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1. Introduction 

 

 

1.1: Introduction 

 

 

 

Figure 1.1: Natural and Manmade examples of glasses 

 

Window glass and many other solids like acrylic and polycarbonate are not 

crystalline but disordered at the atomic scale–a lot like liquids frozen in time. Researchers 

have wondered whether they are just very viscous liquids, or whether they are liquids that 

go through some kind of phase transition as they cool and solidify. Window glass and hard 

plastics are the most familiar examples of a large class of solids called glasses. A few types 

of glasses are shown in Fig. 1.1. Many of these materials are very useful, but their atomic-

scale behavior is different from traditional crystalline materials and harder to understand. 

For example, when a glassblower cools molten glass into a solid, its viscosity rises 

dramatically. For decades, scientists have speculated about the origin of this rapid rise in 

viscosity–known as the glass transition–might hint that the atoms or molecules of a liquid 

are trying to take on a new arrangement through something like a phase transition. 

Researchers have only indirect evidence because available experiments can’t directly 

Volcanic   Citrine 

Lizard skin Metal glass [1] 

Acrylic 

polycarbonate Vase 



 

2 
 

observe how the glass’s atomic arrangement differs from that of a liquid. To gain more 

direct insight into the underlying mechanism, one can use models of glasses for which the 

motion of the constituent particles can be observed. A prominent model system consists 

of micron-sized particles suspended in a fluid called colloidal glass to model atoms or 

molecules in a glass-forming liquid. Since the beads are much bigger than individual 

atoms, they are visible under a microscope [2]. In this thesis we have performed 

experiments using colloidal glasses composed of hard and soft spheres to understand the 

flow and relaxation of such a glass. We directly observe particles in glasses - quiescent as 

well as under applied deformation, and we study the mechanical properties of these 

colloidal glasses by rheological measurement. 

 

 

1.2: Colloidal crystals and glasses  

 

A colloidal crystal is a highly ordered array of particles that can be formed over a 

very long range (typically on the order of a few millimeters to one centimeter) and that 

appears analogous to its atomic or molecular counterparts [3]. One of the 

finest natural examples of this ordering phenomenon can be found in precious opal, in 

which brilliant regions of pure spectral color result from close-packed domains 

of amorphous colloidal spheres of silicon dioxide (or silica, SiO2) [4,5]. These spherical 

particles precipitate in highly siliceous pools in Australia and elsewhere, and form these 

highly ordered arrays after years of sedimentation and compression under hydrostatic and 

gravitational forces [6]. In contrast to crystals, the structure of liquids and glasses is 

disordered and irregular. Fig. 1.2a and b shows images of the structure of colloidal crystal 

and glass, respectively. The structure can be characterised by the pair correlation function, 

a measure of the probability of finding a particle at a distance r away from a given 

reference particle, relative to that for an ideal gas. The pair correlation functions of 

colloidal crystal and glass are shown in Fig 1.2 c and d.  

 

http://en.wikipedia.org/wiki/Order_(crystal_lattice)
http://en.wikipedia.org/wiki/Analogous
http://en.wikipedia.org/wiki/Natural
http://en.wikipedia.org/wiki/Opal
http://en.wiktionary.org/wiki/spectrum
http://en.wikipedia.org/wiki/Color
http://en.wikipedia.org/wiki/Close-packed
http://en.wikipedia.org/wiki/Amorphous
http://en.wikipedia.org/wiki/Silicon_dioxide
http://en.wikipedia.org/wiki/Silica
http://en.wikipedia.org/wiki/Precipitate
http://en.wikipedia.org/wiki/Siliceous
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Figure 1.2: (a) Colloidal crystal [7]. (b) Colloidal glass. (C) Pair correlation function of 
crystal. (d) Pair correlation function of glass [8]. The inset of c and d are shown the way to 
find particle around reference particle, for crystal and glass respectively, where the red 
particle is our reference particle. 
 

 

1.3: Jamming and the glass transition 

 

As a supercooled liquid is cooled to lower temperatures, its viscosity increases 

and the molecules which comprise it move more and more slowly. The molecules of the 

liquid try to rearrange to find the equilibrium state for that temperature. So, if we cooled 

a liquid fast enough, molecules do not have time to rearrange significantly to form a 

crystal, Fig. 1.3a. The liquid’s structure therefore appears ‘frozen’ on the laboratory 

timescale (for example, minutes). This falling out of equilibrium occurs across a narrow 

window where the characteristic molecular relaxation time becomes of the order of 100 

seconds, and the rate of change of volume or enthalpy with respect to temperature 

decreases abruptly (but continuously) to a value comparable to that of a crystalline solid. 

The resulting material is a glass.  

 

r
0
 r

0
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Figure 1.3: (a) Temperature dependence of a liquid’s volume v or enthalpy h at constant 

pressure. Tm is the melting temperature. A slow cooling rate produces a glass transition at 

Tga; a faster cooling rate leads to a glass transition at Tgb [12]. (b) Tg-scaled Arrhenius 

representation of liquid viscosities showing Angell’s strong–fragile pattern. Strong liquids 

exhibit approximate linearity (Arrhenius behaviour); fragile liquids exhibit super-Arrhenius 

behaviour [12]. 

 

The intersection of the liquid and vitreous portions of the volume versus temperature 

curve provides one definition of Tg, which usually occurs at around 2Tm/3. The behaviour 

depicted in Fig. 1.3a is not a true phase transition, as it does not involve discontinuous 

changes in any physical property. The slower a liquid is cooled, the longer the time 

available for configurational sampling at each temperature, and hence the colder it can 

become before falling out of liquid-state equilibrium. Consequently, Tg increases with 

cooling rate [9, 10]. The properties of a glass, therefore, depend on the process by which it 

is formed. In practice, the dependence of Tg on the cooling rate is weak (Tg changes by 3–

5C when the cooling rate changes by an order of magnitude [11]), so that Tg is an 

important material characteristic. Another definition of Tg is the temperature at which the 

shear viscosity reaches 10
13

 poise or 10
12

 (pa.s). Close to Tg, the viscosity  is 

extraordinarily sensitive to temperature [12]. 
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Jamming occurs when a system develops a yield stress and behaves as a solid—in a 

disordered state. In practice, it is difficult to determine whether a system truly has a yield 

stress, or whether one has not yet waited long enough for the stress to relax. Thus, a more 

practical definition is that jamming occurs when the stress relaxation time of a system 

with no quenched disorder exceeds some fixed value, such as 10
3
 to 10

5
 seconds, in a 

`disordered state. According to these definitions, many systems are jammed. Granular 

materials can flow when they are shaken or poured through a hopper, but jam when the 

shaking intensity or pouring rate is lowered. Similarly, foams and emulsions (dense 

colloidal suspensions of deformable gas bubbles or liquid droplets) can flow when they are 

sheared, but are soft amorphous solids when the shear stress is lowered below the yield 

stress. These systems are athermal; random motions supplied by some driving force are 

necessary to induce any motion since thermal energy is insufficient to cause particle 

rearrangements. In colloidal suspensions of smaller particles, such jamming also occurs 

when the pressure or density is sufficiently large. At low packing fractions, particles are 

free to diffuse and explore different configurations. As the packing fraction increases, 

however, the space available for motion decreases and the system becomes a disordered 

solid with a yield stress [13]. 

 

1.4: The jamming phase diagram 

 

Glasses unjam as one raises the temperature, foams and emulsions unjam as one 

raises the shear stress, and colloidal glasses unjam as one lowers the packing density. 

These parameters are so different that it is difficult to see how one can compare the 

jamming transitions at a quantitative level. Much recent experimental and theoretical 

work pointed out that all three parameters are important to all systems, but the range 

over which they can be varied might be limited for a given system. In other words, these 

different parameters might be tied together by a "jamming phase diagram," Fig. 1.4. The 

choice of axes is dictated by the parameters that control the transition to jamming in the 

different systems, namely temperature T, density  , and shear stress σ. The ordinary state 

diagram for the glass transition would be in the (1/density)–T plane of the jamming phase 

diagram. At high density there is a transition between a super-cooled liquid and a glass 
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that occurs at Tg. As the density is lowered, Tg normally decreases. This glass-transition line 

is represented by the curve separating the jammed and unjammed regions in the 

(1/density)–T plane. There is, of course, considerable debate about whether the transition 

is a true thermodynamic one occurring at a nonzero temperature or whether the 

dynamics are completely arrested only at T=0.  

 

 

Figure 1.4: "Jamming phase diagram" [22]. The jammed region, near the origin, is enclosed 

by the depicted surface [21].  

 

For the purpose of this discussion, the line separating the jammed (glassy) phase from the 

liquid state corresponds to a relaxation time that has increased to some fixed value, such 

as 10
3
 seconds as is sometimes used to define Tg in super-cooled liquids. The ordinary 

phase diagram for a foam or emulsion would be in the (1/density)–load plane of the 

jamming phase diagram. At fixed density, one must apply a shear stress higher than the 

yield stress in order for the system to flow. Thus, the yield stress as a function of density is 

the curve that separates the jammed and unjammed regions in this plane. As the density 

decreases towards close-packing, the yield stress decreases, as has been shown 

experimentally for emulsions and foams. We note again that it is impossible to tell 

whether the yield stress is truly nonzero or if it is only nonzero on the time scale of a 

rheological measurement. The same caveat that holds for the glass transition—that the 

Temperature 

1/ Density 

Load 
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transition corresponds to a relaxation time that has reached some fixed value—therefore 

holds for the entire surface of the jammed region.  

 Mode-coupling theory suggested a few years ago that the colloidal glass transition and 

molecular glass transition are analogous despite the fact that the control variables are 

different. The jamming phase diagram suggests a reason why the different jamming 

transitions might be related, independent of the accuracy of the mode-coupling 

approximation [14-21]. 

 

 

1.5: Dynamic heterogeneity  

 

 

Figure 1.5: Dynamic heterogeneity for Weeks-Chandler-Anderson mixture in two 

dimensions. The pictures are renderings of the mobility field for typical equilibrium 

trajectories particles. The rendering shades each particle according to the size of the 

particle's displacement from its initial position. If the ith particle's displacement is nil, i.e., 

|ri(△t) – ri(0)|= 0, the particle is pictured as white. As the particle displacement grows, the 

particle acquires an increasing shade of gray, becoming completely black when |ri(△t) – 

ri(0) | > d [24]. 

 

Due to the long relaxation time of glasses, a part of the density fluctuations are 

frozen. Understanding these fluctuations has been a central difficulty for making 

theoretical advances. Both the liquid and the glass have disordered structure, so even if all 

molecules in the system are identical, they experience different local environments [23]. 
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In the liquid, these differences can be neglected to a large extent: every particle has on 

average a similar environment. So, the behavior of the system could be inferred from that 

of a typical particle in a typical environment. Thus, for example, microscopic properties, 

such as the rate with which particles diffuse in the liquid, are directly related to bulk 

properties, such as the viscosity. However, as the glass transition is approached, it 

becomes increasingly difficult to characterize 'typical' particles and 'typical' environments 

because the dynamics of the system become spatially heterogeneous. Within a given 

interval of time, some particles may move distances comparable to their size, while others 

remain localized near their original positions. Thus, on these time scales, we can refer to 

these as 'mobile' and 'immobile' particles. Of course, on long enough time scales, 

ergodicity ensures that particles become statistically identical. The dynamic heterogeneity 

is illustrated beautifully in Fig. 1.5, where the authors have studied the time evolution of 

the mobilities of the particles interacting through the Weeks-Chandler-Anderson potential 

[24]. The mobility is obtained from the displacements, |ri(△t ) - ri(0)|, of individual 

particles. These particle displacements are represented by different grey levels. 

 

 

Figure 1.6: Three examples of dynamical heterogeneity [25]. In all cases, the figures high-

light the clustering of particles with similar mobility. (Left) Granular fluid of ball bearings, 

with a colour scale showing a range of mobility increasing from blue to red [29]. (Centre) 

Colloidal hard sphere suspension, with most mobile particles highlighted [26]. (Right) 

Computer simulation of a two-dimensional system of repulsive disks. The colour scheme 

indicates the presence of particles for which motion is reproducibly immobile or mobile, 

respectively from blue to red [27]. 
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The figures show that regions of higher activity coexist with regions of lower activity. 

Dynamic heterogeneity occurs in a wide range of systems. The appearance of dynamical 

heterogeneity in vibrated granular systems, colloids, and computer simulations of 

repulsive disks is compared in Fig. 1.6 [25]. 

The most striking feature of all these images is that the particles with different mobilities 

appear to form clusters. This observation suggests that structural relaxation in disordered 

systems is a nontrivial dynamical process. Over the last decade, it has become clear from 

experiments and computer simulations that a variety of glassy systems display the kind of 

clusters shown in Fig.1.6. The origin of the heterogeneous dynamics in glasses remains to 

be understood. 

 

1.6: Rheology  

 

For many of us, we start the day by squeezing tooth paste onto a toothbrush, 

spreading chocolate paste onto bread. These materials belong to a group of materials 

named soft glassy materials (SGMs). The characteristic property of these soft glassy 

materials is that they have an amorphous microscopic structure just like a liquid but 

macroscopically, they behave like a solid at low stresses [26]. Above a certain stress, called 

yield stress, they will flow. It costs little energy to spread the chocolate paste but it does 

not flow from your sandwich. We study the properties of materials via their rheology [28]. 

Colloidal dispersions play an important role in many different applications as e.g., paints 

or pharmaceutical formulations. Since the rheological behavior is relevant for processing 

of these materials, many studies on flow properties of hard and soft colloidal suspensions 

have been reported in the literature [2-35]. In chapter 4 we report rheological 

experiments to compare behaviour of soft and hard- sphere colloidal glasses. 

 

1.7: Connecting micro to macro scale   

 

Jammed systems are widely used; they have been studied intensively by 

engineers and rheologists over the past few decades, leading to a wide variety of 
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phenomenological rheological models. While these phenomenological models have been 

quite powerful in capturing the coarse features of a broad range of materials and 

describing real yield stress fluids, there are important shortcomings, for example, we don’t 

have satisfactory micro-rheological models for real yield-stress fluids yet. For some 

complex fluids (e.g. polymer solutions, polymer melts and dilute and semi-dilute particle 

suspensions) micro-rheological models have been developed that link the macroscopic 

mechanical behavior of the material to its microstructural properties. Furthermore, in 

many situations the yield stress is in fact not a material property, as is often assumed, but 

depends on the deformation history of the system and evolves in time [36–39]. In 

particular, when left at rest, many of these materials age and become more rigid, while 

shearing leads to rejuvenation making them softer — these materials never reach 

equilibrium. This makes it hard, if not impossible, to measure a well-defined yield stress 

for a given material. And also, when a homogenous stress is applied, classical rheology 

predicts a homogeneous flow. Most jammed systems, however, form shear bands, i.e., 

inhomogeneous states where only a part of the system flows. While shear bands can arise 

from stress inhomogeneity, shear banding has recently been observed in number of 

systems for which the stress is homogeneous, such as in cone-plate cells [36, 39-40], in 

linearly sheared colloidal glasses [41] and in simulations of linearly sheared foams [42].  

To make progress, one can look at the interplay between flow and structure of the fluid. In 

this picture, flow leads to changes in the microstructure of the flowing material, which in 

turn influences its local rheological properties. The measured global rheological features 

are then an emerging property of materials. Thus by looking at the microstructure, we will 

find out why some materials show shear thickening behavior, while most are shear 

thinning. Some recent work has addressed the connection between dynamic 

heterogeneity, aging, shear banding and structure [36-38, 43, 44]. To make progress we 

should link the macroscopic rheology to the microscopic properties. Then, we hope to be 

able to answer questions as: “What is the microscopic origin of the yielding transition of 

fluids?  And why do some materials by applying shear exhibit a transition into a jammed 

state, while others flow more easily?”. For this propose we try to make connection 

between rheology and the suspension microstructure in two ways. First, we combine 
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rheology with direct real-space imaging of the suspension by microscopy in chapter 4. We 

record rheological data together with microstructure data obtained by confocal 

microscopy at the same time. Second, we probe a colloidal glass by indentation and take 

3D images with a confocal microscope in chapter 6. This allows us to elucidate in detail 

how a glass starts to flow. 

 

1.8: Indentation 

 

As mechanical systems in today's technology tend to decrease in size down to 

micro-and nanometers, it is becoming necessary to develop experimental and theoretical 

tools to investigate and characterise material properties at these scales. Among the most 

popular tools to probe material properties on a small scale is micro- or nanoindentation. It 

is almost a century that people perform indentation experiments on the macro scale to 

measure material properties. After down-scaling by orders of magnitude, nano and micro-

indentation have now become increasingly used tools to investigate the mechanical 

properties of the material in small volumes. In particular it is a useful tool for studying the 

onset of plastic flow in small volumes, a phenomenon that plays a significant role in large 

scale deformation processes such as fracture, adhesion and friction [45]. It is well known 

that the onset of plastic flow provides a key for understanding the origin of relaxation and 

aging that are central to the evolution of all glassy materials from metallic to polymer to 

soft glasses. Understanding its origin is crucial to the understanding of the amorphous 

state.  

 

Figure 1.7: (a) Load displacement curve, elastic regime and (b) load displacement curves, 

plastic regime [46].    
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A few years ago nanoindentation has been applied to atomic glasses to probe their 

mechanical behavior and to study incipient plasticity [46]. Such experiments indent the 

glass upon a certain load and measure the corresponding displacement. Fig 1.7 shows the 

indentation-load as a function of the displacement. The curves show that when loading 

upon a certain threshold and then unloading, the load-displacement curve is completely 

reversible (Fig. 1.7a). When indenting with a load above the threshold, sudden 

displacement jumps were observed (Fig. 1.7b). In this case, the displacement is not fully 

recovered upon unloading. This indicates a permanent deformation of the material. While 

these experiments give direct evidence of the occurrence of plastic events at stresses 

above a certain threshold, however, their direct observation has remained elusive because 

it is prohibitively difficult to image the atomic motion directly. We use an analogue of 

nanoindentation performed on a colloidal glass to obtain direct images of the incipient 

deformation in three dimensions and real time, allowing us to elucidate the very earliest 

stages of deformation. In chapter 6 we provide a comprehensive study of nanoindentation 

on a colloidal glass. 

 

1.9: Thesis outline 

The thesis is organized as follows: We give a general description of the 

experimental systems and measurement techniques used in this thesis in chapter 2. We 

then describe the particle synthesis, sample preparation and specific measurement 

protocols employed in this work in chapter 3. Chapters 4-6 present the experimental 

results and discussion: We first investigate the rheological behaviour of hard and soft 

spheres in chapter 4. Besides the standard measurement of the viscoelastic moduli, we 

include a new analysis of oscillatory rheology data providing insight into the mechanism of 

straining, yielding, and flow. We also include the measurement of the single-particle 

modulus, and its link to the macroscopic suspension modulus, which we establish via the 

imaged structure (pair correlation function) of the suspension. We provide a microscopic 

analysis of the relaxation in hard and soft-sphere suspensions in chapter 5. We apply 

dynamic correlation functions to investigate the long-range nature of relaxation modes, 

and we elucidate the difference between those of hard and soft spheres by direct imaging 
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and vectorial analysis of the displacement field. An important step in any relaxation is the 

onset of irreversible rearrangements. We directly probe this incipient plastic deformation 

by applying indentation in chapter 6. By direct three-dimensional imaging, we follow the 

surprising fractal nature of the onset of relaxation, and characterize its robust fractal 

dimension. The fractal deformation field gives evidence of the criticality of the glass at the 

onset of flow. 
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2. Experimental techniques 

 

 

2.1: Colloids 

 

 

Figure 2.1:  Typical examples of material sizes and light wavelength compared to the 

colloidal range [1].    

 

The Scottish chemist Thomas Graham discovered (1860) that certain substances 

(e.g., glue, gelatin, or starch) could be separated from certain other substances (e.g., sugar 

or salt) by dialysis. He gave the name colloid to substances that do not diffuse through a 

semipermeable membrane (e.g., parchment or cellophane) and the name crystalloid to 

those which do diffuse and which are therefore in true solution. Colloidal particles are 

larger than molecules but too small to be observed directly with the naked eye. Although 

there are no precise boundaries of size between the particles, colloidal particles are 

usually on the order of 10
-6

 to 10
-4

 cm in size. In Fig 2.1 we show the colloidal range 

compared to the scale of other materials.  

One way of classifying colloids is to group them according to the phase (solid, liquid, or 

gas) of the dispersed substance and of the medium of dispersion. A gas may be dispersed 

in a liquid to form foam (e.g., shaving lather or beaten egg white) or in a solid to form solid 

foam (e.g., Styrofoam or marshmallow). A liquid may be dispersed in a gas to form an 
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aerosol (e.g., fog or aerosol spray), in another liquid to form an emulsion (e.g., 

homogenized milk or mayonnaise), or in a solid to form a gel (e.g., jellies or cheese). A 

solid may be dispersed in a gas to form a solid aerosol (e.g., dust or smoke in air), in a 

liquid to form a sol (e.g., ink or muddy water), or in a solid to form a solid sol (e.g., certain 

alloys). A further distinction is often made in the case of a dispersed solid. 

One property of colloidal systems that distinguishes them from true solutions is that 

colloidal particles scatter light. If a beam of light, such as that from a flashlight, passes 

through a colloid, the light scattered by the colloidal particles and the path of the light can 

therefore be observed. Nowadays colloids are used in wide range of research in different 

subjects such as condensed matter physics, rheology, chemistry, material science and 

nanoscience.  

 

2.2: Hard spheres  

 

 

Figure 2.2: (a) Hard sphere (PMMA particle), (b) Soft sphere (NIPA particle).  

 

Hard spheres are widely used as model particles in the statistical mechanical 

theory of fluids and solids. They are defined simply as impenetrable spheres that cannot 

overlap in space. They mimic the extremely strong repulsion that atoms and spherical 

molecules experience at very close distances. Hard-sphere systems are studied by 

analytical means, by molecular dynamics simulations, as well as by the experimental study 

of certain colloidal model systems, Fig. 2.2(a), [2]. The relevant thermodynamic parameter 

of hard-sphere suspension is the volume fraction “” which is the ratio of the volume 

occupied by the particles, and the total volume, determined by 
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  = 
    

  
                    (2.1) 

where N is the number of particles in suspension, Vp is the volume of each particle and    

is the total volume of suspension.  

 

Figure 2.3: Phase diagram of mono-disperse hard spheres as function of volume fractions.   

 

The phase behavior of mono-disperse colloidal suspensions as a function of   is shown 

schematically in Fig. 2.3 [3, 4]. At low volume fractions, the system behaves like a dilute 

gas, that is, there are no structural correlations in the system. As   is increased, there is 

short-range order in the particle positions just as in a fluid. At    0.49, the freezing 

volume fraction, the system separates into coexisting fluid and crystalline phases. Above 

    0.54, the crystal is the thermodynamically stable phase. The crystal becomes denser 

until it reaches a maximum close packing configuration at   0.74. The phases described 

above are equilibrium phases, where the eventual configuration of the system is 

determined by equilibrium thermodynamics, that is, the free energy of the system 

acquires a minimum. This phase behavior was confirmed experimentally by Pusey and van 

Megen, using suspensions of sterically stabilized PMMA particles (polymethyl 

methacrylate) [3]. However, the hard sphere systems can also exhibit non-equilibrium 

behavior. For example, rapid condensation of a hard-sphere fluid to    = 0.58 results in a 

meta-stable, kinetically trapped state known as a glass, and this volume fraction is termed 

the glass transition volume fraction [5]. This state persists until      0.64, the random 

close packed volume fraction, which is the maximum volume fraction that a large, random 

collection of spheres can attain without crystalline order [6]. 
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When we have a dilute suspension, particles easily move and exhibit Brownian motion. A 

Brownian particle's trajectory is parameterized by its self-diffusion coefficient D through 

the Einstein-Smoluchowsky equation 

 

        < r
2
 > = 2dD,                   (2.2) 

 

where d is the number of dimensions of trajectory data. The angle brackets indicate a 

thermodynamic average over many starting times t for a single particle or over many 

particles for an ensemble. 

The self-diffusion coefficient for isolated Brownian spheres is given by the Stokes-Einstein 

equation, 

            D =  
   

    
                   (2.3) 

 

Here, kB is the Boltzmann constant, T is the absolute temperature, 0 is the solvent 

viscosity and R is the particle radius [7].  

The characteristic time scale,  for colloidal suspension is the time required by particle to 

move its own radius 

           =  
     

    
                   (2.4) 

This relation is useful for very dilute systems under quiescent conditions. There are no 

body forces to take into account such as gravity or mechanical or thermal convection. It 

also neglects the hydrodynamic interactions between the particles that may influence the 

diffusion and the effective viscosity by several orders of magnitude. Interactions in more 

concentrated suspensions can be taken into account by substituting the effective viscosity 

of the material  for the solvent viscosity [8]. 

 

                                  = 
    

    
                   (2.5) 

  

The difference between Equations (2.4) and (2.5) can be significant. Hence, increasing the 

concentration can lead to a wide range of timescales in colloidal suspensions [5, 6]. 
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2.3: Soft spheres  

 

Recently, soft particle systems have attracted increasing interest. A typical soft 

colloidal system is made of poly-N-isopropylacrylamide, sometimes shortened to 

(PNIPAm) particles, most commonly known as NIPA. These are hydrogel particles, made 

from a loose network of cross-linked polymers, soluble in water (Fig. 2.2b) [9]. At 

moderately warm temperatures (typically above 30-35 °C), water acts as a poor solvent 

for the polymers, and the NIPA particles shrink in size. (The polymers prefer to be close to 

each other, rather than close to water molecules.) At moderately cool temperatures 

(typically around 20-25 °C), water acts as a good solvent for the polymers, and the NIPA 

particles swell so that the polymers can contact as much water as possible. The size 

change of NIPA particles is typically at least a factor of two in diameter, and thus a factor 

of eight in volume. Thus by controlling temperature, one can control the volume fraction 

and thus the behavior of the sample in a direct fashion. However, NIPA particles are very 

soft, which is a key difference from the previously mentioned hard - sphere colloids. If 

NIPA particles are in suspension at a high concentration, and their size is increased, then 

they can deform each other, and will no longer be spheres. On the other hand, an 

advantage of NIPA is that they are mostly composed of water: the polymer is a loose 

network, and so the particles are closely density-matched to water, and also closely match 

water’s index of refraction.  

 

2.4: Density function  

 

For microgel particles, a higher degree of crosslinking density is expected inside 

the particle than in the periphery, as the cross-linker is consumed faster than the 

monomer during polymerization [10]. This leads to a fuzziness of the particle surface that 

has to be included when modelling the particles [11, 12]. This can be done by convoluting 

the radial box profile with a Gaussian, see Fig. 2.4. The density distribution of the particle 
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can be determined experimentally using static light scattering to determine the particle 

form factor. 

        

Figure 2.4: Structure of PNiPAM microgels. A highly cross-linked core is characterized by a 

radial box. The crosslinking density decreases with increasing distance to the core 

described. At R the profile has decreased to half the core density. The overall size obtained 

by SANS where the profile approaches zero. RSANS is slightly smaller than the hydrodynamic 

radius Rh obtained by DLS [11].  

 

2.5: Light scattering   

Dynamic light scattering has become the standard technique for measuring 

particle sizes, and we use it in this thesis to determine the average hydrodynamic radius 

and the size distribution of microgel particles. Dynamic light scattering probes the 

Brownian motion of suspended particles in solution. The particles diffuse in the solvent 

with diffusion constants that depend on the size of particles. The light intensity scattered 

from particles will fluctuate in time as a result of the particle diffusion.  
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Figure 2.5: (a) Light scattering setup with heating – cooling device to change sample cell 

temperature, (b) Schematic detail of light scattering setup [13].  

 

From the temporal intensity autocorrelation function of the scattered light, one can 

readily derive useful information about particle diffusion, which, in turn, can be related to 

the particle “average” diameter and sample diameter distribution [13]. For a dilute 

particle suspension, the inverse relaxation time is related to the Brownian diffusion of the 

particles via  

 

 


                              

 

Where  ⃗ is the scattering vector and D is the average particle diffusion coefficient given by 

Stokes Einstein relation, 

 

  
   

  
 
  

                         

 

Here,    is the Boltzmann constant, T is temperature, 
 
 is the solvent viscosity, and    is 

the average particle hydrodynamic radius. The scattering vector q has magnitude  
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where   is the refractive index of the medium,   is the wavelength, and   is the scattering 

angle. By combining equations of 2.6, 2.7 and 2.8, we are able to calculate the average 

hydrodynamic radius,  

   
       

   
    (

 

 
)                           

 

In this formula all parameters an the right side are known except the decay time,  , which 

is determined from the decay of the time correlation function. To measure , we plot the 

intensity correlation function as a function of time. By fitting the data with an exponential 

decay, we are able to determine , Fig. 2.6. We use a thermostat to change the 

temperature of the sample. By this technique it is possible to measure the hydrodynamic 

radius of microgel particles as a function of temperature.  

 

Figure 2.6: Experimental DLS data, filled squares show normalized intensity correlation 

function as a function of delay time and red line is an exponential fit.  

 

2.6: Effective volume fraction  

In contrast to the case of hard spheres, it is difficult to determine the volume 

fraction of microgel suspensions.  The origin of difficulty is related to the deformable 

nature of microgels, which means that the volume, as measured, for instance, by light 

scattering in a dilute dispersion, might not be the same as that in a concentrated 

dispersion due to the increased osmotic pressure and/or the steric effects exerted 
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between particles. To overcome this problem, a common method is to determine the 

effective volume fraction of microgel dispersions using a relation between the relative 

viscosity rel under dilute conditions and the effective volume fraction,  
   

  The effective 

volume fraction is linearly related to the polymer concentration C in wt %,  
   

 =kC; the 

proportionality constant k thus converts between polymer mass concentration and 

effective volume fraction [14]. We use dynamic light scattering to measure the 

hydrodynamic radius of the particles as a function of temperature in dilute suspensions, 

which we plot in Fig. 2.7. The radius changes from 0.42  0.01µm at room temperature to 

0.32  0.01µm at T=40°C, as determined by regression analysis of the decay of the 

autocorrelation function of the scattered intensity.  

The effective volume fraction of the soft suspension can be estimated at low 

concentration from its viscosity using the Bachelor expression:  


   

 
 

 

          
   

       
   

 ,     (2.10)  

Here, 
 
 and 

 
 denote the zero-shear viscosity of the suspension and the 

solvent, respectively. It is important to note that Eqn. 2.10 applies to very 

dilute suspensions only.  

 

Figure 2.7: Hydrodynamic radius of microgel particles as a function of temperature as measured by 

dynamic light scattering.  
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2.7: Rheology 

The rheological properties of a material are studied with a rheometer that 

imposes a shear stress () and measures the resulting shear strain () or strain rate (̇ ) and 

vice versa. The shear stress () is defined as a shear force (F) per unit area (A). The shear 

strain is the gradient of deformation (= d/y). For an ideally elastic material, the work 

done by the external stress is stored reversibly in the system. For an ideally viscous liquid 

in contrast the work done by the stress is fully dissipated. Materials with properties 

between these two extremes are called viscoelastic materials; they exhibit both elastic 

and viscous properties. In this study, we use a stress-controlled rheometer, “Anton Paar, 

Physica MCR Series” (Fig. 2.8a) equipped with a cone and plate geometry (Fig. 2.8b). This 

geometry has the advantage that the shear stress is constant anywhere between the cone 

and plate. For this geometry, the rheometer calculates the shear stress (), the shear 

strain (), and the strain rate ( ̇) from the applied torque and measured angular 

displacement (velocity) using the following equations: 

 

   = 
  

                 (2.11) 

 

                                                   = 
 

 
         (2.12) 

                                                   ̇= 
 ̇

 
                 (2.13) 

where M is the torque applied to the sample, R and   are the radius and the angle of the 

cone respectively,   is the angular displacement and  ̇ is the angular speed. Depending 

on the shear stress profile applied, we can perform both step stress (creep) and oscillatory 

(dynamic) experiments. In the step stress experiments, a constant stress is applied at t = 0 

and kept constant for time t ((t) = 0 Θ(t)) where Θ is the Heaviside step function. In an 

oscillatory experiment, an oscillating shear stress ((t) = 0  
   ) is applied to the sample 

[15]. 
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Figure 2.8: (a) Stress-controlled rheometer (Anton Paar, Physica MCR Series). (b) Cone-

plate geometry, the cone has a radius of 25 mm and an opening angle of 2. 

 

2.8: Confocal microscopy  

            The basic concept of confocal microscopy was originally developed by Marvin 

Minsky in the mid-1950s (patented in 1957). The Dutch physicist G. Fred Brakenhoff 

developed a scanning confocal microscope in 1979, while almost simultaneously, Colin 

Sheppard contributed to the technique with a theory of image formation. Tony Wilson, 

Brad Amos, and John White nurtured the concept and later (during the late 1980s) 

demonstrated the utility of confocal imaging in the examination of fluorescent biological 

specimens. The first commercial instruments appeared in 1987. Confocal microscopy 

offers several advantages over conventional wide field optical microscopy, including the 

ability to control depth of field, elimination or reduction of background information away 

from the focal plane (that leads to image degradation), and the capability to collect 

serial optical sections from thick specimens.  In fact, confocal technology is proving to be 

one of the most important advances ever achieved in optical microscopy. In most cases, 

integration between the various components is so thorough that the entire confocal 

microscope is often collectively referred to as a digital or video imaging system capable of 

producing electronic images. These microscopes are now being employed for routine 

investigations on molecules, cells, and living tissues that were not possible just a few years 

ago [16]. 
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2.9: Resolution  

 

All optical microscopes, including conventional wide field and confocal 

microscopes, are limited in the resolution that they can achieve by a series of fundamental 

physical factors. In a perfect optical system, resolution is restricted by the numerical 

aperture (pinhole) of optical components and by the wavelength of light, both incident 

(excitation) and detected (emission). The concept of resolution is inseparable from 

contrast, and is defined as the minimum separation between two points that results in a 

certain level of contrast between them. In a typical fluorescence microscope, contrast is 

determined by the number of photons collected from the specimen, the dynamic range of 

the signal, optical aberrations of the imaging system, and the number of picture elements 

(pixels) per unit area in the final image. As in wide-field microscopy, resolution at the focal 

plane is determined by the diameter of the Airy disc (shown in Fig. 2.9a) [17]. Generally, 

two closely spaced luminous points in the sample plane result into overlapping discs 

leading to an intensity distribution with two peaks as shown in Fig. 2.9b. A minimum 

separation is required between the discs to create a reasonable 'dip' in between, for the 

peaks to be resolved - this sets the maximum resolution of the microscope. Following 

Rayleigh criteria this separation is the full width half maximum (FWHM), FWHM of the airy 

disc (when the first minimum of an airy disc aligns with the central maximum of the 

second one) leading to a dip of roughly about 26%, Fig. 2.9c.  

 

Figure 2.9: Resolution of microscope. (a) The airy disc of a single particle. (b)  The 

overlapping airy discs of two closely spaced particles and (c) Rayleigh limit for identifying 

two particles as different objects.  

Airy Disk Resolved Not Resolved 
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For the optical setup of most commercially available confocal microscopes this separation 

in the lateral direction is about 200nm. It is important to note that the precision of 

determining the position of an imaged object is different from the above discussed 

resolution. The position of an isolated fluorescent point-like source corresponds to the 

'center of mass' of its spatially extended airy disc image. If the disc is about N pixel wide 

and each pixel is M micrometers across, the center of the disc can be estimated to  M / N 

accuracy, which is higher than the optical resolution. In the present study this uncertainty 

in detecting the position of a fluorescent particle is close to  30nm [18]. 
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3. Sample preparation and data acquisition 

  

3.1: Synthesis 

 

PNIPAM microgel particles have been synthesized using a precipitation 

polymerization method [1]. Typically, NIPAM monomer and the cross linking agent 

methylene-bis-acrylamide (BIS) are mixed in water under a nitrogen atmosphere [2]. 

Different amount of sodium dodecyl sulfate in water are used as surfactant to control 

particle size. Potassium persulfate (KPS)-water solution is added to the reactor to initiate 

polymerization. To prepare the particles for imaging by confocal microscopy, we have 

added fluorescein dye that makes them visible under fluorescent imaging, A dye solution 

is prepared using 5(6)-Amino-tetramethylrhodamine (ATMR) dissolved in DMSO and a 

separate solution is prepared with 1-Ethyl-3-[3-dimethylaminopropyl] Carbodiimide 

Hydrochloride (EDC) dissolved in water. The reaction is kept at 70 C for 4h. After cooling 

down the solution to room temperature, we filter it. Finally, we centrifuge the solution 

and remove the supernatant in order to increase the volume fraction of the colloidal 

suspension. Fig. 3.1 shows a schematic of the synthesis steps used to make the particles. 

Table. 3.1 shows the amount of chemical material used. To introduce electric charges to 

PNIPAM particles, one can make copolymer microgels by incorporating different 

monomers. Typically, PNIPAM-co-acrylic acid (AAC) [3] microgels are negatively charged 

while PNIPAM-co-allylamine [4] microgels are positively charged in a neutral pH 

environment.  

 

Nipam AAC BIS KPS SDS EDC ATMR MDSO 

2.8 

(gr) 

0.2    

(gr) 

0.06 

(gr) 

0.05 

(gr) 

……. 4 

(mg) 

1 

(mg) 

2  

(mg) 

 

Table 3.1: Materials and their amount used for the microgel synthesis. The amount of SDS 

changes the size of the particles. 
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Figure 3.1: Particle synthesis scheme. 

 

3.2: Preparation of hard and soft -sphere glasses  

We prepare hard-sphere colloidal glasses by suspending PMMA 

(polymethylmethacrylate) spheres in a mixture of cisdecahydronaphthalene (cis-decalin) 

and cycloheptylbromide (CHB) that matches both their refractive index and density. These 

particles have a radius of R=0.13 µm (used in chapter 4) and R = 0.65 µm (used in chapter 

5), with a polydispersity of  10 % to avoid crystallization, and are sterically stabilized with 

a layer of grafted poly-12-hydroxystearic acid (PHSA), 10nm in length. We prepared 

suspensions with volume fractions between  = 0.54 and 0.6 around the hard-sphere glass 

transition by diluting suspensions centrifuged to a sediment. Soft colloidal glasses are 

prepared using the synthesized poly-N-isopropylacrylamide (pNIPAM) microgel particles 

with a cross linker density of 2%wt, suspended in water. These particles swell in water at 

room temperature, but shrink and undergo a reversible volume phase transition at 

T  32°C. This allows to change the particle size and to control the packing fraction directly 

with temperature [5, 6]. We prepared dense PNIPAM suspensions by centrifuging the 

suspension to a sediment, similar to the hard-sphere samples. We define the effective 

volume fraction  eff =nVss, where n is the number density of the particles, and Vss = 4 R
3
/3 

is the volume of the undeformed particle in dilute suspension [5, 7]. We calibrate the 

measurement of  eff by diluting the final samples by a known amount, using the Bachelor 

expression (2.10) to determine the volume fraction of the diluted suspension. From its 

viscosity, and then extrapolating back to the concentrated suspension, using the known 
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amount by which the suspension was diluted. This gives an effective volume fraction of  eff 

= 0.91 for the centrifuged suspension at room temperature, larger than the close-packing 

limit  rcp = 0.64, indicating that the particles overlap and have adjusted their size during 

centrifugation. This volume fraction decreases to  eff =0.52 when we raise the 

temperature to T = 34.6°C.  

 

3.3: Rheological measurements  

The rheological measurements presented in chapter 4 are performed on a stress-

controlled Physica MCR rheometer (Anton Paar) with a cone and plate geometry 

(diameter: 25 mm, angle: 2 for the constant strain rate sweeps; diameter: 49.95 mm, 

angle: 1 for the strain sweeps). A solvent trap is used around the sample to prevent 

solvent evaporation. Using the solvent trap, the results were found to be reproducible 

(i.e., unaffected by evaporation) for at least two hours; none of the measurements 

presented below takes longer than that. All measurements were performed at T = 20C. A 

fixed protocol was used to obtain a reproducible initial state: after loading, a conditioning 

step is applied where the sample is pre-sheared at 100 s
-1

 for one minute and left to 

equilibrate for 15 seconds before starting the measurements [8]. 

We performed conventional strain sweeps on the soft sphere samples and constant strain 

rate sweeps on the hard sphere samples. We checked that the different methodology 

does not influence the results presented here. The strain sweeps were performed at a 

constant frequency   = 1 rad s
-1

, probing the sample at a fixed timescale t = 1/ , while 

increasing the strain amplitude 0 from 0.001 to 1. In the constant strain rate (CSR) sweep 

tests [9], both frequency   and strain amplitude    are varied at the same time to keep 

the strain rate  ̇  =     constant. This has advantages if one wants to probe the internal 

relaxation time  of the material. The CSR sweeps were performed at strain rates of  ̇ = 

0.1 s
-1

 and 1.0 s
-1

. The strain 0 was varied from 0.01 to 1 for both strain rates, while the 

frequency was varied from 10 to 0.1 rad s
-1

 for  ̇  = 0.1 s
-1

 and from 100 to 1 rad s
-1

 for  ̇  

= 1 s
-1

. Using the raw stress and strain data, we determined Lissajous curves by plotting 

strain versus stress in a steady state oscillation cycle at fixed strain amplitude and 

frequency. In addition to this traditional rheological analysis, in chapter 4, we also analyse 
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the raw data of the steady-state cycles in a new framework of Rogers et al. (2011); this 

analysis allows a physical interpretation of the LAOS cycle. This is in contrast to the more 

traditional techniques such as the Chebychev analysis, where one concludes on effective 

strain hardening/softening based on “Chebychev coefficients”, or the Fourier analysis, 

where the higher harmonics of the stress response give some insight into the yielding; in 

both cases, the physical insight into the mechanism of yielding and flow is limited. In 

contrast, by applying the new method by Rogers, we obtain direct insight into the 

straining and yielding mechanisms. We determine the cage modulus from the slope of the 

stress-strain curve at zero stress, and the static and dynamic yield stresses as the stress 

values at the maximum stress overshoot and the strain reversal point, respectively. This 

analysis yields new insight into the rheology of soft and hard-sphere suspensions, and 

allows us to interpret rheology differences in terms of the particle softness. 

 

3.4: Observation of quiescent glasses  

To observe the dynamics of quiescent colloidal glasses (chapter 5), we construct 

sample cells as follow. We use a cylindrical hole in the middle of a cover slide as sample 

container. The height of this cylindrical container, i.e. the thickness of the cover slide, is 

1mm. This sample cell is filled with the colloidal suspension and subsequently sealed by 

cover glasses to prevent any evaporation. To initialize the samples we add a small stirrer 

bar to each hard-sphere sample to rejuvenate it by stirrer rotation. For the soft sphere 

samples we rejuvenate the samples by heating and then shaking. We start our 

measurements at a certain time after the shear melting for all the samples. Therefore, we 

insure the same protocol for initializing both systems. To control the temperature, we put 

a styrofoam box joined with a heater and thermometer around the microscope stage; this 

way we control the temperature in the range between 24 C and 40 C. We use confocal 

microscopy to acquire 2D images of the system in the field of view. We then use the 

standard IDL software to find the positions of the particles and follow their motion in time.  

The schematic of the setup is shown in Fig. 3.2. 
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Figure 3.2: (a) Schematic view of the sample cell. (b) Sample cell mounted on the confocal 

microscope including heater fan and controller to warm up temperature inside. (c) The 

microscope is enclosed inside a Styrofoam box to insure homogeneous constant 

temperature.    

 

3.5: Indentation setup  

To investigate the initial stages of plastic flow, in chapter 6, we used an 

indentation setup analogous to the nanoindentation setup that has been used extensively 

in the deformation of atomic glasses. We prepared an amorphous film of colloidal 

particles by rapidly quenching silica particles from a dilute suspension onto a cover slip in 

a centrifuge. In order to avoid boundary induced crystallization, the cover slip surface has 

been roughened by sintering a 5 μm thick layer of polydisperse colloidal particles on top. 

Finally, we obtain an amorphous film about 48 μm thick, with a volume fraction which is 

well above the glass transition value of hard spheres. We use an ordinary sewing needle to 

indent the colloidal glass. We determine by optical microscopy that this needle has an 

almost hemispherical tip with a radius of 38 μm. The length scale ratios below the tip 

diameter, colloidal particle size and thickness of the film are comparable to those used in 

the nanoindenttation of atomic glasses.   

 

3.6:  Data acquisition  

                 We image the colloidal particles in the colloidal glass using an objective with a 

magnification of 100x and a numerical aperture of 1.4. The Zeiss LSM 5 microscope uses a 

line scanner to illuminate a section of the sample line by line, at a maximum of 120 frames 

per second (fps). The position of the focal plane, Z, is controlled by a piëzo-element on 

while the objective is mounted. For 3D imaging, an image stack is acquired by rapidly 
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varying the height of the objective using the piëzo and simultaneously taking 2D images. 

We typically image a 67 67 30 m
3 

volume by taking 300 images at a spacing of 0.1 m 

in the z direction. At a scan speed of 20fps, it takes 15 s to acquire a z- stack. For 2D 

imaging, we fix the position of the objective such that its focal plane is, at least, 7 m away 

from the boundaries, and acquire a time series of images. Typically, the images are 

acquired at a rate of 6 fps to follow the motion of particles in the glass.                    

           

  

3.7: Image processing and particle tracking  

   

  

To calculate and analyse the particle motion of the particle in our colloidal suspension, we 

determine the particle positions in each frame; we do this by image processing of the 

recorded images using an algorithm developed by Crocker and Grier [10]. This allows us to 

find individual particles and determine their trajectories. We start with the raw confocal 

image, Fig. 3.3a, use a spatial band pass filter that smooths the image and subtracts the 

background, Fig. 3.3b. We set a parameter to find particle features, and we check whether 

Figure 3.3: (a) Raw confocal image, (b) 
filtered image, (c) Tracked image, (d) 
trajectory of one particle 
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the positions of the particle centres are ready in the centre of the imaged particles, Fig. 

3.3c. We connect particle coordinates in time to determine their trajectories. Fig. 3.3d 

shows the trajectory of a single particle. We export particle coordinates and their 

trajectories to the MATLAB software for further analysis.  

 

3.8: Particle motion and strain calculation 

We start with a set of particle positions as a function of time and use the 

displacements between subsequence frames to compute the closest possible 

approximation to a local strain tensor in the neighborhood of each particle. To define that 

neighborhood, we use the first minimum of the pair correlation function, which we choose 

to be the interaction range “r0”, (see Fig. 1.2). The local strain is then determined by 

minimizing the mean-square difference between the actual displacements of the 

neighboring particles relative to the central one and the relative displacements that they 

would have if they were in a region of uniform deformation  (Fig. 3.4).  

 

Figure 3.4: (a) Finding the neighbour that we should take to account for calculate local 

strain, (b) Deformation of the cage and displacement of centre particle in time, (c) 

calculate distance between particles and centre particle in time t and t + Δt. 

 

That is, we define  

 

        ∑ ∑    
       

     ∑           [  
 
        

 
     ]  

  ,   (3.1) 

 

where the indices i and j denote spatial coordinates and the index n runs over the particles 

within the interaction range of the reference particle, n=0.   
     is the ith component of 
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the position of the nth particle at time t. We then find the    that minimizes D
2
 by 

calculating 
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The minimum value of D
2
(t, t) is the local deviation from affine deformation during the 

time interval [t-t, t], [11]. The local strain tensor is the symmetric part of the deformation 

tensor. 

 

    
 

 
 

  
   

  .     (3.5) 
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In this chapter, we investigate the macroscopic rheology of hard and soft sphere 

suspensions using large-amplitude oscillatory shear (LAOS). We investigate dense soft 

sphere suspensions in which the particles are jammed and exhibit permanent contact and 

compare the rheology with those of hard sphere suspensions around the glass transition. 

We use large-amplitude oscillatory shear (LAOS) measurements to determine the strain-

dependent viscoelastic moduli and yield stress. A recent scheme is applied to interpret 

LAOS data in terms of a sequence of physical processes [1], revealing different 

characteristics of yielding, flow, and structural rejuvenation in the two systems. While for 

hard spheres, yielding and flow is governed by the breaking and rejuvenation of the 

nearest neighbour cage, for soft spheres, the particle compliance gives rise to a much 

more gradual yielding. We address the effect of particle softness directly by measuring the 

single-particle modulus with atomic force microscopy, and link it to the suspension 

modulus via the pair correlation function determined by microscopy. This allows us to 

bridge from particle scale to macroscopic suspension rheology. 

 

4.1:  Introduction 

 

The rheological behavior of hard and soft - sphere suspensions is of interest 

because they can form the basis for understanding the behavior of a wide range of 

systems such as soft pastes, micelles, foams and emulsions that are important for 

applications [2]. Contrary to hard spheres that have been used a lot as models to 

investigate the structure, dynamics, and rheology of dense suspensions [3], soft 

deformable particles have been used as models only relatively recently. Hard spheres have 

provided conceptually simple model systems to understand the mechanical properties of 

dense suspensions. Because their size is fixed and the volume of the particles is conserved, 

in principle the flow properties can be understood based on volume exclusion: the motion 

4. Rheology of hard and soft-sphere colloidal glasses 
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of a particle is confined by the cage formed by its nearest neighbours [4]. With increasing 

particle volume fraction, the available space for particle motion gets increasingly small, 

leading to divergence of the viscosity at volume fractions  0.64, where this available 

volume vanishes [2]. Contrary to hard spheres, soft particles can deform and adjust 

themselves and can therefore attain volume fractions larger than hard spheres. At low 

concentrations, these particles exhibit rheological behavior similar to that of hard spheres. 

Several similarities in the rheology of soft- and hard sphere suspensions have been 

reported [5, 6-14]. While the comparison might be relatively successful for these low and 

intermediate volume fractions, however, it must fail at higher concentration where the 

soft particles start to deform: The high concentration leads to permanent contacts of the 

particles that strongly affect the rheological behavior of the suspension.  

A well-known tool to probe the linear and nonlinear rheology of suspensions is large 

amplitude oscillatory shear (LAOS). A new analysis scheme was recently introduced that 

allows interpretation of LAOS data as a sequence of physical processes [1]: The 

deformation cycle is interpreted in terms of straining, yielding, flow, and structural 

rejuvenation. This decomposition provides insight into the physics of yielding and flow, 

and allows us to elucidate differences in the rheology of hard and soft particles 

suspensions. These differences are a direct result of the different compliance of the 

particles. An important challenge then is to link the particle compliance directly to the 

macroscopic suspension rheology. In principle, by considering the effective deformation of 

a particle in its dense environment, the macroscopic suspension modulus can be directly 

calculated [15]: in dense soft particle suspensions, particles exhibit permanent contact 

with each other: every particle is indented by its nearest neighbors, and their elastic 

contact [16] ultimately determines the macroscopic compressibility and shear rigidity of 

the suspension [17]. Therefore, it should be possible to link the observed rheological 

properties directly to the softness of the particles.  

In this chapter, we investigate the rheology of dense hard and soft-sphere suspensions 

using LAOS to elucidate elastic straining, yielding, and flow. Oscillatory shear is used to 

determine the strain-dependent viscoelastic moduli and yield stress, allowing us to study 

the effect of the particle softness/hardness on the rheological behavior. We then analyse 
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the full time-dependent stress-strain data in detail to obtain insight into the sequence of 

elastic straining, yielding, flow and dissipation. Strong differences between hard and soft 

spheres are observed in the cage elasticity, as well as the nature of yielding. While for 

hard spheres yielding is linked with cage breaking, for soft spheres the much more gradual 

yielding appears to be a result of the long-range relaxation modes, with the local cage 

remaining largely intact. This interpretation is in agreement with the microscopic 

observations of long-range correlated relaxation modes in soft-sphere glasses presented 

in chapter 5. To connect the macroscopic rheology with the microscopic particle softness, 

we measure the single-particle modulus directly with atomic force microscopy, and use 

the pair correlation function determined with confocal microscopy to link single-particle 

and suspension moduli. We show that the simple Hertz model of elastic contact provides a 

good, quantitatively accurate description of the shear modulus. 

 

4.2:  Samples and rheological test 

As hard-sphere samples, we use poly-methylmethacrylate (PMMA) particles with 

a radius of 0.13 µm suspended in cisdecahydronaphthalene (cis-decalin), see also sec. 3.2. 

As soft sphere samples we use poly isopropylacrylamide (PNiPAM) microgel particles, with 

a hydrodynamic radius of R = 506 nm at room temperature, suspended in water. The 

particles are suspended in a 0.233 mM solution of NaCl that screens particle charges. 

Concentrated hard and soft sphere suspensions are prepared by diluting samples 

centrifuged to sediment. Hard-sphere suspensions are prepared with volume fractions   = 

0.57, 0.59, 0.61 and 0.63, assuming a volume fraction of  
   

= 0.64 in the centrifuged 

sediment. For the soft spheres, we measure the effective volume fraction by using the 

Bachelor expression as described in sec. 3.2. 

We diluted suspensions centrifuged to a sediment to obtain samples with effective 

volume fractions  
   

 = 1.66, 1.90, 1.96, 2.02, and 2.13. In order to plot data for hard and 

soft-sphere samples in one diagram, we also calculated relative volume fractions, where 

we normalized by  
   

, the volume fraction of the suspension after centrifugation. An 

overview over the soft sphere samples are given in table 4.1. We used large amplitude 
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oscillatory shear measurements on a stress-controlled rheometer equipped with cone and 

plate geometry as described in sec. 3.3. 

 

φeff   

 

1.66  1.90  1.96  2.02  2.13 

φeff/φmax  0.78  0.89  0.92  

 

0.95  1.0 

 

Table 4.1: Volume fractions of the soft sphere samples used in this work: Effective volume 

fraction,  eff, and volume fraction normalized to the value after centrifugation  eff/ max.  

 

4.3:  Results and discussion 

 

4.3.1: Strain sweeps and constant strain rate sweeps 

 

 

FIG. 4.1: The normalized storage modulus G’ (closed symbols) and loss modulus G” (open 

symbols) during oscillatory shear on hard (a) and soft sphere samples (b). (a) Constant 

strain rate sweep at a strain rate of  ̇ = 0.1 s-1 for hard sphere samples with varying 

volume fractions. (b) Strain sweeps at a frequency of 1 rad s-1 for soft sphere samples with 

varying volume fractions. 
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We first show the storage and loss moduli G’ and G” as a function of strain amplitude    in 

Fig. 4.1. To compare hard and soft spheres, the moduli have been normalized by R
3
/kbT. As 

expected for dense suspensions, G’ is always larger than G” in the linear regime indicating 

predominately elastic behavior of the suspensions. We find that the deeply jammed soft-

sphere suspensions have overall higher moduli than the dense hard-sphere suspension 

and the difference in magnitude between the storage and loss modulus is more 

pronounced, indicating the predominant elastic component of the SS suspensions 

compared to the hard spheres. We attribute these properties to the interactions between 

the soft spheres in the dense suspension. At high effective volume fractions, the soft 

particles deform and exhibit permanent contacts (Fig. 4.2a), and consequently the 

mechanical properties of the particle contact determine the rheological properties of the 

suspension. The elastic modulus of PNIPAM particles is of the order of several kPa [18]; 

this modulus starts to be on the order of the modulus of the most concentrated 

suspensions we investigate here. In contrast, the Young's modulus of PMMA particles is 

several MPa, many orders of magnitude larger than that of the suspension so that these 

particles are not noticeably deformed (Fig. 4.2b), and the internal elasticity of the particles 

will not have any noticeable effect on the elasticity of the concentrated suspension. This 

particle softness is reflected in the concentration dependence of the moduli as shown in 

Fig. 4.3.  

 

FIG. 4.2: (a) SEM image of dried nanocomposite microgel particles [32], (b) Confocal 

microscope image of the hard sphere sample at a volume fraction   0.60.  



 

42 
 

 

FIG. 4.3: The normalized magnitude of the storage modulus G’ (closed symbols) and loss 

modulus G” (open symbols) in the linear regime, for the HS and SS samples, plotted as a 

function of    
   

. The red dotted line is a guide to the eyes. The black solid curve is a fit 

of the Krieger-Dougherty equation to the data. The black dashed line indicates the 

prediction by Kobelev and Schweizer (2005). 

 

While the HS suspension (closed squares and diamonds) shows a strong dependence that 

suggests a divergence at  
   

 according to the Krieger-Dougherty relation    

 

    

       (black line) [2, 19], the SS suspension exhibits a much weaker dependence that 

does not show any signature of divergence. We associate this much weaker dependence 

with the compliance of the soft particles. We note that this dependence is also in 

qualitative agreement with recent theory based on activated barrier hopping by Kobelev 

and Schweizer (2005). 

 

4.3.2: Linking particle softness and suspension rheology 

To address the effect of the particle softness quantitatively, we measured the 

modulus of individual soft particles directly, and used the suspension structure factor to 

link directly the particle and suspension moduli [15]. According to Hertzian theory [16], 

the elastic energy u of two contacting spherical elastic bodies varies with the depth of 

indentation, △ = r-2R, according to [20]: 
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√

 

 
   △                

 

where    is the particle's elastic modulus and r the distance between the particle centres. 

In concentrated suspensions, particles indent each other, and their mutual interaction 

gives rise to macroscopic rigidity. The resulting high-frequency elastic modulus is given by 

[15, 17]: 

 

    
  

  
  ∫     

 

  
   

     

  
   

  

 

             

 

where n is the particle density and g(r) the pair correlation function; the latter indicates 

the probability of finding particle centres separated by r. We measured the Young's 

modulus of individual soft particles directly using atomic force microscopy. A typical load-

displacement curve is shown in Fig. 4.4.  

 

 

FIG. 4.4: Measurement of the elastic modulus of soft particles by atomic force microscopy. 

The indentation force is shown as a function of indentation depth. The red curve shows the 

measurement; the green curve shows a t with the modulus E = 5.2kPa. 
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Repeated measurements performed on several different particles yield a particle elastic 

modulus of    = 50.2kPa corresponding to 1.50.0610
5 

(kT/R
3
). This modulus starts 

indeed to be on the order of the modulus of the most concentrated suspensions 

investigated here.  

To link the single particle modulus directly to the suspension modulus, we determined the 

pair correlation function by microscopic imaging. We used confocal microscopy to image  

410
4
 particles in a 65m by 65m by 20m volume and determine their centres with an 

accuracy of 0.02 m in the horizontal, and 0.05  m in the vertical direction. We then 

calculated the pair correlation function directly from the particle positions. Pair 

correlation functions for different volume fractions are shown in Fig. 4.5; these show 

characteristic nearest and higher-order neighbour peaks. With increasing volume fraction, 

these peaks shift to smaller distances, indicating the increasing compliance of the 

particles. Assuming isotropic and homogeneous squeezing of the particles, one expects 

that the first peak of the pair correlation function varies with volume fraction as 

         
 
      , where  

 
 0.64 is the volume fraction at close packing 1.  

  

 

FIG. 4.5: Pair correlation function of jammed soft sphere suspensions with volume fraction 

 = 2.13 (red), 2.02 (violet), 1.96 (blue), 1.9 (green) and 1.66 (black). Inset: Scaling of the 

position of the first peak of g(r) with the particle volume fraction. 
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To test this prediction, we plot the position of the first peak of g(r) as a function of       in 

Fig. 4.5 (inset). We also indicate the expected dependence with a dashed line. Indeed, the 

data follows the expected relation, in good agreement with the above prediction. We can 

now use the measured pair correlation function and the particle modulus to calculate the 

high-frequency shear modulus according to Eqn. 4.2. By solving the integral numerically, 

we obtain the modulus as a function of  , which we indicate by red dots in Fig. 4.6a. Also 

shown are experimental values of the shear modulus measured at increasing frequency. 

These have been taken from the measurement presented in Fig. 4.6b where the frequency 

dependence of the shear modulus has been determined. Overall, the data shows 

reasonable agreement with the predicted values: both the volume fraction dependence 

and absolute magnitude are reasonably well described. The observed exponential volume 

fraction dependence of the modulus is also in good agreement with previous work [15]. 

We therefore conclude that the simple extrapolation Eqn. 4.2 provides a reasonably 

accurate prediction of the modulus of soft sphere suspensions. 

 

 

 

 Fig. 4.6: (a) Suspension elastic modulus as a function of volume fraction: calculated high-

frequency modulus (red dots) and measured moduli at 0.16 Hz (green triangle), 0.8 Hz 

(blue diamonds) and 8.1 Hz (yellow stars). (b) Frequency dependence of the shear modulus 

at a strain of 1.5% with varying volume fractions on soft sphere samples. 
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4.3.3: Non-linear elasticity: Lissajous curves 

 

To obtain insight into the yielding and flow behavior, we investigated the full 

stress-strain raw data during a steady-state oscillatory cycle at a given frequency and 

amplitude. Examples of stress-strain responses are shown in Fig. 4.7; the top row shows 

results for soft spheres, and the bottom row for hard spheres, with strain amplitude 

increasing from left to right. In both cases, at small strain amplitude, this curve is an 

ellipse, indicating linear response. The aspect ratio of the ellipse reflects the ratio G’/G”; 

the higher skewness observed for the soft sphere suspension then indicates directly its 

higher elastic component. At larger strain amplitude, distinct nonlinear response is 

observed. To interpret this nonlinear behavior, we follow the analysis by Rogers et al. 

(2011) and decompose the entire cycle into a sequence of straining, followed by yielding 

and viscous flow, to final structural relaxation (Fig. 4.8).  

 

 

 

FIG. 4.7: Lissajous curves (blue) for the SS sample with  eff/ max = 0:92 (a-d) and the HS 

sample (red curves) with  / max = 0:92 (e-h). Stress versus strain data for steady state 

cycles in the linear regime (a and e) and the nonlinear regime (b, c, d, f, g and h), with 

increasing strain amplitude from left to right. 
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Fig. 4.8: Schematic view illustrating the intro cycle regimes illustrated here 

The crosses show reversal points, open and closed circles depict static yielding point and 

maximum stress, respectively. Hard (a) and soft sphere suspension (b). 

The initial elastic straining is characterized by the local cage modulus, which we define 

from the slope of the stress-strain curve at vanishing stress:  

                                  

 

The resulting cage modulus is shown in Fig. 4.9 together with the shear moduli 

reproduced from Fig. 4.1.  

 

FIG. 4.9: Apparent cage modulus as a function of strain amplitude overlaid on the shear 

moduli data of Fig. 1 for hard (a) and soft spheres (b). The cage modulus coincides with G 

in the linear regime, while it persists to higher strains. 
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Both overlap at small strain amplitude, indicating that the cage modulus dominates the 

suspension rheology. As the strain amplitude increases and the storage modulus 

decreases, the cage modulus remains approximately constant. This indicates that even at 

high strain, there is pronounced elastic behavior of the cages; this elastic behavior is lost 

when averaging over the entire straining cycle. Comparing hard and soft spheres, we 

notice a slight dip of Gcage for the hard, and a persistent constant value for the soft 

spheres, indicating the persistent stiffness of the cages in the concentrated soft sphere 

suspension.  

At later stages in the cycle, however, these cages break and the material yields and starts 

to flow. The cumulative strain acquired until the point of yielding is known as the yield 

strain. To determine it, we measure the strain acquired from the lower reversal point to 

the point of maximum stress. The resulting values are shown as a function of strain 

amplitude in Fig. 4.10 c and d. Open symbols indicate the strain acquired until the first 

stress overshoot, and closed symbols indicate the absolute maximum of stress, see Fig. 

4.10 a and b. Assuming an entirely elastic response from the lower to the upper reversal 

point, the total acquired strain would be 2  . On the other hand, for a viscous material, 

the maximum stress occurs at maximum strain rate, in the middle between the two 

reversal points, and the acquired strain is   . Fig. 4.10 shows that the data first follows the 

straight line corresponding to 2  ; therefore, the maximum stress is caused by an elastic 

process. This trend continues for the soft spheres (closed symbols) up to high strains 

indicating that the stress maximum is always caused by elastic processes. In contrast, for 

hard spheres, the data follows the line corresponding to    at higher strain amplitudes, 

indicating that the stress maximum is caused by a viscous process. At the same time, the 

yield strain continues to rise with a lower power. The data indicates a power law with 

index 0.2 (dashed line) similar to the one observed by Rogers et al. (2011) for soft microgel 

pastes. For the soft spheres, this data is inconclusive. Thus, the main difference in the 

behavior of the acquired strain is the strong elastic component that dominates the 

yielding of the soft spheres up to high strains. To elucidate the yielding process in more 

detail, following Rogers et al. (2011), we determine the static yield stress as the maximum 

stress overshoot, and the dynamic yield stress at the point of zero instantaneous shear 
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rate; these stresses are generally associated with cage breaking and cage reformation (see 

[21, 22] for a recent discussion on the yield stress).  

They are shown as a function of strain amplitude in Fig. 4.11. At low strain amplitude, 

these two stresses are indistinguishable, and yielding has not taken place yet. Only at 

higher strain amplitudes, the two stresses become different, indicating that yielding has 

occurred. For the hard spheres, a clear difference between static and dynamic yield stress 

is observed for strains higher than     10%, indicating breaking and reformation of the 

nearest neighbor cage, in agreement with earlier work [4]. 

 

 

 

 

FIG. 4.10: Yield strain in the Lissajous cycle.  

(a,b)Lissajous cycles for three characteristic amplitudes illustrating the definition of the 

cumulative strain for hard (a) and soft-sphere suspensions (b). (c,d) Cumulative strain at 

the point of maximum stress as a function of strain amplitude,0, for hard (c) and soft 

spheres (d). The behavior of ideal elastic and ideal viscous material is indicated by the solid 

lines labeled 20  and 0, respectively. Dashed line indicates a power law with exponent 0.2. 
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FIG. 4.11:Yield stress (a,b) Lissajous curves illustrating the static and dynamic yield stress, 

defined as the maximum elastic stress and the stress at the strain reversal point, and the 

flow sequence in between for hard (a) and soft-sphere suspensions (b). (c, d) Static and 

dynamic yield stress as a function of strain amplitude,0, for hard (c) and soft spheres (d). 

Dashed line indicates a power law with exponent 0.2. 

 

For the soft spheres at intermediate strains, however, differences are much more gradual 

and a clear distinction emerges only at larger strain. We interpret this gradual yielding 

with long-range structural relaxations that are predominant in these soft-sphere materials 

[23] as we will show by direct Confocal microscopy observation in chapter 5. We observe 

clear differences in the relaxation modes of hard and soft-sphere glasses: while the former 

are short ranged, in qualitative agreement with the simple cage-breaking picture, the 

latter are much more long-ranged, in agreement with the much more gradual yielding 

behavior observed here. Motivated by Fig. 4.11d, we hypothesize that long-range 

coordinated relaxation occurs over an extended regime of intermediate strain amplitudes 
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5% <    < 50%, before the nearest neighbour cage is broken. This seems plausible 

considering the strong compliance of the soft particles. In the latest stage, for both hard 

and soft spheres the stresses appear to rise with a power law with exponent 0.2 (dashed 

line), in agreement with the behavior observed by Rogers et al. (2011) for soft microgel 

pastes.  

Another possible way to determine the yield stress [21, 22] is from the intersection of G’ 

and G” in Fig. 4.1. The yield stress is then determined from the crossover of the 

normalized G’ and G” using    = G’  , where    is the yield strain and G’ is taken in the 

linear response regime. To compare with the yield stresses of the Lissajous analysis, we 

plot the yield stresses as a function of volume fraction in Fig. 4.12. The figure compiles 

data for HS and SS samples from this work and other work reported [11, 24]. The yield 

stress determined from the Lissajous analysis (Fig. 4.12) is indicated by diamonds; it 

roughly agrees with the yield stresses determined from the crossover of G’ and G” (red 

dots and blue squares). 

 

 

FIG. 4.12: Overview of yield stress data for HS (squares) and SS samples (circles) from this 

work and from literature, (Le Grand and Petekidis, 2008; Pham et al., 2008) plotted as a 

function of  / max. The dotted line is a guide to the eyes. Yield stresses from the Lissajous 

analysis are indicated as diamonds. 
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FIG. 4.13: Stress as a function of strain rate in the flow regime of the cycle. The dashed 

area indicates approximately the regime beyond the yield stress (dashed horizontal lines) 

where yielding has taken place. Closed symbols indicate hard, and open symbols soft 

spheres. The data indicates maybe a slight shear thickening. 

 

Furthermore, we note that the HS samples exhibit yield stresses in the range of a few 

kbT/R
3
, reflecting the fact that the moduli result from the entropic interactions of the 

particles; this was exactly the reason for scaling the stresses in this way: for hard sphere 

colloids subject to thermal agitation, the only stress scale is kbT/R
3
. 

For the deeply jammed SS samples, yield stresses are much higher, ranging from 50 to 300 

Pa, reflecting the fact that there is another stress scale in the system: that of the 

deformable particles themselves. Comparing to previous work, we find that the previously 

reported values [11, 24] for HS suspensions lie close to the values obtained in this work, 

while the literature value for a SS suspension [11] at much lower volume fraction is in 

good agreement with our data; this extrapolation also shows that at lower volume 

fraction the SS suspensions start to behave similarly to HS suspensions, as was discussed 

previously. After yielding, flow of the material takes place; this part of the Lissajous curves 

indicates the way the material starts to flow. We therefore plot the stress as a function of 

strain rate for points between the yield point and the strain reversal point (see Fig. 4.11 a 

and b) in Fig. 4.13; closed and open symbols indicate data of hard and soft spheres, 
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respectively. Flow occurs for stresses larger than the yield stress, indicated by dashed 

horizontal lines; the grey area then indicates the flow regime. The curves for different 

strain amplitudes exhibit good overlap for hard spheres as expected. However, the curves 

appear shifted for the soft spheres; this shift might again indicate the gradual yielding of 

the soft sphere suspension, which depends on the amount of strain.  

 

4.3.4: Dissipated Energy 

 

Another important parameter is the area enclosed by the Lissajous curves, which 

indicates the energy dissipated during one oscillation cycle. To look at the dissipated 

energy in more detail, we show the normalized dissipated energy as a function of strain 

amplitude in Fig. 4.14. Three different regimes in the scaling of P can be distinguished. At 

small strain, P increases as P α   . At intermediate strains, where yielding of the material 

takes place, the scaling of P increases to a larger power. 

 

FIG. 4.14: Dissipated energy P of hard sphere (a) and soft sphere suspensions (b) as a 

function of strain amplitude 0, calculated from the area of the Lissajous curves (solid 

lines), and from the LAOS parameters according to eqn. 4.4. The volume fractions 0.57, 

0.59, 0.61 and 0.63 (hard spheres) and 1.66, 1.96 and 2.13 (soft spheres) are as indicated. 

The prediction from the Lissajous parameters according to eq. 4.6. is indicated by dashed 

lines.  
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Finally, at large strain far in the nonlinear regime, the scaling of P decreases again to a 

power close to P α . A power of 2 in the linear regime is in agreement with the expected 

dissipated energy [25]: 

 

P =π   
 G”;         (4.4) 

 

The fact that the scaling is not exactly P α    can be explained by the slight increase of G” 

at low    (Fig. 4.1a). The stronger increase of P at yielding is linked with the onset of 

structural relaxation and goes hand in hand with the increase of G”. Finally, the almost 

linear dependence P α   observed in the nonlinear regime is related to the decrease of G”, 

which decreases roughly as G”α   
  . Upon increasing the volume fraction, the whole 

curve of P is shifted upwards, indicating more dissipated energy but presumably no 

change in the overall yielding mechanism. Furthermore, the dissipated energy of the SS 

samples is larger than that of the HS samples over the whole strain range. This can be 

explained by considering that dissipation originates from movement of the interstitial fluid 

through the pores between particles. Hard spheres do not deform themselves, and the 

only drainage of liquid is through the interstitial pores in between the particles. However, 

when the soft particles are deformed, some liquid needs to drain through the mesh of the 

particles themselves. Because of the small dimension of this mesh size compared to the 

particle size; this can lead to a high dissipation. It is instructive to link the dissipated 

energy directly to the rheological LAOS parameters determined above. The amount of 

dissipation during an oscillatory cycle is set by the phase angle between stress and strain. 

This phase angle can be approximated by 

 

        (   (
   

       

))                  

 

using a simple geometric relation [1]. We show the approximated phase angle as a 

function of strain amplitude in Fig. 4.15a. 
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FIG. 4.15: (a) Phase angle as a function of strain amplitude for hard and soft spheres. (b) 

Storage and loss moduli, G' and G" reconstructed from Fig. 4.1 (symbols) and calculated 

using the extrapolated phase angle (dashed lines). Good agreement is observed, except at 

small strains where some deviation occurs. 

 

It increases from  = 0 at small strain to values approaching 90 as expected. The resulting 

storage and loss moduli,                      and                     are compared 

with the values of soft spheres from Fig. 4.1b in Fig. 4.15b. Good agreement is observed at 

large strain. Some deviation in G”, however, occurs at small strain. Using Eqns. 4.4 and 4.5, 

we can now link the dissipated energy directly to the Lissajous parameters determined 

above. It follows that  

 

       (    (
   

     
))               (4.6) 

 

The resulting values of the dissipated energy are indicated by dashed lines in Fig. 4.14. 

Good agreement is observed at high strain, while larger deviations occur at small strain, in 

line with the deviations of the loss modulus shown in Fig. 4.15. 

 

4.4:  Conclusion 

We have investigated the behavior of dense hard sphere (HS) and soft sphere (SS) 

suspensions under oscillatory shear. In contrast to the HS, for which thermal particle 

  = 1 (rad/s)   = 1 (rad/s) 
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collisions lead to effective yield stresses of the order of kT/R
3
, the modulus of the jammed 

SS suspension arises from the permanent contact of the particles. The suspension 

modulus can be accounted for by using Hertzian theory with a single-particle modulus 

determined by atomic force microscopy. The soft nature of the particles leads to higher 

yield strain, and a more gradual yielding, in contrast to the distinct yielding observed for 

hard-sphere suspensions. We associate this gradual yielding with long-range relaxation 

modes in soft glasses, and contrast it to the local cage breaking associated with the 

yielding of hard sphere glasses. At the high volume fractions probed here, a deformation 

of the SS sample involves deformation of the particles as well, which gives rise to an 

increased elasticity and dissipated energy. Dissipated energy curves show very similar 

power law regimes for HS and SS suspensions, P α    in the linear regime, and P α   in the 

nonlinear regime, but the dissipated energy of the soft spheres is around two orders of 

magnitude larger than that of the HS suspension. We associate this with the drainage of 

liquid through the mesh size of the deformed soft NIPA particle. 
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5. Relaxation mechanisms of quiescent hard and soft-
sphere glasses 

 

While in the last chapter, our focus has been on the macroscopic rheology of 

hard and soft sphere suspensions, in this chapter we focus on the microscopic 

mechanisms of relaxation. We do so by following the particle motion in quiescent glasses. 

We compare the relaxation of hard and soft – sphere glasses by investigating particle 

displacement distributions, dynamic correlations and the coherence of the displacement 

field. We find that the soft spheres exhibit much more correlated and coherent 

displacements and we attribute this to the elastic interaction of the strongly confined soft 

spheres.  

 

5.1: Introduction 

 

The relaxation of glasses and jammed soft materials is a topic of wide interest due to a 

fundamental lack of understanding of flow and arrest, and because of its importance for 

the design of suspensions important for applications, ranging from pastes and creams to 

paints to food products. With increasing density of the particles, their motion slows down 

dramatically, and relaxation occurs on increasing time scales [1], resulting in a sharp rise of 

the suspension viscosity by many orders of magnitude [2], and the emergence of solid-like 

behaviour [1]. This dramatic increase in the relaxation time is believed to result from 

growing cooperative motion of the particles. As the density of particles increases, the 

particles must move cooperatively, and any rearrangement involves an increasing number 

of particles [3]. Dynamic correlation functions have been used to measure the size of 

regions of cooperative particle motion [4, 5-11]. Such correlation functions suggest an 

analogy between dynamic arrest phenomena and critical phenomena encountered in 

equilibrium phase transitions. By determining the size of dynamically correlated regions as 

a function of density or temperature, both simulations [5, 6] and experiments [4, 7] have 

searched for dynamic correlation lengths that diverge at the glass transition. Fig. 5.1(a-e) 

show how dynamic correlations change by time and volume fraction in numerical 
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simulation and experiments. However for hard spheres, both experiments and simulations 

have observed only a moderate increase of the dynamic correlation length at the glass 

transition, and the evidence of diverging correlation lengths remained elusive. Recent 

path transition sampling simulations [12] suggest that the dynamic slow-down is the 

manifestation of a true first order dynamical transition that is close by.  

 

 

Figure 5.1: (a) Time (t) and temperature (T) dependence of the dynamic susceptibility, 

4(t). As the temperature decreases, the peak in 4(t) monotonically increases and shifts to 

longer time. We define the time at which 4(t) is maximum as t4
max 

[14]. (b) Time and 

temperature dependence of associated correlation length, 4(t) in units of the particle 

diameter [14]. (c,d) Peak value of the dynamic susceptibility as measured in simulations (c) 

and experiments (d) of hard spheres [15]. (e) 4 as a function of packing fraction [16]. 
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In fact, true critical behaviour arises in the athermal limit at the close-packing limit 

 rcp  0.64 usually referred to as the jamming transition in frictionless granular systems, 

where mechanical rigidity arises at the onset of permanent mechanical contact of the 

particles. While simulations have identified critical scaling relations that support this idea 

[13], this close packing limit is difficult to approach experimentally in hard-sphere systems, 

because of the strong divergence of the suspension viscosity and relaxation time. Soft 

particles on the other hand adjust their size and they can be squeezed to densities beyond 

close packing, making it possible to address the jamming transition in thermally relaxing 

colloidal systems. These systems offer new opportunities to look for diverging dynamic 

correlations: the particle softness allows for rearrangements to occur more easily, making 

relaxation times experimentally accessible even at high density. Indeed, these soft-sphere 

systems have recently shown evidence of long-range dynamic correlations in photon 

correlation imaging experiments [17, 18]. However, as this 

technique gives rather coarse-grained information, the microscopic details of such long-

range relaxation modes cannot be resolved, and the nature of these relaxations, and the 

differences from those of hard-spheres remain unclear. A difficulty is that the typical 

distance that particles move during a cooperative rearrangement becomes increasingly 

small [19], making the dynamic arrest phenomena richer and more challenging to measure 

and understand.  

In this chapter, we present direct real-space observations of long-range 

relaxation modes in soft sphere systems, and we elucidate their qualitative difference 

from those of hard spheres. We follow the motion of the individual particles directly in 

real space using confocal microscopy, and we determine the maximum cooperative 

motion over a range of length and time scales by adjusting the probe length scale to the 

typical particle displacement during a collective rearrangement. The direct real-space 

imaging allows us to obtain insight into the microscopic nature of these relaxations. While 

indeed dynamic correlations are by far more extended in the dense soft sphere glass, the 

displacement magnitude of a collective rearrangement becomes very small. We visualize 

the displacement vector field to investigate correlations in the particles’ direction of 

motion, and find a remarkable coherence in the displacement directions of the soft 
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spheres. This suggests that it is internal elastic relaxation that makes the relaxation modes 

long-range. The chapter is organized as follows: We give some more background on mean-

square displacements, the kurtosis, and the intermediate scattering function in sections 

5.2 and 5.3. We then describe the sample preparation in section 5.4, and the experimental 

measurement of the dynamic susceptibility in section 5.5. Finally the results are presented 

and discussed in section 5.6. 

 

5.2: Mean square displacement and Kurtosis 

 

 

Figure 5.2: Mean square displacement, probability distribution function and kurtosis of 

hard-sphere glasses. (a) Mean square displacement for hard-sphere colloidal ‘supercooled’ 

fluids (thick lines) and colloidal glasses, with volume fractions as labelled [4]. (b) Non-

Gaussian parameter   for the samples shown in (a). (c) Distribution function P(x) for 

φ=0.56, and a time lag of 1000 s [20].  

 

The dynamic behavior of colloidal glasses is characterized by the particles’ mean 

square displacement     , as shown in Fig. 5.2a taken from [4]. These curves all show 

a plateau, due to cage-trapping: each particle is confined in a cage formed by its 

neighbors. At longer times,       shows an upturn, indicating that at least some 
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particles have moved. These motions correspond to subset of particles undergoing cage 

rearrangements [20-23].  The particles that are involved in cooperative motion can’t move 

without interacting with their neighbors. To study the correlated motion, one might 

wonder how much a glass differs from a system that is uncorrelated. This can be done by 

looking at the probability distribution function of the displacement. Fluctuations of 

microscopic variables exhibit a Gaussian distribution, if the fluctuations are uncorrelated. 

When the distribution function differs from a Gaussian, this is an indication for correlated 

behavior. In the example shown in Fig. 5.2, the broadening of the probability distribution 

function corresponds to stronger correlations. Such deviation from the Gaussian 

distribution is quantified by the kurtosis, which in one dimension is defined as [20]:  

 

     
    

           (5.1) 

 

The kurtosis vanishes for a pure Gaussian distribution, and exhibits increasing values from 

0 to 1 for increasing non-Gaussian behavior. The kurtosis can thus be used as an indication 

for correlation in a system, for a given time interval t. However, the kurtosis is only a 

relative measure for the degree of correlation; it does not contain information about the 

absolute size of the correlations involved. Still, it is a useful tool when one wants to study 

how correlations vary with time. This is illustrated in Fig. 5.2b, where   is plotted as a 

function of time: The kurtosis   shows a peak at the end of the plateau of      (see 

Fig. 5.2a), due to the presence of the anomalously mobile particles [20]. Intriguingly, in 

super-cooled colloidal fluids, the motion of these cage-rearranging particles is spatially 

localized, and the peak of     corresponds to the existence of large clusters of these 

particles that all move simultaneously [4, 20, 24].  

 

5.3: Self-correlation function or intermediate scattering function 

The intermediate scattering function is a tool to measure how much the 

configuration of the system has remained the same after a time  . The overlap function is 

defined by: 
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 |   
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where a is the length, on which the (de)correlation is probed, and   the time lag. 

Averaging    
        over all particles gives the intermediate scattering function,         

which is close to 1 when all particles are within their starting positions after a lag time   , 

and close to 0 when all particles have moved a distance larger than a away from their 

starting position. The probing length determines the resolution: for large a,         gives 

information about larger configurationally changes, whereas for small a,          

measures small structural changes [25]. Fig. 5.3a and b show intermediate scattering 

functions computed from experiment and simulation data, respectively. 

 

Figure 5.3: Self intermediate scattering function  

(a) Time dependence of the self intermediate scattering function in DLS experiments for 

hard spheres [15], (b) A semi-log plot of the self intermediate scattering function versus 

time in molecular-dynamics simulations of hard-sphere fluids for different volume 

fractions, increasing from 0.5 up to 0.61 from left to right  [26]. 

 

5.4: Sample preparation and experimental setup 

To change the volume fraction easily with external control, in this chapter, we 

use temperature to vary the volume fraction of the soft suspensions. We prepared our 

samples as described in sec. 3.2. To compare hard and soft-sphere suspensions, we 

normalize by the volume fraction after centrifugation,  max, to define the relative volume 

fractions   / max for hard-spheres and  eff/ max for the soft spheres. An overview over all 

particle volume fractions is given in table 5.1.  
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Hard spheres   Soft spheres   

   / max  T/°C  eff  eff/ max 

0.540.02 0.84  24.7 0.91±0.1 1 

0.560.02 0.88  25.7 0.9±0.098 0.98 

0.580.02 0.91  28.9 0.79±0.086 0.86 

0.600.02 0.94  31 0.69±0.075 0.75 

   33.2 0.58±0.064 0.64 

   34 0.55±0.06 0.60 

   34.6 0.52±0.057 0.57 

 

Table 5.1: Volume fractions of the hard and soft-sphere samples. 

Confocal microscopy was used to image the individual particles in horizontal slices and 

follow their motion. 3000 frames were acquired at a frame rate of 0.8 s
-1

 to follow the 

motion of  5000 particles in a horizontal plane during a time interval of 2400 sec. At each 

time step, particle positions were determined with an accuracy of 20nm in both horizontal 

directions. Finally, particle positions at subsequent times were linked to reconstruct the 

particle trajectories. All measurements were taken at a height of  15m above the cover 

slip to avoid any influence from the boundaries.  

 

5.5: Measurement of dynamical heterogeneity 

We use the two-dimensional particle trajectories determined with confocal 

microscopy to measure the size of cooperative motion as follows: First, the squared 

displacement ri(t)
2
 of each particle i is determined from its trajectory ri (t). The particle 

mobility is then defined using the overlap function (Eqn. 5.2) [10]. a and  are the probe 

length and time scale, respectively are not known, and rather chosen by the glass itself. By 

varying both a and , we are able to find the relaxation mode, for which the particles 

exhibit maximum correlated motion. To measure the typical length over which the particle 

motion is correlated, we define the four-point correlation function [8, 9],  

 

G4(r,τ) =    (r0+r,τ)    (r0, τ) −    (r0,τ) 
2
          (5.3) 
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where r is the distance between two particles, and angular brackets denote averages over 

all particles. G4 correlates the mobility of particles at locations separated by r. In analogy 

to equilibrium thermodynamics, a dynamic susceptibility can be defined from the integral 

over the four-point correlation function [8]  

 

χ4 (a,τ) = ∫G4(r,τ) dr.  (5.4) 

 

χ4 is proportional to the number of particles that move cooperatively over the length scale 

a, and on the time scale . Equivalently, we can determine the dynamical susceptibility 

directly from the variance of Qa(r, τ) according to [10] 

 

χ4 (a,τ) = N [Qa(r,τ)
2
 t −  Qa(r,τ)t

2
],          (5.5) 

 

where N is the total number of particles, and the average is taken over all time intervals of 

length . The dynamic susceptibility will depend on both the time scale , and the probe 

length a, on which the dynamics are probed. To find the maximum dynamic heterogeneity 

of the system, we determine χ4 over a range of length and time scales, and find the length 

scale a* and time scale * that maximize 4 [11]. 

 

5.6: Result 

5.6.1: Mean square displacement. 

 

The effect of softness can already be noticed in the particles’ mean square 

displacement, <r
2
> which we show in Fig. 5.4a and b. Both sets of curves show the slow-

down of the particle motion as an emerging plateau of <r
2
> at intermediate time scales, 

followed by the onset of the crossover into the diffusive regime. However, very different 

volume-fraction dependence is observed for hard and soft spheres. For the hard particles, 

the curves change strongly with small changes in volume fraction: both the plateau value 

and the length of the plateau vary strongly, clearly demonstrating the density-dependent 
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frustration of these hard-core particles. In contrast, for the soft spheres both the plateau 

value as well as the crossover vary relatively little, while the effective volume fraction 

changes by a factor of 2, showing that the particle softness smoothens the dependence of 

relaxation time on volume fraction, in agreement with recent light scattering 

measurements on similar hydrogel particle systems [27]. Furthermore, the relatively low 

plateau values in Fig. 5.4b indicate that the soft particles are strongly confined by their 

neighbours in the dense soft-sphere suspension. 

Figure 5.4: Mean square displacement and kurtosis 

(a, b) Mean square displacement of the hard (a) and soft sphere suspensions (b). The 

curves represent the volume fractions  =0.54, 0.56, 0.58, and 0.6 (a, from top to bottom), 

and the effective volume fractions 0.55, 0.58, 0.69, 0.79 and 0.91 (b, from top to bottom). 

Inset in (b) shows the hydrodynamic radius of the pNIPAM particles as a function of 

temperature. (c, d) Kurtosis as a function of time for the hard-sphere suspension with 

 =0.58 (c) and the soft-sphere suspension with effective volume fraction  eff=0.9 (d). 

Dashed lines are guides to the eye. Upper left inset shows the probability distribution of 

displacements for t=1500 sec (c) and 2400 sec (d). Lower right inset shows the maximum of 

the kurtosis as a function of reduced volume fraction. 
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5.6.2: Non Gaussian displacement distribution 

A signature of cooperative motion can already be obtained from the probability 

distributions of particle displacements. These are shown for hard and soft-sphere 

suspensions in the top left insets of Figs. 5.4c and d. They deviate significantly from 

Gaussian probability distributions (red dotted curve), indicating correlation in the motion 

of the particles. We quantify this non-Gaussian behaviour by the kurtosis (Eqn.5.1), 

allowing us to find the maximum correlated motion as a function of probe time, t. Values 

of  as a function of t are shown in the main panels, revealing maxima at tm = 980s (hard 

spheres, Fig. 5.4c) and tm = 1380s (soft spheres, Fig. 5.4d). We determine the maxima of  

for all volume fractions, and plot the maximum values max as a function of rescaled 

volume fraction in the bottom right insets. While for the hard spheres max rises sharply 

with volume fraction, reflecting the increasing degree of correlation, for the soft spheres 

this dependence is less pronounced. We also plot tmax, the times where the maximum  

occurs, in Fig. 5.4a and b (dashed lines). Again, these times change strongly for the hard 

spheres, in agreement with the onset of the crossover to the diffusive regime, while for 

the soft spheres, tmax exhibits only a weak dependence, reflecting the compliance of the 

soft particles. 

 

5.6.3: Computing size of cooperatively moving regions of hard and soft spheres by 

dynamic susceptibility method 

 

A systematic measurement of the size of cooperatively moving regions is 

provided in the framework of the dynamic susceptibility [8-11]. We follow this procedure 

here by determining the overlap function qa(ri, τ)  (Eqn. 5.2) that measures the mobility of 

the particles on the length scale a and time scale . We first elucidate the ensemble-

averaged mobility by averaging over all particles. Average overlap functions, <Qa(τ) >, for 

a = R are shown in Fig. 5.5 a and b. The decay of the curves indicates the decreasing 

overlap of the particles associated with their diffusion, and mirrors the mean-square 

displacements shown in Figs. 5.4a and b.  



 

69 
 

 

Figure 5.5: Overlap function and dynamic susceptibility for hard and soft spheres  

(a, b) Average overlap function for a=R as a function of probe time for the hard (a) and 

soft-sphere suspension (b). The curves represent the volume fractions   = 0.54, 0.56, 0.58, 

and 0.6 (a, from bottom to top), and the effective volume fractions  eff = 0.55, 0.58, 0.69, 

0.79 and 0.9 (b, from bottom to top). (c, d) Contour plot of the dynamical susceptibility as a 

function of probe time τ and probe length, a, for hard spheres with   = 0.58 (a) and soft-

spheres with  eff = 0.9 (b). The color indicates the magnitude of χ4 (see colorbar). White 

dashed horizontal and vertical lines indicate the length and time scale for which the system 

shows maximum dynamic heterogeneity. Inset: Average overlap function <Qa=a*()> (red), 

and dynamic susceptibility (blue) as a function of time. The location of the maximum of 4 

coincides with the onset of the decay of <Qa*()>. 

 

To measure the size of correlated motion, we determine the dynamic susceptibility 4 

from the fluctuations of Qa(ri,τ)  using Eqn. 5.5. The maximum of 4 is then determined by 

varying both the probe length a, and time scale. Contour maps of 4 as a function of a 

and  are shown in Figs. 5.5 c and d. A clear maximum (red) demarcates the length and 

timescales of maximum correlated motion, a* and *. We plot the magnitude of 4 at 

a = a* together with <Qa*(τ) >, the average overlap function for a = a*, in the inset. In both 
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cases, the peak in 4 coincides precisely with the onset of the decay of <Qa*(τ) >, 

demonstrating that maximum correlated motion occurs at the onset of the diffusive 

regime, in agreement with the measurement of . The advantage of 4 is, however, that it 

allows us to directly compare the number of particles involved in cooperative motion. By 

comparing values of 4 in Figs. 5.5 c and d, we find that the maximum of 4 is almost an 

order of magnitude larger for the soft-spheres, indicating that dynamic correlations are 

much longer ranged in the dense soft-sphere suspension. To corroborate this result, we 

determine the maxima of 4 for all volume fractions of hard and soft spheres, and plot 

them as a function of reduced volume fraction in Fig. 5.6.  

The dynamic susceptibility appears to increase sharply at rescaled volume fractions of 

 /  max  0.92 (hard spheres) and 0.99 (soft spheres). The magnitude of 4, however, is 

largely different. While the hard-sphere glass shows only a moderate increase of 4 at 

 / max  0.92, in agreement with earlier measurements [4, 7, 8], the soft-sphere 

suspension shows an increase to values almost an order of magnitude larger. 

 

Figure 5.6: Dynamic susceptibility of hard and soft-spheres 

Maximum dynamic susceptibility as a function of normalized volume fraction for the hard 

(red dots) and soft-sphere glass (blue squares). Dashed lines are guides to the eye. Inset: 

Dynamic susceptibility as a function of        in a double-logarithmic representation. 
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The data suggests that for the soft spheres, 4 diverges at  c  0.99. To elucidate this 

divergence, we plot a double-logarithmic representation of 4 as a function of        in 

the inset of Fig. 5.7. This representation suggests a scaling relation of the form        

    with  = - 1.00.1, determined from the best fit to the data (dashed line). We also add 

the data of the hard spheres in the same plot. Although the limited amount of data points 

does not allow us to clearly judge about a scaling relation, the data suggests a slope of 

  0.5, clearly different from that of the soft spheres. More measurements, however, are 

needed to validate this point. 

 

5.6.4: Displacement field of hard and soft spheres 

The long correlation length exhibited by the soft sphere glass is striking. It is in 

agreement with recent photon correlation experiments [17-19] that evaluate dynamic 

correlations by imaging the time-decay of intensity correlations on a coarse-grained level. 

The authors observed long-range correlations for a variety of soft materials including 

artificial skin, concentrated surfactant onion gels, and soft hydrogel particles, concluding 

that these dynamic correlations are rather a generic feature of deeply jammed soft-

particle systems. The correlations were measured using a dynamic correlation function 

analogous to Eqn. 5.3, adjusted to the photon correlation data, and yielded correlations 

over macroscopic, millimetre length scales. While our field of view is much smaller, and 

therefore cannot detect dynamic correlations on these macroscopic length scales, the 

direct imaging of the individual particles presented here gives important new insight into 

the nature of such long-range collective rearrangements. We elucidate the displacement 

field of the particles directly in real space by showing renderings of the particle motion in 

Fig. 5.7 and 5.8. The figures compare the motion of hard (left) and soft spheres (right) for 

volume fractions below (Fig. 5.7) and at maximum dynamic heterogeneity (Fig. 5.8). 

Shown are displacements over the time interval *, where maximum correlated motion 

occurs. The top row illustrates the particles’ squared displacement: each dot represents a 

particle, and its shade of grey indicates the particle’s squared displacement during the 

time interval *. Note that we have adjusted the grey scale to the typical displacement 

magnitude of a collective rearrangement, making also small displacements visible. 
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Figure 5.7: Particle displacements at volume fractions below that of maximum dynamic 

susceptibility 

a, b Map of the squared displacements of the hard-sphere particles at   = 0.54 (a) and the 

soft-sphere particles at  eff = 0.55 (b), during the time interval △t = *. The shade of grey 

indicates the normalized squared displacement, (∆r/R)
2
, of the particles during * (see 

colorbar). c, d Displacement fields show enlarged sections of a and b (dashed boxes). 

Arrows indicate the displacement vectors of particles during the time interval *. Arrows 

are enlarged by a factor of 2 for clarity. 

 

The bottom row illustrates the particles’ displacement field in an enlarged section. Already 

at volume fractions below maximum heterogeneity (Fig. 5.7), a clear difference between 

the hard and soft spheres becomes apparent: for the soft spheres, fast particles form 

larger connected clusters, as evidenced by the enhanced clustering of black dots in Fig. 

5.7b. This is consolidated by the displacement field (bottom row): inside the fast particle 

clusters, the soft spheres move cooperatively in similar directions. Particles tend to follow 

each other in string-like lines, forming “islands” of connected motion. In contrast, the 



 

73 
 

displacements of the hard spheres are less coherent, while their magnitude is larger. This 

difference becomes most evident at maximum dynamic heterogeneity (Fig. 5.8). In the 

soft-sphere system, a cluster of fast particles spans the entire upper half of the image (Fig. 

5.8b), indicating a band of high mobility that crosses the field of view.  

 

Figure 5.8: Particle displacements at volume fractions of maximum dynamic 

susceptibility 

(a,b) Map of squared displacements, (∆r/R)
2
, of the hard-sphere glass at   = 0.58 (a) and 

the soft-sphere glass at  eff = 0.9 (b) during the time interval t=* (see colorbar). (c, d) 

Displacement fields correspond to sections in (a) and (b) (dashed boxes). Arrows are 

enlarged by a factor of 2 for clarity. The displacement field of the soft spheres (d) appears 

more coherent than that of the hard spheres (c). 

 

The displacements of particles within this band manifest surprising cooperative motion 

(Fig. 5.8d): The soft spheres move uniformly with only smooth variation of their 

displacement direction, while the displacement magnitude is very small. In contrast, the 

hard sphere system shows much less coherent motion (Fig. 5.8c). Adjacent particles are 
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observed to often move in different directions, making the displacement field appear non 

uniform. Accordingly, the regions of fast particles (Fig. 5.8a) appear more scattered than 

those of the soft spheres. The figures also demonstrate that the displacement magnitudes 

involved are very different. The hard spheres exhibit rather large displacement magnitude, 

in contrast to the soft spheres, whose collective displacements are rather small. This small 

displacement magnitude evidences the strong confinement of the deeply jammed soft 

particles. The figures suggest that it is this strong confinement that makes the relaxation 

modes long range and leads to the highly correlated displacement directions.  

 

5.6.5: Compare correlations in the direction of motion of the soft to hard spheres 

 

 

Figure 5.9: Correlation of displacement directions 

Correlation function      〈  ⃗⃗⃗⃗       ⃗⃗⃗⃗    〉 that correlates the normalized displacement 

vectors   ⃗⃗⃗⃗  and   ⃗⃗⃗⃗  of particles i and j, as a function of particle separation. Closed symbols 

correspond to the displacement field at maximum dynamic heterogeneity shown in Fig. 5, 

and open symbols correspond to the displacement field shown in Fig. 4. Blue squares 

indicate soft spheres, and red dots represent hard spheres. Inset: same data on a linear 

scale. 
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We quantify correlations in the direction of motion by calculating the correlation 

function      〈  ⃗⃗⃗⃗       ⃗⃗⃗⃗    〉 , were ni and nj are the normalized displacement vectors 

of particles i and j. C(r) correlates displacement directions over the distance r. Correlation 

functions calculated for Figs. 5.7 and 5.8 are shown in Fig. 5.9. Open symbols indicate 

volume fractions below (cf. Fig. 5.7), and closed symbols volume fractions at maximum 

dynamical heterogeneity (cf. Fig. 5.8). Soft spheres are represented by blue squares, and 

hard spheres by red dots. Clear differences are observed. C(r) is larger and decays slower 

for the soft spheres, confirming that their direction of motion is correlated over larger 

distances. Interestingly, however, at maximum dynamic heterogeneity, the direction of 

motion of both systems appears to be correlated over large distances as indicated by the 

plateau of C(r). Still, for the hard spheres, the magnitude of C(r) is smaller, and C(r) 

appears to decay at the largest distances shown, while for the soft spheres, the plateau 

value is higher and the plateau extends over the entire length, demonstrating that 

directions are strongly correlated over distances even larger than the field of view. This 

confirms the strong coherence of the displacement field in these long-range relaxation 

modes as suggested by Fig. 5.8d.  

To elucidate the origin of this highly correlated motion, we again look at the elastic and 

viscous shear moduli, G’ and G”, determined in chapter 4. Fig. 4.1 shows the normalized 

moduli G’ and G” as a function of applied strain amplitude for several volume fractions. 

We focus on the linear regime at small strain, where the values of G’ and G” are nearly 

constant. G´ is always larger than G”, indicating the strong elastic component of all 

samples. When comparing moduli of hard and soft spheres, we find that the soft sphere 

samples have much higher moduli, and the ratio of G’ and G” is much larger than that of 

the hard sphere samples, indicating that the soft-sphere suspension exhibits a much larger 

elastic component. We attribute this strong elastic component to the interactions 

between the highly confined soft spheres. At high effective volume fractions, the soft 

particles deform and overlap, and any shear deformation will also probe the material the 

soft spheres are made of. The young’s modulus of PNiPAM particles is typically in the 

range of several kPa [28], which corresponds to several 10
4
(R

3
/kT), and becomes of the 

order of the modulus of the dense soft-sphere suspension investigated here. In contrast, 
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the Young’s modulus of PMMA particles is several MPa [29] many orders of magnitude 

larger than that of the suspension so that these particles are not noticeably deformed, and 

the internal elasticity of the particles will not have any noticeable effect on the suspension 

rheology. This strong elastic component, together with the strongly coherent 

displacement field suggests that these long-range relaxations have elastic origin. Internal 

elastic relaxation can drive irreversible particle rearrangements, and it seems that it is 

these elastically correlated displacements that we pick out in the long range correlated 

modes. It is interesting to compare this behaviour to sheared hard-sphere suspensions: 

We have recently found that long-range correlations exist even in hard-sphere glasses, 

when we apply slow shear to them [30]. The applied slow shear drives structural 

relaxations that would otherwise be frozen, and this allowed us to evidence surprisingly 

long-range correlations. In the soft-sphere glass investigated here, the stored internal 

elasticity of the soft particle suspension can play the role of the applied shear and drive 

these irreversible rearrangements. Furthermore, because of the compliance of the 

particles, these rearrangements occur more easily, making long-range relaxation modes 

accessible on experimental time scales, even without applied shear. 

   

5.7: Conclusion  

We have compared the relaxation of quiescent hard and soft-sphere colloidal 

glasses by direct real-space imaging of particle displacements, and rheology. By using a 

systematic scheme to determine the dynamic susceptibility as a function of probe length 

and time scales we showed that the soft sphere glass exhibits by far larger dynamic 

susceptibilities demonstrating that cooperative motion extends over much larger length 

scales. The direct imaging of the displacement field reveals that the displacements 

involved in these long-range relaxation modes are rather small, and have highly correlated 

directions. The oscillatory rheology measurement presented in chapter 4 have shown that 

the dense soft-sphere glass exhibits a strong elastic component that becomes of the order 

of the modulus of the particle material itself, demonstrating the strong overlap of the 

particles at these high densities. This suggests that it is the internal elasticity of the dense 

suspension that causes these highly correlated long-range displacements: In the limit of 

complete overlap, the particles would form one coherent, homogeneous material that has 
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the elastic properties of the particle material itself. At finite but strong particle overlap, 

the compliance of the particles allows small rearrangements, driven by thermal 

fluctuations, and by the stored internal elasticity. As a result of these rearrangements, the 

material again exhibits internal elastic relaxation, and this elastic relaxation involves a 

strongly correlated displacement field. This suggests that it is the elasticity of the matrix 

material at the onset of viscous relaxation that makes dynamic correlations in these 

glasses long-range. 
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6. Visualization of incipient deformation by indenting 
colloidal glasses 

In chapter 4 we investigated the yielding behavior of hard and soft suspensions 

via their macroscopic rheology, while in chapter 5 we elucidated the microscopic 

relaxation of hard and soft-sphere suspensions. In both cases, a central question concerns 

incipient plasticity – the onset of permanent deformation – that is central to their 

relaxation, aging, and yielding. In this chapter we elucidate the onset of permanent 

deformation using indentation. By concentrating the stress in small volumes, we initiate 

plastic deformation in a controlled way, and we investigate on the single particle level how 

the material starts to yield. We observe a surprising hierarchical structure of incipient 

deformation that indicates a critical behaviour of the glass upon yielding.   

 

6.1: Introduction 

Incipient plasticity addresses a crucial step in the deformation of materials. It 

marks the onset of permanent deformation due to irreversible atomic rearrangements. At 

small applied strain, solids deform elastically, being able to recover their shape when the 

strain is removed. However, at larger applied strain, irreversible rearrangements occur, 

leading to permanent deformation. This onset of permanent deformation reflects a 

symmetry change from time reversible to irreversible atomic motion. Glasses are frozen 

on experimental time scales, and the onset of irreversible rearrangements is crucial for 

the understanding of their relaxation, aging and deformation. Nanometre-scale 

indentation experiments can provide insight into the incipient plasticity, being able to 

resolve the very earliest stages of deformation [1-3]. While nanoindentation experiments 

on atomic glasses allow the resolution of individual elementary plastic events from force-

displacement measurements [4, 5], the direct imaging of elementary relaxation, and the 

microscopic displacements at the onset of plastic deformation are extremely difficult to 

observe directly in atomic glasses. In this chapter, we use an analogue of nano-indentation 

performed on a colloidal glass to obtain direct images of the incipient plasticity, allowing 

us to elucidate the onset of permanent deformation. We visualize the microscopic strain 

directly by following distorted nearest neighbour configurations, and observe a surprising 
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hierarchical structure: at the onset of irreversible deformation, the strain acquires a 

robust fractal structure, similar to the structure of solid networks in the irreversible 

aggregation of particles, and we measure the fractal dimension directly from the imaged 

strain distribution. These results give direct evidence that the onset of permanent 

deformation has the hallmarks of a critical point, in agreement with recent theoretical 

work on fibrous networks [6]. This critical behavior is of crucial importance for the 

application of amorphous materials as new engineering materials at small scales [7].  

 

6.2: The mechanics of elastic contact: Hertz's theory  

                      

In 1882, Hertz analysed the stress at the contact of two elastic solid bodies [8] 

motivated by his study about Newton's optical interference fringes in the gap between 

two glass lenses. He was concerned about the influence of elastic deformation of the lens 

surfaces during contact due to the pressure between them. He started to investigate 

elasticity in order to understand the reversible change in the lens surface change. In his 

theory, Hertz made the following assumptions: The surfaces are continuous and non-

conforming; the strains are small; each body can be considered as an elastic half-space; 

the contact is frictionless [9]. 

The fundamental analysis of these problems in the elastic regime was first given by Hertz 

(1881); and then worked out further by Huber (1904), by Fuchs (1913), and by Morton & 

Close (1992) for the case where the area of contact is a circle, whist Thomas & Hoersch 

(1930) have given a more general solution for the case of non-spherical contact area. 

The theory provides analytic solutions of the stresses and strains produced when a 

spherical indenter is pressed against the plane surface of a semi-infinite elastic body. The 

Figure 6.1: Schematics of 
spherical indentation. R is 
indenter radius, h is indentation 
depth, P is indentation force, and 
a is contact radius and half 
contact length for spherical and 
cylindrical indenter, respectively 
[9]. 
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surface of contact is bounded by a circle-the circle of contact. When a sphere of radius R is 

pressed with a total pressure P against the plane surface with radius of   (Fig. 6.1), then 

by a reduction of Hertz’s equations as given by Love, it can be shown that the surface of 

the circle of contact is  

  √
  

  
 
 

 

 
 , where         (6.1) 

  
       

 
                  (6.2) 

 

Here E and  are respectively, the Young's modulus and Poisson's ratio of the material and 

=1/R. In Hertz's solution, the displacement of a point on the surface within the area of 

contact is given by 
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where r and Z are the distances from the origin (contact point) in cylinder coordinates. 

From the displacement, we can calculate strain and stress components in the indented 

elastic body [10]. The derivation is lengthy, and we give only the result here. The normal 

stresses inside the elastic body are:   
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While the shear stress in the indentation plane is  

 

      
   

       

  √ 

    
              

Here    = 
  

       [11]. 

In our glass, deformation is driven by the maximum shear stress: It is possible to find three 

orthogonal planes such that shear stress vanishes; these planes are called the principal 

planes and the normal stresses on these planes are called the principal stresses. The 

principal stresses are the maximum (  ) and minimum (  ) possible values of the normal 

stresses. The maximum shear stress is found by taking the maximum difference between 

the principal stresses:   

      
       

 
             

 

a distribution of maximum shear stress within an elastic continuum is given in Fig. 6.2 [12].  

 

Figure 6.2: Contour plot showing the distribution of the maximum shear stress in a 

continuous linear-elastic medium. The peak value of shear stress, max, occurs directly 

below the center of the spherical indenter at a distance of about half the contact radius (a) 

below the specimen surface. Pm is the mean contact pressure [13]. 
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For an isotropic linear elastic material, stresses and strains are related via: 
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      (6.9), 

 

where     are shear strain components and     are the normal strains,  is the Poisson 

ratio and E is young modulus. The total energy associated with the strain components is: 
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 )                

 

Here   is the volume element of the strain and   is the shear modulus which is equal to 

E/(2(1+)). Because in our analysis, we use the nearest neighbours for the calculation of 

strain, we take   = 4/3π   
 , where R0=r0* rparticle is the minimum of the pair correlation 

function, see Fig 6.3. 

 

6.3: Experimental setup  

To investigate the indentation of a glass with single-particle resolution we use a 

colloidal glass and confocal microscopy to track the individual particles. We prepare a 

colloidal glass by sedimenting 1.55 m diameter silica particles onto a cover slip by 

centrifugation. The particles are suspended in a mixture of water and dimethylsulfoxide 

(DMSO) with volume fractions of 1/3 and 2/3, respectively, that matches their refractive 

index. The cover slip surface is coated with a 5μm thick layer of polydisperse colloidal 

particles (size distribution 1-5m) to avoid boundary-induced crystallization. The resulting 

colloidal amorphous film has a volume fraction of   0.60, well inside the glassy state 

[14]. The structure of our glass is characterized by the pair correlation function while we 

show in Fig. 6.3. A sewing needle attached to a piezoelectric translation stage is used to 

indent the colloidal glass. The needle has an almost hemispherical tip with radius 38 m; 

the length scale ratios of the particle size, the film thickness and the tip diameter are 
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similar to those used in nanoindentation experiments on conventional (atomic) materials. 

The needle touches the surface of the glass at time t=0, when we start recording.  A piëzo 

is used to lower the needle very accurately with a speed of 2.9 μm/h into the colloidal 

glass. We use confocal microscopy to image the motion of individual particles in the glass. 

Every single minute, a three dimensional image of a volume 66μm × 66μm × 48μm below 

the tip is acquired (Fig. 6.5a). This technique allows us to follow the incipient plastic 

deformation directly at the particle scale. We determine individual particle positions in 

three dimensions with an accuracy of 0.3 m in the horizontal, and 0.5 m in the vertical 

direction [15]. We start recording images 15 minutes before starting the indentation. We 

then  acquire images every 60 sec over a time interval of 25 min from indented glass to 

track the motion of  310
4
 particles in the imaged section. One image needs 45 second 

to acquire. As a reference before the indentation starts, we also acquire image stacks of 

the quiescent glass. This allows us to determine the elastic properties of the amorphous 

film from thermally induced fluctuation of particle positions. 

 

Figure 6.3: Radial pair correlation function 

The pair correlation function shows the structure of the colloidal glass. The first minimum, 

r0 (vertical dashed line), indicates the boundary of the nearest-neighbour shell. 

 

6.4: Results- quiescent glass 

We use thermally induced strain fluctuations in the quiescent glass to determine 

the elastic modulus of the amorphous film. Due to thermal fluctuations, oscillations of 
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strain will occur spontaneously. In thermal equilibrium, the probability of excitation of 

elastic strain energy     is        
   
  . Replacing     according to Eqn. (6.10), we obtain 

 

           
  (   

  


   
   
 )

   
                   

 

Therefore, by plotting the relative frequency of strain energies as a function of strain 

energy magnitude we can determine the elastic modulus from the slope of the data. We 

plot P(Eel) as a function of Eel/    for all particles in the volume in Fig 6.4. The data can 

indeed reasonably well be fitted with a line, meaning that the Boltzmann distribution 

describes the observed strain distribution reasonably well. By linear extrapolation, we 

obtain the shear modulus G=0.189 Pa. 

 

Figure 6.4: Probability distribution of elastic energy.  

 

6.5: Results- indented glass 

6.5.1: Particle displacements and strain distribution 

We show particle displacements after 21 min of indentation in Fig. 6.5b. Large 

displacements concentrate below the tip, as expected. We find that, however, even far 

away from the tip, pronounced displacements occur, something that is not expected for a 

material that behaves as a continuum elastic material. 
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To explore the deformation of the glass in more detail, we determine the local strain from 

distorted nearest neighbour configurations. As described in sec. 3.8 a good measure of the 

local shear deformation is the maximum shear strain, ɛmax=|ɛ1-ɛ2|/2 [16], an invariant of 

the strain tensor, where,  1 and  2 are the largest and smallest eigenvalues of the strain 

tensor. The maximum shear strain ɛmax reflects the shear strain acting along the principal 

axes of the strain tensor, and has been used as a good measure of strain in the 

inhomogeneous deformation of isotropic materials [16]. To visualize its distribution, for 

each particle, we determine values of ɛmax from the eigenvalues of the strain tensor 

associated with the particle. Colour representations of the resulting strain distributions 

are shown in Fig. 6.5c and d. Orange and yellow spheres indicate particles with large ɛmax, 

while blue particles indicate small ɛmax. In Fig. 6.5d, we have omitted particles with  max < 

0.11 for clarity. Orange particles accumulate below the tip, indicating high local shear 

strain. A strain maximum occurs roughly 10 m below the tip (Fig. 6.5e), in reasonable 

agreement with continuum theory predictions. In contrast to continuum elasticity 

predictions, however, large shear strain occurs surprisingly far away from the tip. To 

demonstrate this, we focus on a horizontal section, 10m below the tip, and show the 

time evolution of strain in Figs. 6.5f to h. Already at early times (Fig. 6.5f and g), large 

shear strain is observed throughout the field of view as indicated by the occurrence of 

yellow spheres far away from the tip. This strain distribution shows a surprising cascade 

structure as demonstrated in Fig. 6.6a. Yellow zones concentrate at preferred distances to 

the origin (dashed circles), indicating a cascade-like structure of deformation. Similar 

strain patterns are observed in all components of strain. As an example, we show the 

distribution of normal strain  zz in Fig. 6.6b. Blue spheres in the centre reflect directly the 

compressive strain exerted by the tip, while the pattern of blue and red spheres indicate 

the occurrence of compression and dilation at positions that coincide with those of 

maximum shear strain (Fig. 6.6a). 
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Figure 6.6: Cascade structure of the incipient deformation 

(a, b) Strain distribution in a 5 m thick section 10μm below the tip after 21min of 

indentation. a, Distribution of the maximum shear strain, ɛmax. b, Distribution of normal 

strain ɛzz. (c) Angle-averaged strain as a function of distance from the center of the tip. 

Symbols indicate the measured values of ɛmax (red dots), ɛzz (green dots), and the radial 

shear strain ɛrz (violet dots). Dashed lines indicate continuum predictions for ɛmax, ɛzz, and 

ɛrz, respectively. Arrows indicate pronounced deviations from the predicted elastic 

distribution associated with the onset of permanent deformation. 

 

6.5.2: Comparing strain value to the elastic strain distribution predicted by Hertzian 

theory. 

The cascade structure is a characteristic property of the emergent plastic 

deformation; to show this, we compare the observed strain distribution with the elastic 

strain distribution predicted by continuum elasticity. As shown in 6.2 the elastic strain 
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distribution depends only on the radius of contact, a, between the indenter and the 

medium, and the maximum normal pressure P in the centre of contact. To determine the 

elastic strain distribution corresponding to Figs. 6.6a and b, we take advantage of our 

direct imaging, and measure the contact radius directly from the imaged contact surface 

between the tip and the colloidal glass, obtaining a = 22 m. We then adjust P in order to 

best fit the experimental strain distributions. We obtain P = 0.028 (pa) correspond to a 

normal strain of  0 = 0.083. The resultant elastic strain distributions are shown in Fig. 6.6c 

(dashed lines). Also shown by dots are the measured strain distributions. Striking 

differences occur at R1 = 10, R2=25 and R3=38 m (arrows) in all components of strain. 

These distances coincide precisely with the location of the circles in Fig. 6.6a and b; we 

associate these deviations from the elastic strain distribution with the onset of plastic 

relaxation.  

 

6.5.3: Time evolution of strain 

Load-displacement curves of metallic glasses exhibit characteristic bursts at the 

onset of plastic flow [1] that have been associated with the nucleation of shear bands, 

where slip occurs collectively along a surface. Such shear bands occur at an intermediate 

regime of indentation rates where the glass exhibits inhomogeneous flow [5]. The long 

time scale of our colloidal glass permits us to access the regime of low indentation rates, 

where uniform flow occurs [17]: Surprisingly, we observe a cascade structure of the 

incipient plastic deformation, characterized by strong spatial correlation. The excellent 

time resolution of our technique allows us to even follow the propagation of the incipient 

plastic deformation in time: We focus on particles with large shear strain, and follow their 

time evolution in Fig. 6.7a-c. The incipient plastic deformation penetrates the glass with a 

characteristic propagation time. To determine this time scale, we measure the delay time 

of plastic activity at the distances R1, R2 and R3 corresponding to the circles in Fig. 6.6a and 

b. We correlate the angle-averaged strain       at Ri at time t with the strain          at 

Rj at some later time,     . The corresponding correlation functions, shown in Fig. 6.7d, 

reveal distinct time correlation: Maxima at t = 6, 8 and 14 min demarcate characteristic 

delay times associated with the propagation of plastic deformation, and reflect the time 
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necessary to nucleate new plastic zones in the strain field of existing ones. Thus we 

conclude that in addition to the spatial correlation, there is also strong time correlation in 

the incipient plastic deformation.  

 

Figure 6.7: Time evolution of strain 

(a)-(c) Time series showing the evolution of regions of high strain after 16, 20, and 24min 

of indentation. (d) Time correlation of strain between the inner and middle (blue), middle 

and outer (red) and middle and outer (green) dashed circle in Figs. (a-c). The time 

correlation is calculated by correlating the average strain within cylindrical shells of 

thickness 4 m, and radii R1=10, R2=25, and R3=38 m, centered at the origin. Maxima 

indicate the characteristic delay times of plasticity, t12=6, t23=8 and t13=14 min. 

 

6.5.4: Fractal deformation field 

This strong spatial and temporal correlation results in a complex, highly 

correlated network of deformation. To elucidate it, we explore the analogy with fractal 

structures encountered in colloidal particle aggregation, where strong interparticle 

attraction leads to open, hierarchical structures characterized by a robust fractal 

dimension [20]. While for space-filling structures, the number N(r) of particles within a 

distance r grows as N(r) r
D
, where D is the dimension of space, in open, fractal 

structures, N(r) r
df

, where df < d  is the fractal dimension. Surprisingly, we find that a 

similar description applies to the distribution of strain during the incipient deformation. To 

show this, we again focus on high strain particles, and determine their number N(r) within 

a lateral distance r from the origin. We plot N as a function of r in Fig. 6.8a, inset. Within 

the highly deformed centre, N  r
2
, indicating a compact space-filling structure. However, 

outside the central zone, N grows slower, with a slope of  1.2 indicating a fractal 

structure of deformation. To show this most clearly, we normalize by the homogeneous 
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distribution,  ̅      ̅  , where  ̅ is the average density of high-strain particles, and 

show the normalized number of particles in Fig. 6.8a, main panel. The change from a 

horizontal to a negative slope of the data indicates the transition from a compact to a 

fractal structure of deformation. The excellent collapse of the data taken after different 

times of indentation demonstrates that this fractal structure is a robust property of the 

incipient deformation of the glass.  

 

 Figure 6.8: Fractal deformation field 

(a) Scaling of the number  ̅ of high-strain particles, normalized by the homogeneous 

distribution, as a function of distance r from the origin. Two regimes with different scaling 

are delineated by the vertical dashed line. For r<15 m,  ̅ is constant, indicating a 

compact, space-filling structure, while for r>15 m  ̅       indicating a fractal structure. 

Colors indicate increasing time intervals of indentation, t=15 (red), 16 (violet), 17 (gray), 18 

(green), 19 (blue), 20 (yellow) and 24 min (turquoise). Inset: Same data without 

normalization shows the fractal scaling of the number of high-strain particles according to 

       , and          . (b) Relative frequency of strain values as a function of strain 

magnitude for particles with distance r<10 m (blue) and r>20 m from the center (red). 

The dashed lines indicate fits to a Gaussian (red) and a power-law distribution (blue). 

 

This fractal structure of deformation allows plasticity to penetrate the glass at a low 

density, and to produce macroscopic flow at low energetic cost. While our limited field of 

view allows us to elucidate this scaling of strain only for a limited range of length scales, 

we obtain further evidence of the fractal nature of deformation from the probability 

distribution of strain. We show histograms of strain values in Fig. 6.8b, where blue and red 
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dots indicate particles in and outside the central zone, respectively. The data reveals the 

very different character of the distributions: inside the central zone, particles exhibit a 

Gaussian strain distribution (blue dashed line), indicating that plasticity occurs in a 

statistically independent manner. In contrast, particles outside the central zone exhibit a 

power-law distribution (red dashed line), indicating strong correlation, in agreement with 

the fractal structure of deformation. We hypothesize that the high shear stress in the 

centre is sufficiently strong so that plastic zones can form independently of each other, 

while at much weaker stresses further away from the centre, plastic zones can only form 

when triggered by adjacent plastic zones, and hence plasticity occurs in a highly correlated 

fashion. These strong correlations result in a hierarchical structure of deformation at the 

onset of plasticity.  

Recent theoretical work on disordered fiber networks [6] indicates that the loss of 

network rigidity is associated with diverging strain correlations and a true critical point. 

Our observation of a hierarchical strain distribution indicates that even a glass shows 

hallmarks of critical behavior at the onset of plastic flow. Critical points demarcate 

qualitative changes of behavior, typically associated with symmetry changes. In the 

incipient deformation investigated here, the symmetry change occurs in time, and 

demarcates the transition from reversible elastic to irreversible plastic deformation.  

 

6.5.5: Spatial correlation of strain field 

To investigate this critical behavior of incipient deformation in more detail we 

investigate how the strain is correlated in space. To do so, we determine the spatial strain 

correlation function:  

 

      
                     

               
             

 

that correlates values of strain at location separated by   . The result is shown in Fig. 6.9a 

for different times of indentation. These data seems to indicate a power-law relation of 

early times when the needle touches the colloidal suspension or very small amount goes 

inside. With ongoing indentation the power-law relation vanishes and the deformation is 
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governed by the deformation in the centre. This leads to higher correlation amount, but a 

faster decay at larger distances.  

 

 

Figure 6.9: (a) Correlation function of strain as a function of particle separation according 
to eq. 6.13. The dashed line is to guide eyes(b) Correlation between local shear strain and 
local free volume, as function of time (eq. 6.14). 

 

 

6.5.6: Connection to the glass structure  

According to the free volume models proposed by Argon and Spaepen [11, 18], 

the formation of a local shear strain is associated with significant dilation. To test these 

ideas, we study the correlation between local strain and free volume. Using the position of 

particles that are identified from the confocal images, we calculate the free volume for 

each particle which is assumed to be confined to its Voronoi cell. Following [19] and 

consistent with [20, 21], the free volume associated with a Voronoi cell is defined as the 

volume of a smaller cell generated from the Voronoi cell by moving the faces normally 

inside of a distance   , where    is the particle diameter. It should be noted that the 

assumption of considering that the particles are confined in cells is valid only at high 

densities where the particles are densely packed that no rearrangements happen on the 
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time scale of obtaining the configuration. We compute the correlation between shear 

strain   and free volume   using: 

 

  
∑                         

√∑               
  ∑           

 

               

 

 

We plot C as a function of time in Fig. 6.9b, where we have averaged over all particles N in 

the slice. The values that we obtain fluctuate around 0.06. This value clearly demonstrates 

a weak correlation between the shear strain and the free volume.  

 

6.5.7: Time evaluation of elastic energy 

Using the shear modulus determined in Sec. 6.4, we can compute the local elastic 

energy of a particle and its nearest neighbour distortion assuming that a linear 

approximation still holds. By using Eqn. 6.10, we thus calculate the elastic distortion 

energy associated with the strains     .  

 

 

 

Figure 6.10: Time series showing the evolution of the total strain energy 

The time evolution shows the heterogeneous distribution of the elastic energy. High-

energy regions are depicted in dark red; these grow in time and finally join each other.  
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We show the resulting distribution of energies and their time evolution in Fig. 6.10. The 

colours illustrate elastic energy magnitude. The figure shows the strong heterogeneity of 

the elastic energy associated with the heterogeneous strain field.  

 

6.6: Discussion and conclusion  

The application of indentation on a colloidal glass reveals a surprising hierarchical 

structure of deformation at the onset of permanent deformation. This hierarchical 

structure is reminiscent of a second-order transition, indicating that the glass at the onset 

of flow exhibits signatures of criticality, in agreement with recent theoretical work on fiber 

networks. The similarity between the fractal structure of deformation and that 

encountered in the aggregation of particles suggests an analogy between the mechanisms 

of structural arrest and shear-induced relaxation. While the direct imaging of microscopic 

strain allows us to visualize its fractal structure in a colloidal glass, we expect our results to 

be general and apply to molecular glasses as well. We estimate from approximate 

conversion of the deformation rate from indentation to uniaxial strain rate that the strain 

rate of our experiment is  310
-5 

s
-1

, a factor of three larger than the inverse structural 

relaxation time of our glass. This ratio is typically encountered in the high-temperature 

deformation of molecular glasses [5,18]. For example, for typical strain rates employed in 

the nanoindentation of atomic glasses in the range of 10
-3

 s
-1

 to 1 s
-1

, the same ratio of 

imposed strain rate to relaxation rate is found in the range between 0.9 and 1.1 of the 

glass transition temperature. Deformation tests on typical metallic glasses show that 

indeed homogeneous deformation occurs at these strain rates and temperatures, in 

agreement with our experiments [5]. Therefore, our observations should be relevant for 

these atomic glasses as well. The long-range nature of the strain field should then have 

important consequences for the deformation in small dimensions, such as the one 

exploited in nano and micron-scale mechanical devices.  
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Summary 

 

Many solids are not crystalline but disordered at the atomic scale; window glass 

and hard plastics are the most familiar examples of a large class of solids called glasses. 

These glassy systems have attracted substantial interest due to the challenges they pose: 

besides recent progress, the behavior of glassy systems is not well understood yet. Unlike 

crystals, glassy materials don’t show long range order. When a glassblower cools molten 

glass into a solid, its viscosity rises dramatically. Understanding the origin of this rapid rise 

in viscosity, known as the glass transition, is a great challenge. For molecular glasses, we 

have only indirect evidence about the glass transition; this is because available 

experiments can’t directly observe the atomic motion in glasses. To gain more direct 

insight into the underlying mechanism, in this thesis, we have used models of glasses for 

which the motion of the constituent particles can be directly observed. We have used 

suspensions consisting of hard and soft-sphere particles, prominent model systems to 

model atoms or molecules in glass-forming liquids. Since these particles are much bigger 

than atoms, they can be made visible by using a microscope.  

We first applied rheological measurements to characterise the macroscopic visco-elastic 

properties and get insight into the yielding of these suspensions. We then looked at the 

microscopic level to obtain more insight into the microscopic mechanism of relaxation; 

here, confocal microscopy was used to follow individual particle trajectories directly.  

For these purposes, we prepared dense suspensions of micron-size Nipa and PMMA 

particles that are good experimental realizations of soft and hard-sphere systems. We 

investigated the rheological behaviour of these suspensions using large amplitude 

oscillatory shear. We found that in contrast to the hard spheres, for which thermal particle 

collisions lead to effective yield stresses of the order of kT/R
3 

(R is radius of particle), the 

modulus of the jammed soft sphere suspension arises from the permanent contact of the 

particles. We measured the single particle modulus directly with atomic force microscopy 

and showed that the suspension modulus can be accounted for by treating the permanent 

contacts of adjacent particles using Hertzian theory. The observed strong elasticity of the 

suspension thus arises from Hertzian contacts between the soft particles. By applying a 



 

98 
 

new scheme to interpret Lissajous curves, we have identified characteristically different 

yielding mechanisms of dense hard and soft sphere suspensions: while for hard spheres, 

the rheological results are consistent with the simple picture of local cage breaking, for 

the soft spheres, yielding seems to be associated with much longer-range relaxation, 

giving rise to a more gradual yielding behaviour.   

We then compared the microscopic mechanism of relaxation of hard and soft-sphere 

colloidal glasses by direct microscopic imaging of the particle motion. Using a systematic 

scheme to determine the dynamic susceptibility as a function of probe length and time 

scales, we showed that already under quiescent conditions, the soft-sphere glass exhibit 

by far larger dynamic susceptibilities. This demonstrates the long-range cooperative 

motion in these soft-sphere systems. Our microscopic observations reveal that the 

displacements involved in these long-range relaxation modes are rather small, and have 

highly correlated directions. These microscopic correlations arise from the strong elastic 

component of the particles as already observed in the rheological experiments. Our 

microscopic observations thus give insight into the intriguing role of elasticity in the long-

range nature of collaborative relaxation. 

To address the transition from elastic to plastic deformation directly, in the last chapter, 

we used the direct imaging of indentation of a colloidal glass to visualize incipient 

plasticity. This incipient plasticity marks the onset of permanent deformation and is 

central to the relaxation, aging, yield and fracture of glasses. Nano-indentation 

experiments on atomic glasses have been prominent to obtain insight into incipient 

plasticity by measurement of force-displacement relationships. However, the direct 

imaging of the atomic   mechanisms has remained elusive. We used an analogue of nano-

indentation performed on a colloidal glass to obtain direct images of the incipient 

plasticity, allowing us to elucidate the onset of permanent deformation. By visualizing the 

microscopic strain following distorted nearest neighbor configurations, we observed a 

surprising hierarchical structure of incipient deformation: at the onset of irreversible 

deformation, the strain acquires a robust fractal structure, and we have measured its 

fractal dimension directly. These results give evidence that the onset of permanent 

deformation has the hallmarks of a critical point, in agreement with recent theoretical 
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works on filament networks. Thus, the experiments in the last chapter strongly hint that 

there is criticality of the glassy material at the point where it starts to flow irreversibly. The 

nature of this criticality has still to be understood; an important issue for future studies 

concerns the role of time and the question whether there is some form of universality 

between different yielding systems – in analogy to the universality classes of equilibrium 

phase transitions. 
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Samenvatting 

Vele vaste stoffen zijn niet kristallijn, maar ongestructureerd op atomaire schaal; 

het glas van een raam en harde plastics zijn de bekendste voorbeelden van zogeheten 

glasachtige materialen. Deze systemen met een glasachtige structuur staan in het 

middelpunt van de belangstelling, door verscheidene eigenschappen die ze bezitten. Veel 

van hun eigenschappen zijn echter nog onbekend. In tegenstelling tot kristallen, hebben 

glasachtige materialen geen ordening op lange afstand. Als een glasblazer gesmolten glas 

afkoelt tot een vaste stof neemt de viscositeit sterk toe. Het begrijpen van deze snelle 

toename van de viscositeit, ook wel bekend als de ‘glas overgang’ is een grote uitdaging. 

Voor moleculair glazen hebben we alleen indirect bewijs van de glas transitie. Dit komt 

doordat de aanwezige experimenten niet in staat zijn de atomaire beweging in het glas 

waar te nemen. Om dieper inzicht te krijgen in het onderliggende mechanisme, is in deze 

thesis gekeken naar modellen van glasachtigen waarvan de beweging van de 

bestanddelen direct geobserveerd kan worden. We hebben gebruik gemaakt van een 

suspensie van harde en zachte ronde deeltjes, veelgebruikte systemen om de atomaire of 

moleculaire glasachtige vloeistoffen te kunnen bestuderen. Aangezien deze deeltjes veel 

groter zijn dan atomen kunnen ze met behulp van een microscoop zichtbaar worden 

gemaakt. 

We voeren rheologische metingen uit om de macroscopische visco-elastische 

eigenschappen te bepalen en inzicht te krijgen in de weerstand tegen stroming van de 

suspensie. Daarnaast hebben we naar het microscopisch niveau gekeken om meer inzicht 

te krijgen in de microscopische mechanismen van relaxatie. Hierbij is gebruik gemaakt van 

de confocaal microscoop om de individuele banen van de deeltje te kunnen volgen. 

Voor dit doeleinde is er een suspensie met een hoge dichtheid van Nipa en PMMA deeltjes 

gemaakt, deeltjes met orde micrometer grootte. Deze systemen representeren namelijk 

zeer goed de zachte en harde ronde deeltjes systemen. We onderzoeken het rheologische 

gedrag van de suspensies door een oscillerende schuifspanning met grote amplitude aan 

te leggen. In tegenstelling tot harde deeltjes, waarvoor thermische botsingen tussen 

deeltjes tot een effectieve vloeispanning leidt met grootte kT/R
3 

(R is de radius van het 

deeltje), wordt de modulus van zachte jammed suspensie deeltjes veroorzaakt door het 
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permanente contact tussen deeltjes. Met een atomic force microscoop hebben we de 

elastische modulus van individuele deeltjes gemeten. Door gebruik te maken van Hertz’s 

theorie kunnen we de modulus van de suspensie verklaren door de modulus en contacten 

tussen deeltjes. De geobserveerde sterke elasticiteit van de suspensie ontstaat door de 

Hertziaanse contactpunten tussen de zachte deeltjes. Door een nieuw schema voor de 

verklaring van Lissajous curves te gebruiken hebben we verschillende karakteristieke 

rheologische eigenschappen ontdekt van hoge dichtheids harde en zachte ronde deeltjes 

suspensies. Voor harde deeltjes zijn de rheologische resultaten te verklaren door het 

verbreken van de contacten tussen de deeltjes, terwijl voor zachte deeltjes, de vloeigrens 

alleen verklaart kan worden met lange afstands relaxatie, die aanzet geeft voor meer 

geleidelijk stroom gedrag. 

Daarna hebben we de microscopische mechanismen voor relaxatie van harde en zachte 

colloïdale glazen bekeken door direct de deeltjes beweging met behulp van een 

microscoop waar te nemen. Door een systematische benadering te gebruiken om de 

dynamische susceptabiliteit te bepalen als functie van tijd en afstand hebben we laten 

zien dat, ook zonder externe krachten werkend op het systeem, de dynamische 

susceptibiliteit van zachte glazen veel groter is dan die van harde glazen. Dit suggereert 

dat er lange afstand coöperatieve bewegingen plaatsvinden in zachte systemen. Onze 

microscopische observaties laten zien dat de verplaatsingen die gepaard gaan met deze 

lange afstand relaxaties relatief klein zijn, en sterk gecorreleerde richtingen hebben. Deze 

microscopische correlaties ontstaan door de sterke elastische component van de deeltjes, 

zoals eerder geobserveerd in onze rheologische experimenten. Onze microscopische 

observaties geven dus inzicht in de intrigerende rol van de elasticiteit en het lange 

afstands gedrag van coöperatieve relaxatie. 

Om de transitie van elastisch naar plastische deformatie te onderzoeken kijken we in het 

laatste hoofdstuk naar de directe visualisatie tijdens het indrukken van een colloïdaal glas, 

om de beginnende plasticiteit waar te nemen. Deze aanzet tot plasticiteit, is het begin van 

de permanente deformatie en is essentieel voor relaxatie, verouderen, de vloeigrens en 

het scheuren van glas. Nano-indentatie experimenten op atomair glas waren essentieel, 

om inzicht te krijgen in de aanzet van de plasticiteit, door de krachts-verplaatsing relatie 
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waar te nemen. Echter het direct visualiseren van de atomaire mechanismen, blijft tot op 

heden onmogelijk. We gebruikten een analogie van de nano-indentatie, die op colloïdale 

glazen wordt toegepast om de  aanzet tot plasticiteit waar te nemen,  waardoor we in 

staat zijn om de permanente deformatie beter te begrijpen. Door de microscopische 

uitrekkingen waar te nemen, door verstoorde naburige configuraties te bestuderen, 

hebben we gestructureerde hiërarchische aanzet tot deformaties geobserveerd. Bij de 

aanzet van onomkeerbare deformaties, neemt de lokale uitrek een robuuste fractale 

structuur aan, waarvan we de fractale dimensie hebben gemeten. Deze resultaten geven 

aan dat de start van permanente deformatie kenmerken heeft van een kritisch punt, wat 

overeenkomt met recentelijk theoretisch werk aan filament netwerken. Dus de 

experimenten in het laatste hoofdstuk suggereren dat het essentieel is om de overgang 

naar onomkeerbare  deformaties te bestuderen. De eigenschappen van dit kritische punt 

zijn nog slecht begrepen. Voor toekomstige studies is de rol van tijd van belang en de 

vraag in welke mate er sprake is van universaliteit tussen systemen met een vloeigrens – 

analoog aan de universaliteits klassen van fase overgangen van systemen in evenwicht.  
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