (Table 5.2,
row 1). Evaluation of models by comparison with experimental data is also used
from the beginning (Table 5.2, row 3). Elementary limitations of numerical
methods are addressed at an early stage (Table 5.2, row 5). Starting from the
module on the vacuum pump (Table 5.3, row 10), evaluation becomes a more
explicit activity with the introduction of the scientific method. Here, students
criticize both the experiment and the model explicitly, both with respect to
limitations and assumptions. In an early version of the module on the vacuum
pump, students were invited to do so in a general way: “give two reasons why
model output may deviate from measurement results.” Students found this
question very hard, possibly because they had some trouble distinguishing
between experiment and model, and because it was difficult for them to think of
reasons why the model or the experiment might give incorrect results. In the
latest version of this module, possible limitations of both the experiment and
the model are addressed more specifically. For example, students are given sets
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of experimental data containing errors and are asked to find these errors and
give plausible causes. This way, students learn to appreciate that experimental
results and model results may deviate from the ideal case. This approach seems
to work well.
In the module on dynamics (Table 5.3, row 16), model evaluation by
comparison of model output with quantitative results for simple limiting cases is
introduced when the conceptual and mathematical level of the students has
become advanced enough for this task.
Partial path on the nature of models and on the scientific method.
Raghavan and Glaser (1995) report a significant increase in the level of understanding of the nature of models with students (age 11-12 years) during a course
of one semester in which attention is specifically drawn to modelling. Some
courses on modelling start with a general meta-conceptual discussion of the
nature of models, but it can be questioned whether it is effective to do so in
such an early phase (Schwarz & White, 2005). Instead, in our modelling learning
path a base of orientation consisting of physics models is built first and an
understanding of the nature of models is developed gradually. Students get
acquainted with mathematical models (including computer models) in science
and acquire some modelling abilities for graphical modelling first. In order to
extend the students’ base of orientation, not only computer models are presented, but also other sorts of physics models, such as several different molecular models (Table 5.3, row 8) and the more traditional mathematics-oriented
models, that have an analytic solution (Table 5.3, row 14). By using multiple
molecular models, the false preconception that only one ‘correct model’ exists
for a particular phenomenon (found even with science teachers by Justi and
Gilbert, 2003) is addressed. The analytical solutions and the solutions calculated
by the (more powerful) computer models can be juxtaposed as alternative ways
of solving the same types of problems. By establishing this more extended base
of orientation of models first, we hope to eliminate the well-known naïve
conception of models being replicas of the real world (see, for instance, Treagust
et al., 2002).
While this base of orientation of models is being built up, the term model
is used explicitly and several aspects of the nature of models are introduced
when required, usually in order to support other aspects of the learning process.
For example, in the first modelling activity, in the module on velocity (Table 5.2,
row 3; see also Section 5.5.4.2), comparison of animations driven by data from a
real runner with results of a computer model is supposed to help students to
make a clear distinction between reality and model. The meaning of the concept
of average velocity is illuminated simultaneously. In the second modelling
activity, the quality of models is discussed as being depending on its goal
(Table 5.2, row 4; see also Section 5.5.4.2). This is repeated in the module on
molecules (Table 5.3, row 8; see also Section 5.5.4.3). In an early version of the
learning sequence of the vacuum pump (see Section 5.5.4.3), the use of the term
‘model’ for both the molecular model and the graphical model was confusing,
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students had difficulties in clearly separating model properties from properties
of reality or properties of experiments, and some students appeared to be
surprised by the idea that model assumptions can be questioned (as we also
observed in a pilot project). Therefore, in the latest version of the learning path,
the scientific method is introduced explicitly and a clear distinction is made
between model and experiment (see Figure 5.4, Section 5.5.4.3, and Table 5.3,
row 10). In addition, the molecular model for gases is given the status of a
theory, and the idea of falsification is introduced. This turns out to work much
better.
Debugging skills and self-confidence. An advantage of computer models
can be the freedom offered to students for exploration. Though, with an
increase in freedom goes a greater chance of getting unexpected and incomprehensible results. An example of this is the occurrence of dramatic effects as a
result of errors such as a confusion between grams and kilograms. In traditional
teaching, this is usually considered to be a ‘minor’ error. For novice modellers,
lacking both the debugging skills and the confidence required for modelling,
these incomprehensible results not only can be a cause for blockages (Van
Buuren et al., 2010), but also a cause for frustration, as we noticed on several
occasions in classroom. As a result, students may have no confidence in their
own modelling skills and may want to avoid the use of computer models.
Apparently, using computer models can be very confronting. On the other hand,
students may become enthusiastic when their models produce output that they
expect and understand, as we noticed also. Therefore, in the initial phases of the
modelling learning path, care has been taken that students are not disrupted
and frustrated by the occurrence of such trivial but dramatic errors.

5.7 Major outcomes and reflection
5.7.1 Major outcomes
Important outcomes of this design and research project are the design principles
and the design of the learning path described in this paper. They are the result
of several rounds of designing and testing.
Van Buuren, Heck, & Ellermeijer (2013a) describe the results of the introduction of clearer notions of variable and formula, and results concerning the
creation of formulas by the students. It turns out that most students grasp these
clearer notions. Although only part of the students were able to construct simple
formulas without assistance at the end of the learning path, this result still is
promising. The lower secondary students following the learning path performed
well on this aspect compared to the pre-university upper secondary students
(age: 16-17 years) of Westra (2008, p. 177) in biology, and there are still
possibilities to improve the partial learning path on formulas.
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For results with respect to interpretation and construction by students of
graphical models, we refer to (Van Buuren, Heck, & Ellermeijer, 2013b). In this
paper, students’ misconceptions with respect to graphical models are identified,
and an explanation is given for the problem, that is frequently noted in
literature, that even upper secondary students seem to understand the graphical diagrams but often are not able to create such diagrams. Also, it turns out
that at the end of the third year of secondary education most of the students
who have followed the learning path can construct simple graphical models,
representing one Δ-formula and one direct formula in case these formulas are
given. As a result of the identified misconceptions, only a minority of the
students was able to construct such simple graphical models from scratch. If in
future we succeed in dealing with these misconceptions, better results can be
expected.
These outcomes and results can be considered as a plausible answer to
the questions to the first educational goal of Section 5.2.1.
5.7.2 Integration of the learning path into the curriculum
Our choice, motivated in Section 5.4, to integrate the modelling learning path
into the physics curriculum and to adapt this curriculum to modelling, proved to
be useful. A consequence of this choice is that the design has become very
extended, covering and integrating a multitude of subjects from physics and
mathematics. But our feeling that designing a modelling learning path demands
such an integrated approach proved to be correct. Not only has this curriculum
indeed been adapted in many places to prepare for modelling, this approach
also has enabled us to monitor the development of students’ conceptions over
the whole curriculum. Students’ problems could in some cases be related to
omissions in earlier parts of the learning path. This holds not only for individual
students who have skipped some preceding parts of the curriculum, but also,
more structurally, for the entire group of students, in case the earlier parts did
not prepare well enough for modelling. A clear example of the latter are the
limited students’ conceptions of variable and formula that hampered their
progress. Some concrete examples of adaptations of the curriculum to prepare
for modelling are the following:
• aspects of graphs are addressed at an earlier moment than is common in
more traditional curricula;
• Δ-notation is introduced at a very early moment;
• in the module Solid, Liquid, Gas, no graphical models appear, but this module
both prepares for a more complete students’ notion of models and it
provides part of the essential theoretical background for the experiment and
the graphical model in the module Vacuum Pump;
• the problem of the limited students’ conceptions of variable and formula
have successfully been addressed by adapting modules preceding to the
module in which these conceptions are necessary;
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•

the first preparations for students to learn to create formulas are made more
than half a year before students start to create formulas for modelling
purposes;

5.7.3 Incorporation of concepts and phenomena that traditionally are
considered as complex for lower secondary students
In the learning path, a number of concepts and phenomena have been introduced that traditionally are considered as complex for lower secondary students. Preliminary results indicate that at least some of these more complex
concepts and phenomena have been grasped by many students. Examples are
tangents (which are required for analysis of graphs), the creation of simple
formulas, and the phenomenon of falling with air resistance. Other more
complex concepts and phenomena have only been understood by a relative
small number of students. For example, only a few students were able to infer
from the given graphs of flow variables what happens to the corresponding
stock variable (albeit after only a few exercises). This is the problem of ‘stockflow failure’ identified by Cronin et al. (2009) and described in Section 5.6.5.
Another example is the phenomenon of beats, that has not been understood
completely by many students. However, this is not problematic. First of all, in
the way the learning path has been constructed, students’ progress on the
learning path does not depend on a complete understanding of all of these most
complex concepts and phenomena. One important function of some of the
complex phenomena is to create a need for students to develop new competencies. In the case of beats, this new competency is the understanding of the role
of connectors, and in this we have succeeded. Furthermore, these more complex phenomena turned out to be challenging, especially (but not only) for more
gifted students, although care must be taken that another part of the students
does not get frustrated.
In some cases, the introduction of more complex or more abstract concepts is required for the formation of complete bases of orientation for students. In an approach in which more realistic phenomena are studied, the use of
such concepts cannot easily be avoided. This in contrast to a more traditional
approach, where the phenomena to be studied often are carefully chosen to fit
limited conceptions. An example is the early use in the modelling learning path
of Δ-notation and of graphs with non-zero origin and a varying slope. In early
lower secondary education, such complexities usually are avoided. But the
question is whether this makes it easier for students. By not addressing such
complexities, students’ problems and misconceptions will not come to the fore,
but this does not mean that they do not exist. By offering incomplete bases of
orientation, we may cause more problems than we are solving.
Finally, in some cases, the modelling learning path has fostered students’
understanding of more abstract concepts. An example is the use of formulas in
the computer learning environment, which contributes to more adequate
student conceptions of variable and formula (Van Buuren et al., 2013a).
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5.7.4 Modelling in lower secondary education
A question is whether it is necessary to start with modelling so early. In
Section 5.1, five possible advantages of doing so are listed. The first three of
these clearly hold: it gives students more time to get acquainted with modelling,
more students will have got acquainted with modelling and problems that are
more realistic have been studied. With respect to the fourth possible advantage,
the combination of modelling and experimenting indeed has offered new
possibilities for teaching because situations have been studied with a more
general and less static nature. The development of more adequate students’
conceptions of variable and formula is related to this less static nature and has
been both stimulated and supported by the modelling learning path. Another
example of a new possibility for teaching and learning physics, is the observation
that the combination of experimenting and modelling may stimulate selfcorrection (Van Buuren et al., 2010). With respect to the fifth possible
advantage, a typical example of traditional approaches getting in the way of
modelling is the use of closed mathematical solutions in graphical models. Such
closed solutions have been observed only incidentally with students on the
modelling learning path.
Even if we would not start with modelling at this age, a lower secondary
physics curriculum should definitively prepare for modelling by paying more
attention to graphs, to a proper conception and use of formulas and variables,
and to the modelling character of science. Incorporating modelling probably is
an efficient way to do so.
For students applying for physics in upper secondary education, the
importance of the modelling learning path is clear. But integration of modelling
in the physics lower secondary curriculum may also be more motivating for
students who do not intend to choose for physics courses in upper secondary
education, because an understanding of modelling is also useful for upper
secondary biology, mathematics, economy, and chemistry courses. In the
instructional materials of the learning path, regularly use is made of examples
from these disciplines. This helps in showing students that lower secondary
physics is not only about physics, but also about skills for other disciplines.
5.7.5 Time spent on modelling
Notwithstanding the positive results, it must be noted that modelling takes time.
Less than half of the students managed to finish the last but one module
completely, and only two students finished all tasks from the learning path. The
levels reached with respect to dynamics, sound, and molecules may be higher
than usual for lower secondary students, but there was much less attention in
the curriculum for subjects such as optics and heat. For the complete lower
secondary physics curriculum, only 50 to 60 hours real time per year are
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available at HML. Because modelling is completely integrated into this curriculum, it is hard to say how much time exactly has been spent on modelling.
Schecker (2005) describes a project on kinematics and dynamics of 100 hours, of
which a quarter was spend on modelling activities. Walter and Bell (2009)
describe a project on global warming of approximately 25 hours of which 10
hours are spent on modelling activities. Both projects are meant for upper
secondary students. Compared to these projects, our approach seems to be
rather time efficient, and improvement of this time-efficiency can be expected
as teachers become more experienced and the design of the learning path is
further improved.
5.7.6 Questions and goals for further research
Although progress has been made, there are still many questions unanswered
and not all goals have been reached yet. With respect to the first learning goal of
Section 5.2, the partial path on formulas and variables and the path on graphical
models need to be developed further if students must learn to create models for
new realistic situations. Learning effects of the partial path on evaluation and
nature of models still need to be investigated. Some students reported that the
use of models stimulated a tendency to stop thinking and to start using trial and
error. On several occasions we noticed that many students tend not to use the
underlying model for reasoning. Therefore, the question is, how adequate
reflection on results of models and experiments can be stimulated. These
questions must be answered before the important but difficult question can be
answered how students can learn physics and mathematics concepts by means
of a combination of experimenting and modelling. Further research is required
to find answers on these questions. As part of this research, the learning path
must be extended to upper secondary education, because this enables research
on long term learning effects and because not all competencies required for
modelling can be fully interiorised in two years of lower secondary education.
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Videomeasurements,
scaling graphs,
scanning graphs
with crosshairs

Entering numbers in a model,
running a model

Using a
‘condition’

3

4

First Δ-formula,
meaning Δ-symbol.
(∆x = vav·∆t)

First direct relations,
word formula & formula.
(m = ρ·V, V = L·b·h)
Variable as a placeholder

Variables & formulas

varying flow (2 values)

Average velocity in
Equivalence of a ‘simple
(position,time)-graphs and in calculation’ and its outcome,
(velocity,time)-graphs;
constant flow
accumulation

Creation of graphs from
tables;
reading graphs, starting
point,
slope qualitatively &
quantitatively;
graph of rate of change

5th module, ‘Velocity’ (February - March, 11 hours)

Tables

Four preceding modules (September - January):

2

1

Graphs

Model input: condition

Use of a simple model, model input:
constants; initial value for a stock

Graphical models

Quality & goal of a
model

Comparing model
output & video
measurement: clear
distinction between
model and reality;
approximations

Making estimations

Evaluation, nature
of models

The five partial learning paths for the first year of physics education (second year of secondary education, age: 13–14 yr.).

Modelling tool
(Coach)

Table 5.2
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7

6

5

Graphs

Second Δ-formula, similarity with
first Δ-formula of velocity
(ΔE = (Pin–Pout)·Δt)

varying flow (graph as input)

Variables & formulas

(not run)

Concepts of (energy) flows &
stocks, stock & flow schedules,
relation stock & flow schedule
↔ Δ-formula

Principle of numerical
integration, step size

Graphical models

Effect of step size,
limitations of a
numerical method

Evaluation, nature
of models

Table 5.2

The numbers in the first column are row numbers. In this table, time increases from above to below. All five paths are described below.

All preceding aspects;
similarity with graphs
velocity

Sketching a
Determination of integral
graph,
for simple graphs of rate of
connecting a
change
sketch to a
model
7th module, ‘Energy & Power’ (June, 5 hours)

Changing stepsize

Modelling
tool (Coach)

Table 5.2 (continued)
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3.

Variable as a varying object;
variables ↔ constants;
construction of simple formulas

Combining formulas;
formal introduction of concepts of
‘formula’, ‘equation’, & ‘simple
calculation’;
Variable: step towards a varying
object;
(R = U/I; G = I/U; G = 1/R)
Vacuum Pump (2nd half of November – December, 5 hours)

Creation of tables and
graphs;
creation and use of a
formula with an ICTtool

2. Resistance and Conductance (2nd half of September, 5 hours)

10

9

8

Different models serving
different purposes;
models that are not computer
models.

Evaluation, nature of models

Numerical integration,
formal introduction of scientific
loops;
method; validity of experiment;
reinforcement of relation validity of model assumptions
stock & flow-schedules
↔ Δ-formulas;
First connector,
change of independent
variable

Advantage of use of
formulas in an ICT-tool.

Graphical models

The five partial learning paths for the second year of physics education (third year of secondary education, age: 14–15 yr.).

Modelling tool
Graphs
Variables & formulas
(Coach)
1. Solid, Liquid, Gas (1st half of September, 5 hours)

Table 5.3
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Sound (beats), (February, 8 hours)
Addition of
graphs

13

Entering a direct
relation into a model

Graphs

4.

12

11

Modelling tool
(Coach)

Table 5.3 (continued)

Use of a direct relation as a definition
(for a flow)

Formula, consisting of varying
objects.

2nd formula consisting of varying Connectors, showing formula structure
objects:
(direct relations); auxiliary variables;
u = u1 + u2.
use of auxiliary variables;
symbol for
independent
variable;
use of direct
relations

Expansion of base of orientation
(Interest)

Graphical models

Variables & formulas

Evaluation,
nature of models
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16

15

Creation of
variables in
Coach;

Splitting up a formula;
Coupled Δ-formulas

Designing a graphical model; building
order; implementation

Coupled Δ-formulas,
multiple types for
one variable;
dummy flow variable;

Table 5.3 (continued)
Modelling
Variables & formulas
Graphical models
Graphs
tool (Coach)
5. Dynamics (March – May; total module takes 19 hours, part on modelling takes 8 hours)
Making
Integration & survey of all aspects
14
Area under v,t- Rewriting formulas;
formulas
‘E’ –notation;
of graphical modelling;
graph;
visible in
state = stock variable;
tangent lines; Formal distinction between
Coach;
Δ-formulas & direct
dependencies and direct relations;
negative
relations;
dependencies and Δ-formulas
velocities
Δv = (Fnet/m)·Δt.; Fair = k·v2

Using limiting cases for
judging models, domain of
validity of a model

Two cycles:
- 1st modelling cycle: free fall,
mathematical model predicts
experiment;
- 2nd cycle: fall with air
resistance, numerical model;
predictions for special cases

Evaluation, nature of models

Chapter 5

Creation of a graph for
a model variable

Flows between multiple stocks;
use of stock & flow metaphor;
determination of variables &
types of variables; building a
model from scratch

Table 3

The numbers in the first column are row numbers. In this table, time increases from above to below.

17

6.

Modelling tool
Graphs
Variables & formulas
Graphical models
(Coach)
Dune Project (with biology), (first half of June; part on modelling takes 2 hours)

Table 5.3 (continued)
Evaluation, nature of models
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Learning to use and create formulas
for constructing computer models*1
Abstract
A learning path has been developed on system dynamics based
graphical modelling, integrated into the Dutch secondary physics
curriculum, starting from the initial phases (age: 13-15 years). In this
paper, the focus is on students’ conceptions of formula and variable,
on their ability to connect graphical stock-flow diagrams to difference
equations, and on their ability to construct simple formulas independently. The design of a learning path on formulas and variables as
part of the modelling learning path and the research findings of field
testing of this part of the learning path with lower secondary students
are presented.
The main conclusions are the following. The introduction of operational definitions of formula and variable and the use of formulas in
educational software contribute to a clearer notion of formula and
variable, as is required for modelling. Part of the students have
problems translating graphical stock-flow diagrams into difference
equations and vice versa. The fact that the integration time step from
the equations is not visible in graphical stock-flow diagrams seems to
be related to these problems. Results with respect to students’
abilities to construct formulas are promising, but strategies that
students can use for constructing formulas need to be enhanced.

6.1 Introduction
In the past decades, attention for computational modelling in education has
grown. In the Netherlands, for example, computational modelling has recently
become a more important part of the physics curricula for upper secondary
education (Commissie Vernieuwing Natuurkundeonderwijs havo/vwo, 2010).
*

This chapter has been submitted for publication as Van Buuren, O., Heck, A., &
Ellermeijer, T. (2013). Learning to use and to create formulas for constructing computer
models in lower secondary physics education.
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Although positive effects of modelling have been reported in research literature
(e.g., Doerr, 1996; Van Borkulo, 2009), it also is reported that educational results
of modelling activities do not always meet expectations (cf., Doerr, 1996;
Schecker, 2005). Several authors report on difficulties that students may have
when designing or adapting models (Bliss, 1994; Kurtz dos Santos & Ogborn,
1994; Sins, Savelsbergh, & Van Joolingen, 2005; Lane, 2008; Westra, 2008; Van
Borkulo, 2009; Ormel, 2010) or when interpreting model output (Cronin,
Gonzalez, & Sterman, 2009). Doerr (1996), Lane (2008), and Savelsbergh et al.
(2008) state that more research is needed for successful integration of modelling
in education.
Because a concrete implementation of a complete, well-designed and
thoroughly tested learning path on modelling into the physics curriculum does
not exist yet in the Netherlands, in 2008 we started to develop a learning path
on quantitative computational modelling. For several reasons, we decided to
start this learning path from the initial phases of physics education (age: 13-14
years) and to integrate it into the physics curriculum (Van Buuren, Uylings, &
Ellermeijer, 2010). The first two years of this modelling learning path have now
been designed and tested in school practice in an iterative research and
development approach (Van Buuren, Heck, & Ellermeijer, 2013a).

Figure 6.1: Difference equation consisting of one stock and two flow variables,
and its graphical representation. The independent variable t and the integration
step size Δt are not visualised.
The modelling approach used is the graphical system dynamics approach
developed by J.W. Forrester (Forrester, 1968). From a mathematical point of
view, this mainly concerns the numerical solving of (systems of) one-dimensional
difference (or differential) equations. The modelling tool of Coach 6 (Heck,
Kedzierska, & Ellermeijer, 2009; Heck, 2012) is used as the computer learning
environment for this approach. In this graphical approach, difference equations
are not entered in the model as formulas. Instead, they are represented by
means of stock-flow diagrams: combinations of stock icons, represented by
rectangles, and flow icons, represented by thick arrows (Figure 6.1). Variables
(or constants) that are not explicitly part of a difference equation are referred to
as auxiliary variables and are represented by circular icons. For brevity, we refer
to variables represented by flow icons as flow variables or flows, and variables
represented by stock symbols as stock variables or stocks. It must be noticed,
however, that the type of a variable is not an intrinsic property, but can be
manifold. It depends on the roles of the variable in the equations. Henceforth,
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we refer to this approach as ‘graphical modelling’. A more detailed description
of graphical modelling is given by (Van Buuren, Uylings, & Ellermeijer, 2011).
Although the difference equations are not entered explicitly as mathematical formulas in this graphical approach, a certain level of understanding of
the separate roles of the various variables in the equations is still required; at
least students must determine by which type of icon a variable must be represented in a stock-flow diagram. Many researchers (Doerr, 1996; Hogan &
Thomas, 2001; Schecker, 2005; Westra, 2008; Van Buuren et al., 2011) have
found that even upper secondary students do not automatically possess the
required levels of understanding. In addition, students still need the ability to
use formulas for variables that are defined by direct relations instead of differ2
ence equations. In the pilot phase of the research study, we noticed that many
students at the beginning of the third year of secondary education (age: 14-15
years) have difficulties using direct relations in graphical computer models (Van
Buuren, Uylings, & Ellermeijer, 2012). When asked to define a flow variable in a
graphical model by means of a formula, a significant number of students tried to
define this variable by means of numbers or by means of expressions consisting
of numbers only, instead of formulas consisting of symbols. A post-test at school
revealed that 59% of 80 students understood the calculation process for the
model presented to them on a numerical level, but only 16% of the students
were able to reconstruct the correct direct relation that corresponds to part of
3,4
this process. A questionnaire revealed that the notion of formula is unclear
and varies among lower secondary students. An expression consisting only of
numbers was considered as a formula by approximately two thirds of all
students. The same questionnaire, given to students of 23 classes at 7 other
Dutch schools, revealed that such unclear notions exist at these other schools as
well and even with first year upper secondary students. Similar problems with
expressions have been found by Van Buuren et al. (2011) in an earlier pilot
project with students at the end of the third year of secondary education.
In the intervention described by Van Buuren et al. (2012), students not
only had to use a formula in a computer model, they also had to (re)construct it.
Construction of formulas appears to be difficult, even for higher level students
(see for example Clement, Lochhead, & Monk, 1981; Tall & Thomas, 1991;
MacGregor & Stacey, 1993; Westra, 2008, p.206; Schaap, Vos, Ellermeijer, &
Goedhart, 2011). This holds even more for the construction of difference
equations (Verhoef, Zwarteveen-Roosenbrand, Van Joolingen, & Pieters, 2013).
Reconstruction of formulas apparently is difficult too. But in order to be able to
2

By a direct relation, we mean a mathematical relationship between symbolized quantities in which at least one quantity can be isolated and written as a closed form expression
of the other quantities.
3
With ‘numerical level’ we mean: using numbers, not symbols and formulas.
4
With ‘reconstruction of a formula’, we mean the construction of a formula that has
been derived earlier on for or by the students. Students are not stimulated to learn this
formula by heart.
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design computer models themselves, eventually students must learn to
construct formulas. Therefore, explicit attention must be paid to reconstruction
and construction of formulas. Within mathematics education, this process of
construction of formulas usually is called mathematization. Uhden, Karam,
Pietrocola, and Pospiech (2011) argue that, for this part of the modelling
process, more analysis is required with respect to differentiation between levels
of mathematization and that a teaching strategy must deal with these different
levels. Clement, Lochhead, and Soloway (1980) found that computer programming can be helpful for students to learn to construct formulas. This may also
hold for computer modelling.
For these reasons, both in the instructional materials and in the
classroom experiments we have paid much attention to students’ understanding
and use of variables and formulas in graphical models and to the construction of
simple formulas. We have carefully designed a learning path on variables and
formulas in the context of modelling.
In this paper, we present the design of this learning path and the research
findings of field testing of the instructional materials in school practice. It is
organized as follows: in Section 6.2 we present the conceptual framework, in
Section 6.3 the research methodology and research questions, in Section 6.4 the
design of the learning path, in Section 6.5 an overview of its implementation into
the physics curriculum, and in Section 6.6 the general setting and research
instruments. In Sections 6.7, 6.8, and 6.9, this implementation and these research instruments are described in more detail, together with the results of
field testing for the three most important parts of the learning path on variables
and formulas. Finally, in Section 6.10 we reflect on the outcomes, answer the
research questions and draw main conclusions.

6.2 Conceptual framework
Part of the students’ difficulties with variables and formulas is that both the
terms variable and formula have various meanings in mathematics and science
(Heck, 2001; Malisani & Spagnolo, 2008). For a proper conception of formula, a
correct conception of variable is of great importance (Van Buuren et al., 2012,
2013a). Three uses of variable are important for our learning path:
1. Placeholder: a variable that stands for one number, known or unknown.
According to Heck (2001),
in this sense a variable can be regarded as a rather static entity by a student:
it makes no sense to him or her to consider change of the variable.
2. Generalized number: an indeterminate number that appears in generalizations and in general methods (Malisani & Spagnolo, 2008). The variables in a
physics formula, expressing a general relation between physics quantities,
such as the relation between mass, volume, and density, can be considered
generalized numbers.
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3. Varying object: a symbol for an object with varying value (Heck, 2001), often
in functional relationship to another variable, as “a thing that varies”
(Malisani & Spagnolo, 2008), with a “changing nature” (Graham & Thomas,
2000). This notion of variable is essential for dynamical processes, governed
by difference equations, but can also be important for direct relations, such
as Ohms’ law, when the functional relationship between the variables is considered.
Usually in traditional school practice in physics, as soon as a formula is applied to
a specific situation, the generalized numbers in it are turned into placeholders.
In this way, at school an understanding of variable on the level of placeholder
suffices for a long time. Such a limited notion of variable and the lack of a clear
definition of the term formula may explain the findings of Van Buuren et al.
(2012) summarized above, at least the students’ use of expressions consisting of
numbers only, instead of ‘true’ formulas, in computer models.
In mathematics education, mathematical models (formulas) are often
given ready-made. Strategies for constructing them are not taught in mathematics classes (Schaap, Vos, & Goedhart, 2011). Students have only few
opportunities to create their own models and construct their own formulas. One
example of difficulties that students can have when constructing formulas is the
reversed equation error identified by Clement et al. (1981). The error is that,
given a problem statement about a proportional relationship between two
quantities, many students connect the coefficients in the equation to the wrong
5
quantities. The reversed equation error and causes of this type of error are
much discussed in mathematics education research (see, for instance,
MacGregor & Stacey, 1993; Fisher, Borchert, & Bassok, 2010). According to Davis
(1984), students use the symbols in the equation as units or labels instead of
variables. The error can also be the result of trivial syntactic or other nonoperative approaches (Clement et al., 1981).
The understanding of variables at the level of varying objects and the notion of a formula as (possibly) consisting of variables is in our perspective on
modelling of crucial importance. Therefore, we are of opinion that the development of understanding of formulas and variables and of their connection to
graphical models must be tuned carefully. The main question is how to do this.
The following recommendations have been made (Van Buuren et al., 2012):
• A clear operational definition of the term formula must be given to the
students.

5

An example that is often referred to is the students-professors problem. This problem is
formulated as follows: ‘At a university, there are 6 times as many students as professors.
Give the relation between the number of professors P and the number of students S.’ The
answer is often incorrectly formulated as ‘1P = 6S’.
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• Students must get a notion of variable on the level of varying object. In
particular, they must learn to distinguish between a constant and a variable
as varying object.
• In graphical models, difference equations are not entered in their usual
mathematical form into the model; instead, they are represented by stockflow diagrams. This may give rise to the misconception that there is not a
formula involved at all. The fact that for a stock variable an initial value needs
to be entered into the model may contribute to the misconception that the
stock is defined only by a constant number and not by a formula, as we
noticed on occasion in classroom. Therefore, the relation between a
difference equation and the graphical symbols must be made explicit to
students.
• The construction of formulas needs more attention.

6.3 Research methodology and research questions
In this paper we describe a research project in which we try to develop a
learning path on the understanding of the concepts of formula and variable at
levels required for modelling, dealing with students’ difficulties identified in
earlier work (Van Buuren et al., 2012) and incorporating the recommendations.
We refer to this learning path as a ‘partial learning path’ because it forms part of
the complete learning path on modelling (Van Buuren et al., 2013a). Our
research approach can be classified as design research (Van den Akker,
Gravemeijer, McKenney, & Nieveen, 2006): instructional materials are designed,
tested in classroom, and redesigned in several cycles. Based on the test results,
possibly a local theory of the subjects involved can be developed.
Research questions are as follows. To what extent can students
1. grasp the notion of formula as providing a relation between symbols
representing variables and constants?
2. understand the difference between constants and variables?
3. utilise conceptions of variable and formula for modelling?
4. construct simple direct relations?
5. interpret stock-flow diagrams as difference equations and vice versa?
6. construct simple difference equations?
In these research questions, students must be understood as students involved
in this learning path in the third year of secondary education.
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6.4 Design of the partial learning path on formulas
and variables
6.4.1 Design considerations
Targets of the partial learning path on formulas and variables are that students
develop the abilities to use formulas in computer models, to distinguish
between the building blocks of system dynamics based models, and to construct
simple formulas themselves. To this end we adopt the four recommendations of
Van Buuren et al. (2011) listed at the end of Section 6.2. In addition, students
must learn to distinguish between difference equations and direct relations.
Also, there must be a need for students to use formulas. Furthermore, the
general design principles described by Van Buuren et al. (2013a) are used. These
are the creation of bases of orientation before new concepts are introduced and
design criteria for modelling learning activities, especially the limitation of the
number of learning goals for computer tasks. This leads to the setup of the
partial learning path described below.
6.4.2 Outline of the partial learning path
1. First, variables in the sense of measurable quantities and units are introduced,
followed by an introduction of a few word formulas that are soon abbreviated
and turned into ‘true’ formulas, consisting of symbols. This fairly traditional
approach suffices for students to learn to deal with formulas containing variables on the level of placeholder.
2. Because students must learn to construct simple formulas themselves, (word)
formulas are not just given to our students (as is often the case in traditional
methods), but they are constructed, usually starting with comprehensible
situations and calculations with simple numbers. These are subsequently
generalized into (word) formulas, by replacing the numbers in the initial phases
by words and subsequently by symbols. This approach may work for the first
formulas, involving sufficiently concrete concepts, like mass, density and
velocity. For more abstract concepts, other approaches are required, but these
occur at a later stage in physics education, when students should already have
grasped the notions of formula and variable.
3. In order to prepare students for the distinction between difference equations
and direct relations, Δ-notation is used immediately from the first difference
6
equation, early on in the learning path. In a pilot project, for these difference
6

Actually, this was a suggestion from students in the third year of secondary education.
Confronted with a change in notation for the formula for distance, velocity, and time
from s = v·t to Δx = v·Δt, they argued that it would be easier for them to use Δ-notation
from the beginning.
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equations the term ‘change formulas’ was used (Van Buuren et al., 2011), but a
number of students at the end of the third year of secondary education understood this term as ‘direct relations consisting of quantities that may change,
instead of constants’, and not as difference equations. From this, we inferred
that students probably would be able to distinguish between variables and
constants, and that the more neutral term Δ-formula would be better.
4. As preparation for the notion of variable as varying quantity, students are
introduced at an early stage into numerical integration. At this stage, the
integrand is a rate of change that is given in graphical and tabular format as a
function of time. In this way, varying quantities already appear in graphs and
tables.
5. As preparation for the introduction of the notion of formula as relation
between symbolized variables, the equivalence of an expression consisting of
numbers (a ‘simple calculation’, such as 9.1÷4.2) and its outcome (one number)
is discussed at an early stage. An understanding of this equivalence helps in
clarifying the difference between a formula consisting of symbols and an
expression consisting of numbers.
Up to this point, there is no clear need or advantage for students to use
formulas and to understand variables on the level of varying object. In the
following three steps, this need is created, students are provided with an
operational definition of formula, and further steps are made towards the
notion of variable as varying quantity.
6. Just before the use of formulas becomes unavoidable, a formal operational
definition of formula as relation between at least two symbolized physical
quantities is introduced, together with the notions of equation and simple
calculation. Students get the following instructions:
“1. A formula provides a (computational) relation between two or more
different physical quantities.
2. These physical quantities are abbreviated, for surveyability. The
abbreviations are called ‘symbols’.
3. The values of the physical quantities are not all fixed in advance.
4. In most computer programs, only one physical quantity can appear at
the left side of an equal sign. That must be the physical quantity that is
going to be calculated by the computer program.
You, as a human being, usually start an exercise by filling in numbers into
the formula. For example, R = 5 Ω and U = 3 V can be entered into the forU
3
mula R = . We get 5 = .This, we will call an equation. At this point, the
I
I
value of ‘I’ actually is fixed, but this value is still unknown. An equation can
be solved, that is: we can search and find the value for the unknown quan-
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tity. For example, the above equation can be transformed into I =

3
.
5

What’s left is a simple calculation that can be carried out easily.”
Subsequently, students are given a few exercises in which they practise with
classifying expressions as formula, equation, or simple calculation, respectively.
Of course, from a more strict mathematical point of view, a simple calculation
can also be considered as an equation, and a formula can be considered as an
equation with several unknowns. In mathematics and physics, the meanings of
the terms formula and equation are often context dependent and therefore
somewhat vague for novices. At this stage of students’ development we consider it important for students to be provided with clear operational definitions.
This must help them to develop better notions of formula, variable, constant
and number. At a later stage, these notions can and must be refined.
7. Subsequently, a need for formulas must be created. This is done by providing
students with a large amount of data (from measurements) on which the same
calculation must be carried out many times. This shows the advantage of using
the computer learning environment. In this environment, the use of formulas
becomes a necessity.
8. Simultaneously, a step is made towards the notion of variable as varying
quantity. For the calculations in the computer learning environment, a direct
relation is used. For each calculation, the variables can be considered as placeholders, but from one calculation to another, the variables are clearly changing.
A table containing the data and the outcomes of the computer calculations may
improve students’ understanding by visualizing this aspect of change.
Next, the notion of variable as varying quantity must be introduced, students must learn to construct direct relations, and they must learn to use direct
relations in a graphical computer model. For this, a process of numerical
integration is used. A realistic process that can be easily visualised and in which
measurements can be done makes the process of numerical integration concrete for students. Doing measurements enables comparison between the
computation process and the realistic situation. A discrete realistic process is
preferred, because it more clearly matches the discrete, stepwise process of
numerical integration. As an integrand, we need a rate of change of a varying
quantity that must be defined by means of a direct relation. Students must
construct this direct relation. To create a need for the notion of variable as
varying quantity, this rate of change must depend on the varying quantity itself.
In this case, in the iterative process of numerical integration, both the values of
the quantity and the rate of change are computed from values calculated in the
previous iteration. In this way, the integrand is not known beforehand (as it
would be if the integrand was some previously given function of time, as in
Step 4). The variable used for the rate of change cannot be considered as
placeholder because its value is inevitably changing, the next value being
dependent on previous values. These considerations lead us to the next steps:
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9. After the introduction of the realistic process, students perform a few steps of
the numerical integration process by hand, only using numbers. The varying
character of the physical quantities emerges and the formal difference between
variable as varying object and constant is introduced. Students are given a few
exercises, showing that it may depend on the context whether a physical
quantity is a variable or a constant.
10. The huge amount of calculations creates a need for a computer model and,
consequently, the use of formulas. Construction of the required direct relation is
stimulated by the repetitive character of the calculations. Students are guided
towards this direct relation: the calculations are generalized into this relation.
Several forms of the relation are also in the instructional materials, but rather
hidden, and students are not stimulated to learn this relation by heart; they
need to reconstruct it. Students practise the construction of simple new direct
relations in a few exercises.
11. The relation between stock-flow diagrams and Δ-formulas is introduced.
12. The process of numerical integration as performed by the computer is
introduced formally, taking advantage of Steps 4 and 9.
13. Students implement the direct relation from Step 10 in the graphical
computer model.
14. The students’ base of orientation is extended by the addition of another
modelling task for a new situation in which a similar direct relation must be
constructed.
15. In the next part of the learning path, students keep practising these concepts
and skills by using direct relations in computer models, interpreting graphical
models consisting of networks of direct relations, by constructing simple
formulas, and by distinguishing between variables and constants.
Finally, four important steps with respect to the difference equations and
stock-flow diagrams are made:
16. Students must learn to understand that the type of a variable is not an
intrinsic property, but depends on its role in the equation. Therefore, following a
suggestion of Van Buuren et al. (2011), two Δ-formulas are presented to the
students in which one variable has a twofold role: as a stock variable in the one
Δ-formula and as a flow variable in the other. The graphical model must be
constructed that incorporates both Δ-formulas. This must provide students with
an enhanced base of orientation for the concepts of Δ-formula, stock-flow
diagram, stock variable, and flow variable. Because in graphical modelling tools,
a variable with such a twofold role cannot be represented by only one icon,
students must learn to use dummy variables and dummy icons.
17. Students learn to adapt Δ-formulas to graphical modelling. An example of a
Δ-formula that cannot be translated at once into a stock-flow diagram is
F
Newton’s second law written as ∆v = net ∆t . In this Δ-formula, there is a
m
Fnet
quotient
instead of one variable. By introducing the dummy variable a, the
m
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F
Δ-formula is split into Δv = a·Δt and a = net . These two formulas subsequently
m
can be translated into a graphical model.
18. Students are asked to construct a Δ-formula independently. This is meant to
support the understanding of the relation between Δ-formulas and stock-flow
diagrams, but it is also a first introduction to the construction of Δ-formulas.
19. Eventually, all elements required for graphical modelling come together.
Students construct a more extended graphical model, based on formulas that
are already known to them.

6.5 Overview of the implementation of the instructional
design
The entire modelling learning path is integrated into the lower secondary
physics curriculum. This curriculum consists of twelve physics modules. In the
second year of secondary education (age: 13-14 years), which is the first year of
physics education, these modules are the following: 1. Doing Research; 2. Light;
3. Density; 4. Electricity; 5. Velocity; 6. Forces and Bridges; 7. Energy and Power.
In the third year of secondary education (age: 14-15 years), the modules are:
1. Solid, Liquid, and Gas; 2. Resistance and Conductance; 3. The Vacuum Pump;
4. Sound; 5. Force and Movement. A detailed description of this modelling
learning path is given by Van Buuren et al. (2013a). An overview of the
distribution of the steps from the design described in Section 6.4.2 over these
modules is given in Table 6.1. In this paper, the focus is on Steps 6 to 19 in the
partial learning path on variables and formulas. All these steps take place in the
third year of secondary education. Steps 6 to 8 are implemented in the module
Resistance and Conductance, Steps 9 to 14 are implemented in the module The
Vacuum Pump, and Steps 16 to 19 are implemented in the module Force and
Movement. In the module Sound, in between The Vacuum Pump and Force and
Movement, students practise with the concepts of the preceding modules (Step
15). No real new steps with respect to variables and formulas are made; the
main learning target of this module is the relational structure of graphical
models (Van Buuren, Heck, & Ellermeijer, 2013b). For this reason, we restrict the
description of the implementation of the learning path to the modules
Resistance and Conductance, The Vacuum Pump, and Force and Movement. This
description can be found in Sections 6.7, 6.8, and 6.9, respectively.
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Table 6.1
Overview of the partial learning path on variables and formulas
Module
Design
number and
Content regarding formulas and variables
steps
title
Second year of secondary education (age: 13-14 years)
1 Doing
- variables in the sense of measurable quantities;
1
Research
- units;
- first word formula;
3 Density
2
- first direct relation;
3
- first Δ-formula;
- first use of a graphical model;
4
- process of numerical integration for a graph of a varying
5 Velocity
quantity;
5
- first introduction of the equivalence between an expression
consisting of numbers only and its outcome, a single number;
6 Forces and
- two new direct relations;
Bridges
- second Δ-formula;
7 Energy and
- introduction of stock-flow diagrams for storage and flows of
Power
energy;
Third year of secondary education (age: 14-15 years)
- two new direct relations;
6
- operational definitions of formula, equation, and simple
2 Resistance
calculation;
and
7
- creation of a need for formulas;
Conductance
8
- step towards the notion of varying quantity: use of a direct
relation in software for doing calculations on data from
tabulated values;
- process of numerical integration on a numerical level;
9
- notion of varying quantity and operational introduction of
variable and constant;
3 The
10 - (re)construction of simple direct relations;
Vacuum
11 - relation between Δ-formula and stock-flow diagram;
Pump
12 - formal introduction of process of numerical integration;
13 - first use of a direct relation in a computer model;
14 - second use of a direct relation in a computer model;
- practising with the concepts of variable and constant;
4 Sound
15 - second use of a direct relation in a computer model;
- introduction of networks of direct relations in graphical models;
16 - possibly twofold and threefold roles of a variable; dummy
variables;
5 Force and
17 - adaptation of Δ-formulas to graphical modelling;
Movement
18 - construction of a simple Δ-formula for a new realistic situation;
19 - integration of all elements required for graphical modelling;
- constructing a model based on known equations;

Table 6.1
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6.6 General setting and research instruments
The designed instructional materials were used in all seven second year classes
and all six third year classes of the Montessori Lyceum of the Hague (HML).
Students participated in senior general secondary education or pre-university
education in mixed classes. Approximately 40% of all Dutch students of this age
participate in these two levels of secondary education. The focus for this paper is
on the third year (age: 14-15 years). In two of the six third year classes, the first
author of this paper was also the teacher. A third class was taught by an
experienced teacher who had also participated as a teacher at an earlier stage of
the project. The other three classes were taught by three different teachers who
were all novices, both to teaching physics and to modelling. From two of these
teachers, we often did not receive data.
In general, two types of research instruments have been used:
1. in order to study the effects of the instructional materials, to study students’
conceptions and changes of these conceptions, to detect student difficulties,
and in order to be able to relate test results to student behaviour, we made
classroom observations, audio recordings, and screen recordings of students
working with the instructional materials, especially the computer tasks; in
addition, the results of the computer tasks have been collected. Students
worked individually or in small groups with the instructional materials.
2. in order to evaluate students’ understanding of the content of each module,
final tests has been given to the students. Part of the questions in these tests are
designed to address the research questions.
The research instruments are described more specifically, together with
the outcomes of field testing, in Section 6.7 for the module Resistance and
Conductance, in Section 6.8 for the module The Vacuum Pump, and in
Section 6.9 for the module Force and Movement. The module Sound is not
discussed in this paper; results from field testing of this module will only
occasionally be referred to. An overview of the research instruments in relation
to the research questions listed in Section 6.3 is shown in Table 6.2.
Education at HML is based on principles of Montessori education. Some
special features of this education must be accounted for when analysing and
interpreting test results. To a certain extent, students are allowed to work at
their own pace. This puts extra demands on the instructional materials: students
must be able to work with these materials without much help of the teacher.
Therefore they usually are provided with materials for checking their own work
(but not the final tests). This makes written assignments comparatively less
useful for research purposes. There are more discussions among students and
between the teacher and small student groups than in traditional teaching.
Relatively much research information comes from observations and audio
recordings of these discussions.
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Table 6.2
Data matrix
Research Question
1 2 3 5 4 6
Computer formula task
x
x
Resistance
Classification test question
x
and
Computer task test question
x
x
Conductance
Construction test question
x
Pump model computer task
x x x x
Interest model computer task
x x x x
Pump model test questions
x
x x
The Vacuum
Variable classification test question
x
Pump
Diagram to Δ-formula test question
x
Construction test question 1
x
Construction test question 2
x
Computer modelling tasks
x x
Direct relation construction test question x
x
Force and
Movement Δ-formula construction test question
x
x x
Δ-formula to diagram test question
x
Data from the test questions are students’ answers, data from the computer
tasks consist of handed-in results, screen recordings, audio recordings, and
observation notes about students at work.
Module

Research instrument

Table 6.2
Often (but not always) students are allowed to postpone a test until they
are ready for it. Also, students are allowed to redo a test if they failed the first
time. Thus, more than in traditional teaching, tests have a formative character
and several versions of the final test are needed for each module.
Sometimes, students finish parts of a module only after doing a test, although
this order usually is dissuaded by the teachers. Therefore, test results are not
always final results of instruction and learning. In our analysis, we must carefully
check whether important student work has been carried out before a test is
done. In some cases, we must decide which test attempt of a student to use for
analysis. Generally, we use test results of the first attempt, for pragmatic
reasons and in order to avoid a bias towards good results.
Near the end of the third year of secondary education, students in the
Netherlands must have chosen a set of courses for the next year. Sciences need
not to be part of this set. Motivation of students not applying for sciences often
declines. At traditional schools, this may lead to bad test results for these less
motivated students at the end of the third year. At HML, it often leads to a
decreasing number of students participating in the tests towards the end of the
year.
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6.7 Design, research instruments, and results of field
testing of Resistance and Conductance
6.7.1 Instructional design of the module Resistance and Conductance
Steps 6 to 8 of the design of the partial learning path on formulas and variables
described in Section 6.4.2 are implemented in the module Resistance and
Conductance. In the preceding grade, the concepts of electrical current, voltage,
resistance, and conductance have already been introduced qualitatively to the
students. Therefore, a qualitative notion of these concepts is the starting point
of the process of mathematization. The question is how to proceed this process
with students who probably are not yet sufficiently familiarized with the
structural role of mathematics in physical thought, as identified by Pietrocola
(2008). Up to this point of the learning path, most formulas have been introduced starting from numerical examples that subsequently have been generalized. Therefore, we continue with a more or less similar numerical approach.
Students are offered three options for a (word) formula relating current, voltage,
and resistance. They are asked to select one of these options by comparing
numerical results of several calculations with qualitative ideas. Only outcomes of
calculations with the correct formula (R = U/I) match with a qualitative notion of
resistance. Subsequently, the formula for the conductance G is introduced as the
inverse formula (G=I/U=1/R). Hereafter, students are provided with the operational definitions of formula, equation, and simple calculation, and practise
distinguishing between these three concepts (Step 6).
The core task of the module starts with an experiment in which students
measure the electrical current as a function of voltage for an electrical device.
Results are tabulated in the computer learning environment. Students let the
computer calculate the resistance as a function of voltage by entering the
formula for resistance. To do so, copying the steps shown in an instructional
video suffices. The final step is to let the software calculate the conductance as a
function of voltage. For this, the instructional video cannot be copied exactly:
students must have grasped the idea of using a formula if they are to accomplish
this last task (Steps 7 and 8). This task is called the computer formula task.
We expect the students to be fully occupied with understanding the processes of measuring, managing the software, and understanding the use of
formulas in the software. The understanding of the physics content, i.e., the
graphs and their interpretation, is a learning goal of a subsequent section of the
module.
6.7.2 Description of the test questions
There are two versions of the final test of the module. Three questions in each
test are used for research purposes.
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6.7.2.1 Classification test question. This test question consists of four expressions to be classified as formula, equation, or simple calculation, according
to the operational definitions given in Step 6 of Section 6.4.2. All expressions are
deliberately based on formulas that the students have used the year before.
6.7.2.2 Computer task test question. The test question resembles part of
the computer formula task. It is used for measuring students’ skills and understanding with respect to the use of formulas in the computer learning environment. Students are given an already filled-in table and a screen capture of a
dialog window similar to the ones they have used in the computer formula task
(see Figure 6.2). A beginning of the calculation for the first row of data is given at
a numerical level, so students may generalize this calculation into a formula.
Students are asked what must be entered in the dialog window. To investigate
whether transfer has taken place, the data in the table and the formula are not
chosen from electricity, but from fields of physics that students have studied the
year before. In order to investigate if the students are not merely memorizing
the formula, in one of the versions of the test, unusual symbols are used in the
header of the table (L and T instead of Δx and Δt). In their answers to the test
question, students are expected to use these unusual symbols too.

Figure 6.2: Screen capture of the computer formula task (replica in English of
Dutch original).
6.7.2.3 Construction test question. As mentioned in Section 6.7.1, a
numerical approach is used for the introduction of the formula relating
resistance to voltage and current. In this approach, the correct (word) formula
must be chosen by comparing qualitative ideas with numerical outcomes from
calculations. The construction test question is meant to explore to what extent
these students, who never have constructed a formula without assistance of a
teacher before, have adopted this approach. Students must choose a formula
for heat conductance of a wall (test version 1) or for flow resistance for water
through a tap (test version 2) from multiple options. In the text of the question,
relations between the relevant quantities are described qualitatively. Students
are asked to explain their choices.
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6.7.3 Outcomes of the computer formula task of the module Resistance and
Conductance
6.7.3.1 Handed-in results of the computer formula task. We collected 45
results of the computer formula task of 99 out of 138 students (72%). A number
of students had not finished this task completely, i.e., including the graph for G.
But in the 29 results that are complete, all formulas are correct. Only two errors
with respect to the name of the quantity (‘Formula 1’ instead of ‘G’) and two
errors with respect to the unit occur.
6.7.3.2 Audio recordings and observations of the computer formula
task. As expected, students focussed on the use of the formula in the computer
learning environment and not on the physics content of the task. They seemed
to handle the computer formula task quite smoothly, but we also observed and
recorded some student problems. Most of these problems had to do with a lack
of basic knowledge with respect to the concepts, the symbols, the distinction
between quantities and units, and the required formula. Some students had not
finished or understood the module’s preceding sections, in which the required
formulas are introduced. A few students tried to enter U/I for G, instead of I/U;
probably they took the instructional video too literally. This suggests that these
students did not grasp the required mathematical and physical concepts yet.
6.7.3.3 Screen recordings of the computer formula task. We made 7
screen recordings involving 15 students working on the computer formula task.
In all recordings, student difficulties with respect to the dialog window occur, in
spite of the attention for the format of this window in the instructional video. An
example is shown in Figure 6.2. Students enter a formula conform the operational definition in the instructional materials into the ‘Formula’ field, whereas
the left part of this formula should be entered in the ‘Quantity’ field and the
equal-sign must be left out. This is an example of a mismatch between mathematical notation and input notation of a computer learning environment. Some
student errors suggest that not all students are able to distinguish between a
physical quantity and a unit.
6.7.4 Outcomes of the test questions of the module Resistance and
Conductance
In order to compare students’ performances on the test questions with their
performances on the computer formula task, five categories, labelled A to E, of
students are distinguished with respect to this task. These categories are
described in the first column of Table 6.4, together with the distribution of
students over these categories in the second column. Categories A and B need
clarification. Category A is the least informative because students in this
category did not hand in the computer formula task. Therefore we do not know

133

Chapter 6

if or how they carried out this task. Students in Category B handed in the result
of their computer formula task only some weeks after the test. They all belong
to one class in which many students did the test in spite of not being ready for it.
From these students, we can be almost sure that they did not carry out the
computer formula task before the test. Part of them redid the test later.
Table 6.3
Students’ classifications of expressions
simple
Expression
equation
formula
no answer
calculation
Version 1
∆x = 27.8 · 5.2
60%
25%
12%
4%
12 = ρ · 3.2
21%
60%
8%
12%
15%
9%
74%
2%
P = ΔE / Δt
Fz = m · 9.8
6%
50%
35%
10%
Version 2
ρ = 23 / 7
76%
12%
10%
2%
120 = vav·8.7
26%
52%
12%
10%
∆E = P · ∆t
2%
19%
79%
0%
m = Fz / 9.8
19%
40%
21%
20%
Distribution of students’ classifications for the classification question of test
versions 1 (52 students) and 2 (42 students) of the module Resistance and
Conductance. In the first column the expressions are listed. How students
classified these expressions is shown in the other columns. Correct
classifications are shaded.
Table 6.3
6.7.4.1 Outcomes of the classification test question. We received 94
student results from four classes distributed over two versions of the final test of
Resistance and Conductance. The distributions of students’ classifications are
listed in Table 6.3. Formulas only consisting of symbols are classified correctly by
three quarters of all students. Equations and simple calculations are rarely
classified as formulas (approximately 10%). The expressions that are incorrectly
classified most often are formulas containing two symbols and one number.
Probably, part of the students have been troubled by the alternative conception,
expressed by some of these students on another occasion, that a formula must
only consist of symbols. There is also some confusion between equations and
simple calculations (approximately 20%). We conclude that students are able to
grasp the notion of formula according to our operational definition, although
students’ base of orientation still needs some improvement.
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Table 6.4
Result of the computer formula task vs. quality of students’ classifications of
expressions
Number of correct
Number
Average
classifications
Student category
of
score
students 0
1
2
3
4
A. No result handed-in
B. Result handed-in after the
final test
C. Incomplete result in which
no formula has been used
D. Only the formula is used for
which copying the instructional
video suffices
E. Computer formula task
completed
All categories

30
(32%)
11
(12%)
8
(9%)

1
(1%)
1
(1%)

14
5
10
(5%) (11%) (15%)
3
3
3
1
(3%) (3%) (3%) (1%)
2
2
2
2
(2%) (2%) (2%) (2%)
5
(5%)

2.2
2.0
2.5

18
(19%)

5
8
(5%) (9%)

27
(29%)

8
1
13
5
(9%) (1%) (14%) (5%)

2.6

94
(100%)

2
23
24
37
8
(2%) (24%) (26%) (39%) (9%)

2.3

2.0

In the first column, the student categories with respect to the computer
formula task are listed; the numbers of students per category are shown in
the second column. In the next five columns, the number of students per
category and per number of correct classifications in the classification test
question is presented. In the last column the average score on the classification test question for each student category is shown.
Table 6.4
In Table 6.4, students’ performance on this classification test question is
compared with their category with respect to the computer formula task. On
average, students from Category E perform better on this classification test
question than students from other categories. This suggests that participation in
the computer formula task positively contributes to students’ conception of
formula. That this participation must be active follows from the average result of
students from Category D, which is below average. Just imitating the
instructional video is not sufficient.
6.7.4.2 Outcomes of the computer task test question. Students’ results
on the question what should be entered into the ‘Formula’ input field of the
dialog window are presented in Table 6.5, both for all 94 students and per
category of the computer formula task. Almost half of all students give an
answer that can be considered as correct or ‘having the correct intention’. Fully
correct are answers that form the right part of the formula that must be
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entered. Only 10 students gave such an answer. An answer consisting of the
complete formula, including a left part and an equal sign (cf. Figure 6.2) has
been given by 19 students. For these students, the operational definition
prevails above the notation for the computer task. Other answers that are
considered to have the correct intention are word formulas, formulas expressed
in units instead of symbols for variables, formulas in which upper case and lower
case letters are confused, and formulas consisting of other symbols than the
symbols used in the table from the test question. If these incorrect formats are
used in the real learning environment, the program will not run.
Table 6.5
Results of the computer task test question vs. student category regarding the
computer formula task
Student category
Answer to the
computer task test
All
A
B
C
D
E
question
students
‘Correct intention’ 11 (37%)
4
4
7 (39%) 17 (63%) 43 (46%)
Incorrect
8 (27%)
2
3
7 (39%) 8 (30%) 28 (30%)
No answer
11 (37%)
5
1
4 (22%) 2 (7%) 23 (24%)
Total
30 (100%) 11
8 18 (100%) 27 (100%) 94 (100%)
Student categories A to E are described in Table 6.4.
Table 6.5
In spite of the operational definition of formula presented to them, 10%
of all students use a number or an expression only consisting of numbers instead
of a formula.
The percentage of correct intended answers in Category E is greater than
that for all students together, and remarkably greater than the corresponding
percentage in Category D. This suggests that actively participating in the
complete computer formula task is important for the acquisition of the ability to
use a formula in the computer learning environment. Just imitating the instructional video is not sufficient.
6.7.4.3 Outcomes of the construction test question. Results of the construction test question are presented in Table 6.6. Students’ explanations vary
considerably. Many students give no explanation at all, give an unclear explanation, or merely quote parts of the text of the question. Most correct answers are
based on the analogy detected by students between the test question and the
similar case from electricity. Even for some incorrect answers, the analogy is
correct, but an incorrect formula from electricity is mimicked. Only a few
students use more sophisticated arguments, applying calculations combined
with qualitative proportionality arguments effectively. Apparently, most
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students have not yet adopted the construction approach from the instructional
materials. If we want our students to learn to use such approaches themselves,
specific training is required. Analogy based reasoning seems to be a good
candidate as an alternative method for the construction of formulas, but this can
be questioned. Some students clearly base their answer on a linguistic analogy
and the ill-prepared students from the class mentioned at the beginning of
Section 6.7.4 do not perform worse on this question. Students with a poorer
mathematical and physical understanding probably successfully rely on analogical reasoning, while the mathematical understanding of the other students is
not yet good enough for these abstract formulas at this stage of their development.
Table 6.6
Students’ results of the construction test question from the module Resistance
and Conductance.
Test version and
Number of
Analogy based
Student answer
formula
student answers
answers
correct
23
(44%)
4
Version 1, on
incorrect
28
(54%)
conductance for heat
no answer
1
(2%)
of a wall
Total
52
(100%)
4
correct
32
(76%)
19
incorrect
9
(21%)
3
Version 2, on flow
resistance of a tap
no answer
1
(2%)
Total
42
(100%)
22
The last column shows the number of student answers that is based on the
analogy with the corresponding formula from electricity.
Table 6.6
6.7.5 Summary of the outcomes of Resistance and Conductance
Most students at the beginning of the third year of secondary education are able
to classify formulas as such using the operational definition given to them,
although the students’ base of orientation still needs some improvement
(Section 6.7.4.1). Results of the computer formula task and the computer task
test question confirm the idea that using a formula in the computer learning
environment correctly is not easy for students at this stage of their development
(Sections 6.7.3 and 6.7.4.2). Results also suggest that actively participating in the
computer activity positively contributes to both the ability of using formulas
(Section 6.7.4.2) and an understanding of the notion of formula (Section 6.7.4.1).
Instrumental issues may have negatively influenced test results.
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Outcomes from both the construction test question and the computer
task test question indicate that students are in need of strategies for the
construction of formulas. Results on these test questions can be considered
promising if it is realised that these students have never constructed formulas
without teacher assistance before.

6.8 Design and results of field testing of the module
The Vacuum Pump
6.8.1 Instructional design of the module The Vacuum Pump
Steps 9 to 14 of the design described in Section 6.4.2 are implemented in the
module The Vacuum Pump. This module is mainly the same as the previous
version described by Van Buuren et al. (2012). After performing measurements
with a manually driven vacuum pump, students must complete a graphical
model for this pump by entering the formula for Np, the number of molecules to
be pumped out per beat, as a function of Ntot, the total number of molecules in
the pump and vessel together. In order to do so, students must also understand
how the pump factor (the fraction of molecules pumped out each beat) depends
on the volumes of pump and vessel. This computer modelling task is referred to
as the pump model computer task. The main differences between this version
and the previous version of this module are the following:
1. The concepts of variable and constant are introduced explicitly before the
pump model computer task (Step 9).
2. In order to reduce cognitive load during the pump model computer task,
introductory and more general student activities have been transferred from the
actual computer task to the written materials as much as possible, to be studied
before, and in some cases after the computer task.
3. Students are provided with a few extra exercises on the determination of the
pump factor before the start of the pump model computer task. This is expected
to reduce the cognitive load for the phase in which the formula for Np must be
reconstructed, but not the load of the task of using a formula in the computer
learning environment.
4. Two exercises are added to practise the construction of direct relations (see
Step 10).
5. The relation between the stock-flow diagrams and Δ-formulas is introduced
(Step 11). This relation has also been shown to the students at the end of the
preceding grade, but many students did not advance far enough that year or did
not grasp the idea. Two exercises on the translation of stock-flow diagrams into
Δ-formulas and vice versa are added to the instructional materials.
6. The pump model computer task is extended with an exercise in which the
vacuum pump used in the numerical introductory example in the instructional
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materials must be modelled before the real pump is modelled. Recognition of
the numbers from the computer output of this model is expected to enhance
students’ confidence in the model and their own modelling skills.
7. The ‘interest model computer task’ is added (Step 14). Students must build a
model for a bank-account (Figure 6.3). Each month, a constant amount of money
M is deposited into this account, but the capital C on this account also grows
because of a monthly interest I. Students must construct the direct relation for
the interest.

Figure 6.3: Model for a bank account. The capital C grows as result of a monthly
deposit M and interest I. Students must construct the direct relation for I.
6.8.2 Description of the test questions
There are three different but similar versions of the final test of this module.
Several questions in this test are used for research purposes.
6.8.2.1 Pump model test questions. In order to be able to compare the
current version of the learning path with the previous version, the pump model
test questions are the same as the set of questions used by Van Buuren et al.
(2012). In the main pump model test question, students are asked to write down
the formula for the calculation of the number of molecules Np in the pump (see
Section 6.8.1). Before this main question, students are asked to manually
calculate the number of molecules in the pump and the vacuum vessel for a few
pump beats. For this, they need to determine the pump factor. The three
versions of the test differ with respect to the initial value for Ntot and the
dimensions of the pump and the vessel.
6.8.2.2 Variable classification test question. The variable classification
test question is meant to measure the ability to distinguish between variables
and constants. Students are given experimental results and model output for an
unknown vacuum pump. The output consists of graphs of Ntot as a function of
the number of pumping beats. Students are asked to discuss these graphs. Two
sub questions are about two of the three relevant quantities (Ntot, Np, and the
pump factor). Students are asked whether these are variables or constants.
Differences between the three test versions are in the selection of two of these
three quantities, but the pump factor was present in all test versions.
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6.8.2.3 Diagram to Δ-formula test question. The diagram to Δ-formula
questions measures the ability to interpret a stock-flow diagram as a Δ-formula.
Students are asked to give the formula corresponding to the stock-flow diagram
shown in Figure 6.4. This question is part of an overall question in which
students’ mathematical understanding of graphical models is probed.

Figure 6.4: Figure from the diagram to Δ-formula question in the final test of
The Vacuum Pump.
6.8.2.4 Construction test questions 1 and 2. A consequence of our new
approach may be that, if students’ results of the computer task and the pump
questions have improved, this may just be the effect of more practising and/or
memorisation. In order to investigate to what extent transfer has taken place,
construction questions 1 and 2 are added to the test. These two questions measure the ability to construct direct relations for new situations. Both questions are
part of the overall question mentioned in Section 6.8.2.3. Students are given a
simplified and incomplete model for the increase of the amount of mice (or, in
the other test versions, rabbits and hamsters) per month (Figure 6.5).
In construction question 1 students are asked what must be entered in
this model for the amount Y of new-born mice per month. This direct relation,
the product of the total amount of mice M and the given birth rate, must be
constructed by the students. This construction resembles to some extent the
(re)construction part of the computer task from The Vacuum Pump.

Figure 6.5: Figures from construction question 1 in the final test of The Vacuum
Pump. Students are asked what must be entered next to ‘Y =’. This should be
the product of the total amount of mice M and the birth rate.
In construction question 2, students are asked to construct a formula that
gives the relation between the total amount of money A that a breeder gets
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when he sells N mice for a price p per mouse. This question resembles one of
the two exercises in the instructional materials (Section 6.8.1, Point 4).
Beforehand, we expect construction test question 1 to be more difficult
than construction test question 2, because question 1 is closely related to the
graphical model, in which the Δ-formula from the diagram to Δ-formula test
question (Section 6.8.2.3) plays a part too. This may confuse students.
6.8.3 Outcomes of the learning tasks from the module The Vacuum Pump
6.8.3.1 Observations and recordings of learning tasks preparing for the
pump model computer task. Understanding the calculation process on a
numerical level was not problematic for the students. This agrees with the
findings of Van Buuren et al. (2012). We observed a few students making a
remarkable mistake. Although these students understood that at each pump
beat the same fraction of molecules is pumped out and although they applied
this correctly to the first pump beat, they did not adopt the same approach for
the next beats. Being asked to explain their approach, they could not understand
why they made this error. Apparently, understanding the ideas is not enough for
internalization for these students at that moment.
6.8.3.2 Handed-in results of the pump model computer task. We
received 50 results of the computer task from 90 students. In 94% of these
results (96% of the students), the formula for Np can be considered as correct.
This percentage is greater than the percentage of 81% (79% of the students)
reported for the previous version (Van Buuren et al., 2012). The error to define
Np only by means of numbers or expressions consisting of numbers has been
made by only two students. The pump factor is correctly adapted to fit the
experimental data from the real vacuum pump in 72% of all handed-in results; in
16% of all results, the pump factor has been calculated correctly but has not
been adapted for the model to fit the experimental data.
6.8.3.3 Observations and recordings of the pump model computer task.
Most students collaborated on the pump model computer task, often explaining
things to each other. Students regularly needed to fall back on the preceding
sections of the module. Those students who had severe problems usually had
not finished these preceding sections. This shows the importance of limitation of
the number of learning goals for a modelling activity and of the introduction of
important concepts before the actual computer task is carried out. The same
holds for the introduction of new features of the software. Some students said
that they did not feel confident with the software yet. An example is the use of *
and / symbols for multiplication and division, although the number of students
having problems with this notation was clearly decreased as a result of the
earlier introduction of these symbols.
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In spite of the attention paid to the concepts of formula and variable,
observations revealed that many students initially still did not use a formula, but
entered a simple calculation or, more often, the outcome of this calculation, in
the dialog window. In a class consisting of 30 students we made audio
recordings of 4 such cases, involving 11 students.
As mentioned in Section 6.2, it can mislead students that for the stock
variable no formula must be entered, but only an (initial) value. This is illustrated
by a remark of a student, just having understood that for the flow Np a formula is
required: “But then the other one [the stock] must also be wrong, because each
beat there are not 500 leaving this thing, or something like that?”
Yet, the concepts of formula, simple calculation, variable, and constant
proved to be useful for the learning process. A typical example is the following
discussion between a student (S) and the teacher (T). The student has entered
0.1*500 as definition for Np instead of 0.1*Ntot.
T: “If you enter 0.1*500, do you have a formula, an equation, or a simple
calculation?”
S: “A simple calculation, I think.”
T: “A simple calculation. Is its outcome a variable or a constant?”
S: “A constant”
T: “Okay”
S: “and it must not be a constant.”
T: “It must not be a constant.”
S: “But, I am thinking, how can this be done?”
What follows is a discussion on the use of symbols in order to make the expression more general. In this situation, the notions of simple calculation, constant,
and variable helped to create a conceptual conflict and a need for a formula
consisting of variables represented by symbols.
Modelling requires a shift in focus from outcomes to methods. This is
illustrated by the reaction of a student, after being explained that in a computer
model it may be more efficient to enter an expression of numbers instead of its
outcome: “But a result must always be reduced, isn’t it? It must always be made
as simple as possible?!” This focus on outcomes instead of methods can be an
obstacle for the learning of modelling. On the other hand, the example also
shows that modelling may help to change this focus.
As mentioned in Section 6.8.1, Point 6, an exercise has been added to the
computer task in which the vacuum pump from the numerical introductory
example in the instructional materials must be modelled. From a few student
interviews, the expectation that this addition would enhance students’ confidence in the model and their own modelling skills proved to be correct. Finally,
in an interview after the pump model computer task some of the students
explicitly mentioned that, during the computer task, they felt a tendency to stop
thinking and start guessing.
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6.8.3.4 Observations and recordings of the interest model computer
task. Only a minority of the students finished the additional computer task (on
interest). Part of these students initially entered a number instead of a formula
in the dialog window of a variable, as we observed in classroom and on the three
screen recordings (involving 6 students), and as can be heard on audio
recordings. In 4 out of 9 handed-in results (7 out of 18 students), this variable
still is defined by a number only. Two of these four results, however, show that
students have correctly answered an earlier question, in which they are explicitly
asked to construct this formula. More students may have done so; not all
student results contain the answers to earlier questions. Apparently, not being
able to construct the formula is not the only reason for the use of numbers
instead of formulas in a graphical model.
6.8.4 Outcomes of the test questions from the module The Vacuum Pump
6.8.4.1 Outcomes of the pump model test questions. In Table 6.7 the
results of the pump model test questions are presented, both for the previous
version (Van Buuren et al., 2012) and for the current version of the module. For
the current version, in this table both the results for all 109 students and the
results for those 70 students from whom we have also received a result of the
computer task are presented.
There are almost no differences between the test results of the two
versions for the questions that can be dealt with on a numerical level: the
determination of the pump factor and the manual calculated values for the
pumping process. There only is a decrease in the number of ‘reasonable’
calculation errors in favour of the number of fully correct answers. This may be
due to extra exercises in the instructional materials, but it can also be the result
of the recently increased general attention in Dutch secondary education for
arithmetic.
With respect to the main question, in which students are asked to give
the formula for Np, the percentage of correct answers has more than doubled. In
addition, the quality of incorrect answers is better. Only 3 students have given
an answer consisting of numbers instead of a formula. Finally, for the students
of whom we can be more sure that they finished the computer task, the
percentage of correct answers is somewhat greater than for the entire group of
students. Although the relative number of students being able to reconstruct
this formula clearly is greater than it was for the previous version of the module,
it is still less than 50%. Apparently, our approach has contributed to a better
understanding, but reconstruction of this formula is still difficult for many
students.
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Table 6.7
Test results for the pump test questions
Manual calculated
Formula
values for pumping
for Np
process
Test results from 80 students from whom the result of the computer task was
received, from the previous version of the learning path (Van Buuren et al., 2012).
49%
Correct or Correct
59%
16%
consequent ‘Reasonable’ calculation error
23%
Incorrect
19%*
29%
44%
No answer
10%
13%
40%
*13% used the pump factor from the example in the worksheet.
Test results from all 109 students (current version of the learning path).
62%
Correct or Correct
63%
36%
consequent ‘Reasonable’ calculation error
10%
Pump factor from the example in the
18%
18%
6%
worksheet is used
Incorrect
7%
14%
43%
No answer
2%
5%
16%
Test results from 70 students from whom the result of the computer task has been
received (current version of the learning path).
63%
Correct or Correct
66%
40%
consequent ‘Reasonable’ calculation error
10%
Pump factor from the example in the
17%
17%
9%
worksheet is used
Incorrect
7%
11%
41%
No answer
3%
6%
10%
Determination of pump factor

Table 6.7
Table 6.8
Results of the test questions on the distinction between variables and
constants
Is … a variable or a constant?
Ntot
Np
pump factor
Number of collected student answers
46
63
Number of correct answers
40
48
Percentage of correct answers
87%
76%
Each student was asked to classify two of these quantities.
Table 6.8
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6.8.4.2 Outcomes of the variable classification test question. Results
from the test question in which students must distinguish whether a quantity is
a constant or a variable are tabulated in Table 6.8. Each quantity is correctly
classified by more than three quarters of all students. Each student had to
classify two quantities. Of all 109 students, 74 students (68%) classified both
quantities correctly. The total number of molecules Ntot is more often correctly
classified than the pump rate Np and the pump factor. This is not surprising.
Students may erroneously think that Np is a constant, but even in such a case the
value of Ntot must be changing. Errors with respect to the pump factor may be
due to the fact that students worked with several different vacuum pumps in the
instructional materials. From one pump to another, the pump factor changed.
This may have lead some students to the conclusion that the pump factor is a
variable. Finally, students may mix up the variable pump rate Np and the
constant pump factor.
These results do not yet prove that students are able to distinguish
between constants and variables in general. The varying or constant character of
the quantities in this question has already been discussed in the preparatory
phase, and in the test students must choose between only two options, so the
questions are not very difficult and positive results can be expected. In
classroom we noticed that students had some difficulties with a question about
the classification of the electrical resistances R of a resistor and of a light bulb as
variable or constant, but these problems probably were caused by their
knowledge of the electrical devices, not by their notion of variable or constant as
such. Discussions between teachers and students working on the pump model
computer task (Section 6.8.3.3) indicate that students are able to use notions of
constant and variable effectively. Therefore, in summary, we conclude that a
majority of third year lower secondary students can distinguish between constants and variables.
6.8.4.3 Outcomes of the diagram to Δ-formula test question. Answers of
all students on the test question in which they are asked to give the formula
corresponding to a given stock-flow diagram (shown in Figure 6.4), about the
increase of mice (hamsters, rabbits) through birth, are listed in Table 6.9. Only
29% of all students are able to give the correct Δ-formula. Closer analysis reveals
that students who have handed-in a result on the pump model computer task do
not perform better. The most frequent error is the omission of any reference to
the time t or to the time step Δt. This may be partially caused by the
replacement in the pump model of time steps by pump beats. Many students
present a Δ-formula taken from examples in the instructional materials,
originating from other contexts. Probably, these students know that a stock-flow
diagram corresponds to a Δ-formula, but they do not know how to link the icons
to the Δ-formula. Seven students present the formula for the flow variable
instead of the Δ-formula for the stock variable. This is an example of confusion in
case of feedback mechanisms. Eight students give an answer that also seems to
be inspired by the formula for the flow, but in which the coefficient (the birth
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factor) is connected to the wrong quantity. This bears some resemblance to the
reversed equation error (Section 6.2), but it may as well be a result of some sort
of reasoning analogous to the pump question, where a variable was also defined
by means of the product of the other variable and some factor. Almost no
students gave an answer consisting of numbers only.
Table 6.9
Distribution of students’ answers on the diagram to Δ-formula test question of
the module The Vacuum Pump
Number of
Student answers
students
Completely correct
32
29%
Correct, apart from a missing Δ-symbol
2
2%
Formula for another context, from the examples in the
17
16%
instructional materials.
Other incorrect answers
43
39%
No answer
15
14%
Total number of students
109 100%
Answers without time or time step
32
29%
Answers without a Δ-symbol or similar reference to change
12
11%
Students are asked to give the Δ-formula to the stock-flow diagram of
Figure 6.4 (or a similar diagram). The correct answer for the mice-version of
the test is ΔM = Y·Δt.
Table 6.9
The great diversity in incorrect student answers suggests that the
question was not clear for our students at this stage of their development. One
cause may be that there is no real need for students to understand the relation
between stock-flow diagrams and Δ-formulas at this point of the learning path.
For the main part of the module, students are working on the direct relation for
the flow variable. A lack of understanding of the stock-flow diagram hardly
hampers students’ progress. Apparently, the relation between stock-flow
diagrams and Δ-formulas requires more attention in the instruction.
6.8.4.4 Outcomes of construction test question 1. In this question,
students are asked to define the flow variable of the stock-flow diagram from
Section 6.8.4.3 (Figure 6.5). Table 6.10 shows the results of this question for all
students, for the sub group of students who handed in their result of the
computer task, and for the sub group of students who correctly answered the
similar question for the vacuum pump. Only 20% of all 109 students have
answered this question completely correct; a few other answers are almost
correct. Both sub groups do not perform much better. It seems that there has
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Table 6.10
Student answers on construction test question 1, on the construction of a direct
relation defining a flow variable
Constructed formula

All students

Sub group I

Correct
Correct, apart from a minor error
Number or simple calculation, no variables
Other incorrect answers
No answer
Total number of students
Answers with some reference to time or
time step

22
6
29
35
17
109

(20%)
(6%)
(27%)
(32%)
(16%)
(100%)

18
5
14
23
10
70

(26%)
(7%)
(20%)
(33%)
(14%)
(100%)

9

(8%)

7

(10%)

Sub group II
11 (28%)
3
(8%)
8 (21%)
12 (21%)
5 (13%)
39 (100%)
4

(10%)

In the first column the characteristics of the constructed formula are listed. In
the second column the results of all students are shown. Sub group I consists of
students who also handed in their result for the computer formula task. Sub
group II consists of students who correctly answered the similar question for the
pump model. The formula to be constructed is a direct relation for the increase
of animals as a result of birth. The correct answer for the mice-version of the
test is Y = 2.5*M.
Table 6.10
been little transfer yet. Even if students do recognize the similarity between the
diagrams of construction question 1 and the vacuum pump, this does not mean
that they see which variables are analogous to each other in the two different
contexts, as is shown by the following student answer:
“Y =

·Mtot

In case of a vacuum pump, the pump factor should
be at the empty spot, but I don’t know at the
moment what to compare the pump factor with.”

Even if students are able to distinguish between constants and variables and
understand that a variable must be defined by a formula, this knowledge seems
not to be operational yet for all students: 27% of all students defines the flow
variable by means of a number only (the birth factor, instead of the birth rate).
This is in accordance with the use of numbers by students in the interest model
computer task in spite of the correct formula being known to them (see Section
6.8.3.3). One reason may be that students do not realize that the flow in this
question is variable and therefore needs a formula as definition. Contrary to the
other questions in this test, the term ‘formula’ is not used in this test question.
Therefore part of the students may not have been triggered to look for a
formula. They may have thought that the flow in this situation is a constant, may
have considered this situation as momentary, or may have suffered from the
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misconception that in graphical models numbers are required only. Students’
7
focus on outcomes may also be a reason for the use of numbers. In all these
cases, the outcome of the multiplication of the birth factor and the initial
number of mice would be expected, however. Because an initial number of mice
is not given in the text of the test question, students may just have used the only
numbers that were available.
Finally, there is a great variety of incorrect answers. Four students give a
formula for the stock instead of the flow. Two students convert the formula for
the stock into a formula for the flow. Most other answers are hard to interpret,
and 17 students did not answer the question at all. This suggests that for many
students it is not yet clear how to solve such a task. There are only three
indications of the reversed equation error (Section 6.2). Some reference to time
has been made by 8% of all students.
Table 6.11
Students’ answers to construction test question 2
Constructed formula
Number of students
Correct
66 (61%)
Almost correct*
6 (6%)
Incorrect
16 (15%)
No answer
21 (19%)
Total
109 (100%)
* apart from the addition of one or two Δ-symbols.
In this question, students must construct the (direct) relation between three
variables.
Table 6.11
6.8.4.5 Outcomes of construction test question 2. In Table 6.11 the results are listed of all students for construction test question 2, the question on
the construction of a formula for the relation between the price p per mouse
(rabbit, hamster), the number N of mice sold and the amount A of money
received by the breeder. The percentage of correct student answers (61%) is
much greater than the percentage of correct answers to construction question
1. Another 6% of all students give an answer that is correct apart from the
addition of one or two Δ- symbols. Apparently, these students only have
problems understanding Δ-notation. All answers contain variables. This is not
surprising: no numbers are given, and students have been explicitly asked to
7

This may be related to the tendency of students to give one numerical answer to a
question and to view an expression not as a proper answer (Booth, 1984, 1988; Chalouh
& Herscovics, 1984). This can be considered as a problem with acceptance of lack of
closure (Collis, 1975).
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construct a formula, whereas in construction question 1 they have been asked
‘what should be entered’ in the dialog window for the flow variable.
Most students present their correct answer as a product (A = p·N); a small
minority uses a quotient suitable for the calculation of the price p per animal.
Students’ preference for the product version may be explained by the fact that
so far in the instructional materials most formulas are presented in product
form. The relatively great number of students not giving an answer may be
partially explained by the fact that this question is at the end of the test and it is
part of a set of four questions. Students may have skipped this question because
of lack of time.
6.8.5 Summary of the outcomes of The Vacuum Pump
After having finished The Vacuum Pump, most students can distinguish between
a variable and a constant (Section 6.8.4.2). Working on the pump model
computer task and the interest model computer task, still many students initially
try to define the flow variable by means of numbers only (Sections 6.8.3.3 and
6.8.3.4), but the notions of formula, variable, simple calculation, and constant
can be used to change this (Sections 6.8.3.2 and 6.8.3.3). The results of the
pump model computer task and the pump model test questions show that
students’ use of formulas in modelling has improved compared to the results
from Van Buuren et al. (2012). Especially, fewer students use expressions
consisting only of numbers and the percentage of students who can reconstruct
the formula for the flow in the pump model has more than doubled. Still, more
than half of all students is not able to reconstruct this formula, even though
many students understand the computational process on a numerical level.
At this stage of their development, approximately 30% of all students can
give the Δ-formula to a given simple new stock-flow diagram (Section 6.8.4.3).
The lack of a clear need to understand the connection between Δ-formulas and
stock-flow diagrams may be a reason for this. The most important error, made
by 30% of all students, is the omission of any reference to the time step Δt.
After only a few exercises, almost two thirds of all students are able to
construct a simple direct relation connecting three concrete quantities (Section
6.8.4.5), but the interest model computer task (Section 6.8.3.4) and construction
test question 1 (Section 6.8.4.4) make clear that there has been little transfer yet
with respect to the construction of the direct relation for a flow variable in a
graphical model from the pump model to a new but similar situation. Only
approximately one-fifth of all students give the required direct relation in
construction test question 1. Apparently, at this stage of their development, just
a minor part of the students has problems with the construction of simple
formulas per se, but a major part of the students has difficulties constructing a
direct relation for a flow variable in a graphical model. Although most students
are able to distinguish between constants and variables, and understand that a
formula must contain variables, a quarter of all students do not yet fully
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understand that a graphical model is about varying quantities to be defined by
formulas.

6.9 Design and results of field testing of the module
Force and Movement
6.9.1 Instructional design of the module Force and Movement
Steps 16 to 19 of the design described in Section 6.4.2 are implemented in the
module Force and Movement. For the design of this module, we made use of
results of field testing of an earlier version of this module (Van Buuren et al.,
2011). In the version of the module that is described in this paper, students
combine all elements required for the construction of graphical models for the
first time. They get a complete overview of the main elements of graphical
models (Step 19). In three computer modelling tasks, students create graphical
models starting from given sets of equations. In order to be able to do so, in the
instructional materials attention is given to Steps 16 and 17 of Section 6.4.2, that
is, on the relation between Δ-formulas and stock-flow diagrams. Students get a
few exercises on this relation. Before a new model is implemented in the
computer learning environment, students must first design the model on paper.
Outcomes of the leaning task are discussed in Section 6.9.3, complemented with
a few observations from the module Sound.
6.9.2 Description of the test questions
There is only one version of the final test of this module. This test can be
considered as a final test of the modelling learning path. Three questions are
used for the research purposes of this paper.
6.9.2.1 The Δ-formula to diagram test question. In the Δ-formula to
diagram test question, a stock-flow diagram must be created for a given Δformula. In the instructional materials, students have been practising with such
questions. This question is the reverse of the diagram to Δ-formula test question
from The Vacuum Pump (Section 6.8.2.3).
6.9.2.2 Δ-formula construction test question. The Δ-formula construction
test question is part of an overall question in which students’ abilities with
respect to the creation of graphical models are investigated. Students are asked
to construct a Δ-formula for a situation in which one stock and two flows take
part. The stock-flow diagram is not given to the students. The overall question is
about forestry: each year, a forester cuts 20% of the trees in a forest and plants
a constant number of new trees. Students must construct the Δ-formula for the
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number of trees in the forest. The initial number of trees and the constant
number of trees that is planted each year are given; students may be tempted to
use these numbers. This is the first time that students are asked in a test to
construct a Δ-formula for a new situation. In the instructional materials, they
have been asked to construct a Δ-formula only once, for a less complicated
situation, containing only one flow variable.
6.9.2.3 Direct relation construction test question. The direct relation
construction test question is part of the same overall question as the Δ-formula
construction test question. Students are asked to construct the formula (a direct
relation) for the number of trees that is cut each year. The direct relation is
mathematically similar to the relation from construction test question 1 from
The Vacuum Pump (Section 6.8.2.4).
6.9.3 Outcomes of the learning tasks of the module Force and Movement
As we observed in classroom and in screen recordings of students working on
the computer tasks of Sound and of Force and Movement, formulas have been
used in models by most students, although incidentally some students have
tried to use numbers only. On an audio recording can be heard how a student,
trying to define a variable by means of a number instead of a formula,
immediately is corrected by co-workers. In screen recordings of 17 students
working on the main computer task of Force and Movement, all but one of the
students correctly use formulas. The fact that all models from Force and
Movement are based on formulas that are known to the students probably has
contributed to this outcome.
6.9.4 Outcomes of the test questions of the module Force and Movement
Because we want to investigate whether students’ abilities with respect to the
use of formulas in graphical models have increased, results of these questions
are compared to results of the test questions of The Vacuum Pump. Only 27
students took part in the test of Force and Movement, because this module was
planned for the end of the third year curriculum and many students did not
manage to finish it. Therefore, a bias towards faster and hard-working students
can be expected. The 27 students who finished the test were from classes taught
by the first author of this paper. Four of these students did the test unprepared,
after a break of a few weeks after finishing the work on the module. A fifth
student had not carried out the computer tasks before doing the test. From
three students we have no test results of The Vacuum Pump. Therefore only 24
student results are used for comparison. In Table 6.12, results of the diagram to
Δ-formula test question of The Vacuum Pump are shown for these 24 students.
These 24 students indeed performed much better than average on this question
(cf. Table 6.9).
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6.9.4.1 Outcomes of the Δ-formula to diagram test question. Students’
results on the Δ-formula to diagram test question are shown in Table 6.13. The
Table 6.12
Results of the diagram to Δ-formula test question of the Vacuum Pump of the
24 students who also did the final test of Force and Movement
Answer
Number of students
Completely correct
12 (50%)
Formula for another context
2 (8%)
Other incorrect answers
6 (25%)
No answer
4 (17%)
Answers without time or time step
3 (13%)
Answers without a Δ-symbol or similar reference to change
1 (4%)
Table 6.12
percentage of correct answers is much greater than in the related (reverse) test
question at the end of The Vacuum Pump for the same group of students
(Table 6.12). In addition, most incorrect answers have been given by ill-prepared
students. Therefore, although these 24 students are not completely representative for all third year students, we still conclude that many third year students
can create a stock-flow diagram to a given Δ-formula. This does not necessarily
mean that students have developed a better understanding of the relation
between Δ-formulas and stock-flow diagrams. It may as well be easier to
construct a stock-flow diagram for a given formula than, vice versa, to construct
a formula to a given diagram.
Table 6.13
Students’ answers on the Δ-formula to diagram test question from Force and
Movement.
Number of
Quality of answers on the Δ-formula to diagram question
students
Completely correct
17
71%
Other incorrect answers
7 (4)
29%
Total number of students
24 (5) 100%
Answers with an icon for time or time step
7 (4)
29%
The numbers in brackets are the numbers of ill-prepared students.
Table 6.13
With respect to the factor time, there is a dissimilarity between stockflow diagrams and Δ-formulas. In the Δ-formulas, the factor Δt is explicitly
present, but in the stock-flow diagrams, this factor is not visualised. In the
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diagram to Δ-formula test question of The Vacuum Pump, 13% of the students
we are investigating here and 29% of all students did not mention a factor Δt or t
when asked to construct the Δ-formula to a diagram. In the Δ-formula to
diagram test question of Force and Movement, seven students include an icon
for t or Δt in the stock-flow diagram. Even if ill-prepared students would be left
out of analysis, still 14% of the students includes such an icon. Apparently, for
these students stock-diagrams do not sufficiently communicate time dependence in the equations.
6.9.4.2 Outcomes of the Δ-formula construction test question. An
overview of students’ answers on the Δ-formula construction test question is
shown in Table 6.14. The percentage of completely correct answers on this
question is smaller than the percentage of correct answers of the same students
on the diagram to Δ-formula test question from The Vacuum Pump (Table 6.12).
Yet, we are of opinion that these students have booked some progress. Not only
is this Δ-formula construction test question more demanding than the diagram
to Δ-formula test question, the quality of incorrect answers is also definitely
greater. An example of an almost correct answer is “B=50000+(A-K)·Δt” instead
of ΔB=(A-K)·Δt. Here, ΔB has actually been replaced by ‘B minus the initial value’.
This answer clearly shows a notion of change of B, but it holds only for the first
step of integration. The percentage of students leaving out the factor Δt from
the equation is still remarkably great. Even if answers from ill-prepared students
are left out, this percentage would just be 25%. Finally, there are indications that
the omission of the outflow from the Δ-formula is related to a regularly
occurring misconception that an outflow does not influence the stock.
Table 6.14
Students’ answers on the Δ-formula construction test question from Force and
Movement.
Quality of the constructed
Number of students
Δ-formula
Correct Δ-formula
9
38%
‘Outflow’ or ‘Inflow’ missing
3
12%
Other incorrect answers
12 (5)
50%
Total
24 (5)
100%
Formulas without Δt
9 (4)
38%
Formulas containing an initial value.
7 (4)
29%
The numbers in brackets are the numbers of ill-prepared students.
Table 6.14
6.9.4.3 Outcomes of the direct relation construction test question. In
Table 6.15 results are presented for the direct relation test question, together
with the results of the same students of the similar test question of The Vacuum
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Pump. The ability of students to construct a formula seems to have improved:
the number of correct answers has more than doubled. The number of answers
only consisting of numbers has decreased to almost none, in spite of the
presence of more numbers to choose from in the text of the question, and
almost all answers contain variables. It must be noticed, however, that in this
direct relation construction question students are explicitly asked to construct a
formula, whereas in construction test question 1 from The Vacuum Pump
students were are asked ‘what must be entered’ in a dialog window. The
percentage of correct answers of the direct relation construction test question is
smaller than the percentage of correct answers on construction test question 2
from The Vacuum Pump, but the context of that question probably was less
difficult for students and it contained less quantities to choose from. Also, the
variables in that question could be dealt with on the level of placeholder,
whereas two out of three variables in the direct relation construction test
question from Force and Movement are varying objects. Finally, no indications of
the reversed equation error of (Section 6.2) have been found.
Table 6.15
Comparison of results from direct relation construction questions from Force
and Movement and The Vacuum Pump
Results from
Results from
Quality of the constructed direct relation
The Vacuum
Force and
Pump
Movement
Completely correct
5 (21%)
12 (50%)
Almost correct
1 (4%)
1 (4%)
Number or simple calculation
6 (25%)
1 (4%)
Other incorrect answers
11 (46%)
9 (38%)
No Answer
1 (4%)
1 (4%)
Total
24 (100%)
24 (100%)
Answers with reference to time or time step
4 (17%)
2 (8%)
In the second column the results of 24 students on construction test question
1 from The Vacuum Pump are shown. The third column contains the results of
the same students on the (similar) direct relation construction test question
from Force and Movement.
Table 6.15
6.9.5 Summary of the outcomes of Force and Movement
At the end of the third year of secondary education, most students can use
direct relations in graphical models (Section 6.9.3). Also, more than two thirds of
the students who did the final test of Force and Movement are able to construct
a stock-flow diagram to a given Δ-formula. But the relation between a stock-flow
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diagram and time is not clear for an important minority of the students. Almost
30% of the students add an icon for the time step when translating a Δ-formula
into a stock-flow diagram (Section 6.9.4.1).
Although our group of students may not be representative for all
students, results on the construction of a Δ-formula for a new situation can be
considered promising: almost 40% of the students can construct a Δ-formula
with limited practising beforehand, the quality of many incorrect answers is
fairly good, and most incorrect answers are from ill-prepared students. But here
also, there are difficulties with the time step in the formula. Almost two fifth of
the students leave out this time step. Student errors also indicate that the role
of initial values needs more attention (Section 6.9.4.2). The number of students
being able to construct a direct relation for a flow variable in a new situation has
increased, but it must be noted that the students were explicitly asked for a
formula, contrary to construction test question 1 from The Vacuum Pump
(Section 6.9.4.3).

6.10 Conclusions, discussion, and recommendations
In Sections 6.10.1 to 6.10.6, all six research questions are answered and results
are discussed. In case answers are not satisfactory, recommendations for further
research are made. In Section 6.10.7, we reflect on choices we have made for
the learning path. In Section 6.10.8, recommendations for further design and
research are summarised.
6.10.1 Answer to Research Question 1
To what extent can students grasp the notion of formula as providing a relation
between symbols representing variables and constants?
Most students at the beginning of the third year of secondary education grasp
the notion of formula as consisting of symbolised quantities after explicit
instruction: formulas that only consist of symbols are classified correctly by
three quarters of all students (Section 6.7.4.1). This notion is sustained or
developed further in the learning path. In all other test questions after the
introduction of the notions of formula and variable, when asked for a formula,
hardly any students have used expressions consisting of numbers anymore
(Sections 6.8.4.3, 6.9.4.2, and 6.9.4.3). Yet, students can have difficulty
classifying formulas in which both symbolised quantities and a number appear.
They can be troubled by the alternative conception that a formula must only
consist of symbols. The students’ base of orientation needs improvement in
order to deal with such subtleties. The results suggest that participating in a
computer activity in which formulas must be used to define quantities,
contributes both to the ability of using formulas for defining a variable in a
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computer environment and to the notion of formula. This participation must be
active; merely imitating an instructional video does not suffice (Sections 6.7.4.1
and 6.7.4.2).
6.10.2 Answer to Research Question 2
To what extent can students understand the difference between constants and
variables?
Most students can distinguish between variable and constant after the
introduction of these concepts in The Vacuum Pump. In Section 6.8.4.2, two
thirds of all students correctly classified two different quantities as variable or
constant. Other support for this conclusion comes from classroom observations
(Sections 6.8.3.3 and 6.8.4.2).
6.10.3 Answer to Research Question 3
To what extent can students utilise conceptions of variable and formula for
modelling?
The results of the computer formula task and the computer task test question of
Resistance and Conductivity (Sections 6.7.3 and 7.4.2) are in accordance with the
findings of Van Buuren et al. (2012) that the use of formulas containing
symbolised quantities in educational software is not self-evident; students need
clear notions of formula and variable for modelling. Isolated notions of formula
and variable are insufficient: students do not automatically apply these notions
when defining a quantity in a computer model (Sections 6.8.3.3, 6.8.3.4, and
6.8.4.4). But clearer notions of formula and variable can be used to change this.
The notions of simple calculation and constant, and of formula and variable
must be coupled. Students can achieve this with some teacher assistance
(Section 6.8.3.3). The following sequence can be effective in a discussion
between teacher and student:
1. a quantity defined by a simple calculation actually is a constant,
2. but the quantity should be variable,
3. so we need a formula to define this quantity.
In this way, these clearer notions of formula and variable contribute to students’
understanding and modelling performance: the percentage of correct formulas
as an answer to the pump model test question has more than doubled
compared to results of Van Buuren et al. (2012), and both the percentage of
answers only consisting of numbers and the percentage of students not
answering the question have dropped considerably (Section 6.8.4.1).
These clearer and coupled notions of variable and formula are necessary,
but at this stage they are not yet sufficient. In the first modules after the formal
introduction of formula and variable, more than half of all students still does not
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use a formula for defining a flow variable in a graphical model when a formula is
not explicitly asked for (Sections 6.8.3.3, 6.8.3.4, and 6.8.4.4). Possible reasons
are:
• because the coupling of the notions of formula and variable was not yet
explicitly implemented in the instructional materials, students needed
assistance of the teacher or a fellow student for this step. Not all students may
have asked for such assistance;
• students do not realise that the flow that must be defined is variable;
• students consider the model as a description of the situation that holds for just
one moment;
• students do not use the notions of variable and formula because they have not
yet sufficiently internalized these notions;
• students give in to their general tendency to consider only a number as a
proper answer to a question;
• in spite of the computer tasks in the first two modules described in this paper,
students do not realise that in computer programs variables must be defined
by formulas.
At the end of the learning path, results suggest that students have started
to understand and have internalised the role of direct relations in modelling.
Classroom observations, screen recordings, and audio recordings from students
working on the modelling tasks of Sound and of Force and Movement, show that
direct relations are used for defining variables in models by almost all students
(Section 6.9.3). The fact that all models from Force and Movement are based on
formulas that are known to the students may have contributed to this apparent
progress. In the test questions in Force and Movement, at the end of the
learning path, almost all students use formulas for defining variables too. This
does not prove yet that these students have fully internalised the notion of
formula as required for modelling, because in these test questions they have
been explicitly asked for formulas, so they did not have to decide whether a
formula was required or not.
6.10.4 Answer to Research Question 4
To what extent can students construct simple direct relations?
The answer to Research Question 4 is not straightforward. In several test questions, students need to construct direct relations. In some of these questions
students are not explicitly asked for a formula, but instead are asked what
should be entered in a dialog window in the computer learning environment.
Our results indicate that an important reason for not answering these questions
correctly is that not all students realise that in such a case a formula is required
(Section 6.10.3). Therefore, for analysing students’ construction abilities in itself,
we concentrate on the questions in which students are explicitly asked to construct a formula.
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The percentage of correct answers on test questions on formula construction of Resistance and Conductivity varies between 44% and 76% (Sections
6.7.4.2 and 6.7.4.3). This seems promising, since before that moment the
students had never constructed formulas without teacher assistance. But alternative construction strategies, such as reasoning based on linguistic analogy,
probably have had great influence.
Student results of the main pump test question from the next module,
The Vacuum Pump, have considerably improved compared to the results of Van
Buuren et al. (2012), but still the percentage of correct formulas is only 36%,
even though students in this question only are asked to reconstruct a formula
which they have used several times before. At the same time, after only a few
exercises, two thirds of all students is able to construct a direct relation
connecting three quantities (Section 6.8.4.5). Apparently, at this stage of their
development, only a minor part of the students has problems with the
construction of simple formulas per se, but a major part of the students has
difficulties constructing a direct relation for a flow variable in a graphical model.
A reason for this difference in performance is that the construction of the
formula for the pump test question is the last step of a more extended process
which must be understood completely. Varying quantities and another formula
take part in this process and, as a separate step, an important factor (the pump
factor) must be calculated first. In contrast, the formula in Section 6.8.4.5 can be
generalised from just one calculation with three concrete placeholders.
At the end of the year, 50% of the students who did the final test of Force
and Movement constructed a correct direct relation as definition for a flow
variable in a new context.
The outcomes of the work of these lower secondary students are
promising when compared to results from Westra (2008, p. 177) with preuniversity upper secondary students (age: 16-17 years) in biology. Westra
reports severe student difficulties in formalizing the relations between various
components in a model. According to Westra, less than 35% of these upper
secondary students were able to quantify causal relations.
An interesting question is, why we found so few reversed equation
errors. One explanation is that the suggestion of Davis (1984), that students
consider symbols as units or labels instead of true variables, may not hold for
physics education, where students are used to distinguishing between units and
variables from the beginning. The attention that is paid in our learning path to
the notion of formula and to the notion of (symbolised) variable as representing
a (possibly varying) quantity may be a second cause. Our approach, in which
formulas generally are constructed by means of generalisation of calculations,
may be a third reason. By offering this approach, we respond to the advice of
Clement et al. (1981), to prevent students from solving such translation
problems by means of trivial syntactic or other non-operative approaches.
We conclude that two thirds of the students following this learning path
are able to construct simple direct relations involving concrete placeholders, but
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a majority of the students still have difficulties with the construction of direct
relations for flow variables. Students appear to be in need of strategies for
formula construction. The numerical approaches that we have used in our
learning path are useful when applied consciously. Students must become more
aware of this. Also, learning to use proportionality arguments may be an
effective approach. Such approaches are difficult, however, for contexts
involving abstract, unfamiliar quantities that all can vary independently, such as
the formulas from electricity in Section 6.7. In the history of physics, many
formulas have not been found by reasoning, but have been derived from
measurements. Therefore, an approach in which relations can be established by
doing measurements seems appropriate for more abstract and complicated
formulas. In order to be able to use such an approach, students must learn to
derive mathematical relations from experimental results. Curve fitting can be a
useful technique to do so. By using such an approach, students may
simultaneously develop a better understanding of scientific methods. Designing
such an approach is a valuable next step for the modelling learning path.
6.10.5 Answer to Research Question 5
To what extent can students interpret stock-flow diagrams as difference
equations and vice versa?
In the initial phases of the third year of secondary education, at the end of The
Vacuum Pump, only approximately 30% of all students can give the Δ-formula to
a given simple new stock-flow diagram (Section 6.8.4.3). The most important
error, made by 30% of all students, is the omission of any reference to the time
step Δt.
At the end of this third year, more than two thirds of the students who
did the final test of Force and Movement was able to construct a stock-flow
diagram to a given Δ-formula, but this group of students may not be representative for all students. Therefore, a clear, satisfying answer to Research Question 5
cannot yet be given. But, even in this not representative group, 30% of the
students add an icon for the time step when translating a Δ-formula into a stockflow diagram (Section 6.9.4.1). We therefore conclude that stock-flow diagrams
do not sufficiently communicate the role of the time step for many students. A
second cause for this problem may be that for running graphical models, no
explicit understanding of the relation between Δ-formulas and stock-flow
diagrams is required. There is no clear need for students to understand this
connection until stock-flow diagrams must be constructed based on Δ-formulas.
As a result, the exact meaning of stock-flow diagrams can stay unclear for
students for a long time. These problems with the time step must be dealt with
before Research Question 5 can be answered satisfactory.
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6.10.6 Answer to Research Question 6
To what extent can students construct simple difference equations?
Almost 40% of the students who did the final test of Force and Movement, can
construct a Δ-formula without much practising beforehand. The quality of many
incorrect answers is fairly good, and most incorrect answers are from illprepared students. But here also, there are difficulties with the time step in the
formula. Almost two fifth of the students leave out this time step. Student errors
also indicate that the role of initial values needs more attention (Section
6.9.4.2).
This group of third year students is probably not representative for all
third year students. It can be expected that results of the entire group of third
year students on this question would have been worse. Though, the results can
be considered promising, because constructing difference equations is difficult
even for upper secondary students (Verhoef et al., 2013), whereas the lower
secondary students who have followed the learning path have hardly practised
constructing Δ-formulas.
The problem of inclusion of the initial value into the Δ-formula may be
related to the invisibility of the Δ-formula in the dialog window for the definition
of a stock variable. If this Δ-formula would be visible together with the initial
value, the special role of the initial value would be indicated more clearly. At the
same time, the incorrect idea would be counteracted that stocks can be defined
by means of constants. Some of the more subtle student errors, such as the
replacement of ΔB by ‘B minus the initial value’ probably require a better
understanding of the process of numerical integration.
6.10.7 General discussion of the partial learning path on variables and
formulas
In this paper, we have demonstrated that students need proper conceptions of
variable and formula for the approach to graphical modelling of our learning
path. Such conceptions may be considered as rather abstract. Questions may be
raised if such abstract conceptions cannot be avoided, by using another
approach to graphical modelling or by starting with graphical modelling at a
higher age. Another question is about the use of such abstract notions for
students not applying for physics in upper secondary education. These questions
are discussed in this section.
First, the question is addressed whether these abstract conceptions can
be avoided if other approaches to graphical modelling are chosen. Often in
introductory courses to graphical modelling, approaches are used that start with
establishing causal relations between quantities. Also, regularly use is made of
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the so-called stock-and-flow metaphor. In this approach, stock-flow diagrams
are not explicitly connected to difference equations, but metaphorically to tanks
and valves filled with water. In this way, understanding of difference equations
is circumvented. For a detailed discussion of these approaches, we refer to Van
Buuren et al. (2013b). Here, we just notice that most of the authors mentioned
in Section 6.1 have used such approaches and report on difficulties that students
have when designing or adapting graphical models (Bliss, 1994; Kurtz dos Santos
& Ogborn, 1994; Sins et al., 2005; Lane, 2008; Westra, 2008; Ormel, 2010).
The second question is whether such problems with formulas would also
have arisen if we had postponed the start of the modelling learning path. In that
case, we maybe could have used formulas in graphical models right from the
start. But results of the questionnaire mentioned in Section 6.1 indicate that
similar misconceptions with respect to formulas and numbers would have
evolved as well. Besides, other distorting conceptions would have got time to
develop. An example is the improper use of closed mathematical solutions by
students in modelling activities, such as the use of v = a·t for defining a flow
variable v (velocity), even in case the acceleration a is not constant, and the
2
erroneous use of x = ½ a·t for the initial value of the stock variable x (see also
Van Buuren et al., 2010). Finally, we note that part of the authors referred to in
Section 6.1 report on difficulties with respect to design and adaptation of
models of upper secondary students (Sins et al., 2005; Westra, 2008; Ormel,
2010). Apparently, starting with modelling at a higher age has not prevented
such difficulties.
As a more general reply to these first two questions, we note that an
increased awareness of students of the varying character of quantities is not
only important for modelling, but is useful in more traditional education as well.
In physics courses, students often have to find solutions that hold for only one
moment in situations in which, in reality, quantities are changing permanently.
Examples are the calculations of momentary velocities in kinematics and of
problems involving momentary two dimensional forces in dynamics. The notion
of variable as varying quantity is useful in clarifying the difference between
momentary values and constants. Another example is the difference in vibration
theory between time (a variable) and period (a constant). In mathematics
education, Tall and Thomas (1991) have shown that a proper notion of variable
contributes significantly to the understanding of higher order concepts in
algebra, and that an initial loss of manipulative skills as a result of the increased
attention to the notion of variable, is more than made up at a later stage.
The third question is why we should burden lower secondary students
who do not intend to apply for physics in upper secondary education with such
abstract concepts. Our reply would be that the lower secondary students who
have followed this learning path, have developed a valuable base of orientation
with respect to important concepts for modelling. It can serve as a good foundation for modelling activities in upper secondary education in other disciplines,
such as mathematics, biology, economy, and chemistry, as well. Motivation for
doing physics of students who do not apply for physics in the next grade often
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decreases towards the end of lower secondary education. These students keep
more motivation for the lower secondary physics curriculum when they understand that modelling competencies acquired in physics lessons are useful in
other disciplines as well.
6.10.8 Recommendations for further design and research
From results presented in Section 6.10.3 it follows that the last steps of the
learning trajectory on the conceptions of variable and formula for modelling
needs some refinement. More explicit attention must be paid in the instructional materials to the notion that a variable in a computer model needs to be
defined by means of a formula.
In order to find out to what extent the first models of the learning path,
in which no formulas are used explicitly, have induced the misconception that in
computer models variables can be defined by numbers only, these first models
should be adapted to make the role of the difference equation and its connection to the stock-flow diagram more explicit. Such an approach may also be
effective in preventing the problems with the time step and the initial value
reported in Sections 6.10.5 and 6.10.6. One approach can be to use the option
incorporated in Coach to switch between the mode for graphical modelling and
the mode for text modelling. This may clarify the relation between the graphical
diagram and the integration in a more explicit way than we have used so far.
Another solution may be the adaptation of the graphical diagram, so that it
communicates the relation with the formula more clearly. This may be done by
presenting the Δ-formula in the computer learning environment together with
the stock-flow diagram, instead of hiding this formula. This possibility could be
added to the software as an option, for educational purposes. As soon as
students have come to understand this relation, the Δ-formulas can be left out.
In Section 6.10.4, we stated that students appear to be in need of strategies for formula construction. We propose adaptation of the design of the
instructional materials, in a way that students are stimulated to apply construction strategies more consciously. For more abstract formulas, appearing at later
stages of physics education, an approach must be developed in which formulas
can be derived from measurements.
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Understanding of relation
structures of graphical models∗
Abstract
A learning path has been developed on system dynamical graphical
modelling, integrated into the Dutch secondary physics curriculum,
starting from the initial phases (age: 13-15 years). In this paper, the
focus is on students’ understanding of the relation structures shown
in the diagrams of graphical system dynamics based models. Only
part of the students understand these structures correctly. Realitybased interpretation of the diagrams can conceal an incorrect understanding of diagram structures. As a result, students seemingly have
no problems interpreting the diagrams until they are asked to construct a graphical model. Misconceptions have been identified that
are the consequence of the fact that the equations are not clearly
communicated by the diagrams or because the icons used in the diagrams mislead novice modellers. Suggestions are made for improvements.

7.1 Introduction
Because in the Netherlands a concrete implementation of a complete, welldesigned and thoroughly tested learning path on modelling into the physics
curriculum does not yet exist, in 2008 we started to develop a learning path on
quantitative computational modelling. For several reasons, we decided to start
this learning path from the initial phases of physics education (age: 13-14 years)
and to integrate it into the physics curriculum (Van Buuren, Uylings, &
Ellermeijer, 2010). As a modelling approach, we chose the graphical system
dynamics approach developed by Forrester (1961, 1968). Henceforth, we refer
to this approach as ‘graphical modelling’. As computer modelling environment,
we used Coach 6, in which this graphical approach is implemented (Heck,
∗

This chapter has been submitted for publication as Van Buuren, O., Heck, A., &
Ellermeijer, T. (2013). Understanding of relation structures of graphical models by lower
secondary students.
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Kedzierska, & Ellermeijer, 2009; Heck, 2012). Graphical modelling is considered
to be an appropriate candidate for a modelling approach in secondary science
education (Savelsbergh et al., 2008), but in practice, it is not without problems.
Several authors report on difficulties that students have, especially when
designing or adapting graphical models (Bliss, 1994; Kurtz dos Santos & Ogborn,
1994; Sins, Savelsbergh, & Van Joolingen, 2005; Lane, 2008; Westra, 2008; Van
Borkulo, 2009; Ormel, 2010). Doerr (1996), Lane (2008), and Savelsbergh et
al. (2008) state that more research is needed for successful integration of
graphical modelling in education.
The first two years of this modelling learning path have now been designed and tested in school practice, using an iterative research and development approach (Van Buuren, Heck, & Ellermeijer, 2013a). As part of this research project, difficulties that students have when designing or adapting
graphical models have been studied. Difficulties related to students’ conceptions
of formulas and variables are described elsewhere (Van Buuren, Uylings, &
Ellermeijer, 2012; Van Buuren, Heck, & Ellermeijer, 2013b). In this paper, the
focus is on students’ understanding of the diagrams of the graphical models in
relation to the model structures. The learning path on these diagrams is part of
the entire learning path on modelling and is therefore called a partial learning
path.
This paper describes two different but related stages of this partial
learning path. In the first stage, students study the way in which direct relations
are used in the diagrams. In the second stage, all elements for graphical modelling are integrated. These two stages are connected to two different modules in
the physics curriculum, namely Sound and Force and Movement. There were
approximately three months in between the try-outs of these two modules. The
research for each stage can be considered as a separate round of research.
This paper is organized as follows. In Section 7.2, graphical modelling and
approaches to graphical modelling are described. Section 7.3 contains the
research methodology and main research question. The general design of the
entire partial learning path on graphical models and graphical modelling and an
overview of the implementation of the instructional design is presented in
Sections 7.4 and 7.5. Outcomes of the partial learning path preceding the
modules Sound and Force and Movement are summarised in Section 7.6.
A general description of the research instruments and the classroom setting is
given in Section 7.7. The implementation of the learning path, research instruments, and outcomes for the stage connected to the module Sound are presented in Sections 7.8, 7.9, and 7.10, and for the stage connected to the module
Force and Movement in Sections 7.11, 7.12, and 7.13. Overall outcomes are
discussed in Section 7.13. Unless stated otherwise, figures of graphical models in
this paper stem from Coach 6.
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7.2 Graphical models and graphical modelling
7.2.1 General description
From a mathematical perspective, graphical modelling mainly concerns the
numerical solving of (systems of) one-dimensional difference (or differential)
equations. From this perspective, there are two fundamental building blocks:
difference equations and direct relations. Difference equations are not entered
in a computer environment for graphical modelling as formulas. Instead, they
are represented by means of stock-flow diagrams: combinations of ‘stock’ icons,
represented by rectangles, and ‘flow’ icons, represented by ‘thick’ arrows
(Figures 7.1 and 7.2). For brevity, we refer to variables represented by flow icons
as flow variables or flows, and variables represented by stock icons as stock
variables or stocks. The stock-flow diagrams can be understood metaphorically
as flows out or into the stock (‘outflows’ and ‘inflows’). Each stock needs an
initial value. Variables that are not explicitly part of a difference equation are
referred to as ‘auxiliary variables’ and are represented by circular icons
1
(Figure 7.2).

Figure 7.1: Difference equation consisting of one stock and two flow variables,
and its graphical representation. The independent variable t is not visualised.

Figure 7.2: Auxiliary variables are used for variables that are not stock or flow
variables. A connector indicates that a variable is defined by a direct relation.
Contrary to difference equations, direct relations must be entered explic2
itly, as formulas, in the computer environment. This is done by double clicking
in the diagram on the icon of the variable that must be defined and by subse-

1

Unless stated otherwise, in this paper the term variable is used for a quantity that can
either be a varying object or a constant.
2
By a direct relation, we mean a mathematical relationship between symbolized
quantities in which at least one quantity can be isolated and written as a closed form
expression of the other quantities.
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quently entering the required direct relation into the input field of a dialog
window. The direct relations are not directly visible in the diagrams, but con3
nectors (thin arrows) indicate their presence. If a connector points from a first
icon to a second, this means that the variable corresponding to the first icon is
part of the formula that is used to define the variable corresponding to the
second icon (Figure 7.2). For shortness, in this paper we refer to such a first icon
as a defining variable and to such a second variable as the defined variable. Both
auxiliary variables and flow variables must either be defined by means of direct
relations or by means of numbers.
7.2.2 Approaches to graphical modelling
Goals of the diagrams. Forrester (1961, p. 81) considers the diagrams as
“an intermediate transition between a verbal description and a set of equations.” The main goal of the diagrams is to communicate the causal assumptions
and the main features of the mathematical model. The diagrams are used in two
different ways, namely:
1. as a graphical expression of a mental model. This graphical expression (the
diagram) can subsequently be turned into a quantitative computer model by
entering the required direct relations. In the original approach of Forrester,
model conceptualisation starts with identifying the stocks (or levels, as they
are also called) and flows (or rates). In this way, an understanding of difference equations is not required. Often more qualitative intermediate representations are also used, such as causal loop diagrams (cf., Kurtz dos Santos
& Ogborn, 1994; Ossimitz, 2000, 2002; Lane, 2000, 2008). Forrester (1994)
only occasionally uses causal loops, and only for model explanation afterwards;
2. as a way of expressing the meaning of the equations and structures of
equations that is also clear and concrete to people with less mathematical
education. In this way, equations can form the starting point for model construction and their meanings may be clarified by the diagrams.
The diagrams serve the purpose of communication at their best if, eventually,
students are able to consider the diagrams from both ‘mental’ and mathematical
viewpoint. Students must be able to use at least one approach for model
construction.
Stock-and-flows approaches to graphical modelling. In more traditional
approaches to graphical modelling, stock variables, flow variables, and auxiliary
variables are considered as the fundamental building blocks. In these
approaches, first of all, students must be able to determine the type of a
3

In this paper, the term stock-flow diagram is used exclusively for combinations of stock
and flow icons, whereas a graphical representation of a system dynamics model in
general, including auxiliary icons and connectors, is referred to as a diagram.
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variable. The stock-flow metaphor, or similar metaphors, and/or causal reasoning are supposed to help students designing and understanding models. This is
expected to be easier than establishing and understanding the equations. In
educational practice, however, such an approach does not go without problems.
The following problems have been identified:
• The distinctions between flows (or rates) and stocks (or levels) are not easily
made by students (Tinker, 1993; Bliss, 1994; Schecker, 2005; Westra, 2008).
• Considering the type of a variable as a fundamental property is questionable.
As it is shown in Figure 7.3, one model variable can be part of several equations, in each of which its ‘type’ can be different. Therefore these types are
not basic, inherent properties of variables.
A.
x = v· t
2
B. Fair = k·v
C.
v = a· t
Figure 7.3: Possibly threefold role of one variable. In the difference equations A
and C, the velocity v is a flow variable and a stock variable, respectively. In
equation B, v is part of the direct relation used to define Fair. In this equation, v
can be any type of variable.
•

•

•

•

•

•

•

According to Bliss (1994), the representation of the rate of change of a
variable as itself another variable is problematic for students of age 12–14
years. When not confident of this idea, students cannot express themselves
with stock-flow diagrams.
Students of age 16–18 years tend to use objects, events, and processes
instead of true variables (in the sense of measurable properties) when trying
to conceptualize their models, although this seems to depend very much on
the problem that is modelled (Kurtz dos Santos & Ogborn, 1994).
Not all students have sufficient prior knowledge of the flow of an
incompressible fluid through a valve and its accumulation in a tank to understand this as a metaphor for stock-flow diagrams (Tinker, 1993).
The stock-flow metaphor may work for many people, but does not work for
all (Lane, 2008). After an instruction based on this metaphor, the stock-flow
diagrams are not yet easily grasped by many a student (Tinker, 1993; Sins et
al., 2005).
The stock-flow metaphor is not very useful for modelling dynamics, as it is
hard to imagine ‘position’ as a stock where ‘velocity’ accumulates
(Tinker, 1993).
Even if the use of differential equations can be circumvented, the use of
direct relations cannot be avoided. Lower secondary students can have difficulty using these relations in their models if they do not have the required
notions of variable and formula (Van Buuren et al., 2012, 2013b).
Students may think that variables only depend on variables to which they are
directly linked (Van Buuren, Uylings, & Ellermeijer, 2011).
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•

Constructing models using a qualitative, dependency based approach, as is
done by some authors (Westra, 2008), may sometimes lead to less adequate
relational structures, as is demonstrated in Figure 7.4 (Van Buuren et
al., 2011).

Figure 7.4: Example of an incorrect model structure as a result of a dependencybased approach. The acceleration of a body moving through air can be said to
depend on the friction force Fair and on its velocity v. This may lead to this
diagram. However, the acceleration depends on the velocity via the friction force.

A relation approach to graphical modelling. The question is whether
these problems also will arise if the equations form a more dominant first part in
the creation of graphical models. Such a more equation-based approach possibly
fits better to the existing physics curriculum, in which formulas are introduced
and used almost from the beginning. As a consequence, physics students soon
have a collection of well-known formulas at their disposal. The problems with
determining the types of variables may be diminished by considering the
relations between the variables, i.e., the difference equations and direct
relations, as the dominant building blocks of models, instead of the individual
variables. Finally, the underlying reason why the stock-flow metaphor or other
metaphors may be useful as an aid for constructing models lies in the uniformity
of the underlying difference equations. Therefore, in our opinion, these equations should not be concealed, but highlighted.
For these reasons we have chosen such a more mathematical approach
to graphical modelling. We call it a relation approach. A similar approach, in
which graphical models were consistently presented to students as representations of computer programs evaluating recurrence relations, was possible and
successful in upper secondary mathematics education (Heck, 2012, p. 82, 245).
Central to the relation approach are the link between a difference equation and
a stock-flow diagram, and the interpretation of connectors as indicating structures of direct relations.
Even with such a more mathematics-oriented relation approach, the diagrams and the stock-flow metaphor still may be useful, initially as an aid to
comprehending models, and at a later stage both for the construction of models
and for the construction of difference equations. But, as it is mentioned above,
the understanding of the diagrams and the stock-flow metaphor does not go
without problems. Although these problems are well known, little research has
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been done on the question exactly how the diagrams and the icons are understood by students (Doerr, 1996; Lane, 2008), or which icons best convey the
nature of the variables (Lane, 2008, p.17). In order to answer these questions,
first must be established what exactly can be derived from a diagram.
7.2.3 Interpretation of diagrams
In order to find out to what extent students are able to interpret diagrams, first
we must reflect on what actually can be derived from the diagrams. In the
diagrams, two different subsystems are used: a subsystem representing direct
relations and a subsystem representing difference equations.
Subsystem 1: relation structures based on connectors.
1a. As is mentioned above, a connector provides information about a direct
relation. It shows which model variables are defined by which other variables. This is the key feature of connectors. Connectors do not give information about the exact forms of direct relations.
1b. Especially, if no connector is pointing to a specific flow icon or auxiliary icon,
this means that the corresponding model variable is defined by a number
only.
1c. Because connectors provide information about direct relations, the structure
of icons and connectors also provides information about dependencies in a
model. If in such a structure it is possible to go from one icon to another by
following a chain of connectors and icons, this means that the other icon
depends on the first. Van Buuren et al. (2011) introduce the terms ´directly
linked´ for variables that are directly connected to each other by means of
one connector, and ´secondarily linked´ in case there are one or more variables in between. See Figure 7.5. By means of substitution, auxiliary variables
often can be removed from a model, although this is not customary. In such
a case, many secondary links disappear.

Figure 7.5: Variables a and b are directly linked to y, and variables c and d are
secondarily linked to y.
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Subsystem 2: stock-flow diagrams.
2a. The relationship between a stock-flow diagram and a difference equation is
unambiguous. A difference equation can be translated into a stock-flow diagram, and vice versa. A condition for this is that the modeller knows which
variable is the so called independent variable (the variable of integration).
Usually, this is time.
2b. Because graphical models are essentially about numerical integration and
not differentiation, the relation structure in stock-flow diagrams is always
the same: the stock depends on the flows that are connected to it, but a flow
does not need to depend on the stock. The value of a stock also depends on
previous values of the stock. The flows determine the change of the stock.
Usually, this is a change in time, but time can optionally be replaced by another independent variable.
There are reasons not yet mentioned in Section 7.2.2 to expect that students may also have difficulties interpreting the diagrams if a more relation
based approach is used.
• In physics and mathematics, formulas can be inverted at will, to calculate
each of its components, depending on which components are given in advance. Components in a formula depend on each other, and this dependence
is mutually. There is a relationship, but this relationship is not a priori causal.
Students are used to this idea that formulas can be inverted at will. But in
graphical models, a formula is used to calculate only one of its components.
Which component is calculated is determined by the model, as a consequence of the fact that the graphical model is about integration. In the
model, the formula cannot be inverted at will. This is not straightforward for
students (Van Buuren et al., 2011). Therefore it can be expected that students may have difficulty understanding points 1a, 2a and 2b. We refer to
this as the relation inversion conception.
• An error that is related to this relation inversion conception is the use of
cyclic definitions: within one model, one direct relation is used for defining
two of the variables that occur in the relation. For example, students may
F
define the acceleration a as net while simultaneously defining Fnet as m·a
m
(Van Buuren et al., 2011).
• The relation between stock-flow diagrams and difference equations is not
self-evident for many students (Van Buuren et al., 2013b). Therefore students may have problems with points 2a and 2b.
These problems may not only be present when students interpret the diagrams,
but also when students construct models based on known equations. Because of
these anticipated problems, we started a design research project in which
students’ understanding of the diagrams is investigated and a partial learning
path is developed, as part of our research project on modelling.
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7.3 Research methodology and main research
question
In this paper we describe a research project in which we try to develop the
partial learning path on the use and understanding of graphical models, dealing
with students’ difficulties identified in earlier work (Van Buuren et al., 2011,
2012). Our research approach can be classified as educational design research
(Van den Akker, Gravemeijer, McKenney, & Nieveen, 2006): instructional
materials are designed, tested in classroom, and redesigned in several cycles.
The main research question for this part of the research project is:
How do students understand the relation structures used in graphical
system dynamics based modelling after a relation-based instruction?
Here, the term understanding is operationalized as:
1. being able to derive the information provided by the diagrams as described
in Section 7.2.3, and
2. being able to construct graphical models or parts of models based on given
formulas.
In order to answer the research question, the features of the diagrams described
in Section 7.2.3 have been addressed in the design of the learning path. This
design is described in Section 7.4. This design is implemented in the curriculum
and tested in classroom. Test questions have been designed to probe students’
understanding of the features of the diagrams. The general setting and the
research instruments are described in Section 7.7, followed by outcomes of
classroom testing in subsequent sections.

7.4 Design of the partial learning path on graphical
models and graphical modelling
7.4.1 Design considerations
The design of the current version of the learning path is based on results from
field testing of earlier versions. Here, all important adaptations compared to the
earliest version, described by Van Buuren et al. (2011), are discussed:
• Instead of a modelling approach that starts with establishing the types (i.e.,
stock, flow, or auxiliary) of the involved variables, the relation approach described in Section 7.2.2 has been adopted. An illustration of this approach is
the use of a system of coupled difference equations as shown in Figure 7.6.
Such a system was avoided by Van Buuren et al. (2011) because the twofold
role of one of the variables, as a stock in one equation and as a flow in the
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other, was considered to be too complicated for young students. In the current version, such a system is explicitly used to clarify the relation between
difference equations and stock-flow diagrams, and to show that the type of a
variable is not an intrinsic property.

Figure 7.6: Diagram for the system of coupled difference equations Δx = v·Δt and
Δv = a·Δt. This requires the introduction of a dummy variable (v_) in the diagram.
•

•

•

•

Lower secondary students’ notions of formula and variable turned out to be
insufficient for modelling (Van Buuren et al., 2012). Therefore, students are
provided with clear operational definitions of formula and variable. This is
discussed in detail by Van Buuren et al. (2013b).
As part of the relation approach, connectors are not introduced as primarily
showing dependencies, but as providing information about the defining variables of a defined model variable. From this, dependencies are derived.
Van Buuren et al. (2011) suggest that some of students’ problems with the
early, incomplete version of the learning path may have been caused by a
lack of understanding of the process of numerical integration. In the current
version of the learning path, more explicit and more regular attention is paid
to this process, starting from earlier on in the learning path (Van Buuren et
al., 2013b).
Because of students’ difficulties in finding a construction order, a general
construction plan for graphical models is offered suiting the relation approach. It consists of three steps. Students are advised to:
1. collect or establish all formulas (including difference equations) that are
related to the situation to be modelled. This is an opportune first step,
because in physics education many important formulas usually are already known to the students.
2. create the stock-flow diagrams corresponding to the difference equations.
3. proceed with construction of the model by defining the variables in the
diagram that have not yet been defined.
For step 3, it is important that students understand that the stock-flow diagram automatically determines the difference equation by which the stock is
defined (apart from the initial value), but that all flows need to be defined
explicitly, by entering a direct relation. Also, students must understand that
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•

direct relations cannot be used in a cyclic way in a computer model (Section
7.2.3): each formula can be used as definition for only one variable.
Students must learn to understand each subsystem but they must also be
able to combine both subsystems. From a pilot project with a group of 23
students, this turned out to be difficult for students. This follows most clearly
from the students’ answers to a multiple choice question in which students
are asked to choose the two options that correspond to two diagrams, a
stock-flow diagram and a structure of auxiliary variables and connectors
(Figure 7.7). None of these students selected both correct options. Apparently, the distinction between these two subsystems must be consciously
addressed. Thereto, the question in Figure 7.7 is prominently incorporated in
the learning path, to be studied by the students.
A.
B.
C.
D.
E.
F.

E = P1 – P2
E = (P1 – P2)· t
P2 = 3*E and E = 2*P1
y=x–z
y = (x – z)· t
z = 3*y and y = 2*x

Figure 7.7: Students are asked to choose from the options A to F the two options
that can correspond to the diagrams. Options B and F are correct.
The design principles described by Van Buuren, Heck, and Ellermeijer
(2013a) are used as general principles for the design of the learning path. One of
them is the creation of collections of examples of new concepts that students
can use for orientation and that subsequently can be used to form bases of
orientation when the concepts are introduced formally. Others are the design
criteria for learning sequences around modelling activities that are analogous to
design criteria for practical work. This leads us to the principle setup of the
partial learning path on graphical models described below.
7.4.2 Design of the partial learning path on graphical models
In this subsection, the design of the partial learning path is described from a
more general point of view. Six phases are distinguished:
1. In the preparatory phase of the partial path on graphical models, students
are provided with several direct relations and difference equations; Δnotation is used from the beginning. They get acquainted with basic features
of the computer learning environment and orient on numerical integration.
2. In this phase, all elements required for an understanding of diagrams are
introduced one by one on an introductory level. The learning goal is orientation, and learning to use, rather than understanding at a more structural
level.
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Table 7.1
Module
number
and title

Overview of the partial learning path on graphical models.
Phase

Content regarding the understanding of graphical models

Second year of secondary education (age: 13-14 years)
- first direct relation;

3 Density

5 Velocity

1.

- first Δ-formula;
- main features of the computer learning environment;
- first use of a graphical model;
- initial value for a stock;
- numerical integration, role of the time step;
- second Δ-formula;
- introduction of stock-flow diagrams for storage and flows of energy;
- inflows and outflows;
- first orientation on the relation between a stock-flow diagram and a Δformula;

7 Energy and
Power

Third year of secondary education (age: 14-15 years)
2 Resistance and
Conductance

2.

3 The Vacuum
Pump

4 Sound

3.

4.

5 Force and
Movement

5.

6.

- operational definition of formula;
- first use of a direct relation in a computer learning environment;
- operational introduction of constant and of variable as varying quantity;
- second use of concepts of storage and flow;
- relation between Δ-formula and stock-flow diagram;
- process of numerical integration in case of a feedback mechanism;
- first use of direct relations in a computer model;
- first connector;
- second use of a direct relation in a computer model;
- auxiliary variables;
- connectors and their relation to the definitions of model variables (the
key feature of connectors);
- secondarily linked variables and dependencies;
- flows both as defining variables and as defined variables;
- stocks as defining variables;
- introduction of the independent variable (time);
- explicit use of the independent variable in a model formula;
- formal introduction of the distinction between difference equations and
direct relations;
- summary of preceding elements of the partial learning path;
- dependency in stock-flow diagrams;
- mathematical meaning of outflow;
- differences between stock-flow diagrams and structures formed by
connectors;
- possibly twofold (or threefold) roles of a variable; coupled difference
equations; dummy variables;
- adaptation of difference equations to graphical modelling by splitting up
the difference equation into a new difference equation and a direct
relation;
- general construction plan;
- construction of a more extended model based on given equations.

A shading pattern is used to indicate the six phases.
Table 7.1
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3. In the third phase, the focus is on subsystem 1, the structures formed by
connectors. This phase starts with the introduction of the key feature of connectors: showing which variables are used in the direct relation that defines
another variable. For reasons described in Section 7.8, the independent variable (time) is also introduced and explicitly used in a direct relation.
4. For an understanding of graphical models, an understanding of the distinction between difference equations and direct relations (or ‘Δ-formulas’ and
‘direct formulas’, as they are called in the instructional materials) is required.
Therefore, in this phase both types of formulas are introduced formally,
making use of the examples taken from preceding modules in the learning
path.
5. In the fifth phase, the two subsystems used in the diagrams of the graphical
models are coupled. The complete set of elements is summarized. Students
practise with all aspects mentioned in Section 7.2.3. For this, pen-and-paper
exercises are used. The relation between the structures of stock-flow diagrams and difference equations is clarified. For this, a computer task in which
a system of coupled difference equations is translated into a system of coupled stock-flow diagrams is used (see Figure 7.6). Students must learn to
adapt a difference equation to graphical modelling in case an integrand (a
‘flow’) in the equation actually is a compound quantity. Hereto, the difference equations must be split up into a new difference equation containing a
new dummy flow variable and a direct relation to define this dummy flow
variable.
6. Finally, the general construction plan is introduced and used by the students
to construct a more extended model in the computer learning environment,
based on a given set of equations.
A more detailed overview of the content of these phases is given in Table 7.1.

7.5 Overview of the implementation of the
instructional design
The physics curriculum into which the modelling learning path is integrated
consists of twelve modules. In the second year of secondary education (age: 1314 years), which is the first year of physics education, these modules are the
following: 1. Doing Research; 2. Light; 3. Density; 4. Electricity; 5. Velocity;
6. Forces and Bridges; 7. Energy and Power. In the third year of secondary
education (age: 14-15 years), the modules are: 1. Solid, Liquid, and Gas;
2. Resistance and Conductance; 3. The Vacuum Pump; 4. Sound; 5. Force and
Movement. A detailed description of this modelling learning path is given by Van
Buuren et al. (2013a). An overview of the distribution of the design of the partial
learning path on graphical models over the modules from the learning path is
shown in Table 7.1. Outcomes of field testing of the modules preceding Sound
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are summarised in Section 7.6. The implementation of the partial learning path
in the modules Sound and Force and Movement is described in Sections 7.8 and
7.11, respectively.

7.6 Summary of outcomes from modules preceding
the module Sound
The preparatory phase of the partial path on graphical models largely coincides
with the first year of physics education, and mainly with the module Velocity.
This module has been used by approximately ten teachers at three different
schools. Research data on the effects of this module need deeper analysis yet,
but, according to the teachers, the early introduction of Δ-notation was not
problematic and helped their students to distinguish between position and
distance. The early introduction of numerical integration, with help of tables,
turned out to be useful: students recognised the principles at later stages of the
learning path. It may have been a disadvantage that no formulas have been
entered by the students into the earliest models, because this may have
contributed to the misconception found with some of the students that in
computer programs numbers need to be entered only (Van Buuren et al., 2011,
2012).
Elements of the second phase of Section 7.4.2 are positioned at the end
of the first year in the module Energy and Power and at the beginning of the
second year in the modules Resistance and Conductivity and The Vacuum Pump.
Preliminary results from the final test of Energy and Power show that
many students are able to draw stock-flow diagrams for devices in which energy
can flow in, be stored and flow out. A majority of the students have also given
correct names to the flows in these diagrams, but most students have trouble
determining the type of energy stored. Some students have not given the name
of the type of energy at all, some have given the name of the device instead of
the type of energy. The reason appears to be related to the diagrams and not to
the students’ understanding of energy: in other test questions, in which no
diagrams played part, most students have correctly determined the type of
energy stored in the devices. A reason may be, that in some of the examples of
stock-flow diagrams in the instructional materials, the type of stored energy has
not explicitly been indicated, but another reason may be that students do not
clearly distinguish between storage place and stock. In the final test of the
module, only a minority of the students was able to give the correct difference
equation to a given stock-flow diagram. Reasons may be that there was no clear
need for students to understand the relation between a stock-flow diagram and
a difference equation yet, and that students practised connecting stock-flow
diagrams and difference equations only a few times in the last section of this last
module of the year.
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The two modules in which students’ conception of formulas and variables
is developed, Resistance and Conductivity and The Vacuum Pump, are described
in detail by Van Buuren et al. (2013a, 2013b).

7.7 Overview of research instruments and setting of
the classroom experiments
Overview of the research instruments
The main research instruments are a subset of the questions in the final tests
assessing students’ understanding of the modules Sound and Force and Movement. This subset probes students’ understanding of the diagrams. An overview
of the research purposes of the test questions is shown in Table 7.2. Answers of
a student on the test questions within one test can be expected to cohere. This
qualitative coherence of answers may provide useful insights in students’
understanding and is therefore also studied. These test questions are described
more specifically in Section 7.9 for the module Sound and in Section 7.12 for the
module Force and Movement. Outcomes of these test questions are presented
in Sections 7.10 and 7.13, respectively. A small part of the data presented in this
paper (part of the data from questions F2 and F3) have also been analysed by
Van Buuren et al. (2013b), from a different perspective.
Table 7.2
Matrix showing which aspects are addressed by which test questions.
Type of relation
Interpretation
Construction
Aspect of diagram
between
abilities
abilities
variables
Occurrence in
Sa, Sb, F1a, F1b Se, F2, F3b, F3c
Structures of connectors
definitions
and direct relations
Dependency
Sc
Occurrence in
F1c
F2, F3a, F3c
Stock-flow diagrams and
definitions
difference equations
Dependency
F1d
Occurrence in
Sa, F1a, F1c
F2, F3
definitions
Effects of mixing
Dependency
Sd, F1d
Test questions from the module Sound are labelled with an S, questions from
Force and Movement are labelled with an F, followed by a number indicating
the question. Lower case letters indicate sub questions.
Table 7.2
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Setting of the classroom experiments
The part of the research project that focusses on the module Sound was carried
out at HML with three third year classes (age: 14-15 years), together consisting
of 82 students. In two of these classes, the first author of this paper was also the
teacher. A third class was taught by an experienced teacher who had also
participated as a teacher at an earlier stage of the project. Because of cancelled
lessons this class did not finish the module Force and Movement. Therefore, the
research related to this module was only carried out in the other two classes
(57 students).
In general, all students worked individually or in small groups with the instructional materials. At HML, to some extent, students are allowed to work at
their own pace and to postpone a test until they are ready for it. Also, students
are allowed to redo a test if they fail the first time. In some cases, we must
decide which test attempt of a student to use for analysis. Generally, we have
used test results of the first attempt, for pragmatic reasons and to avoid a bias
towards good results.
All classes consisted of mixed groups of students, in principle preparing
for senior general secondary education or pre-university education. Near the
end of the third year of secondary education, all students in the Netherlands
must have chosen a set of courses for the next year. Motivation of students not
applying for sciences often declines. At traditional schools, this may lead to bad
test results for these less motivated students at the end of the third year. At
HML, it leads to a diminishing number of students participating in the tests
towards the end of the year. As a consequence, in the test results of Force and
Movement there is probably a bias towards hard working and motivated
students. Presumably, the aptitude for sciences of this group of students is more
comparable with upper secondary science groups than with average third year
lower secondary groups.
We received 67 final tests of Sound and 27 final tests of Force and Movement. There were more than three months between these final tests. This time
was also spent on a chemistry module, on the first part of Force and Movement,
and on holidays.

7.8 Design of the module Sound
The main goal of this module with respect to the diagrams used for graphical
modelling is the introduction of structures of direct relations visualised by
connectors. We need an intriguing physical phenomenon to provoke motivation.
An additional requirement is that it is clear to students that the problem
surpasses their mathematical capabilities. To them, this justifies the use of a
computer model. For clarity, a model is preferred that only consists of direct
relations, in which no stock-flow diagram appears. The ‘mysterious’ phenome-
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non of sound beats caused by two tuning forks with slightly different frequencies, as an example of momentary ‘anti-sound’, serves these purposes. The
corresponding model concerns the addition of two sinusoids. This model is not a
genuine dynamic model, because there is no difference equation to be integrated, but addition of functions certainly goes beyond the mathematical
capabilities of third year secondary students, while the principle of addition can
be understood by them for the individual points of these functions. In this
context of functions, the independent variable t (time) appears explicitly. To
make the use of the variable t visible, the special icon for this independent
variable is used.
First, the required basic concepts (period, frequency, displacement,
sinusoidal oscillation, and amplitude) are introduced. Because sine functions
have not yet been introduced to the students in mathematics class at this stage
of the curriculum, the sine function is introduced as ‘some mathematical
function’ of time, frequency, and amplitude, and it is mainly represented as a
graph. First, students study this function graphically, using a simulation driven by
the model shown in Figure 7.8. This figure is also used to introduce auxiliary
variables and to explain the role of connectors. Next, students search for a
mathematical combination of two of these sine functions that leads to beats,
using the almost complete model shown in Figure 7.9. Students practise with the
role of connectors in exercises, in which also a few stock- and flow variables
appear. In one of these exercises, a structure must be built for a given set of
direct relations. In a subsequent exercise, Figure 7.9 is used to explain
dependencies: although f1, f2, A1, A2, and t are not explicitly part of the formula
for u, they do have a direct influence on u. This means that u depends on these
five variables. Finally, students must enter a suitable formula for u in terms of u1
and u2.

Figure 7.8: Graphical model for a sine function u, in which the connectors show
that t, f, and A occur in the formula defining u. The rectangle is the icon for the
independent variable.

Figure 7.9: u must be defined as the addition of u1 and u2.
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7.9 Test questions of the module Sound
The main research instrument to the module Sound is one question in the final
test of the module. In this paper, this test question is labelled with an S. Is has
been designed for probing students’ understanding of structures formed by
connectors. It consists of five sub questions, labelled Sa to Se. There are two
versions of the test of the module Sound. In version 1 of the test, the context
situation is on the increase of the number of customers of a shop as a result of
investments in advertising (Figure 7.10). In version 2, a model is used with a
similar structure: a farmer uses part of the revenue of the sale of apples for
investments in fertiliser, which leads to better growth of apples. Because we
have not found clear differences in the characteristics of students’ answers to
the two versions, we combine the results of the two versions in our analysis and
use version 1 for exemplifying outcomes.

Figure 7.10: Diagram from the graphical model of test version 1, on the growth of
the number of customers of a shop as a result of investments in advertising.
Sub questions Sa and Sb, on the key feature of connectors
Sub questions Sa and Sb address students’ abilities to determine the defining
variables for two of the variables from the connectors in the diagram. Sa and Sb
have been split into Sa1 and Sa2, and Sb1 and Sb2, respectively. In Sa1 and Sb1,
students determine the type of definition of a variable in the diagram. This type
can be ‘formula’ or ‘only a number’. The subsequent sub questions Sa2 and Sb2
are conditional: in case students have chosen for ‘formula’, the defining variables must be determined. In this paper, a student is considered to understand
the key feature of connectors (i.e., indicating defining variables) if this student
correctly answers both Sa2 and Sb2.
In the text of the question, we used the term quantity instead of variable,
because students have been taught to interpret variable as varying quantity, as
opposed to constant, and therefore for a wrong reason may choose for formula.
The correct answer is that one of the variables is defined by a number (and
therefore is a constant) and the other by a formula. In order to investigate if
students regard auxiliary variables as different from stocks with respect to
connectors, both an auxiliary variable and a stock variable are part of this
formula.
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Sub questions Sc and Sd, on dependencies of secondarily linked variables
Sub questions Sc and Sd probe the students’ understanding of dependencies as
indicated by the structures of connectors and icons. In Sc, students’ understanding of dependencies between secondarily linked variables is investigated
for a chain of connectors and auxiliary variables. The flow variable
(Customers_growth in Figure 7.10) from this diagram is the defined variable at
the end of this chain, the starting point is the defining (constant) auxiliary icon
from Sa (Revenue_per_customer in Figure 7.10). Students are asked whether the
model variable at the end of the chain depends on the variable at the starting
point. Here, the correct answer is “yes”. Students are asked to give an explanation of their answers based on the diagram.
Sd differs from Sc only with respect to the starting point of the structure
of connectors and icons: in Sc , this is an auxiliary variable, whereas in Sd, it is a
stock (Customers in Figure 7.10). By comparing students’ answers to these two
sub questions, we want to study effects of mixing the subsystem for direct
relations with the subsystem for difference equations. We expected this to be
more difficult for students, because the stock and flow variable are not only
secondarily linked through a chain of connectors and auxiliary variables, but they
are also directly connected by means of the difference equation. A disadvantage
of this approach may be that students may feel insecure because Sc and Sd are
so much alike.
Sub question Se, on formula-based construction of structures of connectors
and auxiliary variables
Sub question Se addresses formula-based construction abilities of the students
with respect to direct relations. Students are asked to extend the diagram of the
test to incorporate a new direct relation into the graphical model. This should be
done by adding one auxiliary icon and one connector, which links this new icon
to an existing icon. In test version 1 (Figure 7.10), this new direct relation is
Advertising_investment = part_for_advertising × Revenue.
For part_for_advertising, a new icon should be added, This new icon must be
linked to Advertising_investment. Students are allowed to draw only the
essential parts of the model (see Figure 7.11).

Figure 7.11: correct answer to sub question Se from test version 1. Only
essential parts are shown. Elements that must be added are labelled.
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Comparison with students’ understanding of the key feature of connectors
In our relation approach, both the understanding of dependencies and the
construction abilities are based on the understanding of the key feature of
connectors as assessed in sub questions Sa2 and Sb2. Therefore, all students’
answers to Sc, Sd, and Se are analysed by comparing them with the answers to
Sa2 and Sb2.

7.10 Outcomes of the test questions of the module
Sound
7.10.1 Sa and Sb, on the key feature of connectors
Some of the students had problems with the term quantity, thinking that
quantity should be interpreted in the sense of measurable quantity (or measurable property), and therefore suggesting ‘money’ as quantity for Revenue. This
actually is correct, but not what was intended. This shows both the importance
and the difficulty of finding and using terminology that is unambiguous and clear
to students.
In Table 7.3 is shown how many students have correctly answered the
sub questions Sa1, Sa2, Sb1, and Sb2. Each is correctly answered by a majority of
students, but only half of all students have correctly answered all four. As is
stated in Section 7.9, a student is considered to understand the key feature of
connectors if this student correctly answers both Sa2 and Sb2. Only 37 students
(55%) have answered these two sub questions completely correct. Four incorrect answers probably are the result of a reading or writing error (these students
have written Revenue instead of Revenue_per_customer, but they have answered Sc, in which these same model variables take part, correctly). Therefore
we conclude that 61% of all students fully understand how connectors indicate
the defining variables of a model variable. Without being asked, twelve students
even have given a formula as an answer. Eight of these formulas are correct.
Some students have clearly based their answers on the diagram (by
statements such as “because there are two auxiliary variable arrows pointing to
the small sphere for Revenue”), but for many answers it is not possible to
distinguish whether the students have based their answer on the diagram or on
the realistic context situation. We found eight indications (12% of all students) of
the relation inversion conception described in Section 7.2.3. These students
probably thought that a defined variable can also appear in the definition of one
of its defining variables; some students even have answered that a defined
variable should be subtracted from a defining variable. To a certain extent, this
error mirrors the relation as it exists between a stock variable and an outflow.
The relation inversion conception does not dominate students’ thinking,
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however: part of these students expressed some doubt and no student made
this error in both questions. Almost no students have treated a defining stock
differently than they have treated a defining auxiliary variable.
Table 7.3
Results of 67 students on sub questions Sa and Sb
Number Both sub
All 4 sub
of
questions questions
Correct answer
correct correctly correctly
answers answered answered
51
Type of the definition: Sa1 ‘formula’
(76%)
48
‘formula’ or ‘only a
(72%)
59
number’
Sb1 ‘number’
(88%)
33
(49%)
The 2 correct variables
43
Sa2
are both mentioned
(64%)
Variables that are part
41
of the definition
(61%)
55
Sb2 No variables
(82%)
The cell corresponding to an understanding of the key feature of connectors is shaded
grey.
Sub question and
focus of the question

Table 7.3

7.10.2 Sc and Sd, on dependencies of secondarily linked variables
Table 7.4
Students’ answers to sub question Sc compared to their answers to Sa2 and Sb2.
Students answering
Students’ answers
Sa2 and Sb2:
All students
to Sc
Correct
Not correct
Correct (“yes”)
50 (75%)
34 (51%)
16 (24%)
Not correct (“no”)
13 (19%)
7 (10%)
6 (9%)
No answer
4 (6%)
4 (6%)
Table 7.4
In Table 7.4, students’ answers to Sc are compared with their understanding of
the key feature of connectors, probed by Sa2 and Sb2. The conclusions of three
quarters of all students with respect to dependencies are correct. This is
promising, especially because students had practised determining dependencies
only once. Some students spontaneously have detected the feedback-loop: “It is
a cycle”. But Table 7.4 also shows that the answers of an important minority of
16 students cannot be based on a fully correct conception of the relation
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between connectors and formulas. Closer inspection reveals that among these
16 students, there are 6 students showing signs of a relation inversion conception, and there are three students who apparently have thought that variables in
graphical computer models can be defined by means of numbers only. Both
these incorrect conceptions do not contradict dependency in question Sc (at
least not from the students’ point of view).
With respect to the explanations given by the students, part of the students clearly have pointed out how the model variables are connected by means
of the structure of connectors and auxiliary variables, but other explanations
seem to be based on an interpretation of the realistic context:
“Because of the revenue per customer, they earn more and can do more
advertising”.
This possibility to base an answer on an understanding of the realistic context
can be useful for finding a correct answer but it can also be disadvantageous
because it may conceal students’ misconceptions with respect to the model
structure.
The conception that secondarily linked variables do not depend on each
other explains the answers of 7 students (10%). The answers of these students
to the next sub question (Sd) are in accordance with this conception.
In Table 7.5, students’ answers to sub question Sd are compared with
their answers to Sc. From this table it can be inferred that, with respect to
dependencies through secondarily linked variables, the majority of students
have not treated the stock variable in Sd different from the auxiliary variable in
Sc. Almost all explanations to affirmative answers are correct, although in Sd
Table 7.5
Students’ answers to Sd compared to their answers to Sc.
Students answering Sc:
All
Students’ answers to Sd
Correct:
Not correct:
No
students
“yes”
“no”
answer
Correct: “yes”,
38 (57%)
33 (49%)
3 (4%)
2 (3%)
argumentation also correct
“yes”, argument based on
stock-flow diagram instead
4 (6%)
2 (3%)
2 (3%)
of connectors
Not correct: “no”
22 (33%)
14 (21%)
8 (12%)
No answer
3 (4%)
1 (1%)
2 (3%)
Sub questions Sc and Sd are both about dependency between secondarily
linked variables. The only difference is the starting point of the chain of
connectors; in Sd this is a stock variable whereas in Sc it is an auxiliary variable.
Table 7.5
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part of the explanations may also have been based on an understanding of the
realistic context. In contrast to the findings of Van Buuren et al. (2011), who use
a dependency approach, just one student has considered a secondary link as
‘indirectly’. Finally, another four students spontaneously have recognised the
cycle in the diagram.
Students’ answers and argumentations show that the presence of a
stock-flow diagram in the test question has been confusing for approximately a
quarter of the students. Two ways can be distinguished in which the stock-flow
diagram may have influenced the students:
1. The stock-flow diagram, or the corresponding realistic situation, may have
dominated the students’ perception. Even in a few correct explanations of
correct affirmative answers, some doubt is expressed:
“Half: it’s the same as Sc, but it is more the other way round.
Customers depends on Customers_growth.”
The perception that the stock depends on the flow and not vice-versa can
clearly be found in the explanations of 4 out of the 14 students who have
considered the flow as depending on the auxiliary variable (in Sc), but not on
the stock variable (in Sd):
“No, Customers_growth goes to Customers”.
It is possible that more of these 14 students have held this opinion; the other
10 students have not given clear explanations to their negative answers on
question Sd . From the answers of these students to question Sa2 it follows
that this perception is not caused by an incorrect understanding of how connectors indicate direct relations: nine of these 14 students have answered
question Sa2, in which the stock is a defining variable, completely correct.
Apparently, these students have perceived that the stock is influenced by the
flow, and they have not looked any further.
2. Four affirmative answers on question Sd have clearly been based on an
inversion of the stock-flow relationship.
7.10.4 Se, on formula-based construction of structures of connectors and
auxiliary variables
In Table 7.6, outcomes of sub question Se are shown in relation to the outcomes
of questions Sa2 and Sb2. Question Se has been answered completely correct by
almost half of all students, but from the answers on questions Sa2 and Sb2 it
follows that a quarter of these correct answers have probably been based on an
incorrect understanding of connectors. The answers of most students from this
minority show signs of the relation inversion conception or of the conception
that in graphical models only numbers are used to define variables.
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Table 7.6
Students’ answers to sub question Se compared to their answers to Sa2 and Sb2.
Students having answered
Studens’ answers
All
Sa2 and Sb2:
to Se
students
Correct
Not correct
Correct (see Figure 7.11)
31 (46%)
23 (34%)
8 (12%)
Correct+extra connector
12 (18%)
9 (13%)
3 (4%)
Not correct
13 (19%)
5 (7%)
8 (12%)
No answer
11 (16%)
4 (6%)
7 (10%)
Table 7.6
Other students have correctly translated the direct relation into a model
structure, but have added an extra connector. The most occurring addition
(Figure 7.12) may have been based on additional students’ logic: it makes sense
to calculate part_for_advertising from Revenue. Apparently, these students have
understood how connectors correspond to direct relations, but they also have
added a logic-based element. In Figure 7.13 an incorrect answer is shown that
has been given by 9% of all students. Here, the diagram seems to be viewed as a
flow chart for the money.

Figure 7.12: example of an often occurring answer to sub question Se from test
version 1. This diagram is in accordance with the direct relation that must be
added, but also an extra connector is drawn.

Figure 7.13: example of an incorrect answer to sub question Se from test
version 1.
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10.5 Summary of the outcomes of the test questions from the module Sound
Approximately half of all students have correctly answered all questions about
structures formed by connectors. Per item, the scores are somewhat better.
Apparently, many students have a basic understanding of the role of connectors
in showing which are the defining variables of a defined model variable. Also,
many students have correctly understood dependencies. Only 10% of all
students have considered secondarily linked variables as not dependent on each
other. Only a minority of students has been troubled by the presence of a stockflow diagram in a chain of connectors. Constructing part of a model is the most
difficult.
But the outcomes of these test questions also show that students easily
arrive at correct conclusions with respect to model structure without having a
complete understanding of the underlying concepts, using alternative conceptions. Especially, this holds for dependencies:
• students have used their understanding of the realistic context instead of
interpreting the diagram;
• students holding a relation inversion conception have answered almost all
questions correctly, apart from questions Sa or Sb;
• the conception of students that all model variables may be only defined by
numbers does not lead them to incorrect conclusions regarding dependencies.

7.11 Design of the module Force and Movement
The physics domain on force and movement is useful for the fifth and sixth
phase of the partial learning path. It contains a system of coupled difference
equations, and several direct relations are available as definitions for different
forces. This module is very large compared to other modules and therefore has
been split into two parts. In the first part, basic physics and mathematics
concepts are introduced. Among these is Newton’s second law, written as
F
∆v = net ⋅ ∆t , where Δv is the change in velocity of a mass m over an interval of
m

time Δt as a result of a net force Fnet. The second part is directed towards
modelling. The main goal of this part with respect to diagrams is the integration
of all elements and the combination of the two subsystems used in the diagrams
(see Section 7.2.3). Falling with air resistance has been chosen to be modelled.
2
Fair = k·v is used as candidate for air resistance. In this formula, k is a constant,
to be determined for the falling object. As limiting cases, free fall and falling in
case of equilibrium between gravity and air resistance are studied first, both
experimentally and theoretically. Thereafter, the general case is studied. The
formula for air resistance complicates the mathematics so much that a computer model is needed. At this point in the module, a switch is made towards
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graphical modelling. All elements of graphical models are summarized, and
remaining elements are introduced. The exercise shown in Figure 7.7 is explicitly
used to introduce the difference between the two graphical subsystems: the
stock-flow diagrams and the relation structures formed by connectors. Students
get seven pen-and-paper exercises in which they practise all aspects discussed in
Section 7.2.3. Subsequently, students design the model for falling with air
resistance step by step, guided by the instructional materials. In order to learn to
use the required features of the computer modelling environment, first an
elementary model consisting of one stock-flow diagram is built, followed by the
system of coupled difference equations from Figure 7.6, through which the
relation between stock-flow diagrams and difference equations is clarified. The
structure of a stock-flow diagram forces it user to rewrite Newton’s second law,
originally written as ∆v =

Fnet
⋅ ∆t . This is done by the introduction of a ‘dummy
m

variable’ a = Fnet/m. Finally, students construct the model for falling with air
resistance (Figure 7.14), following the general construction plan of phase 6.

Figure 7.14: Diagram for the model for falling with air resistance.

7.12. Test questions of the module Force and
Movement
In this section, the design is described of the test questions probing students’
understanding of all aspects of the diagrams: not only the subsystem of direct
relations indicated by connectors, but also the subsystem of difference equations represented by stock-flow diagrams, and the combination of these two
subsystems. Three test questions have been designed, labelled F1, F2, and F3,
each addressing a feature of students’ understanding of the diagrams. Each test
question consists of a few sub questions, labelled with lower case letters. In
question F1, the student ability to derive information from the diagram about
the definitions of model variables is probed in a way similar to the test question
from Sound: in sub questions F1a to F1c, students must derive information
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about the definitions of three model variables from a diagram (Figure 7.15).
Students’ understanding of dependencies is investigated in F1d.
In question F2, the student ability to construct a diagram for a given system of equations is investigated. In F3, the focus is on the abilities to construct
formulas and subsequently construct the corresponding diagram for a new
situation.

Figure 7.15: Diagram from test question F1. Students are questioned about the
definitions of the three encircled model variables.
7.12.1 Test question F1, on the interpretation of diagrams
Sub questions F1a, F1b, and F1c, on the definitions of model variables.
Sub questions F1a, F1b, and F1c, have been split in a similar way as sub questions Sa and Sb from Sound. In sub questions F1a1, F1b1, and F1c1, students are
asked to name the type of relation defining a model variable. In case they think
that a variable is defined by one of the two types of formulas, in the subsequent
conditional sub questions F1a2, F1b2, and F1c2, students must also give the
model variables that appear in this formula. Focus is on the effect of mixing
stock-flow diagrams and structures of connectors.
In question F1a, the defined variable is an outflow of a stock-flow diagram. This outflow must be defined by a direct relation in which an auxiliary
variable, a stock variable from a second stock-flow diagram, and the stockvariable from its own stock-flow diagram appear. This combination has been
chosen to find out to what extent students are confused by the stock-flow
diagram which the outflow is part of.
In question F1b, the defined variable is an auxiliary variable that is defined by a number, analogous to question Sb from Sound.
In question F1c, the defined variable is the stock from the same stockflow diagram as used in question F1a. The question for research is whether or
not students realise that in the formula defining the change of the stock only
both its flows and the time step can appear. This stock is also directly linked to
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three other model variables. A question for research is to what extent students
are confused by the presence of these three directly linked other variables.
Sub question F1d, on the dependency of a stock on its outflow. Sub
question F1d consists of two parts, F1d1 and F1d2. In F1d1, students are asked
whether the stock Foxes in Figure 7.15 depends on the constant auxiliary
variable F_mortality_factor. These two variables are secondarily linked, with the
outflow of the stock as an intermediate variable. In F1d2, the students are asked
to explain their answers. F1d has been designed to investigate:
1. whether students consider a stock variable as dependent on its outflow(s).
The difference between F1d and F1c is, that in F1c students are asked about
the definition of the stock, whereas F1d is about dependency. In F1d, the
relation between stock and flow is one of two relations linking the auxiliary
variable F_mortality_factor secondarily to the stock Foxes. Students’ explanations need also to be analysed with respect to the misconception that
variables do not depend on each other in case they are not directly linked. In
Section 7.10.2, this misconception was held by 10% of the students;
2. to what extent students base their answer on the graphical model, and to
what extent their understanding of the realistic context is involved.
7.12.2 Test question F2, on formula-based construction of diagrams
In this question, students’ ability is investigated to construct a simple diagram
based on two given formulas. The formulas are a difference equation containing
one flow variable, and a direct relation defining this flow variable.
7.12.3 Test question F3, on the construction of a graphical model for a realistic
situation
This question is designed to probe to what extent students are able to construct
simple versions of both types of formulas for a given context situation, and to
investigate how their ability to construct these formulas relates to their ability to
construct the diagram for this situation. The model is about the number of trees
in the forest. Each year, a forester cuts 20% of the trees and plants a constant
number of new trees. Thus, the difference equation contains two flow variables,
of which the inflow is a constant and the outflow depends on the stock variable.
Students are subsequently asked to construct:
F3a. the difference equation for the number of trees in the forest,
F3b. the formula that can be used to calculate the number of trees to be cut
each year, and
F3c. the diagram.
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7.13 Outcomes of the test questions of the module
Force and Movement
7.13.1 F1, on the interpretation of diagrams
Outcomes of sub questions F1a to F1c are presented together in Section
7.13.1.1, followed by the presentation of outcomes of F1d in Section 7.13.1.2.
7.13.1.1 F1a to F1c, on the definitions of model variables. To question
F1b, about the model variable that must be defined by a number only, 89% of all
students’ answers are correct. This number equals the number for the similar
test question of Sound. The answers of 2 out of 27 students show signs of a
relation inversion conception.
Results on questions F1a and F1c are shown in Tables 7.7 and 7.8, respectively. In these tables can be seen that less than 11% of all students have not
understood that the model variables in these questions must be defined by
formulas, but many students have had problems naming the types of these
formulas. The formula defining the flow variable is more often incorrectly
named than the formula defining the stock variable. Apparently, the fact that a
variable is part of a stock-flow diagram tempts students to call the defining
formula a difference equation (‘Δ-formula’). But Table 7.7 also reveals that 70%
of all students have correctly derived from the diagram which model variables
appear in the definition of the flow variable. This suggests that many students
understand the relation structure as formed by connectors, in spite of the
incorrect names they have used.
Table 7.7
Outcomes of test question F1a
F1a2: model variables that
appear in the definition
F1a1: type of definition Correct
Incorrect
Total
Number
3 (11%)
3 (11%)
Direct relation
11 (41%)
2 (7%)
13 (48%)
Difference equation
8 (30%)
3 (11%)
11 (41%)
Total
19 (70%)
8 (30%)
27 (100%)
In F1a1, students have to name the type of definition of a flow variable
(H_decrease in Figure 7.15). In F1a2, they must give defining variables. These
are the stocks Hares’ and Foxes, and the constant auxiliary
H_decrease_factor. The cell corresponding to the completely correct answer
is shaded.
Table 7.7
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Table 7.8
Outcomes of test question F1c
F1c2: model variables that appear in the
definition of the stock, according to the
students
F1c1: type of
only
inflow, but
otherwise
Total
definition
both flows
no outflow
incorrect
Number
2 (7%)
2 (7%)
Direct relation
2 (7%)
4 (15%)
2 (7%)
8 (30%)
Difference equation
9 (33%)
5 (19%)
3 (11%) 17 (63%)
Total
11 (41%)
9 (33%)
7 (26%) 27 (100%)
In F1c1, students are asked to name the type of definition of a stock variable
(Hares in Figure 7.15). In F1c2, they are asked for the defining variables.
These are the flows H_decrease and H_increase. The cell corresponding to
the completely correct answer is shaded.
Table 7.8
The understanding of the relation structure of the stock-flow diagrams is
more problematic: in Table 7.8 is shown that only 41% of all students in test
question F1c have correctly mentioned both flow variables as being part of the
definition for the stock variable; an important minority of nine students (33%)
have mentioned the inflow but have not mentioned the outflow. There may be
two reasons for this conception that a stock is not influenced by its outflow(s).
The first reason is diagram-based: students may be confused by the similarity
between flow icons and connectors, because both are represented by arrows. A
second reason may be that students really think that an outflow does not have
an influence on a stock. In answers to other questions, students often only
discuss increases of variables and rarely mention decreases. If students really
think so, this should appear from answers on test questions F1d and F3, but we
have found just one indication for this second reason (see Sections 7.13.1.2 and
7.13.3.1). Furthermore, no students have mentioned time or a time step as part
of the formula defining the stock. Other student errors in test question F1c are
the reversion of the connectors linked to the stock variable (2 students), and
confusion of ‘dependency’ with ‘being part of a formula’ for constants that are
directly connected to some part of the stock-flow diagram (2 students).
7.13.1.2 F1d, on the dependency of a stock on its outflow. In Table 7.9,
an overview of student answers and explanations to sub question F1d is presented. Less than half of all students have come to the correct conclusion that
the stock variable (Foxes) does depend on the auxiliary variable to which it is
secondarily linked (F_mortality_factor).
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Table 7.9
Students’ answers and students’ explanations of their answers to test
question F1d
Answer on the question F1d1 whether the stock depends on a
Correct: Incorrect:
auxiliary variable connected to the outflow of the stock
yes
no
Number of students giving this answer
12 (44%) 15 (56%)
to the relation from auxiliary variable to
7
3
outflow (relation 1 in Figure 7.16)
to the relation from outflow to stock (relation
11
5*
2 in Figure 7.16)
In the explanation
to the relation from stock to outflow (relation
2
6
(question F1d2),
3 in Figure 7.16)
attention is paid …
to the relation from auxiliary variable to stock
7*
(the not existing relation 4 in Figure 7.16)
to the fact that there are no connectors
2
pointing towards the stock
The model is explained referring to the
6
1
realistic context
Nature of
Elements of the structures of the diagram are
3
13
explanation
used as arguments
In the explanation, references are made to
3
calculations of formulas
No explanation
2
* These students mention this relation in a negative sense: according to them, this
relation is missing in the diagram.
In this table, there are two categories: students answering ‘yes’ to the question whether
the stock variable Foxes depends on the auxiliary variable F_mortality_factor, and students answering ‘no’. Their explanations are analysed with respect to the four possible
relations in the stock-flow diagrams discussed in these explanations, and with respect to
the nature of the explanation.

Table 7.9
Students´ interpretations of the relation between stock and outflow.
Four relations may be discussed in the explanation of an answer to test question F1d. These relations, labelled 1 to 4, are indicated in Figure 7.16. In the
explanations of the students in both categories, in general the focus is on the
relation between the stock and the outflow (relations 2 and 3), and not so much
on the relation between the auxiliary variable and the outflow (relation 1). The
way the relation between the stock and the outflow is understood by the
students turns out to be crucial. All but one of the students who have answered
‘yes’ to sub question F1d1 have noted that the stock depends on the outflow,
whereas a large group of students who have answered ‘no’ have only mentioned
that the outflow is determined by the stock (as is shown by connector 3 in
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Figure 7.16) or have even explicitly indicated that the stock is not influenced by
the outflow (denying relation 2). As could be expected, this group contains
almost all nine students who, as noted in Section 7.13.1.1, hold the opinion that
an outflow does not influence a stock. Only two of these nine students have
answered F1d1 correctly, and one of these two probably has made a double
mistake. The conclusion is that at least a quarter of all students do not understand the relation between an outflow and a stock correctly. It is possible that
the connector from the stock to the flow has confused some of these students.
The lack of a direct link between the auxiliary variable and the stock (the
not existing relation 4 in Figure 7.16) has been used as an argument by at least
7 students for the stock to be not dependent on the auxiliary variable. From
three of these students, this clearly has been the only argument. Apparently,
these three students (11% of all students) have been of opinion that variables
only depend on each other in case they are directly linked. This outcome is in
agreement with our findings in Section 7.10.2.

Figure 7.16: The four possible relations that may be discussed by the students
in F1d are indicated by numbers in rectangles.
- Relations 1 and 3 are clearly indicated by connectors.
- Relation 2 is the dependency of the stock Foxes on the outflow F_mortality
(because F_mortality is part of the Δ-formula defining the change of Foxes).
- Relation 4 does not exist and is therefore represented by a dotted arrow.
Students may use the absence of this direct relation as an argument.
Nature of students´ explanations
In Table 7.9 can be seen that 6 out of 7 students referring to the realistic
situation in their explanations have arrived at the correct conclusion about the
dependency of the variables, whereas the majority of the students who have
based their explanation only on their understanding of the diagram have arrived
at the incorrect conclusion. Half of all students who have affirmatively answered
question F1d1 have involve the realistic context in their explanations:
“When foxes die, the mortality factor is important. If it is very bad, more
foxes will die and the stock variable ‘Foxes’ will decrease”.
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As this example shows, these students have not necessarily ignored the diagram,
but they have interpreted the diagram in terms connected to reality. In contrast,
almost all students who think that the stock does not depend on the auxiliary
variable, have only referred to elements from the diagrams, and not to reality:
“There is an arrow from Foxes to mortality, but not from mortality to
Foxes. And the mortality factor goes only to mortality”.
Almost all students who have held the conception that a stock does not depend
on an outflow have used such diagram based arguments. Only one of these
students has clearly discussed a link with reality too. This student appears to
understand reality differently:
“It is not necessary for foxes to die in order to get foxes, that does not
make sense to me. Of course, first there must be foxes before they can
die. In the graphical model, this is shown by the connectors: there is 1
from foxes to F_mortality, but not the other way round.”
In this answer, the diagram is to a certain extent considered as indicating some
sort of sequence in time, or some sort of flow chart for individual foxes: first,
foxes are born, then they live, and finally they die. The explanation of one other
student also indicates such a view. The diagram seems not to have been considered by these two students as describing the (more abstract) population.
These students’ explanations show that there are two ways for students
to understand a model for a realistic situation. One way is based on the model
structure, the other way is based on the realistic situation. This makes it unclear
to distinguish what students actually understand when they answer questions
concerning the graphical model correctly: the diagram, or reality. In the case we
are studying here, students may well have used their knowledge of reality to
correct their interpretation of the diagram.
Finally, just three students have explicitly referred to calculations in their
explanations: “Foxes is calculated from F_mortality. F_mortality is calculated
from F_mortality_factor.” The answers of these students are completely correct.
For them, a mathematical approach is successful. A question for further research
is, whether more students can learn to use such an approach.
7.13.2 F2, on formula-based construction of diagrams
As shown in Table 7.10, the majority of students have correctly constructed the
simple diagram shown in Figure 7.17, based on a difference equation and a
direct relation that must define the flow. All students who have answered F1d
correctly, and most students who in F1d have only mentioned the inflow, have
correctly answered question F2. Apparently, for some of the students the role of
the outflow is a special problem and this problem is irrelevant for this question.
A number of students initially misunderstood this question, thinking that
two separate models had to be drawn, one for the difference equation and one
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for the direct relation. According to these students, this must be regarded as
merely a misinterpretation of the text of the question.
If students have problems with the construction of the diagram, this generally is with respect to the stock-flow diagram, and not with respect to connectors, as can be derived from Table 7.10. Finally, in all answers that are not
completely correct, an icon for time or for the time step Δt has been added.
Table 7.10:
Students’ results on test question F2
Quality of the drawn model diagram
Completely correct
Direct relation correctly represented
Correct stock-flow diagram for the difference equation.
Completely incorrect answers
Answers containing an icon for time or time step

Number of
students*
19 (70%)
24 (89%)
20 (74%)
2 (7%)
8 (30%)

* 100% ↔ 27 students.
Students were asked to draw a graphical diagram based on two given
formulas: a difference equation and a direct relation.
Table 7.10

Figure 7.17: Correct diagram to the formulas ΔQ = ·Δt and
question F2.

= U/R in test

7.13.3 F3, on the construction of a graphical model for a realistic situation
In the context of forestry, in this section the symbol B is used for the stock
variable (the number of trees in the forest), the symbol A for the constant inflow
(the number trees planted each year), and the symbol K for the outflow (the
number of trees that are cut each year).
In Section 7.13.3.1, students’ answers on question F3a are analysed in
coherence with the quality of the stock-flow diagram constructed by them as
part of question F3c. In Section 7.13.3.2, students’ answers on question F3b are
analysed in coherence with the quality of the structure of connectors in the
diagrams they have drawn as answer to question F3c.
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7.13.3.1 Construction of difference equations and corresponding stockflow diagrams. Main students’ results regarding the construction of the difference equation in question F3a and the related stock-flow diagram in question
F3c are shown in Table 7.11. We distinguish three cases:
Table 7.11
Quality of the constructed difference equation in question F3a versus the
quality of the constructed stock-flow diagram in question F3c.
F3c: Constructed stock-flow diagram
F3a: Constructed
Correct (or correct alternative Incorrect or no answer
difference equation
diagram)
Correct
9 (33%)
Incorrect
11 (41%)
7 (26%)
Table 7.11
Case 1: both difference equation and stock-flow diagram correct.
A minority of 33% of the students have constructed a completely correct difference equation; all of these students have also constructed a correct stock-flow
diagram, but some of them have made an error concerning connectors. Apparently, if students who have followed the learning path are able to construct
difference equations, they can also construct stock-flow diagrams.
Case 2: incorrect difference equation and correct stock-flow diagram
Of all students who have not constructed a correct difference equation, 11
students nevertheless have constructed a correct stock-flow diagram. In order to
find out how this is possible, we must study their diagrams, difference equations, and their answers to other questions in detail.
As a first lead, it is noticed that none of these 11 students have drawn a
completely correct standard diagram, consisting of an inflow, an outflow, and
one correct connector. Most of these students have made errors with respect to
connectors; two students have drawn an alternative correct solution.
A second lead is that none of the 9 students who, as noted in Section
7.13.1.1, were of opinion that a stock does not automatically depend on its
outflow have drawn a completely correct diagram; 7 of these students belong to
the group of 11 students we are studying here. Apparently, this alternative
conception has influenced the construction of the diagrams.
Further leads follow from analysis of the errors in the difference equations; these errors can easily be classified. Some of these errors do not necessarily hinder the construction of the stock-flow diagram. Such errors are the
exclusion of Δt from the difference equation (4 students) and the incorporation
of an initial value into the difference equation (4 students). But the question
remains how to explain why these students have also made errors with respect
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to connectors. Another question is how to explain that students leave out a
variable for the outflow or the inflow from the difference equation, but can still
construct a correct stock-flow diagram or alternative diagram.
Plausible explanations are found by considering consequences of the
conception that the stock does not depend on the outflow. In case the difference equation in question F3a contains the variable for the outflow, from this
point of view there is a conflict that can be solved in two ways:
1. by constructing an alternative solution without using an icon for the outflow
(see Figure 7.18);
2. incorrectly, by adding a connector from the outflow to the stock, which
should indicate that the stock depends on the outflow (Figure 7.19).
We have found several examples of both approaches in the students’ work.

Figure 7.18: Answer to question F3c of a student who in Section 7.13.1.1 was of
opinion that a stock does not depend on an outflow. The only flow in this
diagram is an inflow, and what should have been an outflow (“K”) is represented
by an auxiliary icon which is linked to this inflow. Apart from the fact that the
connectors are not represented as arrows, this diagram is correct.

Figure 7.19: Diagram to question F3c of a student who in Section 7.13.1.1 was of
opinion that a stock does not automatically depend on an outflow. Erroneously,
an extra connector is drawn from the outflow (“K”) to the stock (“B”) to indicate
that in this case the stock depends on the outflow.
Another consequence of the conception that the stock does not depend
on the outflow may be, that the variable for the outflow should not appear in
the difference equation. We have found examples of such difference equations
created by students. These students have drawn an outflow but have also added
a connector to the diagram in a way similar to Figure 7.19, or have not drawn a
diagram at all (1 student).
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Eventually, all answers of these 11 students can be explained using one or
more of the above conceptions. These misconceptions have not prevented these
students from constructing a correct stock-flow diagram, but have hindered
them in the construction of the difference equation.
Case 3: both difference equations and stock-flow diagram not correct
Of the 18 students who have not constructed a correct difference equation,
7 students have also not constructed a correct stock-flow diagram. Five of these
students have not constructed a correct stock-flow diagram in question F2 also.
One error that these 5 students have in common, is the addition of an icon to
the diagram for the time step in question F2. This indicates that the relation
between difference equations and stock-flow diagrams has not been understood
by these students and that the special role of the independent variable is
unclear for them too.
Role of the time step
Van Buuren et al. (2013b) note that part of the students have problems with the
role of the time step Δt when asked to construct a difference equation for a
realistic situation (as in question F3a) or to construct a stock-flow diagram to a
given difference equation (as in question F2). This is probably a consequence of
the fact that the integration time step Δt is not clearly visible in the stock-flow
diagrams. In question F3c students’ ability to construct a stock-flow diagram for
a realistic situation is investigated, although students first, in question F3a, have
been asked to construct the corresponding difference equation; part of them
therefore may have used this equation. With respect to the time step, results of
questions F1c, F2, F3a, and F3c are summarized in Figure 7.20.

Figure 7.20: The way students deal with the time-step Δt when asked to translate between a realistic situation, a difference equation, and a stock-flow
diagram. Data from three different questions are incorporated in this figure.
Each question is labeled. The question mark indicates that we do not precisely
know to what extent students’ answers on question F3c have been influenced
by their answers on question F3a.
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This figure shows that, as an answer to question F3a, 33% of the students have
(incorrectly) left out the time step Δt when constructing the difference equation
for a realistic situation, and, as an answer to question F2, 30% of the students
(incorrectly) have added an icon for the time step Δt when constructing a
diagram for a given difference equation. Results of question F3c are more
successful: 85% of all students have constructed a diagram without an icon for
time or time step for the realistic situation; only 7% of all students have made
the error to add such an icon. So, students more successfully construct a stockflow diagram directly from reality than they construct a difference equation
from reality or a stock-flow diagram to a given difference equation. Indeed, one
of the arguments in favour of graphical modelling in education is that students
would not need to understand difference equations. But these results also
indicate that such a reality based construction of a stock-flow diagram may well
conceal an incorrect understanding of the role of time and time step. In
addition: the fact that in question F1c no student has mentioned time as one of
the variables that appear in the formula defining a stock-variable, may mean
that students correctly do not consider time as a causal agent, as is suggested by
Kurtz dos Santos and Ogborn (1994). But it may as well mean that some of these
students have not thought of the role of time at all. This raises the question
whether the way in which stock-flow diagrams are used in graphical modelling,
without reference to the time step, must be considered an advantage (because
difference equations are circumvented), or as a disadvantage (because this
essential element of the model is concealed and therefore the model can easily
be misunderstood).
7.13.3.2 Construction of direct relations and corresponding use of connectors. Main outcomes with respect to the construction of the direct relation in
question F3b and the related structure of connectors in the diagram in question
F3c are shown in Table 7.12. Half of all students have constructed a completely
correct direct relation for the outflow K; if minor errors, such as calculation
errors, and errors concerning a less adequate conception of variable and
formula are ignored, we can state that 78% of all students realises that K is a
function of B. Approximately one quarter of all students have constructed a
completely correct diagram, and approximately one third of the students have
drawn a diagram in which the structure of connectors can be considered as
consistent with their answer to question F3b. Almost all students’ errors can be
divided into three categories:
1. five students (19%) have not drawn connectors at all. Common misconceptions have not been found for these five students;
2. five students have drawn both a connector from the stock to the outflow and
from the stock to the inflow, as in Figure 7.19. The connector to the inflow is
incorrect because the inflow is given to be a constant. Students may have
added this extra connector because in reality, the inflow (the number of
trees planted each year) may well depend on the stock (the number of trees
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in the forest). Another explanation is that these students have been merely
imitating the diagram shown to them in question F1;
3. at least five students have drawn a connector from the outflow to the stock;
two other students have drawn lines instead of connectors between the
outflow and the stock. At least five of these seven students have held the
opinion that a stock does not automatically depend on an outflow.
Table 7.12
Consistency of the constructed direct relation and the constructed diagram in
question F3
Constructed direct relation as
Consistency of the diagram as answer
definition for K (F3b)
to F3c with the direct relation of F3b
Not
Number of
Quality
Consistent completely No diagram
students
consistent
14
correct function of B
7
7
(52%)
function of B, containing
4
1
3
minor errors
(15%)
function of the initial
3
1
2
value of B instead of B
(11%)
function of another
5
1
3
1
variable or more variables
(19%)
1
no answer
1
(4%)
27
10
15
2
Total
(100%)
(37%)
(56%)
(8%)
Table 7.12
The number of consistent diagrams (with respect to the connectors) in
question F3c is far less than in question F2, in which the direct relations are
represented correctly by means of connectors by almost 90% of all students.
Apparently, question F3 is far more difficult for students than question F2. One
reason for this is the presence of the outflow in question F3. Another reason is
the realistic situation, which is not part of the more mathematical question F2,
but which is an important part of question F3c. Students may have doubted the
formulas that they have constructed themselves in question F3, or students may
have been influenced by the realistic situation. Finally, question F3 is more
difficult because in question F3 the stock-flow diagram and the structure of
connectors are more closely intertwined.
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7.13.4 Summary of the outcomes of the test questions from the module Force
and Movement
Test question F1 (Section 7.13.1.1) reveals that approximately 90% of the
students can establish from a diagram which variables are defined by numbers
only or by means of formulas. Only 7% of the students’ answers show signs of
relation inversion. But part of the students have problems naming the type of
formula. If a variable is a flow variable in a stock-flow diagram, part of the
students are tempted to call the defining formula a difference equation. To a
certain extent, this may also be considered as a case of relation inversion
conception.
A majority of the students understand structures of connectors; the defining variables for a flow variable have been correctly identified in the diagram
of F1a by 70% of the students. Just approximately 10% of the students has
confused ‘not being part of a formula’ with ‘not being dependent on’.
But with respect to the relation between stock-flow diagrams and difference equations, most students have problems. None of the students has
mentioned the time step as being part of the difference equation. Both in their
answers to question F1c and F1d, an important minority of the students hold the
opinion that a stock does not depend on its outflow. This accords with a remark
of Lane (2000, p.244) that many people find it troublesome to run their gaze
backwards along an outflow. The main reason for this opinion is the fact that
flows and connectors both are represented as arrows. Only a few students
probably have other reasons for this opinion.
From students’ explanations to their answers on question F1d1, we conclude that students who involve the realistic context in their explanations more
often correctly identify dependences between variables than students who base
their answers only on the structure of the diagram without yet having understood these structures exactly. This makes it difficult to distinguish what students are understanding when they correctly answer questions concerning a
model: the diagram or reality. Students who use mathematics-based explanations arrive all at correct answers, but this type of explanation is used by only a
few students.
Student’ answers to test question F2 (Section 7.13.2) show that a majority of students can correctly construct a diagram for a simple system consisting
of one difference equation and one direct relation in case the difference
equation contains only an inflow. The subsystem of connectors has been
correctly constructed by almost all students; construction of the stock-flow
diagram is somewhat more difficult. The most important error is the addition of
some icon for time or time step to the diagram.
In test question F3 (Section 7.13.3), only one third of all students have
constructed a correct difference equation containing two flow variables;
subsequently, all of these students also have constructed correct stock-flow
diagrams. Other students have constructed correct stock-flow diagrams too, but
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these correct stock-flow diagrams conceal an incorrect understanding of the
formulas or of the relation structure of the diagrams, in the following ways:
• as a consequence of the misconception that a stock does not depend on its
outflow, students incorrectly use additional connectors or avoid the use of
outflow icons;
• students construct correct diagrams without realising that the time step is
part of the difference equation and maybe even without realising that time is
involved at all;
• students have difficulties with the role of initial values.
Results of the construction of the direct relation in question F3b are better than results of construction of the difference equations in question F3a:
more than half of the students can construct the correct or almost correct direct
relation. Students have much more difficulties correctly using connectors that
represent their direct relations in this more complicated situation than in the
more mathematics-oriented question F2. Plausible reasons for this are difficulties that result from mixing the subsystems of stock-flow diagrams with the
subsystem of connectors (the misconception with respect to the outflow can be
considered as such a difficulty), and deviations in the structure of connectors
that may be the result of students’ interpretation of the realistic context.

7.14 Discussion, conclusions, and recommendations
The main research question is how students understand the relation structures
used in graphical system dynamics based modelling after a relation based
instruction. The term understanding has been operationalized as:
1. being able to derive the information provided by the diagrams as described
in Section 7.2.3, and
2. being able to construct graphical models or parts of models based on given
formulas.
With respect to the first point, a distinction has been made between occurrence
of variables in definitions of other variables and dependency. Another distinction has been made between the first subsystem, of connectors concerning
direct relations, the second subsystem of stock-flow diagrams concerning
difference equations, and the combination of these two subsystems.
7.14.1 First subsystem: structures formed by connectors and direct relations
Results show that a majority of the third year lower secondary students involved
in this project can learn to interpret the structures of graphical models formed
by connectors and are able to construct such structures using a relation approach. More than 60% of the students have correctly derived from the structure of connectors which are the defining variables of defined model variables
(Sections 7.10.1 and 7.13.1).
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In the course of the learning path, the number of students who can
translate a direct relation into the correct part of a diagram has increased from
46% (Section 7.10.4) to 89% (Section 7.13.2), although this latter figure probably
contains a bias towards hard working students.
Dependency as shown by the structures of connectors seems to be understood by many students, but part of these students hold alternative conceptions, such as the relation inversion conception and the conception that in a
model numbers are required only, or use reality-based reasoning instead of (or
4,5
together with) diagram-based reasoning (Section 7.9.3) . A positive result of
our relation approach is that just 10% of all students still think that there is no
dependency between secondarily linked variables.
Effects of mixing the two subsystems on students’ understanding of the
structure of connectors are limited. In Question Sd, some students have incorrectly ignored such a structure in favour of the one-step relation between a flow
and corresponding stock, and in question F1a a relation defining a flow variable
has incorrectly been called a difference equation (‘Δ-formula’) by a minority of
the students. In spite of this, 70% of the students have been able to correctly
determine the variables defining this flow variable. In Section 7.13.3 many
students have not used connectors completely correct when constructing
diagrams, but in many cases the incorrect use is the result of students’ attempts
to overcome difficulties with the use of the subsystem of difference equations
and stock-flow diagrams. Some of these students have creatively used a structure of connectors, auxiliary variables, and/or inflows to overcome such difficulties.
7.14.2 Second subsystem: stock-flow diagrams and difference equations
With respect to the subsystem of stock-flow diagrams and difference equations,
most students have difficulties. Two of these difficulties can be considered a
consequence of the fact that the difference equations are not clearly visualised
in the stock-flow diagrams. The first difficulty is that part of the students, in spite
of our relation approach, are not fully aware of the presence of the time step Δt
in the difference equation (Section 7.13.3.1). This lack of understanding can be
left unnoticed in case students are asked to construct a stock-flow diagram for a
realistic situation without creating a difference equation, as is usually the case
when students construct diagrams using a stock-flow metaphor or causal
4

Although it is plausible that a relation inversion conception as described in Section 7.2.3
is the cause of a number of coherent student errors, it must be noted that other causes
for these errors cannot be excluded yet.
5
The conception that in graphical models only numbers are required can be successfully
counteracted by providing students with proper operational definitions of variable and
formula. Students must learn to understand that, for defining a variable, a formula is
required (Van Buuren, Heck, & Ellermeijer, 2013b).
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relations. The second difficulty concerns the role of the initial value with respect
to the difference equation (Section 7.13.3.1). Initial values for stocks must be
entered in a graphical computer model, but their role is not made clear by the
diagrams or the dialog window for defining a stock. The fact that for a stock only
a number for the initial value must be entered may even contribute to the
misconception that a stock is not defined by a formula at all (Van Buuren et al.,
2012).
One goal of the diagrams is communicating the model to people with less
mathematics education. Understanding of difference equations would not be
required. This may be true in case these people only have to interpret the
graphical models, or listen to a modeller explaining the model (although it can
be questioned whether these people really understand the models if they are
not sufficiently aware of the role of time), but the diagrams do not sufficiently
communicate the equations for (part of the) novice modellers who are expected
to learn to construct models themselves.
A third difficulty is the misconception that a stock does not depend on its
outflows. Only incidentally, this misconception is the consequence of incorrect
understanding the realistic situation or of misinterpretation of the diagram as
some sort of flow chart (Sections 7.13.1.2 and 7.10.4). The main reason for this
misconception is the fact that both flows and connectors are represented as
arrows (Sections 7.4.1, 7.13.1.1, 7.13.1.2, and 7.13.3). For inflows this is not a
problem, because the convention that the defining variables of a defined
quantity can be determined from the direction of the ‘arrows’ also works for
stocks and inflows, but this convention does not work for outflows. This conception, of considering the arrows of the flows in the same way as the connectors,
has been explicitly addressed in the instructional materials (Sections 7.4.1 and
7.4.2) but, apparently, is not easily changed.
In case this outflow-problem can be avoided, students’ understanding of
the relation between stock-flow diagrams and difference equations can be
considered promising. This follows from the results in Section 7.13.2, where 74%
of the students construct a correct stock-flow diagram based on a difference
equation. It also follows from the results discussed in Section 7.13.3, where
students who did not hold this misconception have constructed correct stockflow diagrams, and some of the other students created correct alternative
solutions.
7.14.3 Role of the realistic situation
In Sections 7.10.1, 7.10.2, and 7.10.3 part of the explanations of the students of
their answers are based on reality instead of on the diagram. In Section 7.13.1.2,
it is shown that students referring to reality in their explanations more often
have arrive at the correct conclusion about the dependencies of variables than
students who have based their explanation only on their (incorrect) under-
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standing of the diagram. These explanations show that there are two ways for
students to understand a model for a real situation: one is based on the diagram
structure, the other on the real situation. This makes it unclear to distinguish
what students actually understand when they answer questions about the
model correctly: the model or the real situation. In the cases we have investigated, we suspect that the students have used their knowledge of reality and
some logic to correct their interpretation of the diagrams. In Section 7.13.3.1
part of the students have constructed a stock-flow diagram directly from reality
more successfully than they have constructed a difference equation from reality
or a stock-flow diagram from a difference equation. Yet, this does not mean that
novice modellers do not need to understand difference equations: this correct
reality based construction of a stock-flow diagram may conceal an incorrect
understanding of graphical models. This phenomenon may be part of an
explanation to findings of research hitherto, that modelling activities seem to be
successful only until students are asked to construct parts of graphical models
without assistance (Westra, 2008; Van Borkulo, 2009). Communication of the
causal assumptions and the main features of the mathematical model are
supposed to be the main purposes of the diagrams (Section 7.2.2). The diagrams
apparently are helpful for students to organise their thoughts on reality in a way
more or less similar to mind-maps. The diagrams may help students to reason
about reality. But this strength of the diagrams is at the same time a weakness.
The icons can be interpreted in several ways. An ‘arrow’ has at least three
different meanings: (1) indicating relationship; (2) representing a flow variable,
in which case the arrow gives information on the sign of the flow variable in the
difference equation for the stock; or, (3) incorrectly, suggesting a direction on a
flow chart. Misconceptions are concealed by the diagrams. Students do not need
to fully understand the diagrams for interpreting them. Only when students are
asked to construct diagrams, or to debug an existing incorrect diagram, it
becomes clear whether students really understand the graphical models.
Quoting one of the students of Westra (p.178):
“I understand a model when it is explained, but I am not able to build it
myself”.
It must be emphasised that this holds for novice modellers. For more experienced modellers, who already have some understanding of the equations, the
difficulties we have established in this paper can easily be overcome.
It must be noticed that some of the difficulties we have found using a relation approach not necessarily will be present when another approach is used.
With another approach, other misconceptions may arise. But it is plausible that
these other misconceptions also can stay concealed because students have the
powerful alternative strategy at their disposal of using their knowledge of reality
to interpret the diagrams, until they are asked to construct graphical models.
In summary, three categories of difficulties with graphical models can be
distinguished:
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1. The difficulty of the alternative of reality-based interpretation: students can
use the diagrams to interpret reality in a way similar to the way they can use
mind maps or analogies. Up to a point, this can be an advantage, but if students
understand reality well enough, an exact understanding of the diagrams is not
required for the interpretation of reality. As a consequence, an incorrect
understanding of the diagrams by the students will not be noticed until students
are asked to construct diagrams;
2. Difficulties that arise because some (mathematical) aspects are not clearly
communicated or even hidden by the diagrams. Examples are the role of the
time step and the conception that in graphical models numbers are required
only;
3. Difficulties that arise because the diagrams can be misleading. The misconception that a stock does not depend on its outflow is one example, the interpretation of flows and connectors as some flow chart is another.
7.14.4 Recommendations
An interesting question is whether or not we should dispose of graphical
modelling in favour of text-oriented modelling. In this we would also throw away
certain advantages:
• the graphical structure can help students to interpret the model afterwards;
• the diagrams do provide a clear overview of the model structure in case of
medium-sized models;
• more sophisticated algorithms for numerical integration can be used, such as
Runge-Kutta, without changing the diagram; a detailed knowledge of these
algorithms is not required for novice modellers.
An alternative may be to use another graphical modelling tool, such as Simulation Insight (see, for example, Rogers, 2008). In this modelling environment, all
variables are represented by rectangular icons, all connected by connector-like
arrows, showing the defining variables of a defined variable. The modeller must
consciously choose whether a variable is defined by means of a direct relation or
by a difference equation. But in this approach, the structure of the diagram does
not clearly show the difference between a direct relation and a difference
equation, and the use of a metaphor such as the stock-flow metaphor to clarify
the meaning of the diagram, is not possible. In the modelling environment
Modus, arrows for both the inflows and outflows are oriented from the flow
variable to the stock (Klieme & Maichle, 1991). This may prevent the conception
that an outflow does not influence the stock, but does not yet clarify the relation
between difference equations and stock-flow diagrams.
Another way to clarify the meaning of the diagrams is to show how the
diagram can be translated into a text-based model at an early stage of the
modelling learning path. In Coach 6, an option is available for this translation.
But, although this approach probably helps clarifying the mathematical meaning
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of the diagrams, it may not create a real need for understanding the relation
between stock-flow diagrams and difference equations.
It must be realised that we are dealing with young novice modellers, who
have just started to learn about modelling. Probably, they can overcome the
aforementioned problems with some extra effort. But then, the question is
whether the diagrams can be made easier to interpret for novice modellers.
With respect to the second category of difficulties mentioned in Section 7.14.3,
we recommend that the relation between stock-flow diagrams and difference
equations should be made more clear. This may be done by showing the
difference equation in the dialog window for the stock. Also, an option could be
implemented into the modelling software to permanently show all equations to
the relevant icons. This option needs only to be used in the initial phases of a
modelling learning trajectory. With respect to the third category of difficulties,
we recommend adaptation of the icons for the flow variables. Actually, there
exist several implementations of system dynamics based graphical modelling.
According to Lane (2000, p. 243), there are at least three or four widely used
symbols for flow variables, all taking the form of valve or regulator symbols on
the flows, which are indicated by double or thick arrows. In our opinion, a
suitable flow icon should fulfil two conditions:
1. The only difference between an auxiliary variable and a flow variable is that
the latter is part of a difference equation. In all other respects, flow variables
and auxiliary variables are treated the same in the diagrams. Therefore we
recommend to use icons that show this similarity better. In some implementations, this similarity already is more clear. See for example the stock-flow
diagram in Figure 7.21 from STELLA.

Figure 7.21: Stock-flow diagram from STELLA.
2. Icons for flows, which are part of difference equations and in which the arrow
merely is an indication of addition or subtraction, should differ more from the
icons for connectors, that show the defining variables of a model variable. A
question is whether flow icons should be arrow-like. From the perspective of a
relation approach, a tube-like symbol in which flow directions are indicated by
means of a + or – sign, as sketched in Figure 7.22, or by means of a word (in or
out), might be an alternative.

Figure 7.22: Sketch for a stock-flow diagram using alternative icons for the flows.
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Conclusions and discussion
8.1 Introduction
Main goal of this study
The main goal of this design study was to investigate how modelling can be implemented into the physics curriculum in an effective way. Therefore, we have
started a design research project in which a learning path on system dynamics
based graphical modelling has been developed for the first two years of physics
education, integrated into the physics curriculum. With the term modelling the
entire modelling process is addressed, a comprehensive process starting with
the analysis of a realistic context situation and ending with evaluation of the
model (Figure 8.1). Doing experiments and measurements contributes to this
process. Therefore, modelling has systematically been combined with experimenting. For mastering this modelling process, many (sub) competencies are
required. We have distinguished five categories of competencies for the
modelling learning path. The modelling learning path as a whole can be viewed
as consisting of five intertwined partial learning paths, one partial learning path
for each of these categories. The partial learning paths focus on:
1. the computer environment (the modelling software);
2. graphs;
3. variables and formulas;
4. the elements of graphical models;
5. evaluation and the nature of models.
This learning path has been tested in school practice in several design and
research cycles.

Figure 8.1: Schematic representation of the modelling process
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Educational goals of the learning path and research questions
Broad educational goals of our modelling learning path are the general modelling competency corresponding to the modelling process depicted in Figure 8.1
and the learning of physics content by means of modelling. In Section 1.2, two
research questions are posed related to the general modelling competency and
two research questions related to the learning of physics content. The research
questions related to the general modelling competency are:
RQ1: What are characteristics of an effective learning path on graphical
modelling in lower secondary education?
RQ2: To what extent do students learn to model when they follow this learning
path?
The research questions related to the learning of physics content are:
RQ3: To what extent can students understand the physics of the more realistic
and more dynamical phenomena in the modelling learning path?
RQ4: How is the mathematics and physics content of the lower secondary
physics curriculum affected by the modelling learning path?
These research questions are answered In the next section. In the last section, I
reflect on the presented and future work: I reflect on choices made for the
design, go into limitations of this study, make suggestions for further research
and development, discuss implications for physics education in school practice,
and reflect on my experiences as being both a teacher and a researcher.

8.2 Answers to the research questions
8.2.1 Research question 1 – characteristics of an effective learning path on
graphical modelling in lower secondary education
Modelling is a complex and comprehensive process, requiring a multitude of
connected competencies and sub competencies. As one of the students,
working on an early version of a modelling activity of the module Sound, sighed:
“One has to know so much for this.” These competencies are connected to each
other and to other parts of the curriculum. An effective modelling learning path
must deal with all competencies and connections. The cyclic research and
development efforts underpin the following general characteristics of an
effective learning path on graphical modelling in lower secondary education:
• each sub competency is regarded as a separate learning goal;
• the number of learning goals per learning activity is limited;
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the learning path contains checks to verify whether vital competencies have
been acquired by the students and such vital competencies are addressed
repeatedly, because progress on the longitudinal learning path is blocked if
students have not mastered them;
• different types of learning goals are approached in different ways; for
instance, for equipment skills, a cookbook approach suffices, but conceptual
learning goals require a conceptual point of view and reflection must be
stimulated;
• modelling is tuned to the curriculum and vice versa. Many of the modelling
competencies are necessary for other parts of the curriculum too. Examples
are graph comprehension, formula comprehension, and competencies with
respect to practical work; some of these competencies must be addressed
before they can be applied for modelling, but the development of some of
the competencies can also be supported by modelling. Examples are the
development of student conceptions of variable and formula (Chapter 6)
and the development of graph comprehension by means of modelling in
combination with video measurements and animation (Chapter 2);
• modelling is integrated into the curriculum. Two reasons are:
- students must apply modelling to a multitude of different subjects for
developing a sufficiently extended base of orientation, in order to enhance transfer;
- an integrated modelling approach offers a different, more comprehensive view on physics and physics concepts. When modelling is only offered on a project base, the remainder of the curriculum will not benefit
from modelling. Furthermore, specific modelling competencies are easily
forgotten if they are not regularly repeated by the students;
• modelling is combined with experimenting and doing measurements. Doing
experiments and measurements is an effective element of a modelling
learning path, because it helps getting students acquainted with the realistic
context situations and with the use of physics concepts in these contexts,
and it supports model evaluation. In addition, the combination of modelling
and experimenting offers students a more comprehensive view on the nature of science.
• the mathematical meaning of the graphical diagrams is addressed explicitly,
because this meaning is not clear for novice modellers. This mathematical
meaning cannot be circumvented by using some metaphor, because such
metaphors are not easily grasped by novice modellers and because graphical
modelling must be connected to physics education, in which formulas are
commonly used;
• cross-disciplinary elements are used. The use of models taken from other
disciplines facilitates the development of a sufficiently extended base of
orientation. It also shows the value for other disciplines of concepts learned
in physics class.
In the presented modelling learning path, these general characteristics have
been accommodated (1) by the use of modelling learning sequences on the
•
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scale of a module and (2) in the design of the five partial learning paths that are
embedded longitudinally in the curriculum and intertwined in modules.
The general modelling learning sequence is based on the identified analogy between modelling and practical work; it is described in Section 5.5.1. The
five partial learning paths are described in Section 5.6; the partial paths on
variables and formulas and on the elements of graphical models are treated in
more detail in Chapters 6 and 7, respectively.
Arguments for the effectiveness of these general characteristics can be
found throughout this dissertation, especially in Chapter 5 in which the design
of the most recent version of the learning path and its evaluation in school
practice are described. The effectiveness of the characteristics became clear in
cases in which they had not yet been adequately implemented. In such cases,
this turned out to be a cause for students’ blockages. Such blockages subsequently were taken away by carefully making use of the given characteristics.
8.2.2 Research question 2
model

– the extent to which students have learned to

In this section, students’ progress is considered from the perspective of both
the relevant partial learning paths and the modelling process.
Progress from the perspective of the relevant partial learning paths
Graph comprehension. Results of tests at the end of the modules in the
learning path and classroom observations indicate that the attention for graph
comprehension as offered in the learning path is sufficient for enabling students’ progress on the learning path. Therefore, in this study more attention is
paid to other partial paths. Nevertheless, the level of graph comprehension that
has been reached is high for lower secondary education. In our learning path,
lower secondary students have learned to understand and use tangent lines
and have developed a notion of the meaning of the area under the graphs of
flow variables (velocity, and energy flows). Students turned out to have difficulty with certain advanced aspects of graph comprehension (such as the ability
to infer from diagrams of the in- and outflow what happens to the stock as
described in Section 5.6.2, and the addition of mathematical functions in the
module Sound). These difficulties did not impede progress on the modelling
learning path in lower secondary education, but they make clear that graph
comprehension still needs to be addressed in upper secondary education.
Variables and formulas. In Chapter 6 is shown that much progress has
been made within the partial learning path on variables and formulas. Blockages have been overcome regarding students’ conceptions of variable and
formula. These conceptions have now reached a level that is required for
modelling and that is higher than generally found in lower secondary education
and, probably, also higher than usually found in the first year of upper second-
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ary education. Students have developed basic understanding of difference
equations at this early age too. The progress in the students’ ability to construct
simple direct relations and simple difference equations is promising when
compared to studies of modelling in upper secondary education, but students’
abilities to construct formulas need further development.
Graphical models. For this partial learning path, I refer to Chapter 7.
Students have successfully worked with several graphical models, have shown
to understand the process of numerical integration, and have developed an
adequate understanding of structures of direct relations as shown in the
graphical diagrams by connectors. The students who have followed the learning
path can construct a graphical model to a given mathematical model consisting
of one difference equation and one direct relation without assistance. They are
also able to construct more complicated graphical models based on known
formulas if some guidance is offered. There are still difficulties with students’
understanding of the relation between difference equations and stock-flow
diagrams concerning the roles of the time step and the initial value, and with
respect to the interpretation of the relation between stocks and outflows.
Apparently, it takes time to get a more complete view on graphical models.
Evaluation and nature of models. Students have got acquainted with
several types of models: molecular models, mathematical models, and graphical
models. They have learned that models (and experiments) have benefits and
limitations and can be criticised. They have developed an understanding of
science as a combination of experimenting and modelling, and students have
shown in discussions that they can understand the idea of falsification. It is very
plausible that all students have understood the importance of modelling for
physics, as one of our students spontaneously exclaimed: “physics appears to
be all about modelling!” These results must be considered preliminary, though.
In the explorative phases and in the design of the learning path, attention has
been paid to this partial learning path, but in the final phases of this study, we
have focussed on more problematic parts of the modelling learning path.
Progress from the perspective of the modelling process
In our learning path, all students have become acquainted with all stages and
steps in the modelling process depicted in Figure 8.1. The steps have not only
been presented to them, but for sufficiently simple cases students have also
mastered the steps separately. In this respect, our goal has been reached. This
does not yet mean that students already can go through a complete modelling
process without assistance. For probing students’ ability to go through a
complete modelling process from scratch, at the end of the second year of the
learning path, a pilot project (part of the Dune project described in Chapter 5)
has been performed with students who had completed our modelling learning
path. After doing measurements for getting acquainted with the situation to be
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modelled, without any guidance these students managed to construct a simple
1
model that fitted the experimental data, but their model was not correct.
These well-motivated students stated that much perseverance was required for
this task, but they also felt excited when, after some assistance, they had
managed to construct a better model. Modelling competencies clearly need
further development, but the students seem to be prepared for the next steps
in the modelling learning path planned for the upper level.
8.2.3 Research question 3 – students’ understanding of more realistic and
more dynamical phenomena
Several ways and levels of understanding of a phenomenon can be distinguished. The more realistic and more dynamical phenomena have been studied
both by means of experiments and by means of models. Here, three ways of
understanding are considered:
1. understanding from an experimental, empirical point of view;
2. understanding of the model separately;
3. understanding the connections between the empirical phenomenon and the
model.
Examples of student difficulties with making connections between
models and phenomena have been found that can stay concealed in traditional
physics education but that are addressed by the explicit use of more realistic
and more dynamical phenomena. In the module Velocity in the first year of the
learning path for example, students investigated realistic movements, such as
the start of a real runner. Students certainly understood the movement of the
runner from an experimental, empirical point of view. They understood the
movement qualitatively. They could also analyse this movement more quantitatively, by determination of positions and of velocities in the position,timegraph, and they were able to recognize the diminishing acceleration in the
changing slope of this graph. But students initially had some difficulty making
the connection between a realistic movement and a model in which the velocity
had the same average, but constant value: some students stated that they did
not completely grasp the concept of average velocity. Students in previous
years seldom discussed this concept, but in these years average velocity was
never explicitly compared with realistic varying velocity. By comparison of these
movements in a modelling activity, this difficulty was successfully addressed.
In general, students have few problems accepting many realistic phenomena. They have no difficulty understanding that the acceleration of a
realistic car is not constant. But some have difficulty with simplifications, as
follows from statements such as: “but cars do not accelerate at constant
1

These students actually refused the guiding instructional materials; they felt
challenged.
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acceleration, do they?” They can doubt such simplifications. As a consequence,
it may be more difficult for students to understand the simplified situations
used in traditional education than to study more complicated phenomena.
Reached levels of understanding differ among students, but in general,
students applying for physics in upper secondary education performed well on
test questions about more complicated phenomena. There are just a few
exceptions. The most clear example of a case in which the intended level of
understanding of a phenomenon has not been reached is a question in the final
test of the module Sound about the phenomenon of beats of sound caused by
two tuning forks. In this question, a diagram was shown containing graphs of
two sine functions representing sounds with slightly different frequencies.
Students were asked at which moments these two sine functions would
interfere constructively and when destructively. Most students answered this
2
question incorrectly. Although this may be disappointing, it was not problematic. It did not impede further learning, because subsequent learning activities
do not depend on this understanding. Furthermore, most students did grasp
several other aspects of beats, especially on a more empirical level. They have
developed a first, qualitative understanding of interference and most students
have been able to determine the beat frequency from a graph. Thirdly, although
the intended level of understanding of beats from the viewpoint of physics has
not been reached, from the viewpoint of musicians, the most important
learning goal has been reached: most students have learned to apply their
knowledge of beats for tuning musical instruments (at least theoretically).
An important conclusion for the design of a learning path is that a lack of
understanding of the most difficult aspects of complicated phenomena must
not impede progress. This is the case if subsequent steps in the learning path do
not depend on students’ understanding of such difficult aspects. If this condition is fulfilled, such more difficult subjects are useful for differentiation,
because they can be challenging for some of the students.
Regarding the more dynamical character of the phenomena, indications
have been found for the following students’ difficulty. In their answers to
questions in the final test of the module Force and Movement in which one
instant from a fall with air resistance was considered, some of the students took
values of variables corresponding to other instants into consideration. Apparently, these students insufficiently realised that in such a movement the values
of variables are changing in the course of time, and that distinctions must be
made with respect to the instant that is considered. This problem can also be
observed with upper secondary students who have followed more traditional
education. Apparently, more attention must be paid to the varying nature of

2

Later, indications have been found that this is caused by an unexpected difficulty with
graph comprehension. It requires more research.
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quantities. Modelling more dynamical phenomena may turn out to be an
effective way to do so.
8.2.4 Research question 4 – affection of the mathematics and physics content
of the curriculum by the modelling learning path
First of all, modelling takes time at cost of other subjects from physics, because
specific concepts must be learned that are not present in a traditional curriculum. Yet, the contribution of modelling to the development of traditional
competencies, such as graph comprehension, offers some compensation. The
modelling learning path has affected the mathematics and physics content of
the lower secondary curriculum in other sense too, namely by:
1. the introduction of modelling learning sequences;
2. the introduction of more complicated subjects from physics;
3. a change of the mathematical content, necessary for modelling; and
4. a shift in the view on physics.
They are discussed below.
Introduction of modelling learning sequences. Because of the modelling
learning sequences, situations are studied more intensively, because at least
two approaches are used for studying situations: an approach in which experiments are used, and an approach in which models are used.
Introduction of more complicated subjects from physics. As explained in
Section 1.2.2, modelling in education is expected to help students develop a
better view on physics and on the relation between physics and reality. The
main argument is that modelling makes it possible to study more realistic
phenomena and problems at an early stage of physics education. Such more
complicated phenomena are usually not studied in a traditional lower secondary curriculum, or only at a qualitative, superficial level. In Section 8.2.3, it is
argued that it is possible to study such phenomena using a modelling approach.
An effect of adding such phenomena to the curriculum is that some domains of
physics have been studied much more extensively, because several related new
concepts must also be introduced. An example is the force for air resistance,
which traditionally is studied only superficially, even in upper secondary
education. Getting acquainted with such new concepts takes time, although this
effect can be reduced by choosing concepts that also can be used for development of traditional skills. An example is the use of quadratic functions. In
2
traditional education, the formula s = ½g·t is used for this learning goal, but the
2
formula Fair = k·v can serve this purpose as well.
Finally, in a modelling learning path, more complicated phenomena not
only can be studied, but, for three reasons, they are even necessary. Firstly, by
using only the idealized phenomena that are usually studied in traditional
curricula, the connection between reality and physics is not clarified for
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students. Secondly, for students, there would not be a need for modelling.
Thirdly, some more difficult phenomena are necessary for learning to deal with
specific aspects of the models. The type of phenomenon that must be incorporated in the curriculum is related to the essential feature of system dynamics
based graphical modelling, namely, that it is used for numerical integration of
difference equations (represented by stock-flow diagrams). Therefore, in the
curriculum a number of situations must be incorporated that can be modelled
by means of one-dimensional difference equations. Quantities are required that
can take the roles of flows and of stocks; parameters for regulating the flows
are also necessary. Resistors and capacitors in electrical circuits are examples of
such parameters. Such a circuit would therefore be a useful subject for modelling, but capacitors are not included in the current Dutch physics curriculum.
The vacuum pump is another example of such a system. Such systems demand
a deeper study of the fields of physics to which they belong.
Change of the mathematical content. One of the claims in favour of
modelling is that students can study phenomena that would be otherwise
beyond their mathematical capabilities, because the computer deals with the
mathematical difficulties. This is true as far as it concerns the technical mathematical skill of solving equations. But, as is shown in Chapter 6, modelling
demands a higher level of conceptual mathematical understanding. Examples
are the required conceptions of difference equations and of variable and
formula. Other examples are the principle of addition of functions in the
module Sound and principles of numerical integration in several modules. In
Chapter 6 is described how the curriculum has been adapted for developing the
required notions of variable and formula. In addition, mathematical abilities
with respect to graph comprehension have become more important in the
curriculum. Students must be able to interpret graphs in terms of changing
slopes and in terms of areas under curves. At this stage of students’ development, this cannot yet be compensated by paying less attention to calculation
skills. Students still need such skills, at least for the development of proper
conceptions of variable and formula, and for evaluation of model results.
Shift in the view on physics. The modelling learning path has led to a
shift in the view on physics in the lower secondary curriculum. There is more
attention for time behaviour of systems and less for calculations leading to
isolated outcomes. Also, there is more attention for fundamental equations and
for construction of models of more general and more realistic situations, and
less for working with only a few mathematical solutions for a limited number of
special cases. A more scientific view on physics is used, in which attention is
given to critical reflection, especially with respect to assumptions and limitations of models and experiments. This attention is stimulated by the combination of modelling and experimenting, because this makes limitations and the
value of assumptions become clear in a natural way. Generally speaking, the
relation between reality and physics has become more important.
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Further discussion. The aforementioned adaptations require time at cost
of attention paid to subjects from other fields of physics. In the presented
curriculum, more attention has been given to the molecular theory of matter,
to sound, to dynamics, to mathematical competencies, and to specific modelling competencies, at cost of attention for parts of heat, optics, and electricity.
This raises the question what is the more effective and useful for lower secondary students: development of competencies that are useful in other disciplines
as well and of deeper insight into a smaller number of fields from physics, or
development of a more superficial insight into more fields of physics. I think
that students benefit more from the first option. A deeper insight into fewer
fields may facilitate the development of insights in other fields of physics in
future. A second interesting question is whether modelling should be confined
to the physics curriculum. Integration of modelling into the entire lower
secondary curriculum offers more opportunities to create sufficiently extended
bases of orientation and can stimulate a more interdisciplinary view. In practice,
such an integration will not easily be established, because of the differences in
interests and nature of the disciplines, and of the limited abilities and affections
of the involved teachers.

8.3 Reflection on the presented and on future work
8.3.1 Reflection on choices made for the design of the learning path.
For the design of the modelling learning path, a number of choices has been
made. The choice to integrate modelling into the curriculum is discussed in
Section 8.2.1, and the choice to combine modelling and experimenting is discussed in Sections 8.2.1 and 8.2.3. In the current section, choices to start with
modelling in lower secondary education and to use system dynamics based
graphical modelling as a modelling approach are discussed.
Starting in lower secondary education. Presumed advantages and disadvantages of starting with modelling from the initial phases of secondary
physics education are listed in Section 1.1.3. The first two of these presumed
advantages are definitely true: it gives students more time to get acquainted
with modelling, and more students get acquainted with modelling. As is shown
in this dissertation, the third and fourth presumed advantages are also true:
more realistic problems have been studied, and modelling offers a new way of
teaching and learning physics. The last presumed advantage, traditional
approaches of doing physic may not get in the way of modelling, could not yet
be established, because we have not done a comparative study. With respect to
the presumed disadvantages, the modelling learning path must be developed
carefully, otherwise modelling can indeed be too abstract for young students.
Also, there is a risk that situations to be modelled are too complex when too
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many concepts are involved. To avoid this risk, modelling learning sequences
have been developed, and the development of modelling competencies has
been distributed over the curriculum. Finally, modelling does take time, but, as
discussed in Section 8.2.4, this time is well spent.
A question is, whether it would be more effective to start with modelling
at a higher age. The advantage would be that students may have already
developed some important competencies and have got acquainted with more
concepts from physics. This may be true, but a condition is that the preceding
curriculum prepares for modelling. Among the competencies that must be
developed in a preceding curriculum are competencies regarding graph
comprehension, a notion of difference equations, and proper notions of
variable and formula; closed mathematical solutions for special cases are
preferably avoided. By starting at a higher age, students would have less time to
develop other required competencies. In addition, as is argued in Section 8.2.1,
modelling can support the development of competencies that are important in
traditional education as well. Finally, modelling competencies may be more
useful for all lower secondary students than some of the subjects from physics
that are studied usually.
System dynamics based graphical modelling. As is shown in Chapter 7,
we have not yet managed to solve all difficulties concerning students’ understanding of the graphical diagrams. This raises the question whether we should
not use another approach to modelling, for instance text based modelling. In
order to get a decisive answer on this question, a modelling learning path based
on such another approach should be developed and learning effects should be
investigated. Here, I only give some arguments to take into consideration. First,
the diagrams used in graphical models do provide students with an overview of
the system that is modelled, and its ability to act as a mind map (or, using a
more adequate term, a relation map) can be useful for students for comprehension of the situation that is modelled (if used carefully). Another advantage
of graphical modelling is that more sophisticated algorithms can be used
without a need to change the graphical diagrams and without the necessity for
students to understand the details of such algorithms. Finally, it can be expected that in future the identified difficulties with respect to students’
understanding of the elements of graphical models can be solved. In Sections
7.14.4, recommendations are made how this can be done. Firstly, the relation
between difference equations and stock-flow diagrams may be clarified by
showing the corresponding difference equation in the dialog window for the
stock. Also, an option can be implemented into the modelling software to
permanently show all equations to the relevant icons. Another way to clarify
the meaning of the diagrams is to show how the diagram can be translated into
a text-based model at an early stage of the modelling learning path. In Coach 6,
an option is available for this translation. Finally, the icons can be adapted to
show their meaning more clearly.
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8.3.2 Limitations of this study
For this study, a holistic and longitudinal approach has been chosen, in which
the learning of the multitude of modelling competencies and their connections
to the entire curriculum have been studied on a detailed level, whenever
necessary. I felt that in many research projects on graphical modelling the
difficulties of upper secondary students with respect to basic competencies may
have been underestimated, at least in the initial phases of these research
projects (see, for instance, Löhner, 2005; Westra, 2008; Ormel, 2010). For
detecting and exploring such difficulties, and for exploring the opportunities for
learning offered by a modelling approach, it was an advantage that we were in
control over the content of the entire curriculum and that we could monitor
students’ progress with respect to all competencies over two years in detail. By
making several adaptations to the curriculum and by tuning the modelling
learning path and the curriculum carefully, modelling competencies have been
developed in a more effective way. Students’ difficulties could in some cases
clearly be related to omissions in earlier parts of the learning path. As we have
shown, students’ understanding of concepts from physics and mathematics has
been developed effectively by means of modelling and more realistic phenomena have been studied. The longitudinal approach enabled regular repetition of
vital competencies, in a way that is not possible in a modelling course on
project base.
As a consequence of this holistic and longitudinal approach, this research
project has become very extended. We have collected much more data than
could be analysed in sufficient detail within the limitations of this study. We
have chosen to investigate in detail only specific aspects that turned out to be
the most critical for the modelling learning path. This selection has mainly been
based on preliminary results. These preliminary results have mainly followed
from classroom observations, from discussions with students, and from
preliminary analysis of all test results: as a teacher, I always went over all
answers of my own students to the final tests of all modules, and so did my
colleagues. The most critical aspects turned out to be comprehension of
variable and formula, and the understanding of the elements of graphical
modelling. Research on these aspects is described in Chapters 6 and 7, respectively. The validity of the findings described in these chapters is high; they are
based on careful analysis of multiple data sources. Other important findings
concern the design principles described in Chapter 5. These findings are
generally based on the type of preliminary results mentioned in this section and
on arguments from research literature. The most important example is the
general modelling learning sequence. The idea that such sequences are necessary is the result of many findings throughout the entire research project and
distributed over the entire modelling learning path; it is theoretically supported
by the analogy between modelling and practical work. Finally, some aspects
have not yet been investigated thoroughly, because other aspects demanded
higher priority. Although data on such less deeply investigated aspects need
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more detailed analysis, preliminary results about these aspects are occasionally
presented in this dissertation, because of their importance for a coherent view
on the modelling learning path. The nature of these results must yet be considered as explorative.
With respect to generalizability, almost all research has been carried out
at only one secondary school, the Montessori Lyceum of the Hague (HML). The
instructional materials have not been designed especially for Montessori
education, but in some cases specific aspects of Montessori education have
influenced research outcomes. In this dissertation, such cases and this influence
have been indicated, but we have reasons to believe that research outcomes
would not have been much different if the research would have been carried
out at other secondary schools. One reason are the preliminary results of the
try-out of the first module of the learning path at two other schools. In addition,
research outcomes with respect to students’ notions of variable and formula
are supported by results of a questionnaire given to students of 23 classes at
seven secondary schools. However, in general, for establishing the generalizability of our findings, in future the learning path must be tested at more
secondary schools.
Finally, it is noted that I have not only been the designer and the main
researcher in this study, but I was also one of the teachers. Although I am aware
of the risk of subjectivity and although care has been taken to meet criteria of
objectivity by regularly asking fellow researchers, other teachers, and students
for their opinions and for criticism, in order to increase the validity of our
findings, these findings need to be tested in future by means of independent
research.
8.3.3 Recommendations and suggestions for future research and development
In this study, several difficulties are still left unsolved and some competencies
need to be investigated more closely:
• The relation between stock-flow diagrams and difference equations need to
be clarified for students; attention given in our learning path to this relation
turned out to be insufficient. In Section 8.3.1, suggestions for improvements
are summarized.
• The students’ abilities to construct formulas must be further developed.
Suggestions are made in Chapter 6. Paradoxically, these construction abilities may be less important for physics education, where many formulas are
already available to the students, than in biology education, whereas physics
students can be expected to possess better mathematical skills than biology
students.
• Student competencies with respect to interpretation and evaluation need to
be investigated.
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Abilities with respect to the general modelling process need to be developed
further. Students must yet learn to analyse and reduce a realistic context
situation into a manageable problem from scratch.
• Effects on the learning of students of physics content by means of modelling
need more attention.
These difficulties and competencies can be addressed in a follow-up to this
study. As expected, the modelling learning path has not been finished yet. The
broad final learning goal of mastering the general modelling competency has
not yet been reached, and the possibility of learning physics content by means
of modelling must be investigated more closely. For achieving these goals, the
learning path must be extended into upper secondary education.
•

8.3.4 Implications for physics education
Adaptation of the curriculum. For an effective implementation of modelling into the physics curriculum, the goals and the content of this curriculum
need reconsideration. The content must be adequate for the development of
modelling competencies, as is described in Section 8.5. We have shown that
modelling offers possibilities for the introduction of new domain content, that
can have more value for students but that until now has been left out of the
physics curriculum because it surpasses students’ mathematical capabilities.
Therefore, we need to reconsider which physics content is really worthwhile for
students.
Implementation into the curriculum: getting teachers acquainted. A
difficulty for introduction of modelling into the curriculum is that many teachers
are not familiar with computer modelling in general and graphical modelling in
particular. Several teachers that have been involved in our design and research
project initially had difficulties with graphical modelling that are similar to
reported student difficulties. The time it takes for teachers to get acquainted
with modelling must not be underestimated, especially because secondary
teachers in the Netherlands have little spare time. Teachers must get acquainted to a modelling approach at three different levels. Firstly, teachers
must learn to model and all schools must be equipped for modelling. Secondly,
teachers must get acquainted with modelling pedagogy and need support for
organizing modelling in classroom. Only as a last step, the shift in view on
physics can be made: from teachers who have not yet mastered the first steps,
it cannot be expected that they all have full overview of the possible consequences of a modelling approach for physics education. Therefore, it seems
wise to integrate modelling into the curriculum gradually.
Adaptation of the exams. Exams must be developed in which modelling
competencies can be tested; as we have shown in this research project, many
modelling competencies can be tested without a computer, using only pen and
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paper. Also the rating of students’ answers on exams needs reconsideration.
Students can answer a question by making use of models with different degrees
of approximation. These approximations should be rated differently, but
differences must be gradual. For example, students can be asked to determine
from a velocity,time-graph the average velocity over some interval of time for a
realistic accelerating object. From a modelling point of view, taking the average
value of the initial and final velocity must not be rated as right or wrong, but as
a first order approximation. A better approximation makes use of the area
under the curve. Such a better approximation must be rated higher.
8.3.5 Being both teacher and researcher
This study has been enabled by a scholarship of the stichting VO Haaglanden,
the foundation for secondary education in the region of the Hague, in which
HML, the school at which I am one of the physics teachers, is one of ten
participating schools. For five years I have been given the opportunity to do
educational research in school practice. This has had consequences for myself
as a teacher, designer, and researcher, and for the school at which I work and
where most of the research has been carried out, especially for my near
colleagues. In this final section, I discuss the relation between educational
research and educational practice from a personal point of view, and try to
sketch the implications that this project has had for myself and for the school.
During this study, I have worked with several teachers, and I have come
to appreciate the great practical pedagogical content knowledge (PCK) of
experienced teachers. But from a scientific point of view, there can be problems
with this PCK: much of it is based on practical experience, and in case it is
scientifically well based, often the teacher has forgotten how and where this
knowledge comes from. This knowledge is very valuable and often correct, but
not always: teachers can become trapped in their own viewpoints and educational habits. For me, being both a teacher and a researcher, it sometimes was
hard to determine whether my own knowledge was scientifically well based,
although this research project would hardly have been possible without my
PCK. On the other hand, for this research project I occasionally read scientific
papers that seemed to be theoretically well founded, but I doubted the interpretations of the data by the researcher: as a teacher, I felt that this researcher
had missed many things that had happened in classroom; there were clear
indications that this researcher had little experience with the behaviour of real
students in school practice. There certainly exists a gap between research and
school practice. From this point of view, being both teacher and researcher is
definitively advantageous.
Being part of two worlds, it was amusing to notice that incidentally
teachers considered my work as merely theoretical (and therefore not applicable to their own situation, that was certainly different), whereas I also incidentally have met scientists who questioned this project because they expected
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it to be merely practical and of limited theoretical value: they seemed not to
expect me to find anything that was not already known (to scientists). Fortunately, I also have met teachers and researchers who showed enthusiasm for
this combination of teaching and research.
An interesting question is whether this study has contributed to bridging
this gap. Personally, I think that I have become a better teacher. I have had
more time and opportunity to think over the design of my lessons, to reflect on
my own teaching, and on learning effects for the students. I had the opportunity to learn by observing fellow-teachers. It was inspiring to work at the
former AMSTEL Institute, meeting educators from all over the country and all
over the world. I have learned from reading scientific articles about education.
I have become a better designer too: as it is shown in this dissertation, the
quality of the instructional materials has gradually been improved during this
design and research project and more effective design principles have evolved.
I leave it to the reader of this dissertation to judge whether my achievements as
a researcher have been worthwhile, but if they are, one reason is their ecological validity.
The project enabled cooperation between the physics teachers (and the
teacher assistant) at HML; generally in school practice, physics teachers do not
have much time for efficient cooperation. Most of my colleagues have cooperated constructively, as critical friends. I am grateful for their cooperation: for
them, there was no extra time available for participating in this project and it
has not always been easy. The fact that modelling has become a more important part of the curriculum has been an important argument for participating. My colleagues certainly have learned from this project. They had the
opportunity to try out new materials and insights, and because of my presence
there was a connection with the scientific educational community. In this way,
collaboration between researchers and practitioners can be an effective way for
bridging the gap between research and school practice. Because parts of this
project have been carried out at other schools, there is a similar effect for
teachers of those schools. But transfer of knowledge would have been better if
my colleagues would have had more time. Therefore, I would plead for more
projects like this one, but in such projects, attention should also be given to the
facilitation of the participating teachers.
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Summary
In this dissertation, I report on a design research project in which a learning
path has been developed on modelling, integrated into the Dutch physics
curriculum and starting from the initial phases of physics education, at age 1314 years. With modelling, a complete process is addressed, based on the
description of the general modelling competency as formulated by the commissions for renewal of the Dutch science curricula: “The student must be able
to analyse a situation in a realistic context and reduce it to a manageable
problem, translate this into a model, generate outcomes, interpret these
outcomes, and test and evaluate the model.” In the learning path, emphasis is
on modelling with computers. System dynamics based graphical modelling has
been chosen as modelling approach. In the learning path, modelling is
systematically combined with experimenting and doing measurements. The
experiments familiarize students with the realistic situations that are modelled,
the measurements provide the data that are used for evaluation and validation
of the models. In this dissertation, the design of the learning path and results
from field testing after several design and research cycles for the first two years
of this learning path are presented.
Modelling is considered promising for education, but it still is a question
how modelling can be used in secondary physics education in an effective way,
for students to learn about models and modelling, and to learn physics by
means of modelling. Main research questions are what can be an effective
design for a modelling learning path, and what can be achieved with lower
secondary students.
RQ1: What are characteristics of an effective learning path on graphical
modelling in lower secondary education?
RQ2: To what extent do students learn to model when they follow this
learning path?
In traditional physics education, students only study situations that are
within the limits of their mathematical capabilities. Many of these situations are
not realistic but simplified. Students may not be aware of the assumptions that
have been made, and may be not aware that they are actually studying models.
As a consequence, they fail to make links between reality and the physics
learned at school. Computer modelling enables students to study subjects that
are more realistic and a modelling approach can make them more aware of
assumptions and the value of physics. These more realistic subjects can be
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expected to be more complex. The question is to what extent lower secondary
students can understand the physics of such more complex subjects. Another
question is how the physics and mathematics content of the curriculum is
affected by the modelling learning path.
RQ3: To what extent can students understand the physics of the more realistic
and more dynamical phenomena in the modelling learning path?
RQ4: How is the mathematics and physics content of the lower secondary
physics curriculum affected by the modelling learning path?
The guidelines that are used for the design of the learning path can be
considered as the kernel of the answer to the first research question; they are
described in Chapter 5 and result from earlier exploratory studies. These earlier
studies are presented in Chapters 2, 3, and 4. The remaining research questions
are answered in Chapter 8, based on findings described in previous chapters.
Regarding the guidelines for the design of the learning path, a first one is
the formation of bases of orientation for new concepts. With respect to the
other guidelines, a distinction is made between two educational scales: (1) a
smaller scale, of a ‘modelling learning sequence’, i.e., an individual modelling
activity together with the sequence of supporting learning activities around it
(including the experiments), and (2) a larger scale, for describing the order in
the learning path of all different activities and abilities required for modelling.
Some guidelines for the design of modelling learning sequences are derived
from the modelling process, but many of them originate from the educational
similarity between modelling and practical work that has been established
during this research project. On the larger scale, the learning path is considered
as consisting of five intertwined partial learning paths. These five are partial
paths on (1) the use of the modelling software, (2) graph comprehension,
(3) variables and formulas, (4) graphical models, and (5) evaluation and the
nature of models and modelling. The design of the learning path in terms of
these five partial paths is presented in detail in Chapter 5.
The second research question is discussed from several perspectives in
Chapter 8. Within the limited time span of this research project, most attention
is given to the perspectives of the partial learning paths on variables and
formulas and the path on graphical models. The partial path on variables and
formulas is described in detail in Chapter 6. Blockages as result of too limited
students’ notions of variable and formula, that have been detected in a pilot
study (see Chapter 4), have been overcome by offering students operational
definitions of variable and formula, by letting students use formulas in a
computer learning environment, and by letting students construct simple
formulas themselves. The progress in the students’ abilities to construct simple
formulas is promising when compared to results of modelling in upper second-
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ary education. The partial path on graphical models is presented in detail in
Chapter 7. Students have successfully worked with several graphical models and
have successfully constructed simple graphical models based on known
equations, but only part of the students have correctly understood all aspects of
the graphical diagrams. Research results show that reality-based interpretation
of the diagrams can conceal an incorrect understanding of diagram structures.
This incorrect understanding only comes to the fore when students are asked to
construct graphical models without assistance. The model equations are not
communicated clearly enough by the graphical diagrams.
Regarding the third research question, in general, students have few
problems accepting realistic phenomena. Reached levels of understanding
differ among students, but students applying for physics in upper secondary
education have performed reasonably well on test questions about more
complicated phenomena. In case students have developed only a partial
understanding of such phenomena, this does not impede further learning
because subsequent steps in the learning path do not depend on a complete
understanding of these phenomena.
With respect to the fourth research question, four ways are distinguished in which the content of the curriculum has been affected, namely by:
1. the introduction of modelling learning sequences;
2. the introduction of more complicated subjects from physics;
3. a change of the mathematical content, necessary for modelling; and
4. a shift in the view on physics.
At first sight, modelling is expected to decrease the mathematical load for
students, but it turns out that modelling puts higher demands to the students’
conceptual mathematical understanding than usual in lower secondary education. Some physics subjects have been studied more intensively and on a higher
level than usual as a result of the integration of modelling, but at the expense of
attention for other subjects. Finally, modelling takes time, but this time may be
well spent, because of the value of modelling as a general competency, that is
useful for other disciplines as well.
This research project has shown that it is possible to start with modelling
in lower secondary education, provided that sufficient attention is paid to
modelling-related student difficulties. The learning path is to be extended into
upper secondary education in future.
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Dit proefschrift beschrijft een in 2008 gestart ontwikkelingsonderzoek naar een
leerlijn modelleren. De binnen dit onderzoek ontwikkelde leerlijn is geïntegreerd in het natuurkundecurriculum en begint al in de onderbouw, halverwege
klas 2 havo-vwo. De leerlijn is getest in de schoolpraktijk, in meerdere ontwerpcycli. Momenteel beslaat de leerlijn de gehele onderbouw. Onder modelleren
wordt binnen dit onderzoek een uitgebreid proces verstaan, aansluitend bij de
door de Commissie Vernieuwing Natuurkundeonderwijs havo/vwo geformuleerde algemene modelleercompetentie: “De kandidaat kan een realistische
contextsituatie analyseren, inperken tot een hanteerbaar probleem, vertalen
naar een model, modeluitkomsten genereren en interpreteren en het model
toetsen en beoordelen.” In de leerlijn ligt de nadruk op modelleren op de
computer. Er is daarbij gekozen voor grafisch modelleren, een benadering die
gebaseerd is op de systeem dynamica van Forrester, waarbij gebruik wordt
gemaakt van een zogenaamd grafisch modelleertool. Binnen de leerlijn is
modelleren systematisch gecombineerd met experimenteren en meten. Door
middel van experimenten leren de leerlingen de te modelleren realistische
situaties kennen vanuit een fysisch perspectief. De meetgegevens worden
gebruikt voor evaluatie en validatie van de modellen. In dit proefschrift worden
het ontwerp van de leerlijn en de onderzoeksresultaten van het project
gepresenteerd.
Modelleren wordt gezien als veelbelovend voor onderwijsdoeleinden,
maar het is nog niet duidelijk hoe leerlingen op een effectieve manier kunnen
leren om te modelleren en hoe leerlingen effectief natuurkunde kunnen leren
door middel van modelleren. Belangrijke vragen zijn aan welke eisen een
leerlijn moet voldoen om effectief te zijn, en wat er bereikt kan worden met
onderbouwleerlingen.
1: Wat zijn eigenschappen van een effectieve leerlijn grafisch modelleren in de
onderbouw van het voortgezet onderwijs?
2: In welke mate kunnen leerlingen die deze leerlijn doorlopen leren om te
modelleren?
Bij de bestudering van situaties en verschijnselen wordt het traditionele
natuurkunde-onderwijs beperkt door de wiskundige mogelijkheden van de
leerlingen. Veel van de bestudeerde situaties zijn niet realistisch, maar vereenvoudigd. Leerlingen zijn zich niet altijd bewust van de aannames die zijn
gemaakt, en zijn zich er zelfs vaak niet van bewust dat ze in feite modellen
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bestuderen. Het gevolg kan zijn dat leerlingen geen verbinding leggen tussen de
werkelijkheid en de schoolnatuurkunde. Door middel van modelleren kunnen
realistischere onderwerpen bestudeerd worden en een meer modelmatige
benadering kan leerlingen meer bewust maken van de aannames die gemaakt
worden. De realistischere onderwerpen zijn waarschijnlijk ook complexer. De
vraag is, in hoeverre leerlingen de natuurkunde van zulke complexere onderwerpen kunnen begrijpen. Een andere vraag is hoe de natuurkundige en
wiskundige inhoud van het programma wordt beïnvloed door integratie van
modelleren.
3: In hoeverre kunnen de leerlingen de natuurkunde van de realistischere en
meer dynamische verschijnselen binnen een leerlijn modelleren begrijpen?
4: Hoe wordt de wiskundige en natuurkundige inhoud van het onderbouwprogramma natuurkunde beïnvloed door een leerlijn modelleren?
De kern van het antwoord op de eerste onderzoeksvraag bestaat uit de
richtlijnen die we hebben gebruikt voor het ontwerp van de leerlijn en die zijn
voortgekomen uit de eerste, verkennende studies. De richtlijnen worden
beschreven in hoofdstuk 5, de verkennende studies worden beschreven in de
hoofdstukken 2, 3 en 4. De antwoorden op de overige onderzoeksvragen staan
in hoofdstuk 8 en zijn gebaseerd op bevindingen in de voorafgaande hoofdstukken.
De eerste richtlijn voor het ontwerp van de leerlijn gaat over het opbouwen van oriëntatiebases voor nieuwe concepten. Voor de andere leerlijnen is er
onderscheid gemaakt tussen twee didactische schalen:
(1) een kleinere schaal, van een ‘modelleersequentie’. Daarmee bedoelen we
een individuele modelleeractiviteit samen met de reeks ondersteunende
leeractiviteiten daar omheen (inclusief de experimenten).
(2) een grotere schaal, om de volgorde van de verschillende activiteiten en
vereiste competenties te beschrijven.
Sommige van de richtlijnen voor de modelleersequenties zijn afgeleid uit het
modelleerproces, maar veel van die richtlijnen zijn gebaseerd op de overeenkomst, vastgesteld tijdens het onderzoek, tussen modelleren en practicum. Op
grotere schaal beschouwen we de leerlijn als opgebouwd uit vijf nauw verweven deel-leerlijnen, namelijk leerlijnen betreffende (1) het gebruik van de
modelleersoftware, (2) grafieken, (3) variabelen en formules, (4) grafische
modellen, en (5) evaluatie en aard van modellen. In hoofdstuk 5 wordt de
leerlijn in detail beschreven in termen van deze deel-leerlijnen.
De tweede onderzoeksvraag wordt besproken vanuit verschillende invalshoeken in hoofdstuk 8. Binnen de beperkingen van dit onderzoeksproject is
de meeste aandacht uitgegaan naar de deel-leerlijn over variabelen en formules
en de deel-leerlijn over grafische modellen. De deel-leerlijn over variabelen en
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formules wordt in detail beschreven in hoofdstuk 6. Problemen die het gevolg
bleken van een te beperkt variabele- en formulebegrip, zoals is vastgesteld in
hoofdstuk 4, zijn opgelost door leerlingen operationele definities te geven van
variabele en van formule, door hen formules te laten gebruiken in de computer
leeromgeving, en door leerlingen zelf eenvoudige formules te laten construeren. De vooruitgang met betrekking tot de constructie van formules door
leerlingen mag veelbelovend genoemd worden als we de resultaten van deze
leerlingen vergelijken met resultaten van bovenbouwleerlingen bij ander
modelleeronderzoek. De deel-leerlijn over grafische modellen wordt in detail
beschreven in hoofdstuk 7. Leerlingen hebben met succes gewerkt met verschillende grafische modellen en hebben ook zelf eenvoudige grafische modellen geconstrueerd op basis van gegeven vergelijkingen. Maar slechts een deel
van de leerlingen heeft de grafische diagrammen volledig correct begrepen. De
onderzoeksresultaten wijzen uit dat een incorrect begrip van de grafische
diagrammen verborgen kan blijven doordat leerlingen bij het interpreteren van
de diagrammen gebruik kunnen maken van hun begrip van de realistische
situatie die gemodelleerd is. Alleen als leerlingen zelfstandig grafische modellen
moeten construeren, blijkt dat de grafische diagrammen niet goed begrepen
worden. De grafische diagrammen maken de onderliggende mathematische
structuur onvoldoende duidelijk voor leerlingen.
Wat betreft de derde onderzoeksvraag: leerlingen hebben in het algemeen weinig problemen met het aanvaarden van deze verschijnselen. Het
bereikte begripsniveau verschilt, maar in het algemeen beantwoorden leerlingen die natuurkunde in de bovenbouw willen gaan kiezen toetsvragen over
de meer ingewikkelde verschijnselen correct. Voor zover leerlingen deze
verschijnselen slechts gedeeltelijk begrijpen vormt dat geen beperking voor het
vervolg van de leerlijn, omdat volgende stappen niet afhangen van een compleet begrip van deze verschijnselen.
Bij de beantwoording van de vierde onderzoeksvraag onderscheiden we
vier manieren waarin de inhoud van het curriculum is aangepast, namelijk door:
1. de introductie van modelleersequenties,
2. de introductie van meer ingewikkelde onderwerpen uit de natuurkunde,
3. een verandering van de wiskundige inhoud, die noodzakelijk was voor het
modelleren, en
4. een verandering in de kijk op natuurkunde.
Op het eerste gezicht zou men kunnen verwachten dat de wiskundige belasting
van de leerlingen verminderd wordt door modelleren maar dit onderzoek laat
zien dat modelleren juist hogere eisen stelt met betrekking tot abstract
wiskundig inzicht dan gebruikelijk is in de onderbouw. Sommige natuurkundige
onderwerpen zijn meer intensief bestudeerd en op een hoger niveau als gevolg
van de integratie van modelleren. Dat ging echter ten koste van aandacht voor
andere onderwerpen. Tenslotte merken we op dat leren modelleren tijd kost,
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maar dat het gaat om nuttig bestede tijd, omdat modelleren een waardevolle
algemene vaardigheid is, die ook gebruikt kan worden in andere disciplines.
Dit onderzoeksproject heeft aangetoond dat het mogelijk is om te starten met modelleren in de onderbouw, onder de voorwaarde dat voldoende
aandacht wordt besteed aan problemen die leerlingen hebben met bepaalde
aspecten van modelleren. De bedoeling is dat de leerlijn verder wordt ontwikkeld in de bovenbouw.
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