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Abstract

We show that Dif(ference), see Arellano and Bond (1991), Lev(el), see Arel-
lano and Bover (1995) and Blundell and Bond (1998), or the N(on-)L(inear)
moment conditions of Ahn and Schmidt (1995) do not identify the parameters of
a first-order autoregressive panel data model when the autoregressive parameter
is equal to one. Combinations of the Dif and Lev, resulting in Sys(tem), moment
conditions and the Dif and NL, resulting in A (hn-)S(chmidt), moment conditions
identify the parameters when there are four or more time periods. The behav-
ior of one step and two step GMM estimators, however, remains non-standard.
We therefore use size correct GMM statistics, like, the GMM-AR, GMM-LM or
KLM statistic, to conduct inference. We compare their worst case large sample
distributions with the power envelope to determine the optimal statistic. The
power envelope involves a quartic root convergence rate which further indicates
the non-standard identification issues. The worst case large sample distribution
of the KLM statistic coincides with the power envelope whilst the one of the
GMM-LM statistic only does so when there are four time periods. It shows that
the KLM statistic is efficient both when the autoregressive parameter is one or
less than one. The power envelopes for the AS and Sys moment conditons are

identical so assuming mean stationarity does not help for identification.
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1 Introduction

The moment conditions for linear dynamic panel data models either analyze it in first
differences using lagged levels of the series as instruments, in levels using lagged first
differences as instruments or using a combination of levels and first differences. We
refer to the first set of moment conditions as Dif(ference) moment conditions, see Arel-
lano and Bond (1991), the second set as Lev(el) moment conditions, see Arellano and
Bover (1995), Blundell and Bond (1998) and the third set as N(on-)L(inear) moment
conditions, see Ahn and Schmidt (1995). All these moment conditions involve first dif-
ferences of the series to remove the fixed effects. This first difference operation removes
the information in the series at the unit root value of the autoregressive parameter. The
Dif moment conditions do therefore not identify the autoregressive parameter when its
true value is one. This has led to the development of the Lev and NL moment condi-
tions which are considered to identify the autoregressive parameter when its true value
is equal to one.

The moment conditions are semi-parametric with respect to the initial observa-
tions, fixed effects and variances of the disturbances. We show that these affect the
identification of the autoregressive parameter and that none of the previous moment
conditions identifies the autoregressive parameter when its true value is one for all
specifications of these nuisance parameters. To exhaust all the information on the
autoregressive parameter, the Dif, Lev and NL moment conditions are combined. We
refer to the combination of the Dif and Lev moment conditions as the Sys(tem) mo-
ment conditions and the combination of the Dif and NL moment conditions as the
A(hn-)S(chmidt) moment conditions. In a combination of all three sets of moments
conditions, the NL moment conditions are redundant. The Sys moment conditions
exhaust all information on the autoregressive parameter that is present under mean
stationarity. The AS moment conditions exhaust all information whilst not assum-
ing mean stationarity to hold, see Ahn and Schmidt (1995). We show that from four
time periods onwards both of these combined sets of moment conditions identify the
autoregressive parameter for all specifications of the nuisance parameters. Hence, the
autoregressive parameter is identified by the AS and Sys moment conditions when there
are at least four time periods.

Despite that the AS and Sys moment conditions identify the autoregressive parame-
ter from four time periods onwards, the large sample distributions of one step and two
step generalized method of moments (GMM) estimators remain non-standard when

the true value of the autoregressive parameter is (close to) one. Only a specific part



of the AS and Sys sample moments identifies the autoregressive parameter whilst the
remaining part of these sample moments diverges and is therefore not helpful for iden-
tification. Since one and two step estimators result from the full unweighted sample
moment, they are combinations of the identifying and diverging parts of the sample
moments. Hence, they are inconsistent and have non-standard large sample distribu-
tions. This explains their large biases and the size distortions of their corresponding
t-statistics when the series are persistent, see e.g. Bond and Windmeijer (2005), Bond
et. al. (2005), Kruiniger (2009) and Bun and Windmeijer (2010).

Instead of using the full sample moment, we can also estimate the autoregressive
parameter just from that part of the sample moment that identifies it. The resulting
estimator, however, only outperforms one and two step GMM estimators when the
true value of the autoregressive parameter is one and under certain (worst case) spec-
ifications of the nuisance parameters. The identifying part of the sample moment is
also a quadratic polynomial of the autoregressive parameter with a discriminant whose
expected value is equal to zero for the worst case specifications of the nuisance pa-
rameters. It leads to a quartic root convergence rate and a non-standard large sample
distribution under these worst case specifications.

Since estimation using the identifying part of the sample moments is complicated,
we use it instead to establish the optimal test procedure amongst GMM statistics
that remain size correct for values of the autoregressive parameter close to one. This
provides an extension of Andrews et. al. (2009) from the linear instrumental vari-
ables regression model with one included endogenous parameter towards the panel
autoregressive model of order one. The size correct GMM statistics that we use are
the GMM-A (nderson-)R(ubin) statistic of Anderson and Rubin (1949) and Stock and
Wright (2000), the GMM-L(agrange-)M (ultiplier) statistic of Newey and West (1987)
and the KLM statistic of Kleibergen (2005). The GMM-LM and KLM statistics are
both Lagrange multiplier or score statistics and are therefore efficient when the true
value of the autoregressive parameter is less than one. To determine if one of them is
efficient when the true value of the autoregressive parameter is equal to one, we con-
struct the power envelope. The power envelope shows the maximal rejection frequency
under the worst case specifications of the nuisance parameters. Under these worst case
specifications, the only part of the sample moments that contains information on the
autoregressive parameter is the identifying part of the sample moments. The power
envelope therefore results from it. The power envelope involves a quartic root conver-
gence rate which further reflects the non-standard manner in which the autoregressive

parameter is identified by the moment conditions. We compare the power envelope



with the large sample distributions of the GMM-AR, GMM-LM and KLM statistics
that result under the worst case specifications of the nuisance parameters. They show
that, for these worst case specifications, the GMM-AR statistic leads to rejection fre-
quencies below the power envelope, the rejection frequencies of the GMM-LM statistic
are on the power envelope when there are four time periods and below it when there
are more time periods and the rejection frequencies that result from the KLM statistic
are on the power envelope for all number of time periods. It shows that the KLM
statistic is efficient when the autoregressive parameter equals one. Hence, since it is
also efficient for other values of the autoregressive parameter, it is efficient in general.

The power envelopes that result for the AS and Sys moment conditions coincide.
It shows that assuming mean stationarity to construct the moment conditions does
not help to identify the autoregressive parameter. This results since the worst case
specifications of the nuisance parameters accord with mean stationarity.

The paper is organized as follows. Section 2 introduces the linear dynamic panel
data model and the different moment conditions used to identify its parameters. In
Section 3 we show that the Dif and Lev moment conditions and the Sys moment con-
ditions with three time periods do not identify the autoregressive parameter. The
limiting distributions of several one and two step GMM estimators and corresponding
Wald statistics are then non-standard. In Section 4 we use a representation theorem,
akin to the cointegration representation theorem, see Engle and Granger (1987) and
Johansen (1991), to show that the AS and Sys moment conditions identify the parame-
ters when there are more than three time periods. In Section 5, we construct the power
envelope. In Section 6 we determine which one, if any, of the GMM-AR, GMM-LM
and KLM statistics lead to rejection frequencies that lie on the power envelope under
worst case data generating processes. The final section concludes. Proofs of theorems

and definitions of test statistics are provided in Appendices A and B respectively.

2 Moment conditions
We analyze the dynamic panel data model
Yit = Ci+9yit—1+uit i:]-u"‘7N7t:27"'aT7 (1)

with T the number of time periods and N the number of cross section observations.
For expository purposes, we analyze the simple dynamic panel data model in (1) which

can be extended with additional lags of y;; and/or explanatory variables. Estimation of



the parameter # by means of least squares leads to a biased estimator in samples with
a finite value of T, see e.g. Nickell (1981). We therefore estimate it using GMM. We

obtain the GMM moment conditions from the unconditional moment assumptions:

E[Uituitfj] =
E[uitci] =

j=1,...t—1t=1,...,T,

p
t=1,....T 2)

0,
0,
Alongside the moment assumptions in (2), we do not impose any additional assump-

tions on the variances of the disturbances u;; and fixed effects ¢; except for that they

are finite. Under these assumptions, the moments of the 7?2 interactions of Ay;; and
Yit -
E[Ayztyzj] ]:1,,T, t:2,,T (3)

can be used to construct functions which identify the parameter of interest . We do
not use products of Ay;; to identify 6 since we would need further assumptions, like,
for example, homoscedasticity or initial condition assumptions, to do so, see e.g. Han
and Phillips (2010).

Two different sets of moment conditions, which are functions of the moments in

(3), are commonly used to identify 6 :
1. Difference (Dif) moment conditions:

as proposed by e.g. Anderson and Hsiao (1981) and Arellano and Bond (1991).

The Dif moment conditions solely result from the conditions in (2).
2. Level (Lev) moment conditions:
ElAyit1(yir — Oyie1)] =0 t=3,...,T, (5)

as proposed by Arellano and Bover (1995), see also Blundell and Bond (1998).

Besides the conditions in (2), the Lev moment conditions use
i) [Ayztcz] = O, (6)

which implies that the original data in levels have constant correlation over time

with the individual-specific effects. This assumption implies the following for y;;:
Yi1 = ui—i—uﬂ, izl,...,N, (7)
with ¢; = u,;(1 — ), which is often referred to as mean stationarity.
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The Dif and Lev moments can be used separately or jointly to identify #. When
we use the moment conditions in (4) and (5) jointly, we refer to them as system (Sys)
moment conditions,! see Arellano and Bover (1995) and Blundell and Bond (1998).
Another set of nonlinear (NL) moment conditions, which just like the Dif moments
only use the conditions in (2), result from Ahn and Schmidt (1995):

El(yit — 0Yir—1)(Ayiz—1 — 0Ay;_2)] =0 t=4,...,T. (8)

The NL moments can be used separately or jointly with the Dif moments to identify 6.
When we use the moment conditions in (4) and (8) jointly, we refer to them as Ahn-
Schmidt (AS) moment conditions. Ahn and Schmidt (1995) show that these (combined)
AS moment conditions exhaust the information on # in the moment conditions (2)
and are therefore complete. Mean stationarity adds one moment condition (6) to the
moment conditions in (2). Hence, the complete set of moment conditions under (2)
and (6) equals the AS moment conditions and (6). Upon rewriting we can show that
these combined moment conditions are identical to the Sys moment conditions so they
are complete under (2) and (6).

The Dif moment conditions do not identify 6 when its true value is equal to one
while the Lev moment conditions are supposed to do, see Arellano and Bover (1995)
and Blundell and Bond (1998). Also the NL (and hence AS) moment conditions are
considered to identify # when its true value is one but since these moment conditions are
quadratic in @, they are less commonly used than the linear Dif, Lev, and Sys moment
conditions, see Ahn and Schmidt (1995). The identification results in Blundell and
Bond (1998) and Ahn and Schmidt (1995) are, however, silent about their sensitivity
with respect to the initial observations. In the next Section we analyze the (non-)
robustness with respect to initial conditions in more detail, and show that identification
by Lev moment conditions is arbitrary in case of highly persistent panel data. The
argument extends to the NL moment conditions and Sys moment conditions with 7" = 3

so identification is then problematic as well.

!The Lev moment conditions in (5) are the 7' — 2 moments who are not redundant when applied in
system GMM. In principle we can base inference also on the complete set of (7' — 1)(T" — 2) sample
moments from the levels model only, i.e. extend the Lev moment conditions in (5) with additional
interactions of Ay;—; and yi — Oyi—1, for j = 2,...,¢ — 2. It can be shown, however, that similar

identification issues result.



3 Initial observations and identification when 7' = 3

The Dif, Lev and NL. moment conditions that we use to identify # are semi-parametric
with respect to the fixed effects, variances and initial observations so they identify 6
for a variety of different specifications of them. These specifications, however, still
influence the identification of € for persistent values of it, 7.e. values that are close to
one. To exemplify this, we first consider the simplest setting which has 7" equal to
three. 2

When there are three time series observations, the Dif and Lev moment conditions

read:
Dif:  Elyii(Ayis — 0Ay;2)] =0 (9)
Lev:  E[Ays(yiz — 0y)] =0

with Jacobians:

Lev: —FE[yiAyin)] = —E((¢; + Ooyri + win) (0o — V)up + ui2)), (10

where 6y is the true value of . For many data generating processes for the initial
observations, the Jacobian of the Dif moment condition in (10) is equal to zero when
0y is equal to one.> The Dif moment condition does then not identify § when 0, is
equal to one for these DGPs. Under mean stationarity (6)-(7), the Jacobian of the Lev

moment condition is such that
E(yngyﬂ) = (00 — 1)60E(Uz21) + E(Ué) 7é O, When 00 = 1, (11)

so the Lev moment conditions seem to identify 6 irrespective of the value of 6y, see
Arellano and Bover (1995) and Blundell and Bond (1998). There is a caveat though
since for many data generating processes y;; does not have a finite mean and/or variance
when 0 is equal to one and, despite that y;; and u;, are uncorrelated, we then do not
know the value of E(y;1u;2) which is an element of the Jacobian in (11). To ascertain
the identification of # by the Lev moment conditions when 6y is equal to one, we
therefore consider a joint limit process where both 8y converges to one and the sample
size goes to infinity. In order to do so, we first make a technical assumption about the

variance of the disturbance of the initial observation under mean stationarity (6)-(7).

2We note that the NL (and hence AS) moment conditions are not defined for T' = 3, hence we only
analyze Dif, Lev and Sys moment conditions in this Section but our results extend likewise to the NL

moment conditions for 7' = 4 and larger.
3Exceptions are when mean stationarity (6)-(7) does not hold or, for example, in case of covariance

stationarity so var(u;1) = %52
0



Assumption 1. The limit behavior of the variance of (1 — 6g)u;1, with uy the dis-

turbance in the mean stationarity conditions (6)-(7), when 0y goes to one is such that
E(hmgOTl((l - Qo)ui1)2) =0. (12)

Assumption 1 is necessary for the Dif and Lev moment conditions to hold when

0o = 1 and mean stationarity (6)-(7) applies.

Lev moment condition We analyze the large sample behavior of the Lev sample
moment, + Zf\il Ayio(yis — Oyi2), and its derivative, — Zfi L Yi2Ayia, when 6y con-
verges to one (we rule out explosive values of 6) and mean stationarity (6)-(7) applies.
In order to do so we first list their relevant elements for the large sample behavior

under some DGP for the initial observations:

limg, 11 % Zi\il Ayia(yiz — Oyiz) = (1 —10) {% Zi\il u?, + limg, 11 % Zf\il UioYi1+
limg, 1 5 Zz’]\il(l - 90)%‘1%1}
limg, 11 % Zf\il YisAYio = % Zf\il u? + limg, 11 % Zf\il UioYi1+
limg, % Zij\;(l — Oo)uiyir-
(13)
We left out all elements in (13) that do not affect the large sample behavior when 6

goes to one. Since u;z and y;; are uncorrelated, for some function h(f) it holds that
. N
limg, 11 h(00) 7 D5y Wiin — (14)

with ¢, a normal random variable with mean zero and variance o3 =var(u;) so
h(00)~2 =var(y;1), which explains why + SN | uigys appears in (13).
Similarly, under the moment conditions in (2) and mean stationarity (6)-(7),

limgy11 + 30 (1= fo)unyan = limgyy E((1 — 0o)u?), (15)
so, for example, if var(u;;) = %,4 then
0
limg, 11 + SV (1= O)uayn = %27 (16)

with 02 a non-zero constant.
The rate at which the sample size goes to infinity relative to the convergence of

h(6y) to zero, or put differently the rate at which the variance of the initial observations

4This is the special case of covariance stationarity to which we do not confine ourselves.



goes to infinity, determines the behavior of the Jacobian of the Lev moment condition.

For example, when

hOo)VN — — oo, (17)

N—o00, 671
it holds that

N N N
N Dim1 Yi2Ayin = N Diet U W [h(%)ﬁ > it ui2yi1] +
N
% > s (1= 00)uinya (18)
— 05+ limgg B((1 = o)),
N—o00, 0971

while when

hOo)VN — — 0, (19)

N—o0, 6971
the large sample behaviors of the Lev moment equation and its Jacobian are charac-
terized by

h(B0) T St Ayia(yis — 0yio)

(1= 0) {hB)VN £ SX, ub] +
h(@o)\/ﬁ [% Zij\il(l - Qo)uilyﬂ] +
|:h<90)\/_lﬁ Z’fil ui2yi1] }

7 (1 —0)1,
N—o00, 0971
h(00) % SOl vinlAyi = h(Bo)VN |§ 3, %22] +
h(@o)\/N % Zij\;(l - 90)“11%’1] +
h(QO)\/_lﬁ Zf\; Ui2Yi1
7 Py
N—o00, 671

(20)
It shows that when (19) holds that @ is not identified when 6, is equal to one, since 1),
is a mean zero random variable.

Since any assumption about the convergence rates of the sample size and the vari-
ance of the initial observations is arbitrary, also the identification of # by the Lev
moment conditions is arbitrary for DGPs for which 6y is close to one and h(6y) is equal
to zero when 6y equals one. Some plausible DGPs, all of which accord with mean

stationarity (6)-(7), for the initial observations belong to this category:
DGP 1. 02 =var(¢;), h(6y) = (1 — by) /0.

DGP 2. o2 =var(¢;), 0% = o h(6g) = (1 —6y)/o..

1 1,9%7

9



DGP 3. o =var(y,;), o] = %, h(0y) = (\/ 1- 93) /o1

DGP 4. o2 — 2 = o210 i hi(0) = g}
.o =var(;), 07 =0 gz HMeo (00) = a9 %

2 192+t

)
DGP 5. 02 =var(c;), 03 =0 —i— limgyn h(0o) = (1 —6) /0.

DGPs 4 and 5 characterize an autoregressive process of order one that has started
g periods in the past while the initial observations that result from DGP 2 and 3 result
from an autoregressive process that has started an infinite number of periods in the
past. DGPs 2 and 3 are also used by Blundell and Bond (1998) while Arellano and
Bover (1995) use DGP 2.

The convergence rate of 6, that results from (19) for DGPs 1-5 is such that:

DGP 1,2, 5: (1—0)VN — 0 or fy=1——=°

N—o0, 0911 N3 (+e)
. 2 _ e
DGP 3: (]_ — QO)N N—>o:,)90T1 0 or 90 =1- NITe (21)
DGP 4 : g - 0,

9 N—oo, g—o0

with e a constant and e some real number larger than zero. In case of DGP 4, (21) im-
plies that the process has been running longer than the sample size N. Kruiniger (2009)
uses the above specification of DGP 3 with € = 0 and DGP 4 with N/g converging to
a constant to construct local to unity asymptotic approximations of the distributions
of two step GMM estimators that use the Dif, Lev and /or Sys moment conditions. We
do not confine ourselves to a specific DGP for the initial observations so we obtain
results that apply generally. While the (non-) identification conditions for identifying
0 that result from the above data generating processes might be (in)plausible, it is the
arbitrariness of them which is problematic. For example, the identification condition
might hold but it can lead to large size distortions of test statistics as in case of weak
instruments, see e.g. Staiger and Stock (1997).

Dif moment condition Under mean stationarity (6)-(7), the Dif moment conditions
do in general not identify # when 6 is equal to one. Exceptions are DGPs for which the
expectation in (15) is non-zero, like , for example, covariance stationarity. When the
convergence of the sample size and the variance of the initial observations is, however,

in line with (19), the large sample behavior for values of 6, close to one of the Dif

10



sample moment and its derivative are such that:

h(00) 7 Soity v (Ayis — 0Ayss) = Y= 0y

N—o00, 0pT1 (22)
—h(0) = Sy Ay — —1)
UN 2ui=1Yi12Yi y 2
N—o00, 6pT1
with
limg, 11 h(@o)ﬁ vazl UisYin — Vs, (23)

and 15 a normal random variable with mean zero and variance 03 =var(u;3). Since
1, has mean zero, (22) shows that the Dif moment conditions do not identify 6 when
6y = 1 for all DGPs that accord with mean stationarity even those for which (15) is
NON-Zero.

The above implies that 6 is not identified by the Dif and Lev moment conditions
when 6 is equal to one so it is of interest to analyze if this extends to the Sys moment

conditions which are a combination of the Dif and Lev moment conditions.

Sys moment conditions The Sys sample moments, reflected by fx(#), and their

derivative, reflected by qy(0), when T' = 3 read:

yil(AyiS - QA%Q) 1 N Vi1 AlYio
N( ) N Z ! Ayiz(ym - 9,%’2) N( ) N Z ! AYioYio ( )

In large samples and when 6y converges to one according to (19), the behavior of the

( Zz ) . (25)

The result in (25) is implied by the expressions in (20) and (22). The large sample

Sys sample moments and its derivative is characterized by

. fN(G) 1-— 9
lim ~_.0 VINh(O —
1 00711, h(@o) N—0 ( 0) ( QN<6> d

|
—
oS o O =

behavior of the Sys moment conditions in (25) does, since the means of v, and 15 are
equal to zero, not identify 6. This shows that also for the Sys moment conditions the
identification of 6 is arbitrary for unit values of 8y when 7" = 3 since it depends on an
high level assumption that concerns the convergence rates of the variance of the initial
observations and the sample size.

The non-identification of § by its moment conditions for specific convergence se-

quences, that concern the variance of the initial observations, implies that the limit

11



behavior of estimators is non-standard. We state this limit behavior for the one and
two step estimators that result for the Dif, Lev and Sys moment conditions when 7" = 3
in Theorem 1. The two step estimator that results from the Sys moment conditions is
computed using the usual Eicker-White covariance matrix estimator evaluated at the
estimate from the first step, see White (1980). Since the number of Lev and Dif mo-
ment conditions equals the number of elements of § when T" = 3, the GMM estimators

based on these moment conditions do not depend on the covariance matrix estimator.

Theorem 1. Under Assumption 1, the conditions in (2), mean stationarity (6)-(7),
finite eighth moments of ¢; and uy, i =1,..., N, t =2,...,T and when (19) holds,
the large sample behavior of the one and two step GMM estimators that result from the

Dif, Lev and Sys moment conditions when T = 3 read:

éD‘ N ﬁ — 1 + ¢37¢2
o1, o0 2 v
d
— y, wcu +¢cu
h(6o) 1<9Lev —-1) — %
0011, h(69)vVN—0 2
d
éSys 1step — 1+ Ya_¥2
6011, h(eg)\/ﬁ—m 202 (26)

1 —1
| vy, \ 1 ey

é §,451€ — ! ( )
SUSESIED 511, h(0o) /N0 203 ( 1 ) . ( 1 )
g )
1 1

Vy1Ay,y1Ay
with

h(6)? %Zf\; Yin Ay _ YirAyiz Yal Ay _ Vi1 AYio
Ay;s Yin Ayis Ay;s Vi1 Ayis

- ‘/;Jl Ay,y1 Ay
0071, h(00)VN—0
d

(27)
and ‘/ylAy,ylAy = UCLT(yﬂUzQu yz'lui?))u Yin Ayio = % Zf\il Vi1t AYiz, Yir Ayis = % Zf\il Vi Ay;s.

Proof. see Appendix A. m

Theorem 1 shows that all GMM estimators have large sample distributions with
non-standard convergence rates when the convergence accords with (19). The Dif and

one and two step Sys estimators are all inconsistent under the convergence sequence in

12



(19) while the Lev estimator is consistent but with an unusual convergence rate since,
under (19), h(fy)~" goes to infinity faster than v/N. The large sample distributions of
the estimators in Theorem 1 are all non-standard which implies that the large sample
distributions of the Wald and/or ¢-statistics, whose definitions are stated in Appendix
B, associated with them are non-standard as well.

The distribution of § pif in Theorem 1 is identical to the distribution in Kruiniger
(2009) and Madsen (2003). In Kruiniger (2009) also the large sample distributions of
0 Lew and ésy&zstep are constructed albeit using a different DGP for the initial obser-
vations. The qualitative conclusions from Kruiniger (2009) that 0., is consistent but
with a non-standard large sample distribution and that égys,gstep is inconsistent and
converges to a random variable result as well from Theorem 1. These non-standard
results for two-step GMM coefficient estimators carry over to their corresponding Wald

or t-statistics as stated in Theorem 2.

Theorem 2. Under Assumption 1, the conditions in (2), mean stationarity (6)-(7),
finite eighth moments of ¢; and uy, i =1,...,N, t =2,....T and when (19) holds,
the large sample distributions of the Wald statistics associated with the two step GMM

estimators that result from the Dif, Lev and Sys moment conditions when T = 3 read:

Woih) = el
f( ) 0011, h(@;)\/ﬁﬂﬂ 2 (jig’g) Vy11Ay7y1Ay(j$2)
2
WLeU(Q) - (¢cu,1 + ¢cu,3 + (1 - 0)%)

0011, h(60)VN—0
d

-1
2
wcu,1+wcu,3
|:|: V;/lAy,ylAy,ll + ‘/;u,ll + ‘/cu,33

ha
1Y 1
2'¢’g( 1 ) VyllAy,ylAy< 1 )
Wos 2ste 0 N 2 (1 ’V—l 1 i
Sys,2st p( ) BoT1, h(6o)V/N—0 Q/J? (1) y1Ay,y1Ay (1) 1 1 0
d (W%*wslﬁz) y;Ay,ylAy
1 1
1\ 0
1 Vy1Ay¢y1Ay 1
1—f— LBty

202 !
N 1
1 y1Ay,y1 Ay 1

2

Proof. see Appendix A. m
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Unlike the large sample distributions of the Wald statistics in Theorem 2, the large
sample distribution of the GMM-LM statistic proposed by Newey and West (1987),
which is defined in Appendix B, remains standard x? when the true value of 6 gets
close to one. Because the moment conditions do not identify # when the true value of
0 gets close to one according to (19), it remains standard x? for all tested values of 6

as stated in Theorem 3.

Theorem 3. Under Assumption 1, the conditions in (2), mean stationarity (6)-(7),
finite fourth moments of ¢; and wy, i =1,...,N, t =2,...,T and when (19) holds,
the large sample distributions of the GMM-LM statistics of Newey and West (1987)
testing Hy : 0 = 0 that result from the Dif, Lev and Sys moment conditions when T' = 3

read:
GMM-LMp; (6 — 2(1
Df( )HOTL h(60)vVN—0 X ( )
d

GMM-LM_,, (0) (1)

_>
6011, h(Bo)VN—0 (29)
d

GMM-LMg,, (6) ().

%
6011, h(60)VN—0
d
Proof. see Appendix A. m

The large sample distributions of the GMM-LM statistic in Theorem 3 properly
reflect that @ is not identified by the moment conditions when its true value is equal to
one and the convergence is according to (19). Accordingly, the large sample distribution
of the GMM-LM statistic is the same for all values of # since it is not-identified.

Alongside the Wald and GMM-LM statistics, we also use the identification robust
KLM statistic proposed in Kleibergen (2002,2005) and the GMM Anderson-Rubin
(GMM-AR) statistic, see Anderson and Rubin (1949) and Stock and Wright (2000).
The expressions of these statistics are stated in Appendix B. When T equals 3, these
statistics are both identical to the GMM-LM statistic when we use either the Dif or
Lev moment conditions since 6 is exactly identified by the moment conditions. When
we use the Sys moment conditions, so # is over-identified by the moment conditions,
these statistics differ from the GMM-LM statistic. The large sample distribution of the
KLM and AR statistics do not alter when the tested parameter becomes non-identified
so the large sample distributions of them are standard x? for all values of § under (19)
albeit with different degrees of freedom. We further discuss these statistics in the next

Sections.
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Simulation experiment To illustrate the identification issues when 7' = 3, we gen-
erate observations from DGP 3 with T'= 3, N = 500, 6y = 0.95 and 02 = 1, 07 = 1,
t=1,...,T. We use them to compute the distributions of the different estimators and
test statistics stated in Theorems 1 and 2. These are shown in Panel 1 and Figure 2.
Figure 1.1 in Panel 1 shows the distribution functions of the Dif, Lev, Sys one step and
Sys two step estimators. Figure 1.2 shows the distributions functions of the t-statistics
that result from the Dif, Lev and Sys two step estimators.

The distributions functions in Figure 1.1 show the inconsistency /non-normality of
the Dif, Sys one step and Sys two step estimators. The distribution function of the
Lev estimator hints its consistency since it lies close to the true value of 0.95 as stated

in Theorem 1.

Panel 1. Distribution functions of estimators and t-statistics in DGP 3 with
0=095 T=3, c2=02=1,t=1,...,3; N =500. Dif (solid),
Lev (dashed), Sys two step (dash-dot) and Sys one step (dotted).
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Figure 1.1. Estimators. Figure 1.2. t-statistics.

The distributions functions in Figure 1.2 show that the Dif and Lev t-statistics are
not normally distributed. The distribution function of the Sys two step t-statistic is,
despite that the Sys two step estimator is not normally distributed, close to a normal
distribution. This results from the expression of the two step Wald statistic in Theorem
2. If we use 6 = 0.95, the expressions in the large brackets roughly cancel out against
each other which leaves us with the elements at the front of the expression. It results
in a x?(1) distribution of the Wald statistic so the t-statistic has a standard normal

distribution. This results is, however, specific to T' = 3.
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Figure 2 uses the same DGP as used for Panel 1 but with a true value of 6 equal to
one. It reports the rejection frequencies of 95% significance tests using the GMM-LM
statistic with Dif, Lev and Sys moment conditions for testing for different values of 6
while the true value of 6 is equal to one. Figure 2 shows that the rejection frequency
of all three GMM-LM statistics is equal to the size of the test for all values of § when

the true value of 6 is equal to one which is in line with Theorem 3.

Figure 2. Rejection frequencies of 95% significance tests using GMM-LM statistic
with Dif (solid), Lev (dashed) and Sys (dash-dot) moments, for different values
of § while the true value is one using DGP 3, T'=3, 02 =07 =1, N = 500.
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4 lIdentification when 7" > 3

We just showed that neither the Dif, Lev or Sys moment conditions identify § when
0y is close to one and T' = 3. Since the NL, and hence AS, moment conditions are not
defined for T = 3, 6 is not identified by either one of the moment conditions when
0o =1 and T = 3. When 7' = 4 and under mean stationarity (6)-(7), the Jacobian of

the NL moment condition is such that
NL: - %E[(yit — 0yit—1)(Ayit—1 — OAyi—2))
Elyi—1(Ayi—1 — 0Ays_2) + (i — Oyir—1)AYir—2] = (30)
E [Uz‘th +ud , — 29“?&2} #0 when 0y =1,
which again gives the impression that the NL moment conditions identify 6 irrespective
of the value of 6y, see Ahn and Schmidt (1995) and Arellano and Alvarez (2004).°

"When 6 = 1 and E(u?,_;) = E(u?_,), the Jacobian (30) is equal to zero which makes Arellano
and Alvarez (2004) refer to this case as first order underidentification.
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The same argument as for the Lev moment conditions applies, however, here as well
since Ey;;Ayil, j,t =1,...,T, is not defined under the convergence sequence in (19).
To analyze the identification of § when 7' exceeds three, we therefore start out with
a representation theorem. It states the behavior of the sample moments and their
derivatives for the different moment conditions. When the mean stationarity conditions
(6)-(7) do not hold, the Dif and NL moment conditions identify 6 at 6y = 1 and the
Lev, and hence the Sys, moment conditions are violated. Hence, the representation
theorem states the behavior of the different sample moments and their derivatives when

the mean stationarity conditions (6)-(7) apply.

Theorem 4 (Representation Theorem). Under Assumption 1, the conditions in
(2), mean stationarity (6)-(7), finite fourth moments of ¢; and wuy, i = 1,..., N,
t=2,....,T, T > 3, we can characterize the large sample behavior of the Dif, Lev, NL,

AS and Sys sample moments and their derivatives for values of 0y close to one by
)\ [ A 1 - 2
( q]N(e) ~ A{I(Q) [Ww + ¢ (hmeon E((Qo - 1)ui1)) + (31)
07 0.2) \/N BZ(&) cu)
with j = Dif, Lev, NL, AS, Sys. Furthermore, uﬁ;(e, 0?) and 11} (0,0%) are constants,
Y and 1), are mean zero finite variance normal random variables, v is a vector of ones
and the dimensions of ¢ and ¢ are T'—1 for Dif, AS and Sys and T-2 for Lev and NL.

The specifications of A;(H), Al(9), B}(Q), Bi(0), M;(@,a’z), pi(0,0%), ¢ and 9., for
values of T equal to 4 and 5 are stated in Appendiz A.

Proof. see Appendix A. m

The representation theorem in Theorem 4 is reminiscent of the cointegration repre-
sentation theorem, see e.g. Engle and Granger (1987) and Johansen (1991). Identical
to that representation theorem, Theorem 4 shows that the behavior of the moment
series changes over different directions. To show what this implies for the different
moment conditions discussed previously, we briefly discuss their resulting large sample

properties.

602 .
Dif and Lev conditions When 7" = 4, the specifications of (”252’ 2;) and (jz'fzi) for
0 q

the Dif and Lev moment conditions, which are stated in the proof of Theorem 4 in
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Appendix A, are:
. -0 1 0
Dif: (", 7)) =(0...0y, APF@O)=| 0 -6 1 |, APU(9) =
0 -6 1

1
0
0
2
. H?EU(Q’UQ) — 1-0 03 Lev — 1-0 0
Lev: (quw(e’(ﬂ)) (( ) > ® ( 02 , A (0) 0 1-0 |

A56v<9) - IQ.

[ )
o o o

(32)

The representation theorem shows that the sample moment and its derivative diverge

A%(0)
¥

A ()

which under (19) goes to infinity when the sample size increases. The only identifying

in the direction of ( ) since the latter components get multiplied by Ww,
information for 6 therefore results from that part of the sample moment which is
independent of 1. Since 1) only affects the part of the sample moments spanned by
Afc(@), they are independent of v in the direction of the orthogonal complement of
A;(H). The expressions of A?if () and A}*(6) in (32) are both square matrices so
their orthogonal complements do not exist. It implies that the Dif and Lev moment
conditions do not identify 6 when T' = 4.

When T exceeds 4, the expressions of A]Lce”(Q) remain square matrices® so the Lev
moment conditions also do not identify 6 for larger numbers of time series observations.
The expression of A?if (0) is no longer a square matrix when T exceeds 4 so the
orthogonal complement of A?if (), A?if (0) 1, is well defined. However, since ,u?if (0,02?)
equals zero, A?if 0), ,u?if (6,0%) = 0 so the Dif moment conditions still do not identify

0 when T exceeds 4. Summarizing we have:

Dif, T' = 4: A?if (0). does not exist. No identification when 7" = 4.
Dif, T > 4:  A7Y(0), 417" (0,0%) = 0. No identification when T > 4. (33)
Lev: Af®(6). does not exist. No identification when T' > 4.

NL condition For the NL t conditions, th ions of (*7%)) and (41
condailition or (&1 moment condail IOHS7 (§] eXpreSSlOHS (@) (Mg(9702)) an (Aé(e))
when T = 4 read

NL-: (M}VL(&UQ)) _ ((1—9)(03—90’5))’ (A}VL(G)) _ ( 2(9(9 -1) 1-0 ) ‘ (34)

piL(6,02) 2(0—1)03—02 ANL(6) g — 1) +1 -1

Since there is only one sample moment, the specification of A}V L(9) shows that there

are more diverging components than sample moments so also the NL moment condition

SWe refer to the proof of Theorem 4 for the expressions of AfDif (9) and AJLce” () when T' = 5.
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does not identify 6.

7 are also

The expression of A?V L(9) for larger number of time series observations
such that their ranks exceed the number of sample moments. Hence for larger values

of T, the NL moment conditions also do not identify 6.

J(0.52 J
AS and Sys conditions The expressions of (Z;’EZUQ;) and (ifgg;) when T = 4 for

the AS and Sys moment conditions result from stacking those of the Dif and NL and

Dif and Lev moment conditions resp.:

0 —0 1 0
0 0 -6 1
AS: pfo(0,0%) = 0 , A7S(0) = 0 0 1|
(1—10) (03 —003) 60 —1) 1—-6 0
0 1 0 0
0 , 0 1 0
35(0,0%) = 0 o= 0 LY
2(0—1)03 — 03 20-1)+1 -1 0
0 —0 1 0
0 0 —0 1
Sys: pi”(0,0%)=@1—-0)| 0 |, A} 0) = 0o -6 1|,
o2 1-6 0 0
02 0 1-6 0
0 1 0 0
0 0 1 0
psi(0,0%) =1 0 |, ASv(0) = 0 1 0
o2 1 0 0
o2 0 —1 0
(35)

The specification of Aﬁ;(@) is a rectangular matrix both for the AS and Sys moment
conditions. It implies that the orthogonal complement of Agc(é’), A;(H) 1, is a well
defined matrix. Furthermore, ui}(@, 0?) is non-zero. When we therefore pre-multiply

the sample moments by the orthogonal complement of A;(H), we obtain
ALO)LR(0) = ALO) 15 (0,0°) + 5 ALY By (0)de,, = AS, Sys,  (36)

with A;(Q)L the orthogonal complement of A;(H), ie. AZ}(@)’LA;(G) = 0. Compared

"The expression for T = 5 is stated in the proof of Theorem 4 in Appendix A.

19



with the expression in Theorem 4 (31), the elements multiplied by A;(G) have both
dropped out since A%(0)" A%(0) = 0.

The specification of i (6, 0?) for the AS and Sys moment conditions in (35) is such
that A%(0)' u}(0,0%) # 0. It implies that although the AS and Sys sample moments
diverge in the direction of A%(6), so that part cannot be used to identify 6, the AS and
Sys sample moments identify 6 by their part which is spanned by the orthogonal com-
plement of A;(Q). The expressions of u?}(@, 0?) and A;(H, 0?) in the proof of Theorem
4 in Appendix A show that this argument extends to all values of T" larger than three.

Corollary 1 (Identification of #). Under the assumptions of Theorem 4, 6 is iden-
tified by the AS and Sys moment conditions when T exceeds 3 but is not identified by
the Dif, Lev and NL moment conditions for any value of T.

Corollary 1 shows that the identification issues for the Sys moment conditions with
T = 3 do not extend to larger numbers of time series observations. Hence, 6 is identified
by the Sys moment conditions when there are more than three time periods. When
there are three time periods, the number of elements of f3’*(0) and 1) are the same
(see the previous Section) so A?ys(ﬁ) is a square matrix and its orthogonal complement
is not defined.

Corollary 1 also shows that 6 is identified by the AS moment conditions. We used
mean stationarity to construct the large sample behavior in Theorem 4 and Corollary
1. Unlike the Sys moment conditions, the AS moment conditions do, however, not need
mean stationarity to hold. It shows that assuming mean stationarity for constructing
moment conditions does not help to identify # when 6y = 1 since the same identification
results are obtained from moment conditions that do not assume mean stationarity.
When mean stationarity does not hold both the Dif and NL, and consequently the AS,
moment conditions identify # when 6, = 1.

Corollary 1 shows that the AS and Sys moment conditions identify 0 when T exceeds
three. This does, however, not imply that GMM estimators based on these moment
conditions behave in the manner that we are used to when estimating parameters which
are identified by moment conditions. We distinguish two different cases:

1. The convergence rate accords with (17) so v vanishes from the large sample
behavior of the moment conditions in Theorem 4. It leads to standard behavior of one
and two step GMM estimators.

2. The convergence rate accords with (19). Only the part of the moment conditions
in the direction of A;(H) 1 (36) now identifies #. One step and two step GMM estimators,
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however, use both the part of the sample moment that lies in the direction of Ag}(@),
which diverges, and the part which lies in the direction of its orthogonal complement,
which identifies . Usage of the first part results in an inconsistency so one and two
step GMM estimators are inconsistent and have non-standard limiting distributions.
To exemplify this, Corollary 2 states the limiting distribution of the one step estimator
based on the Sys moment conditions which results in a straightforward manner from

Theorem 4 since the Sys moment conditions are linear in 6.

Corollary 2. Under the assumptions of Theorem 4, the limiting behavior of the one

step estimator for the Sys moment conditions is characterized by

~Sys

Ore — 1= (W AJS (LY AJP (1)0) " ATv (1) A7 (L), (37)

which is inconsistent since A?ys(l) does not equal zero.

Corollary 2 shows that the one step estimator based on the Sys moment conditions
is inconsistent despite that the Sys moment conditions identify . It also shows that
the limiting distribution of the one step estimator is non-standard. Similar results hold
for the one step GMM estimator based on the AS moment conditions and the two step
GMM estimator based on either the AS or Sys moment conditions. These are more
involved to obtain since the AS moment conditions are a quadratic function of # and
we have to involve a covariance matrix estimator for the two step GMM estimators.
For reasons of brevity, we therefore refrain from constructing these.

Corollary 2 shows that the identification of # by the AS and Sys moment conditions
when T exceeds three does not lead to standard behavior of one and two step GMM
estimators. Conducting inference based on these estimators is therefore hard when 6 is
close to one. The GMM-LM, KLM and GMM-AR statistics are, however, size correct
for such values of . Since 6 is identified by the AS and Sys moment conditions, they
also have distriminatory power. For smaller values of 6y, for which no identification
issues exist, both the GMM-LM and KLM statistics are efficient and more powerful
than the GMM-AR statistic. This standard notion of efficiency does, however, not
apply to values of 0y close to one which is also revealed by the inconsistency of the
one and two step GMM estimators. To establish a sense of efficiency or optimality,
we therefore construct the power envelope that results from the AS and Sys moment
conditions for testing values of # while its true value is close to one. To construct the

power envelope, we use the identifying part of the sample moments (36).
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5 Moment conditions robust to initial observations

The orthogonal complements with respect to A;(@) of the AS and Sys sample moments
identify 6 when T is larger than three. Expressions of the orthogonal complements of
A;(H) for T'=4 and 5 for the AS and Sys moment conditions are stated in Appendix
A. They are such that the rotated AS and Sys moment conditions are quadratic in 6 :

grr(0) = Ar(0) fn(0) = ab® + b6 + d, (38)
with for
A 72 N 4 i1 2 1 A 2
T 4 SyS a = N Zl 1 ( 1 ) b - _% ZZ 1 ((K;QZZJLS) d - N Z’L 1 (yZyiAyzf 3)
7 71 A 12 N 7 71 A 7 7 71 A 12 J—
AS“‘NZzl(yBy ) b= —x z’:l((ygy)AyyfjA(Z;y ), d=x 3
(Ayi2)2 (%3 - yi1)2
(yz'?, - yu)Ayi:a (yi4 - %1)(%4 - ?JZQ)
T=5: Sys a = % Zij\il (Ay;s)? b= _% 1111 (Yia — Yi2)? )
0 AyinAyia
0 AyisAyia

(yi4 - ?jﬂ)Aym
(%‘5 - yﬂ)AyzA
N
d= % Zi:l (yis — yi2>Ayi4

Ay Ay;s
AyisAyis
(yz’3 - ?Jﬂ)Ayiz (?ji4 - yu)Aym + (?Ji:s - yil)Ayz’B
(Yia — vir) Ayis (Yia — yi1) AYia + (Yis — Yir) Ay
AS a = Zi\il (Yia — Vi) Ayiz |, b= _% sz\il (Yia — Yi2) AYia + (Yis — Yiz) Ay
0 AVTEYAN T
0 AyizAyig

(Yia — yir) AYiz

(yis — vi1) Ayia

d= % Zi\;l (Yis — Yiz) AYia
AyinAyis
AyisAy;s

Under the limiting sequence in (19), the moment condition in (38) is the only part

of the AS and Sys moment conditions that identifies §. The limiting sequence in (19)
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therefore characterizes the worst case for identifying 6. Since the moment condition
(38) is the only part that identifies # in this worst case setting, the power envelope for
testing hypotheses on 6, which reflects the largest rejection frequency under the worst
possible data generating processes, results from it. Hence, we use g7 () to construct
the power envelope for testing hypotheses on 6 while its true value is equal to one. In
order to do so, we first determine the slowest rate at which the hypothesized value of
0 can drift away from one, while the true value of 6 equals one, such that the sample
moment (38) converges to a random variable that is non-degenerate and remains finite
with probability one. To determine this rate, we first state the probability limits of a,
b and d when the true value of 6 is one.

Theorem 5. Under Assumption 1, the conditions in (2), finite fourth moments of
ciand uy, 1 =1,... ., N, t =2,....T, and w = limg, .1 E((c; — (1 — 0y)yi1)?), the limit
behavior of the different components of gr(0) when 0y is equal to one is characterized
by:

0 w w

T:4, Sys; a ? (w—l—cf%)’ b 7 _((4w+a%+a§))7 d ? (3w+a§).

T=4, AS: a— (2w3—05)7 h—s _((5w+0§+0§))’ d— (3w+a§)_

w w

P P P
W+ o3 4w+ 0%+ 02 3w+ o3
2w? + o2 6w + o2 + o3 4w + o3
T=5, Sys: a— w? + 02 ,b?— 4w + 02 + 03 ,d? 3w+ o3
0 w w
0 w w
2w + 03 5w+ 0%+ o3 3w+ o3
3w+ 03 Tw+ 0%+ o3 4w + o3
T=5, AS: a— 2w + o3 ,b?— 5w+ 0% + o3 ,d? 3w+ o3
0 w w
0 w w

Proof. see Appendix A. m

We use the probability limits in Theorem 5 to determine the convergence rate for

our local to unity asymptotics that we employ to construct the power envelope.
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Theorem 6. Under the conditions of Theorem b5, the drifting sequence for 6 for the
robust moments gr(0) is such that:

1. When w =0, 0,?:02,75:2,...T:9:1—i—%}v,

2. When w # 0 or o? # o2, for at least one value of tt=2..T-1:0=1+F,

with e a finite constant.
Proof. see Appendix A. m

The quartic root convergence rate in Theorem 6 results since the moment equation
(38) is quadratic in §. When we specify § as 1 + <& and w = 0, 07 = 0*, t =2,... T,
all elements which are linear in e cancel out in the limit. We are then left with the
quadratic term in e and components that converge at the rate ﬁ A quartic root
convergence rate makes all these components of the same order of magnitude.

Instead of using the moment equation in (38) for testing hypotheses on 6, it can
also be used to estimate 6. The estimator that results from it, is, however, a worst case
estimator since it only does relatively well under worst case DGPs. For DGPs with
values of 6 less than one, estimators based on the other moment conditions outperform
it. Alongside this suboptimality also its large sample distribution is, identical to the
other estimators, non-standard. This holds since the expected value of the discriminant
of the quadratic equation (38) is equal to zero under the worst case DGPs, i.e. case
1 in Theorem 6. The estimator has then a quartic root convergence rate and a non-
standard large sample distribution. For DGPs covered by case 2 in Theorem 6 and
when the true value of 6 is less than one, the large sample distribution of the estimator
is normal with a square root convergence rate.

Theorem 6 shows that mean stationarity (6)-(7), under which w = 0, and mean
variances that are constant over time lead to the slowest converge rate for 6. It implies
that jointly with (19) this setting provides the worst case data generating process under
0o = 1. We therefore use it to establish the power envelope.

To construct the power envelope, we first obtain an approximation of the finite
sample distribution of the GMM-AR statistic which tests Hy : 0 = 1 + %\/N just using

the moments in (38) while the true value of # is equal to one:
GMM-AR(e) = Ngr(e)'Vyy(e) gr(e), (39)
with gr(e) the moments in (38) evaluated at 0 = 1+ 7~ and V,q(e) the (Eicker-White)

covariance matrix estimator of the covariance matrix of gr(e).

Theorem 7. Under the conditions of Theorem &5 and when the true value of 6 is

equal to one, w = 0, 0 = 0%, t = 2,...T, the large sample distribution of the GMM-
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AR statistic (39) for testing the hypothesis Ho : 0 =1 + %}v’ 1s characterized by

X2(67 pmax>> (40)

With pumax the number of elements gr(0), so when T = 4, pmax = 2 or when T = 5,
Pmax = 5, 0 = ¢*E(a) [B(N) Ve B(N)| ' E(a),

BN) = (13 ® Ippa) + i |2+ 35)(013 © L) + (020 @ )|, (41)

Viwa the covariance matrix of a, b and d, 13 a 3 X 1 dimensional vector of ones,
I

Pmax

the Dmax X Pmax dimensional identity matriz, e 3 and ess the first and second
3 x 1 dimensional unity vectors and x?(0,pmax) @ non-central x* distribution with

non-centrality parameter § and degrees of freedom parameter ppay.
Proof. see Appendix A. m

The expression of the large sample distribution in Theorem 7 depends on the sample
size. When the sample size goes to infinity,
to (L3 ® I

important to incorporate in the expression of the large sample distribution to obtain

7~ converges t0 zero so B(N) converges
. For most sample sizes, 4= is, however, non-negligible and therefore

max \/N

an accurate approximation of the finite sample distribution of the GMM-AR statistic.
The moment conditions in gr(e) over-identify 6. We therefore obtain the power

envelope from the weighted average of the individual moments in gr(e) that leads to

the largest rejection frequency when testing Hy : 0 = 1 + %\ZN

Theorem 8. Under the conditions of Theorem 5 and when the true value of 0 1is

equal to one, the power envelope for testing Hy : 0 =1 + %\/N 18

X*((e0)* (3) (BIN) VasaB(N) ™ () 1), (42)

with 1, a p X 1 dimensional vector of ones and p equals 1 when T = 4 and 3 when
T=05.

Proof. see Appendix A. m

Figure 3 shows the power envelopes that result from the AS and Sys moment
conditions when 7" = 4 and 5. Figure 3 shows that the power envelopes that result
from the AS and Sys moment conditions are identical which is surprising. Figure 3
also shows that the power envelopes that result for a larger number of time series

observations dominate those that result for smaller number of time series observations.
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Figure 3. Power envelope for testing Hy : 6 = 1 + at the 95% significance

=
level and the true value of 6 is one: T'=4, N =500 : Sys (dashed), AS (dotted);
T =5 : Sys (solid), AS (dash-dotted).

Rejection Frequency
o o o o o IS4 o
w B (] o ~ o] © =
T T T T T T T
i
/

o
N
T

0.1

6 Which statistic has rejection frequencies on the

power envelope

Theorems 1, 4 and the convergence rate of the power envelope stated in Theorem 6
imply that the limiting behavior of estimators is not uniform since the limiting behavior
of estimators depends on the data generating process at hand. Wald statistics based on
them are then size distorted. Under the null hypothesis, the limiting distributions of the
GMM-AR, GMM-LM and KLM statistics based on the AS or Sys moment conditions do
not depend on nuisance parameters so they remain size correct irrespective of the data
generating process. Since these statistics are size correct, the recommended statistic to
use is then the one which has the largest discriminatory power. When the true value of
0 is less than one, so @ is identified by all moment conditions, both the GMM-LM and
KLM statistics are efficient and so are Wald statistics based on estimators that result

from the moment conditions. When # = 1, it is, however, not obvious which statistic
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is optimal. We therefore determine which one, if any, of the GMM-AR®, GMM-LM
and KLM statistics leads to rejection frequencies that lie on the power envelope under
the worst case data generating process which accords with (19), mean stationarity and

o?=0%1=2,...T.

Theorem 9. Under the conditions from Theorem 5, the worst case large sample
distributions, which apply under (19), mean stationarity (6)-(7) and o? = o2 t =
2,...T, of the GMM-AR, GMM-LM and KLM statistics for testing the hypothesis

Hy:0=1+ é/eﬁ are characterized by

GMM-AR(e) :  x*(0cmm-ARs PGMM-AR)
KLM(e) :  x*(8xzar, 1) (43)
GMM-LM(e) :  x*(6amrras, 1),

with payM-AR = %(T + 1)(T — 2) for the Sys moment conditions, pgara-Ar = %(T +
1)(T —2) —1 for the AS moment conditions,

dcvm-ar = (eo) (L(’)’),(B(N)/Vade(N))_l (%)

5KLM = 6GMM—AR
Sanvern = (e0)*(3) (BIN) VaraB(N)) 2 P By Vi () (G5 A0 (44)
(B(N)VgaB(N)) 2 (LS) T=5,...
= 0GMM-AR =4,

with p equal to 1 when T =4 and 3 when T =5, 1 an independent normal (T — 2)-

dimensional random vector with mean zero and covariance matrix

Y1iliz
My 11 ae)vm—o Var | A(0o) : : (45)

Y1:UT

Proof. see Appendix A. The simplification of the non-centrality parameter for the

GMM-LM statistic when T = 4 results since G¢(e)’'A,7 is then a scalar so (Gf (e())/Aqw) =

(7)Gr(e) Agtp and G(e) Agtp cancels out of the expression of the non-centrality pa-

rameter. |

8We note that this is the GMM-AR statistic that is based on all sample moments which is defined
in Appendix B. It therefore differs from the one in (39).
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Panel 4. Rejection frequencies under worst case scenario and power envelope.
Sys moment conditions: KLM statistic (dashed), GMM-AR (solid with plusses),
GMM-LM (dash-dotted), power envelope (solid). AS moment conditions (dotted lines).
Dif moment conditions: GMM-AR (solid with diamonds). N = 2000.
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Theorem 9 shows that the KLM statistic attains the power envelope under the
worst case DGPs and the GMM-LM statistic does so only when 7' = 4. It shows that
the KLLM statistic is in a sense optimal when 6 is equal to one. Since the KLLM statistic
is also efficient when 6 is less than one, it is efficient both when 6 is less than one or
equal to one.

Panel 4 shows the rejection frequencies of 95% significance tests using the GMM-
AR, GMM-LM and KLM statistics for the AS and Sys moment conditions under a
worst case DGP when T equals four and five. The worst case DGP that we use results
from DGP 1 in Section 3 with a large value of 02 (ten) compared to o2, t =1,...,T
(one). Since the AS and Sys moment conditions do not identify § when its true value
is equal to one and T equals three, all rejection frequencies under a worst case DGP
are flat at 5% when T equals three. To reiterate that the Dif, Lev or non-linear part
of the AS moment conditions by themselves do not identify # when its true value is
one, the figures in Panel 4 also include the rejection frequencies that result from the
GMM-AR statistic with Dif moment conditions. These rejection frequencies equal 5%
for all values of § which shows that the Dif moment conditions do not identify # when
its true value is equal to one. The same results are obtained when we use the Lev or
non-linear part of the AS moment conditions or instead of the GMM-AR statistic use
the GMM-LM or KLM statistic.

Figure 4.1 in Panel 4 shows that, when T" = 4, the rejection frequencies of the KLM
and GMM-LM statistics are on the power envelope when we use the Sys or AS moment
conditions as stated in Theorem 9. The rejection frequencies of the GMM-AR statistic
are below the power envelope. Figure 4.1 also shows that the rejection frequencies of
the GMM-AR statistic which uses the AS moment conditions are slightly above those
that result from the GMM-AR statistic that uses the Sys moment conditions. This
results since, as stated in Theorem 9, the degrees of freedom parameter of the non-
central y? large sample distribution in case of the AS moment conditions is one less
than the one which results for the Sys moment conditions while they have the same
non-centrality parameter.

Figure 4.2 shows that, when T = 5, the rejection frequencies that result from
using the KLM statistic with either the AS or Sys moment conditions are on the
power envelope. Figure 4.2 also shows that the rejection frequencies which result from
the GMM-LM and GMM-AR statistics are below the power envelope which is in line
with Theorem 9 since the simplification of the worst case large sample distribution of
the GMM-LM statistic only applies to T = 4. The rejection frequencies that result

from using either the AS or Sys moment conditions are the same for the KLM and
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GMM-LM statistics while for those for the GMM-AR statistic using the AS moment
conditions are slightly above the ones for the GMM-AR statistic using the Sys moment
conditions. This again results from the smaller degrees of freedom parameter of the
worst case non-central y? limiting distribution of the GMM-AR statistic when using
the AS moment conditions compared to the Sys moment conditions while they have

identical non-centrality parameters.

7 Conclusions

We show that the Dif, Lev and NL moment conditions separately do not identify
the parameters for a general number of time periods when the data are persistent.
This results from the divergence of the initial observations for some plausible data
generating processes. When there are more than three time periods, the AS and Sys
moment conditions, however, lead to identification.

Despite the identification from four time periods onwards, GMM estimators based
on the AS and Sys moment conditions behave in a non-standard manner. Inference
based on these estimators using, for example, Wald statistics is then difficult. We
therefore use size correct GMM statistics, like, the GMM-AR, GMM-LM or KLM
statistic, to conduct inference. To recommend which one to use, we compare their
large sample distributions under worst case DGPs with a value of the autoregressive
parameter equal to one with the power envelope. The resulting rejection frequencies
of the GMM-AR statistic for these worst case DGPs are below the power envelope
whilst the rejection frequencies of the GMM-LM statistic are on the power envelope
when there are four time periods and below it for more time periods. The rejection
frequencies of the KLM statistic are on the power envelope for all number of time
periods. This makes it our recommended statistic since it is also efficient for smaller
values of the autoregressive parameter.

The power envelopes that result for the AS and Sys moment conditions coincide for
all number of time periods. It shows that the additional assumption of mean stationarity
made by the Sys moment conditions is not helpful for identification. This results since
the worst case DGPs all satisfy the mean stationarity conditions.

For expository purposes, we analyzed the first-order autoregressive panel data
model. The extension to panel data models with multiple endogenous regressors, e.g.
dynamic models with additional endogenous regressors, is an important area for future

research.
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Appendix A. Proofs

Proof of Theorem 1. When 7" = 3, we can specify the large sample behavior of the

Sys moment conditions by
A AU — OAY:
]iya‘(e): %sz\il yzl( Yiz — 0 yz2)
Ayia(yiz — Oyiz)
m (%) + AP (0) (bt + B e (1= 00)ud ) + e BE ()

with
0 -0 1 0 0 O
Sys(+2) — ASyS 0) = BSZ/S 0) =
K (O_) <0‘§>, f() (1_9())7 f() 1—-0 1—-6 1
Yett " Cillj2 ¢cu,1
M N 11 Wq2 o 2 1 N 2 2 —
VN Zi:l ( Vi1 Uis > 7 w - ( ¢3 > » /N Zi:l %) O3 7 wcu z//jcu,Z
Ui2Ui3 cu,3

and 1) and v, are normally distributed random variables. Under the limit behavior in
(19), we can then characterize the large sample behavior of the Dif, Lev and one step

Sys estimators by

A 1 N
Op;r = N i1 Yir Avis Y3 4 Vs
bif % SN il Ayio 0011, h(9_0>)\/ﬁﬂo Yy + Yy
d
h _ N Z =1 yz3Ay12 — N Zl 1(Cz+uz3)Ay12
QLAeU = LN viaAyin 0o + ¢N z;ﬁwl YiaAyiz
h(6o)(0 ev 0 — Few,l T Veu,3
(60)(0Lev — o) St o0 72
d
and ,
i1 Ay, 1 Ay;
Ly Yi1 RYi2 Ly Yi1 Y3
95 _ Yia AYiz YisAyiz
ys,1step — 7
1 N yilAin) 1 yilAyzQ)
N Zi:l N Zi:l
Yi2 AYio Yi2AYio

— ¢2+¢31/12 =14 M
0011, h(9o)WN—0 2V
d

For the two step Sys estimator, we first need to characterize the behavior of the Eiker-

White covariance estimator V;(6) :

Vir(0) = 5 2ina(fi(8) = fn (@) (fi(6) — fn(0)),

31



which reads

~

h(00)2V; (6 A0V, ASYE(9)
(00)° Vs ( )OOTL h(o_(:)\/ﬁﬂo f (0) V1 Ay Ay f (0)

with

/
h(6,)? LZ{V Vit Ayi _ Y Ayiz Yl Ayi _ Yin Ayio
N Ayis YinAyis Ayis Yin Ay

- Vi Ay, Ay
0011, h(60)VN—O0
d

and where y;1 Ay = % ZZ]\LI Vi1 AYin, Yin Ayiz = % Zf\il Y;1Ay;3. The limit behavior of

N Vi1 AYio -
Zi:l ( Yi2AYio ))]

the two step Sys estimator then results as
95’ys,25tep - 60

| 1 N Vi1 AYio ~on _1
= -~ . V 9 s,lste
_(N > in1 ( s )) 11 (Osys 15tep) (

r /

1 N Yir AYio N 1] 1 N
=) Ver(Ogys 1ste = >
_(N 21_1 ( yisziz ff( Sys,1st p) (N Zz—l

z|=

Yin Az
(¢i + wiz) Ayiz

r /
1 Sys () — — Sys () — 1
- 77b2 ( 1 ) Afy (QSys,lstep) U‘(miy,ylAyAfy (QSys,lstep) ! ( 1 > ¢2

0011, h(60)VN—0
d

/
1 Sys () - - s (f B !
¢2 < X ) Afy (GSys,lstep) I/V‘;ﬂiy,ylAyAfy (QSys,lstep) ! ( 0 > w?’

’ -1 !
N 1 1 1 0
_ Y -1 -1
= (1 _esysylstep)w_z [( 1 ) V;nAy,ylAy ( 1 )] ( 1 ) VylAy,ylAy ( 1 )
L 0
) VyllAy,ylAy( 1 )
' 1
) VyllAy,ylAy( 1 )

where we used that A?ys(ﬁ)_l =L (109 : é) SO A?ys(ﬁ)_l (1) =% (}) and AfyS(e)—l (;) =
(1)

Proof of Theorem 2. The two step Wald statistic is defined as:

WZS(Q) - N(é% - Q)IQN(éZS)Ifo(é2S>_1QN(@28)(928 - 9)-
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~

For the Dif estimator, we can characterize the limit behavior of Nqx (8a5) Vi (025)~qn (f2s)
under (19) by

~ ~ ~ ~ 2 I 3 -1
Nan (025) Vi (025) " qn (02) . h(e—(;)ﬁ% Yy [( T) Vi Aywiay ?2)} (&
d

. 4 | (—s\'1 /-1 -
- w2 [( %S) V;JlAy,mAy( %3)]
Wpis(0) — <¢3_9w2 > i 7 Y2
00711, h(ec?)\/ﬁﬂo "7[12 (:/}133) yzlAyvylAy(*w$3)

_ _ 2 V3
- (¢3 0¢2) ( o )’V—1 (:%3)'

—¥3/) "y1Ay,y1Ay

-1

SO

For the Lev estimator, we use that 0oy~ 1+ h(0o) [M] S0 0oy — 01 —0+

)a
h(8o) [%} and

Ayi2(yi3 - éLevyzQ) ~ Aym((l —1- h(go) [%fcm] )%2 + ¢ + UiS)

Ayzg(h(tgo) |:%+2wcu3i| (yil —+ C; —+ Uig) -+ C; —+ uig)

which implies that

2
N Veua v
Vs (0, — [M} Vipayaayin + Veun + Veuss
7#(Orev) 6011, h(B0) VN0 ¥y y1Ay,y14y, cu, cu,33)
d

with Vi, 11 and V., 33 the first and third diagonal elements of the covariance matrix of

(ciAyiz © uZ — 05 & upuiz)’ and Vj ay 4 ay11 the first diagonal element of Vi ay .,y
The large sample behavior of the Wald statistic using the Lev moment conditions then
results as

WLev (‘9) —

0011, h(80)vVN—0

d
2 2 2
<1 _ 6 + h(go) [wcu,lq;:wcuﬁ]) <h7(l:920)) |:|:wcu,112'2wcu,3:| %1Ay7y1Ay711 + ‘/cu711 + V;u,33:|

-1

’l/J 2 d’cu 1+wcu 3 2 -
- <wcu,1 + wcu,fﬂ + (1 - 0) h(920)) [ Y1/;2 ’ :| VylAy,mA%H + ‘/cu,ll + ‘/0%33 :

The large sample behavior of 959372“61, —0:

éSys,Qstep —0 = éSys,Qstep —-14+1-10
1) 0
1 Vy1Ay,y1Ay 1
N 1—6— w5*w§,¢2 .
0011, h(00)VN—0 293 1Y 1
¢ 1 Vy1Ay,y1Ay 1
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So since

o N N _ ~ V32 1\ — 1
G (Osys 2step) Vs (Osys astep) ™ v (Osys 2step) A (=% (1) Virdpanay (1) -
d

we can characterize the limit behavior of the two step Sys Wald statistic by:

WSys,2step<0)

- (éSysttep - 0), |:QN(éSys,Qstep)Ifo<é5y8,2step)7IQN(9Sys,2$tep)i| (9Sys,2step - ‘9)

, 2
21/’% ! VyzlAy,y1Ay !
2 /1 / -1 1 1 1
2 (1) y1Ay,y1 Ay (1) 1 ' 0
(111%—11137/’2)( 1 ) Vy11AyaylAy( 1 )
, 2
1 0
1 y14y,y1 8y 1
1— 6 — Liztave
2 !
2 ! VyilAy y1Ay !
1 1 sY1 1

Proof of Theorem 3. The large sample behavior of the GMM-LM statistic of Newey
and West (1987) testing Hy : 0 = 6:

—

6011, h(80)vVN—0
d

N

GMM-LM(8) = N (6)V5(6) " an (6) [an(0) V35(0) ax(0)]
(0)'Vy£(0)~L fn(0),

while the true value 6y converges to one according to (19) results from its different
components. For the Dif and Lev moment conditions, it reads:
GMM-LMsz(g) —
0071, h(00)vVN—0
d
U AH(0) [Ap(0)1Vyay, ylAyAf(Q)']fl (6)% [@//(3), [A£(0)1 Vs aynay Ar (0)1] (})%D}
[Af(g) VylAy y1AyAf( ) ] ( )ﬂb
= ' Ap(0)1 [Ar(01 VisayuayAr(0)1] 7 Ap(0)19 ~ x2(1),
GMM-LM.,(0) —
0011, h(60)VN—0
VAT (A0 Vin0mar A ORI () ¥ [0() (470w As 005 () ]
[A(0)2Vys ayanayAr (0)5] " Ap(6)20)
= U A7 (0)5 [A7(0)2 Vi ayanay Ar ()2 Ap(0)200 ~ x*(1),

-1
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with A¢(#); and As(6), the first and second row of As(f) = (1199(1)) and () and ((1))

proportional to the first and second row of A,() = — (}g) . For the Sys moment

conditions, the large sample behavior of the LM statistic results as:

GMM-LMg,s(0 —
5 ( )00“, h(60)vVN—0
d

¢/Af<9>, [Af(g)v;nA%ylAyAf(g)l]_l (]i g) (& [@/), (]ig), [Afw}VylAyylAyAf(e)l]_l G 8) @Z)}
[A£(0) Vs aanagAr(0)]7 As ()¢

-1
Oo11 h(6’—0>)\/ﬁ—>0 wlvyjiy,mAy(i) [(i)lvyjiy,yﬁy(i)} (})/Vy:iy,yﬂy#}
d

~ x*(1),

where we used that A;(0)7! (1) = =5 () -

-1

Proof of Theorem 4. T=4. We can write the Dif sample moments and their
derivatives as

A Yin Ayiz — Oy Ayio
5’f(9) = % 2511 yilAyzA - 9y¢1AQi3
yiQAyzA - 9y¢2Ayi3

0p—1—460 1 0 Yi1 U2 Oy — 0
- % 21:1 (0o —0) (6o — 1) Oo—1—10 1 Yi1li3 + (0o — Dyauan | 6o (0o —0) |+
(Oo—0)0p(0p —1) 0o (0o —1—0) 0, Yi1lia 6’% (6o — 0)
0
¥ it 0 ,

(¢; + i) (Ayia — 0Ay;s3)

‘ Vi1 AlYio
qjj\jflf(e) = _% i]\il Yin Ayis
YioAyis
1 0 0 Yi1Us2 1
=—% sz\il 0o — 1 Lo vz | — (6o — Dyaua | 6o
0o (0o —1) 6o 0O Yi1lig 02
0
N
_% Zi:l 0

(€ + wi2) Ayis
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For values of 0y close to one these expressions are approximately equal to:

-0 1 0 Yi1 U2
Vi~ EXN [ 0 -0 1 Yiugs | — 3B (limgygi (1 — Oo)ud; | +
0 -6 1 Yi1Uia
0
N
N 2ic1 0 ,
(¢i + i) (g — Ouys)
100 Yi1Uqi2
WO ~—%XE [ 010 Yirugs | — 3B (limgyp1 (1 — Oo)ui
010 Yi1Uig
0
N
_% Zi:l 0 :
(¢i + uin)uss

Because

N Yirtiz wyiluz?
h(0o) _
VN E Yi1 i3 7 @/)y“ui?, =1,
=)
Cilljo 0 Yeuin
Cill;3 0 wciuig
Cillig 0 Vs
N 2
vV N 1 Uso 03 ¢Ui2ui2 _
N - 0 7 - d}cua
=1 Uq2Ui3 wuizuiB
UizWia 0 d}umum
2 2
Us3 03 ¢Ui3ui3
L U3 Uig 0 i ¢Ui3’U«i4
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with ¢ and v, normally distributed random variables, it is readily seen that

-6 1 0 00000O00O00O
APP0)= o -0 1 |,BP*O)=[0o0000000],
0 —6 1 01001000
100 00 00 0 000
APt@y=o0 10 |,BMO)=l0 0 00 0 000 |,
010 00— 10 -0 100
0 0
pp 0.0 =1 0 |, ul¥,0% =1 0 |,
0 0

CPY(0) = AP (0)13, CP(0) = AP (0).5.

We can write the Lev sample moments and their derivatives as

i3AYio — 0y Ay,
fﬁev(g)zﬁzif\il YizAY;2 YioAY;2
Yis AYiz — 0yis Ays

8o (8o — 0) o o) [ e 8o (6o — 0)

1 o (0o — o (0o —

=~ 2uim i1U; + (0o — 1)y, +

NZ’—1<93<90—1>(90—9> 63 (60 — 6) 0) tia | (0 wl“(@%(%—@))
Yi1Uia

1 Zzy (14 (6o — 0))ciAyia + (0o — ) uinAyia + UisAyio

N =1 (1 + ((90 — 9)(1 + 90))C¢Ayi3 =+ (90 — G)ulgAyzg + (90 — 9)90ui2Ayi3 + U14Ay¢3 ’

L 1 N yi2Ayi2
v’ (0) = —% Zi:
N N ! YisAyiz

Yi1 U2
0 0 0 to
= —% i 11U — (0o — Dyaw
sz_1 ( 9(2) (90 _ 1) 93 0 ) zizi ( 0 )?Jﬂu ( 93 )

1 ZN CiAYiz + U Ay .
N (14 60)ciAyis + wisAyis + OouinAy;s

For values of 0y close to one these expressions are approximately equal to:

1—0 0 0 Yi1 Uiz
NU(0) = % i ( 0 1-8 0 ) ynuiz | — taE(limgyp (1 — fo)udy | +
Yi1Uia
| =N (2 — O)ciuzg + (1 — O)ud, + upuss
W i ( (1+2(1 = 0)ciuz + (1 — O)udy + (1 — O)winttss + wizttia ) 7
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Lev 1 N yi2Ayi2
q (9) = TN Zui=
N N ! < YisAYis )

100 Yi1 U2
=—% i]il ( 010 ) yaws | — sE(limgy (1 — Oo)ud,
Yi1 U4

2
_LyN Cilliz + Uiy
N i=1 )

2
QCiuig + Ujs + Ui2Ui3

so this implies that

1 —
gy = (100 )

0 1-460
2—0 1-460 1
B][c/ev(e): 0 0 0 0 0 7
0 14+21-6)0 0 1-60 1-6 1
1 00
ALeve — ’
) 01 0)
1 001 0O0O0O0
BE(6) = ,
02001010

We can write the NL sample moment and its derivative as

NEO) = % 301 ((yia — Oyis — ) (Ayis — 0Ays2))
Yi1Ui2
- % Zz]\;l ( 93(9 —00)(0 — 0o +1) (6o — 9)9(2] 0 ) yauiz | + (0o — Dyinuin (93 (0o — 9)2)
Yi1Uig
"‘% 2511 (0o — O)(1 +0o)ci + 0o(0o — O)uiz + (0o — O)uiz + uia) (Ayss — 0Ay;2)
Yi1Ui2
Q%L(Q) - _% £i1 ( (2(9 - 90) + 1) 03 —93 0 ) [ZANOR] + (90 - 1)%‘1%’129(2)(9 - 90)
Yi1Uia
21 (20 = 0o) ((1 + Oo)ci + otz + wiz) — tia) Ayio

+% Lina
N i=
_% Z@]L (1 + 0o)ci + Oouiz + uis] Ays.
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For values of 0y close to one these expressions are approximately equal to:

Yi1Ui2

NEO) =130, ( -1 1-0 0 ) Yauig | — tsE(limgyi (1 — Oo)uzy) | +
Yi1 W44

LS 21 = 0)ci + (1 — 0w + (1 — O)uis + wza) (wis — Ouso)

Yi1 U2

aN=(0) = 2511 ( 20-1)+1) -1 0 ) ynwz | — tsE(limgy (1 — 6p)u))
Yi1Uiq

+% Z@]L [(20 — 1) (2¢; + wiz + wiz) — Uia] Uio

—ﬁ Zi\il 2¢; + win + wis) wis,

so this implies that:

ANL(@): 00 -1) 1-0 ),

NE@g) = ((—20(1—0) 21—0) 0 —0(1—0) (1—0)7> —0 1—0 1),
ANL(e): 20-1)+1 1),
BNL(Q):<2(2€—1) 20 20-1 20-2 —1 -1 0),

WNE(0,0%) = (1— 0) (0} — 003) , uY"(6.0%) =2(0 — 1) 03 — o3

Finally, regarding AS and Sys moment conditions we simply have

AP0 ADif(g
A?ys(‘g) - ( ! () ) ) ) Agys(e) - ( ALev <) )0 )

Dif sz
B?ys(e) = ( i;evéz; > ’ B5y5<6) < ﬁLev 03 )

Dif 2 sz
Sys 6 2 — lu’f (0’0- ) Sys 0 ) .
i 6,0 (u;%evw,&) (00 ui}e”(e,o?)

Dif (9 ;2 Dif (9 52
pS(0.0%) = ( o ) o) = ) ~



T=5. Using similar calculations we can write:

77Z}yiluiz
w — wyilum ’
wyilum
wyiluit’)
-6 1 0 0 0
0 -0 1 0 0
. 0 -0 1 0 ; 0
AD’Lf 9 — Dif 9 2 —
f ( ) 0 0 9 1 ) /JJf ( O ) 0 )
0 0 -6 1 0
0 0 -6 1 0
1-60 0 0 0 o}
Alvgy=1 o 1-0 0 o[, w0, =01-0| o2 |,
0 0 1-6 0 o2

660 —-1) 1-46 0 0 02 — 003
ANLQ — 7 NL97 2y 1—-0 3 2 )
70 ( 0 ee—1) 1-9 0 ) 1 GT)=( )<ai—ea§

General T. We have for linear moment conditions, i.e. j = Dif, Lev, Sys, that

M?‘(ea UQ) = (1 - 0) Ng(& 02)7

with k; the number of moment conditions. Furthermore, due to linearity of the Dif,

Lev and Sys moment conditions y(6,0?) and A7(#) do not depend on 6.

Orthogonal complements of A;?S (0) and A?ys(ﬁ) for T =4 and 5. We specify

the orthogonal complements as

A3 (0) L = (G0(0) - Gyp)
where T' indicates the number of time periods and GQT is such that G‘;:T,ugc(ﬁ, %) = 0.
This notation is used in the proofs of subsequent theorems.

T=4. From the expressions of Ai;(@) and ug;(e, 0?) in (35), G} p_4(0) and G§7T:4 for
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j=AS, Sys result as:

—(1-10) 0
0 1
Gir=a(0) = . G- ]
1 0
—(1-9) 0
0 1
G?,yzfzz;(e) = 0 , Ggfiﬁ:él =1 -1
-0 0
1 0

From these expresssions it follows that A?(H)iu?(@, 0?) #£ 0, ‘for j=AS, Sys.
T=5. The expressions for A%(0), 1}(0, a?), G r—5(0) and Gy _; for j = AS, Sys are:

—0 1 0 0
0 —0 0 0
0 —0 1 0 0
aro - | C e =a-n|
0 0 -0 1 0
o0—1) 1-6 0 0 o2 — 00?2
0 6@ —-1) 1—60 0 02 — o2
—(1-190) 0 0 0 0
0 —(1=0 0 0 0
0 0 —(1-9) 0 0
Gﬁ§:5(9) = 8 8 8 , G§f§:5 — _11 (1) ’
0 0 0 0 -1
1 0 0 0 0
0 1 1 0 0
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- 1 0 0 0
0 -6 1 0 0
0 -6 1 0 0
0 0 -0 1 0
A3P(0) = 0 0 =0 1|, pu"0.0)=0-0) 0 |,
0 0 -0 1 0
1-60 0 0 O o2
0 1-6 0 0 o2
0 0 1—6 0 o2
—(1-10) 0 0 0 0
0 —(1-10) 0 0 0
0 0 —(1-10) 0 0
0 0 0 1 0
G5 () = 0 0 0 ,Gp= -1 1 |,
0 0 0 0 -1
—0 0 0 0 0
1 —0 —0 0
0 1 1 0 0

From these expresssions it follows that A;(@)’Lujc(@, 0?) # 0, for j = AS, Sys.

The above specification of A;(H) 1 as equal to (G’?,T(G) : GQT) is such that (A?(Q)
: A;(@) 1) is not invertible for the AS moment conditions both when 7" = 4 and 5.
The invertibility of (A?(H) f A;(H) 1) is not needed for the construction of the power
envelope. It is, however, needed for obtaining the worst case large sample distributions

of the GMM-AR, GMM-LM and KLM statistics. Instead of the current specifcation
of A?}(Q)L, we then use a specification of A?C(Q)L :

A} (0)L = (G}1(0) : Gy.1)Q,

with @) an identity matrix for the Sys moment conditions and a 2 x 1 matrix for the
AS moment conditions when 7" = 4 and a 5 x 4 matrix when 7' = 5 which are such
that

A ! A T =4
Q= (LGt v 06850 63,7, 065 ,0)

Iy
= R , R . T =5.
(—(<é)Gé4,§F/=4fo(9)G§§f=4((1)))_1((1)) Gﬁ%’=4vff(9)(G?f;:4(0) : G%,T(?)))
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Proof of Theorem 5. Since

Ayia
Ay
Ayig
Ayis
Yiz — Yi1
Yia — Yi1 =
Yia — Yi2 =
Yis — Yi1 =
Yis — Yi2

ci — (1 = 00)yir + us

Oo(ci — (1 —00)yin) + (0o — Duge + uss

05(ci — (1= 6o)yin) + 0o(fo — Dyuiz + (60 — 1)tiz + wia

O (ci — (1 — Oo)yir) + 03 (60 — Vs + 0o(6o — 1)usz + (6o — 1)usa + uis
(1+00)(ci — (1 = 0o)yi) + Oouiz + i3

(1460 + 605)(c; — (1 — 0o)yi1) + gz + Gowss + wia

(6o + 03)(ci — (1 = 00)yir) + (05 — D)uaz + Oouis + wia

(L1400 + 05+ 05) (c; — (1 — Oo)yan) + Oguiz + Opuis + Ooua + uss

(0o + 05+ 03)(c; — (1 — 00)yi) + (0 — 1w + Oz + Oouig + wis

it holds that for

T=4, Sys:

T=4, AS:

a— (E((Ci—(l—ﬁé))yn)z)w%)

by (TRt

d ? (6’0(1+90+93)E(6(8025(5(1:;_9(01)330))2;:)923)(9071)o§+90cr§)'
a? ((HOO)E((CF(ISQO)W)2”900%)

b s
1o (R )
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T=5, Sys:

E((c; = (1= 0o)y)?) + 03
(1 +00)E((c; — (1 = 00)yin)?) + 0o(00 — 1)03 + 03
a ? HgE((Q - (1 - 90)%1)2) + (90 - 1)20'2 + O'g
0
0
(1+60)°E((c; — (1= bo)yn)?) + 0505 + o3

(1400 + 03) (00 + 03)E((c; — (1 — 00)yin)?) + 0303 — 1)a2 + 0202 + o2
b o (6o + 65)*(60 + 92)E(( — (1= 6o)ya)?) + (05 — 1)%03 + 0503 + 03
dE((c; — (1= 0o)yin)?)
oE((ci — (1= 00)yn)?)
0o (1 + 0y + 62) ((ei — (1 = 0o)ya)?) + 02(00 — 1)02 + Og02

05(1 + 0o + 05 + 05) E((c; — (1 = 0o)ynn)?) + 05(60 — 1)03 + 6560 — 1)05 + 00
d— | 05(00 + 05 + 05) E((ci — (1= Bo)yn)?) + 000 — 1)(05 — 1)03 + 05(60 — 1)05 + oo}
QgE((Ci - (1 - 90)%1)2)
0o E((ci — (1= 60o)yan)?)

T=5, AS:

(1 +60)E((ci — (1 — bo)yin)?) + 03
Oo(1 + 00 + 05) E((ci — (1 — 0o0)yin)*) + 0560 — 1)03 + 003
a— | 021+ 00)E((c; — (1 —00)yin)?) + (02 — 1)(0g — 1)y + 02
0
0
—((14+600)2+ D)E((c; — (1 — 00)yin)?) — 00(20¢ — 1)0% — 02
(O +203(1 + 0o + ) E((c; — (1 — 0)yin)?) + 203 (00 — 1)02 + 0(20¢ — 1)02 + o2
b= = | 631+ 200(1+00))E((c: — (1 - 90)%1)2) (205 = 60 — 1)(00 — 1)03 + 00(200 — )3 + of
SE((ci — (1= 00)yin)?)
oE((ci = (1= 00)yin)?)
0o(1 + 0o+ 02)E((c; (1 — 00)yi1)?) + 03(00 — 1)02 4 0402
02(1 + 09 + 02+ 03)E((c; — (1 — 0o)yin)?) + 05(00 — 1)03 + 02(00 — 1)03 + 03
d— | 05(00+ 065+ 65)E((ci — (1 — 00)yin)?) + 0o(6o — 1) (65 — 1)03 + 0560 — 1)03 + Ooo
93 (( G — (1 - 90)%1) )
05 E((ci — (1= 0o)yin)?)
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Proof of Theorem 6. The components a, b and d of (38) are all sample averages so

we can characterize their large sample behavior by

0= E(a)+ 2, b=E(b)+ 2, d=E(d) + &

with €,, €, and g4 converging to mean zero random variables and the expressions for
E(a), E(b) and E(d), when the true value of # is one, are stated in Theorem 5. To

determine the appropriate rate for the local to unity asymptotics regarding 6, we insert
0=1+ =

in the expression of (38) and determine the appropriate value of p :

(14 57)%(E(a) + %) + (1 + 52)(E(b) + &) + E(d) + .

Whenw:O,Uf:(ﬂand,u:i

(1+7=)%(E(a) + 3%) + (1+ =) (BE0) + &) + E(d) + 2& =
E() E() <) (e +€b+€d+62E( N+

S(E(D) +2B(a) + o (e + 220) + 5 _
\/_( €b+€d+62E( ))—i—\/ﬁew(gb—l—Qéa)—l-%l

since E(a) + E(b) + E(d) = 0 and E(b) = —2FE(a) so the appropriate specification for
0 follows from 6 =1 + {*;N
When w # 0, or 02 # a , for at least one t, ¢, and u =

_|_

S P(B) + )+ (L ) ED) &) B+ =
(a) + E(b) + E(d) + 7=(ea + & + a1+ e(E(b) + 2E(a)))+
%(2 +eb+eB(a)) + S5 =

L (e + o+ ca— e(E(b) +2E(a))) — £ (2, + e — eE(a)) + S

Djﬁ

ﬂ\

since E(a) + E(b) + E(d) = 0 but E(b) # —2E(a) so 0 =1+ .

Proof of Theorem 7. When w =0 and 0? = 02, gr(e) is characterized by

gr(e)= (1+ %ﬁ)%E(a) + ﬁea) + (1+ 75)(E(b) + ﬁib) + E(d) + Tlﬁsd
= xleatep+ea+ PE(a)) + 7 (en + 220) + S

2

SO

VNgr(e) = e2E(a) + (g,(1 + & + ¢ ) + (1 + {1/—) + &4
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and
VNgr(e) ~ N(e*E(a), B(N)'Vaa B(N)),

with
BIN) = (15 ® Ipnay) + gip |2+ 35)(€15 © Ipas) + 7 (25 © Iy

and V;q the covariance matrix of (a’ : ' : d')’, 13 a 3 x 1 dimensional vector of ones,
I

Pmax

the Prax X Pmax dimensional identity matrix, pnax equals the number of elements
of a and e; 3 and ey 3 the first and second 3 x 1 dimensional unity vectors.

Since = converges to zero, B (N) converges to (13 ® I,,,..). For most sample sizes,
é/iﬁ is, however, non-negligible and it is important to incorporate the terms multiplied
by it in order to obtain an accurate approximation of the distribution of the GMM-AR

statistic in finite samples:
GMM-AR(e) ~ x*(0, Pmax),

with 0 = e*E(a) [B(N)'VapaB(N)] " E(a) and x2(, pmax) a non-central x? distribution

with non-centrality parameter 6 and degrees of freedom parameter p.

Proof of Theorem 8. When we instead of the full vector gr(e) use a linear com-
bination of it, say w'gr(e) with w an orthonormal py., X 1 vector, the approximating

distribution of the GMM-AR statistic for testing Hy : 6 = 1 + 7~ that uses w'gr(e)

reads
(et (w' E(a)) [w' B(N) Vapa B(N)w] ™ (w'E(a)), 1),

The optimal combination w is the one that leads to the largest value of the non-

centrality parameter. The non-centrality parameter can be specified as

_ w'E(a))?
¢ (w'B(a)) [ B(N) Vara B(N Y] (w/E(a)) = et @Bl

The maximal value of — B(M/E(a))Q results from the largest root of the generalized

(N)' Vapa B(N)
eigenvalue problem

[AB(N)'Vapa B(N) — E(a)E(a)'| = 0

and the optimal value of w equals the eigenvector associated with the largest root.
Since E(a) is only a vector, just one root of the generalized eigenvalue problem is

non-zero so it is also the largest one. This root results from using
w=(B(N)VaaB(N))™"E(a)
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and the largest root then equals
Amin = E(a) (B(N)'VapaB(N)) ™ E(a)
so the maximal value of the non-centrality parameter is

¢*E(a) (B(N) VaraB(N)) ™ E(a) = (e0)* () (B(N) VasaB(N)) 7 ()

since E(a) = o*(*) with ¢, a p x 1 dimensional vector of ones and p the number of

columns of G (0).

Proof of Theorem 9. GMM-AR statistic To construct the worst case limiting
distribution of the GMM-AR statistic to test Hy : 0 = 1 +
6 = 1, we first specify the GMM-AR statistic as

%\/N while the true value of
GMM-AR(e) = N fx(e)Vis(e) ™" fule) _
= \/N(h(QO)Af(e) Af(@)L)/fN(e)

-1

~

_(h(t%)Af(e) 2 Ap(e) L)' Vir(e)(h(0o)Ag(e) = Ap(e) L)

VR(hB0)As(€) § Ag(e)L) fu(e)| .

We now determine the limit behavior of the different components under the limit

sequence in (19). The specification of A¢(e), that we use is such that

Agpe)r = (ij,T(e) : Gg,T)Qv

with @) equal to the identity matrix for the Sys moment conditions and equal to the
specifications stated previously in this Appendix for the AS moment conditions. The
large sample behavior of the different components of @) for the AS moment conditions

are such that

/

GiFVis(e)Gat ~ (0 ) BN VaaB(N)(;, * )

Pmax —P Pmax —P

G35V (e)GH50) = (; ° ) B(N)VaaB(N)(7),

Pmax —P

with p the number of columns of G’ﬁ%(e) so the limit behavior of () is

(
(

Qr
~ (

Pmaoxfp)lB(N), ade(N)(‘%’))

—1
L0 )B(N)’Va,de(N)(J o )) (1

Iy
1

( Pmax—p Pmax—p
(0)/(1 0 )/B(N)’ ade(N)(I 0 )(é)>_l<é)(1 0 )/B(N)’ ade(N)<(Ié)) ((1))>) T=5

Pmax —P Pmax —P Pmax —P

= Q
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and () equals the identity matrix for the Sys moment conditions. Our specification of
Ag(e)y is such that

VNAs(e), fnle) = @ (x/NgT(e)) :

so using the limit behavior of v/ N gr(e) stated in Theorem 7, we have that

€a

\/NA ! Y/ 2 _2(tp + B N /
()L fn(e) -~ h(e_(:)\/ﬁﬁo Q' |0 (0) (N)'| e

d €d
The limit behavior of v/ Nh(6y)As(e) fn(e) accords with

VRO frle) | Al Ao

so combining,

As(e)' Ap(e)y
. ’ N ca
VN (h(0o)Ag(e) : As(e)r) fn(e) - h(ej)\/ﬁ_)o Q' | (7)) + B(N) | &
€d

Under mean stationarity, w = 0 and gr(e) does not depend on the initial observations
yi1. This implies that the (normalized) covariance of Af(e) fn(e) and Af(e)’| fn(e)

equals zero:

h(00)A+(e)Vie(e)A 0.
(00)Af(e) Vir(e)As(e)r P )\/_—>0

Under the worst case setting (19) also

Y1iUi2
HOPASITrOAE) s ey AL s g O |2
Y1: Ui
A Agley Agle)
AAITHOA O s ey @BOVaaBNQ
(RS ATV T GEIAD ALE) o
Y1iUi2
Ap(e) Ar(e) |limy, iy 4 )rﬁovar(h<90) E )| As(e)' Ayle) 0
Y1 Ui
0 Q' B(N)'Vapa B(N)Q
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Because Af(e)'fn(e) and Af(e)’ fy(e) are uncorrelated under (19),

[(hwo)Af(e) A5 (€)Y V() (o) As(e) Af<e>L>]

is block diagonal and the limit behavior of the GMM-AR statistic consists of two
components, one resulting from the diverging part of the sample moments and one

which results from the stable/identifying part:

[VRRG0)As(e) fv(e)] [0 ALY Vrs()An(e)] [VERE)Ase) )]

Y1iU52
b, h(o—o))\/ﬁao Y’ limg, 4y, h(eg)\/ﬁ_»o var(h(6o) : )| ¥~ X2 (PemM-AR — Pmax)
¢ (AL
. / ! Ry -1 /
i (VNAg(eVLiv(e)) | A0 Vis(e)As )] (VNAg(e)Liv(e))
— X*(0, Pmax)

0011, h(60)vVN—0
d

with peaymvar = 5(T + 1)(T — 2) for the Sys moment conditions and pery.ar =
(T +1)(T — 2) — 1 for the AS moment conditions and when T'=14: p = 1, pyax = 1
for AS and 2 for Sys, T =5: p = 3, pmax = b for Sys and 4 for AS and

5= ¢l (5)'Q QBN VaBNQ) ™ Q(5)
= e'o!(3) (BIN)VaaB(N)) " (),

where the latter result can be shown using the partitioned inverse of (B(N)'VypaB(N)) ™"

() (BNYVaa BIN) ™ () =
L%[(%)/(B(N)'%de(N)) (5) = (6 ) B(N)'Vapa B(N (zpmax )
{(zpmfx_p)’B(N)’V;de(N) (Ipmfx_p)} - (, ) B(N)VaaB(N }

! [<1p), (B(N)VaraB(N)) 2 M

_l
0 (BN VapaBN) 3 (, © ) (B(N)Vapa B(N)) 2 )} bp =

()Q(QB( ) ade(N)Q) Q(Lé’),

which uses that @ represents a weighted regression of columns of Gor on Gyr(6)

-1

and the remaining columns of Gy using B(N)'V,,aB(N) as weight matrix. Taken
alltogether, the worst case large sample distribution of the GMM-AR statistic test
H0:0:1+%\/Nreads

GMM-AR(e) — X*(6, Panrn-AR)-
0071, h(00)vVN—0
d
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GMM-LM statistic To obtain the large sample behavior of the GMM-LM statistic
to test Hy : 0 =1+ %\/N when 6 is one and under the limiting sequence in (19), we

determine the behavior of the different components of:
(R(0o)As(e) = Ag(e) ) an(e)
for which we use the representation of gy (e).
h(6o)' As(e)'qn(e) :  Under the worst case DGPs characterized by (19):

VNh(0o)As(e) qn(e) = As(e) [Ag(e)p+

h(B0)V'N (14, 0%) + Ag(e) (limgyy B((Bo — 1)ufy))) + h(QO)Bq(e)wcu] ~ Ap(e) Age)y,

since under (19):
VNR(00) (e, 0%) + Age)e (limgy 1 E((Bo — 1)ufy))) — 0, h(6o)VN — 0.

Ar(e) gn(e) - We distinguish between the AS and Sys moment conditions. For the

Sys moment conditions:

AN%W@=Q<@ﬂWW@>z(3<Wﬁ#MW%@¢‘%ﬁ%+ﬁ%)

G/2,TQN(€) ﬁgbq

since for the Sys moment conditions Gy 7 Aq(e) = 0, G ppule,0%) = 0, Grr(e) Aqle), =
0, Grr(e)ule,0?) = —%\/ﬁagbp and £,, = G(e) By(e),, and epy = Goq'By(e),, are
mean zero normal random variables that capture the remaining random parts.

For the AS moment conditions:

202 — limg,11 E((0p — 1)ud)] + -
1

N Cba

1 ’ e
@@MM@%@(Wm#M@%@w o

since for the AS moment conditions G Aq(e) = 0, G5 ppu(e,0?) = 0, Gyr(e) Agle)r =
2e

T le: Grle)u(o?) = — WO'2LP and €4 = Gy(e)' By(e)y,, and ey = Gy 1+ By(e)v,, are

mean zero normal random variables that capture the remaining random parts.

Overall, we can specify A¢(e)’ gn(e) for both the AS and Sys moment conditions

as

1 . .
As(e) qn(e) =~ Q' < h(eo)\/NGf((f)/Aq(eW ~ Tl + Ttag ) |

1
VN b
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with
eo? Sys moment conditions

e[20? — limgyr1 E((6p — 1)uZ)]  AS moment conditions.

e

Combining:
(h(60)As(e) = Agle) ) an(e) = (h(fo)As(e) : (Grr(e) : Gor)Q) qn(e)

)1
wAsle) Aq o0
~ Q’(h(& Gf(e) AQ) 1/} + Q/ (_%LL‘F\/_ﬁgaq) .

VN b
Using that (which results from the derivations for the GMM-AR statistic)

VN((h(00)Ag(e) : Ap(e) L)' Vis(e)((Bo)Ag(e) : Aple) L)) (h(Bo) As(e) Af(e)Ji>/fN(€>

Y1:Ui2 -
My 11 (a0)v—o var(h(fo) : )

Y1,

0011, h(e_;:)\/ﬁﬁo €a 7
(Q’ (N)' Vapa B(N )Q)il Q' (6202(%’) + B(N) ( Ep ))

€d

(Af(e) Ag(e)

we now construct the limit behavior of h(8o)Nqy (€)' Vi(e) ™ fu(e) :
b6 Nax (€ V() f(e) = WOV |(B0)Aste) 4500 (e
((h(Bo)As(e) : Ap(e) 1) Vis(e)(h(Bo) As(e) : Ag(e) 1)) (A(6o) Ag(e) : Af(e)L),,\/NfN(e) R
h(00)As(e) Ag(e 0
K Qe ) | g )]

1
VN ©ba

Y1:Us2
Mg 11 1 (00)vm—0 Var(h(fo) : )|

Y1

(Ag(e) Ag(e))™

€a 0011, h@«m
(Q'B(N)VaaB(N )Q)_l Q' (62‘72(L5) + B(N) ( Ep ))
( Gf(e)/(‘;ltI(e)w ) Q/ (Q/ ( ) ade( )Q)—l Ql (6202(%’) —I—B(N), ( b )) —

( Gf(e)’glq(e)zb ) (B(N)'VapaB(N))™! (6202(L5) + B(N) ( €: )) ;
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where () drops out for the same reason as discussed for the GMM-AR statistic. The
elements multiplied by h(f) or h(6y)v/'N are under (19) of a smaller order of magnitude
and therefore drop out.

The limit behavior of h(85)2Nqn (€)' Vi;(e) " qn(e) results in a similar manner:

(80 Naw () Vyr(e)an(e) = h(6y)2N [(h(eomf(e) f Af<e>l>'qN<e>]
(h(00)As(€) § Ar(e) L) Vy()(h(B0)As(e) | Ar(e) L)) (h(B0)As () § Ag(e)r)an(e)

) : Ag(e
- GreY A \ 5o o [ Grer A _
6011, h(@;))\/ﬁ—ﬂ ( 0 > Q(Q BNY ade(N)Q) © ( 0 ) B

( Gole) el > (B(N)'VasaB(N))! ( Grtef e ) ,

where again @) drops out for the same reason as discussed for the GMM-AR statistic.
Combining everything, we obtain the limit behavior of the GMM-LM statistic to
test Hy: 0 =1+ 7~ under (19):

MM-LM 'P /
¢ Y i P S AT
d

with
0~ N(e0? (BIN)VaaBIN) " () Tp)
and independent from ), so

GMM-LM(e) — X*(0(¥), 1),
6011, h(80)vVN—0
d

NI

. Y/ - _
with 8(4) = o (7) (B(N) Vi BIN) 2 Py )~} (C1 Aa) (B(N)'VapaB(N))
KLM statistic. To obtain the large sample distribution of the KLLM statistic to test
Hy:0=1+ %\)ﬁ when 6 is equal to one and under the limiting sequence in (19), we
first determine the behavior of

(B AL)  Ae) ) Vor ) WO AS(e) P AL(e) | - =

As(e) 4, , Ytz Ay(e)' Ag(e)
Q (h(eO)Gf(e) Aq) hm@oTl, h(io)\/ﬁﬂo Var(h(gﬂ) : ) 0 +
Y1iliT 0

0 0
wg,abd B(N)\ A )
0 Q(yrerpin) @
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with Vi abd, Vagaba the covariance between e,, and (¢}, : €} : €)))' and &, and (€, : €} :

e!)' respectively.
Combining with the limit behavior of v/ N((h(6o)As(e) : Af(e) L) Vir(e)(h(Bo)Ay(e)
P Ag(e) 1)) (h(Bo) Ag(e) = Ag(e)r) fn(e) :

VN((h(00)Ar(e) © Ap(e) ) Vig(e)(h(Bo)As(e) : Ap(e) 1)) (h(0o)Ap(e) * Af(e)_Ll)’fN(e)

Y1iUs2
(Ap(e) Asle))™ [hmeon, h(60)vVN—0 var(h(6o) ( : ))] (G

— Y1iiT
foT1, hdeWw €q
(QB(N)VaaB(N )Q)il Q' (6202(%’) + B(N)' ( Ep ))
€d

SO

VN(h(80)Ag(e) : Ap(e) L) Vos(e)Vis(e) ™ fv(e) =
VN(h(Bo)Ag(e) © Ag(e). )Vef( )(h(0o)As(e) = Ap(e)L)
((h(00)Ag(e) : Ag(e) 1) Vis(e)(h (90 Af Ag(e) 1)) (h(0o) Af e) : Ag(e)) fn(e)

)"
6011, h(e_;:)\/ﬁﬂo ( Q (7 ) vt ( Qi ng(m )@ )
(QBIN)VauB(N)Q) ™ Q ( (5) + ( ))

Upon combining with the limit behavior of v/ N(h(6y)Af(e) : , the con-
vergence behavior of v/ N (h(f)A(e) : As(e),) Dy(e) then results as

IO As(e)  Ar(e)2)Dx(e) = g { [VFhB)AL(e)  As(e) Vvt~

. . 0
VN (h(00)As(e) Af(eh)'Vef(e)fo(e)_lfN(e)] ~ ( o <<w)é+ Ly> >
0)et 7w

— _ OL €,
0011, h(@;)\/ﬁﬂo Q’(O"’)
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where we have rescaled since all the higher order terms have dropped out and

v = (Q(iiN)Q) (@B VisaBNIQ) ™ @ (3)+

€a
@'[(?j)—@’(&;;gzgggx;m(@f NV >@>1QIB<N>f<eb)].
q e

We obtain the limit behavior of v NDy (€)' Vis(e) ' Dy(e) from:

VN Dy(e)Vys(e) " Dy(e) = [W(hwomf(e) f Af<e>L>'ﬁN<e>]
(h(B0) As(e) T Ap(e) ) Vys(e) (h(B0) Ar(e) | Ag(e).))! {W(hwomf(e) f Af<e>L>'ﬁN<e>}
~ (e + gv] Q@ BOVVauaB(NQ) " @ [(;

6011, h(a_[;:)\/ﬁ_@ &(7) Q (@' B(N)VuaB(N)Q)

e+

and

0011, h(60)VN—0
d

— () Q@ BINVauB(N)0) @ (eg“2<ﬁg>+3<m’(g”))

Upon combining everything, we obtain the limit behavior of the KLM statistic to test
Ho : 0 =1+ 7= under (19):
KLM(e — 'P L1
(€) 0011, h(Qo)Wﬂon (Q'B(N)Vapa B(N)Q) %Q(Lg)én
d

with

NI»—‘

N((QBN)VaraBIN)Q) % Q(F), Lp)

o4



So since € is a scalar it cancels out and

KLM(e) — x>0k, 1)
0011, h(69)vVN—0
d
because
S = (eo)? L(")’),Q(Q B(N) ade(N) ) > P

(Q’B(N)' waB(NQ)
Vaa B Q) Q)
QAQ < ) Vara BIN)Q)7'Q('7)

604(Lp)’(B(N)V;de(N)) ()

where the last equality has been shown for the GMM-AR statistic.

Appendix B. Definitions

In GMM, we consider a k-dimensional vector of moment conditions, see Hansen (1982):

which are a function of observed data and the unknown parameter . The moment
conditions are only satisfied at the true value of the p-dimensional vector 6, 6y, and
k is at least as large as p. We analyze the first-order autoregressive panel data model
so p = 1. The population moments in (46) are estimated using the average sample

moments,
In(0) = % 3551 1i(0). (47)
The k x p dimensional matrix gx(f) contains the derivative of fx(#) with respect to

0 :
qn(0) = %fN(Q) = % vazl i(0), (48)

with ¢i(0) = g7 (9).
The two step estimator results by minimizing the objective function:

Q(0,0") = N (0) Vi, (8") " fu(0), (49)

with V() the Eicker-White covariance matrix estimator:

Vir(0) = % Sisi(fil8) = Fn(0)(fi(6) — fn(6))" (50)

. 1
The two step estimator, 65, uses the one step estimator # which equals the minimizer
of (49) when we replace V;;(8)~! by the identity matrix.

The expressions of the different statistics to test Hy : 8 = 0y that we use read:

%)



1. Two step Wald statistic:
Was(0o) = N(92s - 00),QN(‘§23),fo(925)_1QN(é2s)(@2s — o). (51)
2. The GMM-LM statistic of Newey and West (1987):

LM (80) = N fe(686) Uy (60) ™ (60) [a (B0 V35 60) " ax(00)]

. (52)
an (00)'Vy(00) " fv(0o).
3. The KLM statistic of Kleibergen (2005):
KLM(Bo) = N (00)'Vyy(00) ™ D (0o) [Da(0u) Vi (00) D))~
D (00)'Vi5(80) " fn(600),
with Dy(0) a k x p dimensional matrix,
vee(Dy(6)) = vec(qn (60)) — Vos (0)Vi(0) ™ i (6) (54)
and
Vos(0) = % 325, veelai(0) — an(9)](fi(6) = ()Y’ (55)

4. The GMM extension of the Anderson-Rubin statistic, see Anderson and Rubin
(1949) and Stock and Wright (2000):

GMM-AR(0) = N fn(0)'Vi(0) " fn(0) = Q(0,0). (56)

We use these four statistics for five different sets of moment conditions (labeled Dif,
Lev, NL, AS and Sys, see Section 2). For the Dif moment conditions in (4), kp;; equals
(T —2)(T — 1) and the specifications of fP40) and ¢” (0) read

K3 (3

Py = ZPI P (g) i=1,...,N,

7

: . 57
QzDZf<Q) = _ZiszAyfl,i 1= ]-7 s 7N7 ( )

Wlth QDZDZf(Q) = (Ayﬁ, — 6Ay12 [P AyiT - HAyinl)’, Ay,l,i = (Ayzg . Ayinl), and

yn 0...0 0
0o - 0
ZPi — ‘ LT N T —2) % (T -2 58
; Yi1 s 5( )( ) % ( )- (58)
0 0...0 :
YiT—2

56



For the Lev moment conditions in (5), kL., equals 7" — 2 while the moment functions

can be specified as
fEeo ) = ZFvoke(9) i=1,..,N, (59)
ghev(9) = Zhevy 1=1,..., N,

with %’Lev(e) = (%‘3 — 0o ...y — 9%7’-1)', Y-1,: = (%‘2 cee yiT—l)la and

Aypn 0...0 0
Zkev = 0 0 (T —2) x (T —2). (60)
0 0...0 Ayinl

For the NL moment conditions in (8), kyr equals 7" — 3 while the moment functions

can be specified as

O = ZYNHO) =1 N, o
" (0) = ZN G 0)  i=1,...,N,
Wlth gOZNL(Q) = (u¢4(ui3 — Uig) e UiT(uiT,1 — UZ‘T,Q)/ and
1 0...0 0
ZNE =1 0 0 | :(T—3)x(T-3). (62)
0 0...0 1

The specification of the moment functions for the AS moment conditions results by
stacking the moment conditions in (57) and (61) so kyy, equals £(T —1)(T —2)+ T —
3. The specification of the Sys moment conditions results by stacking the moment
conditions in (57) and (59) so kgys equals (T + 1)(T — 2).
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