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Chapter 1

Introduction

The diversity in length and time-scales present in polymer systems has made
this a rich and complicated field of science. Not only that, but there are also
many industrial applications for polymer systems such as rubbers, plastics
and gels. Since the field is so large and the number of pages finite, we will
only attempt to treat a small part of it in this thesis.

At the lowest level of polymer science is the basic building block of all
polymers, the monomer. A monomer is typically a small molecule that in cer-
tain conditions reacts with other monomers of the same or a different type
to form larger chain-like molecules. In the special case where there is just
one type of monomer, they typically react to form long linear molecules. De-
pending on the conditions, the polymers can become millions of repeat units
long.

Of course there are many other possible polymer types. One can think
of chains that have branches or chains that interconnect with each other at
certain points. The macroscopic properties of such systems can be very impor-
tant from an industrial point of view, so being able to predict such properties
from the known structure of the monomers and external conditions is one of
the goals of polymer science in general. Relevant macroscopic properties
could for example be the viscosity of a solution, the elasticity of a largely
interconnected system (rubbers) or the heat capacity.

Starting the analysis of such complex systems may seem like a daunting
task due to the broadness of the field. However, many workers have con-
tributed both from a theoretical and experimental view point. We will focus
mainly on the theoretical approach. With theory we not only mean classical
“pen and paper” theories, but also very large sets of coupled equations that
can only be solved by computers. Fortunately for us, some eminent scientists,
such as Flory and de Gennes who were both awarded a Nobel prize for their
work [1, 2], made significant advances describing some clearly defined limits

1



1. INTRODUCTION

of the field. One of the first well described and now well understood polymer
problems is that of the ideal chain. Simply put the ideal chain is a set of
volumeless particles only connected to one another by a harmonic spring [3].
This simple system has been thoroughly investigated and can be solved an-
alytically. While not exactly the most realistic model, particularly because it
neglects excluded volume effects, it successfully explains the counter-intuitive
observation that polymeric materials generally stiffen when heated. Further,
it serves as a starting point on which to build more realistic models.

Some extensions to the ideal chain model that we will treat are the in-
clusion of a solvent [4], interconnections between chains and giving monomers
a volume [1]. All those extension have been studied in detail before by many
other people, but in contrast with the ideal chain model, none of them have
been completely solved analytically. The lack of analytical solutions is some-
times not a conceptual problem, but more of a technical one. In theory we
could model a complete macroscopic system containing 1023 atoms at all
length scales larger than the Planck length on any given time-scale using
numerical solutions to the Schrödinger equations. As one might expect, this
is quite a lot of work to do, probably requiring more computational resources
than are available in the foreseeable future.

A solution to the complexity of analytical solutions is to carefully select
the approximations to make. Typically this selection means discarding or
simplifying equations relating to small length scales and short time-scales.
For many systems this selection approach works very well, especially if the
longest and shortest relevant time and length scales are well separated. For
polymer systems the longest and shortest relevant time-scales are not always
close, but often we can reduce the amount of equations and degrees of freedom
to an amount that we can handle. It might still be too difficult to do by
hand on a blackboard, but with the help of computers we can make quite
some progress. There are many techniques to help the process of decreasing
the amount of equations one needs to solve to describe systems correctly
on longer length scales than the atomic scale. In the next few sections we
will describe a few that we will use later on in this work. We have chosen
the techniques because they work on the length scales we are interested
in, and because they have the potential to make long polymer computational
problems tractable. Because of the nature of polymers they are all particle
methods. The methods listed below are just a few select ones, there are of
course many more methods to adress different length and time-scales and
alternative continuum descriptions.
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1.1. POLYMERS

1.1 Polymers

Both the application range and the diversity of the fields of science interested
in polymer behaviour are too large to even begin to describe in this section.
The most commonly encountered polymer in a human made material is plastic
while most organisms themselves contain many types and shapes of polymers.

We will however try to describe polymers mostly in the more mathemat-
ical sense of the word. Taking a single building block and connecting many
identical copies of this block in some way we get a polymer. In this work
the most “complicated” building block is a spherical blob that interacts with
copies of itself through a simple distance dependent potential. The building
blocks (monomers) are connected through a second type of potential. Except
for the chapter on polymer networks, the building blocks are only allowed up
to two connections each, resulting in only linear chains. Surprisingly enough
this simplification of reality will allow us to accurately describe some types
of behaviour of such large molecules.

Now some techniques prove to be particularly suited for computer simu-
lations on systems with polymers, amongst them Molecular Dynamics, Dissi-
pative Particle Dynamics and the Lowe-Andersen thermostat.

1.2 Molecular Dynamics

Molecular Dynamics is a technique for simulating molecules at atomic length
scales. Because the method has been around for quite some time there are
many variations. The simplest one consists only of identical particles inter-
acting through a semi-empirical pair potential and an integration scheme.
Usually the Lennard-Jones potential is chosen such that the pair potential uij
is

uij = 4ε

[
( σ

rij
)12 − ( σ

rij
)6

]

with ε and σ being some characteristic unit of energy and length respectively
[5]. Despite its simplicity it does a remarkable job of describing the phase
behaviour of argon [6].

People have since its conception modified this method to have it describe
much more complex systems in detail. We will not use any of these modifi-
cations except a barostat and a thermostat. Since by itself the method only
describes a system with a constant volume V , number of particles N and en-
ergy E (which is a very uncommon experimental situation), some fundamental
changes need to be made to have the system sample different ensembles.

The two other ensembles that we will consider in this thesis are the NVT
and NPT ensembles. They are very similar in that although they are “constant”
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1. INTRODUCTION

temperature and pressure, these quantities actually fluctuate and only the
time averaged values should be the desired constant value. In most methods
keeping the temperature or pressure constant is achieved by some sort of
coupling to an infinite system with the desired properties. Our adaptation of
these methods is conceptually identical, but we will show that especially in
the constant temperature systems we can make the sampling more consistent
with real systems with just some minor variations.

The choice of using Molecular Dynamics with the Lennard-Jones potential
is historical. This potential describes the interactions between simple atoms
with a reasonable degree of realism. From all the simulation methods work-
ing at the level of relatively small molecules, this method has been the most
extensively researched and described. Conceptually it is another step up from
an ideal gas case, the first step was including repulsive interactions between
particles, using a Lennard-Jones potential adds attractive forces between par-
ticles. With attractive and repulsive forces, time integration methods and some
“control knobs” (the thermostat and barostat) we have the key ingredients to
study at least qualitative polymer behaviour.

1.3 Periodicity

One of the biggest problems with numerical simulations of real life materials
is the extreme discrepancy between the size of a real macroscopic system and
the maximum size of a simulated system. A very typical Molecular Dynamics
system with 1000 molecules of H2O would represent a cubic block of water
with each side about 3nm. As the reader probably knows most interesting
experiments on water require a bit more water. Luckily many macroscopic
phenomena find their origin on the simulated length scale or lower. The
biggest issue is trying to most accurately represent the system on such a
length scale, in theory a perfect representation of a system on a small scale
would allow one to accurately describe phenomena originating from processes
in real systems on these length scales. This means that simulations of a real
system should try not to introduce things into the system that are not there
in a real system. The easiest difference to spot between any real system and
a simulated system is the edge. A real system also does have an edge, but
the ratio of the atoms at the edge of a system to the atoms not at the edge is
many orders of magnitudes lower than in a simulated system.

There are three common approaches for handling the edges in a simulated
system. The easiest is not to include explicit edges at all. Another approach is
to place artificial walls around the simulated sample and define interactions
between the wall and the system. The last approach is to introduce walls,
but make each wall a window to an identical copy of the simulated system.
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1.4. DISSIPATIVE PARTICLE DYNAMICS

It is easy to see that constraining the size of a system in some way is
useful, typically disqualifying the first edge handling method for our systems
of interest. Any system that does not inherently stick to itself (e.g. a solid
or particles with artificially constrained distances) will eventually evaporate
due to thermal motion.

While all three methods have some benefits and drawbacks, the consensus
seems to be that in most simulations the last option “periodic boundaries” is
the best option. Periodic boundaries have the benefit of keeping the system
at a fixed size, without the drawback of introducing wall interactions where
there should be none. More explicitly, there are no boundary effects at all, so
even for small systems the macroscopic “boundary to bulk” ratio is realistic.

In this work we will mostly use the periodic boundary conditions. An
interesting issue with periodic boundary conditions is described in the chapter
on polymer networks. It will explain why the classification of a system as a
network gets highly complicated by the introduction of periodic boundaries
and give a method for overcoming these complications.

1.4 Dissipative Particle Dynamics

The Dissipative Particle Dynamics (DPD) method was introduced in 1992 by
Hoogerbrugge and Koelman [7]. Their model was improved in 1995 when
Español and Warren [8] put it on a solid theoretical foundation by getting the
thermodynamic equilibrium properties right. The method itself is a mesoscopic
particle method that is well-suited for multi-component fluid simulations, and
specifically ones where the dynamics itself are interesting. With mesoscopic
we mean in this context that the simulations capture the fluctuations with
small scale physics, but individual particles making up the system are meant
to represent many atoms or molecules. An oft overlooked property of the
DPD model is that it has a relatively simple equation of state. This simple
equation of state allows a theorist to work out analytical solutions to some
problems that can be checked with computer simulations in a relatively simple
way. A simpler model like an ideal gas, will also have a simpler equation of
state that fails to describe things like phase transitions. On the other hand a
more complex model like Molecular Dynamics with a Lennard-Jones potential
results in an equation of state that describes phase transitions, but is very
complex. The DPD model and corresponding equation of state fall in the
middle of these, it describes for example mixing and de-mixing, but still has
a simple equation of state.

With these properties in mind, it is useful to explain the actual method
in a bit more detail. The method consists of three parts, a set of forces that
enforce the correct static thermodynamic properties, an integration scheme
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1. INTRODUCTION

that takes care of the correct time evolution of the system and finally a set of
boundary conditions. The forces in DPD are usually given as three separate
contributions. First the conservative force fc

~fc =
{

aij (1 − rij
rc

)r̂ij if rij < rc
0 if rij > rc

Here aij is a function of the particle types involved in a particle pair interac-
tion. The distance between particles i and j is rij , the force cut-off radius rc
and r̂ij is the unit distance vector between i and j. Notice that, unlike with
most potentials used for molecular simulations, the force does not go to infin-
ity at small separations. The repulsion between DPD particles is soft, making
it possible to integrate the equations of motion with a longer time-step. The
aij parameter can be used to tune the interaction between different fluids in
the system. Phase transitions in the system occur because of this force, set-
ting it to 0 reduces the system to an ideal gas. Second we have the random
force, that together with a dissipative force acts as the system thermostat.
The random force ~fr consists of a tunable magnitude σ , a distance dependent
weight ωR and a randomly chosen variable from a Gaussian distribution with
unit variance Θij chosen to be

~fr =
{

σωR (rij )Θij r̂ij if rij ≤ rc
0 if rij > rc

Finally the dissipative force ~fd force has the following form:

~fd =
{

−γωD(rij )(r̂ij · ~vij )r̂ij if rij ≤ rc
0 if rij > rc

Here γ is a tunable friction coefficient and ωD is a distance dependent weight.
The random and dissipative forces balance the system to be at a temperature
kBT = σ2

2γ if ωD(rij ) =
(
ω(rij )

)2. For simplicity the weight function ωR (rij ) is
usually chosen to be

ωR (rij ) =
{

1 − rij
rc

if rij ≤ rc
0 if rij > rc

The total force on a single particle i is now given by

~fi = Σi6=j
(

~fc(rij ) + ~fr(rij ) + ~fd(rij )
)

Note that although this is a double summation, all three force components
have a limited range, so the simulation remains manageable even for large
amounts of particles.
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1.5. LOWE ANDERSEN THERMOSTAT

Now the equations of motion also have to integrated. There are some
options here, but for strict DPD using the random and dissipative forces a
scheme that has no velocity dependent forces is useful. A modified velocity-
Verlet scheme is typically used. Here the equations of motion are integrated
as follows, using g as a shorthand for the calculated forces based on the new
particle positions:

~ri(t + ∆t) = ~ri(t) + ∆t~vi(t) + 1
2(∆t)2~fi(t) (1.1)

~v∗
i (t + ∆t) = ~vi(t) + λ∆t~fi(t) (1.2)

~fi(t + ∆t) = g(~ri(t + ∆t), ~v∗
i (t + ∆t)) (1.3)

~vi(t + ∆t) = ~vi(t) + 1
2∆t(~f (t) + ~fi(t + ∆t)) (1.4)

Here the velocity v∗
i is a guess for the actual velocity at t + ∆t . A suggested

optimal value for this the value of λ is 0.65.

1.5 Lowe Andersen thermostat

The Lowe Andersen thermostat is a modification of the original DPD algorithm
[9]. It recognises that the dissipative and random forces in DPD basically
combine to act as a thermostat. While conceptually not much different, it
modifies this thermostat. Discarding the conservative force, it then yields a
good representation of an ideal gas that resolves hydrodynamics correctly on
a scale larger than the typical inter-particle distance. As we will see, however,
it can also be applied where conservative forces are present.

The DPD thermostat is replaced by a stochastic mechanism that acts
directly on velocities, the forces are implied. In spirit, this idea is taken from
the Andersen thermostat. The Andersen thermostat can be written as

~v∗
i (t) =

{
~vi(t) Γ∆t < ζ1
~ε Γ∆t ≥ ζ1

(1.5)

meaning that every iteration with a time-step ∆t , the velocity ~v of particle i

is replaced by ε with a chance Γ∆t . ζ1 is a uniform random number between
0 and 1. Here ε is sampled from a Boltzmann distribution for a temperature
kBT :

~ε =
√

kBT

mi
[ζ2, ζ3, ζ4] (1.6)

with ζ2, ζ3 and ζ4 being random numbers from a Gaussian distribution of unit
variance and 0 mean. The particle mass is given by mi.
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As will be shown in Chapter 2 the Andersen approach has a negative effect
on the auto-correlation function of the particle velocities. The negative effect
implies artificially slowed down dynamics. An alternative approach is to do
the thermostatting operation on particle pairs. It is then possible to conserve
momentum (an essential requirement to recover correct hydrodynamics). Ev-
ery simulation time step, with a probability Γ∆t for each particle pair with a
relative distance smaller than rc , their relative velocities ~v are replaced with
one from a Boltzmann distribution with the desired system temperature kBT

with a chance based on the interaction frequency Γ and time-step ∆t:

~v∗
i (t) =

{
~vi(t) Γ∆t < ζ1
~vi + µij

mi

(
λ −

(
~vi − ~vj

)
· σ̂ ij

)
σ̂ij Γ∆t ≥ ζ1

~v∗
j (t) =

{
~vj (t) Γ∆t < ζ1
~vj − µij

mj

(
λ −

(
~vi − ~vj

)
· σ̂ij
)

σ̂ij Γ∆t ≥ ζ1
(1.7)

Here σ̂ij is the unit separation vector σ̂ij = (ri − rj )/
∣∣ri − rj

∣∣, mi and mj the
masses of particles i and j respectively, µij (= mimj /(mi + mj )) the reduced
mass of the pair and λ a stochastic variable λ = ζ2

√
(kBT /µij ) where ζ2 is

again a random number from a Gaussian distribution with zero mean and unit
variance.

Integration of the equations of motion is simpler than DPD since the forces
are not velocity dependent. We get the new velocity ~vnew from the old velocity
~vold from the conservative force ~f and time-step size ∆t as

~rnew = ~rold∆t +
~fprev∆t2

2 (1.8)

~vnew = ~vold + ∆t~fprev
2 (1.9)

We can see the Lowe-Andersen method as a best of both worlds approach;
on one side it has the stability of a velocity based algorithm, on the other side
it preserves hydrodynamics to a large extent.

1.6 Nomenclature

A clear distinction has to be made between the various terms describing parts
of the techniques mentioned here. Historically, the DPD method is used to
refer to the combination of the pair potential, a thermostat and an integration
scheme. Since we will adapt some parts of the method later on, we will try
to refer to the individual parts separately. “The DPD method” will be the
combination of the potential, the thermostat and the integration scheme. The
most often referred to modification will be the Lowe-Andersen thermostat.
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1.7. OUTLINE OF THIS THESIS

There is no such thing as “The Lowe-Andersen method” so we will always
specify if we use just the thermostat and associated integration scheme, or a
combination of the thermostat and the potential. Using the Lowe-Andersen
thermostat in absence of a pair potential is effectively a way of modelling an
ideal gas with implicitly correct hydrodynamics.

1.7 Outline of this thesis

This work will describe improvements of existing algorithms and develop some
new ones as well. The common theme is that they can all be applied in some
way to solving polymer related problems. In Chapter 2 we will consider
the use of the Lowe-Andersen thermostat in Molecular Dynamics systems.
This is a useful method for realistically, but in a simple way, including the
thermal and dynamical effects of solvent surrounding polymers. We show how
it alleviates some problems associated with other alternative approaches and
address issues of implementing it efficiently. In Chapter 3 we develop and
apply a barostat, commonly used in Molecular Dynamics systems to maintain
a set pressure, to coarse grained DPD systems. This extends the methodology
of Chapter 2 to the case where the pressure and temperature are specified.
This is normally the case under experimental conditions. The simulations
show that it is a robust way of doing this and confirm predictions for the
phase behavior of the coarse grained model.

In Chapter 4 we consider an important class of polymer problem, the for-
mation of networks. Network formation produces solid-like materials, such as
gels, with highly variable properties. Specifically, we address a commonly
overlooked problem when simulating such objects in systems using the peri-
odic boundary conditions desirable in a simulation. How do we identify when
we have or have not got a network? We introduce a new method to resolve
this problem that we then apply to study deformation in a model polymer gel.
Then in Chapter 5 we use the techniques developed in Chapters 2 and 3 to
simulate the collapse of a polymer in a super critical solvent. A theoretical
model for describing the collapse and expansion of a polymer in a symmet-
ric solvent predicts counterintuitively that the collapsed state in this regime
contains more solvent than the expanded state. The simulation model allows
us to quantitatively test this prediction. In Chapter 6 we introduce a simple
method that will enable simulations of model polymers in a specific type of
flow field - an extensional flow - in particle systems using periodic boundary
conditions. This type of flow is relevant because it is used in microfluidic
experiments to study the deformational and elastic properties of long poly-
mers, for example DNA. Finally in Chapter 7 we consider an unusual aspect
of the theory of polymers. These often predict their properties in fractional as
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1. INTRODUCTION

well as integer spacial dimensionalities. To test these predictions a method
of simulating polymers in non-integer dimensions is required and here we try
to develop such a method.
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