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CHAPTER 1

Introduction

In my thesis I study different problems in the topology of the moduli space of curves and
related questions from differential geometry and mathematical physics.

My research focuses on several main objects: the moduli space of curves, Gromov-Witten
theory, Frobenius manifolds and integrable systems. All these objects are closely related to
each other. In this indroductory part I give a review of these objects and explain relations
between them. In principle, Chapters 2-6 are self-contained and it is possible to read each of
them independently.

The moduli space of curves is the space of all possible complex structures on a given 2-
dimensional surface of a fixed topological type. The moduli space of curves has the structure of
a manifold with mild singularities, a so-called orbifold, and it is not compact. There are several
important versions of the moduli space of curves. We can consider the moduli space of curves
with marked points. Also there is a canonical compactification of the moduli space of curves,
that can obtained by adding singular curves with the simplest possible singularities – nodes.
The compactified space is called the moduli space of stable curves. The moduli space of curves
is one of the main objects of study in algebraic geometry. For algebraic geometers it is both
interesting for its rich internal geometric and topological structure and as a kind of polygon to
test all new methods. In the last 20 years there was an enormous progress in understanding
the topology of the moduli space inspired by applications in topological string theory and, from
the mathematical side, Gromov-Witten theory – the modern way to count algebraic curves in
a fixed target variety.

For us the most interesting is the structure of the cohomology ring of the moduli space of
curves. The study of the cohomology ring was initiated in the seminal paper [48] of D. Mumford.
Mumford defined some natural classes in the cohomology ring of the moduli spaces of curves
and expressed in terms of these natural classes the classes of some geometrically important loci.
Mumford introduced a special subalgebra of the cohomology algebra – the so-called tautological
ring, and worked out the cases with small genus. Since that time it was discovered that all
”natural” cohomology classes lie in the tautological ring (see e.g.[11]), although there are
constructions of non-tautological classes (see e.g.[12]). Mumford also conjectured that when
the genus grows, the cohomology groups of the moduli space of curves stabilize and in the stable
limit all cohomology classes are tautological. This famous conjecture was recently proved by
Madsen and Weiss [47].

A great step towards understanding of the tautological ring was taken in the beginning of
90’s. One of the key results was the celebrated Witten’s conjecture proved by M. Kontsevich
in 1992 [29]. It says that the generating series of integrals of certain basic tautological classes
over the moduli space of curves satisfies the KdV equation. This result allows to compute the
integral of an arbitrary tautological class over the moduli space of curves.

Another important result was obtained by C. Faber in 1999 [9]. He formulated three
conjectures that give a complete description of the tautological ring of the moduli space of
smooth curves without marked points. The first one, the so-called socle conjecture, describes
the highest non-trivial tautological group. The second one, the intersection number conjecture,
describes top intersections. The third one, the Gorenstein conjecture, says that there is a
Poincare pairing in the tautological ring. The socle conjecture was first proved by E. Looijenga
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[43], there are several completely different proofs of the intersection number conjecture [17,
41, 70]. The Gorenstein conjecture is still open. It is proved up to genus 23 (see e.g.[10]).

Since that time there was obtained a great number of results concerning the structure of the
tautological ring of the moduli spaces of curves. One the most important results is the famous
ELSV formula discovered by T. Ekedahl, S. Lando, M. Shapiro and A. Vainshtein [8] that
relates the enumeration of ramified coverings of the 2-dimensional sphere with the intersection
theory of the moduli space of stable curves. C. Faber, S. Shadrin and D. Zvonkine [13] proved
a generalization of the first Witten’s conjecture – so-called r-spin Witten’s conjecture. Original
Faber’s conjectures were generalized for the other versions of the moduli space of curves (see
e.g.[65]). Many of them are now proved. A big work was done towards a proof of the Gorenstein
conjecture. Recently R. Pandharipande and A. Pixton derived a large class of relations in the
tautologocal ring, the so-called Faber-Zagier relations, [52]. They cover almost all previously
known relations, but they are still unsufficient for a proof of the Gorenstein conjecture. Very
recently these relations were generalized for the moduli space of stable curves [53].

The moduli space of stable curves is a particular case in a large family of moduli spaces of
stable maps. They were introduced by M. Kontsevich [30] in the beginning of 90’s. The moduli
space of stable maps is associated with a smooth projective variety, which is called the target
variety. The moduli space of stable maps parametrizes maps from nodal curves to the target
variety. The moduli space of stable curves corresponds to the case when the target variety is a
point. The Gromov-Witten invariants are the integrals of certain cohomological classes over the
moduli space of stable maps. The main motivation to introduce these invariants comes from
physics, because they describe the topological sector of the string theory. The Gromov-Witten
theory also provides a tool for solution of classical enumerative problems. For example, the
Gromov-Witten theory helped to solve the classical problem of enumeration of rational curves
of fixed degree in the projective plane that pass through a suitable number of fixed number of
points in general position [31].

Gromov-Witten invariants define a deformation of the multiplication in the cohomology of
the target variety. The cohomology of a variety with this deformed multiplication is called the
quantum cohomology. The quantum cohomology is computed for a large number of varieties.
It turns out that the algebraic structure of quantum cohomology is related to different aspects
of representation theory, combinatorics, and mathematical physics. In fact, Gromov-Witten
invariants define a multiplication at each point in the space of the cohomology of the target
variety. The resulting structure on the cohomology is called Frobenius manifold. The structure
of Frobenius manifold on the cohomology of a variety completely determines all genus 0 Gromov-
Witten invariants of the variety.

The structure of Gromov-Witten invariants in higher genera is much more complicated
than in genus 0. If the ring structure at a generic point in the cohomology of a target variety
doesn’t have nilpotents, then the Gromov-Witten theory of the variety is called semisimple.
In [18] A. Givental conjectured that in the semisimple case Gromov-Witten invariants of genus 0
completely determine all higher genus invariants. Moreover, he suggested a conjectural formula
for them. Givental’s conjecture was recently proved by C. Teleman [64].

The generating series of the Gromov-Witten invariants of a variety is called the Gromov-
Witten potential of the variety. For a fixed target variety, there is a construction [6] of an
infinite series of differential operators that satisfy relations from the Virasoro algebra. The
authors conjectured that these operators annihilate the Gromov-Witten potential of the target
variety. This conjecture is called now the Virasoro conjecture. It is proved for varieties with
semisimple Gromov-Witten theory ([64, 19]) and for algebraic curves ([50]).

The main properties of Gromov-Witten theory are captured by the notion of a cohomological
field theory (CohFT). This notion was introduced by M. Kontsevich and Y. Manin in [31]. Let
us fix a vector space that we call the phase space. Roughly speaking, a CohFT is a system
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of linear homomorphisms from tensor powers of the phase space to the cohomology of the
moduli spaces of curves. This system should be compatible with all natural mappings between
the moduli spaces. A construction of a CohFT associated with the Gromov-Witten theory
of a variety was given in [31]. In this case, the phase space is the cohomology of the target
variety. With a given CohFT we associate a sequence of certain numbers called correlators.
The generating series of the correlators is called the potential of a CohFT. The potential of
the CohFT associated with the Gromov-Witten theory of a variety coincides with the Gromov-
Witten potential of this variety [31].

If a cohomological field theory satisfies certain homogeneity properties, it is called conformal.
The cohomological field theory associated with the Gromov-Witten theory of some variety is
conformal.

Relations in the tautological ring of the moduli space of stable curves give universal relations
between correlators of a CohFT. ’Universal’ means that the relations depend only on the choice
of the phase space. The universal relations are very powerful in the study of the correlators
of cohomological field theories. For example, in [4] it was proved that two relations in genus 1
(Getzler’s relation [15] and the topological recursion relation) allow to reconstruct all genus 1
correlators of a semisimple conformal CohFT using only genus 0 correlators.

Semisimple cohomological field theories were classified by C. Teleman in [64]. As a corollary,
he proved Givental’s conjecture [18] on the reconstruction of the higher genus correlators of a
semisimple conformal CohFT from the genus 0 correlators.

The space of all CohFT potentials carries an action of a certain group, called the Givental
group. This action is transitive on the space of semisimple theories. This follows from [18] and
[64]. This fact is very useful in the study of the topology of the moduli space of curves and
related problems in mathematical physics. This transitivity is crucial in the proof of r-spin
Witten’s conjecture [13]. Also it is used in Chapters 5 and 6 in the proof of the Dubrovin-
Zhang conjecture about the polynomiality of a certain integrable system that corresponds to a
semisimple CohFT.

Similar to Gromov-Witten theory, genus zero correlators of a cohomological field theory are
completely described by the Frobenius manifold structure on the phase space of the CohFT. In
fact, for any structure of Frobenius manifold on a given vector space there exists an associated
cohomological field theory in genus 0 with this vector space as the phase space. So, there is a
bijection between cohomological field theories in genus 0 and Frobenius manifolds.

It is much more difficult to describe the correlators of a cohomological field theory in higher
genera. Of course, in the case of semisimple conformal CohFT we have Givental’s formula,
but it doesn’t clarify the algebraic and geometric structures behind the system of correlators.
It happens that the theory of integrable systems provides a convenient way to describe all
correlators of a CohFT. The first example is the Gromov-Witten theory of the point. Witten’s
conjecture implies that it is controlled by the KdV hierarchy. The next example is the Gromov-
Witten potential of the projective line that is a solution of the extended Toda hierarchy. The r-
spin Witten conjecture, proved in [13], tells that the generating series of the r-spin intersection
numbers is a solution of the r-KdV hierarchy. This generating series is the potential of the
CohFT formed by so-called Witten’s classes. All these examples led people to a general idea that
the Gromov-Witten potentials of different target varieties and more generally CohFT potentials
are solutions of some integrable hierarchies. A great work on this problem was done by Dubrovin
and Zhang in the beginning of 00’s in [5]. In fact, they constructed a correspondence between
integrable hierarchies of a certain type and conformal semisimple CohFT potentials. Dubrovin
and Zhang conjectured that the integrable hierarchy associated with a conformal semisimple
CohFT has a polynomial bihamiltonian structure. A proof of the polynomiality of the first
Hamiltonian structure is one of the main topics of this thesis.
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The rest of the introduction is organized as follows. In Section 1.1 we introduce the moduli
spaces of curves, the construction of the natural morphisms between them and define the
tautological ring. In Section 1.2 we give a short review of Gromov-Witten theory. Section 1.3
contains the definition of a cohomological field theory. We also describe there the relation with
Gromov-Witten theory. In Section 1.4 we recall the definition of a Frobenius manifold and
explain how it can be used for the description of a cohomological field theory in genus 0. In
Section 1.5 we discuss a relation of cohomological field theories with integrable systems. A
general construction of the correspondence is given in Chapter 5. Instead of doing the general
case, in Section 1.5 we consider the example with the Gromov-Witten potential of a point. We
show a relation with the KdV hierarchy and discuss those properties of the KdV hierarchy that
are the most important for the general case.

1.1. Moduli space of curves

In this section we introduce the moduli space of curves and describe the most important
constructions and objects related to it.

1.1.1. Stable curves. By a curve, we mean a compact, connected, algebraic curve, pos-
sibly with singularities. A node of a curve is a singularity analytically isomorphic to {xy = 0}
in C2. A nodal curve is a curve smooth away from a finite number of points, which are nodes.
We define the genus of a nodal curve C as h1(C,OC). A pointed nodal curve is a nodal curve
with the additional data of n distinct smooth points p1, p2, . . . , pn. A nodal curve is said to be
stable, if its group of automorphisms is finite.

We denote byMg,n the moduli space of stable nodal curves of genus g with nmarked points.
From the stability condition it follows that it is not empty if and only if 2g − 2 + n > 0. The
moduli space Mg,n is a smooth, compact Deligne-Mumford stack. As an analytic space, it is
an orbifold. The complex dimension ofMg,n is equal to 3g − 3 + n.

The open subset ofMg,n that parametrizes smooth curves is denoted byMg,n.
The subset ofMg,n that parametrizes nodal curves that have a smooth irreducible compo-

nent of genus g is denoted byMrt
g,n. Other irreducible components of these curves automatically

have genus 0.

1.1.2. Natural morphisms between moduli spaces. For any n-pointed genus g stable
curve we can forget the i-th marked point and obtain an (n−1)-pointed nodal curve of genus g.
This curve may not be stable, but it can be stabilized by contracting all components that are
2-pointed genus 0 curves. This gives us a mapMg,n →Mg,n−1 that we denote by πi and call
the forgetful morphism.

Given an (n1+1)-pointed curve of genus g1, and an (n2+1)-pointed curve of genus g2, we can
glue the first curve to the second along the last point of each, resulting in an (n1 +n2)-pointed
curve of genus g1 + g2. This gives the map

gl :Mg1,n1+1 ×Mg2,n2+1 →Mg1+g2,n1+n2
.

Similarly, we could take a single (n + 2)-pointed curve of genus g, and glue its last two points
together to get an n-pointed curve of genus g + 1; this gives the map

gl :Mg,n+2 →Mg+1,n.

We call the last two maps the gluing morphisms.

1.1.3. Tautological ring. Here we define the tautological rings of the moduli spaces of
curves. We refer the reader to [65] for details.

For each i ∈ {1, 2, . . . , n}, consider the line bundle Li over Mg,n whose fiber over a point
[(C; p1, . . . , pn)] ∈ Mg,n is the cotangent line to the curve C at the marked point pi. Let
ψi ∈ H2(Mg,n;Q) denote the first Chern class of this line bundle, ψi = c1(Li).

7



The system of the tautological (or, to be more precise, the cohomological tautological)
rings R∗(Mg,n) is defined to be the set of the smallest Q-subalgebras of the cohomology rings,
R∗(Mg,n) ⊂ H∗(Mg,n;Q) that is closed under the push-forwards via all forgetful and gluing
maps. The tautological rings ofMg,n andMrt

g,n are defined as the restrictions of R∗(Mg,n) to
these subsets.

The group Ri(Mg,n) is defined by Ri(Mg,n) = R∗(Mg,n) ∩H2i(Mg,n;Q).
The tautological ring of Mg can be described in a more explicit way as follows. For any

i ≥ 0 we define the class κi ∈ H2i(Mg;Q) by

κi = (π1)∗(ψ
i+1
1 ).

Then κi ∈ Ri(Mg) and the ring of R∗(Mg) is generated by the classes κi.

1.2. Gromov-Witten theory

In this section we recall a definition of the Gromov-Witten invariants of smooth projective
varieties.

1.2.1. Stable maps. Let X be a smooth projective variety and β be any class in the
homology group H2(X ;Z). A stable map

f : (C; p1, . . . , pn)→ X

is a map from a nodal pointed curve C of genus g with n marked points p1, . . . , pn to the variety
X such that

• the map f : C → X has no nontrivial first order infinitesimal automorphisms, identical
on X and preserving pointwise p1, . . . , pn (stability);
• f∗[C] = β.

The moduli space of the isomorphism classes of stable maps is denoted by Mg,n(X ; β). The
spaceMg,n(X ; β) has a virtual fundamental class

[Mg,n(X ; β)]virt ∈ H2 vdim(Mg,n(X ; β);Q),

where the virtual dimension is

vdimMg,n(X ; β) = (3− dimX)(g − 1) + c1(TX) ∩ β + n.

Similar to the moduli space of curves, we have the contangent line bundles Li overMg,n(X ; β).
The classes ψi ∈ H2(Mg,n(X ; β);Q) are defined by ψi := c1(Li).

There are the evaluation maps evi :Mg,n(X ; β)→ X defined by

evi : [f : (C; p1, . . . , pn)→ X ] 7→ f(pi) ∈ X.

For any stable map

f : (C; p1, . . . , pn)→ X

we can consider the curve (C; p1, . . . , pn) itself. It can be unstable, but it can be stabilized. This
gives us the map Mg,n(X ; β) → Mg,n that we denote by ρ. Note that the space Mg,n(X ; β)
is defined for all g, n ≥ 0, but the moduli space of curves Mg,n exists only if 2g − 2 + n > 0.
Therefore, the map ρ is defined only for g and n such that 2g − 2 + n > 0.
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1.2.2. Novikov ring. Here we define the Novikov ring N(X) of a smooth projective va-
riety X . A class β ∈ H2(X ;Z) is effective if

β = π∗[C],

where π : C → X is an algebraic map and C is a compact algebraic curve (possibly discon-
nected). Let E ⊂ H2(X ;Z) denote the semigroup of effective classes. Let C[E] be the semigroup
ring determined by E. For β ∈ E the corresponding element of C[E] will be denoted by qβ.

Define the Novikov ring N(X) by:

N(X) =

{∑

β∈E
cβq

β|cβ ∈ C

}
.

Multiplication is well-defined in the series ring, because for any effective class β the equation
x+ y = β has only finitely many solutions for x, y ∈ E.

1.2.3. Gromov-Witten potential. Suppose for simplicity that X doesn’t have odd co-
homology. Let us choose a basis e1, e2, . . . , eN in the cohomology H∗(X ;C). We introduce
variables tαd , where d ≥ 0 and 1 ≤ α ≤ N . The Gromov-Witten potential of X is a power series
in tαd and ~ with coefficients in the Novikov ring N(X) that is defined by

F =
∑

g,n≥0
β∈E

qβ
~g

n!

∑

d1,...,dn≥0
1≤α1,...,αn≤N

(∫

[Mg,n(X;β)]
virt

n∏

i=1

ψdi
i ev

∗
i (eαi

)

)
n∏

i=1

tαi

di
.

1.2.4. Gromov-Witten theory of the point. The simplest possible example of Gromov-
Witten theory is the case, when the target variety X is the point. Then the class β is necessarily
equal to zero and the space of stable maps Mg,n(pt; 0) is isomorphic to the moduli space of

stable curvesMg,n. The cohomology of the point is 1-dimensional and the Novikov ring N(pt)
can be identified with C. So, the Gromov-Witten potential of the point is a power series in
t0, t1, . . . and ~:

F pt =
∑

g≥0,n≥1
2g−2+n>0

~g

n!

∑

d1,...,dn≥0

(∫

Mg,n

n∏

i=1

ψdi
i

)
n∏

i=1

tdi .

1.3. Cohomological field theory

In this section we give a definition of the cohomological field theory and explain a relation
with Gromov-Witten theory.

1.3.1. Definition. Let N be a commutative, associative ring over C. Let V be a finite
dimensional vector space over C. We call it the phase space. Let us fix a non-degenerate
symmetric bilinear form (a scalar product) (·, ·) in V and a vector 11 ∈ V . Let us denote
by H∗

even(Mg,n;C) the even part in the cohomology H∗(Mg,n;C). A cohomological field the-
ory (CohFT) over the ring N is a collection of linear homomorphisms c = cg,n : V ⊗n →
H∗

even(Mg,n;C)⊗C N defined for all g and n and satisfying the following properties (axioms).

• cg,n is Sn-equivariant, where the group Sn acts on V ⊗n by permuting factors, and where
its action on H∗(Mg,n;C)⊗CN is induced by the mappingsMg,n →Mg,n defined by
the permutation of marked points.
• We have

(a, b) = c0,3(11⊗ a⊗ b) ∈ H∗(M0,3;C)⊗C N = N

for all a, b ∈ V .
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• If π :Mg,n+1 →Mg,n is the forgetful map, then

π∗cg,n(a1 ⊗ . . .⊗ an) = cg,n+1(a1 ⊗ . . .⊗ an ⊗ 11).

• Let {ei} be a basis in V and ηij = (ei, ej).
a) If gl :Mg1,n1+1 ×Mg2,n2+1 →Mg1+g2,n1+n2

is the gluing map, then

gl∗cg1+g2,n1+n2
(a1 ⊗ . . .⊗ an) =

= cg1,n1+1(a1 ⊗ . . .⊗ an1
⊗ ei) · cg2,n2+1(an1+1 ⊗ . . .⊗ an1+n2

⊗ ej)ηij.

b) If gl :Mg−1,n+2 →Mg,n is the gluing map, then

gl∗cg,n(a1 ⊗ . . .⊗ an) = cg−1,n+2(a1 ⊗ . . .⊗ an ⊗ ei ⊗ ej)ηij.

The potential F of the cohomological field theory is defined as follows. Let us choose a basis
e1, . . . , eN in the vector space V . Introduce variables tαd , where 1 ≤ α ≤ N and d ≥ 0. Let

F =
∑

g,n≥0
2g−2+n>0

~g

n!

∑

1≤α1,...,αn≤N
d1,...,dn≥0

(∫

Mg,n

cg,n(eα1
⊗ . . .⊗ eαn)

n∏

i=1

ψdi
i

)
n∏

i=1

tαi

di
.

The potential F is a power series in ~ and tαd with the coefficients from the ring N .

1.3.2. Trivial cohomological field theory. The simplest possible example of a CohFT
is the trivial CohFT. Let us choose C as a ring. Let V be of dimension 1 with the basis vector e.
Define the sclalar product by (e, e) = 1 and let e be the unity vector 11. Define cg,n(e⊗. . .⊗e) to
be equal to the unity in the cohomology H∗(Mg,n;C). Obviously, all axioms of cohomological
field theory are satisfied. The potential of the trivial CohFT is equal to

F triv =
∑

g≥0,n≥1
2g−2+n>0

~g

n!

∑

d1,...,dn≥0

(∫

Mg,n

n∏

i=1

ψdi
i

)
n∏

i=1

tdi .

1.3.3. Cohomological field theory and Gromov-Witten theory. Here we explain
how the Gromov-Witten theory of a smooth projective variety gives a particular example of a
cohomological field theory.

Let X be a smooth projective variety and suppose X doesn’t have odd cohomology. For
an effective class β ∈ E consider the forgetful map ρβ :Mg,n(X ; β)→Mg,n. Define the maps
cg,n : H

∗(X ;C)⊗n → H∗(Mg,n;C)⊗C N(X) by

cg,n(a1 ⊗ . . .⊗ an) =
∑

β∈E
(ρβ)∗

(
[
Mg,n(X ; β)

]virt ∩
n∏

i=1

ev∗i (ai)

)
⊗ qβ.

Let us denote by 11 the unity in the cohomology H∗(X ;C). Define the scalar product in
H∗(X ;C) by the Poincare pairing. The collection of homomorphisms cg,n is a cohomological
field theory over the ring N(X) and with H∗(X ;C) as a phase space (see [31]).

1.4. Frobenius manifolds

In this section we recall the definition of a Frobenius manifold and explain, how this notion
can be used for description of cohomological field theories in genus 0.
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1.4.1. Frobenius algebra. An algebra A over C is called Frobenius algebra if:

(1) It is a commutative associative C-algebra with the unity e.
(2) It is supplied with a C-bilinear symmetric nondegenerate inner product

A× A→ C, a, b 7→< a, b >

that is invariant in the following sense:

< ab, c >=< a, bc > .

1.4.2. Frobenius manifold: invariant definition. A complex manifold M is a Frobe-
nius manifold if a structure of Frobenius algebra is specified on any tangent plane TxM at any
point x ∈M smoothly depending on the point such that

1. The invariant inner product < ·, · > is a flat metric on M .
2. The unity vector field e is covariantly constant w.r.t the Levi-Civita connection ∇ for

the metric < ·, · >
∇e = 0.

3. Let
c(u, v, w) :=< u · v, w >

(a symmetric 3-tensor). We require the 4-tensor

(∇zc)(u, v, w)

to be symmetric in four vector fields u, v, w, z.

A Frobenius manifold is called conformal, if it is equipped with a vector field E that satisfies
the following additional properties:

4. ∇(∇E) = 0.
5. LEe = −e.
6. LEηαβ = (2− d)ηαβ.
7. LEc

α
βγ = cαβγ , where c

α
βγ is the tensor of the structural constants of Frobenius algebras.

Remark 1.1. We use a non-standart terminology. Usually, the term ‘Frobenius manifold’
refers to the structure that we call ‘conformal Frobenius manifold’ (see, for example, [2]).

1.4.3. Description in coordinates. Suppose M is a Frobenius manifold with a metric η
and a unity vector field e. Then locally there exist flat coordinates tα for the metric η and a
function G(t) such that

e =
∂

∂t1
,(1.4.1)

ηαβ =
∂3G

∂t1∂tα∂tβ
,(1.4.2)

cαβγ = ηαµ
∂3G

∂tµ∂tβ∂tγ
.(1.4.3)

The coordinates t are called flat coordinates of the Frobenius manifold M and the function G
is called a potential. Of course, flat coordinates and a potential are not unique.

From the definition of Frobenius manifold it follows that the potential G satisfies the fol-
lowing equation

∂3G

∂tα∂tβ∂tµ
ηµν

∂3G

∂tν∂tγ∂tδ
=

∂3G

∂tδ∂tβ∂tµ
ηµν

∂3G

∂tν∂tγ∂tα
.(1.4.4)

This equation is called the associativity equation or the WDVV equation.
We can formulate a converse statement. Suppose we have a holomorphic functionG(t1, . . . , tn)

on an open subset U of Cn and a constant matrix η that satisfy equations (1.4.2) and (1.4.4).
Then formulas (1.4.1) and (1.4.3) define a structure of Frobenius manifold on U .
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If a Frobenius manifold is conformal, then in flat coordinates the Euler vector field has the
following form

E = (qαβ t
β + rα)

∂

∂tα
,

where qαβ and rα are some constants.

1.4.4. Frobenius manifolds and cohomological field theories in genus 0. In this
section for simplicity we consider cohomological field theories over C.

Let V be an N -dimensional vector space over C with a scalar product η and a distinguished
vector 11 ∈ V . Consider a cohomological field theory cg,n : V

⊗n → H∗(Mg,n;C). Choose a basis
{eα} in V and let e1 be the vector 11. Consider the genus 0 part of the CohFT:

F0(t) =
∑

n≥3

1

n!

∑

d1,...,dn≥0
1≤α1,...,αn≤N

(∫

M0,n

c0,n(eα1
⊗ . . .⊗ eαn)

n∏

i=1

ψdi
i

)
n∏

i=1

tαi

di
.

Let

G(t10, . . . , t
N
0 ) = F0(t)|tα≥1

=0 .

From the definition of cohomological field theory it immediatelly follows that

∂3G

∂t10∂t
α
0 ∂t

β
0

= ηαβ .

The power series G(t10, . . . , t
n
0) satisfies the WDVV equation (1.4.4). Thus, the potential G

together with the metric η and the unity ∂
∂t1

0

defines the structure of a formal Frobenius manifold

on V . We call it formal since the power series G(t10, . . . , t
n
0) is not necessarily convergent.

In fact, the whole potential F0 is uniquely determined by the function G. It follows from
the equation

∂3F0

∂tαa+1∂t
β
b ∂t

γ
c

=
∂2F0

∂tαa∂t
µ
0

ηµν
∂3F0

∂tν0∂t
β
b ∂t

γ
c

,

which is called the Topologocal Recursion Relation in genus 0, and from the fact that F0 doesn’t
have constant, linear and quadratic terms in tαd .

1.5. Cohomological field theories and integrable systems

In the previous section we saw that the notion of a Frobenius manifold is a very convenient
tool to describe cohomological field theories in genus 0. In this section we discuss the problem of
description of cohomological field theories in higher genera. It turns out that cohomological field
theories are strongly related to integrable systems of a certain type. In this section we discuss
the simplest example of the trivial CohFT and explain its relation to the famous KdV hierarchy.
The general case will be discussed in details in Chapter 5. Here we stress the properties of the
KdV hierarchy that are the most important for the general case of the correspondence.

In Section 1.5.1 we recall a construction of the KdV hierachy. In Section 1.5.2 we formulate
Witten’s conjecture, proved by M. Kontsevich, about a relation between the correlators of the
trivial CohFT and the KdV hierarchy. In Section 1.5.3 we discuss the key properties of the
KdV hierarchy: Hamiltonian structure and quasitriviality.
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1.5.1. KdV hierarchy. The KdV hierarchy can be constructed in the following way.
A formal pseudodifferential operator is an expression of the form

L =
N∑

i=−∞
ui(x)∂

i,

where ∂ = ∂
∂x

and ui(x) are smooth function of x. Its positive and negative parts are defined
to be

L+ =

N∑

i=0

ui(x)∂
i, L− =

−1∑

i=−∞
ui(x)∂

i.

For k ∈ Z we define

∂k · f =
∑

j≥0

(
k

j

)
f (j)∂k−j, where f (j) =

∂jf

∂xj
.

We follow the usual convention that(−a− 1

b

)
=

(
a+ b

b

)
(−1)b, a, b ≥ 0.

Consider the operator
L = ε∂2 + u.

Then there exists a unique pseudodifferential operator of the form

L
1

2 = ε
1

2∂ +
∑

i≥1

pi∂
−i,

whose second power is L. The first few terms of L
1

2 are

L
1

2 = ε
1

2∂x + ε−
1

2

u

2
∂−1
x − ε−

1

2

ux
4
∂−2
x +

ε−
1

2uxx − ε−
3

2u2

8
∂−3
x +

ε−
3

26uux − ε−
1

2uxxx
16

∂−4
x + . . . .

Consider the Hamiltonians Gk =
(
L

2k+1

2

)
+
. The first few Hamiltonians are

G0 = ε
1

2∂,

G1 = ε
3

2∂3 + ε
1

2

3

2
u∂ + ε

1

2

3

4
ux,

G2 = ε
5

2∂5 + ε
3

2

5

2
u∂3 + ε

3

2

15

4
ux∂

2 +

(
ε

3

2

25

8
uxx + ε

1

2

15

8
u2
)
∂ +

(
ε

3

2

15

16
uxxx + ε

1

2

15

8
uux

)
.

It is easy to see that the commutator [Gk, L] is just a function i.e. it doesn’t have terms with
∂i for i 6= 0. Consider the system

∂u

∂tk
= ε−

1

2

2k

(2k + 1)!!
[Gk, L] .

Let us put ε = ~
2
. The resulting system of partial differential equations is called the KdV

hierarchy. The first few equations of the hierarchy are

ut0 = ux,

ut1 = uux +
~

12
uxxx

ut2 =
1

2
u2ux +

~

12
(2uxuxx + uuxxx) +

~2

240
uxxxxx

...
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1.5.2. Wittens’s conjecture. Consider the potential of the trivial cohomological field
theory:

F (t0, t1, t2, . . . ; ~) =
∑

g≥0, n≥1
2g−2+n>0

~g

n!

∑

d1,...,dn≥0

(∫

Mg,n

n∏

i=1

ψdi
i

)
n∏

i=1

tdi .(1.5.1)

Then Witten’s conjecture, proved by Kontsevich [29], says that the second derivative ∂2F
∂t2

0

is a

solution of the KdV hierarchy constructed in Section 1.5.1.

1.5.3. Hamiltonian structure and quasitriviality. In this section we discuss two im-
portant properties of the KdV hierarchy: quasitriviality and Hamiltonian structure.

1.5.3.1. Quasitriviality of the KdV hierarchy. The KdV hierarchy is quasitrivial. It means
that it can be obtained from its dispersionless limit ~ = 0 by a transformation of the form

u 7→ u+
∑

k≥1

~kPk(u, ux, uxx, . . .),

where Pk(u, ux, uxx, . . .) are rational functions in the derivatives ux, uxx, . . .. The dispersionless
limit ~ = 0 of the KdV hierarchy is the so-called Riemann hierarchy

∂v

∂tn
=
vn

n!
vx.(1.5.2)

The substitution transforming the Riemann hierarchy to the full KdV hierarchy is

u = v +
~

24
(log vx)xx + ~2

(
vxxxx
1152v2x

− 7vxxvxxx
1920v3x

+
v3xx

360v4x

)

xx

+O(~3).(1.5.3)

The substitution (1.5.3) can be explicitly constructed using the potential (1.5.1). Let

v =
∂2F0

∂t20
.

Let x = t0 and vk = ∂kxv. It is easy to compute that

vk = tk + δ1,k +O(t2).

Therefore, for any g ≥ 1, we can rewrite the series ∂2Fg

∂t2
0

it variables vk−δk,1. In fact, the second

derivative ∂2Fg

∂t2
0

is a rational function in v, v1, . . . , v3g that coincides with the coefficient of ~g

in (1.5.3).
1.5.3.2. Formal loop space and local functionals. Consider the space of formal maps L =

{u : S1 → R}. We will denote by x the coordinate on S1. Formal here refers to the choice
of the space of functions over L that we are going to make (indeed the maps u and the space
L itself should be seen as a part of a convenient piece of notation that we need to describe a
theory which is completely defined at the level of the space of functions). We define the space
of functions on L as the space of local functionals of the form

F [u] =
1

2π

∫ 2π

0

f(x, u, ux, uxx, . . .)dx.

The density f(x, u, ux, uxx, . . .) is a differential polynomial, i.e. a smooth function in the x and
u variables (on S1 × R) and a polynomial of any order in the higher derivatives. Usually we
denote a local functional and its density by higher and lower case versions of the same letter,
respectively. If f(x, u, ux, uxx, . . .) is a total x-derivative defined via the chain rule, that is,

f(x, u, ux, uxx, . . .) = ∂xg(x, u, ux, uxx, . . .) :=
∂g

∂x
+
∑

k≥0

uk+1
∂g

∂uk
,
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then

F [u] =
1

2π

∫ 2π

0

f(x, u, ux, uxx, . . .)dx =
1

2π

∫ 2π

0

∂xg(x, u, ux, uxx, . . .)dx = 0.

This means that we can consider the space of local functionals as the space of differential
polynomials f(x, u, ux, uxx, . . .) factorized modulo the space of total x-derivatives..

1.5.3.3. Poisson bracket on local functionals. We want to endow our formal loop space L
with a Poisson structure. Define the Poisson bracket of two local functionals as follows:

{F [u], G[u]} = 1

2π

∫ 2π

0

δF

δu
∂x
δG

δu
dx,

where

δF

δu
:=
∑

s≥0

(−1)s∂sx
∂f

∂us
.

It is easy to check that the usual antisymmetry, Leibniz and Jacobi identities hold.
1.5.3.4. Hamiltonian structure of the KdV hierarchy. Evaluation at a point y ∈ S1 is a

functional on the loop space that we denote by u(y). It can be also written in the following
form:

u(y) =
1

2π

∫ 2π

0

uδ(x− y)dx,

where δ(x− y) is the delta-function.
The KdV hierarchy has a Hamiltonian structure. It means that there exist local functionals

Hn[u] =
1
2π

∫
hn(u, ux, . . .)dx such that

∂u

∂tn
= {u(x), Hn[u]} =

1

2π

∫ 2π

0

δ(ξ − x)∂x
δHn

δu
dξ = ∂x

δHn

δu
.

The Hamiltonians Hn[u] can be constructed as follows. For any n ≥ 0 the second derivative
∂2Fg

∂tn∂t0
is a rational function in v, vx, . . . , v3g. Consider the second derivative ∂2F

∂tn∂t0
and write it

as a function in u, ux, . . .. It turns out that
∂2F

∂tn∂t0
is a polynomial in u, ux, . . . and

hn =
∂2F

∂tn+1∂t0
.

The first few Hamiltonian densities constructed in this way are

h0 =
u2

2
+ ~

uxx
12

,

h1 =
u3

6
+

~

24
(u2x + 2uuxx) + ~2uxxxx

240
,

...

In fact, the KdV hierarchy has two compatible Hamiltonian structures, but the second one
is not important for us throughout the thesis.

1.6. Overview of the thesis

In this section I give a short review of the main results of my thesis.
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1.6.1. Faber’s intersection number conjecture. In Chapter 2 we give a new proof of
Faber’s intersection number conjecture. In [9] C. Faber formulated the following conjectures:

(1) (Vanishing) For any i ≥ g − 1, Ri(Mg) = 0.
(2) (Socle) Rg−2(Mg) ∼= Q.
(3) (Perfect pairing) For any 0 ≤ i ≤ g − 2, the cup product

Ri(Mg)× Rg−2−i(Mg)→ Rg−2(Mg) ∼= Q

is a perfect pairing.
(4) (Top intersections) Let π : Mrt

g,n → Mg be the forgetful morphism. Assume that
d1 + · · ·+ dn = g + n− 2, di ≥ 1, i = 1, . . . , n. Then

π∗

(
n∏

i=1

ψdi
i

)
=

(2g − 3 + n)!(2g − 3)!!

(2g − 2)!
∏n

i=1(2di − 1)!!
κg−2.

To be more precise, Faber defined the tautological ring, as the subring in the Chow ring
A∗(Mg) generated by κ-classes. We define the tautological ring as the subring in the coho-
mology H∗(Mg;Q). So, strictly speaking, the conjectures that we formulate are weaker than
original Faber’s conjectures.

The vanishing and socle properties are proven in several different ways, see [9, 43, 22]. The
perfect pairing is still an open question. The top intersections property, also known as Faber’s
intersection number conjecture, is already proved in two different ways that we would like to
discuss in more details.

First proof is based on an observation of Getzler and Pandharipande [17]. The λgλg−1-
integrals appear in the Gromov-Witten theory of CP2, and the degree zero Virasoro constrains
imply Faber’s intersection number conjecture. The Virasoro constrains for the Gromov-Witten
potential of CP2 were proved later on by Givental, see [19].

Second proof is due to Liu and Xu [41] via very skillful combinatorial computations. Mum-
ford’s formula [48] expresses λ-classes in terms of ψ-, κ-, and boundary classes. Therefore, the
whole problem is reduced to a computation of some non-trivial combinations of the integrals of
ψ-classes. Witten’s conjecture [66] (proved by now in several different ways) allows to compute
all integrals of ψ-classes using string, dilaton, and the KdV equations.

In Chapter 2 we give a new proof of Faber’s intersection number conjecture. There are
at least two reasons to do that. First, the two existing proofs mentioned above involve too
advanced technique and, second, they do not provide any geometric feeling for the structure of
the tautological ring ofMg. Our proof uses very straightforward geometric and combinatorial
computations with double ramification (DR) cycles. We hope that the technique of DR-cycles
presented in Chapter 2 can help with the rest of Faber’s conjecture, that is, with the perfect
pairing, which is still the most misterious part of it.

Chapter 2 is based on my joint work [70].

1.6.2. Integrals of ψ-classes over double ramification cycles. Chapter 3 contains a
detailed study of intersections with double ramification cycles in the moduli space of curves.

1.6.2.1. Stable relative maps. Let n+ and n− be positive integers, n0 be a non-negative
integer and µ = (µ1, µ2, . . . , µn+

), ν = (ν1, ν2, . . . , νn−) be two partitions of equal size d > 0.
A stable relative map,

[(C, p1, . . . , pn0
, q01, . . . , q

0
n+
, q∞1 , . . . , q

∞
n−
)

f→(T, q0, q∞)],

consists of the following data:

(i) T is a genus 0 nodal curve that is a chain of CP1’s. q0 and q∞ are distinct nonsingular
markings on T . Each extreme component of T contains q0 or q∞.

16



(ii) C is a genus g nodal curve with n0 + n+ + n− distinct nonsingular markings

p1, . . . , pn0
, q01, . . . , q

0
n+
, q∞1 , . . . , q

∞
n−
.

(iii) The morphism f satisfies the following basic conditions:
(a) We have an equality of divisors on C: f ∗q0 =

∑n+

i=1 µiq
0
i , f

∗q∞ =
∑n−

i=1 νiq
∞
i . In

particular, f ∗q0 and f ∗q∞ consist of nonsingular (marked) points of C.
(b) The preimage of each node of T is a union of nodes of C. At any such node of C,

the two branches map to the two branches of the node of T , and their orders of
branching are the same. (This is called the predeformability or kissing condition.)

(iv) The data has a finite automorphism group. The automorphism group is determined
by curve automorphisms,

α : C → C, β : T → T,

which respect the markings and commute with f .

The moduli spaceMg,n0
(µ, ν) is defined as the set of isomorphism classes of stable relative

maps.
The moduli spaceMg,n0

(µ, ν) admits the following structures:

(i) a virtual fundamental class,

[Mg,n0
(µ, ν)]virt ∈ H2 vdim(Mg,n0

(µ, ν);Q),

in the expected dimension,

vdim(Mg,n0
(µ, ν)) = 2g − 3 + n0 + n+ + n−.

(ii) a map to the moduli space of curves (via the domain),

ρ :Mg,n0
(µ, ν)→Mg,n0+n++n−.

1.6.2.2. Double ramification cycles. Double ramification cycle inMg,n++n−+n0
is defined as

the push-forward

ρ∗
([
Mg,n0

(µ, ν)
]virt) ∈ H2(2g−3+n++n−+n0)(Mg,n++n−+n0

;Q).

Poincare duals to double ramification cycles in the cohomology ofMg,n are tautological [11].
They proved to be a powerful tool for the study of the tautological rings (see [43, 24, 51, 1,
56, 70, 13]). The problem of finding an explicit formula for double ramification cycles is a
well-known problem publicized in particular by Y. Eliashberg in view of applications to the
Symplectic Field Theory.

The main result of Chapter 3 is an explicit formula for the integrals of arbitrary monomials in
ψ-classes over the double ramification cycles. This formula can be written in especially simple
form using the infinite wedge formalism – the techique that is widely used in mathematical
physics, for example, in the algebraic approach to the KP-hierarchy.

Chapter 3 is based on my joint work [67].

1.6.3. Frobenius manifold structures on Hurwitz spaces. In Chapter 4 we study
certain deformations of Frobenius manifold structures on Hurwitz spaces.

Let us fix some integer numbers d1, . . . , dm ≥ 1 and g ≥ 0. Let H be the space of the
equivalence classes of the tuples of data (Cg, {ai, bi}gi=1, f : Cg → CP1), where Cg is a Riemann
surface of genus g, {ai, bi}gi=1 is a choice of the canonical basis of cycles on Cg, and f : Cg →
CP1 is a meromorphic function of degree d :=

∑m
i=1 di with exactly m poles of multiplicities

d1, . . . , dm and n := 2g+d+m−2 simple critical points x1, . . . , xn ∈ Cg. In addition, we choose
local parameters z1, . . . , zn at the points x1, . . . , xn ∈ Cg such that f = z2i in a neighbourhood
of xi. Two tuples of this data are equivalent, if there is a biholomorphic map between two
source curves that preserves the rest of the data.
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The critical values of meromorphic functions ui := f(xi), i = 1, . . . , n, are local coordinates
on the space H.

In [2] B. Dubrovin gave a construction of a Frobenius manifold structure on the Hurwitz
space. Later V. Shramchenko included it into a family of Frobenius manifold structures that
is parametrized by a symmetric g × g-matrix. As we mentioned in the introduction, there
is a general theory of deformations of Frobenius manifolds, developed by A. Givental. The
main purpose of Chapter 4 is to explain how Shramchenko’s deformations fit into the general
Givental formalism.

The chapter is based on my joint work [71].

1.6.4. Dubrovin-Zhang hierarchies. In Chapters 5 and 6 we study a relation between
cohomological field theories and integrable systems.

In Chapter 5 to any semisimple cohomological field theory we associate a system of partial
differential equations. We prove that this system satisfies properties similar to the properties
of the KdV hierarchy that are discussed in Section 1.5. The system that we construct is
quasitrivial and has a Hamiltonian structure. It occures that the existence of a Hamiltonian
structure in our systems is a very non-trivial problem. The main problem is construction of a
Poisson bracket. Though we propose a very explicit construction, the proof of the polynomiality
of this bracket is very complicated and it takes the main body of the chapter.

If a cohomological field theory is semisimple and conformal, then our system of partial
differential equations coincides with the Dubrovin-Zhang system that is canonically associated
to the conformal Frobenius manifold that describes the genus 0 correlators of the CohFT.
Thus, our result implies the polynomiality of the Hamiltonian structure in the Dubrovin-Zhang
systems. This was conjectured by Dubrovin and Zhang.

Chapter 6 contains a different and a more simple proof of the polynomiality of the Poisson
structure in our systems.

Both proofs are based on the deformation theory of semisimple cohomological field theo-
ries that was developed by A. Givental. We derive an explicit formula for the infinitesimal
deformations of all ingredients of our systems. The structure of these formulas implies the
polynomiality property.

Chapter 5 is based on my joint work [69] and Chapter 6 is based on my joint work [68].
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