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Chapter 1

Introduction

Most of the chapters in this dissertation result from economic relationships that can
often be modeled as networks, mainly through bilateral ties of agents (dyadic models,
Graham (2020)), where connections occur between pairs of units. Economists are often
interested in studying the outcomes generated from these connections. Relevant exam-
ples include models for international trade flows (Helpman et al., 2008), firm-level trade
(Alfaro-Urena et al., 2023), microfinance loans (Banerjee et al., 2013), and earnings in
employee-employer data (Bonhomme et al., 2019). Properly considering the underlying
trade network is crucial when estimating the effects of observed explanatory variables on
outcomes, such as trade barriers on trade flows. While network data has some similarities
to traditional panel data, estimating network models poses added challenges demanding
new econometric techniques.

A crucial aspect of network models from a pseudo-panel data perspective, and dyadic
models in general, is the inclusion of unit-specific effects for each pair of units, which
controls for the unobserved heterogeneity of units. Moreover, such models’ unit-specific
effects account for part of the network dependence structure. Omitting these effects can
yield biased parameter estimates. For example, when modeling international trade flows,
an exporter and an importer unobserved unit-specific effect captures the multilateral
resistance terms, i.e., the barriers to trade each country faces with all its trading partners
that are not observable, and that can be correlated with the covariates of interest. Another
important aspect is that many interesting network models are inherently non-linear. For
instance, network formation models are, by definition, discrete-choice models indicating
the likelihood of units forming a link (i.e., a connection); and even when modeling the
outcomes of a network (such as trade-flows), we might observe only positive and numerous
zero outcomes, inducing non-linearities in the model. Treating unobserved unit-specific
effects as estimable fixed effects (such that the conditional distribution of the unobservable

heterogeneity given the covariates is left unrestricted) in non-linear models leads to the
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incidental parameter problem (Neyman and Scott, 1948). This problem occurs since, in
non-linear models, the estimates of the coefficients of the covariates of interest depend on
the estimates of the fixed effects, and the latter converges at a slower rate than the first,
resulting in asymptotic biases in the estimates and consequently, invalid inference.

Despite the existence of econometric methods that can account for both aspects, for
most settings, they break down when the network is sparse, where very few links between
units are observed. While for linear models with the two-way unobserved heterogeneity
and the idiosyncratic error term entering additively in the specification, it is possible to es-
timate the coefficients of observable covariates of interest consistently and asymptotically
unbiasedly using the two-way fixed effects estimator (as long as the model is correctly
specified; see Juodis (2021)) even when the network is sparse, this is not the case for most
non-linear models.

For instance, for the estimation of gravity models for international trade flows, the
current literature proposes to handle the zero outcomes in two ways: (i) through a sample
selection model (Helpman et al., 2008) using Heckman’s two-stage estimator (Heckman,
1979), which estimates the gravity equation after a log-linearization; or (ii) through a
Poisson pseudo-maximum likelihood estimation (Silva and Tenreyro, 2006), which esti-
mates the gravity equation in its original multiplicative form. The sample selection model
consists of two stages: in the first stage, a network formation model is estimated, where
the outcome variable is set to one if countries trade and zero if not; and the second
stage models trade flows, incorporating the first stage’s estimation because the trading
decision correlates with trade amount. While the first stage estimation of the sample se-
lection model and the Poisson pseudo-maximum likelihood estimator face the incidental
parameter problem due to non-linearities, methods relying on analytical and jackknife
bias-corrections exist to eliminate the asymptotic biases arising from this (for instance,
Fernandez-Val and Weidner (2016), Dzemski (2019) and Yan et al. (2019)). However,
these methods provide consistent estimates and valid inference only under dense net-
works. Given that a lot of relevant applications display sparsity (e.g., firm-level trade
flows and earnings models in employee-employer data), the development of econometric
methods that are robust to it is crucial and is the primary object of interest in the second
and third chapters of this thesis.

One exception is on the estimation of network formation models, for which a condi-
tional maximum-likelihood approach under a logistic specification that is applicable to
sparse settings' was proposed concurrently by Charbonneau (2017) and Graham (2017),

for directed and undirected networks respectively. The conditioning sets in these ap-

1One drawback of this approach is that, since the fixed effects are differenced out from the objective
function, there are no available estimates for them. Therefore, as described before, this estimation method
cannot be employed as the first stage of a sample selection model.



proaches translate to models where the differences of differences of pairs of outcomes (and
covariates) are taken such that the two-way fixed effects are differenced out from the
objective function, eliminating the incidental parameter problem. However, when taking
such differences between pairs of outcomes, the summands of the influence functions will
not be independent anymore, displaying dependence on the unit level and, therefore, the
usual law of large numbers and central limit theorems do not apply.

To overcome such obstacle, U-statistics tools are generally applied (see Graham (2017)
and Jochmans (2018)) such that one can show the asymptotic properties of those estima-
tors. Although the properties of U-statistics are, in general, well-known for single-index
variables (see Serfling (2009, Chapter 5) and Van der Vaart (2000, Chapters 11 and 12)),
those of double-indexed variables, such as in networks’ models, are far less understood
and generally not exposed in an accessible manner, with a few exceptions such as Graham
(2019, Chapter 4). Hence, the primary purpose of the second chapter of this disserta-
tion is to illustrate, in a step-by-step manner, how to obtain the asymptotic properties
of estimators for network (dyadic) models that rely on such differences of differences of
pairs of outcomes using tools from the literature on U-statistics. More specifically, I show
how to accommodate such tools to double-indexed variables. For the sake of simplicity,
I consider a linear dyadic model with two-way unobserved heterogeneity for a network
that can be directed, undirected, or bipartite. This model can be seen as a model for the
outcomes generated by the pairs of units that form a link (i.e., that are connected in the
network) conditional on the realized network. That is, an underlying assumption is that
the network formation is exogenous. The estimates for the coefficients of the covariates
of interest are also obtained after taking the differences of differences of the outcomes of
pairs of units, such that the two-way fixed-effects are differenced out.

A key result provided in the chapter is that there can be different ways of defining
the Héjek projection, which will lead to distinct but equivalent, consistent estimators
for the asymptotic variance of the proposed estimator. Notably, the arguments in this
chapter can be generalized (with additional regularity conditions) to non-linear models
and/or models with multiplicative individual heterogeneity and error structure (as shown
in Jochmans (2017)). Finally, even though the traditional two-way fixed effects estimator
delivers consistent and asymptotically unbiased estimates for linear models, there are
gains when employing the estimator I propose in Chapter 2. As pointed out by Bonhomme
(2020), inference in linear models with a large number of incidental parameters may not
be standard, especially in sparse settings, while the method proposed is free of incidental
parameters, and the use of U-statistic tools delivers valid inference.

A natural follow-up question is how to model and estimate the outcomes generated

by connected dyads (pairs of units) without assuming network exogeneity and allowing
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for sparse settings, which is the main research question of the third chapter of this dis-
sertation. For instance, in the example for international trade flows mentioned above,
where a positive outcome is observed if units form a link and zeros are observed in the
absence of links, instead of considering the zeros through a sample selection model, I
proposed to model and estimate the conditional cumulative distribution function (CDF)
of the outcome of interest via a distribution regression method. The CDF describes the
likelihood of a random variable taking on a value less than or equal to a particular value.
In trade applications, it translates to the probability of trade flows being smaller or equal
to a certain threshold. By varying the value of these thresholds, an entire characterization
of the distribution of the trade flows is obtained. Therefore, distribution regressions can
be modeled by a sequence of binary response regressions for different threshold values.
This setting naturally accommodates (many) observed zero outcomes in outcomes such
as trade flows since it describes a point-wise approximation of the CDF.

While this approach was initially proposed for the cross-sectional case with indepen-
dent observations by Foresi and Peracchi (1995), I extended this method to accommodate
network models. This extension accounts for the two-way fixed effects in the model and
the correlations in variables induced by the network structure. That is, the dyadic struc-
ture is incorporated in the model. Since the model to be estimated for each threshold is
non-linear and includes two-way fixed effects, standard maximum likelihood estimators
(such as probit and logit) will suffer from the incidental parameter problem, as mentioned
earlier. To address this issue, I proposed to employ the conditional maximum-likelihood
approach of Charbonneau (2017) to estimate the single binary choice models for each
of the thresholds of values in the support of the dependent variable (for instance, trade
flows). As mentioned before, the estimator of Charbonneau (2017) was initially proposed
for a network formation model; however, since the structure of those is that of a binary
choice model with two-way fixed effects, it is also suitable for each of the thresholds of the
distribution regression framework. Notably, the method applies not only to the example
of outcomes bounded below at zero but also to outcomes with any point masses in their
distributions. Moreover, one of the main advantages of this method (apart from handling
sparse networks), as opposed to sample selection models, is that it avoids explicitly mod-
eling the link formation and the outcomes jointly, avoiding strong assumptions concerning
it. In this chapter, I show that this method yields consistent and asymptotically unbiased
estimates even when the underlying network is sparse, being also suitable for the estima-
tion in the extreme quantiles of the distribution of the outcome of interest. These last two
features are the reasons why this chapter stands out from the literature, and are the main
difference with respect to Chernozhukov et al. (2020), which also proposed an estimation

method for distribution regressions in a network framework. To derive the asymptotic



properties of the estimator proposed, I mainly relied on results from Jochmans (2018)
and on the second chapter of this dissertation.

Besides addressing zero outcomes and sparse networks, this method also estimates
covariates’ coefficients that can vary across the outcomes’ distribution, which holds sig-
nificance. For instance, in trade applications, one might be interested not only in the
effects of trade costs on the mean level of trade flows but also in how this effect may vary
for different quantiles of the distribution of trade flows and to statistically test whether
heterogeneity exists in these effects. This is relevant because, for instance, the analysis
of welfare effects of trade can vary substantially if the trade elasticities vary across the
trade flow distribution. Hence, this method is not only valid in the specific case of sparse
networks but also provides valuable outputs for dense networks. In this chapter, I nat-
urally consider an application to international trade flows. However, even if the model
considered in the paper reflects a directed network, this method applies to a wide range
of settings with few modifications, such as bipartite networks (where one of the many
relevant applications considers employee-employer datasets).

Finally, the fourth chapter of this dissertation focuses on a different topic in econo-
metrics of panel data models, namely, the estimation of treatment effects and the use of
the synthetic control (SC), demeaned synthetic control (DSC), and synthetic difference-in-
differences (SDID) methods. In a nutshell, such methods aim to construct a counterfactual
trajectory for the outcome of the treated unit in the absence of treatment by weighting
the untreated units. More specifically, this chapter re-evaluates the effect of the Brexit
referendum on the GDP of the UK, which was initially estimated by Born et al. (2019)
using a particular implementation of the SC approach with matching on covariates (where
the covariates also play a role in determining the weights assigned to the untreated units).
However, recently proposed extensions of the SC method robustify the approach towards
more general underlying Data Generating Processes (DGP). One such suggestion is the
SDID proposed by Arkhangelsky et al. (2021a). In contrast to the SC method, the SDID
additionally allows for both unit fixed-effects in the model for the outcome of interest
and time weights in the construction of the counterfactual, automatically bias-adjusting
counterfactual estimators. Moreover, Doudchenko and Imbens (2016) and Ferman and
Pinto (2021a) proposed the DSC method, constituting a natural middle ground between
the SC and the SDID methods. However, the results in both papers are somewhat limited
with regard to the setup where additional covariates are available for matching. Thus,
one of the aims of the fourth chapter of this dissertation is to fill this gap.

Moreover, this chapter further investigates the bias reduction properties of the SDID
estimator. In particular, we show that the SDID estimator minimizes both interpolation

and extrapolation biases, while the SC method only minimizes the latter. On the empirical
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side, besides using these different methods, we introduce several specifications with respect
(i) to the treatment date (more specifically, we consider that the treatment can start to
materialize either in 2016Q2 or 2016Q3 due to the ambiguity in the date of the Brexit
referendum), (ii) the possibility of matching on the average of the covariates or its last
value pre-treatment, (iii) the possibility of matching the time weights of the SDID based
on the first period post-treatment, or the average of the post-treatment periods up to the
period when the treatment effect is evaluated, or the period when the treatment effect is
evaluated, to take into account the possible trending behavior of the variables considered
in the analysis and (iv) the inclusion of a penalty regularization in the methods.

Strikingly, the SDID methods, in general, suggest a bigger effect of Brexit on the UK’s
GDP compared to other methods and estimates in previous studies. We investigate further
with an in-sample placebo analysis that indicates that the SDID methods perform better
than the remaining methods, suggesting that the effects of the Brexit referendum are
bigger than previously thought, which is relevant for policymakers. Of equal importance,
considering covariates when matching does not lead to improvements in this framework.
We complement the in-sample placebo analysis with a Monte Carlo study under a DGP
with a factor structure, for which we control the relative strength of the idiosyncratic and
the common (factor) components as well as covariates. The results indicate that the SDID
approach is more beneficial when the common component is non-negligible in comparison
with the idiosyncratic component. At the same time, it performs similarly to the other
methods when the common component is negligible.

While this dissertation’s second and third chapters contribute to improving econo-
metric methods for sparse networks, there are still many open questions and challenges.
For instance, one might be interested in obtaining estimates for average marginal ef-
fects in sparse network formation models, which, at the current state of the literature,
is an impossible task when considering the unobserved individual heterogeneity as fixed
effects to be estimated since the methods of Charbonneau (2017) and Graham (2017)
relies on differencing out the fixed effects from the objective function. Moreover, borrow-
ing arguments from the standard panel data literature, those marginal effects are only
set-identified when considering sparse settings. Thus, in future work, it is of interest to
propose bounds on these set-identified estimates by extending the approach of Pakel and
Weidner (2021) to the network setting. Additionally, the method presented in the third
chapter of this dissertation can be further refined to incorporate fundamental properties
of CDFs, such as monotonicity. This can be achieved by proposing a global estimation of
the distribution regression coefficients, in the same manner as in Spady and Stouli (2020),

however, accommodating for the two-way fixed effects structure of dyadic models.



Finally, a very natural question on the topic of the estimation of treatment effects,
given the contents of this dissertation, is how to take into account network dependencies
and spillover effects when estimating treatment effects. One of the key assumptions of
the SC, DSC, SDID, and many other estimators for treatment effects is that there are
no spillovers. In the treatment effects literature, spillovers appear when the outcomes of
units are affected by the treatment status of others. Therefore, spillovers might amplify
or diminish the overall effect of treatments, a crucial aspect to consider in estimating
treatment effects. While there is a relatively broad literature on how to take into account
such spillovers in the setting of a randomized control variable (for instance, in Zhang
(2020), Cai et al. (2015), and Carter et al. (2021)), or in settings where methods such as
regression discontinuity designs can be applied (Dahl et al., 2014); this question remains
open (to my knowledge) in more challenging settings where there is not a clear source of

exogeneity of the treatment status.






Chapter 2

On the use of U-statistics for linear

dyadic interaction models’

Abstract

Even though dyadic regressions are widely used in empirical applications, the (asymptotic)
properties of estimation methods only began to be studied recently in the literature. This
chapter aims to provide in a step-by-step manner how U-statistics tools (Serfling, 2009) can
be applied to obtain the asymptotic properties of pairwise differences estimators for a two-
way fixed effects model of dyadic interactions. More specifically, I first propose an estimator
for the model that relies on pairwise differencing such that the fixed effects are differenced
out. As a result, the summands of the influence function will not be independent anymore,
showing dependence on the individual level and translating to the fact that the usual law
of large numbers and central limit theorems do not straightforwardly apply. To overcome
such obstacles, I show how to generalize tools of U-statistics for single-index variables to the
double-indices context of dyadic datasets. A key result is that there can be different ways of
defining the Hajek projection for a directed dyadic structure, which will lead to distinct, but
equivalent, consistent estimators for the asymptotic variances. The results presented in this
chapter are easily extended to non-linear models, as in Graham (2017) and Jochmans (2018).

T would like to thank my advisors Frank Kleibergen and Artiiras Juodis for all comments and sugges-
tions. Moreover, I grateful for comments from Bo Honoré and Timo Schenk. I also thank Andrea Titton
for his advice on optimizing the codes for the MC implementation and participants at the University of
Amsterdam PhD Seminar Lunch for their helpful discussions.
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2.1 Introduction

Dyadic regression analysis is a common practice in several applications for network
models. For instance, it has been used to estimate gravity models for international trade
flows since its establishment by Tinbergen (1962). As defined by Graham (2020), a
dyadic dataset corresponds to a situation where the outcome of interest reflects a pairwise
interaction among the sample units. Therefore, it is natural that a dyadic structure
characterizes datasets on trade flows, as the value of imports and exports are determined
by both the importer and the exporter countries. Other examples of applications of dyadic
settings are, for instance, the estimation of models of firm-level trade (Alfaro-Urena et al.,
2023), microfinance loans (Banerjee et al., 2013), earnings in employee-employer data
(Bonhomme et al., 2019), and information flows (Jackson and Lépez-Pintado, 2013).

Even though dyadic regressions are widely used in empirical applications, the (asymp-
totic) properties of some estimation methods for this type of data have only recently
begun to be studied in the literature. Key features of dyadic models are (i) the presence
of two-way unit-specific effects, one for each individual in the dyadic interaction, and (ii)
the outcome variable (and, in most cases, explanatory variables) being double-indexed.
Moreover, in many cases, it is desirable to treat the two-way unobserved heterogeneity as
fixed effects to be estimated. For linear models with the two-way unobserved heterogene-
ity and the idiosyncratic error term entering additively in the specification, it is possible
to estimate the model consistently and (asymptotically) unbiasedly using the two-way
fixed effects estimator (as long as the model is correctly specified; see Juodis (2021)).

However, many economic models in the context of networks are non-linear, such as
network formation models, or when modeling outcomes that are bounded below at zero
(such as trade flows). More specifically, network formation models are naturally discrete
choice models (where the outcome of interest is binary, indicating the presence of a link,
or connection, between two nodes in the network) and could be estimated with a pro-
bit or a logit estimation. Also, the estimation of models for trade flows, for instance,
which is bounded below at zero and contain many zeros, can be done through a Poisson
pseudo-maximum likelihood estimation (Silva and Tenreyro, 2006), or through a tradi-
tional Heckman sample selection method (Helpman et al., 2008), such that the zeros are
taken into account in the estimation. The challenge is that, while it is desirable to treat
the unit-specific effects as parameters to be estimated (i.e., fixed effects, such that the
conditional distribution of the unobserved heterogeneity given the covariates is left un-
restricted), as Ferndndez-Val and Weidner (2016) show, even if both dimensions of the
(pseudo-)panel dataset grow with the sample size, these estimators suffer from the inci-

dental parameter problem (Neyman and Scott, 1948) in the presence of two-way fixed
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effects. This problem occurs since, in non-linear models, the estimates of the coefficients
of the covariates depend on the estimates of the fixed-effects, and the latter converges at a
slower rate than the first, resulting in an asymptotic bias in the estimates (and, therefore,
invalid inference).

To address the incidental parameter problem in estimates for non-linear models with
two-way fixed effects, such as logit, probit, and Poisson pseudo-maximum likelihood es-
timators, Ferndndez-Val and Weidner (2016) proposed analytical and jackknife bias cor-
rection methods. However, for network formation models (discrete choice models), other
studies propose a conditional maximum-likelihood approach under the logistic specifica-
tion, such as in Charbonneau (2017), Jochmans (2018) and Graham (2017). The con-
ditioning sets in this approach translate to a model where pairwise differences of the
outcomes (and covariates) are taken such that the two-way fixed effects are differenced
out from the objective function, eliminating the incidental parameter problem.

The advantage of the conditional maximum-likelihood approach as opposed to the
bias-correction methods is that it accommodates sparse networks in the case of a network
formation model (Jochmans, 2018), which is a situation where, for instance, very few
links between nodes are formed?. However, when taking such differences in the model,
the summands of the influence functions will not be independent; therefore, the usual law
of large numbers and central limit theorems do not straightforwardly apply.

To overcome such obstacles, U-statistics tools are generally applied such that one can
show the asymptotic properties of those estimators. Although the U-statistics properties
are well-known for single-index variables (see Serfling (2009, Chapter 5), and Van der
Vaart (2000, Chapters 11 and 12)), those of double-indexed variables are generally not
treated (up to my knowledge) in textbooks, with few exceptions related to applications
for dyadic contexts, such as Graham (2019, Chapter 4).

The main purpose of this chapter is to illustrate, step-by-step and in a comprehensive
way, how to obtain the asymptotic properties of pairwise differences estimators (such
that the fixed effects are differenced out) for models of dyadic interactions using tools
from the literature on U-statistics. More specifically, I show how to accommodate such
tools to double-indexed variables, as the outcome and the covariates are indexed by both
individuals in the interaction. I consider a linear model with two-way fixed effects for
simplicity, even though, as mentioned earlier, the classical two-way fixed effects estimators
deliver consistent and (asymptotically) unbiased estimates in the linear model (such that
the pairwise differencing approach is not needed). However, the main arguments and tools

can be generalized (with additional regularity conditions) to non-linear models or models

20One common mathematical definition of sparsity is that the probability of two nodes forming a link
approaches zero or one.
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with multiplicative individual heterogeneity and error structure (as shown in Jochmans
(2017)). One advantage of differencing out the fixed effects, even in linear models, relates
to inference. As pointed out by Bonhomme (2020), inference in fixed effects linear models
with a large number of incidental parameters may not be standard, especially in sparse
network settings. At the same time, the method proposed in this chapter is free of
incidental parameters, and the use of U-statistic tools delivers valid inference. Moreover,
the linear model proposed in this chapter can be of interest in situations where one is
interested in modeling the outcomes generated by links formed in a network under the
assumption that the network formation process is exogenous.

A U-statistic for single-indexed variables is formally defined as an unbiased estimator
that is in the form of an average of a function (kernel) of i.i.d. random variables. The
main idea to determine the asymptotic properties of this estimator is to recognize that
the average of the scores of the proposed estimator is not formally a U-statistic but
shares properties thereof. Thus, it is possible to use tools from this literature to show
under which conditions it is possible to establish consistency and the limit distribution
of the score. To derive such results, an essential step is to define a projection of the
average scores based on the so-called Héajek projection. This projection is an average
of the conditional expected value of the score, such that, via conditional independence
arguments, the Héjek projection is characterized as a simple average of i.i.d. random
variables, to which (versions of) laws of large numbers and central limit theorems can be
applied. Finally, it is possible to show that the projection and the average of the scores
are asymptotically equivalent, such that the limit distribution of the first carries over to
the latter.

A key result provided in this chapter is that, for a directed dyadic structure, there
can be different ways of defining the H&ajek projection, which will lead to distinct but
equivalent, consistent estimators for the asymptotic variance of the proposed estimator.
More specifically, I provide two possible projections depending on which random variables
one conditions the expected value of the scores. Central to both possibilities is that
the summands of the influence function have a conditional independence structure once
conditioned on dyad-level attributes and the individual heterogeneity of both individuals
forming a dyad (a fundamental difference with respect to single-index contexts). This is
intuitive to dyadic settings, where the dependence across the dyads arises only through
the individual fixed effects and the possible correlated observations for the same individual
in different pairwise interactions and thus, outcomes and covariates.

The organization of this chapter is as follows: in Section 2.2, I define the linear model
of directed dyadic interactions; in Section 2.3, I propose a pairwise differences estimator;

in Section 2.4, I explain how some tools of U-statistics can be employed in this context
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and extended to dyadic settings; in Section 2.5, I discuss the asymptotic properties of
the estimator and possible consistent estimates of its asymptotic variance; and, in Sec-
tion 2.6, I demonstrate a Monte Carlo simulation exercise to investigate the finite sample

properties of the estimator.

Notation

Random variables are denoted by capital letters, specific realizations thereof are de-
noted by lowercase, and their support is provided by blackboard bold capital letters. That
is, Y, y, and Y respectively denote a generic draw of, a specific value of, and the support
of Y.

Calligraphic letters denote sets. For instance, denote by N' = {1,2,...N} the set
of indices for N individuals (or nodes in a network). Denote by C(N,4) the multiset
containing all sets of combinations of four individuals from the sampled N individuals
or units. Moreover, denote |C(N,4)| = () the number of obtained combinations, and
denote by C an unordered set formed by a given combination, say C = {i, j, k,(}.

Set P(C,4) to be the multiset containing all sets of permutations containing four
elements of a given combination C. Also, let |P(C,4)| = 4! to be the number of possible
permutations for a given combination, and 7 to be the ordered set formed by a given
permutation, where 71, mo, m3 and 74 denotes its first, second, third and fourth elements.

For instance, given a permutation m = {k, [, j, i}, then m; = k, mo =1, m3 = j and 74 = i.

2.2 A linear model of dyadic interactions

I consider a linear model of dyadic interactions between N agents, in which I assume
that all variables of all pairwise interactions are observed (i.e., a situation where all
outcomes of a complete network are observed or a situation where the outcomes from
pairs forming a link are observed, and the network formation is exogenous). Let (y;;, z;;)
denote the realizations of the random vector of outcomes and covariates (Y;;, X;;) for the
dyad (i,7), i.e., the outcomes generated by the interaction between agents ¢ and j, and
its covariates. Importantly, Y;; is an outcome variable generated by the interaction of the
individuals, and it is continuous in this setting. I allow for directed interactions, such
that (Y;;, Xi;) need not be equal to (Yj;, X;;), and I do not include self links®. Therefore,
for a set N'={1,2,...N} of N agents, there are N(N — 1) observed dyads. Following the
notation of Graham (2020), denote that the first subscript on Y;; or Xj; to be the ego, or

sending agent, and the second to be the alter, or receiving agent.

3However, the method in this chapter can be employed in undirected or bipartite settings.
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Consider the following linear model of dyadic direct interactions, taking into account

two-way fixed effects:
Yij = B1.Xi; + 0; + & + Uy (2.1)

For simplicity, I consider only one regressor X;; (which can easily be extended to a vector).
I assume that an agent-level attribute A; (which also can be extended to a vector) and
an attribute B, are observed, such that X,;; = f(A;, B;) is a constructed dyad-level
attribute. On the other hand, the sequences of individual-level heterogeneity {6;}, and
{& Y, (for the ego, or sender, and for the alter, or receiver, respectively) are unobserved
and I treat them as fixed-effects. In particular, there are no restrictions on correlations
between 0;, {;, and X;;. In other words, the joint distribution between the observed
and unobserved agent-level characteristics, {A;, B;,0;,&} is left unrestricted, such that
the model is semiparametric. Importantly, both the unobserved heterogeneity and the
attributes generating the covariates need not be the same for senders and receivers, i.e.,
A; need not be equal to B;, and 6; need not be equal to §. Finally, U;; is an idiosyncratic
component that is also not necessarily equal to Uj;.

Taking, for instance, the classical gravity model for international trade flows given by
Anderson and Van Wincoop (2003), the variable Y;; would refer to the log of the value
of exports from country ¢ to country j, X;; refers to characteristics of the dyad (i, ),
for instance, the distance between the two countries, and 8; and §; refers to the so-called
unobserved multilateral resistance terms. The latter terms refer, for example, to the
unmodeled export orientation of an economy, undervalued currencies, and consumption
taste. Notice that in this example, an implicit assumption is that the network formation
is exogenous; that is, countries’ decision of whether to trade is exogenous. Therefore, this
example follows only for illustration purposes.

I impose the following standard assumptions on this model:

Assumption 2.1. The error term U;; is i.i.d., independent of the sequence { A;, B, 0;, &Y,

for any i and j, and satisfies:

o2 ifi=1lj =k

E[U;;Ui] = .
0 otherwise.

Assumption 2.2. The dyad-level observed variable X;; is given by:

Xij = f(Ai, By)
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where f is a measurable function, A; and B; are observed individual-level characteristics
of the ego and the alter, respectively. Moreover, A;, B; are i.i.d. and the sequences

{A;, Bi}Y., are mutually independent.
Assumption 2.3. (Analogous to Graham (2017)) Random sampling: Let i = 1,..N

index a random sample of agents from a population satisfying Assumption 2.1. It is
observed (Yij, Xij) fori=1,.N, j=1,..N, j #1 (i.e., all sampled dyads).

Given the presence of the two-way fixed effects, namely 6; and ¢;, the conditional
independence between the outputs of different dyads given the sequences of A; and B;
(or, given the covariates X;;) is unlikely to hold. Even when conditioning on the sequence
of covariates, outcomes that share the same ego or alter indices are likely to not be
independent. For instance, the outcomes Y;5 and Y3, are independent of each other, but
the outcomes Y5 and Yi3 are likely to be dependent, even after conditioning on Xi5 and
Xi3. As pointed out by Graham (2020), in the international trade example, exports from
Japan to Korea will likely covary with exports from Japan to the United States, even
after controlling for covariates, due to the Japan exporter effect. Graham (2020) denotes
these patterns as dyadic dependence.

However, after conditioning also on the fixed-effects, that is, conditional on { X1, Xi3, 61, &2, &3},
or, equivalently from Assumption 2.2, conditional on {A;, By, Bs, 01, &2, &3}, the outcomes
Y1> and Yi3 are independent. This result follows from Assumption 2.1. This conditional
independence structure will be essential for the asymptotic properties of the estimator
proposed in the following section, mainly because this structure is well-suited for apply-
ing the tools of U-statistics. Shalizi (2016) denotes such models of dyadic interactions
with such independency structure as conditionally independent dyad models (CID).

2.3 A pairwise differences estimator

Even though the model given by Equation (2.1), under Assumptions 2.1-2.3, and some
additional standard assumptions could be consistently and (asymptotically) unbiasedly
estimated with a two-way fixed-effects estimator, I propose an estimator that differences
out the fixed effects through pairwise differences. This estimator builds up on differencing
arguments similar to the estimator of Charbonneau (2017) for network formation models,
hence, a non-linear model. She considers a model where the outcome variable Y;; is binary,
indicating whether an individual ¢ forms a directed link with individual j.

As mentioned before, Fernandez-Val and Weidner (2016) shows that maximum likeli-
hood estimators for non-linear models with two-way fixed effects, such as probit or logit,
suffer from the incidental parameter problem even if both dimensions of the (pseudo-

Jpanel dataset tend to infinity. This is a consequence of the dimensions of the vectors of
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nuisance parameters (how the fixed effects are treated in both Charbonneau (2017) and
in this paper) growing with the number of observations. At this point, it is important to
notice that datasets of dyadic interactions can be seen as pseudo-panel data, where both
dimensions of the panel tend to infinity as the number of individuals grows. Fernandez-Val
and Weidner (2016) proposes analytical bias corrections to reduce the incidental parame-
ter (asymptotic) bias, which was implemented by Dzemski (2019) in a network formation
context. However, as explained by Jochmans (2018), the problem with the bias correction
approach is that for sparse networks, the individual-specific parameters (the fixed effects)
may not be consistently estimable or may be estimable only at a very slow rate, resulting
in asymptotic biases in the estimation of the slope parameters.

The approach proposed by Charbonneau (2017) becomes very attractive for sparse
networks since it delivers an estimator that differences out the fixed-effects through a
conditional maximum likelihood approach for logistic models. The estimator is based on
a set of conditions that translates to a transformation of the dependent and covariates,
where pairwise differences are taken, such that the fixed-effects in the model are canceled
out. Even though a classic logit estimation can be used to obtain the estimates of the
coefficients of the covariates, inference does not follow the textbook’s usual procedures
since unit-level dependencies arise when taking such pairwise differences. The asymptotic
properties of this estimator are studied by Jochmans (2018) and are obtained by employ-
ing tools of U-statistics. He shows that this estimator is consistent and asymptotically
unbiased, and the estimated variances deliver correct sizes for the t-test.

The estimator introduced in this section is based on a similar pairwise differences
methodology for transforming the dependent variable and covariates to difference out
fixed-effects as presented by Charbonneau (2017), however, for a linear model. The pur-
pose of introducing this estimator is to provide a better understanding, through a simpler
model, of how to apply the tools of U-statistics to derive the asymptotic properties of
estimators based on such pairwise differences for dyadic data.

First, I define the following notation for the random variable obtained by taking the
pairwise differences among different dyads’ outputs for quadruples of nodes {3, j, k,(} in

the network:
Vi = (Y — Yar) — (Y5 — Yir), (2.2)

and analogously for Xijkl and ﬁijkl.
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By substituting the expressions for each of the outcomes Y;;, Y, Y;; and Yy, given by
the model in Equation (2.1) to the expression for ffijkl in Equation (2.2), it follows that:

ijl Bl ijkl + Uzyk’la (23)

where the fixed effects are differenced out. The equation above is simply a linear regression
with the transformed variables obtained by taking the pairwise differences between the
dyads (4, ), (i,k) and (L, ), (I, k).

This form of differencing out the fixed effects depends heavily on the fact that the
individual-specific heterogeneity parameters (i.e., the fixed effects themselves) enter the
model additively. For more general specifications, this transformation fails to difference
out the fixed effects. However, other studies, such as Jochmans (2017), consider cases
with interactive fixed-effects.

Inspired by the same methodology of Charbonneau (2017) that is further developed by
Jochmans (2018), it is possible to estimate (51 with an ordinary least squares estimator by
taking into account the transformed variables ffijkl and Xijkl. Notice that the model given
by Equation (2.3), where the fixed effects are differenced out, holds for all combinations
of quadruples of indices from the set N' = {1,..., N} and its permutations. Therefore,

one can write the pairwise differences OLS estimator as:

N “lrn
Bl,PD = ZZ Z Z Xijkl)zl{jkl] [ZZ Z Z Xijklffijkl (2.4)
Lim1 i ket 1Ak =1 i ki Ik

_ —1

cec(NV 4) ! TEP(C,4) CGC(/\/4 ! TEP(C,4)

where, in the second line, I use the fact that summing over all possible permutations of
quadruples is equivalent to summing over all possible combinations of quadruples and
then all permutations of such combinations. Therefore, looking at a specific combination
given by C, then the multiset denoted by P(C,4) corresponds to all permutations of those
indices. Then, given a permutation, 7 = {1, j, k,l}, it follows that m; =i, 1o = j, T3 = k
and w4, = [, such that 7 refers to the index occupying the first position in the permutation
set, and analogously for mo, 73 and 7.

To obtain the properties of the estimator Bl, pD, it is useful, as shown in the regular

textbook case, for OLS estimators to rewrite the previous expression in terms of its

- ( E E X7r17r27737r4 7r17r27r37r4 E E Tr17r27r37r4 7r17r27r37r4

)
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influence function:
-1
A 1 1 - ~
51,PD:51+ m Z E Z X7T17r27r37r4X7/rlTr27r37r4 Z Z T1M2M3T4 7r17r27r37r4
4] cec(N,4) T weP(C,4) CGCN4) 'nep(m)
(2.5)

In order to derive the asymptotic properties of this estimator, it is necessary to first derive
the asymptotic properties of the last term in the equation above, that is, the average of

the scores of the estimator:

z : : : T1T2T374 7Tl7727r37r4

CEC N 4) ! 7€P(C,4)

Notice that the transformed error terms Us,mymsms = (Urims — Unims) — (Unims — Unars)
are not independent over the dataset obtained when applying the transformation over all
possible combinations and its permutations of quadruples, since the same units and dyads
will appear in different terms, leading to a correlation amongst the terms. Therefore, the
traditional application of LLNs and CLTs does not hold straightforwardly.

From now, denote the last term in Equation (2.5) by:

Z Z T1T2T3T4 71'17T271'37T4 (26)

cec(N 4) : weP(C 4)

Z Z 7l'17r2 - 7T17r3) - (Xﬂ'zufz - Xﬂ4ﬂ3))((U7T17T2 - Uﬂ'ms) - (Uﬂ'47T2 - U7T4Tr3))'

C(N,4) 4! TE€P(C,4)

Uy =

»2‘»—\ Q‘

Even though this term resembles a U-statistic, it is not strictly speaking. However,
recognizing that it shares some of the properties of a U-statistic is key to establishing
convergence in probability and its limit distribution (and, therefore, of the proposed es-
timator), and which are the conditions necessary for it. Namely, the shared properties
relate to (i) this term being an average over combinations, (i) U;; being i.i.d., (iii) and
the conditional independence structure associated with dyadic models. Under these prop-
erties, defining a Hajek projection for Uy is possible. This device is key when establishing
the asymptotic properties of the proposed estimator since it is possible to show the limit
distribution of the projection even in the presence of dependencies across the summands
of Uy, which occurs partly from X;; not being ii.d.. Moreover, by showing that this
projection is asymptotically equivalent to the term above, one can establish the limit
distribution of Uy, which is the ultimate goal. Another important tool for establishing

the asymptotic equivalence is using a Hoeffding decomposition (Hoeffding et al., 1948) to
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obtain the variance of the term Uy. The use of this tool is also possible due to the shared
properties that Uy has with U-statistics, as listed above.

A key result in the following sections is that one can propose two possibilities of
Héjek projections in this setting. In this chapter, I consider asymptotics under one single
network growing, i.e., I consider that N (the number of individuals in a network) tends

to infinity when obtaining the asymptotic properties of the proposed estimator.

2.4 Using U-statistics Tools In Dyadic Settings

2.4.1 The U-statistics

According to Serfling (2009), the U-statistic is a generalization of the sample mean,
i.e., a generalization of the notion of forming an average. The formal definition of the

U-statistic is the following:

Definition 2.1. (Serfling, 2009) Let W;, W5, ...W,, be independent observations on a
distribution F' (which can be vector-valued). Consider a parametric function § = 6(F)

for which there is an unbiased estimator:

O(F) = Eh(Wy,..Wy,)] = /.../h(wl,...,wm)dF(wl)...dF(wm)

for some function h = h(xy, ..., x,,) called a kernel. Tt is assumed without loss of generality
that h is symmetric. Then, for any kernel h, the corresponding U-statistic for estimation
of # on the basis of a sample X, ...X,, of size n > m is obtained by averaging the kernel

symmetrically over the observations:

1
U, =UW,,..W,) = 0] > h(Wiy, . W)

where ) denotes summation over the (:1) combinations of m distinct elements {iy, ..., i, }
from {1,...,n}. An important property is that U, is an unbiased estimate of 6.

The term Uy, as defined in Equation (2.6), contains elements of a U-statistic, resem-
bling one at first glance. However, it is not formally one given the definition above. The
shared properties to a U-statistic are related to having a similar dependence structure,
such that it consists of an average over all combinations of quadruples of individuals,

evaluated at some given function, analogous to a fourth-order U-process. Define the



20 On the use of U-statistics for linear dyadic interaction models

symmetric kernel for a given combination C = {i, j, k,[} in this case to be:

1
Sijkl -= Al Z (Xrims = Ximg) = (Xoams = Xy ) ((Unims = Unimy) = (Uryme — Unams)),
" meP(C,4)

(2.7)

which is essentially the score of the proposed estimator (being the reason why I denote
by s, and not h). Notice once again that the indices 7y, w9, 73, 4 denote the elements of
the permutations of a given combination of individuals 4, j, k,[. Another shared property
with the U-statistic is that the kernel is permutation invariant and that the arguments of

it, namely, the random variables X;; and Uj;

ij, are identically distributed, and Uj; is i.i.d.,

from Assumptions 2.1 and 2.2.
Another important property that the term Uy has in common with a U-statistic is

that by defining a parametric function 6 to be:
U=0(F) (2.8)

1
=Ep E Z ((Xﬂ'lﬂ'Q - Xﬂms) - (Xmurz - Xmﬂs)) ((Uﬂﬂrz - Umﬂg) - (Umurz - Umﬂs))
" TeP(C,4)

:O,

then, in this context, Uy is an estimator of #, and it is also unbiased, since,

( Z Z mimamama Uy mamsma (2.9)

CeC(N 4) ! TEP(C,4)

1 1 ; 5
= @ Z EF E Z X7r17r27r37r4U7T17T27l'37T4
0

Er[Un] =

€C(N 4) " meP(C,4)

where the second equality follows from the linearity of expectations.

Despite these similarities, the statistic Uy is not a U-statistic as conventionally defined
since its kernel includes random variables at both the individual (since X;; = f(A4;, B;))
and dyad level (U;;). Therefore, the single-index U-statistics defined above are not well-
suited. Hence, the tools need to be slightly modified to accommodate the dyadic structure.

Even more crucial is the fact that the observations {Xij}fiu# are not independent
due to the common individual characteristics A; or B;. However, because U,; is i.i.d.
and is independent of X, it is still possible to employ tools of U-statistics, such as the

Hoeffding decomposition to obtain the variance of Uy, and the possibility to define an
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H&jek projection to obtain the asymptotic properties of this term (since I will demonstrate
that Uy and the projections are asymptotically equivalent). Importantly, to apply LLNs
and CLTs to the Hajek projection, I will exploit the conditional independence structure
of the projection. The conditional independence arguments extend straightforwardly to

CID models, making them well-suited for using U-statistic tools.

2.4.2 Calculating the variance of Uy using a Hoeffding decom-
position

To derive the variance of the term Uy, I first use some arguments provided by Serfling
(2009), employed by, for instance, Graham (2017). First, define:

Definition 2.2. Consider two sets of combinations, say {i, j, k,(} and {m,n,o,p}, each
containing four distinct individuals from the set N'= {1,..., N}. Then, let ¢ € {0, 1,2, 3,4}
be the number of common individuals in the two combinations. Then, it follows by sym-

metry of the kernel function s, and by Assumptions 2.1 and 2.2, that:
Aq = COV[gijkla §mnop] = E[gijklgmnop]a
where gijkl = Sijkl — 0.

Notice that independently of which pairs of combinations of quadruples are considered
from the sampled individuals, the covariance between the two kernels evaluated at such
combinations will only depend on the number of common individuals that the combina-
tions share, namely, ¢. This follows since, from Assumptions 2.1 and 2.2, U;;, A;, and
B; are iid. and the kernel (score) s is symmetric on its arguments. By working out
further the expression for the covariance A,, one can see that the covariance between the
idiosyncratic errors mainly drives the nonzero terms in the expression. This is due to
(i) {Ui;}¥) ;4 being independent of {X;;}Y, ;;, and (i) the idiosyncratic errors being
independent of each other, while, for instance, X;; is correlated with Xj;; due to the com-
mon individual factor A;. Therefore, if there is no common dyad in the expressions of the
kernels for both combinations, the covariance between them will be zero since U;; is i.i.d.
(thus, importantly, U;; and Uy, are independent). This argument will become clearer in
Appendix 2.A.

Due to the dyadic structure and to U;; being ii.d., Cov(s;jki, Smnop) = 0 whenever
the quadruples share zero or only one individual in common, say, ¢ = m and 7 = n.
Therefore, Ag = A; = 0 indicates that Uy exhibits degeneracy of order one. As long

as the combinations have two or more indices in common since the kernels sum over all
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permutations of the combinations, the same idiosyncratic error (with the same indices i
and j) appears in both terms s;i; and Spnep, leading to a nonzero covariance.

Assuming further that:

Assumption 2.4. The symmetric kernel s;ji satisfies:
E[s?jkl] < 00.

Since the covariances A, are constant across pairs of combinations sharing ¢ individuals
in common, the variance of Uy can be obtained through the Hoeffding decomposition

(Hoeffding et al., 1948), as the following Lemma states:
Lemma 2.1. The variance of Uy is given by:
N\ ' 4\ (N —4
G <4> 2 (Q) <4— Q>Aq'
q=0
And it satisfies, given Assumption 2.4:

Var(Uy) < oo.

Proof. Provided in Appendix 2.B.1.
Given the result provided by Lemma 2.1, I rescale the statistic Uy by the factor
N(N — 1), and by taking into account that Ag = A; = 0, and denoting:

8ij = Elsijm|As, By, Usj] and 55 = E[sijm|Aj, B, Ui,
0g = E[ggj] = E[gjgi]a
the following result holds:

Theorem 2.1. Given the result in Lemma 2.1, and under Assumptions 2.1-2.3 and 2./:

Var( /NN = T)Ux) = O(1) + O (%) e (NL) |

The term related to Ay asymptotically dominates the expression, such that the variance

of the rescaled statistic Uy converges to:

Var(v/N(N — DUy) 2X22% 727, = 1446,

Proof. Provided in Appendix 2.B.2.
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Where the terms of order O(1) in the above expression relates to the term Ay, O (%)

relates to the term Az and O (ﬁ) relates to the term A,. Furthermore, given this
simplified model, it is possible to further pin down the expression for A,. This result can

be found in Appendix 2.C.

2.4.3 Deriving the Hajek projection of Uy

As explained by Serfling (2009), the appealing feature of a U-statistic, as given by
Definition 2.1, is its simple structure as a sum of identically distributed random vari-
ables. However, even in the more straightforward context of a single-index U-statistic,
if the kernel h has a dimension m > 1, then the summands in the statistic Uy are not
all independent, as the sample sampled observations are taken into account in different
combinations. Therefore, it is not possible to employ LLNs and CLTs directly for averages
of independent random variables, as it is customarily done. However, Serfling (2009) and
other textbooks on U-statistics show that it is possible to obtain a projection to which
the U-statistic can be approximated to. The advantage is that such projection is a sum
of i.i.d. random variables, to which classical limit theory can be applied.

In the following, I will present the formal definition of this projection, the Héajek pro-
jection, and explain how this concept can be applied in this context. I also highlight con-
siderable differences between this approach and the classical textbook projection. Again,
the main difference is that while the standard definitions account for single-index vari-
ables, in the present framework of a dyadic setting, the random variables forming the
U-statistics have double indices. Moreover, the pairwise differences structure in the ker-
nel is formed by random variables reflecting the dyadic interactions originated by four
individuals.

Therefore, to obtain the Hajek projection, instead of conditioning on a single-indexed
random variable alone as it is done in textbooks, I condition on both the individual
and dyad-level random variables given by the dyad indices. I show that by doing so,
I still obtain a projection where the summands are conditionally independent, even if
the sequence {X;;}X 1.j 15 not formed by independent variables, since the idiosyncratic
errors U;; are i.i.d. and independent of the former sequence. This relies on the previously
mentioned arguments of conditional independence of CID models.

Besides, in the general textbook case or single-index variables, it is stated that the
projection has no purpose in the case where A; = 0. However, in this setting, the
projection proves to be useful due to the dyadic structure even when A; = 0 holds.

The most important result in this section is that I can propose two different forms of

Héjek projections, depending on whether I condition on all random variables generated
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by the combination {7, j} of a dyad, or if I condition on the random variables generated
by the permutation {i,j}, where the ordering of the indices matter.
According to Serfling (2009), and following the same notation and framework as in

Definition 2.1, have the following textbook definition for a Hajek projection is given:

Definition 2.3. Assume Ep|h|< co. The projection of the U-statistic U, is defined as

ZEF{U | Wi} = (n = 1)6.

In the context of Serfling (2009), this is exactly a sum of i.i.d. random variables.

It is important to notice that, in the definition of U, above, when taking the expec-
tation of U, conditioning on each different W; for each summand, we are left with a sum

of i.i.d. random variables, since W; are i.i.d. themselves.

First Hajek projection, UNJ

I denote the first proposed H4jek projection by U ~N1- In this context, it is already
derived before that § = E[s;;r] = 0 (see Equation (2.8)). Therefore, I only focus now on
deriving the first term of the similar projection proposed in Definition 2.3. In addition,
in this chapter, the context is that of a dyadic structure. Consequently, the sum is over
the expected value of the statistic Uy conditional on each of the dyad characteristics,
namely, for a given dyad {i’, j'} I condition on {Aj, B}, Uy }. Accordingly, I sum over all
the possible dyads N(N — 1). Notice that the order of the indices in the dyad matters

since I consider a directed network.

Definition 2.4. Given the statistic in Equation (2.6), define the first Héjek projection

as:

q)
H
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E[Uy|As, By, Usj] (2.10)
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The main idea behind this projection is that the double sum Z g Z v fixes the
two indices of a dyad and refers to the individual-level {A;, B;;} and the dyad level
characteristics Uy, which the statistic Uy is conditioned on. In this case, the order of
the indices (7', ') matters to determine which random variables I condition on.

For each summand of the double sum, Zf}le > i1+ the expectation of the statistic
Uy conditional on the variables described above is taken. The statistic is essentially an
average of the scores s;;; evaluated at all possible combinations of quadruples {3, j, k, [}
from the set . From Assumption 2.1, and more precisely, since U;; is independent from
the sequence { X;; Y 1ji» the only non-zero summands are the ones where the combination
C contains the elements ¢ and j’, and any other two remaining elements. Since the kernel
contains all permutations of the combination, inevitably the term Uy; will appear in the
expression for the kernel s;;; in this case (where {i’, 5} C {1i,7,k,{}, with, for instance,
i =1 and j = j'), leading to a non-zero conditional expectation.

The expression of the projection U ~1 can be further pinned down by first noting that,
as shown in Appendix 2.C, for a given combination {', j', k,[} for any value of k and [,

the conditional expected value of the kernel evaluated at such combination is of the form:
E[SZ/],kl|A'L,7 _Bj/7 Ul/j/] = 8[(XZ/]/ —_— EI:XZ,]/’Az,:I —_— ]E[X,Llj/|B]/} + EI:XZ/JI])UZ/]/],

Moreover, there will be (N . 2) possible combinations of four elements of the set N con-

taining the individuals i" and j'. Then, one can rewrite the projection as:

A N -2
Uy = Z Z ( )8[(Xi,j, — E[Xyy|Av] — E[Xy ;| By] + E[Xy5]) Uiy
i'=1 j'#i’

(2.11)

Z > olx Xiy|Av] — E[Xj| Byl + E[Xiry])Uiy].

i'=1 j' i

In order to show, in the following sections, that the statistic Uy and the projection U N1

are asymptotically equivalent, I first derive the variance of the projection.

Lemma 2.2. Under Assumptions 2.1 and 2.2, the variance of the first Hajek projection
giwen by Definition 2.4 1s:

A 144
VCLT’(UN 1

VN -

Therefore, by rescaling the projection by the factor \/N(N — 1):

Var(x/N(N —1)Uy.1) = 1446,
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Proof. Proof provided in Appendix 2.B.3.

Second Hajek projection, UN,2

Before defining the second possibility for the Héjek projection, notice first that con-
ditioning on individual and dyad-level random variables related to a directed dyad (7', j)
is different from conditioning on all individual and dyad-level random variables related to
a combination {#’,j'}. More specifically, the first comprises of the elements A;, B;; and
Uy, while the second comprises of Ay, Aj, By, By, Uy and Ujy.

Therefore, in this second proposed projection, instead of summing over all possible

directed dyads, I sum over all possible combinations of indices i and j’, which amounts to
N(N-1)

5— combinations. I, therefore, condition on all characteristics of these both indices:

Definition 2.5. Given the statistic in Equation (2.6), define the second Héjek projection

as:

N
UN,Q = Z Z E[UN‘A’Lla Bj/a Ui’j’7 Aj’? B’i’7 Uj/i’} (212)

=1 j'>i’

N
- Z Z R ﬁ Z % Z X”17T27FS7T4U7T17r27r37r4‘Ai’7 Bj’v Ui’j’v Aj’? By, Uj'i'

i'=1 j' >4’ | \4/ cec(V 1) " 7eP(C,4)
a B

=X > El|m D sumlde, By, Usy, Ay, By, Uys
=1t | (3) CeC(N ,4)

N
- Z Z % Z Elsijui| Air, By, Ugrjr, Ajr, By, Ujri].

i'=1 j' >4 (4) CeC(N 4)

Again, the double sum, Zle Zj>i»

and it runs over the conditioning terms. Then, the expectation of the statistic Uy con-

fixes two indices 7" and j' of the possible tetrads,

ditional on the above terms is taken. The structure of the second Héjek projection is
essentially the same as the first, apart from which terms it is conditioned on. Therefore,

again, for all combinations of quadruples for which the average of the conditional expecta-
N-2
2

expected values. Those combinations refer again to the ones containing the elements i’

tion of the score function (kernel) is taken, only ( ) combinations will lead to non-zero
and j'.

The difference with respect to the previous projection, that is induced by the extra
conditioning terms, boils down to the terms in the score function s, (where {7, j'} C
{i,j,k,1}, with, for instance, i = i’ and j = j) that will be non-zero, since now the

permutations that both the terms Uy and Uj will have non-zero terms.
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Once again, the expression of the projection U N2 can be further pinned down by
first noting that, as shown in Appendix 2.C, for a given combination {7, j’, k, 1}, and
for any value of k and [, the conditional expected value of the kernel evaluated at such

combination is of the form:

E[Si’j’kl‘Ai’a Bj/, Ui’j’a Aj’7 B'L”a Uj/i’]
= 8[( Xy — E[Xuj|As] — E[Xyy|By]
+ 8[(Xjrir — E[ X |Ay] — E[Xj| By]

+ B[ X ]) U]
+ E[Xu])Ujrar].

Such that the expression for the projection can be further simplified:

N

R 1 1/N-2

Un=>.> m@( 5 ) [8[(Xz"j' — E[Xiy|Av] — E[Xyy|By] + E[Xi5])Usy]
=1/ j/>i! \4

+ 8[(Xp — E[Xyw|Ay] — E[X;0|Bo] + B[Xp) Uy (2.13)

N
4
- N(N — 1) Z Z [(Xilj, - E[Xi/j/|Ai’] - ]E[Xi’j’|Bj’] + E[Xi’j’])Ui’j’

=1 j/ >

+ (X = BlXjw|Ay] — E[Xjw|Bi] + ]E[Xj’i/])Uj/i’]-

Again, I proceed by deriving the variance of this second projection, which should be

equivalent to the variance of the first proposed projection.

Lemma 2.3. Under Assumptions 2.1 and 2.2, the variance of the second Hdjek projection
giwven by Definition 2.5 is:
~ 72

V(IT(UNQ) = ]V(N——l)AQ

Therefore, by rescaling the projection by the factor \/N(N — 1):

Var(x/N(N — 1)Un) = T2,.

Proof. Provided in Appendix 2.B.4.

2.4.4 Showing the asymptotic equivalence of Uy and U N, Or U N.2

The main idea of defining an Hajek projection is to obtain a statistic that is approx-
imately and asymptotically close enough to the U-statistic and to which central limit
theorems and laws of large numbers can be applied.

Serfling (2009) provides readily applicable results for the asymptotic equivalence of
the U-statistic given by Definition 2.1 and the Hajek projection given by Definition 2.2,
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and, consequently, to the asymptotic properties of the U-statistics, since in this case the
projection is an average of i.i.d. random variables. However, in the case of this chapter,
as the statistic Uy is not formally a U-statistic, such results cannot be immediately used.

To derive the asymptotic equivalence between Uy and the two proposed projections,

Uy and Uy s, I closely follow the arguments in Graham (2017).

Remark 2.1. According to Graham (2017), the asymptotic equivalence? of /N(N — 1)Uy

and of \/N(N — 1)Uy follows if:

N(N —1DE[{Uy —Ux)?] is o(1)

Following up on this Remark, the following result holds:

Theorem 2.2. Given the definitions of the statistic Uy given by Equation (2.6) and the
proposed Hajek projections UNJ, in Definition 2.4, and UN’Q; in Definition 2.5, Uy 1is

asymptotically equivalent to UNJ and UNQ under Assumptions 2.1-2.4.

Proof. Provided in Appendix 2.B.5.

Hence, even though the statistic Uy is not properly defined as a U-statistic, it is
still possible to show that under the assumptions needed for the results above, its limit
distribution coincides with that of the proposed Hajek projections. This property is key
to defining the asymptotic properties of the pairwise differences estimator in the next

section.

2.5 Asymptotic properties of the Pairwise Differences

estimator and estimated variances

2.5.1 Asymptotic properties of the Pairwise Differences estima-

tor

Considering the rewritten estimator, as defined before:

-1

ﬂl,PD = ﬁl—i_ E E 7r17r27r37r4 ﬂ-lﬂ-2ﬂ—37r4 E E 7'I‘17|’27T37I’4 7r17r27r37r4

CECN4 ’weP C,4) CGCN4) 'weP(C4
(2.14)

4This result is also provided in Serfling (2009).



2.5 Asymptotic properties of the Pairwise Differences estimator and estimated variance$

Notice that to obtain the asymptotic properties, it is key to obtain the convergence of the

Hessian:

Z Z X7T17T2TF37T4 7r17r27737r4 . (215)

CEC/\/4 '7r€’P C,4)

While in most of the studies on dyadic regressions and U-statistics tools associated with
it, the convergence of this Hessian is assumed (for instance, in Graham (2019)), I, instead,
prove such convergence result. Even though this term resembles a U-statistic or at least
a term to which U-statistic tools can be applied, it is not the case. This follows from not
having a term such as U;;, which is i.i.d. in the dyad level in such statistic, and which
would guarantee the conditional independence of summands. Therefore, the same tools
applied to the statistic Uy cannot be carried over here. Instead, this approach relies on
deriving the variance of such a term and proving the convergence in probability through

Chebyshev’s inequality.

Proposition 2.1. Under the assumption that :
E[[ Xy Xip|] <oo ¥V 0,7, 5,5

It follows that:

§ : § : p L /
( X7T17l'27T37T4 7r17r27r37r4 — F T E[XW17F27T37T4X7r17r27r37r4
cec N4) ' weP(C 4)

where I' is finite and invertible.

Proof. Provided in Appendix 2.B.6.

Given the result of the Proposition above, by rescaling the expression of the rewritten

estimator by \/m :
VNN =1)(Brpp — B1) =T /N(N = )Ux + 0,(1 (2.16)

which follows by the continuous mapping theorem. Therefore, the asymptotic sampling
properties of \/m(ﬁl,PD — (1) will be driven by the behaviour of \/mUN.

From Theorem 2.2, the statistic Uy is asymptotically equivalent to the projections
U ~1 and U ~,2. Therefore, the asymptotic properties of those carry over to the asymptotic
properties of Uy. Notice that, from Equation (2.B.12) and its analogous for the second
proposed projection, the summands of the projections are uncorrelated but not necessarily

independently distributed. The dependence structure remains since the same individual
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characteristics A; and B, for a given ¢ and j are still present in different summands, as
for instance, one can have terms such as E[X;;|Bj] in one summand and E[X;;|By] in
another summand.

However, as pointed out by Graham (2017) and Jochmans (2018) in their contexts,

by law of iterated expectations:

N
UN,l — Z Z T ]E S’ljk,’l‘Ai/7 Bj/, Ui’j’]
'=1j'#1 4 CEC(N ,4)
N
= Z Z T E[E[siju|Air, By, Uy | A, B. (2.17)
'=1j'# 4 CEC(N4)

Such that the summands of the projections are conditionally independent when condi-
tional on all indices {A;}Y, and {B;}¥

that carries over to this context. Given this conditional independence of the random

i=1, which is a characteristic of CID models, and

variables:

Lemma 2.4. From a conditional version of the strong law of large numbers and a condi-

tional version of Lyapunov’s central limit theorem, given by Rao (2009), it follows that:

(’L) UN,I £> 0 and UN72 £> 0

(ii) /NN = DUy % N(0,1446,) and /NN — D)Uno % N(0, 72A,).

Since the expectation of the Hdjek projections are zero, and their variances are defined by
Lemma 2.2 and Lemma 2.35.

Moreover, since Uy and the pmjections are asymptotically equivalent, that is, HUNJ —

UN|| 0 cmd||UN2—UN||
(i) Uy 20
(i) /N(N — 1)Uy 4 N(0,0%), where o7 = 14465 = T2A,.

Following Proposition 2.1 and Lemma 2.4, I can establish first the consistency of the

estimator, which is provided in the following theorem.

Theorem 2.3. Given the results of Proposition 2.1 and Lemma 2.4, and its associated

assumptions, 31 pp s a consistent estimator of [ :

A p
Bi,pp — Bi.

Proof. Provided in Appendix 2.B.7.



2.5 Asymptotic properties of the Pairwise Differences estimator and estimated variancd

From the same Proposition and Lemma, the estimator’s asymptotic normality and
the associated asymptotic variance can be established. Also, note that the estimator is

asymptotically unbiased according to the following theorem.

Theorem 2.4. Using the representation in Equation (2.16):
VNN =1)(Bipp — B1) =1/ N(N = 1)Uy + 0,(1)
And under the results of Lemma 2.4, it follows by the Slutsky theorem:
N(N = 1)(Bipp — B1) L N(0,T71144071) = N(0,T 172,71,

Therefore, the estimator BLPD 1s normally distributed and asymptotically unbi-

ased.

2.5.2 An estimator for the asymptotic variance of Bl, PD

From Theorem 2.4, it trivially follows that:

51 PD ~ (517 ﬁrllﬁﬂfﬁrl)

. 1
~ N ———— T 'T2A,T!
B1,pD (51, NN 1) 2 )
Therefore, the asymptotic variance of the estimator Bl, pp can be estimated as:
—_— A 1 A A A
AVarAVar(j3, pp) = N(N—_l)r—nmgr—l
—_— A 1 A A A
AVarAVar(ﬁl,pD) = mril'?zAzFil,

where:

- E E 7r17r27r37r4 7r171'27r37r47

CEC(/\/4 ! T€P(C,4)
where the asymptotic variance can be estimated using either a consistent estimator for d,
or a consistent estimator for A,. In the following subsections, I will propose consistent

estimators for both.
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A consistent estimator of s

As mentioned before, the definition of 9, is:

oy = E[545;,],
where:
8ij = Elsiju| Ai, B, U]

Importantly, the elements which I condition on, namely, A;, B}, U;; have indices ¢ and j
that necessarily are in the combinations {i, j, k, [} for any other elements k and [. This is
given because the term d, originates from the expression of the variance of the statistic
Uy, which considers the components in such variance that have two elements in common.
To obtain a consistent estimator 52, a consistent estimator §Z-j is also needed.

Graham (2017) suggests that for an undirected network, the consistent estimators are:

A 1 A
_ 2
Dpq = n E SijSijs

1<j

. 1
gij,G = — — Z Sijkls
n—2N-1)+1 k<l,{i,jyn{k,1}=0
N(N-1)
2
considers the average over all undirected dyads. The sum ), <L {i (k0 explicitly means

where n = is the number of undirected dyads, therefore the expression for AZ,G
that, given two fixed indices ¢ and j for the first dyad, I take the sum over all possible
remaining different indices k£ and [, such that k& < [, since in the context of Graham (2017)
I have an undirected network, and therefore only the different combinations {k, [} matters,
but not its different permutations. Moreover, notice that n —2(/N — 1) + 1 coincides with
the (N . 2) tetrads that contain a fixed 7 and j. Therefore, the expression for 5, ¢ averages
over all the kernels of the combinations that contain ¢ and j.

As T consider a directed network in this chapter, some adjustments are necessary.

Especially, notice that, for a directed network, not necessarily 5;; = 5j;, since:
Elsijul|Asi, Bj, Uij] # Elsijul|Aj, B, Uyl

That means that in the expression for the consistent estimator of d5, one should average

over all possible directed dyads:

A~

1 .,
by = mzz%gij. (2.18)

i=1 j#i



2.5 Asymptotic properties of the Pairwise Differences estimator and estimated variancés

One possibility is to work out further the expression for 5;;, such that it does not simply
boil down to the average over the kernels when estimated.

To be more precise, when taking the expectation over the kernel s;j;; conditioning on
the characteristics of a single dyad {4, j}, only some of its permutations (that are inside
the kernel, and namely the ones that contain the idiosyncratic error term U;;) will have a

conditional expectation different than zero:

E[ka”Az,B],Uw] (219)

= E[% Z ((Xmm - X7r17r3) - (Xmm - X7r47r3))((U7T17r2 - U7r17r3) - (Umm - U7r47r3))|Aia Bj7 Uij]
TeP(C,4)
%(E (X5 — Xiw) — (Xoy — X)) (Usj — Uin) — (U — Uw))|As, By, Ui
E[(Xa — Xi5) = (X = X35)) (Ui — Usj) — (Ui — Uy;))|Ai, By, Uy
E[((Xej = Xu) — (X5 = Xa))(Urj — Unt) = (Ui — Uzz))lAz,Bw Uis]
[((Xlk le) ( tk T J))((Ulk - Ulj) ( U))|A%v BJ’ UJ]
[((Xkl Xk]) - ( J))((Ukl J) ( l]))|AZ7BJ7 UJ]
E[((Xy; — Xu) — (Xij — X)) (Uyy = Uw) — (Us; — Ui))|As, By, Ui
[((le Zl) (ij l))«Uw 11) (Ukj l))‘AuBm UJ]
E[(Xa = Xi) = (Xu = X)) (s = Uy) = (Ut = Uiy))|A;, By, U] ).

which is different than:

S;i = Elsijul|A;, Bi, U] (2.20)

1
= E[E Z ((Xm7r2 - X7r17r3) - (X7r47r2 - Xmﬂs))((Umm - U7r17r3) - (Umm - U7r47r3))|Aj’ Bi’ Uji]

" meP(C,4)
= 5 (Bl — (X1 = X)) (Usi = Use) = (Ui = Un))I Ay, By, U
+ E[((X Xﬂ) (Xlk — X)) (Ujk — Uyi) — (Ui, — Uii))| Ay, Bi, Uji]
+ E[(Xei — Xu) — (Xji = X)) (Uki = Upa) = (Ui — Up))| Ay, B, Uyi]
+ E[((Xue — Xu) — (Xje — z))((UZk = Ui) = (Use — Uyi))| Ay, B, Uy
E[((Xkl Xii) = (Xji — X5i)) (Unt — Uri) — (Ui — Uji) )| Ay, By, Uji]
E[(Xi — Xu) — (X0 — Xaw)) (Ui — Une) — (Usi — Uir))|4;, Bi, Uy
E[((Xji — Xu) — (sz X)) ((Uji — Up) — (U,“ Un))|A;, Bi, Uji]
E[(Xj — Xji) — (X — X)) (Uje = Uji) = (Ui — Uki))| 45, Bi, sz‘])-
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Therefore, taking the sample analog of those expressions applied to a given combination
{i, 7, k, 1} that contain the fixed elements i, j and any elements k, [:
1 1 2

T AN -1 11 Z 4 (“X“ = Xae) = (Xij = X)) Ui
k<l,{i,j}n{k,i}=0

+(( — (X — X)) Uit + (Xig — Xo) — (X5 — Xa)) Ui
+ (X — Xiy) — (Xix — X ))Uuw (X — Xij) — (X — Xi5)) Upaji
+(( ) — (Xij — X)) Uigas + ((Xyg — Xa) — (Xag — Xi)) Ve
+(( )

153

. 1 1 .

Sji = (X5 = X0) — (Xus — X)) U,

Sji n — Q(N — 1) +1 Z <(( Ji ) ( li lk))U]zkl
k<l,{i,j}n{k,i}=0

Xk — Xji) — (Xlk — Xli))f]jkil + (Xpi — X)) — (Xji — X )) kilj
Ullmg (X — Xi) — (X1 — X5i)) Ui

~

133

X;i))
X — X)) — (Xﬂ Xjk))Ulzkj (X — X)) — (Xpi — Xia)) Ujirw
le - Xﬂ) (Xkl sz)) ]llk) .

In the expressions above, I plugged in the estimates of the idiosyncratic error terms,

obtained from the estimated coefficient BAL pD, such that:

~

Uijkl zykzl 61 PDX’L]]CZ7

for any indices ¢, 7, k, L.

Then, for these proposed consistent estimators, §Z-j # Sji.

A consistent estimator of A,

In this case, the previous definition of A, is:

Ay = Cov(sijri, Sijmp) = E Sljklsfijmp] — Elsiju] E[Sijmp] (2.21)

As the H4jek projection was obtained by summing all combinations (and not permuta-

tions) of indices i and j, the consistent estimator of A, should average over all these



2.6 Simulations 35

possible combinations:

N
) 2 "
b= N 2 2 e 222
=1 j>t
Moreover, remembering that s;;+ is the kernel conditioning on all characteristics of ¢ and

j, its estimator, §;;2, is given by:

~

~ 1 1
Sij,2 = n— 2(N — 1) +1 Z E (((Xij - Xik) - (le - Xlk))Uijkl
k<l,{i,j}n{k,1}=0

A A~

I
£ £

>

<

ik — Xji) — (X — X

o
I
£

) — (Xje — XGi

+ + + + + + 4+
s

where, again, in the expression above, I plugged in the estimates of the idiosyncratic error
terms, obtained from the estimated coefficient Bl, pD, such that.

With both consistent estimates of the covariances, it is then possible to conduct valid
inference. Moreover, in the next section I investigate the finite sample performance of

both analytical estimates.

2.6 Simulations

In this section, I explore the finite sample properties of the estimator 31, pp through a
Monte Carlo simulation exercise. I also aim to evaluate the finite sample properties of the
estimator of the asymptotic variance of BAL pp, and the associated t-tests using both the
consistent estimator ds, based on the first obtained Hajek projection, and the consistent
estimator AQ, based on the second. In a nutshell, I find that (i) the estimated slope
parameters are unbiased in general, even when the fixed effects are correlated with the
covariates; (ii) the estimated asymptotic variances using either estimator are very close
to each other, which was expected; and (iii) the size of the t-tests are correct, indicating

a valid inference procedure.
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2.6.1 Data Generating Processes

For simplifying purposes, I consider the case of a single regressor X;; in the differ-
ent proposed designs. In general, I closely follow the DGP specifications proposed by
Jochmans (2018) and Charbonneau (2017), who also consider a directed network model.
However, in their cases, they consider a binary outcome variable, while I consider a con-
tinuous dependent variable since it is a linear model.

The DGP, in general, follows:

Yij =0 Xi5 +0; + &+ Uy

In all different designs, I take 8; = 0. The idiosyncratic error terms Uj,; are indepen-
dently drawn from a standard normal distribution, U;; ~ N(0,1). In this setting of a
directed network, I specifically have that U;; # Uj;, therefore for a simulation considering
N nodes, T draw from the standard normal N(N — 1) idiosyncratic errors. The fixed
effects 0; and &; are also drawn from standard normal distributions.

The difference among the designs relies on how the regressor X;; is drawn.

Design 1

Here, I follow essentially the same DGP as proposed by Jochmans (2018). The single

regressor is generated as:

Xij = —|Ai — By

where A; = V; — %, for V; ~ Beta(2,2), and the same for B;. Thus, The covariate is
generated in a way that is dependent across both senders and receivers in the dyadic
relation. The difference to the DGP proposed by Jochmans (2018) relies on the fact that
I consider the individual effect of the alter, A;, to be different and drawn independently
from that of the ego, B;. In contrast, Jochmans (2018) considers B; = A,.

Design 2

I introduce a correlation between the regressor X;; and the fixed effects 6; and ¢;, such
that:

Xij = =4 = Bj| +0; + ¢

where A; = V;—%, for V; ~ Beta(2,2). Also, B; is drawn independently from A;, such that
B; = V; — 1, for V; ~ Beta(2,2). Notice that the way in which the correlation between

the regressor and the fixed effects is introduced is similar to that of Charbonneau (2017).
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Design 3

I now consider a binary regressor that is uncorrelated with the fixed effects. The

regressor is generated according to:

where A; and B, are drawn according to Designs 1 and 2.

Design 4

I again consider a binary regressor; however, now it is correlated with the fixed effects,
such that:

Xij=1{Ai— Bj+0; +& >0}

where, again, A; and B; are drawn according to Designs 1 and 2.

2.6.2 Results of Monte Carlo simulations

I propose several Monte Carlo simulation settings. For each design, I run simulations
for S € {1000,5000,10000}, where S refers to the number of simulations, and for N €
{10, 20, 30, 50}.

Results for the estimator BLPD and its estimated asymptotic variance

The tables below show the results for the estimator Bl, pp in terms of biasedness and its
variance across the simulations. I also present the results for the average of the estimated
asymptotic variance considering both the estimations taking into account 52, according

to Equation 2.18, and taking into account Ag, according to Equation 2.22.
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Table 2.1: Results of the Monte Carlo Simulation of the Pairwise Differences estimators obtained
for the first data generating process

Simulations N bias(8;) var(f;) mean(var(5));, mean(var(5))a,

1000 10 -0.007 0.165 0.225 0.197
1000 20 0.001 0.039 0.042 0.040
1000 30 -0.001 0.013 0.017 0.016
1000 50 -0.000 0.005 0.006 0.005
5000 10 -0.002 0.180 0.224 0.197
5000 20 -0.001 0.035 0.042 0.040
5000 30 -0.001 0.015 0.017 0.016
5000 50 -0.001 0.005 0.005 0.005
10000 10 0.007 0.176 0.224 0.197
10000 20 0.000 0.035 0.042 0.040
10000 30 -0.000 0.015 0.017 0.016
10000 50 -0.001 0.005 0.005 0.005

Table 2.2: Results of the Monte Carlo Simulation of the Pairwise Differences estimators obtained
for the second data gemerating process

Simulations N bias(8;) var(f) mean(var(3));, mean(var(51))a,

1000 10 0.021 0.181 0.222 0.194
1000 20 -0.004 0.036 0.042 0.041
1000 30 0.000 0.015 0.017 0.016
1000 50 0.002 0.006 0.006 0.005
5000 10 0.001 0.179 0.224 0.196
5000 20 -0.004 0.036 0.041 0.040
5000 30 -0.001 0.016 0.017 0.016
5000 50 -0.000 0.005 0.005 0.005
10000 10 0.002 0.174 0.225 0.198
10000 20 -0.001 0.035 0.042 0.040
10000 30 0.001 0.015 0.017 0.016

10000 50 -0.000 0.005 0.006 0.005
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Table 2.3: Results of the Monte Carlo Simulation of the Pairwise Differences estimators obtained
for the third data generating process

Simulations N bias(8;) var(f;) mean(var(8));, mean(var(f))ga,

1000 10 -0.004 0.180 0.221 0.192
1000 20 0.004 0.033 0.042 0.040
1000 30 0.004 0.015 0.017 0.016
1000 50 0.002 0.005 0.005 0.005
5000 10 0.004 0.179 0.224 0.197
5000 20 -0.001 0.034 0.042 0.040
5000 30 0.001 0.015 0.017 0.016
5000 50 -0.001 0.005 0.005 0.005
10000 10 -0.004 0.175 0.224 0.197
10000 20 -0.003 0.036 0.042 0.040
10000 30 -0.001 0.015 0.017 0.016
10000 50 0.000 0.005 0.005 0.005

Table 2.4: Results of the Monte Carlo Simulation of the Pairwise Differences estimators obtained
for the fourth data generating process

Simulations N bias(81) var(f;) mean(var(3));, mean(var(51))a,

1000 10 -0.001 0.173 0.229 0.203
1000 20 0.003 0.035 0.041 0.040
1000 30 -0.003 0.015 0.017 0.016
1000 50 -0.001 0.005 0.005 0.005
5000 10 -0.001 0.170 0.223 0.197
5000 20 0.002 0.035 0.042 0.040
5000 30 -0.001 0.015 0.017 0.016
5000 50 0.000 0.005 0.005 0.005
10000 10 -0.004 0.177 0.223 0.196
10000 20 -0.002 0.036 0.042 0.040
10000 30 0.000 0.015 0.017 0.016
10000 50 -0.000 0.005 0.005 0.005

From the tables above, there are two main results: (i) the estimator B3, seems to be
unbiased, and (ii) the mean of the estimated variances is basically on the spot when
compared to the variance of Bl across the simulations and across the different designs.
More specifically, while for all designs (except for Design 3) there is still some bias in the
simulations for N = 10 and S = 1000, the bias essentially vanishes as we consider larger
numbers of nodes N, or a larger number of simulations S.

Another feature that was already expected is that the average of the estimated asymp-
totic variances is very close when comparing to whether the variance was estimated using

by or Ay. Moreover, those averages are generally almost spot on with the variances of the
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estimated ﬁl across simulations. The only exception is the simulations with N = 10 for

designs 1 and 2. However, once N increases, the results are essentially the same again.

This indicates that the variance estimator captures the small-sample variability in the

point estimator well and that inference using such estimators is valid.

Next, I explore if normality might be a good approximation to the finite sample

distribution of the proposed estimator Bl. I present below the histograms and the QQ-

plots of the estimated values for Designs 2 and 4, which are considered to be the most

relevant since they allow for correlations between the covariates and the fixed effects.

However, the plots for the other designs can be found in Appendix 2.D.
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The histograms above show evidence that the estimator of ; is normally distributed

as the size of IV increases for all the number of simulations S. More specifically, for smaller

values of N, the range of the histogram is wider than the one from a normal distribution.

The QQ plots corroborate this, which shows that for any number of simulations S, for

lower values of N, the distribution seems to have fatter tails than a normal distribution.

However, as N increases, it seems to be distributed normally.

I next examine the size of the t-tests where the test statistic uses the asymptotic vari-

ance estimator proposed before. The null hypothesis that the coefficient 5, is equal to its

true value, $; = 0, is tested. The tables below show the fractions of samples for which

the null hypothesis is rejected at the 5% statistical significance level.

Table 2.5: Results of the Monte Carlo Simulation of the size of the t-test of the Pairwise Dif-
ferences estimators obtained for the first data generating process

Simulations

N var(By;,

Var(ﬁl)AQ

1000
1000
1000
1000
5000
5000
5000
5000
10000
10000
10000
10000

10
20
30
20
10
20
30
50
10
20
30
20

0.033
0.043
0.030
0.040
0.040
0.032
0.039
0.046
0.037
0.034
0.039
0.042

0.037
0.050
0.032
0.040
0.054
0.038
0.042
0.047
0.050
0.038
0.041
0.043
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Table 2.6: Results of the Monte Carlo Simulation of the size of the t-test of the Pairwise Dif-
ferences estimators obtained for the second data generating process

Simulations N var(f81);, var(fi)a,

1000 10 0.036 0.049
1000 20 0.036 0.038
1000 30 0.048 0.049
1000 50 0.055 0.057
5000 10 0.041 0.058
2000 20 0.035 0.038
2000 30 0.047 0.048
5000 50 0.040 0.040
10000 10 0.038 0.055
10000 20 0.034 0.038
10000 30 0.035 0.038
10000 50 0.046 0.047

Table 2.7: Results of the Monte Carlo Simulation of the size of the t-test of the Pairwise Dif-
ferences estimators obtained for the third data generating process

Simulations N var(8,);, var(fi)a,

1000 10 0.035 0.051
1000 20 0.025 0.031
1000 30 0.044 0.046
1000 50 0.047 0.049
2000 10 0.038 0.051
2000 20 0.034 0.038
5000 30 0.040 0.042
5000 50 0.041 0.042
10000 10 0.038 0.052
10000 20 0.037 0.043
10000 30 0.040 0.041

10000 50 0.043 0.042
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Table 2.8: Results of the Monte Carlo Simulation of the size of the t-test of the Pairwise Dif-
ferences estimators obtained for the fourth data generating process

Simulations N var(8);, var(fi)a,

1000 10 0.040 0.053
1000 20 0.039 0.045
1000 30 0.041 0.043
1000 50 0.039 0.037
5000 10 0.034 0.049
5000 20 0.038 0.042
5000 30 0.039 0.042
5000 50 0.041 0.043
10000 10 0.038 0.057
10000 20 0.036 0.040
10000 30 0.039 0.042
10000 50 0.046 0.047

As expected from the previous findings, the sizes of the tests are close to 0.05 for
the different estimators for the variance. However, the estimates using A, are somewhat

closer than those using Oy

2.7 Conclusion and Further Research

In this chapter, I showed how one can adapt U-statistics tools to show the asymptotic
properties of linear dyadic models for network data. More specifically, I proposed a linear
model with two-way fixed effects that enter additively in the specification. While the
usual two-way fixed effects estimator is consistent and asymptotically unbiased for this
particular model, I propose an estimator that relies on pairwise differences that eliminate
the fixed effects from the objective (and influence) function(s). This choice of estimator
was made to demonstrate step-by-step in a simple model how one can adapt tools from
U-statistics to this particular dyadic setting (with a pairwise differences estimator) to
obtain an analytical form and an estimator for the asymptotic variance.

These specific tools are needed because the pairwise differencing approach introduces a
dependence structure in the summands of the influence function of the estimator. Similar
tools are also used in non-linear models that employ an analogous estimation method,
particularly in Charbonneau (2017) and in Graham (2017). For non-linear models, dif-
ferencing out the fixed effects is desirable to eliminate the incidental parameter problem,
which would lead to asymptotically biased estimates of the coefficients of the covariates.

With a Monte Carlo exercise, I showed that the obtained estimates for the slope

coefficients are unbiased in finite samples, and the estimated asymptotic variance delivers
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the correct size for the t-test. However, the model assumed in this chapter can still be
relaxed to allow for a richer dependence structure in the network in future research. For
instance, one also could allow for dependencies across outcomes Y;; and Yj; by relaxing
Assumption 2.1 such that the idiosyncratic terms U;; and Uj; are allowed to covary.
In practice, this would have implications for how U-statistics tools are employed in this
dyadic framework. Namely, the Hoeffding decomposition for the variance of the U-statistic
and the Hajek projection would have to be modified to allow for these dependencies.

Another avenue of interest is that one could allow for, in Assumption 2.2, the individual-
level observed characteristics A; and B; to covary. That would allow, for instance, exports
from Japan to Korea to covary with those from Korea to Thailand. In the derivations in
this chapter, this would have implications for the probability limit of the Hessian of the
proposed estimator.

Finally, the main computational challenge is the estimate of Ay. It could also be
of practical use in future research to explore possible bootstrap procedures to obtain
inference, such as in Graham (2019) and in Menzel (2021).
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2.A Application to N =5

To demonstrate how the Hoeffding et al. (1948) decomposition is obtained, I now
propose an application for the Pairwise Differences estimator in for the case N = 5,
meaning that there are N(N — 1) =5 x 4 = 20 dyads in the dataset.

2.A.1 Showing some correspondences between ways to write the
U-statistic

The first element to consider is that indeed the equivalence below holds:

1
N(N —1)(N —2)( ZZ Z Z ”klUZ]kl - Z Z mymamama Uy mamgmy

=1 j#i k#i,5 l#6,5,k CEC(N 4) 4l weP(C,4)

Note that the first quadruple of sums boils down to summing over 5 x 4 x 3 x 2 = 120
elements. The second double sum boils down to summing over (2)4! iigigﬁéﬁ = 120
elements. Now, one needs to check that those elements are the same.

To do so, one can construct the elements in the first sum by taking first ¢ fixed to for
instance 1, then considering the subsequent element j where 7 # i, and so on. Then, the
process is repeated for all possible values of ¢ € {1,2,3,4,5}:

I then compare to the elements taken into account in the second term of the previous
equation. The first sum is over the combinations, and, for N = 5, there are (]Z ) = (i) =5
combinations, more precisely, the following: {2,3,4,5}, {1,3,4,5}, {1,2,4,5}, {1,2,3,5}
and {1, 2, 3,4}. For each of these combinations, there are 4! = 24 permutations. Therefore,
there are 5 x 24 = 120 elements. In the following table, for instance, each column contains
the permutations for a given combination. If both ways of defining the sums in the

equation above are considered, the sum over all these rows and columns for N=5 is taken.
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2.A Application to N =5

Table 2.A1: Combinations and permutations for N =5
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2.A.2 Calculating the variance of the U-statistics for N =5

To calculate the variance of Uy, I first note that, by definition of the variance:

|

2
CeC(N4)

X7r1 T34 U7r1 T34

C4)

TEP(

~ %

= Var %
(4) CeC(N 4)

Var(Uy)

|

T34 Um TQM3T4 )

X7r1 T34 U7r1 T34

TeP(C,4)

|

1
4!

Var
CeC(N4)
2
) Cov (

2

T1T2T3T4 U7T1 7r27737r4)

X

" meP(C,4)

1
41

X

1
41
TeP(C,4)

2
CeC(N 4)
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Denoting further by 7(C) the set of tetrads corresponding to the permutations of a given

combination ¢ (given in the previous table). Then, rewrite:
Z Z mimamama Umymommy Z Z XW(C)U (Q-A'l)
( CeC(N 4) 'ﬂePC4 ( CEC(N4) '7r

In the case of N = 5, there are (i) = = 5 combinations, with C € {C;,Cs,C3,Cy4,Cs5}.

(5 4)'

Therefore:
Var(Uy) =

1

(5) COV(4, > XnenUsen + 5 m Z XreaUsen + 35 1 Z XreoyUnie) + 35 1 Z XeeoUsen + 35 1 Z Xrco)Un(es)s

(1) 7(Ca) 7(Cs) 7(Ca) 7(Cs)

1 ~ ~ 1 ~ ~
1 KaeyTneo + 1 3 Ketenlien + 33 32 Ktcolnen + 5 3 Kacolnien + 7 3 Kot U

’ (1) w(C2) (C3) m(Ca) ’ m(Cs)

Note that each term corresponds to the average of the permutations, which also cor-
responds to the previously defined kernel s;j;. Now, focus on the covariance of each

separate summand in the first term with the entire second term, that is:
1 -
COV(I Z Xﬂ-(c)Uﬂc), (2.A.2)
7(C)

1 ~ ~ 1 ~ ~ 1 ~ ~ 1 ~ ~ 1 ~ -

] Z XrenUrey) + ] Z Xn(eo)Un(es) + ] Z Xa(es)Un(cs) + 7l Z Xr(enUney) + 1 Z Xw(cs)Uvr(Cs))
" w(Cr) "7 (Ca) m(C3) " m(Ca) " w(Cs)

For each C € {Cy,Cs,C3,Cy4,Cs5}. Looking first at the first summand, taking C = Cy, there

are two facts:

e Under the assumptions that (i) U;; is i.i.d., that (ii) X;; = f(A4;, B;) and that (iii)
A; and Bj are i.i.d., when considering each separate summand in the second term

of the covariance, i.e.:

~ 1 ~ ~
Cov 4| (;)X (C1) U (C1)s 4— ZCX () U ()
1

for each C' € {Cy,Cs,Cs5,Cy,Cs}, the magnitude of such covariance - that takes into
account the covariances between the permutations of the first combination, that are
in the set m(1) and the permutations of the combinations C’, in the sets 7(C’) -
depends solely on the number of common indices that the two combinations have.
Importantly, the magnitude of this covariance does not depend on the order NV,
since we are always looking at the covariances between the permutations of two sets

of combinations of 4 elements, regardless of the value of N. It also does not depend
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on which indices we are specifically looking at given the assumptions above.
Therefore, the only the only determinant of such covariance is the number of com-

mon indices between the two combinations, denoted by ¢, and defining;:
Cov | 5 Z XrenyUnicr), o ZXW = A,
m(C1) m(C’)

Note that this definition corresponds to the definition given in the Hoeffding de-

composition.

e Given the previous fact, the entire covariance:

1 L
COV(E Z XTF(C1)U7r(C1)7 (QA?))
" w(C)
1 .- 1 o 1 o 1 N
1 Z XaenUs(er) + ] Z Xaea)Un(cs) + 1 Z Xaes)Un(cs) + 5 1 Z XnienUncs) T Z Xac Uﬂ(C;))
m(C1) m(C2) w(C3) 7(Ca) 7(Cs)

will depend on how many combinations in the second term have ¢ elements in
common with the first combination C;. Remembering that ¢ can take values in
{0,1,2,3,4}, consider the different combinations for the case N = 5 and find how

many elements in common each have with C;.

For the case of the first combination for N=5, we have that the set C; = {2, 3,4, 5},

then comparing to the other combinations C’:

e (' =C; ={2,3,4,5}: there are 4 elements in common, therefore:

Cov ZX (€1) 7r((31 ' ZX Cl)U (€1) :A4
m(C1)

o C'=Cy=1{1,3,4,5} : there are 3 elements in common, therefore:

1 ~ ~ 1 ~ ~
Cov 1 Z Xr(enUnen, 3 Z Xre)Un(es) | = As
m(C1) m(C2)

o (' =C3=1{1,2,4,5}: there are 3 elements in common, therefore:

1 .- 1 .
Cov | 4 (Z:) Xr(enUs(en) 3 (Z:) Xees)Un(es) | = D3
7(Cy m(C3
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e ' =Cy=1{1,2,3,5}: there are 3 elements in common, therefore:

1 ~ ~ 1 ~ ~
Cov 1 Z XUz ] Z XaenUnics) | = A3
Tr(Cl) (C4)

e (' =C5=1{1,2,3,4}: there are 3 elements in common, therefore:

COV 4‘2){ clﬁ (€1)» 4'ZX c5 7(Cs) :Ag
7(C1) m(Cs)

Note that these results are in line with what is found when taking into account the
combinatorial formula to find how many other combinations have ¢ elements in common
when comparing to the fixed C;. The formula is such that the number of combinations

with ¢ elements in common is given by:

N(N-—1 4 (N —4)!

By plugging in N = 5, for ¢ = 0,1, 2, there are 0 combinations, for ¢ = 3, there are 4

combinations and for ¢ = 4, there is 1 combination.

Therefore:

1 ~ .
Cov (E Z XTI'(Cl)Uﬂ'(Cl) P
m(C1)

- 1 . -
1 Z XatenUsen + 1 Z XuieoUnie) + 1 Z Xu(eoUnie) + 77 1 Z XnienUnica + > Xﬂ(Cs)Uw(Cs))
7(C1) m(Ca) w(C3) m(Cs) 7(Cs)

- A4 + 4A3

Once this is done for C;, we consider the covariance for the remaining summands in
the first term of the entire covariance term, meaning that now we would take the same
calculations for Cy, Cs3,Cy, Cs.

Based on the fact that the terms A, are only determined by the number of elements
in common between the combinations, and given the fact that the same number of com-
binations with ¢ elements in common is found for any C, the variance of Uy is given by a
function of the number of combinations times the previous found covariance for only one

combination Ay + 4As:

N 1
Var(UN) = (g) 5 X (A4 + 4A3) = 5(A4 + 4A3)
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2.B Proofs

2.B.1 Proof of Lemma 2.1

I provide an heuristic proof for the Hoeffding decomposition in this case, but, more
details can be seen in Hoeffding et al. (1948). First, expand the expression for the variance

of Uy as follows:

VaI"(UN) = Var ( Z Z MM 7r17r27T37r4 (2’B'1)

CEC(N, 4) ! 7€P(C,4)

2
= <é> Var Z Z T MQM3TY 7r17r27T37r4

CEC(N ,4) 'nePC4

2
1
= (N COV T1TQT3T4 7T17T2Tl’37T47 T1TRT3T4 71"171'271'371'4
1) 2.1 1 2 2.0 PO

ceCc(N 4) ! 7€P(C,4) CEC(N, 4) ! T€P(C,4)

2
1
= (N) Cov E E Xy momgma Unimamgmas E E X mymgma Unymamgma

4 cec(NV 4) ! TEP(C,4) CceCc(N, 4) ! TEP(C,4)

The main idea is that, taking into account the expression in the last equality, one can
first focus on the first combination in the sum over combinations for the first term of
the expression, and its covariance with the entire second term of the expression, namely,

given a first combination Cj:

1 ~ ~ 1 - ~
COV I Z X7r17r27r37r4U7r17r27r37r4a Z E Z X7T17r27r37r4U7r17T27r37r4
" meP(C1,4) CeC(N,4)  meP(C,4)

This expression boils down to the sum of the covariances between the kernel evaluated at
this first combination of the first term and the kernels evaluated at all combinations that
comes from the second term. As mentioned before, these covariances A, depend only on
the number of common indices ¢ between the combinations (it is noteworthy that A, does
not depend on N). For the remaining combinations in the first term, the same pattern
would appear.

Thus, the expression in the last equality in Equation (2.B.1) is equal to the sum of all

covariances between the cross terms in the first term with the second term (by opening
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up both summations over combinations), similar to Ferguson et al. (2005):

N\ 2 ~ ~ 1 ~ ~
Var(UN) = ( 4 ) Z Z COV (_ Z X7r17|—27r37r4 U7r17r27r37'('47 Z Z X7r17r27r37r4 U7r17r27l'37r4) .

C1EC(N ) CoeC(N 4) " weP(C1,4) " weP(Ca,4)
(2.B.2)

Therefore, the main driver of the expression for the variance of Uy boils down to the sum
of the number of combinations having ¢ elements in common times A,.

As explained by Ferguson et al. (2005), the number of pairs of quadruples, say {1, j, k, [}
and {m,n,o,p}, where the former appears in the first term of Equation (2.B.2) and the

latter in the second term, that have exactly ¢ elements in common is given by:

N\ [4\ (N —4
(4) (q> (4—61)’
which follows from the fact that first, there are (]Z ) ways to choose the first combination
{i,7,k,1} from the set N. Then, for each of those combinations, there are (3) ways to
choose a subset of size ¢ from it, which will be the individuals in common with the second
combination. Then, having fixed these individuals in common, there are then (N_;) ways
of choosing the 4 — ¢ individuals in the second combination that are non-common to the

first from the N — 4 individuals left that are not already present in the first combination.
Then, substituting in Equation (2.B.2):

- () R (EE) e
() 2005

Where each of the covariances above have ¢ = 0,...,4 elements in common, and the

coefficients on A, gives the number of covariances with ¢ elements in common. O]

2.B.2 Proof of Theorem 1

Supposing that the rate of convergence is given by /N(N — 1):

Var(y/ NV~ 1)Ux) = (V(N — 1)) %Z()(N D,

q:
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Opening the combinatorics terms to find that:

Var(v/N(N = )Uy) = O(1) + O (%) +0 (%)

Where the term of order O(1) relates to the term A,, O (
O (%) relates to the term Ay:

%) relates to the term As and

e The first term of the expression (related to Ay) boils down to:

o= () (352

4l 4% 3 (N —4)(N - 5)
N(N—1)(N—2)(N—3) 2 2l

— (N(V - 1)) A,

which, as N — oo, is O(1), converging to 72A,.
e The second term of the expression (related to Ag) boils down to:

(N(NV - 1))@@ (JZ _‘f) Ay

41 4x3x2(N-—4)
N(N -1)(N-2)(N-3) 3! 1!

= (N(N —1)) As

which, as N — oo, is O (%)

e The third term of the expression (related to A,) boils down to:

ovor = (1) (7))

4! 4x3x2x1
= (VW - 1))N(N— 1)(N —2)(N — 3) 4]

X 1A4

which, as N — oo, is(’)( L )

N2

Therefore, the term related to Ay asymptotically dominates the expression of the variance,
and Var(\/N(N — 1)Uy) converges to 72A,, or, equivalently to 1440,:

Var(v/N(N — 1)Uy) 222 72A, = 1446,
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The expression for A, can also be further pinned down, and more specifically for A,. For

this specific case:

Aq = Cov[gijklgmnop} (2B4)
- COV[Sijklsmnop}

= E[Sijklsmnop]

= E[S?jkl,q]
Where 1, 5, k,l and m,n,o,p share ¢ indices in common. The first equality follows by
definition, the second and third equalities follows from the fact that, in this case, # =
Elsijkt] = E[Smnop) = 0. Finally, the fourth equation follows from first defining ;14 to
be the expected value of s;;,; when conditioning on the characteritics of the ¢ individuals.
Since the observations are i.i.d, one has necessarily that s = Smnop,e- Further, one can
apply the law of iterated expectations on the expression E[s;jkiSmnop] Dy considering the
conditioning on the characteritics of the ¢ individuals, arriving to the final term.

To be more clear, considering the case where ¢ = 2 and denoting for instance that the

two quadruples share the same indices 7 and j, so in the previous expression, for example,

m =1 and n = j:

Ay = Cov|5ki5ijop) (2.B.5)
= Covl[sijuSijop]
= E[SikiSijop)
[Elsijrisijop| Ais Aj, Biy By, Uij, Usil]
[Elsijki|Ai, Aj, Bi, By, Ui, UjilElsijop| i, Ay, B, By, Uy, Uji]
[s7
[

Sz]kl 2]

D)
D)
D)
E

SU’Q] (2.B.6)

Where the fifth equality follows from the fact that conditioning on A;, A;, B;, B;, U;;, Uj;,
Sijki and s;50p are independent. In the main text I also redefine ;5,12 = 5;;2, for simplicity

of notation.
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Further working out the expression for A, by opening up the expression for s;x 2

sijiie = Elsiju|Ai, Ay, Bi, By, Uiy, Uyl (2.B.7)
1
=E [E Z (Xrims — Xﬂ'mg) = (Xrymy — X7r47r3))((U7T17r2 - Umﬂs) — (Unyms — Umms))‘Aiv Ajv By, Bj, U, UJ'Z}
" meP(CA)
1

= *E[ijkz((Ui' —U) — (Uyj — Ui)) + Xijo((Uire — Usj) — (Ui — Uy;))

1
+ Xl ((Ung — Unt) — (Uij — Un)) + Xuji (Ui — Uyg) — (U — Usy))
+ Xaji(Unt = Usy) = (U = Uyg) + Xigni (Ui = U) = (Ui — Ug))
+ Xijuw((Usj — Ua) = (Uj — Un)) + Xugu(Ua — Uij) = (Ut — Usy))
+ Xjia((Uji = Up,) — (Ui — Un)) + sz((UJ = Uji) — (Ui — Uy))
+ Xiii (Ui = U) = (Usi = Upn) + Xoig (Ut = Ups) — (Ut = Uyi))
+ Xiis (Ui = Uss) = (Use = Uii) + Xipitg (Ui — Uwt) = Uz = Uy))
+ Xjiar(Usi — Upn) = (Ui = Ua)) + Xjuao( (Ut — Uzi) = (U — Uwi))| As, Ay, B, By, Uy, Uji]

Note that I obtain the expression above by observing that terms that do not contain
Ui; or Uj; will have expected value equal to zero. Further separating the terms where the

conditioning on A;, B; and U;; matters from the terms where the conditioning on A;, B;

and Uj; matters:

1 ~ -
Sijkl,2 = ,]E Xjkl(<U — Ui) — (Ulj —Uy)) + Xikjl((Uik - Uij) — (U, — Uz]'))

+ Xijii(Urs — Unt) — (Ui — Ua)) + Xui (U — Uyy) = (Ui, — Us))
+ Xkl;z((Ukz Usj) — (U — Uyy)) + Xijua(Uyy — Un) — (Usj = U))
ik (

Ak

(Uij — Un) = (Urg — Un)) + Xaju((Un = Usj) = (U — Uxy))| Ay, By, Uij]
(2.B.8)
+ 41,113[ jirt(Usi = Upr) = (Ui — U)) + Xjga((Use — Uyi) — (Ui — U))
+ X (U — U) — (Ui — Ui)) + Xy (Upg — Urg) — (U — Uyy))
+ Xlkz]((Ulk — Us) — (Ut = Uji)) + Xitj (Ui = Un) — (Uzi — Up))
ik (Uji = Ut) = (Uri = Una)) + Xjuin (Ut — Uyi) — (U — Uii))| 45, By, sz‘]
(2.B.9)

Denoting the first conditional expectation as 5;;, and the second conditional expecta-

tion as 5j. Therefore, s;jr 2 = 5;; + 55, where:
$ij = ElsyulAs, By, Uy

55 = Blsin| Az, Bi, U]
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Then:
Ay = Blsjj 0] = E[(55 + 5;0)°] = B[5};] + 2B[55;1] + E[5] (2.B.10)
= E[5;] + E[5]]
- 2(52

Where the first line follows from linearity of expectations, the second line follows from
independency between 5;; and 5j;, and the fact that both have expectation equal to zero.
And finally, the third line follows from the fact that as the observations and error terms
are i.i.d., the expected value of 57; and 53 are the same, and denoting: E([57;] = B[55;] = .

To prove this previous expression, first note that, since the observations and the error

terms are independent:

Sij = E[Xijn — Xinjt — Xijis + Xugi + Xuigi — Xigri + Xigue — Xajul Ai, B;)Usy = XU

Sji = ]E[inkl - ij’z - Xlikj + Xklij + Xlkij - inlj + inlk - leik’Aja Bi|Uji = X;:Uj;

Then, it follows that:

E[s;;5;:] = E[X;;U; X;:Us] = E[Xy; X E[UG]E[U;] = 0

2.B.3 Proof of Lemma 2.2

To derive the variance of the Hajek projection, I follow closely the steps proposed by
Graham (2017).

N
- Z ) Z Elsiji|Ai, By, Uy (2.B.11)

CeC(N 4)

_ i R (N - 2)5. |
B j/ £/ (N) 2 Y
_ i 12

T NN

As observed by Graham (2017), the random variables {gi/j’},fyzlyj/#i/ in the double sum
in the last expression are not i.i.d., but they are uncorrelated. This is an implication of

conditional independence given A, B. For instance, one can show that s;; and 55 for
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at least one index of the dyads being different, i.e., either ¢/ # k’, or j' # I’, or both, are

uncorrelated. From the law of iterated expectations, one can evaluate:

E[5: 5] = E[E[$ijrmp| Aiy Bj, U E[Skimp | Ak, By Ur]'] (2.B.12)
= E[E[E[sijmp| A, By, Ui Elsgimp | Ar, B, Un]'|A, B]]
= E[E[E[sijmp| A, By, U] |A, BIE[E[Spmy |Ar, B, Un]'|A, BJ]
= E[E[sijmp| A, B]E[sgimp|A, BJ]

I
e

Given this result and the fact that E[5; ;] = 0:

Var(Uy.1) = (N(—> Z > Var(sy) (2.B.13)

i 1]’;£z

:( ) ZZE&”/SZ]

/=1 j'#£i!

Finally, the previous expression for the variance can be rewritten as:

Var(Uy.1) = ( > Z > Elsis,) (2.B.14)

’1]’#@
12

- 0o = 09.

(75) S v

Notice that the expression E[5,:5;, ;] has the same value for any dyad (', j’) since the ran-
dom variables {X,yj/}f,V:L 1+ are identically distributed and so are {Uijs }ir=1,jo2¢. Finally,

by rescaling the statistic:

Var(y/N(N — 1)Uy,) = 1440,.
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2.B.4 Proof of Lemma 2.3

Denoting gz”j’,Q = E[Sijkl|Ai’7 Aj/, Bl‘/, Bj/, Uz”j’; Uj’z"]; when {i/,j/} C {i,j, k‘, l} Then,

from before:

N

A Z Z 1 Z

UN,Q — T E[Sljk‘l‘AZ/7 Aj’? Bi’) Bj/7 Ui’j/7 Uj/i/} <2B15)
i'=1 j/>i (4) CeC(N 4)

S0

=1 j/ >4

il 12
=> > NN —1)"

=1 j/ >4

To derive the variance of this term, I first show that, similarly to the case of the first
proposed projection, 5y and Sy o are uncorrelated when having at least one different
index for instance i’ # k' (independently of the order). This is a result from the conditional
independence of the model, and from the fact that the idiosyncratic errors are i.i.d., as it
is given by Assumption 2.1. This is analogous to the previous proof for the first variance.

I further denote this variance as a function of A,. To do so, consider two tetrads
i', 7', k,l and ', j', m, p sharing the indices ¢’ and j’ in common. Due to the Assumptions

2.1 - 2.3, the following result of conditional independence follows:
E[Si’j’klsg’j’mp|Ai’a Aj/, Bi/, Bj/, Ui/j/, Uj’i’] pmnd gi’j’72‘§;’j’72'

Then, from the previous definition of Ay and by law of iterated expectations:

Ay = Cov(sijint, Sivjrmp) = BlsijaiSiimp) — Elsijua] Blsijrmp) (2.B.16)
= B[E[sijk18} jrmp| Air, Ajrs Bir, Bjr, Uirjr, Uy
= E[gilj/72§;’j’ 2]
- ]E[gi’j/,Q]

Independently of which indices {i’, j'} are, the expression E[E?,j%] will always be equal to
a constant Ay, since from Assumptions 2.1 and 2.2, the random variables {Xifj/}f-yzu/#,
are identically distributed and so are {Ujj }is=1 2, which is the same argument used

previously for the variance of the first projection.
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Therefore, the variance of the projection U N2 can be rewritten as:

2 N

Var(Uy ) = (ﬁ) >3 Var(sga) (2.B.17)
12 & B
= (N(N— 1)) ;%E[Si’j/,ﬂ
144 N(N-1)
T -np 2z e
7
TN

Finally, by rescaling the statistic:

Var(yv/N(N — 1)Unyz) = 72A,.

2.B.5 Proof of Theorem 2.2
I demonstrate the proof to the first Hdjek projection, UNJ. Since E[ﬁN,ﬂ = E[Ux] = 0:
N(N — D)E[(Uy, — Un)* = N(N = DE[U%, — 2Un, Uy + UZ] (2.B.18)

= N(N — 1)Var(Uy) + N(N — 1)Var(Ux,1)
— 2N (N — 1)Cov(Uy, Uny).

It follows from before that the first term converges in probability to a constant, 1440,, as
shown in Theorem 2.1. Moreover, from Lemma 2.2, the second term is equal to 1444,,

therefore, they have the same probability limit, and thus:
N(N = DE[(Un1 — Uy)? = 2 x 1446, — 2N (N — 1)Cov(Uy, Un1) + 0,(1).

Now it only remains to evaluate the covariance term, —2N (N — 1)Cov(Uy, Uy.1). To do

so, first note that the statistic Uy and the projection U ~,1 are orthogonal, following the
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arguments of Graham (2017):

N
E|(Unv—Una) Z Z girj (Air, Bjr, Uy jr)

i'=1 j' i’

I
Mz

ZE UN—UNl g” (AZ7BJ 7Ul’]’)]
J'#

S\
I
—

[
Mz

ZE UN_UN1|AZ7B]7UZ’]’]9’LJ(A’LaB]aUZ’]’)]
J'#

S\
Il
—

Il
o

for g;/;(-) an arbitrary function of (A;, By, Uy jr).
Given this orthogonality result, and given that E[Uy ] = 0:

Cov(Uy,Un1) = B[Un1Un]

E[(Uy — UN,I)UN,I + UN,10N,1]
E[(Uy — UN,I)UN,I] + E[ON,IUN,I]
Var((A]Nyl).

Therefore, the term —2N (N — 1)Cov(Uy, [A]NJ) is equal to —2 x 1444,, which gives the

result:

N(N = DE[(Un, — Un)*] = 0,(1)

The proof for the second proposed Hajek projection is analogous.

2.B.6 Proof of Proposition 2.1

The goal is to show that:
X 5T =EX X!
( Z Z T T2T3T4 7r17r27r37r4 — - [ T 27374 7r17r27r37r4]
CGCN4) ! 7€P(C,4)

Given that X;; = f(A;, Bj), and assuming that f is an integrable function, we can use

Chebyshev’s inequality to prove the above.
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The statement above corresponds to, given any e > 0:
]\ll—I)noo P Z Z X7r17"'27r37'r4 TI'17T27T37I‘4 - E |:X7r17'r27r37r4X7/T1ﬂ'27r37T4i| > € = O
CGC N 4) ! T€P(C,4)
By Chebyshev’s inequality, it follows that:

/ % ’
( Z Z 7F17T27F37T4X7T17r27r37r4 —E [XW17T27T37T4X7r17r27r37r4} > €
ceC(N, 4) ! TEP(C,4)

1 1 X X
v (@ 2 cec(na) 1 2uneP(ca) X“1”2“3”4X7/rl”2”3”4)

€2

< (2.B.19)

Therefore, the first step is to establish the variance term and then taking the limit as
N — .

Taking the same first steps as I took when definiting the variance of the statistic Uy:

(% Z Z Xﬂ17r27r37r4 7r17r27'r37-r4 (2.B.20)

4 CeC(N, 4) ! TEP(C,4)

2
1 1\’ -
= <m> (E) Var Z Z X7r17r27r37T4X7/1-17r27r37r4

CeC(N,4) meP(C,4)

2
1 1\’
= <@> (E) COV Z Z Xﬂ'171'271'3ﬂ'4 7r17r27r37r47 Z Z Xﬂ'lﬂ'2ﬂ'3ﬂ'4 7r17r27r37r4

CEC(N,4) meP(C,4) CEC(N,4) meP(C,4)

Note that, if the cross sums in the covariance term is opened, then, in a case where
{my, ma, 3, M4} and {m}, 7, 75, 74} share no indices in common:

Cov( X, mymams X X”1“27F3W4X/ ) =0

T1T2T3T4 ) ) 7r27T37r4

since {A4;};Y, and {B;}_, are mutually independent.

However, for the cases where there are 1,2,3 or 4 indices in common the same does
not hold.

Start with, for instance, evaluating the covariance when having one index in common,

suppose m = m; = i. In this case:

COV(X’iW27F37T4Xz/7r27r37r47 XZ7T27F§7T£1X7,,71'27r57r4) (2B21)
- E[XZWQTF37T4X/ ]E[X'nr’ 7r37rle

. . /
- E [X17r27r37r4X 1MRM3T4 z7r27r37r4]

X‘ ! ! /X{/ / /]
VT34~ T 1My M3y 1My T3y



62 On the use of U-statistics for linear dyadic interaction models

The problem here is that one needs to evaluate these expressions for all the different
possibilities of sharing one element in common in different positions, and then the same
for 2, 3 or 4 elements in common. This is necessary, once one would like to show that
those covariances are bounded.

If the covariances found for the different possibilities of one element in common are
summed, it is the same as checking the covariances for the sum of all the permutations
of quadruples having one element in common. As before, since A; and B; are i.i.d.,
those covariances will be constant for any two quadruples sharing one index in common.
Then, denote the covariances of quadruples sharing 1, 2, 3 or 4 elements in common by:
Ax1,Ax2, Ax3, Ax g

Then, similarly to before, I check how many combinations of quadruples have how

many elements in common arriving at:

( > Z Xovmamsms Xy mmars (2.B.22)

CeC(N ,4) ‘wep C,4)

_ L (N=HIV =5 =6)
33NN —1)(N—2)(N—-3) !

1 (N 4)(N 5)
T O NN — 1)(N — 2)(N = 3) X2
1 (N —4) R
TNV DV =V —3)" ¥
1 1 vl

TAINN DV —2)(V —3)

Then, by taking the limit as N — oo of both sides of expression 2.B.19, the desired result

follows:

. <7 / o
]\:;1—1310 P : : : : XW17T27|'37T4 7T17T27I'37T4 - E |:X7F17T27F37F4X7r17r27r37r4 > €| = O
CGC(/\/ 4) ! T€P(C,4)
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2.B.7 Proof of Theorem 2.3

To establish the consistency of the estimator, first consider:

-1

plim 5, = 51 + phm Z Z mimamsma Xy momama | X (2.B.23)
CEC(/\/4 ! 7€P(C,4)

phm E 5 7r1 T34 7r1 T34

CGC (N ,4) ! T€P(C,4)
—1

=B + phm Z Z X imomama X A [plim Uy].
CEC(/\/4 ! T€P(C,4)

Given the result of Proposition 2.1, it follows from continuos mapping theorem:
plim 3, = B + T [plim UN]
Moreover, from the result of Lemma 2.4 and by Slutsky theorem:

plim Bl =5

2.C Other relevant calculations

2.C.1 Working out the expression for A,

Note that, in order to derive the expression for A,, one only needs to consider the case
of two combinations that contain two indices in common. Given that the A;, B; and Uj;
are i.i.d. variables, it does not matter which indices those two combinations exactly have.

Therefore, consider for now C; = 1,2,3,4, and Co = 1, 2,5, 6.

Remember that the expression for A, is then given by, in this case:

AQ—COV 4'2)( C1UC1)7 'ZX 02002
m(C1) m(C2)

1)’ g
N (@> Cov Z Xz ) Ur(cy)s Z X’T(@ ”(02)

m(C2)
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Therefore, the covariances of the cross terms among all the permutations of the first
combination with all the permutations of the second combination are considered. The

permutations of each set with the respectively constructed variable Ul-jkl are:

Table 2.A2: Permutations for Cy

N R RN W R W R RN WERE DN WWND EWN -
R R R NN RRE R W WEREERE RPN EREPREWWDDDDDDWWERE - DN
NN = kR = WWWWNoN R RERERFEDNDDNDWWR
W W W WWWNNNDNDNDNRF = = =SSR R —
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Table 2.A3: Permutations for Co

NN OO OO P OOttt NN = DN ooy

SN NOLFE OO OO N OO N OOt = ON .
— OO DO NN = OOt O DNOO Lot NN OO = N
GO O L UL UT DN NN NN =D O OO —

When considering the cross covariances among the permutations in Table 2.A2 and
Table 2.A3, the only terms that will be non-zero are the ones that have U5 in both tables,
or Us; in both tables. Therefore, all the remaining permutations can be disregarded.

When considering, for instance, the covariance between the first summand in the sum-
mation Zw(cl) Xﬂ(cl)ﬁﬂ(cl), with the first summand in the summation ZW(Q) XW(CZ)UW(CQ),
one is essentially considering the covariance between the X’s and U’s generated by the

first permutations in both tables, that is:

COV(X1234((U12 — Urz) — (Uso — Usg)), X1256(<U12 — Uss) — (Us2 — Uss)))

Given that:
o E[X1934((Usz — Usz) — (Usz — Usz))] = E[X1956((Ur2 — Uss) — (Usz — Ugs))] = 0

e U;; is ii.d., and independent of Xy, for any 4,7, j, j’



66 On the use of U-statistics for linear dyadic interaction models

Further simplifying:

Cov(X1234((Uh2 — Urz) — (Usg — Usz)), Xaass(Ura — Uss) — (Usa — Ugs)))  (2.C.1)
= E[X1234((U12 - U13) - (U42 - U43>>X1256((U12 - U15) - (U62 - UGS))]
= ]E[X1234X1256]03

The same calculation for all covariances among the permutations of the first combination
with the permutations of the second combination that have either Uy or Us; in com-
mon should be considered, and then one sums those terms to obtain the final covariance
expression for A,.

However, it is possible to further simplify the expression, by noting that since A;’s and

Bj’s are i.i.d., then the following equivalences hold:
]E[X1234X1256] = E[X2143X2156]

E[Xo143Xe152] = E[X1243 X251]

That is, the expected value E[Xijlei/jlk,l,] are the same as long as the indices in
common to the both X’s are in the same position of the permutation, for instance, if
i=1,and k=Fk.

By applying these equivalences, the following final expression follows:

1 L L . L
Ay = (Z)z SE[X 1234 X 1256]02 — 16IE[X 1934 X1506) 02 — 16E[X 1234 X5061]02 + 16E[X 234 Xg521]02

+ S]E[X1324X1526]03 + 16E[X1324X5261]02 — 16E[X1324X6521](73 + SE[X3241X5261]‘73
— 16E[X3241X6521]0'5 + 8E[X4321X6521]0'5:| (202)

2.C.2 Simplifying the first Hajek projection

Further pinning down the Héjek projection by checking when fixing two indices of the
permutations to be ¢ and 7, and letting the other indices to be of any other values, k£ and

[, how many summands in Zﬂ'E’P(C 4) are different than zero, and its values:

o Term 1: E[((Xij—Xirs) = (Xpyj—Xrsms )| A, BjlUsj = (Xij— B[ Xy | Ai] = E[ X7, 5| Bj ]+
]E[XM?TS])UZ”

o Term 2: E[((Xik, — Xij) — (Xaumy — X)) Aiy Bil(=Uij) = (E[Xin,|Ai] — Xij —
E[Xrms) + E[ X7, B;]) (=Us;)

o Term 3: E[((Xryj — Xrara) — (Xij — Xixy))| A, Bj|(—=Usj) = (E[Xry| Bj] = E[Xoyms] —
Xij + E[Xir, |A]) (= Uy)
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e Term 4: ]E[((Xmm - X7T4j) - (XiTF3—Xij))|Ai’Bj]Uij = (E[Xmm] - E[Xﬂ4j|Bj] -
BE[Xin, | Ai] + Xi)Us;

o Term 5: B[((Xryr, — Xagj) — (Ximy — Xij))| A, BjlUij = (B[ Xnyr,] — E[Xoy;|Bj] —
E[Xir, |Ai + Xi5) Uy

o Term 6: E[((Xrj — Xnyry) — (Xij — Xiny )| Ai, Bj)(=Uij) = (E[Xo, ;] Bj] — E[Xomy| —
Xij + E[Xin, | Ai]) (= Us)

o Term 7: E[((Xij—Xir,) = (Xagj—Xoyma )| Ai, BjlUsj = (Xij—E[Xin, | Ai] = B[ X7, 5] Bj]+
]E[Xﬂ'sm])Ui'

o Term 8 E[((Xir, — Xij) — (Xagmy — Xagj))|Ai, Bil(=Uij) = (E[Xir,|Ai] — Xij —
E[ X7y ] + E[Xr,]B])(=Uij)

Moreover, given that X;; = f(A;, B;), where X;;, A;, B; are i.i.d.
E[Xin,|As] = E[Xir, |Ai] = E[X;5|Aj]

E[Xr,;|B)] = E[Xr;|B)] = E[Xi;|Bj]
E[Xmms] = ]E[XW?,M] = ]E[XZ]

Such that the projection is further simplified:

O = ; ; Cl{f)% (N2— 2)8[(Xij — E[X;;|Ai] — E[X;;|B;] + E[X;;]))Us;;l - (2.C.3)
- N(zvfl -1 Z_; ;[(X” ~ B JA] - B B] + BLX)Us

2.C.3 Simplifying second Hajek projection

When summing over the combinations of all tetrads, the only ones that will lead to non-
zero conditional expectations are the ones that contain the two specific indices ¢ and 7, and
any other two indices k£ and [. There are a total of (N 5 2) of such combinations. Then, one
takes the conditional expectation of the kernel s;;;,; where the indices 7, o, 73, 74 denote
the positions of the elements 7, j, k, [ in a given permutation.

Again, the Hajek projection can be further pinned down by checking when fixing 2
indices of the permutations to be ¢ and 7, and letting the other indices to be of any other

value, how many summands are then different then zero im the sum > p e 4

o Term 1: E[((Xij—Xirs) = (Xnyj—Xrums)) | Ai, BjlUsj = (Xij—E[Xin, | Ai] —E[ X7, | Bj]+
E[XMWS])UZ”
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Term 2: E[((Xir, — Xij) — (Xnymy — Xriy))[As Bil(=Uy) = (E[Xir, |Ai] — X5 —
E[ X + B[ X5 Bi])(=Uy)

Term 3: E[<<X7r3j — Xﬂ'37‘r4) - (Xij - Xim))‘Ai? Bj](_Uij) = (E[Xﬂ‘sj|Bj] - ]E[Xﬂsm] -
Xij + E[Xir, |Ai]) (= Uij)

Term 4: E[(Xpm — Xryj) — (Kimg—xi,)[Ai, Bj]Ui; = (E[Xrrs] — E[Xr;]B;] —
E[Xir, | As] + Xi5) Ui

Term 5: E[((Xrgry — Xngj) — (Ximy — Xij))|As, BjlUsj = (B[ Xryr,] — E[Xoy;|Bj] —
E[Xir, |Ai + Xi5)Us

Term 6: E[((Xny; — Xnymy) — (Xij — Xiny )| A, Bil(=Usy) = (E[Xr,5]Bj] — E[Xoymy] —
Xij + E[Xing| Ai]) (= Uij)

Term 7: E[((Xij—Xir,) = (Xngj—Xoyma )| A, BilUsj = (Xij—E[Xin, | Ai] = B[ X7, 5] Bj]+
]E[XWSMDUZ"

Term 8: E[((Xir, — Xij) — (Xagmy — Xagj))|Ai, Bil(=Uij) = (E[Xir,|Ai] — Xij —
E[Xrym] + E[Xry51B5]) (=Usy)

Term 9: E[((Xji—Xjmy )= (Xnyi—Xoums )| Aj, BilUji = (Xji—E[ Xy | Aj] = E[ X Bi]+
E[XMTF:;])UJ"

Term 10: E[((Xjr, — Xji) — (Xayms — Xaii)) |45, Bil(=Uji) = (E[Xjry] Aj] — Xji —
E[Xrrs) + E[Xr,i Bi]) (=Uji)

Term 11: E[(( X,

— Xogma) = (Xji = Xjm ) A, Bil(=Uji) = (B[ Xy Bi] = E[ X, ] —
Xji + E[Xjn, [ 4])(=U;

Ji)

Term 12: ]E[((XMW?, - Xmi) - (Xjﬁs—in)”Aj?Bi]Uji = (E[X7T4773] - E[Xﬂ4i|Bi] -
E[Xjrs| As] + X;i)Uji

Term 13: B[((Xryry — Xngi) — (Xjmy — Xji))| Ay, BilUji = (B[ Xryr,] — B[ X7 Bi] —
E[Xjr | Aj + Xji)Uji

Term 14: ]E[((Xmi _XW47F3) - (in _ij))’Aj? Bl](_UJZ) = (E[Xﬂ4i|Bi] _E[XMTFB] -
Xji + E[Xjrg | A45])(=Uji)

Term 15: E[(Xj; — Xjr,) — (X
E[Xﬂgi|Bi] + E[XW:;M])Uj'

— Xogm))|A5, BilUji = (Xji — E[Xr, |A5] —

3%

Term 16: E[((Xjr, — Xji) — (Xngms — Xngi))|Ajy Bi)(=Usi) = (E[Xjn,|4;] — Xji —
E[Xryr] + E[Xr] Bi]) (—Ujs)
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Again, given that X;; = f(4;, B;), where X,;, A;, B; are 1.i.d.:
E[Xir, |Ai] = E[Xir, |Ai] = E[Xy;]A)]

E[X,;|B;] = E[Xr;|B;] = E[Xi;|Bj]
E[XW47T3] - E[Xﬂsm] - ]E[X%]

Also, given that X;; = f(A;, B;), where X;, A;, B; are i.i.d.:
E[Xjr|Aj] = E[Xjr,|4;] = E[X;i| 4]
E[Xr,i|Bi] = E[Xr,i|Bi] = E[Xi| Bi]

E[Xrim] = E[Xrym] = E[X;i]

2.D Figures

Figure 2.A1: Histograms of B for design 1 and S = 1000
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Figure 2.A2: Histograms of B for design 1 and S = 5000
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Figure 2.A3: Histograms of 1 for design 1 and S = 10000
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Figure 2.A4: QQ-plot of Bl for design 1 and S = 1000
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Figure 2.A5: QQ-plot of 1 for
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Figure 2.A6: QQ-plot of B for design 1 and S = 10000
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Figure 2.A7: Histograms of Bl for design 8 and S = 1000
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Figure 2.A8: Histograms of By for design 3 and S = 5000
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Figure 2.A9: Histograms of Bl for design 8 and S = 10000
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Figure 2.A10: QQ-plot of B for design 8 and S = 1000
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Figure 2.A11: QQ-plot of Bl for design 3 and S = 5000
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Figure 2.A12: QQ-plot of B for design 8 and S = 10000
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Chapter 3

A Pairwise Differencing Distribution

Regression Approach for Network
Models'

Abstract

A novel estimation method for distribution regressions in a network setting is proposed. It
considers the effects of covariates on the entire outcome distribution rather than solely on
the mean. I adopt a semiparametric approach by considering two-way unit-specific effects.
Thus, I extend the standard distribution regression approach to a network setting by estimat-
ing multiple binary choice models with two-way fixed effects for different thresholds of the
distribution. I employ a conditional maximum-likelihood approach that differences out the
unit-specific effects, avoiding the incidental parameter problem. This method yields consis-
tent point estimates that converge at a parametric rate and remain asymptotically unbiased
in the tails of the outcome distribution, where the underlying network can be seen as sparse.
Monte Carlo simulations validate these findings for single cut-off points and the overall out-
come distribution. The empirical application focuses on gravity equations for bilateral trade,
demonstrating the effectiveness of the proposed approach in cases where the outcome variable
is bounded below at zero.

T would like to thank my advisors Frank Kleibergen and Artiiras Juodis for all comments and sug-
gestions. Moreover, I am grateful for comments from Bo Honoré as well as Martin Weidner, Chris Muris,
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Laura Liu, Wendun Wang, Stephen Redding, Luther Yap, Andrea Titton, Lina Zhang, Andrei Zeleneev,
Sami Stouli and seminar participants at Princeton University, TT PhD Job Market Jamboree, Nether-
lands Econometric Study Group, the International Panel Data Conference, and the Bristol Econometric
Study Group.
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3.1 Introduction

The vast majority of studies, especially for network models, propose estimates for
the effects of covariates on the mean of an outcome variable. However, in many cases,
the effects on the entire distribution of the outcomes are also an object of interest. For
instance, in applications for international trade models, one might be interested not only
in the effects of tariffs on the mean level of exports from one country to another but also
in understanding how (and whether) this effect may vary for different quantiles of the
distribution of trade flows. In a more straightforward cross-sectional case, such varying
effects can be estimated via the distribution regression (DR) approach initially proposed
by Foresi and Peracchi (1995).

Motivated by the current abundance of network datasets and the estimation of inter-
national trade flows (which naturally constitutes a network setting where countries form
bilateral ties), an estimation method for the DR in a network framework is provided.
The contributions of this chapter are threefold: (i) I propose an estimation method that
is free of the incidental parameter problem, being valid also for estimation in the tails
of the distribution of the outcomes (where, as later discussed, the underlying network
structure becomes sparse, imposing additional estimation challenges); (ii) I provide the
asymptotic properties of the estimator, and I show in Monte Carlo simulation exercises
the performance of the estimator in finite samples; (iii) I illustrate the method with an
application to the estimation of gravity models for international trade flows.

A broad range of economic relationships can be modeled through a network perspec-
tive, particularly through bilateral ties of agents. Relevant examples include models for
international trade flows (Helpman et al., 2008), as mentioned before, as well as models
for firm-level trade (Alfaro-Urena et al., 2023), for risk sharing (Fafchamps and Gubert,
2007), for the diffusion of microfinance loans (Banerjee et al., 2013), and for earnings
in employee-employer data (Bonhomme et al., 2019). I, therefore, consider a directed
network structure through a dyadic model, in which the outcomes reflect pairwise inter-
actions among the sampled units (Graham, 2020). A key aspect of dyadic regressions is the
inclusion of observed dyad-level (pair-level) characteristics and unobserved unit-specific
effects for each unit in the dyad (both senders and receivers in a directed framework),
which captures the unobserved individual heterogeneity of units. I treat the unit-specific
effects as fixed parameters to be estimated, such that their distribution, conditional on
the covariates, is left unrestricted. Next, because the estimated effects can also vary with
the level of the outcome, the considered model is semiparametric.

The DR approach was initially proposed by Foresi and Peracchi (1995) for the cross-

sectional case with independent observations. Its central idea is to directly model the
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conditional cumulative distribution function of the outcomes, which describes the like-
lihood of a random variable taking on a value less or equal to a particular value in its
support. In the international trade example, it translates to the probability of trade flows
being smaller or equal to a specific threshold value. Therefore, the DR approach boils
down to estimating the conditional distribution of the outcome of interest with a finite
sequence of binary response variables (and thus, a sequence of discrete choice models).
More specifically, each binary response outcome is given by an indicator function of the
observed dependent variable of interest being below some threshold (for instance, a cor-
responding quantile). By varying the value of these thresholds, an entire characterization
of the conditional distribution of the outcome is obtained. Chernozhukov et al. (2013) ex-
tended this approach to a continuum of binary response estimators. However, in practice,
the method encompasses, in both cases, the estimation of a sequence of discrete choice
models over a grid of values of the dependent variable’s support.

The model for each threshold is inherently non-linear since it is a discrete choice
model. Due to such non-linearity, including the two-way fixed effects to accommodate the
dyadic structure leads to the incidental parameter problem (Neyman and Scott, 1948)
when jointly estimating all the parameters for a given threshold. In the specific setting
considered in this chapter, the incidental parameter problem manifests itself by asymptotic
bias(es) in the limit distribution of the scaled parameter(s) of interest, resulting in invalid
inference.

To deal with the incidental parameter problem, I propose to extend the conditional
maximum-likelihood approach of Charbonneau (2017) to estimate single binary choice
network models under a logistic specification to multiple (possibly a continuum of) binary
choice models for the thresholds. Note that the estimator of Charbonneau (2017) was
initially proposed for a directed network formation model; however, since the structure of
those is that of a dyadic discrete choice model, it is also suitable for each of the thresholds
of the DR framework. The approach mentioned above relies on conditioning the likelihood
function on a specific set of conditions for quadruples of nodes of the network, such
that, when the underlying distribution of the outcomes is logistic, it differences out the
fixed effects from the likelihood. To show the pointwise asymptotic properties for this
estimator for the DR, I use results from Jochmans (2018). This estimator is consistent
and converges asymptotically (pointwise) to a Gaussian limit distribution centered around
the true parameter value at a parametric rate, delivering valid inference for each of the
considered thresholds.

To my knowledge, one of the few papers in the literature that proposes an estimator
for the DR model in the framework of a network is Chernozhukov et al. (2020). The key

difference in my approach relates to the estimation method employed for each threshold.
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They propose to deal with the incidental parameter problem by independently employing
analytical bias correction estimates for each threshold. However, in the context of a
network formation model, an essential assumption for the consistency of this estimator is
that the underlying network is dense (Dzemski, 2019). In the DR setting, this translates
to the conditional probability of the outcomes being smaller than a given threshold to be
bounded away from zero or one (Chernozhukov et al., 2020). That is, the estimates are not
guaranteed to be consistent and lead to valid inference in the extremum quantiles of the
conditional distribution of the outcomes. This problem is attenuated when the outcomes
of interest are bounded below at zero and contain many zeros (or another value) since
the thresholds of interest lie mostly in the extremum quantiles, a region in the support
of the outcome of interest where for a given threshold, the generated binary variable will
have little or no variation for some units in the dyad rendering the fixed effects to be not
identified.

On the other hand, the conditional maximum likelihood approach proposed here allows
for a higher degree of sparsity in the underlying network, being also valid in the extremum
quantiles of the conditional distribution and in situations of outcomes with many zeros.
These results are also observed in finite samples through Monte Carlo studies for both the
estimates of a given threshold of the distribution (which is essentially a network formation
model, as seen in the following sections), and for the estimates of the entire distribution.

I consider an empirical application to gravity equations for bilateral trade between
countries, a natural application of bilateral network models of great economic relevance.
In this case, the relevant outcome variable is bounded below at zero, indicating the pres-
ence of a heavy upper tail in the distribution, therefore, the DR approach is well-suited
for this application (Chernozhukov et al., 2020). I show that the estimated coefficients
of the distribution regression vary substantially across the different quantiles of the level
of trade flows and are also substantially different from the estimates obtained via analyt-
ical bias corrections. Although the estimation procedure proposed does not deliver the
average effects of the trade barriers on trade flows (since the individual fixed effects are
differenced out and, hence, not estimable), the estimated coefficients have a clear rela-
tion to the marginal effects of the quantile function, providing a further interpretation
of the estimates. Moreover, in this particular application, joint confidence bands on the
estimates allow for testing whether the elasticities of gravity models of trade are het-
erogeneous, a property that ultimately affects welfare analysis in the international trade
literature (Arkolakis et al. (2012), Melitz and Redding (2015), Chen and Novy (2022)).

Plan of the chapter. Section 3.2 outlines the main model to be estimated; Section
3.3 provides the estimation method; Section 3.4 shows the asymptotic properties of the

proposed estimator; Section 3.5 provides the Monte Carlo simulation results for both a
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single threshold of the distribution and for the entire distribution; Section 3.6 outlines the

application for gravity models of international trade; and Section 3.7 concludes.

3.2 A Distribution Regression Model for Networks

This section introduces a model for the DR approach that considers a directed network
structure formed through bilateral ties of units. As initially proposed by Foresi and
Peracchi (1995), the DR provides a modeling approach for the conditional distribution
of the outcomes. To accommodate the network framework, a general dyadic setting is
considered. Therefore, the conditional distribution function is parametrized as a function
of dyad-specific characteristics and fixed effects for each unit in the observed pair of nodes.

Let {(vij, ;) : (¢,7) € D} be the observed dataset, where y;; is a scalar outcome
variable that can be discrete, continuous or mixed for a dyad (i, j), and ;; is a vector of
covariates. I assume that there is a specific region of interest ) contained in the support
of the outcome of interest and that the vector of covariates has support X C R%. The set
of nodes? in the network is given by A" = {1,2,..., N}, and the total number of observed
dyads is given by n = |D|= N(N — 1). The set D contains, without loss of generality, the
indices of the pairs (i, 7) that are observed in a directed network without self-links, i.e.,
D={@,7):i=1,...,N,j=1,...,N}\{(4,i) : i =1,...,N}3

The individual fixed effects for units ¢ and j are taken into account through vectors
of unspecified dimensions v; and w; that contain unobserved random variables or effects
that might be arbitrarily related to the covariates x;;. Therefore, they can be seen as

nuisance parameters. The conditional distribution of y;; given (x;;,v;, w;) is given by:

Fyij (y ‘ xijvviawj> :A(33;]/30(?4)+@(szy)+’7(wpy))7 yeyv <Z7j) ED7 (31)

where A(-) is a known link function assumed to be the logistic distribution throughout
this chapter. By(y) is an unknown parameter vector of interest that varies with the levels
of y; and o (v;,y) and 7 (w;,y) are unspecified measurable functions that can be seen
as the unobserved individual fixed effects at a given level of y. This model is naturally
semiparametric, not only because the parameters are allowed to vary with the output
levels but also because it does not restrict how the individual unobserved effects correlate

with the covariates. As shown in Appendix 3.A, modeling the conditional distribution by

2Thoughout the chapter, I use units, nodes, or individuals interchangeably.

3We consider that all the nodes are senders and receivers, but the method in this chapter also allows
for cases where the nodes that are senders differs from the nodes that are receivers, i.e., i =1,...,I and
j=1,...J, with I # J; and also for self-links to be formed.
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this link function is equivalent to reparametrizing the problem in terms of log-odds ratios
as initially proposed by Foresi and Peracchi (1995).

A key feature of models of dyadic interaction is the introduction of the two-way fixed
effects. Given the double indices nature of the model, it is reasonable to assume that it
exhibits a two-way error component structure captured by both units’ nuisance terms.
This structure incorporates essential aspects of networks since it accounts for part of
the dependence across dyads.* For instance, the outcome determined from the pairwise
interaction between units ¢ and j can be correlated with the outcome resulting from the
interaction between ¢ and k due to the fixed effect for unit ¢ and possible correlations in
the covariates that share the index ¢ in common. Finally, by allowing the fixed effects for
senders and receivers to be different, together with y;; and @;; not necessarily being equal
to yj; and @;;, this model allows for directed networks. However, notice that the model
outlined in this Section and the estimator proposed in the following section can be easily
modified to accommodate undirected and bipartite networks.

Finally, the conditional distribution Fy, (y | i, Vi, w;) can be written as:

By, | xij,vi, w;) = E[{yi; <y} | i, v, wj]
= Pr[g]ij =1 ’ wij, Vi,w]']

= A (2},B80(y) + a (vi,y) + 7 (wj,9)) (32)

where the first equality follows from the definition of a conditional distribution function,
and the third equality follows from the specified model in Equation (3.1). The second
equality follows from the probability of an outcome y;; being smaller or equal to a threshold
y can be expressed as the probability of a binary variable g;;, which is one if the outcome
is below y and zero otherwise, being equal to one. Therefore, by constructing a collection
of binary variables ¢;; = 1{y;; < y}, for all pairs (¢,j) € D and all points in the region
of interest V), y € ), the parameters of the DR model can be estimated by a sequence
(or continuum) of binary (logistic) regressions with two-way fixed effects. By varying the
threshold y value, it is possible to obtain the estimated slopes for the entire region of

interest ). In practice, when ) is not finite, it is replaced by a finite subset ).

Remark 3.1. As in Chernozhukov et al. (2020), this approximation works provided that
the Hausdorff distance between ) and Y goes to zero at a rate faster than 1/y/n. In
practice, if ) is an interval [y, §], ) can be a fine mesh of \/nloglogn equidistant points
covering ), i.e., Y = {y,y +d,y+2d,...,y} for d = (§—y)/(/nloglogn). Alternatively,

4Tn this model, part of the dependence also stems from the possibility that the covariates for a given
node are correlated.
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if Y is the support of y;;, Y can be a grid of \/nloglog 7 sample quantiles with equidistant

indexes.

Despite the equivalence between the conditional distribution function and the con-
ditional quantile function in terms of characterizing the conditional distribution of an
outcome variable (namely, one function is the inverse of the other), there are important
reasons behind choosing the DR over a quantile regression (QR)®. In particular, the linear-
in-parameters QR may provide a poor approximation to the conditional distribution when
the outcome variable does not have a smooth conditional density. In contrast, the DR
does not require such smoothness since the approximation to the conditional distribution
is made pointwise at each defined threshold in the support of the outcome. Thus, the DR
method is well-suited for cases where the variable of interest is censored, or discrete, or
has, in general, point masses in its distribution®. Finally, to my knowledge there are no
available methods for QR models that can allow for two-way fixed effects.

For a given threshold, a discrete choice model, inherently non-linear, with two-way
fixed effects, should be estimated to employ the DR method. It is well-known in the
literature that the traditional maximum likelihood approach suffers from the incidental
parameter problem in these cases. In this particular setting, where both dimensions of
the pseudo-panel tend to infinity at the same rate, the incidental parameter problem
manifests as an asymptotic bias in the limiting distribution of the slope parameter By (y),
leading to incorrect inference. In Appendix 3.B, I demonstrate how the asymptotic biases

arise in this framework, based on results from Ferndndez-Val and Weidner (2016).

3.3 Estimation method

As outlined in the previous section, the main challenge in the estimation of the se-
quence of binary regressions given by Equation (3.2) is that, even for a single binary
regression, the incidental parameter problem (Neyman and Scott, 1948) stems from the
presence of the two-way fixed effects. To circumvent this problem, I propose to esti-
mate the parameters of the model B(y) for each threshold point (for a given level y),
independently, with the conditional maximum-likelihood method suggested by Charbon-
neau (2017) (for directed networks) and concurrently by Graham (2017) (for undirected

networks). The core of this approach is to extend the conditional maximum likelihood

5Notice that the estimated coefficients of a DR and a QR are only relatable if the set of covariates is
rich enough (Chernozhukov et al., 2013).

5Even though there is literature on the estimation of QR for censored dependent variables, such as in
Galvao Jr (2011) and Chernozhukov et al. (2015), there are no available methods (to my knowledge) for
network models. Moreover, the DR approach is more general because it allows for arbitrary mass points
in the distribution of the outcome.
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method for logistic standard panel data models with one fixed effect in Rasch (1960)
and Chamberlain (2010)7 to models with two-way fixed effects, accommodating dyadic
structures. The method relies on the existence of a set of conditions for quadruples of
nodes in the observed network that differences out the fixed effects from the likelihood
when the link function follows a logistic distribution. Estimating binary panel data mod-
els by a conditional logit estimation is a well-known semiparametric technique since it
avoids specifying the distribution of the fixed effects conditional on covariates. While it
seems restrictive due to the distributional assumption, Chamberlain (2010) showed that
estimating such models at a parametric rate is only possible when the error terms are
logistic. Moreover, it is only possible to difference out the fixed effects under a logistic
specification.

The approach of Charbonneau (2017) was initially proposed for network formation
models. However, it is applicable to the model that I consider for a single cutoff point
since it resembles that of a bilateral network formation model. This follows because it is
a discrete choice model with fixed effects for each node and dyad characteristics. For the
sake of simplicity, and without loss of generality, I denote B(y) = B8,, a;, = a(v;,y) and
Viw = V(Wj, y).

From the conditional distribution Fj,. and the constructed binary variables y;;:

Jij = Hxi;Byo + iy + vy +i5 >0}, (i,5) €D

where «;, and 7;, are fixed effects that depend on the level of the threshold y, and we

assume that ;; follows a logistic distribution. Therefore:

E[H{yi; <y} | ®ij, qiy, Viy) = Prlfi; = 1] @ij, iy, Vi)

o eXp(w;jﬁy,O + Oéivy + ley) (3 3)
1+ eXp(m;‘jIBy,O + iy + Vi) .

Proposition 3.1. Under the model specification given by Equation (3.3), the sums across
each dimension of the pseudo panel, Zjvzl U;; and Zf\il i;, are sufficient statistics for o,

and ;-

Proof. shown in Appendix 3.C.

While this statement is previously proved for the standard panel case with one fixed
effect, Graham (2017) only implicitly provides this result for undirected networks. Even
though one could propose a conditional maximum likelihood estimator based on the suf-
ficient statistics, the maximization problem might be intractable. Fortunately, Charbon-

neau (2017) provides a more tractable solution by showing that it is possible to difference

"Also refer to Arellano and Honoré (2001) for a survey.
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Figure 3.1: Main configurations of informative subgraphs. Solid arrows indicate links that should
be present, while dashed arrows indicate links that should not be present.
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out the two-way fixed effects by further conditioning the above probability on the set
of events {9;; + Ui = 1,95 + Ui, = 1,9;; + Gu; = 1} for different indices of senders and
receivers {i,[; j, k}, such that:

Prigi; = 1| @ij, iy, Vi, Yig + Uik = L, 0 + G = 1, G5 + 01 = 1]
__oxp((®y — ®a) — (w1; — 2))"Byo)
14 exp(((zi; — i) — (215 — ) Byo)’

(3.4)

which also no longer depends on the fixed effects. This result is obtained by applying the
same trick as usually used for the logit estimation in a static standard panel model with
a single fixed effect twice.

The last expression is then applied to all quadruples of observations that satisfy the

conditions above. Hence, the function to be maximized is given by:

A exp(((zi; — i) — (x1; — i)' By)
Z Z Z log (1 + exp(((zij — xir) — (T1; — mlk))/ﬁy)) 7 39

i=1 j=1,j7#1 l,k‘EZij

where Z;; is the set of all potential nodes k& and [ that satistifies the conditions {g;; + gix =
L g1 + 9w = 1,9;; + 5i; = 1} for the pair ij. In the next section, I show that a simple
pairwise differences transformation of the outcomes y;; and the covariates x;; followed by
a logit estimation leads to the implementation of this estimator.

As in the case of the static logit considered in Rasch (1960) and Chamberlain (2010),
the units that are informative for the likelihood are considered movers. In other words,
a given quadruple {i,[; j, k}, will only be informative for the likelihood if the outcomes,
for instance, for node ¢ have variation. To illustrate this argument, consider Figure 3.1,
where every possible wiring rendering an informative quadruple delivers a set of outcomes
for each unit (considering a unit both as a sender and receiver) that has variation. More
specifically, Figure 3.2 shows a configuration that is informative for the likelihood (Sub-

graph 1), and a not informative configuration. It is clear that, for instance, in Subgraph 1,
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Figure 3.2: Examples of an informative and a non-informative configuration of quadruples to
the likelihood.
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Subgraph 1: Informative Subgraph 2: Not informative

the node ¢ connects with node j, while it does not connect with node k. On the contrary,
in Subgraph 2 there is no variation in the outcomes for node i. For further intuition for

the identification of the common parameters, I refer to Appendix 3.D.

3.4 Asymptotic properties

Throughout this section, I treat the sequence of individual effects {a;,7;}n as fixed
since I always condition on them. Moreover, I consider asymptotic approximations where
both dimensions of the pseudo-panel tend to infinity at the same rate.

The asymptotic properties for a single threshold value of the conditional distribution
follow from results provided in Jochmans (2018) for the estimator of Charbonneau (2017).
Define the following random variables by fixing a quadruple of distinct nodes {i,1; j, k}
from N:

o .k} = Pa ) = 0 = )

r(o{i,l;5,k}) = (xij — zi) — (215 — Tx),

where the function o(-) maps a quadruple to the index set M = {1,2,..., M}, M denoting

the number of distinct quadruples from N, i.e, M = (g) (N2_2) = N(Nfl)(]YQ)(N*g) 8 Each

distinct quadruple of nodes {i,[; j, k} corresponds to a unique o{i,l;j,k} € M. In the

remainder of this section, I will use the shortcut notation z, and r,.

Notice that the transformed dependent variable can take values from the set {—1,—1/2,0,1/2,1},
and that the event that z € {—1,1} corresponds to the condition {g;; +ix = 1,1 + ik =
L, 9i;+7;; = 1}. Therefore, by collecting = (x;;, Tk, T1j, Tix), the results in the previous

section leads to the following Lemma:

8Notice that the number of quadruples reflect the fact that the senders are permutation invariant,
and the receivers as well.
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Lemma 3.1. (Sufficiency)

exp(r58y0)

P?"[Zo‘ =1 | T, 2y € {_1’ 1}] = 1 —i—eXp(’P/ﬁ 0)
oY,

As before, conditional on @ and on z, € {—1,1}, the distribution is logistic and does

not depend on fixed effects. The conditional log-likelihood of a quadruple is:
{z, = 1}HogA(r. By0) + 1{z, = —1}og(1 — A(7,B,.0)),

which form the basis of the construction of the quasi-conditional maximum likelihood
estimator for 3,. Hence, the model is estimated by maximizing the empirical counterpart
of this conditional log-likelihood for all distinct quadruples in M. The estimator can be

written as:

B, = argmax L, (8,),
By€O

where © is the parameter space searched over, and

Lu(By) = ) Heo = Dogh(r;B,) + 1{z, = ~1}log(1 — A(r;3,)).
oeM
It is clear at this point that the objective function is the same as the standard logit
log-likelihood function applied to all quadruples that satisfy z, € {—1,1}. I denote the
number of quadruples satisfying it by M* =" __ . 1{z, € {—1,1}}.
The following set of (weak) standard assumptions are needed to establish consistency

of the estimator:

Assumption 3.1. (Sampling) The N nodes in N are sampled independently.
Assumption 3.2. (Parameter Space) 3, is interior to ©, a compact subset of RAimBy

Assumption 3.3. (Moments) For all (i,j) € D, E(||zi||*) < C1, where Cy is a finite

constant.

Define the expected fraction of quadruples that contribute to the log-likelihood as:

b EOE) Yz (L 1))
n M M .

Assumption 3.4. (Identification) Np, — oo as N — oo and the matriz

lim (Mpn)_l Z E(’I"U’I"gf('f’(/jﬁyp)l{Zg € {_17 1}})

N—oo
ceEM
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where f s the logistic density function has maximal rank.

Assumption 3.1 allows for dependence of the covariates across dyads that have nodes
in common, a key feature in network models. That is, the network dependence of the data
arises because not only do the same fixed effects appear across different pairs but also,
the covariates of a dyad might be correlated with those of a different dyad with one node
in common. Note that this accommodates for settings such as in Graham (2017), where it
is assumed that the covariates are of the form z;; = g(x;, x;), where g(-) is a measurable
function, but it is more general than that. Assumption 3.2 is standard for establishing
consistency in non-linear models. Assumption 3.4 allows for the expected fraction of
informative quadruples to shrink as N grows, allowing for sparse networks in the context
of network formation models. In the DR context, it means that the probabilities of the
events {y;; < y} need not be bounded away from zero and one.

However, p,, should not shrink faster than N~!

, implying that the accumulation of
informative quadruples should not cease as the sample grows. Notice that p,, which can
be expressed as Pr(z, € {—1,1}), depends on the set of fixed effects of the quadruple
0. Thus, if the parameters become unbounded as N grows, adding more nodes to the
network may not provide additional information for the likelihood. Assumption 3.4 allows
for such sequences, such that the method is robust to sparse networks. More specifically,
as shown by Jochmans (2018), considering sequences of fixed effects where «;, and ~;,
tend to —oo, and supposing that covariates have bounded support, by the exponential

tails of the logistic distribution we have that, as N increases,

N o 2 n . 2
D ~ Dy €7 D €
" N N .

Thus, we can translate the condition that Np, — oo into a restriction on the growth rate

of the fixed effects. It is also possible to link the rate condition to the probability of links
being formed, ¢, = S0, > iz Pr{yi; = 1}/N(N — 1), that is, in the DR setting, the
probability ¢, = Zfil Z#i Pr{y;; <y}/N(N — 1), since, in the left tail,

N ) N )
§ i e%iy § i1 eViy
dn ~ = = .
n n

Hence, ¢, ~ /pn. Importantly, in my setting (especially for the application and Monte
Carlo exercises), and for the sake of completeness of the argument for sparse networks in
general, a similar exercise can be done for sequences of fixed effects growing to oo with
N. In this case, ¢, — 1 and p, ~ (1— qn)2 — 0 at the same rates as above. That is,

if the linking probability approaches one, there is less accumulation of quadruples that
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are informative to the likelihood as well. Based on the previous section of this chapter,
the intuition behind it is that in both scenarios, there will be less variation in the set of
outcomes of units, rendering less informative quadruples.

Assumption 3.2 and the second part of Assumption 3.4 are standard regularity condi-
tions to establish consistency in non-linear models (Newey and McFadden, 1994). From

an application of Chebyshev’s inequality, the following Theorem holds:
Theorem 3.1. (Consistency) Let Assumptions 3.1-3.4 hold. Then By LN Byo as N — oo.

Proof. Follows from Jochmans (2018), a more detailed and slightly modified proof is
available in Appendix 3.E.

Even though the empirical counterpart of the conditional log-likelihood has the form of
a standard static logit model for the cross-sectional case, the conventional standard errors
are not valid for the estimated By. Because the score vector involves sums over quadruples
of nodes, such that each node appears in different summands, it leads to dependences over
such summands that need to be considered. This results in an estimator based on a quasi-
likelihood, where the information matrix equality does not hold. To derive the asymptotic

distribution of the estimator, we first need to strengthen the moment requirements:

Assumption 3.5. (Moments) For all (i,j) € D, E(||zi||°) < Ca, where Cy is a finite

constant.

Then, each summand of the score vector is introduced as:

s(0,8y) = ro{l{zs = 1}(1 = A(r8,)) + H{z, = —1}A(r,8,)}.

Hence, given the permutation invariance of senders and receivers, the score vector is:

Su(By) =) > > slofilijk}.8y)

i A I>i k>j
I#7 ki)l

The main result to characterize the distribution of the estimator is that Y,,(8,.0) ~*/2S,(8,.0) KN

N(0,I), where:

Y. (8y) = Z sz’j(/@y)vz’j(ﬁy)/
i=1 j#i
vij(ﬁy) = Z Z S(U{i’ l; J, k}76y>'

I#75 ki)l
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This result, combined with the Hessian that is given by:

H,(B) == Y 7o, f(r,By1{z, € {~1,1}}),

oceEM

And, finally, defining;:

~

Q= Hn(By)_lrn(By)HN(By)_l

We have:

Theorem 3.2. (Asymptotic distribution) Let Assumptions 3.1-3.5 hold. Then ||8, —

Byoll= 0,(1/\/N(N —1)p,) and
Q 28, — B,0) % N(0,1)
as N — oo.

Proof.  Follows from Jochmans (2018), a more detailed and slightly modified proof is
available in Appendix 3.E.

The proof for Theorem 2 relies on first writing the score vector in the form of a U-
statistic. Then, it is possible to define a Hajék projection for it, such that the score
evaluated at the true parameter value is asymptotically equivalent to it (conditional on
covariates). Finally, by using the tool of Hoeffding decompositions (Serfling, 2009), one
can define its asymptotic variance, and by arguments of conditional independence, it
is possible to derive the limiting distribution. The main argument is that, following
traditional dyadic models, the probability of ;; = 1 for a given dyad ¢, j is conditionally
independent of the probability for the remaining dyads, conditioning on the node (fixed
effects) and dyad (covariates) characteristics’. Therefore, this model belongs to the class of
conditionally independent dyadic (CID) models (Fafchamps and Gubert (2007), Graham
(2020) for a review). Importantly, Theorem 3.2 shows that pointwise (for each threshold
y), the estimator converges at a parametric rate to the true parameter value. Furthermore,
it provides an estimate for the asymptotic variance that delivers valid inference.

This chapter is not the first study in the literature to propose an estimation method
for DR in a network framework. Considering the same setting as in this chapter, Cher-

nozhukov et al. (2020) propose to estimate the parameters of the model

0(y) == (B(y), 1 (y),. .. cs(y), n(y),--.7s(y))

90mne drawback is that transitivity across the probabilities is not taken into account by this model.
It rules out interdependent link preferences, where individuals’ preferences over a link may vary with the
presence or absence of links elsewhere in the network. However, it is shown by Dzemski (2019) that such
a dyadic structure can recover the transitivity observed in some datasets.
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also separately for each threshold. The key difference to my approach is that they em-
ploy a maximum likelihood method with analytical bias corrections initially proposed by
Fernandez-Val and Weidner (2016) to the standard panel data setting with two-way fixed
effects (additive or interactive) and both dimensions tending to infinity (large N and T)
and later applied to the context of a network by Yan et al. (2019) and Dzemski (2019).
Even though their approach encompasses a broader class of models, it does not com-
pletely eliminate the asymptotic bias. In comparison, the pairwise difference eliminates
it entirely by differencing out the nuisance parameters. Besides, as mentioned before, in
the context of a network formation model, the asymptotic bias corrections require that
the underlying network is dense, meaning that, in the DR context, the conditional prob-
abilities of the events {y;; < y} are bounded away from zero and one. Therefore, in the
extreme quantiles of the distribution, such an approach might lead to a remaining asymp-
totic bias. As Assumption 3.4 indicates, the method proposed in this chapter allows for
the expected fraction of quadruples to shrink to zero as N grows, which implies that the
probability of links forming can approach zero or one. Hence, in the DR setting, it is also

suitable for more extreme quantiles as opposed to the analytical bias correction method.

3.5 Monte Carlo simulations

3.5.1 Monte Carlo simulations for a single threshold

In this section, I propose a set of Monte Carlo simulation studies for a single threshold
y, which boils down to a network formation model. The aim is to compare the performance
of the analytical bias correction methods to that of my approach under different levels
of sparsity of the network in finite samples. I follow a standard set of data generating
processes (DGPs) for directed networks, similar to those in Jochmans (2018).

The outcome variable is generated as follows:
Yij = L(xi;fo + i +v; — €5 > 0)

where z;; is a single regressor, the true parameter value [, is set to one, «; and 7;
are sequences of fixed effects, and ¢;; are N(N — 1) draws from the standard logistic
distribution, with N the number of nodes in the network.

The single regressor is generated as:

Tijg = — | Uy — Uj |,
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where u; = v; — % for v; ~ Beta(2,2). The fixed effects are a deterministic function of the
sample size: .
Q= _%Ona Vi = G

where the constant C,, usually depends on N. Specifically, the larger the value of C,,, the
sparser the generated network, where sparsity here is defined as the fraction of possible
links that are observed. I follow most of the literature and consider the following set of
values for it: C, € {0,log(log(N)),log(N)'/? log(N)}. Importantly, the source of the
dependence across dyads comes from both the covariates structure and the inclusion of
the fixed effects. Moreover, I consider a set of number of nodes: N € {25, 50,70, 100}.

For each specification of the Design above, I run S = 1000 Monte Carlo repetitions
and compute the estimated coefficients, the estimated standard errors, and the size of the
corresponding t-statistic for the maximum likelihood estimator (MLE, logistic regression
without corrections), the analytical bias correction method (BC), and the conditional

maximum likelihood estimator (PD, standing for pairwise differences).

Remark 3.2. The computation of the bias-corrected estimates differs slightly from that
of Chernozhukov et al. (2020). I propose to estimate the coefficient 5, and the analytical
bias corrections taking into account only the subsample consisting of nodes ¢ and j for
which there is variation in the outcome variables (thus preventing the perfect prediction
problem). While the MLE estimates of (3, are, as expected, invariant to whether one
considers the entire sample or only the subsample, the estimates of the biases are not.
This follows because, although the estimated fixed effects of the nodes that present no
variation are not taken into account in the analytical expression of the bias, the estimates
of all fixed effects demonstrate a substantial variation when (i) considering the entire
sample or only a subsample or (ii) due to the choice of normalization of the fixed effects.
This sensitivity is aggravated when the normalized unit corresponds to a node without

variation in the outcome.



Table 3.1: Network statistics for simulated data according to Design 1. Based on 1000 Monte
Carlo replications. Percentage quadruples refer to the average percentage of informative quadru-
ples for the likelihood across the simulations, and percentage links refers to the average percentage
of links in the network across the simulations.

N Cy percentage PN percentage an average average
quadruples Links In-degree Out-degree

25 0 0.1206 1.0000 0.4376 1.0000 10.5024 10.5024
50 0 0.1205 1.0000 0.4372 1.0000 21.4217 21.4217
70 0 0.1205 1.0000 0.4366 1.0000 30.1231 30.1231
100 0 0.1204 1.0000 0.4363 1.0000 43.1970 43.1970
25 log(log(N)) 0.0493 0.1232 0.2061 0.3509 4.9466 4.9466
50 log(log(N)) 0.0396 0.0898 0.1803 0.2996 8.8349 8.8349
70 log(log(N)) 0.0361 0.0788 0.1705 0.2808 11.7674 11.7674
100 log(log(N)) 0.0329 0.0696 0.1616 0.2638 15.9966 15.9966
25 log(N)Y/2  0.0238 0.0486 0.1360 0.2206 3.2633 3.2633
50 log(N)'2  0.0194 0.0369 0.1210 0.1922 5.9282 5.9282
70 log(N)Y?  0.0175 0.0328 0.1142 0.1810 7.8821 7.8821
100 log(N)'/?  0.0160 0.0291 0.1085 0.1706 10.7426 10.7426
25 log(N) 0.0047 0.0089 0.0596 0.0946 1.4313 1.4313
50 log(N) 0.0025 0.0043 0.0425 0.0654 2.0800 2.0800
70 log(N) 0.0018 0.0031 0.0364 0.0557 2.5105 2.5105
100 log(N) 0.0014 0.0023 0.0311 0.0475 3.0793 3.0793
25 2log(N) 0.0003 0.0008 0.0171 0.0288 0.4098 0.4098
50 2log(N) 0.0002 0.0003 0.0114 0.0184 0.5590 0.5590
70 2log(N) 0.0001 0.0002 0.0095 0.0152 0.6536 0.6536
100 2log(N) 0.0001 0.0002 0.0081 0.0127 0.8027 0.8027




Table 3.2: Simulation results for Design 1. MLE refers to the Logit maximum-likelihood estimator, BC refers to the analytical bias-correction
estimates, and PD refers to the conditional mazrimum-likelihood method proposed in this chapter.

Mean Bias Median Bias Size t-test RMSE
N Cn MLE BC PD MLE BC PD MLE BC PD MLE BC PD
25 0 0.1232 0.0273 -0.0235 0.1218 0.0259 -0.0051 0.0400 0.0240 0.0280 0.6053 0.5421 0.5996
50 0 0.0482 0.0050 0.0014 0.0562 0.0126  0.0046 0.0750 0.0480 0.0340 0.3024 0.2862 0.2750
70 0 0.0300 -0.0001 0.0047 0.0243 -0.0056  0.0069 0.0540 0.0470 0.0540 0.2088 0.2005 0.2004
100 0 0.0240 0.0032 0.0027 0.0210 0.0003 0.0012 0.0600 0.0490 0.0560 0.1391 0.1342 0.1381
25 log(log(N)) 0.1258 0.0187 -0.0068 0.1425 0.0347 -0.0298 0.0530 0.0300 0.0290 0.7842 0.6995 0.7673
50 log(log(N)) 0.0482 0.0002 0.0147 0.0508 0.0027 0.0139 0.0660 0.0550 0.0380 0.3994 0.3780 0.3670
70 log(log(N)) 0.0228 -0.0103 -0.0112 0.0211 -0.0114 -0.0068 0.0600 0.0420 0.0380 0.2778 0.2678 0.2611
100 log(log(N)) 0.0251  0.0019 -0.0030 0.0198 -0.0035 0.0003 0.0590 0.0470 0.0430 0.1932 0.1872 0.1930
25 log(N)'/? 0.1257 0.0088 0.0339 0.1249 0.0087 0.0152 0.0560 0.0290 0.0230 1.0054 0.8933 0.9238

)

20 log(N)'/? 0.0557  0.0021 -0.0060 0.0644 0.0118 -0.0107 0.0600 0.0450 0.0480 0.4780 0.4503 0.4595

70 log(N)/? 0.0359 -0.0016  0.0020 0.0380  0.0003  0.0085 0.0430 0.0350 0.0500 0.3286 0.3145 0.3244
)

100 log(N)/? 0.0362  0.0099 -0.0044 0.0407  0.0148 -0.0066 0.0550 0.0470 0.0550 0.2328 0.2242 0.2344
25 log(N) 0.2036  0.0668  0.0030 0.1769  0.0517 0.0739 0.0780 0.0440 0.0180 1.8694 1.6546 1.7137
50 log(N) 0.0896 0.0261 0.0376 0.0694 0.0081  0.0526 0.0710 0.0520 0.0280 0.8845 0.8284 0.7629
70 log(N) 0.0937 0.0466 -0.0192 0.0809 0.0336 -0.0103 0.0610 0.0500 0.0340 0.6434 0.6102 0.5820

100 log(N) 0.0610 0.0276 0.0101 0.0606 0.0286 0.0105 0.0540 0.0490 0.0460 0.4380 0.4205 0.4351
25 2log(N) NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN NaN
50 2log(N) 0.2178  0.1468 -0.0176 0.1904 0.1322 0.0753 0.0620 0.0440 0.0220 2.2601 2.1286 2.2657
70 2log(N) 0.1444  0.0973  0.0050 0.1578  0.1051 -0.0050 0.0640 0.0490 0.0250 1.4514 1.3892 1.3792

100 2log(N) 0.0485 0.0177 -0.0056 0.0886  0.0574  0.0082 0.0570 0.0490 0.0290 0.9786 0.9490 0.9352
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Table 3.1 shows the network statistics obtained from the simulated data. The re-
sults show that, as expected, as the value of the parameter C'y increases, the percentage
of informative quadruples and the percentage of links and averages in and out-degree
decrease. Overall, this indicates that the larger the Cy, the sparser is the underlying
network. Finally, the values of the calculated py and ¢y are a good approximation of the
average percentage of informative quadruples and links in the network when the network
is sparser.

Table 3.2 shows the results obtained with the logit maximum-likelihood estimator
(MLE), the bias correction method (BC), and the method proposed in this chapter (PD).
Both in terms of the mean and the median biases, when Cy = log(N) or Cy = 2log(N),
the MLE performs poorly for any sample size (when the network is denser, the MLE
mostly performs poorly when N=25 or 50). While the BC estimator reduces part of the
biases, it is clear that the PD is more effective at reducing the bias, especially in small
sample sizes. Note, however, that when N = 25, there are no available estimates since
the number of informative quadruples for the likelihood (for the PD estimator) and the
number of units displaying variation in the outcomes (for the BC estimator) is minimal.

In terms of the size of the t-test, surprisingly, the MLE shows the correct size through-
out the specifications. However, these results are misleading due to the sizeable bias seen
in denser specifications. Concerning the PD estimator, in general, the estimated variance
is somewhat overestimated, a finding also seen in Jochmans (2018).

Moreover, in the following, I deviate from the standard specifications for C'y such
that it is possible to have a better comparison between the two methods. Namely, I
vary the constant Cy for different sample sizes indicated by the number of nodes N such
that the number of informative quadruples for the Charbonneau (2017) estimator remains
constant. Table 3.3 shows the networks statistics such as the percentage of informative
quadruples to the likelihood, the average in and out-degree, and the number of informative
quadruples, that as expected, remains constant across the configurations. Table 3.4 show
the mean bias, median bias, size of the t-test and the RMSE obtained with the simulations.

The simulation exercise shows that when increasing both N and C'y, while the number
of quadruples contributing to the likelihood function of the Pairwise Differencing (PD)
estimator remains reasonably constant, the sparsity in the network increases (as it is re-
flected by the average percentage links). Note that, as expected from before, the mean
bias of the PD estimates are generally smaller in magnitude than that of the Bias Cor-
rected (BC) estimator for the sparser settings. This difference is even bigger in magnitude

when considering the Median Bias.



Table 3.3: Network statistics for alternative simulated data for Design 1. Based on 1000 Monte Carlo replications. Percentage quadruples
refer to the average percentage of informative quadruples for the likelihood across the simulations, and percentage links refers to the average
percentage of links in the network across the simulations.

N Cy  percentage DN percentage N average average. # informative
quadruples links In-degree Out-degree quadruples

25 3.65  0.00301 0.00590  0.04843 0.07684  1.16220 1.16220 228.78

o0 7.75  0.00016 0.00035  0.01155 0.01868  0.56614 0.56614 228.19

70 10.85 0.00004 0.00009  0.00593 0.00964  0.40920 0.40920 228.47

100 15.65 0.00001 0.00002  0.00288 0.00468  0.28499 0.28499 225.74
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Table 3.4: Alternative simulation results for Design 1. MLE refers to the Logit maximum-likelihood estimator, BC refers to the analytical
bias-correction estimates, and PD refers to the conditional mazimum-Ilikelihood method proposed in this chapter.

Mean Bias Median Bias Size t-test RMSE
N Cy MLE BC PD MLE BC PD MLE BC PD MLE BC PD

25 3.6 0.1961 0.0568 -0.0205 0.2643 0.1347  0.0220 0.0680 0.0350 0.0150 24219 2.1588 1.9873
50  7.75 0.1966 0.1268 -0.0953 0.1812 0.1211 -0.0015 0.0660 0.0460 0.0260 2.2303 2.1006 2.2124
70 10.85 0.1490 0.1010 -0.0875 0.2146 0.1737 -0.0600 0.0760 0.0640 0.0210 2.3345 2.2377 18724
100 15.65 0.2652 0.2282 -0.0264 0.2910 0.2571 0.1159 0.0590 0.0520 0.0230 2.2051 2.1407 2.1044
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3.5.2 Monte Carlo simulations for the entire distribution

To analyze the finite sample properties of both DR estimators, I follow the same
Monte Carlo simulations setting as Chernozhukov et al. (2020), which is calibrated to the
empirical application in the following section for gravity models of international trade.

More specifically, I set the outcome to be generated by a censored logistic process
iy = max {al; B+ G+ 3, + 6A7 (u3) Jor, 0}, (i,j) €D

where D = {(4,7) : 1 <, < 157,14 # j}, x;; is the value of the covariates for the observa-
tional unit (i, j) in the trade data set, y;; is the level of exports from country i to j, o7, =
7r/\/§, the standard deviation of the logistic distribution, and (B, A1y s ALY, - YT 6)
are Tobit fixed effect estimates of the parameters in the trade data set with lower censoring
point at zero. Moreover, I set the errors to be independently drawn from a uniform dis-
tribution ¢(0, 1). For simplicity, in this simulation exercise, I consider only one covariate,
the log of the distance between countries.

Importantly, it can be shown that the conditional distribution of the dependent vari-

able y;; is equivalent to a DR model as defined before, where:

B(y) =or <€1y - B) /6, o;(y) =—opq;/o, and ,(y) = —orY;/6

with e; the unit vector of dimension d, with a one in the first component. The results are
based on 250 simulations for now due to computational limitations (it is to be expanded
in next versions of this chapter).

Figure 3.3 shows the absolute bias, absolute median bias, and RMSE obtained with
a naive fixed effects logit estimation (Uncorrected Logit UL), the Bias Correction (BC)
method of Chernozhukov et al. (2020) and with the proposed Pairwise Differences (PD)
estimator in this chapter. Both BC and PD reduce the bias significantly in finite samples
compared to the UL estimates. However, as expected, in the extreme quantiles, the BC
method does not seem to fully correct for the bias (both mean and median), while the PD
biases do not increase relative to the other quantiles. Moreover, as expected, the RMSE
for the UL is the biggest due to the high magnitude of the biases. Also, since the PD
estimator is not efficient, its RMSE is larger than that of the BC.

Figure 3.3 also displays the percentage of informative quadruples to the likelihood
of the PD estimator. Naturally, as the quantiles increase, the percentage and number
of quadruples decrease significantly. However, at the 99% quantile, there are still about
10000 informative quadruples, which renders the PD estimation robust at the tail of the

outcome distribution.



Figure 3.3: Simulation results for the DR coefficients of log distance. Based on 250 Monte Carlo
simulations.
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3.6 Application to gravity models of international
trade

One key feature of models for bilateral international trade (and many other applica-
tions) is that the outcome of interest, which in this case is the volume of trade, is bounded
below at zero and contains many zeros. Another important aspect in such models is the
inclusion of importer and exporter country effects, which, in the international trade liter-
ature, are known as the multilateral resistance terms (Anderson and Van Wincoop, 2003),
i.e., the barriers to trade that each country faces with all its trading partners that are not
observable.

Despite the abundance of datasets and models with this feature, estimating models
reflecting such a structure in the outcome of interest remains challenging, especially when
there are very few nonzero observations, such that the network is sparse at the outcome

level.

Remark 3.3. Notably, this notion of sparsity differs from the one mentioned in the
previous sections of this chapter. Here, I refer to the degree of sparsity as the frequency
of zero observed outcomes (trade flows in this application) relative to the amount of
strictly positive outcomes. Earlier in this chapter, the degree of sparsity referred to the
frequency of zeros (or ones) in a binary variable obtained after constructing the variables
y;; for each threshold in the support of the outcome variable. I denote the former form

of sparsity as first-degree sparsity, and the latter as second-degree sparsity.

To illustrate the challenges that arise with the first-degree sparsity, consider the fol-

lowing two-way fixed effects model with a possible selection bias:

Y1 = Y2, (mll,ijIBI,O + o+ + uiy) (3.6)
Y25 = 1 (3,5 > 0) (3.7)
Ysij = ThiBs0 + & + ¢ + 05, (3.8)

(i=1,...N;j=1,...N,i#j)

where «;,7;,& and (¢ are individual fixed effects. Moreover, pairs (1,7) first decide
whether to form a link, in which occasion ys;; = 1 and then a nonzero outcome y; ;; is
observed, and zero otherwise. Therefore, this model generates outcomes y; ;; with poten-
tially many zeros. The unobservable individual-specific effects might arbitrarily depend
on the observable explanatory variables in both equations. Thus, they are considered nui-
sance parameters to be estimated in a semi-parametric model. The errors in the equations

(u;; and n;;) might be correlated, in which case sample selectivity should be addressed.
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In the gravity model case, the equations above are obtained after a log-linearization of
the original model, which has a multiplicative form.

Currently, there are two strands in the literature of gravity equations on how to take
into account the zeros: (i) modeling through a sample selection model (Helpman et al.,
2008); or (ii) considering the model in its multiplicative form through a Poisson pseudo
maximum likelihood (PPML) estimator (Silva and Tenreyro, 2006). However, due to the
introduction of the two-way fixed effects and the non-linearities in both models, both
estimations suffer from the incidental parameter problem. While bias-correction methods
have been proposed for both the PPML (Fernédndez-Val and Weidner, 2016)'° and the first
stage of the sample selection model (Dzemski (2019) and Yan et al. (2019)), the estimates
are consistent and valid inference is available only under dense networks, as mentioned
before. The first case refers to the concept of first-degree sparsity, and the second case
refers to second-degree sparsity. Notice that the method of Charbonneau (2017) can be
employed for the first stage of the sample selection, providing asymptotically unbiased
estimates even when the network is sparse. However, this method does not provide
estimates of the fixed effects. Hence, the estimation of the second stage is infeasible.

Therefore, the DR approach proposed in this chapter fills this gap in the literature,
displaying advantages compared to the previously available methods. Namely, (i) it allows
for zero outcomes and other censoring points by relying on approximating the conditional
distribution of the outcomes pointwise at given thresholds and avoiding strong assump-
tions on how the zeros are generated, (ii) it allows for the presence of many zeros being
suitable for sparse networks (in both notions of sparsity), and (iii) it can accommodate
conditional heteroskedasticity, which is also a topic of discussion in the estimation of
gravity models for international trade. As a by-product, this approach also delivers con-
clusions concerning the possible heterogeneity of the effects of observable trade barriers
(covariates) across the distribution of trade flows.

I consider the estimation of gravity equations for bilateral trade between countries,
using the same data as Helpman et al. (2008), Jochmans (2018) and Chernozhukov et al.
(2020). It contains information on bilateral trade flows and covariates for 157 countries
in 1986 (Congo is excluded due to the lack of variation in the dependent variable since it
does not export to any other country in 1986). ¢ and j index each country as an exporter
and an importer. There are no trade flows for 55% of the country pairs in the dataset,
which, together with the fact that the volume of trade variable exhibits a much larger
standard deviation than its mean, as indicated in Table 3.5, indicates the presence of a

very heavy upper tail in the distribution. This feature, combined with the arguments

10This estimator accommodates both binary choice models as well as other non-linear models, encom-
passing a wide class of models.
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Table 3.5: Descriptive statistics. Source: Helpman et al. (2008).

Mean Std. Dev.

Trade 0.45 0.50
Trade volume 84.54 1,082,219
Log distance 4.18 0.78
Legal 0.37 0.48
Language 0.29 0.45
Religion 0.17 0.25
Border 0.02 0.13
Currency 0.01 0.09
FTA 0.01 0.08
Colony 0.01 0.10

Country pairs

highlighted previously, makes DR methods especially well-suited for this application on

robustness grounds.

The outcome y;; is the volume of trade in thousands of constant 2000 U.S. dollars

from country ¢ to country j. The bilateral trade flows data are obtained from Feenstra’s
“World Trade Flows, 1970-1992”, and it was transformed to constant 2000 U.S. dollars
using the U.S. CPI by Helpman et al. (2008). The covariates x;; include the following

determinants of bilateral trade flows:

1.

Distance: the logarithm of the distance in kilometers between the capitals of ex-

porter ¢ and importer j.

Colonial ties: a binary variable that takes the value one if country ¢ colonized

country j (or vice-versa), and zero otherwise.

Currency union: a binary variable that takes value one if countries ¢ and 7 use the
same currency or if the currencies were interchangeable at a 1:1 exchange rate for

an extended period of time, and zero otherwise.

Regional free trade area (FTA): a binary variable that takes value one if the countries

¢ and 7 belong to a common regional trade agreement and zero otherwise.

Border: a binary variable that equals one if the countries ¢ and j are neighbors and

zero otherwise.

Legal system: a binary variable that takes value one if the countries ¢ and j share

the same legal origin, and zero otherwise.
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Figure 3.4: Estimates and 95% pointwise confidence intervals for the DR-coefficients of log
distance.
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7. Language: a binary variable that takes value one if the countries ¢ and j share the

same language, and zero otherwise.

8. Religion: index of common religion constructed as (% Protestants in country i x %
Protestants in country j) 4+ (% Catholics in country ¢ x % Catholics in country 7)

+ (% Muslims in country ¢ x % Muslims in country j).

The variables distance, colonial ties, border, legal system, language, and religion were
constructed by Helpman et al. (2008) using the CIA’s World Factbook; and the variables
currency union and FTA were constructed using data from Rose (2000) and Glick and
Rose (2002).

Figure 3.4 shows estimates and 95% pointwise confidence intervals for the DR coef-
ficients of log distance plotted against the quantile indexes of the trade volume. I plot
three different curves: one obtained by using bias-corrected (BC) fixed effects estimates
for each considered quantile (the approach of Chernozhukov et al. (2020)); one obtained
by employing the method proposed in this chapter, using the pairwise differencing (PD) of
outcomes and regressors; and one obtained when using the uncorrected FE logit estima-
tion at each quantile. The x-axis starts at .54, the maximum quantile index corresponding
to zero trade volume. The region of interest ) corresponds to the interval between zero
and the 0.95-quantile of the trade volume. Note that the sign of the effect in terms of
trade volume, y;; , is the opposite of the sign of the DR coefficient. Figure 3.5 shows the
analogous estimates for the DR coefficients of the legal system.

As in Chernozhukov et al. (2020), notice that the difference between the uncorrected

and the bias-corrected estimates is of the same order as the magnitude of the width of
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Figure 3.5: Estimates and 95% pointwise confidence intervals for the DR-coefficients of legal.
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the confidence intervals for log distance. Moreover, the largest estimated bias when com-
paring the two and also when comparing with the pairwise difference estimator lies on
the upper quantiles of trade, where the constructed binary variables have less variation.
However, our estimates suggest an even higher bias in magnitude across the entire dis-
tribution. Interestingly, when compared to the BC estimates, the difference between the
two estimates (PD and BC) seems to be constant across the distribution. Notably, the
PD estimates suggest that the effect of distance across the distribution is significant but
of a smaller magnitude. A similar conclusion is drawn in general for the coefficients for
the legal system. An exception is at the upper quantiles, where the PD estimates suggest
a smaller bias relative to the BC estimates. Finally, as expected, the confidence inter-
vals around the proposed estimator are wider than that of the BC estimator since this
estimator is not as efficient as standard MLE.

Even though it would be desirable to compute counterfactual effects for the estimated
distribution function (or quantile functions), a drawback of this approach is that such an
estimation is infeasible. This occurs since there are no available estimates for the fixed
effects or average marginal effects in general (for which the estimated fixed effects are an
input), as opposed to the bias correction method of Chernozhukov et al. (2020). However,
there is a further interpretation for the estimated coefficients in terms of the derivatives

of the conditional quantiles under certain conditions.

3.6.1 Relation to the conditional quantile function

The conditional distribution of y;; given the covariates and the unobserved effects can

be represented by either the conditional distribution function or the conditional quan-
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tile function. While these equivalent representations correspond to two alternative ap-
proaches for estimation, there are relevant links between DR and quantile regression
(QR) estimates, as shown by Koenker et al. (2013). In particular, following results from
Chernozhukov et al. (2020) for our framework, it is possible to show that the common
parameters of the model are related to the derivatives of the conditional quantiles under
certain conditions.

When y;; is continuous, the model given by Equation 3.1 has the representation as an

implicit nonseparable model by the probability integral transform:
A (28 (yig) + a (i, yi) + 7 (W5, 95)) = Wiy, wg | @i, 05,05 ~ U(0,1). (3.9)

where, as commonly seen in DR or QR approaches, u;; represents the unobserved ranking
of the observation y;; in the conditional distribution. Let @ (u|x;;, Vi, w;) be the u-quantile

of y;; conditional on (@;;,v;, w;). This quantile function can be defined as:
Q (u |y, v,w;) =inf {y € V: F,, (y| xij,vi,w;) > u} Asup{y € V}. (3.10)

It can be shown that if (i) F,; (y | @ij, Vs, w;) is strictly increasing in the support of y,;;
(i) 9A(2)/0z > 0 for all y in the support of y;;; and (iil) @ (u | @;j, Vi, w;) is differentiable,
then the DR coefficients are proportional to (minus) derivatives of the conditional quantile

function, and ratios of the DR coefficients correspond to ratios of derivatives:

/Bk(y> y=Q(u|zi; Vi w;) aIZQ (u | Tij, Vi, wj)a

lk=1,....d, (3.11)

Therefore, based on the figures above for the estimated coefficients, it is possible to
infer that the marginal effects of distance on the quantile functions are larger in magnitude
than that of the legal variable.

Finally, there is an ongoing debate in the international trade literature regarding
the homogeneity of trade elasticities, which ultimately affects welfare gains from trade
(Arkolakis et al. (2012), Melitz and Redding (2015), Chen and Novy (2022)). The method
presented in this chapter provides a straightforward way (provided the confidence bands
for the estimates) to test the heterogeneity of trade elasticities across different quantiles of

trade distribution, proving to be of empirical and theoretical importance in the literature.
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3.7 Conclusion

A novel method for estimating distribution regressions in a network setting is intro-
duced. To accommodate the network structure, it envolves a semiparametric approach,
treating two-way unit-specific effects as fixed parameters, and I address the incidental
parameter problem using a conditional maximum-likelihood approach initially proposed
for network formation models (Charbonneau (2017), Jochmans (2018)). The proposed
method provides consistent estimates and robust inference pointwise, particularly for ex-
tremum quantiles of the distribution. This approach fills a gap in the econometrics of
network model literature by accommodating zero outcomes and sparse networks without
relying on strong assumptions regarding how the zero outcomes are generated. Moreover,
the empirical application demonstrates its practical relevance, allowing, for instance, to
test whether the elasticities of gravity models of international trade are heterogeneous
across thresholds. A current drawback of the proposed method is that estimates of coun-
terfactual distributions are infeasible. This is because the estimates of fixed effects are
unavailable, and the average (marginal) effects of network formation models remain set-
identified when the network is sparse - which is the case of the underlying network in the
extreme quantiles of the distribution of outcomes. Therefore, future research would in-
volve obtaining estimates for bounds on the partially identified average effects of network

models.

3.A Anintroduction to Distribution Regression (DR)

In this section I present an introduction to the DR approach, following the initial
proposal by Foresi and Peracchi (1995), and further discussed in Peracchi (2002) and
Koenker et al. (2013). Consider the problem of estimating the conditional distribution of
arandom variable Y given a vector of X covariates in a standard cross-sectional case. Note
that the interest is not in merely a few quantiles but in the entire conditional distribution,
Flylx).

It is proposed to select J distinct values —oo < y; < -+ < y; < 0o in the range of
interest of Y (which is related to the quantiles of the distribution of Y), and estimate J
functions Fi(x),... Fy(z), with Fj(x) = F(y;|z),j = 1,...J. It is argued that by suitably
choosing J and their position, one can get a reasonably accurate description of F(y|z).

If the conditional distribution of Y is continuous with support on the entire real line,

then at any point x in the support of X, the sequence of conditional distribution functions
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must satisfy:

0< Fix) <1, j=1,...J (3.A.1)

0< Fi(x) < - < Fy(x) < 1. (3.A.2)

To impose the condition given by Equation 3.A.1, it is suggested to not model Fj(z)
directly, but rather to estimate the log-odds n;(z) = In[F;(z)/(1 — Fj(x))]. Then, given

this estimate of the n;(z), one can estimate the conditional distribution at the threshold

J by:

; exp 7); ()
Fi(r) = ——————. 3.A.3
J( ) 1+€Xp77j($) ( )
Let H be the class of functions of z that are possible candidates for the log-odds ra-
tio. Since the random variable 1{Y < y;} has a Bernoulli distribution with parameter
F;(z), by the definition of the cumulative conditional distribution, we can define the best
Kullback-Leibler approximation 77 (z) to n;(x) in the class of functions H as the minimizer

of K(n,n;) = U(n;) — l(n), with:

I(n) = E[I{Y < y;in(X) — In(1 + expn(X))] (3.A.4)

E
E[F;(X)n(X) — In(1 + expn(X))].

The first expectation is taken with respect to the joint distribution of (X,Y’), and
the second with respect to the marginal distribution of X. Therefore, the function 7}
maximizes [(n) over the class H. If n; € H, then 7} = ;. Importantly, if X is a scalar
random variable, and H is the class of functions linear in x, then the best Kullback-Leibler
approximation to n;(x) is of a linear form n?(z) = v; + d;, where (v;, ;) are such that

the approximation error
exp n(X)

F e
1 + expnj(X)

(X))

has mean zero and is uncorrelated with X. Therefore, n; can be estimated by maximizing

the sample log-likelihood:

n

L) = n~" Y [1{Y; < yi}n(Xs) = In(1+ expr(X;))].

i=1

over the linear functions in the class H. Clearly, this is obtained by fitting J separate

logistic regressions, one for each binary random variable 1{Y; <y;}, j=1,...J. Alter-
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native specifications for the class of functions H, for instance, non-linear specifications,
entails alternative estimation methods. One caveat of this approach is that while it sat-
isfies the condition given by Equation 3.A.1, by modeling the log-odds ratio, it does not

guarantee the monotonicity condition given by Equation 3.A.2.

3.B The incidental parameter problem

As highlighted by Arellano and Hahn (2007) in a standard panel data regression with
one way fixed effects and dimensions ¢ = 1,...N and ¢t = 1,... 7T, if T is fixed and
N — oo, there will be an estimation error in the estimates of the fixed effects, as only a
finite number T of observations are available to estimate each fixed effect. As we allow
for the fixed effects to be correlated with the exogenous regressors (and its distribution is
left unspecified), this estimation error contaminates the estimates of the other parameters
as well, as they are not informationally orthogonal. For large enough 7', this bias should
be small. However, even under 7' — oo and N — oo, the fixed effects estimator will be
asymptotically biased, leading to incorrect inference over the parameters and the average
partial effects.

The same argument holds for the present framework of a dyadic regression with two-
way fixed effects. In our panel data model, we have two dimensions: ¢ = 1,..N,j =
1,... N. However, both the dimensions grow at rate N. I will consider asymptotic results
such that N — oo.

Note as well that for each new country in the dataset, the number of observations is
increased by 2(N — 1). Moreover, for each fixed effect in Equation 3.2 there are (N — 1)
observations available for their estimation. I will now use results shown by Ferndndez-Val
and Weidner (2016) to demonstrate how the incidental parameter problem arises in this
framework, delivering consistent but asymptotic biased estimators, keeping in mind that
as N — oo both dimensions ¢ and j go to infinity and also the number of observations
N(N — 1) go to infinity.

Given the dataset of N(N — 1) observations {(gij,a:;j)/ 1<i< N, 1<j<N,i# j}
with g;; =1 (g;‘j > 0), we have that ¢;; is generated by the process:

gij ‘ xij7ay7’7y75y ~ fY ( ‘ xijaaya’yyuﬁy)

where: o = (1, ... ny) Y = (V1ys---YNy), fy is a known probability function and
Q4,75 are the unobserved fixed effects. I assume for simplicity a single regressorn and

a single 3,. Note here that this approach is semi-parametric in the sense that is does
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not specify the distribution of the fixed effects or their relationship with the explanatory
variables.
Further modeling the conditional distribution of ys ;; using a single-index specification

with fixed effects, since it is a binary response model:

fy (QU | Tijy Oy, Vys ﬂy) =F (xgjﬁy + ooy, + ,yj7y)gij
X [1 = F (2};8y + iy +5y) ] iz

where, clearly 7;; € {0,1} and F' is a cumulative distribution function, defined to be a
standard logistic.

I can then collect all the fixed effects to be estimated in the vector

!
WNNy = (Q1y, - QN Vigs - - INg)

which can be seen as a nuisance parameter vector. Then, the true values of the parameters,
denoted by fB,0 and wyn,e are the solution to the population conditional maximum

likelihood maximization:

(/By WNN )eg}i%nxﬁerdimwNN,y Ew [£ (ﬁlh wNN?ZJ)]
? Y

with
L (By, wnny)

= (N(N =1))7 {ZZlog Sy Wij | wijy oy, vy, By) — b(L/NNwNN,y)2/2}

=1 j#i

where E,, denotes the expectation with respect to the distribution of the data conditional
on the unobserved effects and strictly exogenous variables, b > 0 is an arbitrary constant,
invn = (Iy, —1%) and 1y denotes a vector of ones of dimension N.

The second term of L relates to a penalty that imposes a normalization to identify
the fixed effects in models with two-way fixed effects that enter in the log-likelihood
function as «;, + v;,. To be more specific, in this case, adding a constant to all «;, and
subtracting the same constant from all v;, would not change «;, + 7;,. Thus, without
this normalization, the parameters «;, and ;, are not identifiable.

To estimate the parameters, we solve the sample analogue of the following equation:

L
(ﬁy,wNNyy)egcllgﬂ)%y‘FdimwNN’y <ﬂy’wNN,y)
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In order to analyze the statistical properties of 3,, we first concentrate out the nuisance

parameters wyy,y, such that for given 3,, the optimal Wy, (3,) is:

Onny (By) = Argmax, . pdineny,, L (By, wnNy)

Thus, the fixed effects estimator of 8, and wyn,, are, by plugging in the previous expres-

sion for Wyy, (By) :

~

By = argmax, crdim s, L (By, onn,y (By)) (3.B.1)
@NN,y (By) = ‘;JNN,y (By) (B'B'2)

The source of the problem is that the dimension of the nuisance parameters wyn,
increases with the sample size under asymptotic approximations where N — oo. To

further describe the incidental parameter problem, denote:

B, = argmaxg cpaims, E, (L (By, NN,y (By))]

Using an asymptotic expansion for smooth likelihoods under appropriate regularity con-
ditions, provided by Fernandez-Val and Weidner (2016):

By = Byo + (NBf’l) + (NDiO1) +op((N=1)7") (3.B.3)

For some constants B,, and D.. The derivation for this expression can be found in
the Appendix of Ferndndez-Val and Weidner (2016). As explained by the authors, the
expansion is obtained by first taking a firstorder Taylor expansion of the Equation 3.B.1
around the true value 3,0, as it is usually done to obtain the asymptotic properties of
such estimator. Then, one should additionally take a second-order Taylor expansion of

9LBy08NN) 41ound the true values of the nuisance terms. Intuitively,

the obtained term
this second step demonstyrates how the estimates of the fixed effects affect the estimates
of the structural parameter 3,. To obtain the exact form of the expressions B and D,
a quite involved derivation is needed. However, this is not the focus of this study, since I
show later that there are other possibilities to correct for the asymptotic bias generated
by these terms other than deriving the biases themselves.

Moreover, by the properties of the maximum likelihood estimator, under regularity

VNIV = 1) (By _ By) L N (0, Vo)

conditions:
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For some Vp.. By substituting the expression for By,0 obtained in Equation 3.B.3, we

obtain that, by Slutsky’s theorem:

V N(N - 1) (By - By,O)
— VN =T (4 - B,)
+/N(N —1) ((NBiOU + (NDf’l) +op ((N — 1)—1))

% N (B + Dao, Vioo)

From Equation 3.B.3 it is clear that, as N — oo, By LN Byo (Byo being the true value of
the parameter), thus, the estimates of 3, are consistent. However, from the equation
above we see that the estimates converge to a distribution that is not centered at zero,
which leads to incorrect asymptotic confidence intervals. This demonstrates the incidental
parameters problem, that boils down to an asymptotic bias in the estimates of 3, . This
asymptotic bias arises as the order of the bias is higher than the inverse of the sample

size because of the small rate of convergence of the fixed effects.

3.C Sufficient statistics

In this section, I provide a proof that Zjvzl ;; and Zfil 9;; are indeed the sufficient
statistics for a;, and 7;,. In the following, for the sake of simplification of notation, I
omit the subscript y that denotes the threshold of the outcome variable. Denoting by Y
the vector of all observations (g1, ... 9rs); * the vector of sums of rows (ry,...,r;) where
r; = Z;.Izl Ui;; ¢ the vector of sums of columsn (cq, ..., cy) where ¢; = Zi]:1 Ui;; and @, o

and ~ the vectors of covariates and fixed effects, we have that:

Pr[f/ | o, 7y, x; By]

PT[Y | r,c,a,’y,m;ﬁy] - P’l“[r c|C\{ 4 33/8 },
s 9 bl ’ Y

with Prir,c | a,7v,x;8,] = Z;,EQ Pr[f’ v | a, 7, x; 3,], where @ is the set of all
possible combinarions of ¢;; in Y such that the sum of the rows is given by r and the
sum of columns by c.

Following the proposed model for the constructed binary variables ;;:

g1j21{$;]6y+a2+7]+51j20} izl,...,[,jzl,...,J
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we have that: }
Yij

exp (a:;j,By + oy + ’yj)
1+ eXp(zcgjﬁy + o + ’yj) .

Pr[gij | wij;%ﬁj] =

Therefore, the joint probability of all the outcomes, conditional on Zjvzl y;; and
>ty iy is:
PT[? | oy, @ By = Hpr[gij | @ijy i, V55 By
i#]
exp (Zi;ﬁj Uij ;i By + Zi;ﬁj Uij(os + %’))
[L[1 + exp(2); 8, + i + )]
exp <Zi¢j Qij$§j5y> exp (Zle iy, ??z‘j> exp (Zj:l % P ﬂz‘j)

Hi#[l + exp(w;jﬂy +a; + Vj)]

And analogously for Pr[f’ | o, v, z; B,]. Then, we can write:

~ ~ I J ~ J I ~
PrY | ey, a8, P (Zi# yijwéjﬁy) exp (Zizl @y yz’j) exp (Zj:1 Vi Diet y¢j>
Yo PrlY oy, @8] Yp ,exp <Zi;ﬁj ﬁijw;jﬂl/) exp (Zle ), zi-;-) exp (Z}-le % Yoiet @‘j)

Finally, independently of which set in Q we consider, we have that, by the construction
I = I ~ J = J -
of the set, >, Uij = > ;1 Uij and Y5, Ui = Y5, Jij, such that:
P |avyai8) (T 0el,6)
Z?EQ PriY | a,v,x; By] Z):/EQ exp (Zi;éj ﬁingjlgy>

which does not depend on the fixed effects, rendering the result.

3.D Identification

A loose intuition for the identification of the common parameters is analogous to that
of Graham (2017) for the undirected case. The heterogeneity parameters (fixed effects)
account for the in-degree and out-degree distributions of the network (the quantity of one’s
for a given node when the node is a sender or a receiver). Therefore, the precise location
of the ones (or links) is driven by the variation provided by the covariates and the common
parameters (zj;3,). Thus, conditioning on the set {7 +%a = 1, Ji;+ 9 = 1, Y5 +0;; = 1}
provides the ground for an estimator that is based on the relative probability of different
types of subgraphs configurations with identical degree sequences, giving the necessary

variation to identify the common parameters.
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For instance, assuming that the dashed wirings are not present in the above Subgraphs
1 and 2 in Figure 3.1, they provide the same contribution of the unobserved heterogeneity
to the likelihood, such that the conditional frequency to which each is observed depends
only on the variation given by the covariates associated with each. In other words, in con-
ditioning on the degree sequences of tetrads (since they are the same in both subgraphs),
the only variation is the location of the links. This intuition aligns with the fact that the
sums across each dimension are sufficient statistics for the fixed effects. At the same time,
the conditioning events guarantee that for a node there is variation in the outcomes such
that the common parameters can be identified. This feature cannot be seen in Figure 3.2,
where Subgraph 2 is not informative to the likelihood, and the outcomes for all nodes do

not present variation (i.e., a node is always sending a link or never sending a link in each
Subgraph).

3.E Proofs

3.E.1 Proof of Theorem 1

The derivation of this Theorem follows very closely that of Jochmans (2018), including
only some minor modifications and more details. Using Lemma 2.2. in Newey and
McFadden (1994), we can show that the limit of objective function

lim (Mp,) ' E(Ln(8,))

N—c0

has a unique maximizer B,y on ©. We start by showing that the partial-likelihood
contributions are bounded.

The partial-likelihood contributions are given by:
lo(By) = I{zo = 1} log(A(r, B,)) + 1{zy = =1} log(1 — A(r,3,)).

And thus:
|lo(By)| <[log(A(r,By))|+|log(—A(r,By))].

From a mean-value expansion around 3, = O:
[log(A(7],8,))| =|10g(A(0)) + A(,8,)r,B,|
<[log(A(0))] + C(1+[r, 8, ) |78,
<[log(A(0))] + C (1 + 7o [l By [N lI7o I8yl
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and, since 1 — A(r.8,) = A(—r.B,) and gy is bounded:

o (8y)] < 2[[10g(A(0))] + C (1 + [l {18y Do 118y 1] - (3.E.1)

The existence of second moments of 7, given by Assumption 3.4, implies that E[|l,(3,]]
is finite. Together 3,, Newey and McFadden (1994, Lemma 2.2) applies.

Because the limit of the objective function is concave, By EN By will follow from a
pointwise convergence in probability of (M*)~'L,(83,), which is the normalized objective
function, to (Mp,) 'E(L,(8,)), following Newey and McFadden (1994, Theorem 2.7).

By writing:

La(By) = D 1o(By);

ceEM

where [,(3,) is the log-likelihood contribution of quadruple . Then, noticing that:

Ln(By) _ BLn(By)) _ 2oemlo(By) = Blo(By)) | 2oerlo(By) (E(M*) _ 1)

M+ E(MY) E(M*) E(M?*) M*

it is sufficient to show that each of the terms in the RHS of this expression converges to
zero in probability.

For the first term in the RHS, using Equation (3.E.1), because E(||r,|?) is finite by
Assumption 3.4, and © is compact, it follows that the variance of [,(3,) exists and is

uniformly bounded in o. Then, by Chebyshev’s inequality, it holds that for any € > 0:

> e lo(By) — E(l,(8,)) E (| ,emle(8y) — El(8,)]
Pr(‘ “TEQr ‘>€>§€l2 (e E(M)? >

for each B, € ©. Also,

E Z lo(8y) — E(l-(8y))

oceM

=B ((Z lo(By) — ]E(la(ﬂy))> ( > l(By) - ]E(la/(ﬁy)))> -

ogeM o'eM

Notice that a pair of quadruples o = o{i,l;j,k} and o' = o{¢',l';j', K’} only con-
tributes to the covariance if they share at least one node in common, i.e., a pair of
quadruples with only distinct nodes are independent by Assumption 3.1.

More specifically, the product above contains O(N®) terms. Consider o = o{i,[; j, k}
and o{i,l’; ', k'} having indices in common, and therefore, having dependence and con-
tributing to the covariance. If they share the index i = i/, there are (N . !
[ and !’ to be distinct, and (NZQ) choices of 7, 7', k, k' to be distinct. Since there are N

different combinations for ¢ = 4/, the number of quadruples that share at least one node

) choices for
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in common is of the order O(NT) (given by the fact that the quadruples that share two or
more nodes in common are of smaller order than the ones sharing one node in common).
This also implies that for a quadruple o = 0{i,[; j, k} there are O(N?) other quadruples
sharing at least one index. By writing 1{oNo’ # 0} to indicate the quadruples that share

common indices:

E ((Z l-(8,) — E(la(ﬂy))> ( > le(By) - E(laf(ﬁy))>>

= z;% E ((l(8y) - E(la<;5>4> (lo(By) = E(l(8y))))

- ZA; % 1o No' # NE((L(B,) ~ E((8,)) (- (8,) — E((8,))))
<33 1o no # 03y Var(,(8,)) — Bl (8,)/Var(lo(8,)) — E(lr(B,))

= UOG(A]AVZ/]TZJR), (3.E.2)

where the inequality follows from the fact that the variance is bounded, and the last
equality follows from the fact that, in expectation, there are Mp,, informative quadruples,
and O(N?3) quadruples in ¢’ sharing at least one index with o.

Moreover, as E(M*) = Mp,, and M = O(N*), we find that:

B (|Soembo(8) — EGB,)F) ( 1 >
E(M*)? Np,)'

which converges to zero by Assumption 3.4, as p,, € (0,1) and N — oo. Therefore:

lim Pr -0

N—roo

-(8,) — Els(8, E (|Zoentlo(8y) = Ello(8,)]
(B = el 1 (| ren o )

for any € > 0 and all 8, € ©.
For the second term in the RHS, the summands are bounded uniformly in ¢ and do

not depend on 3,. Following the same arguments as before, it is easy to verify that

(% —pn) 2, 0, and therefore, % 51
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3.E.2 Proof of Theorem 2

We first rewrite the score vector as:

ZZ > 2 g (3.E.3)

i g FELG § A \_ —

So

Notice that twice as many elements than are needed are being summed over, due to the
permutation invariance of senders and receivers, but I apply the similar summation over
the elements of the Hessian in the following. Thus the normalization will be correct.

Then, the sample covariance of the score is given by:

ZZZ Z Z Z Sijir,i' (By)Sigin jn(By)

v gL AL § AL VAT T FG A

=D vin(B)vin(B,) (3.EA)

i j#i
where
’an /6?/ Z Z U{Z .]7 7]} IBy - Z Z SZJ’L
i'#4,5 §' 74,451 V4,5 §' #4358
Step 1.

The first step of the proof consists on defining a projection of the score vector. Defining the
information set F,, = {{x;;}nn, {ciy}n, {7y )~} the Hajek projection (Serfling, 2009)

of the score is given by:

U, ZZ Z Z (814,005 (By.0) | Tijs Fn)

v JAL ALY AL

=22 vii(Byo) (3.E.5)

1 jFi

where v;;(8y,0) = Zi’;ﬁi,j zj’;éi,j,i’ E(si.,5/(Byo) | Gij, Fn)-
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The populational covariance matrix of the Hajek projection is given by, given the
subsequent Intermediate results 2 and 3:

Y, = IE[U,LU,’L]

=3 E[vi;(8y.0)vij (Byo)]
i i

- ZZE Z Z ]E O—{'L ]7 7] } IByO ‘yljv Z Z IE J{Z ja //1.7//} IBy,O) | gij’fn]/
i g i FLG §#,5,8 i F£4,G § F#4,5,0

= ZZ Z Z Z Z O{Z Ji 7.] } By, 0) | Yij, I ] [S(U{i)j’ i//’jl/}’lgy,o) | 'gij)}—n]/]

i AT AT 8 #G G A£G

=33 S Y S EElslofi i ' Bo)s(oli i 5" Byo) | i Ful

i A AT AT 8 #G G A£G

=SSN S S Y Els(e{id i i Buo)s(aling i, 5" Byo)) (3.E.6)

i A ALG AT 8 #G G A£G

where the second to last equality follows from conditional independence. This matrix is

positive definite, and therefore Y1/2 exists and is positive definite and invertible.

Intermediate result 1.
Some intermediate results needed further in the proof are that E(s; ;. ;(8y0)) = 0, since,

from sufficiency, we have that:
Pr(z, =1|F,) = A(r,By0)Pr(z.{—1,1} | F)

Pr(zy = =1 Fp) = (1 = Mr;By0)) Prze{—1,1} | )

Then,

Elsiji,5(Byo)] = B[E[1{z = 1}(1 = A(r;By0))r, — I{ze = =1}A(reBy0)7; | Full
= E[E[1{z =1} | FJ(1 = A(r,By0))re — E[l{zs = =1} | Fu]A(r58y0)7]
—0. (3.E.7)

Intermediate result 2.
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From the first intermediate result, it also follows that:

vlj /ByO Z Z SUZ IBZJO) | yl]? ]]

i'#£4,5 ' #i,4,0

= > Elsijuy (Bl = (3.E.8)

V6,5 ' F0G0
And, importantly, from this result, it follows that E[U,(8,,0)] = 0

Intermediate result 3.

Since link decisions are conditionally independent, we have that:

Elvij(By.0)virj (By0)] = E [E[vi;(By.0)virj (Byo) | Fall
= E [E[vi;(8y0) | FulEwij (Byo) | Fal] =0 (3.E.9)

unless i = ¢’ and j = j'.

Intermediate result 4.
Also from conditional independence of links, E[s,(3,.0)8.(8y.0)'] = E[E[s+(8y.0)85 (By0) | Fnl] =

0 unless o and ¢’ share one dyad in common.

Step 2.

The second step of the proof consists of showing the asymptotic equivalence between
the normalized score vector and the normalized Héjek projection. That is, to show that
Y, U, and Y, " 2S’n(ﬂy’o) are asymptotically equivalent. To do so, following (Van der
Vaart, 2000), it is sufficient to show that:

Jim CE (U — Su(80))(Un = S(By0))] 572 = 0.
Or,
lim YTPE UL, — $u(8,0)U,, — UnSa(Byo) + Su(By0)Sa(By0)] T, = 0.

Which boils down to deriving first the variance of the score vector E [S,,(8y.0)Sn(By.0)'],

which is given by, considering only the non-zero terms, and the results in Intermediate
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results 1 and 4 :

TA = [ (By 0) (/By O)/] (3E10)

=333 N> Y Els(ofi.g i, i} Byo)s(o{i, i i". 5"}, Byo)'l

t gFL VAL G FEGG T FG

(3.E.11)

And, therefore, Y4 = T,,.

Therefore, we have that:
Jim TPE (S, (8,0)S0(8y0) 1 T2 =1

Finally:

E[Unsn(lgyﬂ)l]
=S5 S Y Y Elsofi .14} Bro)|Els(o{i. 5.8, 5"}, Bro) | iy Ful'

QAL AL AL 5

=333 3T T EBEse{i g5} Byo)s(04i .1 5"} Byo) | i Ful

to gF VAT G FEGG T FG

=S5 Y ST Els(ofi g 4% Buo)s(odi g, i, 57 Byo)] (3E.12)

i AL VAL § AV ELG Y #G

And similarly for E[S,,(8,,0)U, ], which proves the asymptotic equivalence above.

Step 3.
Therefore, the next step is to show the limit distribution of the Hajek projection. Defining
the o-algebra Fo, = o0(UnenFn), by a conditional version of the Lyapunov’s CLT (Rao,
2009):

YUy L N(0, 1)

where Yx = >, > ., Elvjjvj; | {zi;}yn]. By Assumption 3.5, it is easy to see that
ITx — Yn|| & 0. Hence,
YUy L N(0, 1)

The matrix Yy is the plug-in estimator of Yy, as defined above. We can use the same
arguments as in Jochmans (2018) to show that this estimator is consistent.

Step 4 and Step 5 are related to the convergence of the Hessian and the applycation
of Slutsky’s theorem in order to obtain the final limit distribution of the estimator. Those

steps are analogous to Jochmans (2018).






Chapter 4

On the Use of Synthetic
Difference-in-differences Approach
with (-out) Covariates: The Case

Study of Brexit Referendum’

Abstract

The Synthetic Control (SC) method has been a popular and dominant method to evaluate
treatment and intervention effects in the last two decades. The method is powerful yet very
intuitive to use both for empirical researchers and policy experts, but is not without short-
comings. As a response to this, the new Demeaned SC (DSC) and Synthetic Difference-in-
differences (SDID) approaches were introduced in the literature. In this chapter, we evaluate
the relative benefits of using DSC and SDID using in-sample placebo analysis on the real
data on the Brexit referendum, as well as an extensive Monte Carlo study. We show that the
SDID estimator minimizes both the interpolation and the extrapolation biases, while the con-
ventional SC and matching estimators only minimize the extrapolation and the interpolation
biases, respectively. Overall, using the SDID methodology, we find that the estimated effect
of the Brexit referendum on UK GDP at the end of 2018 and 2019 is higher than previously
documented in the literature.
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4.1 Introduction

As of 2016, many studies have been published on the negative short and long term
consequences of the Brexit referendum? in 2016 on the UK economy. As opposed to the
more descriptive analysis of some early papers, more recent studies focused on addressing
the economic effects of this event more formally. For example, using a firm-level micro
dataset, Bloom et al. (2019), employed the differences-in-differences (DID) method to
investigate the impact of Brexit on firms. They estimated that Brexit gradually reduced
investment by about 11% over the three years following the vote and reduced productivity
by between 2% and 5%.

Born et al. (2019) was one of the early papers investigating the effect of the UK leaving
the EU on GDP while establishing causality without relying on disaggregated data. They
argued that the Brexit vote can be considered a natural experiment to conduct policy
evaluation regarding the counterfactual non-Brexit trajectory of the UK economy. The
quasi-experimental setting advocated by Born et al. (2019) allows for the straightforward
application of several modern methodologies to estimate the treatment effect, one be-
ing the Synthetic Control (SC) method introduced in a series of papers by Abadie and
Gardeazabal (2003), Abadie et al. (2010) and Abadie et al. (2015). Using a particular
implementation of the SC approach with covariates, Born et al. (2019) reported 2.4%
decrease in GDP due to Brexit at the end of 2018.

Recently proposed extensions of the SC method robustify the approach towards more
general underlying Data Generating Processes (DGP). One such suggestion is the Syn-
thetic DID estimator (SDID), proposed by Arkhangelsky et al. (2021b). This method
additionally allows for both unit fixed effects in the model and time weights in the con-
struction of the counterfactual, automatically bias-adjusting the counterfactual estima-
tors. Arkhangelsky et al. (2021b) show (both theoretically and numerically) that the
SDID estimator possesses double robustness properties and has the potential to outper-
form the SC and DID estimators in terms of bias and RMSE. Moreover, Doudchenko and
Imbens (2016) and Ferman and Pinto (2021b) proposed the Demeaned Synthetic Control
(DSC) method, which constitutes a natural middle ground between the SC and the SDID

! This chapter is written jointly with Artiiras Juodis and Esther de Brabander, both from the Univer-
sity of Amsterdam. We would like to thank Dmitry Arkhangelsky, Jad Beyhum, Irene Botosaru, Hippolyte
Boucher, Maurice Bun, Bo Honoré, Marco Ross Fernandes, Andras Lengyel, Timo Schenk, Martin Wei-
dner and conference and seminar participants at the NESG 2022 (Groningen), IPDC 2022 (Bertinoro),
IAAE 2022 (London), Baltic Economic Conference 2022 (Kaunas), Universidade Sao Paulo (FEA-USP),
Amsterdam Econometrics Workshop 2022, and the PhD Lunch seminar (University of Amsterdam) for
comments and suggestions. Financial support from the Netherlands Organization for Scientific Research
(NWO) under research grant number 451 — 17 — 002 is gratefully acknowledged by Artiras Juodis and
Gabriela Miyazato Szini.

2From now on we refer implicitly use the term“Brexit” to denote the effect of the corresponding
referendum, as the time span we consider ends in 2019.
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methods. However, the results in both papers are rather limited with regards to the
setup where additional covariates are available for matching as in Abadie et al. (2010),
and Botosaru and Ferman (2017). This chapter fills this gap.

This chapter Overall, the contributions of this chapter are two-fold.

1. First of all, using the approach of Kellogg et al. (2021), we decompose the total bias
of the SDID estimator into the interpolation and extrapolation biases. We show that
the SDID estimator minimizes both components, while the conventional SC and
matching estimators only minimize the extrapolation and the interpolation biases,
respectively. Hence, while the time weights in the SDID setup were initially included
to account for differences between the pre-treatment periods and the intervention
period, these weights also minimize the interpolation bias. Moreover, motivated
by the common empirical practice of SC methods, we extend the DSC and SDID

methods to allow for matching on covariates.

2. Finally, we use the three mentioned methods (with and without covariates) to re-
examine the empirical evidence of Born et al. (2019) on the effect of Brexit on the
UK GDP. For this purpose, we introduce several variations on the model/estimator
specifications with respect to: (i) treatment date;(ii) different approaches to co-
variates; (iii) different specification for time weights horizons; (iv) the inclusion of
a regularization parameter in the methods. Thus we avoid the “cherry-picking”

problem recently emphasized by Ferman et al. (2020).

Our results (overall) indicate stronger effect of Brexit than the one described by Born
et al. (2019). We complement the in-sample placebo analysis with a controlled empirical
Monte Carlo study. For this purpose, we control the relative strength of the idiosyncratic
and the common (factor) components as well as covariates. The results indicate that,
as predicted, the SDID approach is mostly beneficial when the common component is
non-negligible in comparison with the idiosyncratic component. At the same time, it is
almost cost-free when the common component is negligible, as long as the idiosyncratic

component is not dominant.

Structure The remainder of this chapter is structured as follows. In Section 4.2, we
introduce the methods. In Section 4.3, we provide some insights on the SDID approach.
The effect of Brexit on the UK GDP is re-evaluated based on procedures discussed in
Section 4.4. Section 4.B contains a dedicated empirical Monte Carlo study. Finally,
Section 4.6 concludes. The Appendix contains additional theoretical discussions, empirical

robustness checks and further Monte Carlo results.
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Notation A bold letter refers to a vector and a capital bold letter denotes a ma-
trix. Let 25 be the [S X 1] vector of ones, and Wg = Is — S~ 'ag2y the correspond-
ing within transformation matrix. Moreover, the following definitions will be used later:
Y = (Yj1,--.,Yjm—1) denotes the [(To—1) x 1] vector of outcomes in all time periods prior
to treatment for unit 7. Combining all outcomes of control units yields the [(7p—1) x J] ma-
trix Y = (y2,...,Ys41). The matrix X; = (w§1), o ,wg.P)) is a [(Tp — 1) x P]-dimensional
§p ) — (xgpl) e ,xf:)po_l), this matrix stores the values of all covari-

ates prior to treatment for unit j.

matrix with columns x

4.2 Methodology

4.2.1 The Model

In what follows, we assume that we observe a balanced panel with 7 =1,...,J 4+ 1
units over t = 1,...,T time periods. For each unit 5 and time period ¢, the outcome of
interest y;., P explanatory variables x;;, and the binary variable W, are observed. The
binary variable W, equals 1 if the unit j is exposed to treatment at time ¢, and zero
otherwise.

Conforming to the potential outcome framework of Rubin (1974), let the potential
outcomes for unit j in period ¢ under control and treatment,respectively, be denoted by
y3, and y;,. The treated potential outcome is defined as y;j, = y7, + W7, where 7 is
the treatment effect at ¢. Without loss of generality, designate the first unit to be the
treatment unit (j = 1) and the treatment period to be t = T, < T. Hence, there are .J

control units and 7" — Ty 4+ 1 observations post-treatment. The observed outcomes are
Uit = Wiayj, + (1= Wii)yj,. (4.1)

The objective of the analysis is to estimate the treatment effect at any time ¢ > Tj.
Evidently, y?,To’ which is required to compute the treatment effect, is unobserved. All
methods discussed in this chapter create counterfactual values Q?’t for treated units using
a donor pool of control units, which is then used to estimate the potential outcome of
interest in the absence of treatment.

Using g}%t the parameter of interest can be naturally estimated as,
=y, — 0, t=T,...,T. (4.2)

In the remainder of this section, we formally introduce the SC estimator (with and

without matching on covariates) as originally proposed e.g. in Abadie and Gardeazabal
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(2003), Abadie et al. (2010) and Abadie et al. (2015). Later on, we discuss the DSC
approach of Ferman and Pinto (2021b) and Doudchenko and Imbens (2016), followed by
the SDID method of Arkhangelsky et al. (2021b).

There are certain conditions that need to be satisfied for all approaches to be valid.
In particular, it is critical that the setting is such that one can assume that the treatment
mechanism satisfies the “no anticipation” and the “no interference” conditions. That is,
the intervention has no effect on the outcome before the implementation period, and the
treatment does not affect control units before and after treatment. However, in applica-
tions, both effects might be present. Abadie (2021) suggests some empirical strategies to

mitigate the corresponding effects.

Remark 4.1. In what follows, we will only consider point estimates 7; and completely
ignore the topic of inference on such quantities. Inference is generally very hard to conduct
for this type of problem. However, recent work by Chernozhukov et al. (2021) opens
up some interesting possibilities to attack this problem for a restricted class of Data

Generating Processes (DGPs).

4.2.2 Synthetic Control

The SC method assigns weights to the control units such that the outcome variable
for the treated unit and the weighted average of the control units are approximately equal
for periods prior to treatment. In particular, the unit weights w = (ws,...,wy1) are
chosen such that the Mean Squared Prediction Error (MSPE) between the outcome of
interest over all periods prior to treatment of the treated unit and of the counterfactual

is minimized:

To—1 J+1 2
w*® = argmin Z (yl,t — ijyj,t> , (4.3)
wew t=1 =2
where W := {wGRJ:wj >0 for each j € {2,...,J + 1} and Z;.];lezl}
Using the above estimated weights w®, the counterfactual (for instance) at the period
of treatment ¢ = T is then computed as A?%)C = Z‘j];l WiYjr,- The corresponding

treatment effects estimator is then defined as:

J+1

~sc ~SC,

= — > Y- (4.4)
7j=2
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Alternatively, if one restricts her attention to the treatment period Ty only, the above

estimate can be obtained through the regression function:

J+1 Tp
(f%f, B) = arg min {Z > (yia — B — Wir)? wj} LV @y £0. (4.5)
i j=1 t=1

In the original paper of Abadie and Gardeazabal (2003), the main suggested SC imple-
mentation involved an extension of Eq. (4.3), where one matches not only the outcome of

interest, but also an additional set of covariates. Next, we discuss this extended approach.

Matching on covariates Let z; be a set of observed covariates for any unit j =
1,...,J + 1. Consider a general setting where we search for the weights w such that the
pre-treatment fit of K variables for z; is well approximated by the linear combination of
un-treated {z; 3]221 In most applications, K is chosen such that K = P + M, where one
includes P summary statistics of P covariates (one for each covariate for simplicity), and
M linear combinations of the pre-treatment outcomes y;. One typical choice is to include
each pre-treatment outcome as a predictor separately. Therefore, M = Ty — 1. As for P,
it is a common practice (e.g.Born et al., 2019) to consider the mean over all pre-treatment
periods for all available regressors. For this standard choice, z; = (&, y})’, and similarly
for the [K x J] matrix Z. In most cases, we would like to weight different elements of 2,
as covariates might be of different predictive power. Denote by v a [K x 1] vector with
non-negative entries, and V' = diag(v) the corresponding diagonal matrix.

Abadie et al. (2010) suggested estimating weights v jointly with w through a nested
optimization procedure. This method estimates the weights v that minimize the MSPE
of the pre-treatment outcomes y; and its counterfactuals over the pre-treatment periods,
while for a given V' the weights w(V') minimize the distance between the predictors of
the treatment unit and its counterfactuals, weighted by the relative importance of each

predictor. More formally:

(V) =argmin (z1 — Zw)'V(z1 — Zw) (4.6)
weW

Ve =argmin (y — YO (V)) (g1 — YO*(V). (4.7)
vev

Here V is the set of K-dimensional diagonal positive semi-definite matrices V' = diag(v).
For a given choice of w*(V*°), the counterfactual and the treatment effect estimate are

obtained analogously to the case without matching on covariates.
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Requirements and properties The key assumption for the SC method is that the
vector of pre-treatment outcomes and covariates (in the case of matching on covariates) of
the treated unit is in (or close to) the convex hull of the vectors of the control units. This
ensures the existence of a weighted average of the control units that is able (approximately)
to track the treated unit. An exact match of the counterfactual to the treated unit in all
periods prior to treatment only occurs when z; is in the convex hull of Z. In practice,
this is very difficult to achieve, and hence generally weights are found that minimize the
distance rather than create an exact match. Abadie et al. (2010) recommends that if
the characteristics of the treated unit are poorly matched by the synthetic control, the
method should not be used.

Finally, Abadie et al. (2010) provided important results for the bias of the estimator.
Namely, provided that there is a perfect pre-treatment fit in terms of outcomes and
covariates, then the bias of the treatment effect estimator is controlled by the ratio between
the variance of the individual transitory shocks and the number of pre-treatment periods
Ty, meaning that the bias converges to zero as Ty — o0o. Moreover, in terms of bias,
Kellogg et al. (2021) show that the SC estimator minimizes exactly the bound on the
extrapolation bias of the treatment effect, such that if this bound can be made zero,
the SC estimator has zero extrapolation bias. However, it can still be susceptible to
interpolation bias, as noted by Abadie et al. (2015). We discuss further such biases in
Section 4.3.

4.2.3 Demeaned Synthetic Control

As Ferman and Pinto (2021b) propose, the DSC estimator incorporates simple mod-
ifications as compared to the SC estimator. As the name suggests, the pre-treatment

outcomes are demeaned before the estimation of the weights w, such that:

To—1 J+1 2
Gldse — argmin Z ((th —7y) — ij(yj,t — gj)) ) (4.8)
j=2

weW i—1

where W := {w €R’:w;>0foreachje{2,...,J+1}and 375 w; = 1}. Here, the

j:
time-series averages of the form 7; are taken over the pre-treatment periods only.
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In addition, a bias adjustment term is also incorporated in the definition of the esti-

mated treatment effect:

J4+1 J+1

~dsc __ ~dsc — ~dsc—

Ty = Y110 — E Wi Yo — | Y1 — E Wi Y- (4.9)
=2 j=2

N 7 N - 7

go»dsc bias adjustment term

1,Ty

Intuitively, the bias adjustment term removes the average differences between the
observed treated unit and its counterfactual over the pre-treatment period, adjusting for
level imbalances. When considering the regression function that originates the estimator
above, we can see that the bias-adjustment term arises with the inclusion of a unit fixed-
effect o; in Eq. (4.5):

J+1 Ty
<7°§£OSC, a, ,8) = argmin {Z Z (yju — oy — Bi — W;r) @?SC} .V %40, (4.10)

7,03 j=1 t=1

The DSC estimator without matching on covariates is equivalent to the one concur-
rently proposed by Doudchenko and Imbens (2016). In essence, they propose to relax sev-
eral constraints imposed by the standard SC method, one of them being the no-intercept
restriction in estimating weights. Namely, it is proposed to allow for an intercept weight
wp (equivalent to demeaning) in the SC estimation and for a unit fixed effect in the regres-
sion function of the SC estimator. Doudchenko and Imbens (2016) also points out that
allowing for this systematic additive difference between the treatment unit and the control
units is a key feature of the standard Difference-in-differences (DID) method. When al-
lowing for such terms, we can see the DSC estimator as a generalization of the DID, where
the units are weighted by the estimated @ - instead of fixed weights equal to w = J 12 .
The units-specific weights turn the DID regression local, while also permitting the lack of
parallel trends, a key feature of the SC method. Indeed, this is seen in Eq. (4.10), which

has a DID specification but includes a pre-specified unit weight.

Matching on covariates Even though the DSC estimator was originally proposed for
the case without matching on covariates, we suggest a fairly simple extension to allow for
matching on them. Intuitively, one would think of simply demeaning for each unit z;, y1,
Z and Y. However, we follow the recommendation by Abadie (2021) and only demean
the pre-treatment outcomes since multiple covariates of different scales can be included in
z1 and Z. Denoting by Z; the vector containing the demeaned pre-treatment outcomes

and the (average of) covariates for the treated unit, and by Z the stacked analogous
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vectors for the control units, the nested optimization given by Eqs. (4.6)-(4.7) becomes:

WB(V) = argmin (2, — Zw)’V(il — Zw) (4.11)
weWw

Ve — argmin  (yy — YU (V) Wi, _1(y; — YO*(V). (4.12)
Vev

We propose that the computation of the treatment effects is the same as in Eq. (4.9),
with the weights estimated above.

Note that the equivalence between the formulations in Doudchenko and Imbens (2016)
and Ferman and Pinto (2021b) breaks down in the setting with covariates. In particular,
the approach we consider in Eqgs. (4.6)-(4.7) is not equivalent to including an intercept in

the inner optimization since the covariates are not taken into account when demeaning.

Requirements and properties Ferman and Pinto (2021b) proposed the DSC to im-
prove the SC in terms of bias since they show that the SC estimator is generally biased
if the treatment assignment is correlated with unobserved confounders. To be specific,

consider the Data Generating Process (DGP) of the following linear form
e = B+ oy + flvy + e, (4.13)

with the common factor component f/v; as in Bai (2009), Moon and Weidner (2015),
Gobillon and Magnac (2016), Juodis (2020), Fernandez-Val et al. (2021), Beyhum and
Gautier (2019), among others.

In particular, considering imperfect pre-treatment fit and a model with non-diverging
common factors® and a fixed number of control units J, the estimated SC weights (in
general) do not converge in probability to weights that reconstruct the factor loadings of
the treated unit (I"@* do not match ~;)* even if Ty — oo. The SC estimator may also
be biased if the counterfactual fails to reconstruct the time-invariant fixed effect of the
treated unit a;. Therefore, the SC can be biased in settings where the DID is not.

As DSC takes into account not only the differences in levels between unit (a;) but

also unit-specific weights (w%¢), it can dominate DID. It is also shown that in settings

J
with both non-diverging and diverging common factors, the diverging elements would not
generate asymptotic biases in the DSC estimator (unlike the SC estimator). However, one
would need that the treatment assignment is uncorrelated with the non-diverging factors

to establish asymptotic unbiasedness.

3Ferman and Pinto (2021b) defines non-diverging common factors when the pre-treatment average of
the first and second moments of the common factors converge in probability to a constant.
4H€‘I‘€ I = ("‘/2, . ,’7J+1)’ and F = (fl, ey fTo—l)/-
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4.2.4 Synthetic Difference-in-Differences

In addition to the bias-correction term (and, therefore, the inclusion of a unit fixed ef-
fect and an intercept weight) outlined above in the DSC, the SDID proposed by Arkhangel-
sky et al. (2021b) introduces time weights in the construction of the counterfactual. In
particular, since trends and shocks exist in macroeconomic data not all time periods prior
to the intervention are equally representative for the counterfactual in the treatment pe-
riod.

The SDID estimator is computed by first estimating the unit weights as implemented
by the DSC in Eq. (4.8) and additionally (and independently), estimating the time

weights according to:

J+1 To—1 2
A = argmin { > (ym T — > My — yg) , (4.14)
t=1

AeL o

t=1

where L := {)\ e RT-1: )\, >0foreacht e {1,..., Ty — 1} and 3 /°7" )\, = 1}. Here
Y, are cross-sectional averages at each point in time ¢ = 1,..., Ty without y;, included.
Precise estimation of time weights A requires a large cross-sectional donor pool, as formally
discussed by Arkhangelsky et al. (2021b) where both Ty — oo and J — oc.

Once both weights are obtained, the treatment effect for the period T, for instance,

is estimated as:

J+1 To—1 J+1

~sdid __ ~dsc { sdid ~dsc

=y — @y — YN e = > @y | (4.15)
j=2 t=1 j=2

J/

~\~ hd
;0,dsc bias adjustment term
Y11,

Note that the bias adjustment term is almost identical to that of the DSC estimator,
with the exception that instead of taking a simple average over the pre-treatment periods,
a weighted average (with estimated weights 5\) is considered. Hence the approach natu-
rally interpolates between the DiD type of bias-adjustment (with Ap,_; = 1) and two-way
fixed effects bias adjustment as in Ferman and Pinto (2021b), where all pre-treatment \;
are equal.

Moreover, the regression function that corresponds to the estimate above is similar to

its counterpart in Eq. (4.10), except for the inclusion of the time weights, i.e.:

J+1 Tpy
~sdid A A . 2 ~dscydsc ~dsc
<TTO , QL ﬁ) = argmin E E (Yje — o — B — WiaT) WA b Yy #£0.

7,008 j=1 t=1

(4.16)
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In the Appendix, we also discuss how the definition for the weights A can be extended to

account for the matching on covariates.

4.2.5 Penalized Estimation of Unit Weights

The literature on SC methods includes several proposals on how to extend the standard
approach by including an additional ridge penalty (regularization) in the construction of
the estimator. There are several benefits of additional regularization: (i) it increases the
dispersion of weights; and (ii) it guarantees uniqueness of the resulting weights w. Ferman
and Pinto (2021b) argue that with dispersed weights (in population), even the standard
SC estimator does not suffer from the inconsistency problems discussed in Section 4.2.3.
Hence, regularization just ensures that weights are already sufficiently dispersed in finite
samples.

In this chapter, we follow the penalty term proposed by Arkhangelsky et al. (2021b)3
- in their case, specifically for the SDID estimator - for all methods discussed in this

chapter. We define the DSC weights (and similarly for SC without demeaning):

To—1 J+1 2
@™ = argmin { Y (ylt —7) Zw] it — U ) +C(Ty - D|lwl?,  (4.17)

weWw —1

where as before W := {w €R’:w; >0 foreach j€{2,...,J+1} and Z;}’L; wj = 1}

while the regularization parameter is set as:

— 1/4 _A
C — (Tpost) J To — 2 Z Z gt . (418)

Here A, ; = y;14+1 — v and A = J(To 5 ZJH tTiIQ Aj i, and Tje denotes the number
of post-treatment periods.

Note that T}, differs depending whether one is interested in one or multiple post-
treatment periods. In particular, for the in-sample place tests different 7}, are applicable:
in cases (i) and (ii), it is equal to one, since we match only in one post-treatment period;

in case (iii), up to the period of interest when the treatment effects are being assessed).

Remark 4.2. We also consider the same regularization approach for the remaining meth-
ods discussed in this chapter. For the nested optimizations considered when matching on
covariates, this term is introduced in the inner optimization, where it is optimized over

the weights w. Moreover, as Arkhangelsky et al. (2021b), we do not include a ridge

5 Although the initial idea of penalized weights goes back to (at least) Doudchenko and Imbens (2016).



132 On the Use of Synthetic Difference-in-differences Approach with (-out) Covariates

penalization for the estimation of the time weights. In the preliminary version of the
chapter, we also considered penalized time weights A, but in the context of our empirical

applications, it plays no role.

4.3 Discussion

4.3.1 Bias-reducing Properties of the SDID

Recall the DGP as in Eq. (4.13). As pointed out by Ferman and Pinto (2021b), for the
estimator DSC to be unbiased the difference between the counterfactual and treated com-
ponents of common shocks, f/(y; — I"@%¢), should be small for all t. However, since the
goal is to well approximate the entire unobserved factor component at the post-treatment
periods only, the relevant biases will also be decreased when F” sdid approximates fr,.
In other words, even if one set of weights fails to remove the biases from the correlation
of treatment assignment to the unobserved components, the combination of both weights
might still guarantee a decrease in biases. This indicates the double robustness property
of SDID. Therefore, there are three bias reduction components in the SDID: (i) the double
differencing - similar to the DID; (ii) the unit weights - similarly to SC; and (iii) the time

weights.

4.3.2 Interpolation and Extrapolation Biases

In this section, we analyze and compare the biases of the SC, the DSC, and the SDID
estimators. To be specific the bias is defined as the difference Bias, g, = 477, — 915, for
any given estimator of Q?’TO. In our analysis, we follow Kellogg et al. (2021) by decompos-
ing the bias of the synthetic control estimator into interpolation and extrapolation bias.
To simplify the notation, we assume that y?’t is some general deterministic function of
observed and unobserved covariates x;, i.e. yﬁt[a:j,t]. This way we also accommodate the
common factor components f;A; in the definition of ;.

First, consider the SC estimator. For this setup, the bias can then be decomposed as:

J+1

0 ~0,5¢ __ ~sc, 0
yl,TQ yl JTo — yl 1o wl TO w y],TO w] TO

J+1
_ 0 0 ~SC o,
= yl,Tg[mLTo]_yl,To E W; 41y
=2

[

J+1 J+1
0 ~SC sc, 0
+\ Yim E Wj T4y E WY [T,
j=2
>

) |

J/

~
extrapolation bias interpolation bias

(4.19)
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By definition, as it is the minimizer of the MSPE, the SC estimator minimizes the extrap-
olation bias. More specifically, when the treated unit falls within the convex hull of control
units such that a perfect fit of the counterfactual can be constructed, the extrapolation
bias is, by definition, zero. However, Kellogg et al. (2021) show that the SC will avoid
interpolation bias only if y?’t[wj7t] is a linear function in «;;. More specifically, assuming
that @, 7, falls in the convex hull of (zo ..., 111,)" then the SC estimator avoids

interpolation bias if and only if:

J+1 J+1
ZwscygTo Zj, To] y?,To [wLTo] = y;'),To [Z @jchTo ) (420)
=2
where we assume that the functional form of 9, [-] for j = 2,...,J+1 and ¢ 5, [-] are the

same. Not very surprisingly, the bias is larger when the paths of the dependent variable
are highly nonlinear in «;; (as documented by the finite sample evidence in Kellogg et al.,
2021).

The SDID method poses a solution to the susceptibility of the synthetic control method
to interpolation bias. For simplicity, assume that the treated unit falls within the convex
hull of the control units and hence the extrapolation bias is zero, then the bias simplifies
to:

J+1 J+1
ijcacjjo] ZwscygTo Zj To]) . (421)
j=2

Conforming with the notation of Kellogg et al. (2021), the SDID estimator defined in
Eq. (4.15) is given by:

_ ~0,sc 0
yl 1o = Yin | Yim

To—1

J+1
=t 3 (- o). G

t=1

The SDID estimator is therefore very similar to the expression given in Eq. (4.21).5 First

note that under the assumption of zero extrapolation bias, it holds that ZJ+21 wixj =

@y, for all ¢ and hence ¢, [ZJ+21 wiejm,| =

= y{p,[T1,1,]. Moreover, the time weights A
are optimized such that the weighted average of pre-treatment periods is most represen-

tative of the actual treatment period ¢ = Ty (up to a constant). Therefore, while the

60ne difference between the two equations is the fact that we use the DSC weights for the SDID
estimate, but the same argument holds for the DSC estimator. Namely, inspecting Eq. (4.9), the DSC
estimator would only minimize interpolation biases if a simple average of the pre-treatment periods well
approximates the post-treatment period.
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unit weights minimize the extrapolation bias, the time weights introduced in the SDID
estimator minimize the interpolation bias.

The interpolation bias of the SDID estimator is zero if the weights A exist such that
the difference in the outcome of the treated unit and the counterfactual in the treatment
period falls within the convex hull of the difference between the treated unit and the
counterfactual in the periods prior to treatment up to a constant. More generally, similar
to the construction of the unit weights for the counterfactual, if a perfect fit does not
exist, time weights are found such that the distance is minimized. The SDID estimator
is able to control for the interpolation bias of the SC estimator.

Other estimators proposed in the literature also aim to reduce the interpolation bias,
e.g., in Kellogg et al. (2021) and Abadie and L’Hour (2021). The matching and synthetic
control (MASC) estimator of Kellogg et al. (2021) relies on a model averaging of the
SC estimator and matching estimators. Since the latter minimizes interpolation and
the former extrapolation biases, the resulting estimator carries both properties. The
penalized SC of Abadie and L’Hour (2021), even though it focuses more on providing
a unique solution for the estimated unit weights, also reduces the interpolation bias by
penalizing covariate discrepancy between the treated unit and each unit that contributes
to the counterfactual (and not only the discrepancy between the treated unit and the
counterfactual as a whole, as in the standard SC). Therefore, it is claimed that it reduces
interpolation biases by assigning more weight to units that are close to the treated unit
in the space of matching covariates. The disadvantage of such estimators is that they rely
on tuning parameters, requiring cross-validation techniques.

Another estimator that focuses on reducing biases is the augmented synthetic control
(ASCM) of Ben-Michael et al. (2021). However, it mainly corrects for biases arising from
to imperfect pre-treatment fit and allows for more extrapolation. It relies on an outcome
model to estimate such bias and uses it to de-bias the SC estimate. The drawback of this

method is that it relies on a correct specification for the outcome model.

4.4 The Effect of the Brexit Referendum on the UK
GDP Re-evaluated

4.4.1 The Dataset

The dataset we use comprises quarterly data for the GDP and six covariates for the
36 OECD countries, including the UK, for 1995:Q1-2020:Q4. The six covariates con-

sidered are: Consumption, Investment, Fxports, Imports, Labour productivity growth,
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and Employment share.” All variables are standardized with respect to the mean and
log-transformed to adjust for differences in size between the units. After removing all
countries with missing data, 23 potential control/donor units are left, as in Born et al.
(2019).

Despite the minor assumptions required to perform synthetic control estimation, the

identification strategy of Born et al. (2019) is built upon the two key foundations:

1. First, the treatment date is set to be the date of the referendum in 2016:Q3.8 More
importantly, as the outcome of the vote was largely unexpected, it is reasonable to

consider it a natural experiment.

2. Second, the voting behaviour was largely driven by political considerations (i.e. , re-
claiming full freedom for political decision-making) rather than (macro-) economic
reasons. Even though voting behaviour differed systematically among various socio-
economic groups, the factors among which the voting behaviour differed (such as
educational attainment, demography and regional industry structure) were claimed

to be unlikely to impact macroeconomic performance.

These two assumptions are essential for the identification of the counterfactual trend
that the UK’s GDP would have followed if the referendum had not been held (or if it had
failed).

4.4.2 The Zoo of Specifications and Methods

Methods We consider the SC approach of Born et al. (2019) (SC(B)) as the benchmark
for your comparative analysis. Their method differs with respect to the standard SC with
matching on covariates since they consider both in the inner and the outer optimization in
Eqgs. (4.6)-(4.7) vectors and matrices stacking the pre-treatment outcomes and the average
of (or last) covariates for the treated and control units, respectively. It can be argued,
that the approach of Born et al. (2019)ensures that (by construction) the covariates are
non-redundant. Importantly, this points out to the fact that the theoretical predictions of
Kaul et al. (2021) do not hold for the SC(B) estimation method, as already acknowledged
by Born et al. (2019).

In this chapter, we also consider penalized (ridge) optimization procedures for w and

A. As mentioned originally by Doudchenko and Imbens (2016), the inclusion of such a

"The variable Labour productivity growth is constructed by taking the log difference of quarterly real
GDP and quarterly total employment, while the Employment share is the ratio between total employment
and the working-age population.

8Notice that in Born et al. (2019) the authors mention that the treatment date is set to 2016:Q2,
however, in their definition the treatment is materialized only in the period after the treatment date, that
is, 2016:Q3. In our setting, we define that the treatment effect materializes in the treatment period.
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penalty leads to a higher dispersion, ensures the uniqueness of the weights, and delivers
better interpretability of the unit weights. For the sake of simplicity, we adopt the penal-
ization approach of Arkhangelsky et al. (2021b) for unit weights in all estimators. Further
discussion and the corresponding empirical result are provided in the Appendix.

We estimate the SC(B), SC, and DSC methods using the concomitant synth and
synthdid packages in R; see Abadie et al. (2010) and Arkhangelsky et al. (2021b) for
more details. Note that the package synthdid has one key difference with respect to
the implementation of Born et al. (2019), related to the initialization for the v weights.
While the latter uses the relative standard deviation of variables for the initialization, the
former uses the initialization that provides the lowest MSPE between a regression-based
initialization and equal weights. This justifies why our estimates for the SC(B) method
might differ slightly compared to the results in the original paper.

Specifications In this chapter, we extend the specifications considered by Born et al.

(2019) in several ways:

(i) We consider two possible treatment periods - 2016:Q2 and 2016:Q3. This is done
for two reasons: due to the ambiguity of the date of the Brexit vote (at the end of

2016:QQ2) and to consider possible anticipation effects.

(ii) For the specifications with covariates, we also allow for the use of only the single
most-recent period for matching. This is mostly done to better account for the

unit-root properties of the included covariates.”

(iii) When constructing A weights for SDID, we allow for the possibility of matching on
the first period of treatment (case (i)); on the average of post-treatment periods
until the periods in which the treatment effect is being evaluated, that is, 2018:Q4
and 2019:Q4 (case (ii)); and on the outcomes in the periods in which the treatment

effect is being evaluated only (case (iii)).

(iv) Given the results of Kaul et al. (2021) (on the irrelevance of covariates with all
pre-treatment outcomes included in the matching algorithm), we consider different
matching schemes with all pre-treatment periods (the standard approach), as well
as half pre-treatment periods and the last pre-treatment period (one pre-treatment
period). These specifications are used to investigate the relevance of matching on

covariates.

9However, we note that this specification should be mostly seen as an illustration for the possibilities
discussed in Kaul et al. (2021), rather than reflecting the actual practise of using covariates in SC.



4.4 The Effect of the Brexit Referendum on the UK GDP Re-evaluated 137

The extended set of specifications is mainly considered to avoid the cherry-picking problem
recently highlighted by Ferman et al. (2020).

Despite the discussion in Section 4.2.4 on SDID with matching on covariates for A,
in practice, we only match on the outcome of interest. The reasons are twofold: (i) the
estimates indicate that matching or not on covariates, the time weights are almost always
entirely assigned to the last pre-treatment period; (ii) for the unit weights there is not a

well-defined “last covariate” value.

4.4.3 Empirical Results

Our main results are summarized in Tables 4.1 - 4.3. Here, we report the estimated
percentage differences in GDP (counterfactual minus the UK) at the end of 2018 and
2019.

Equivalent to the original result of Born et al. (2019), the SC(B) with covariates
(including all the pre-treatment periods and considering mean of covariates with treatment
date 2016:QQ3) estimated a reduction of 2.4% at the end of 2018. This number is smaller
than the corresponding numbers from the competing procedures.

Overall, under the remaining specifications, the same pattern is observed - i.e., the
remaining methods points to a larger effect in magnitude compared to the SC(B) method
- with only two (non-consequential) exceptions. Importantly, considering the initial esti-
mate of Born et al. (2019) of 2.4%, the SDID estimation with or without covariates point
out to a much bigger economic loss due to Brexit under all specifications (except one in
Table 4.3).

Other important conclusions from Tables 4.1 - 4.3 are: (i) irrespective of the method
and/or specification considered the estimated gap in the GDP is increasing over time,
suggesting a clear structural shift in the growth of the GDP; (ii) for the SDID approach
(with or without covariates), the estimated effects are bigger when considering 2016:QQ2 as
treatment period compared to 2016:Q3. Therefore, the initial choice of treatment period
Is not innocuous.

All in all, there are several ways in which slightly different specifications compared to
the one taken into account by Born et al. (2019) may lead to a more sizeable treatment
effect.



Table 4.1: The estimated percentage differences in GDP between the counterfactuals and the UK including all pre-treatment periods as
predictors.

SC(B) SC SCcov. DSC DSC cov. SDID (i) SDID cov. (i) SDID (ii) SDID cov. (ii) SDID (iii) SDID cov. (iii)

Mean of covariates - Treatment period 2016:Q2

2018:Q4 2.40 3.12 3.09 3.04 3.33 3.17 3.32 3.05 3.26 3.05 3.26
2019:Q4 3.60 4.28 4.23 4.18 4.56 4.31 4.54 4.19 4.48 4.19 4.48
Mean of covariates - Treatment period 2016:Q3

2018:Q4 2.43 3.06 3.11 2.98 2.90 2.76 2.75 2.79 2.78 2.79 2.78
2019:Q4 3.61 4.20 4.28 4.12 4.00 3.89 3.85 3.92 3.89 3.92 3.89
Last covariates - Treatment period 2016:Q2

2018:Q4 1.64 3.12 2.77 3.04 3.33 3.17 3.41 3.05 3.32 3.05 3.32
2019:Q4 2.53 4.28 4.05 4.18 4.49 4.31 4.58 4.19 4.49 4.19 4.49
Last covariates - Treatment period 2016:Q3

2018:Q4 2.31 3.06 1.75 2.98 3.25 2.76 2.95 2.79 2.96 2.79 2.96
2019:Q4 3.37 4.20 2.87 4.12 4.41 3.89 4.10 3.92 4.12 3.92 4.12

Note: The results represent losses in percentages. The methods without covariates, SC, DSC, SDID (i), SDID (ii) and SDID (iii) naturally show the
same results regardless if mean or last covariates are considered.



Table 4.2: The estimated percentage differences in GDP between the counterfactuals and the UK including half pre-treatment periods as
predictors.

SC(B) SC SCcov. DSC DSC cov. SDID (i) SDID cov. (i) SDID (ii) SDID cov. (ii) SDID (iii) SDID cov. (iii)

Mean of covariates - Treatment period 2016:Q2

2018:Q4 1.33 3.12 1.34 3.04 3.15 3.17 3.31 3.05 3.33 3.05 3.33
2019:Q4 2.43 4.28 2.44 4.18 4.41 4.31 4.57 4.19 4.58 4.19 4.58
Mean of covariates - Treatment period 2016:Q3

2018:Q4 1.33 3.06 1.37 2.98 2.80 2.76 2.60 2.79 2.61 2.79 2.61
2019:Q4 2.44 4.20 2.48 4.12 3.97 3.89 3.77 3.92 3.78 3.92 3.78
Last covariates - Treatment period 2016:Q2

2018:Q4 1.55 3.12 2.53 3.04 2.91 3.17 3.14 3.05 3.03 3.05 3.03
2019:Q4 2.41 4.28 3.37 4.18 3.98 4.31 4.21 4.19 4.10 4.19 4.10
Last covariates - Treatment period 2016:Q3

2018:Q4 2.42 3.06 2.46 2.98 3.12 2.76 2.74 2.79 2.75 2.79 2.75
2019:Q4 3.49 4.20 3.52 4.12 4.24 3.89 3.86 3.92 3.86 3.92 3.86

Note: For methods without covariates the results are equivalent to those in Table 4.1. See Table 4.1 for more discussion.



Table 4.3: The estimated percentage differences in GDP between the counterfactuals and the UK including one pre-treatment periods as
predictor.

SC(B) SC SC cov. DSC DSC cov. SDID (i) SDID cov. (i) SDID (ii) SDID cov. (ii) SDID (iii) SDID cov. (iii)

Mean of covariates - Treatment period 2016:Q2

2018:Q4 1.24 3.12 0.41 3.04 0.98 3.17 2.15 3.05 2.20 3.05 2.20
2019:Q4 2.18 4.28 1.39 4.18 2.05 4.31 3.22 4.19 3.27 4.19 3.27
Mean of covariates - Treatment period 2016:Q3

2018:Q4 0.99 3.06 1.49 2.98 1.34 2.76 1.71 2.79 1.75 2.79 1.75
2019:Q4 1.91 4.20 2.48 4.12 2.44 3.89 2.81 3.92 2.85 3.92 2.85
Last covariates - Treatment period 2016:Q2

2018:Q4 2.74 3.12 3.11 3.04 2.88 3.17 3.14 3.05 2.83 3.05 2.83
2019:Q4 4.15 4.28 4.12 4.18 3.97 4.31 4.22 4.19 3.91 4.19 3.91
Last covariates - Treatment period 2016:Q3

2018:Q4 2.48 3.06 2.88 2.98 2.58 2.76 2.18 2.79 2.18 2.79 2.18
2019:Q4 3.58 4.20 3.90 4.12 3.59 3.89 3.18 3.92 3.18 3.92 3.18

Note: For methods without covariates the results are equivalent to those in Table 4.1. See Table 4.1 for more discussion.
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Figure 4.1 depicts some of the patterns we discussed above. Overall, all methods
generate counterfactual trends that are able to replicate the GDP trend of the UK prior to
the treatment date. In addition, all methods predict that the GDP of the UK would have
been higher if they had not left the EU, but there are some key discrepancies between
the methods. In the specifications considering the mean of covariates, the SC(B) and
SC seem to underestimate the UK GDP, and it carries over to post-treatment periods.
The DSC and SDID estimates are nearly identical to the SC (in terms of trajectory),
but in general (with some exceptions when considering matching on the last covariates),
shifted upwards, as a result of the constant bias adjustment over time. Notably, when the
average of covariates is used in estimation, the bias adjustment seems to be much bigger in
magnitude, as compared to other specifications. Hence, the inclusion of covariates and/or
time weights does not have a homogeneous effect on results.

We also note that for numerical reasons, the theoretical prediction of Kaul et al. (2021)
does not always hold across all specifications. In particular, even when considering all
pre-treatment periods, there are still differences in the estimated effects with or without
covariates. However, we can see that, especially for the DSC and the SDID methods
the differences in the estimated treatment effects are larger when comparing matching or
not matching on covariates for the case where one pre-treatment period is considered. In
the Appendix we show how estimated v and the corresponding w weights impact these
conclusions.

For the sake of illustration, in Table 4.4, we present estimated weights for one of
our specifications. In particular, we see that for the SC, DSC and SDID methods, the
estimated unit weights are quite similar when considering no covariates or matching on
covariates with all pre-treatment periods. However, when considering only half or one
pre-treatment period, the resulting w weights differ substantially. In the latter cases, the
most striking result is that a much bigger weight is assigned to the U.S. As we discuss
in the Appendix, large weights of the United States and Hungary are not specific to the

exact specification considered and are a general feature of this empirical problem.



Figure 4.1: Estimated counterfactuals for treatment period 2016:Q3 and the half of pre-treatment

outcomes.
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Table 44 Estimated w weights considering 2016:Q3 as treatment period and mean of covariates. Weights > 0.1 are highlighted in Bold.

SC(B) all SC(B) half SC(B) one SCnocov SCall SC half SCone DSC nocov DSC all DSC half DSC one

Australia 0.0000 0.0000 0.0000 0.0052 0.0005 0.0000 0.0002 0.0075 0.0000 0.0000 0.0000
Austria 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0005 0.0000 0.0000 0.0000 0.0000
Belgium 0.0000 0.0001 0.0000 0.0000 0.0000 0.0000 0.0036 0.0000 0.0000 0.0000 0.0001
Canada 0.0000 0.0001 0.0000 0.1612 0.1734  0.0000 0.0004 0.1916 0.2103 0.0705 0.0001
Finland 0.0000 0.0000 0.0000 0.0021 0.0002 0.0000 0.0003 0.0031 0.0103 0.0000 0.0000
France 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0000 0.0000 0.0000 0.0000
Germany 0.0458 0.1145 0.0000 0.0026 0.0000  0.1012  0.0004 0.0000 0.0000 0.0000 0.0379
Hungary 0.1078 0.0001 0.0000 0.2186 0.2262 0.0000 0.0011 0.2311 0.2258 0.1697 0.0000
Iceland 0.0089 0.0682 0.0000 0.0000 0.0076 0.0740 0.0006 0.0000 0.0000 0.0350 0.0569
Ireland 0.0114 0.0001 0.0000 0.0543 0.0462 0.0000 0.0002 0.0503 0.0469 0.0305 0.0000
Italy 0.1744 0.1631 0.1667 0.0353 0.0013  0.1673  0.2098 0.0334 0.0373 0.0471 0.1773
Japan 0.0000 0.0000 0.0000 0.1773 0.1821  0.0000 0.0000 0.1842 0.1838 0.1884 0.0000
Korea 0.0000 0.0000 0.0000 0.0030 0.0000 0.0000 0.0002 0.0000 0.0000 0.0000 0.0000
Luxembourg 0.0000 0.0483 0.0310 0.0000 0.0000 0.0371 0.0535 0.0000 0.0000 0.0000 0.0382
Netherlands 0.0000 0.0001 0.0000 0.0000 0.0000 0.0000 0.0013 0.0000 0.0001 0.0000 0.0000
New Zealand 0.1432 0.0001 0.0586 0.0000 0.0000 0.0000  0.1183 0.0000 0.0144 0.0001 0.0001
Norway 0.0001 0.0000 0.0000 0.1256 0.1133 0.0000 0.0001 0.1208 0.1042 0.0000 0.0000
Portugal 0.0000 0.0001 0.0000 0.0123 0.0407 0.0000 0.0024 0.0037 0.0011 0.0000 0.0000
Slovak Republic 0.0000 0.0000 0.0000 0.0031 0.0000 0.0000 0.0005 0.0000 0.0000 0.0000 0.0000
Spain 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000
Sweden 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0002 0.0000 0.0000 0.0000 0.0000
Switzerland 0.0000 0.0000 0.1283 0.0000 0.0000 0.0000 0.0169 0.0000 0.0000 0.0000 0.0001

United States 0.5083 0.6052 0.6153 0.1994 0.2083 0.6203 0.5893 0.1740 0.1655 0.4587 0.6891
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In this application, the time weights for SDID are always completely assigned to the
last pre-treatment period. This outcome can be explained by the random-walk behaviour
of the GDP series, see Appendix for some visual evidence. This result can be seen as
a pitfall of the SDID estimator when considering outcome levels. One might consider,
alternatively, an empirical exercise with data in changes. However, a key feature of SC
method is that the counterfactual estimate should actually match pre-exposure trends.
Therefore, it is more intuitive and, in practice, more acceptable to match the levels of the
series. We do not deviate from this practice.

The scatter plots in Figure 4.2 summarize the findings of this Zoo of specifications
and methods (this includes all the specifications considered in the main text and in the
Appendix). Overall, we find that, in general, the estimated treatment effects are bigger
in magnitude when: applying the SDID method as opposed to the SC(B) or SC methods;
no covariates are taken into account when matching; and no penalty regularization is

introduced.

4.4.4 In-sample Placebo Analysis

Besides pointing out the differences among the estimators, no overall conclusions about
the relative performance of the methods can be drawn from the above analysis. In what
follows, we evaluate the relative performance of the considered procedures using the in-
sample (time-series) placebo analysis as in Born et al. (2019).

The idea of the in-sample placebo analysis is to advance the treatment date to t =
T} < Tj and construct a counterfactual using the data up to that date. The GDP level of
the counterfactual at the artificial treatment date is then computed (QLT(;) and compared
to the actual realization (y;7y). Due to the no anticipation assumption for Ty < Tp,
the GDP level of the estimated counterfactual should be sufficiently close to the actual
(observed) GDP value. This exercise is repeated for all time periods using the expanding
window approach in the interval 2010:Q1-2014:Q4 one period at the time.

Note that for this placebo study we allow for the previously mentioned three different
cases on how one considers post-treatment periods in the construction of the time weights
A for SDID. More specifically:

(i) The first treatment period and evaluating the treatment effect in this period.

(ii)) The fourth quarter after the treatment period and computing the treatment effect

for the end of the fourth quarter.

(iii) The average over four quarters after the treatment period and computing the treat-

ment effect for the end of the fourth quarter.



Figure 4.2: Scatter plots of estimated treatment effects,
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We consider these three settings since it can be that the time weights would not always
be completely assigned to the last pre-treatment period. Thus, the cases above may lead
to different estimates of treatment effects.

The results in Table 4.5 are not unexpected. In particular, the SC(B) generally per-
forms the worst, while the SDID method (with or without covariates) for each specification
always performs better. Importantly, the performance of the SDID is almost invariant to
the inclusion of covariates. Strikingly, when considering half of the pre-treatment periods,
the inclusion of covariates might even be detrimental for some of the methods. Finally,
while the inclusion of the bias correction term in the DSC is sometimes beneficial, the

inclusion of time effects (SDID) seems to have a larger effect an improving the estimates.



Table 4.5: In-sample placebo analysis across periods for 2010:Q1-2014:Q4.

SC(B) SC SCcov. DSC DSC cov. SDID (i) SDID cov.(i) SDID (i) SDID cov.(ii) SDID (iii) SDID cov.(iii)

Mean of covariates - All pre-treatments

RMSE  0.0101 0.0089 0.0092  0.0087 0.0106 0.0067 0.0063 0.0134 0.0131 0.0134 0.0132
MAB 0.0090 0.0072  0.0076  0.0070 0.0087 0.0037 0.0040 0.0111 0.0114 0.0111 0.0115
MedAB 0.0096 0.0055  0.0071  0.0052 0.0074 0.0016 0.0021 0.0103 0.0112 0.0107 0.0112
Last covariates - All pre-treatments

RMSE  0.0117 0.0089 0.0076  0.0087 0.0098 0.0067 0.0068 0.0134 0.0140 0.0134 0.0141
MAB 0.0098 0.0072  0.0057  0.0070 0.0078 0.0037 0.0041 0.0111 0.0123 0.0111 0.0123
MedAB 0.0093 0.0055 0.0048  0.0052 0.0055 0.0016 0.0020 0.0103 0.0113 0.0107 0.0115
Mean of covariates - Half of the pre-treatments

RMSE  0.0108 0.0089  0.0107  0.0087 0.0104 0.0067 0.0056 0.0134 0.0100 0.0134 0.0100
MAB 0.0098 0.0072  0.0092  0.0070 0.0091 0.0037 0.0038 0.0111 0.0081 0.0111 0.0082
MedAB 0.0099 0.0055 0.0101  0.0052 0.0088 0.0016 0.0015 0.0103 0.0066 0.0107 0.0067
Last covariates - Half of the pre-treatments

RMSE  0.0131 0.0089 0.0066  0.0087 0.0083 0.0067 0.0059 0.0134 0.0117 0.0134 0.0118
MAB 0.0106 0.0072  0.0053  0.0070 0.0067 0.0037 0.0035 0.0111 0.0096 0.0111 0.0096
MedAB 0.0101 0.0055 0.0045  0.0052 0.0055 0.0016 0.0017 0.0103 0.0083 0.0107 0.0087
Mean of covariates - One of the pre-treatments

RMSE  0.0085 0.0089 0.0071  0.0087 0.0096 0.0067 0.0043 0.0134 0.0075 0.0134 0.0075
MAB 0.0072 0.0072  0.0059  0.0070 0.0089 0.0037 0.0035 0.0111 0.0060 0.0111 0.0061
MedAB 0.0077 0.0055  0.0065  0.0052 0.0090 0.0016 0.0028 0.0103 0.0051 0.0107 0.0051
Last covariates - One of the pre-treatments

RMSE  0.0089 0.0089  0.0057  0.0087 0.0059 0.0067 0.0040 0.0134 0.0095 0.0134 0.0095
MAB 0.0076  0.0072  0.0049  0.0070 0.0045 0.0037 0.0028 0.0111 0.0076 0.0111 0.0077

MedAB  0.0064 0.0055  0.0038  0.0052 0.0036 0.0016 0.0020 0.0103 0.0050 0.0107 0.0053




148  On the Use of Synthetic Difference-in-differences Approach with (-out) Covariates

Remark 4.3. In the Supplementary Online Appendix, we provide additional robustness
checks with a restricted set of donor countries. Overall, we find that our conclusions

remain unaffected.

4.5 Monte Carlo Simulations

In this section, we supplement the in-sample placebo analysis with a dedicated empir-
ical Monte Carlo study. For the data generating process (DGP), we consider the factor
model used by Abadie et al. (2010) and Kaul et al. (2021), given by:

y;'),t = 5,5 + OQCJ‘ + Vel + Ejt- (423)

Here g, denotes the outcome in the absence of treatment, d; is the common time effects
component, @; is a vector of P-dimensional time-varying coefficients, one for each covariate
given by the vector c¢;, vy, is a typical interactive unobserved fixed-effect term, and
£;+ is the idiosyncratic error term with zero mean and variance o2, where we consider
o €{0.25,1}.

The values of §; and 6, are calibrated based on our empirical setting, see e.g. Ferman
and Pinto (2021b), Kaul et al. (2021), Arkhangelsky et al. (2021b), who also consider real
GDP per capita as the outcome of interest in their empirical Monte Carlo studies. In
particular, we take the values of ¢; as the time-averages of the observed covariates over
the period 2010:QQ2 and 2016:Q1, which is also the time span of the placebo study in the
empirical section. The common factor v, is generated deterministically as v, = ty/Ty,
10 for v € {0,0.25,1,1.5}. As for the factor loadings, for all we set for j =1,...,J+1
we set p; ~ UJ0, 1]. Note that the larger the value of o and/or v, the lower the relative
importance of observed covariates.

The number of Monte Carlo replications is set to M = 1000 for all specifications.

4.5.1 RMSE Decomposition Details

In what follows, we adapt the approach of Kaul et al. (2021) and decompose the SC
estimation error into three components: (i) error originating from covariates; (ii) error

originating from the common factor component; (iii) from the presence of the idiosyncratic

10Tn the preliminary version of the chapter we also considered a setup with simple linear trend ~, = t,
but as the results are qualitatively similar we only report the case of “bounded” common factors considered
here.
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error term. In particular, observe that:

J+1 J+1 J4+1
A%g - Hlfo ((31 B Z(’D;ch> + 7, (Ml Z . > +e11 — Zd);c{fj,TO . (4.24)

Jj=2 Jj=2
~~ -~ s
(i)covariates (ii)commonfactor (#i1)idiosyncratic

Evidently, similar decomposition can be also considered for the DSC estimator:
1 Dol ! J+1
Adsc _ ~.dsc
o To-m) (--Er)
To—1 J+1
j=2

J+1 1 To—1 J+1
+e1m — Z@j“em T ( Z vdsee ) (4.25)
=2 t=1

As well as the SDID estimator:
To—1 J+1
f_;j(l)ild (0T0 Z /\sdzde > (Cl . Z w;lsccj>
7j=2
To—1 J+1
+ <7To - Z )\ded’Yt> (Ml - Z@?Scﬂj>
j=2

t=1
J+1 To—1 J+1
§ ~dsc § \ sdid 2 : ~dsc
+ €11y — wj Ty — )‘t g1t — i Ejt (4.26)
]:2 t=1 :

4.5.2 The Results

In what follows, we discuss the Monte Carlo results as summarized by means of the
RMSE in Table 4.6. We also report contributions of the idiosyncratic, covariates, and the
common factors parts for the total RMSE in Tables 4.7-4.9.

Table 4.6 shows that overall, when o = 1, the SC(B) taking into account all covariates,
the SC without covariates and the DSC also without covariates perform the best. However,
while those methods are quite sensitive to the inclusion of covariates (in particular, the SC
and the DSC methods perform worse when covariates are included), the results obtained
with SDID are less sensitive.

For 0 = 0.25, the performance of all methods is more comparable, and the results are
less sensitive to covariates. Moreover, it is noticeable that as v increases, the SC(B) and
the SC methods perform worse, while the DSC and the SDID methods are less sensitive.
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This reinforces the idea that the latter estimators provide a better match in terms of the
unobserved common factors.

Thus, once o decreases, i.e. the relative importance of the idiosyncratic component
is lower, the performance of the SDID methods seems to approach that of SC. This ob-
servation is supported by the RMSE decomposition results in Tables 4.7-4.9. From those
tables, it is clear that for these designs, the noise associated with ¢;, dominates all other
components, especially for ¢ = 1. As such, additional noise from (associated with the es-
timation uncertainty of the time-weights) ¢, for the SDID outweighs the relative benefits
of SDID in terms of the lower RMSE associated with the other two components. How-
ever, it is clear that for o = 0.25, the additional noise from the idiosyncratic component
in the SDID is more comparable to that of other methods. As a result, the remaining
components of the RMSE that display a better performance for this estimator are not
dominated.

In particular, for the part of the error term stemming from matching on covariates,
when o = 1, the DSC and the SDID, taking into account one covariate perform the best.
We note that both the SC(B) and the SC methods improve if only one pre-treatment
period is considered, while for the DSC and the SDID, the effect is moderate. When
o = 0.25, the inclusion of covariates is less important for all methods. Moreover, the
SDID method provides the lowest RMSE in this case, especially for larger ~.

Results in Table 4.8 confirm our prior expectations that DSC and SDID methods
improve upon the SC methods in terms of the error associated with the common factor
components. In some cases, the improvement is as large as 50% in the (component)
RMSE terms. When o = 1, it is clear that all estimators perform worse as 7 increases.
However, as expected, the SDID shows a smaller impairment in terms of the RMSE (in
comparison to other levels of o). Surprisingly, for ¢ = 0.25, the performance of SDID
does not deteriorate for larger values of v, in contrast to all other methods.

Turning our attention to the question of the relative benefits of matching on covariates,
we first consider the results in Table 4.6. We do not document benefits of matching
on covariates, supporting our in-sample placebo results, if the total RMSE values are
analyzed. However, Table 4.7 shows that for the SC, DSC, and SDID, in general, matching
on one covariate leads to the smallest RMSE for the part of the error stemming from
matching on covariates (even if the improvement is reduced for the SDID and the DSC
opposed to the SC and SC(B) methods).

Therefore, the superior overall performance of the methods without covariates (in
Table 4.6) stems primarily from the lower RMSE associated with the common factor
component, especially for higher values of o (Table 4.8). This conclusion, is in line with

one of the conjectures by Kaul et al. (2021) regarding the same observed phenomenon.
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Finally, we observe that for the results with covariates, inclusion of half pre-treatment
periods is a preferred empirical strategy as it results in a lower total RMSE. This is also

in line with our conclusions from the empirical in-sample placebo analysis.



Table 4.6: Monte Carlo Results: Total RMSE.

o v SC(B) all SC(B) half SC(B) one SC SC cov. half SC cov. one DSC DSC cov. half DSC cov. one SDID SDID cov. half SDID cov. one
1 0 1.0645 1.1101 1.1909 1.068 1.0907 1.1375 1.074 1.0911 1.1505 1.1596 1.1675 1.1832
1 0.25 1.1213 1.1740 1.2135 1.1201 1.1405 1.1790 1.136 1.1637 1.1960 1.2304 1.2510 1.2588
1 1 1.1553 1.1817 1.2479 1.1528 1.1641 1.2250 1.1511 1.1687 1.2134 1.2193 1.2303 1.2397
1 1.5 1.1567 1.2039 1.2976 1.1552 1.1810 1.2292 1.1523 1.1733 1.1976 1.2600 1.2769 1.2586
025 0 0.068 0.0696 0.0772 0.0693 0.0694 0.0716 0.0686 0.0698 0.073 0.0748 0.0756 0.0771
0.25 0.25 0.0791 0.0782 0.0963 0.0779 0.0797 0.0828 0.0770 0.0784 0.0814 0.0821 0.0833 0.0833
025 1 0.0894 0.0871 0.1138 0.0870 0.0875 0.0936 0.0785 0.0792 0.0870 0.0819 0.0822 0.0851
025 1.5 0.0931 0.0903 0.1160 0.0894 0.0902 0.0975 0.0817 0.0831 0.0902 0.0866 0.0875 0.0901
Table 4.7: Monte Carlo Results: RMSE component due to covariates.
o v SC(B) all SC(B) half SC(B) one SC SC cov. half SC cov. one DSC DSC cov. half DSC cov. one SDID SDID cov. half SDID cov. one
1 0 0.129 0.1347 0.0628 0.1407 0.1210 0.0567 0.0260 0.0228 0.0104 0.0271 0.0241 0.0106
1 025 0.1298 0.1381 0.0626 0.1407 0.1228 0.0567 0.0247 0.0225 0.0122 0.0246 0.0224 0.0123
1 1 0.1358 0.1357 0.0630 0.1482 0.1274 0.0536 0.0250 0.0222 0.0088 0.0247 0.0214 0.0087
1 1.5 0.1374 0.1433 0.0681 0.1493 0.1302 0.0596 0.0249 0.0226 0.0126 0.0240 0.0212 0.0120
025 0 0.0159 0.0179 0.0331 0.0186 0.0186 0.0171 0.0167 0.0160 0.0105 0.0081 0.0079 0.0058
0.25 0.25 0.0377 0.0448 0.0369 0.0440 0.0448 0.0428 0.0214 0.0201 0.0136 0.0084 0.0081 0.0060
0.25 1 0.0457 0.0614 0.0501 0.0530 0.0542 0.0525 0.0237 0.0201 0.0122 0.0039 0.0040 0.0034
025 1.5 0.0509 0.0672 0.0539 0.0577 0.0586 0.0570 0.0275 0.0230 0.0129 0.0034 0.0037 0.0032




Table 4.8: Monte Carlo Results: RMSE component due to common factors.

o v SC(B) all SC(B) half SC(B) one SC SC cov. half SC cov. one DSC DSC cov. half DSC cov. one SDID SDID cov. half SDID cov. one
1 0 0 0 0 0 0 0 0 0 0 0 0 0
1 025 0.0787 0.0789 0.0854 0.0787 0.0796 0.0813 0.0398 0.0404 0.041 0.0406 0.0414 0.0419
1 1 0.2789 0.2741 0.3251 0.2786 0.2782 0.3053 0.1526 0.1553 0.1604 0.1507 0.1528 0.1605
1 1.5 0.3826 0.3761 0.4863 0.3823 0.3811 0.4398 0.2287 0.2337 0.2509 0.2169 0.2215 0.2351
025 0 0 0 0 0 0 0 0 0 0 0 0 0
0.25 0.25 0.0633 0.0650 0.0658 0.0657 0.0666 0.0700 0.0313 0.0314 0.0346 0.0146 0.0146 0.0163
025 1 0.0843 0.0911 0.0981 0.0879 0.0884 0.0961 0.0409 0.0388 0.0469 0.0095 0.009 0.0108
025 1.5 0.0924 0.1006 0.1057 0.0941 0.0944 0.1001 0.0437 0.0407 0.0493 0.0077 0.0072 0.0087
Table 4.9: Monte Carlo Results: RMSE component due to €j;.
o v SC(B) all SC(B) half SC(B) one SC SC cov. half SC cov. one DSC DSC cov. half DSC cov. one SDID SDID cov. half SDID cov. one
1 0 1.0536 1.0948 1.1837 1.0553 1.0782 1.1329 1.0735 1.0908 1.1502 1.1594 1.1674 1.1831
1 0.25 1.1141 1.1665 1.2116 1.1119 1.1349 1.1753 1.1351 1.1632 1.1952 1.2292 1.2498 1.2579
1 1 1.1156 1.1470 1.2011 1.1117 1.1254 1.1741 1.1410 1.1579 1.2001 1.2103 1.2210 1.2267
1 1.5 1.0913 1.1494 1.2107 1.0898 1.1188 1.1515 1.1306 1.1508 1.1732 1.2377 1.2541 1.2365
025 0 0.0664 0.0683 0.0711 0.0668 0.0673 0.0702 0.0673 0.0679 0.0721 0.0734 0.0741 0.0764
0.25 0.25 0.0716 0.0716 0.0731 0.0711 0.0727 0.0742 0.0718 0.0733 0.075 0.0797 0.0809 0.0807
025 1 0.0721 0.0729 0.0753 0.0715 0.0728 0.0739 0.0711 0.0724 0.0758 0.0797 0.0803 0.0827
025 1.5 0.0758 0.0757 0.0771 0.0743 0.0755 0.0765 0.075 0.0766 0.0778 0.0853 0.0863 0.0878
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4.6 Concluding Remarks

In this chapter, we extensively review the recently suggested extensions to the popular
Synthetic Control (SC) method. In particular, we consider the Demeaned SC (DSC)
and the Synthetic Difference-in-differences (SDID) approaches. We argue that both the
DSC and SDID methods have certain desirable finite-sample bias reduction properties.
In particular, the SDID method is targeted at minimizing the interpolation bias of the
treatment effect.

In the empirical section, we re-investigate the effects of the Brexit referendum on UK
GDP. Our results (overall) indicate a stronger effect of Brexit than the one described by
Born et al. (2019). Contrary to the original study of Born et al. (2019), we do not advocate
the inclusion of covariates if one is solely interested in the GDP series. In particular, the
inclusion of covariates has a detrimental effect on the precision of counterfactual estimates
as measured via the in-sample placebo analysis. We find that our theoretical predictions in
terms of the interpolation bias translate into the superior properties of the SDID approach.
Moreover, we also show how one can easily generate a Zoo of different specifications and
methods in a fairly simple setting we consider.

Our empirical Monte Carlo study confirms the superiority of the DSC approach over
the standard SC estimator. On the other hand, we found that the relative benefits of the
SDID over the DSC are marginal at best; as for the trend specification considered in this
chapter, the benefits of the SDID do not outweigh the costs of estimating an additional
large dimensional vector of time weights. Similarly to the in-sample placebo analysis, we
do not document any finite sample benefits of using covariates for estimating unit-specific
weights

Finally, as neither the placebo nor the dedicated simulation-based studies are perfect
selection tools for the best methods for an empirical data at hand, we follow Ferman
et al. (2020) and Advani et al. (2019) and recommend that empirical researchers consider

multiple specification and report multiple results (as it is done in this chapter).

4.A Additional Discussion

4.A.1 Matching on Covariates with SDID

By analogy to the DSC method, one can also extend with matching on covariates the
SDID time weights A§%d,

Defining 27, to be the vector of the demeaned pre-treatment outcomes across the
control units for the post-treatment period Ty and the average of the covariates across

control units for the same period; and denoting Z the matrix of stacked analogous vectors
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for the pre-treatment periods, the nested optimization for the time-weights is:

N(Q) — argmin (zT - Z)\) Q (zT - ZA) , (4.A.1)
A€L
Qsdz‘d _ arg Tgln (yTo o Y’XSdid(Q))’WJ(yTO o Y/j\sdid<Q))7 (4A2)
c

where Q is the set of M-dimensional diagonal positive semi-definite matrices @ where
M = J+ P and Q = diag(q).
The counterfactual and the treatment effect estimates are obtained similarly to the

case without matching on covariates.

Requirements and properties An important feature of the SDID, as mentioned in
Arkhangelsky et al. (2021b), and much like the DSC, is that it borrows attractive features
from both the SC and the DID methods. Intuitively, while the DSC aims at correcting for
imbalances in the units, the SDID (through the time weights) also corrects for imbalances
between the pre-treatment periods and the post-treatment periods. Arkhangelsky et al.
(2021b) claim that the introduction of time weights can both remove bias and improve
precision by not taking into account time periods that are intrinsically different from post-
treatment periods. Not only that but it is shown that the SDID estimator has desirable
double-robustness properties. Evidently from the setting, for accurate estimation, the
SDID estimator requires a setting where the number of control units J and the number

of pre-treatment periods Ty — 1 is large.
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4.A.2 Gains of Matching on Covariates?

Abadie et al. (2010), Abadie et al. (2015), and Abadie (2021) recommend to estimate
weights that match additionally on covariates, and only to use the SC estimator when there
is a good pre-treatment fit also in terms of covariates. In particular, Abadie et al. (2010)
show that matching additionally on covariates has desirable bias-reduction properties.
Under the linear factor model specification, the existence of weights that perfectly match
pre-treatment outcomes and covariates suggests that it is possible to obtain bounds on
the bias of the SC constructed with such weights. Further, such bounds converge to zero
as Ty — oo.

This recommendation is further strengthened by Botosaru and Ferman (2017), who
show that the existence of weights that provide a good fit in terms of both covariates and
pre-treatment outcomes implies tighter bounds for any Tj on the bias of the SC estimator.

However, there are natural questions that arise when one is considering to additionally
match on covariates. For instance, in practice, one does not know if the covariates at
hand are relevant/informative about the treatment variable y;{t. Moreover, there are no
clear rules of thumb or statistical procedures suggested to decide on which covariates to
include. In particular, Botosaru and Ferman (2017) highlight three cases in which, even
when there is a perfect pre-treatment fit of the outcomes, a good fit on the covariates
cannot be guaranteed: (i) when covariates are not a part of the DGP; (ii) if the effects
of covariates are multicollinear with other observed and unobserved factors (there can be
imbalances even when the covariates are relevant); and (iii) when covariates enter non-
linearly in the DGP. In such situations, where there are no weights that provide a good
balance in terms of both pre-treatments and covariates, the authors show that it is still
possible to derive bounds for the bias of the SC estimator (provided that there are weights
that deliver a perfect fit in terms of outcomes).

More recently, Kaul et al. (2021) proved an impossibility result for the SC estimator
with matching on covariates. In particular, they prove that irrespective of the relevance
of covariates, when all pre-treatment values are used in the definition of z;, the covariates

will be irrelevant by construction,!*

i.e., there exists a solution where the weights in the
matrix V related to the covariates will be zero, and the remaining weights for the pre-
treatment outcomes will be one.

It is also argued that while optimizing only with respect to the outcomes, maximizing
pre-treatment fit can be harmful in terms of the total bias (as mentioned before), thus
it could be beneficial if one focuses on the bias induced by the unobserved components

alone. In particular, when fitting with respect to the outcomes alone, the estimated

"Note that this is one of the possible solutions, since the estimated weights in V' are not unique.
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weights might have a better performance in matching the unobserved components, such
that I'"@%¢ better approximates ;.

Overall, (i) the potential impossibility of the existence of weights that can guarantee
a good fit on covariates coupled with (ii) the possible better fit in terms of matching
unobservables when ignoring covariates opens room for the discussion of whether one
should include covariates in the optimization. Undoubtedly, one should also acknowledge
that the extent to which ignoring covariates can be harmful depends on the size of T and
on the relative importance of the unobserved and observed components in determining

the outcome.

4.B Monte Carlo Simulations: Alternative Measures

In this section, we summarize the Monte Carlo results using the two alternative mea-
sures of fit - MAB and MedAB. Both measures were also used to evaluate the in-sample

placebo results. Overall, we do not document any substantially different patterns.



Table 4.A1: Monte Carlo Results

: Total MAB.

o v SC(B) all SC(B) half SC(B) one SC SC cov. half SC cov. one DSC DSC cov. half DSC cov. one SDID SDID cov. half SDID cov. one
1 0 0.8533 0.8898 0.9548 0.8570 0.8708 0.9196 0.8624 0.8720 0.9283 0.9276 0.9281 0.9441
1 025 0.8981 0.931 0.9633 0.897 0.9164 0.9419 0.9090 0.9259 0.9526 0.9815 0.9927 1.0012
1 1 0.9244 0.9450 0.9977 0.9231 0.9299 0.9710 0.9182 0.9321 0.9605 0.9679 0.9730 0.9771
1 1.5 0.9272 0.9653 1.0430 0.9260 0.9400 0.9892 0.9223 0.9362 0.9619 1.0028 1.0151 1.0047
025 0 0.0546 0.0559 0.0624 0.0564 0.0561 0.0578 0.0554 0.0560 0.0584 0.0602 0.0606 0.0619
0.25 0.25 0.0642 0.0630 0.0775 0.0632 0.0645 0.0670 0.0621 0.0632 0.0663 0.0665 0.0677 0.0682
025 1 0.0694 0.0680 0.0889 0.0679 0.0683 0.0727 0.0625 0.0632 0.0687 0.0655 0.0656 0.0670
025 1.5 0.0725 0.0709 0.0935 0.0702 0.0708 0.0775 0.0655 0.0672 0.0732 0.0693 0.0702 0.0725
Table 4.A2: Monte Carlo Results: Total MedAB.
o v SC(B) all SC(B) half SC(B) one SC SC cov. half SC cov. one DSC DSC cov. half DSC cov. one SDID SDID cov. half SDID cov. one
1 0 0.7223 0.7231 0.7954 0.7135 0.7321 0.7942 0.7085 0.7286 0.8249 0.8095 0.7633 0.8400
1 025 0.7596 0.7541 0.7875 0.7589 0.7878 0.8349 0.7647 0.7631 0.7951 0.8563 0.8513 0.8549
1 1 0.7789 0.8016 0.8317 0.7807 0.7820 0.8095 0.7890 0.7702 0.7906 0.7993 0.8087 0.8055
1 1.5 0.7768 0.8201 0.9114 0.7839 0.8019 0.8305 0.7890 0.7819 0.8292 0.8447 0.8697 0.8776
025 0 0.0467 0.0483 0.0553 0.0494 0.0483 0.0499 0.0474 0.0475 0.0493 0.0514 0.0524 0.0539
0.25 0.25 0.0534 0.0544 0.0664 0.0549 0.0551 0.058 0.0544 0.0551 0.0584 0.0587 0.0604 0.0602
025 1 0.0579 0.0574 0.0744 0.0564 0.0557 0.0583 0.0520 0.0535 0.0571 0.0564 0.0570 0.0565
025 1.5 0.0603 0.0606 0.0799 0.0595 0.0580 0.0658 0.0557 0.0564 0.0634 0.0600 0.0602 0.0625

89T

soyerreAo)) (Io-) Yim yorolddy SoOUSIDPIP-UT-00USIDHI(] O1IOYIUAS JO 9s() 93 U()



4.C Empirical Analysis: Additional Tables and Figures 159

4.C Empirical Analysis: Additional Tables and Fig-

ures

4.C.1 Estimated v Weights

Below we summarize the estimation results for covariate weights v.

e When considering 2016:Q3 as a treatment period (Table 4.A3) and the mean of
covariates, which is the specification adopted by Born et al. (2019), in fact, the
v weights assigned to the pre-treatment outcomes are close to one and for the
covariates close to zero, up to a scaling factor, for the SC and DSC methods when
considering all pre-treatment outcomes, while it is not the case when considering
half or one pre-treatment outcome. Moreover, this pattern does not hold for the

SC(B) estimator, as expected.

e Tables 4.A4, 4.A5 and 4.A6 show the estimated v weights for the remaining speci-
fications without a penalty term. When considering the treatment period 2016:Q3
and the last covariates when matching, we see that the theoretical prediction of
Kaul et al. (2021) does not hold for the SC estimator. However, we should point
out that this theoretical result is only one of the possible solutions for the v weights
since, without a penalty term, uniqueness is not guaranteed. Moreover, for this
same specification, we find that the result for the DSC estimator is in accordance
with Kaul et al. (2021). Surprisingly, the DSC estimator, taking into account only

half of the pre-treatment periods, also assigns zero weights v to the covariates.

e The results for the remaining two specifications show that for both for the SC and
the DSC estimators when considering all pre-treatment periods, the obtained v are
approximately zero for almost all the covariates. Surprisingly, for the case when
considering 2016:(Q2 and the last covariates, the assigned v weights when using the
DSC estimator and considering half of the pre-treatment periods are again zero for
the covariates. Indicating that overall, when considering the last covariates, even
when covariates might be relevant, the DSC does not assign a high relevance to
them.



Note: Here “NA” stands for Not applicable, as by definition weights are not calculated for those variables. The corresponding weights for DSC and SDID

methods coincide.

Table 4.A83: Estimated v weights considering for 2016:Q3 treatment period and mean of covariates.

SC(B) all SC(B) half SC(B) one SC all SC half SC one DSC all DSC half DSC one
2014:Q1 0.0123 0.0260 NA 0.0106  0.0215 NA 0.0159 0.0266 NA
2014:Q2 0.0121 0.0271 NA 0.0106  0.0216 NA 0.0183 0.0325 NA
2014:Q3 0.0116 0.0232 NA 0.0105  0.0208 NA 0.0166 0.0249 NA
2014:Q4 0.0119 0.0250 NA 0.0108  0.0212 NA 0.0173 0.0276 NA
2015:Q1 0.0117 0.0238 NA 0.0105  0.0210 NA 0.0138 0.0229 NA
2015:Q2 0.0114 0.0224 NA 0.0108  0.0207 NA 0.0132 0.0206 NA
2015:Q3 0.0114 0.0230 NA 0.0107  0.0208 NA 0.0135 0.0225 NA
2015:Q4 0.0122 0.0244 NA 0.0115  0.0211 NA 0.0121 0.0296 NA
2016:Q1 0.0122 0.0245 NA 0.0114  0.0211 NA 0.0135 0.0294 NA
2016:Q2 0.0111 0.0219 0.1977 0.0109  0.0206 0.3842 0.0153 0.0212 0.2018
Consumption 0.0043 0.0075 0.0218 0.0003  0.0135 0.0049 0.0000 0.0003 0.1204
Investment 0.0062 0.0236 0.0039 0.0002  0.0226 0.0006 0.0003 0.0004 0.0791
Exports 0.0151 0.0290 0.1013 0.0013  0.0253 0.2981 0.0016 0.0365 0.1672
Imports 0.0121 0.0274 0.5094 0.0002  0.0244 0.2685 0.0024 0.0325 0.0318
Labor Growth 0.0138 0.0117 0.1472 0.0031  0.0184 0.0431 0.0130 0.0165 0.2734
Employment Share 0.0040 0.0139 0.0187 0.0025  0.0224 0.0006 0.0072 0.0004 0.1263
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Table 4.A4: Estimated v weights considering for 2016:Q3 treatment period and last covariate.

SC(B) all SC(B) half SC(B) one SC all SC half SC one DSC all DSC half DSC one
2014:Q1 0.0117 0.0204 NA 0.0109  0.0225 NA 0.0186 0.0330 NA
2014:Q2 0.0111 0.0207 NA 0.0109  0.0229 NA 0.0207 0.0376 NA
2014:Q3 0.0105 0.0197 NA 0.0109  0.0225 NA 0.0183 0.0303 NA
2014:Q4 0.0105 0.0202 NA 0.0109  0.0226 NA 0.0185 0.0328 NA
2015:Q1 0.0101 0.0201 NA 0.0109  0.0219 NA 0.0117 0.0272 NA
2015:Q2 0.0099 0.0199 NA 0.0109  0.0217 NA 0.0124 0.0257 NA
2015:Q3 0.0100 0.0202 NA 0.0109  0.0216 NA 0.0120 0.0256 NA
2015:Q4 0.0102 0.0206 NA 0.0109  0.0221 NA 0.0136 0.0281 NA
2016:Q1 0.0103 0.0206 NA 0.0109  0.0218 NA 0.0128 0.0271 NA
2016:Q2 0.0098 0.0201 0.0761 0.0109  0.0213 0.1899 0.0115 0.0237 0.3179
Consumption 0.0162 0.0058 0.0133 0.0109  0.0017 0.0652 0.0032 0.0005 0.1436
Investment 0.0014 0.0015 0.0015 0.0109  0.0004 0.0037 0.0002 0.0007 0.0000
Exports 0.0109 0.0249 0.1565 0.0109  0.0219 0.0201 0.0020 0.0068 0.0002
Imports 0.0124 0.0193 0.1177 0.0109  0.0217 0.1255 0.0022 0.0084 0.1793
Labor Productivy Growth 0.1427 0.1103 0.6312 0.0087  0.0023 0.1132 0.0002 0.0080 0.0246
Employment Share 0.0074 0.0037 0.0038 0.0109  0.0003 0.4824 0.0125 0.0002 0.3343

somS1,] pue S9[qR, [RUOINPPY :SISATeuy Teotndwd O)'F

191



Table 4.A5: Estimated v weights considering for 2016:Q2 treatment period and mean of covariates.

SC(B) all SC(B) half SC(B) one SC all SC half SC one DSC all DSC half DSC one
2014:Q1 0.0113 0.0216 NA 0.0102  0.0207 NA 0.0140 0.0242 NA
2014:Q2 0.0122 0.0262 NA 0.0096 0.0206 NA 0.0162 0.0267 NA
2014:Q3 0.0121 0.0274 NA 0.0098  0.0204 NA 0.0159 0.0338 NA
2014:Q4 0.0117 0.0234 NA 0.0096  0.0207 NA 0.0146 0.0220 NA
2015:Q1 0.0120 0.0252 NA 0.0097  0.0205 NA 0.0152 0.0251 NA
2015:Q2 0.0117 0.0240 NA 0.0103  0.0208 NA 0.0112 0.0235 NA
2015:Q3 0.0114 0.0226 NA 0.0106  0.0207 NA 0.0113 0.0215 NA
2015:Q4 0.0114 0.0232 NA 0.0106  0.0207 NA 0.0112 0.0246 NA
2016:Q1 0.0121 0.0246 NA 0.0112  0.0208 NA 0.0120 0.0373 NA
2016:Q2 0.0121 0.0247 0.1917 0.0112  0.0208  0.1315 0.0117 0.0373 0.0011
Consumption 0.0044 0.0081 0.0227 0.0000  0.0136  0.1639 0.0047 0.0000 0.0063
Investment 0.0061 0.0250 0.0054 0.0000  0.0232  0.0425 0.0001 0.0001 0.0137
Exports 0.0145 0.0294 0.3795 0.0012  0.0237  0.1958 0.0111 0.0481 0.4975
Imports 0.0125 0.0277 0.2110 0.0027  0.0230 0.2009 0.0093 0.0330 0.4536
Labor Productivy Growth 0.0112 0.0151 0.1620 0.0048  0.0214 0.2641 0.0026 0.0100 0.0217
Employment Share 0.0043 0.0147 0.0276 0.0002  0.0222  0.0012 0.0070 0.0000 0.0061
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Table 4.A6: Estimated v weights considering for 2016:Q2 treatment period and last covariate.

SC(B) all SC(B) half SC(B) one SC all SC half SC one DSC all DSC half DSC one
2014:Q1 0.0117 0.0233 NA 0.0113  0.0215 NA 0.0147 0.0232 NA
2014:Q2 0.0114 0.0294 NA 0.0115  0.0227 NA 0.0170 0.0301 NA
2014:Q3 0.0115 0.0312 NA 0.0116  0.0225 NA 0.0191 0.0351 NA
2014:Q4 0.0113 0.0285 NA 0.0115  0.0218 NA 0.0177 0.0280 NA
2015:Q1 0.0113 0.0298 NA 0.0119  0.0226 NA 0.0180 0.0315 NA
2015:Q2 0.0113 0.0240 NA 0.0115  0.0228 NA 0.0094 0.0230 NA
2015:Q3 0.0111 0.0225 NA 0.0116  0.0230 NA 0.0109 0.0243 NA
2015:Q4 0.0113 0.0228 NA 0.0115  0.0235 NA 0.0107 0.0238 NA
2016:Q1 0.0112 0.0219 NA 0.0121  0.0260 NA 0.0125 0.0231 NA
2016:Q2 0.0125 0.0223 0.0543 0.0120  0.0254 0.2745 0.0119 0.0236 0.3826
Consumption 0.0129 0.0048 0.0117 0.0124  0.0012 0.1248 0.0035 0.0003 0.0449
Investment 0.0019 0.0008 0.0012 0.0013  0.0000 0.0003 0.0016 0.0011 0.0007
Exports 0.0167 0.0224 0.2427 0.0038  0.0215 0.0504 0.0018 0.0062 0.2788
Imports 0.0170 0.0213 0.1482 0.0027  0.0221 0.1434 0.0005 0.0006 0.1418
Labor Productivy Growth 0.0806 0.1000 0.5365 0.0000  0.0103 0.0164 0.0023 0.0033 0.0066
Employment Share 0.0271 0.0018 0.0054 0.0043  0.0457 0.3902 0.0102 0.0001 0.1447
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164  On the Use of Synthetic Difference-in-differences Approach with (-out) Covariates

4.C.2 Estimated w Weights

Tables 4.A7, 4.A8, and 4.A9 summarize the estimated w weights for each of the spec-

ifications without a penalty term.

e For the majority of the estimators and specifications, the highest weight is assigned
to the United States (US). Some exceptions are: for the SC and DSC estimators
without covariates, independently of the specification, the highest weight is always
assigned to Hungary; for the SC estimator with all pre-treatment periods and mean
of covariates - as expected since covariates do not play a role - the highest weight
is also assigned to Hungary; the SC estimator with one covariate and including last
covariates always assigns higher weights to New Zealand. Less systematically across
all estimators, other countries that received the highest weights in a few cases are

Canada and Portugal.

e One finding that holds across most of the specifications (except for the treatment
date 2016:Q2 when taking into account the last covariates) is that the weights
assigned to the US are always higher for the SC(B) estimators and the SC or DSC
estimators with matching on covariates. Moreover, the weights assigned to the US
are always higher when taking into account the mean of the covariates, as opposed

to consider the last covariates.



Table 4.A7: Estimated w weights considering 2016:Q3 as treatment period and mean of covariates.

SC(B) all SC(B) half SC(B) one SC no cov SC all SC half SC one DSC no cov DSC all DSC half DSC one
Australia 0.0000 0.0000 0.0000 0.0052 0.0005  0.0000 0.0002 0.0075 0.0000 0.0000 0.0000
Austria 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0005 0.0000 0.0000 0.0000 0.0000
Belgium 0.0000 0.0001 0.0000 0.0000 0.0000  0.0000 0.0036 0.0000 0.0000 0.0000 0.0001
Canada 0.0000 0.0001 0.0000 0.1612 0.1734  0.0000 0.0004 0.1916 0.2103 0.0705 0.0001
Finland 0.0000 0.0000 0.0000 0.0021 0.0002  0.0000 0.0003 0.0031 0.0103 0.0000 0.0000
France 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0002 0.0000 0.0000 0.0000 0.0000
Germany 0.0458 0.1145 0.0000 0.0026 0.0000  0.1012 0.0004 0.0000 0.0000 0.0000 0.0379
Hungary 0.1078 0.0001 0.0000 0.2186 0.2262  0.0000 0.0011 0.2311 0.2258 0.1697 0.0000
Iceland 0.0089 0.0682 0.0000 0.0000 0.0076  0.0740 0.0006 0.0000 0.0000 0.0350 0.0569
Ireland 0.0114 0.0001 0.0000 0.0543 0.0462  0.0000 0.0002 0.0503 0.0469 0.0305 0.0000
Italy 0.1744 0.1631 0.1667 0.0353 0.0013  0.1673 0.2098 0.0334 0.0373 0.0471 0.1773
Japan 0.0000 0.0000 0.0000 0.1773 0.1821  0.0000 0.0000 0.1842 0.1838 0.1884 0.0000
Korea 0.0000 0.0000 0.0000 0.0030 0.0000  0.0000 0.0002 0.0000 0.0000 0.0000 0.0000
Luxembourg 0.0000 0.0483 0.0310 0.0000 0.0000  0.0371 0.0535 0.0000 0.0000 0.0000 0.0382
Netherlands 0.0000 0.0001 0.0000 0.0000 0.0000  0.0000 0.0013 0.0000 0.0001 0.0000 0.0000
New Zealand 0.1432 0.0001 0.0586 0.0000 0.0000  0.0000 0.1183 0.0000 0.0144 0.0001 0.0001
Norway 0.0001 0.0000 0.0000 0.1256 0.1133  0.0000 0.0001 0.1208 0.1042 0.0000 0.0000
Portugal 0.0000 0.0001 0.0000 0.0123 0.0407  0.0000 0.0024 0.0037 0.0011 0.0000 0.0000
Slovak Republic 0.0000 0.0000 0.0000 0.0031 0.0000  0.0000 0.0005 0.0000 0.0000 0.0000 0.0000
Spain 0.0000 0.0000 0.0000 0.0000 0.0001  0.0000 0.0000 0.0000 0.0001 0.0000 0.0000
Sweden 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0002 0.0000 0.0000 0.0000 0.0000
Switzerland 0.0000 0.0000 0.1283 0.0000 0.0000  0.0000 0.0169 0.0000 0.0000 0.0000 0.0001
United States 0.5083 0.6052 0.6153 0.1994 0.2083  0.6203 0.5893 0.1740 0.1655 0.4587 0.6891
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Table 4.A8: Estimated w weights considering 2016:Q3 as treatment period and last covariates.

SC(B) all SC(B) half SC(B) one SC no cov SC all SC half SC one DSC no cov DSC all DSC half DSC one
Australia 0.0001 0.0000 0.0000 0.0052 0.0509  0.0001 0.0004 0.0075 0.0000 0.0000 0.0000
Austria 0.0001 0.0000 0.0000 0.0000 0.0000  0.0002 0.0005 0.0000 0.0000 0.0000 0.0004
Belgium 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0004 0.0000 0.0000 0.0000 0.0003
Canada 0.0343 0.0000 0.0000 0.1612 0.1167  0.0050 0.0007 0.1916 0.1909 0.1827 0.0003
Finland 0.0000 0.0000 0.0000 0.0021 0.0000  0.0008 0.0004 0.0031 0.0073 0.0000 0.0004
France 0.0000 0.0000 0.0000 0.0000 0.0000  0.0003 0.0002 0.0000 0.0000 0.0000 0.0002
Germany 0.0015 0.0000 0.0000 0.0026 0.0016  0.0004 0.0014 0.0000 0.0001 0.0000 0.0005
Hungary 0.0454 0.0639 0.0000 0.2186 0.1022  0.0650 0.0005 0.2311 0.2193 0.1825 0.0003
Iceland 0.0006 0.0113 0.0000 0.0000 0.0009  0.0162 0.0070 0.0000 0.0023 0.0105 0.0003
Ireland 0.0000 0.0000 0.0000 0.0543 0.0000  0.0329 0.0001 0.0503 0.0452 0.0504 0.0002
Italy 0.1576 0.1967 0.0282 0.0353 0.0597  0.1582 0.0001 0.0334 0.0000 0.0785 0.0002
Japan 0.0066 0.0271 0.0164 0.1773 0.0812  0.0909 0.0995 0.1842 0.2182 0.1819 0.0975
Korea 0.0000 0.0000 0.0000 0.0030 0.0000  0.0001 0.0002 0.0000 0.0000 0.0000 0.0002
Luxembourg 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0003 0.0000 0.0000 0.0000 0.0002
Netherlands 0.0001 0.0000 0.0000 0.0000 0.0001  0.0002 0.0005 0.0000 0.0001 0.0000 0.0003
New Zealand 0.2804 0.2972 0.3139 0.0000 0.0878  0.1303 0.3344 0.0000 0.0299 0.0470 0.3172
Norway 0.0001 0.0000 0.0000 0.1256 0.0002  0.0001 0.0003 0.1208 0.0000 0.0000 0.0003
Portugal 0.0798 0.0012 0.2876 0.0123 0.1116 ~ 0.0001 0.2191 0.0037 0.0430 0.0000 0.2139
Slovak Republic 0.0000 0.0000 0.0000 0.0031 0.0001  0.0002 0.0004 0.0000 0.0000 0.0000 0.0002
Spain 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0002 0.0000 0.0001 0.0000 0.0002
Sweden 0.0001 0.0000 0.0000 0.0000 0.0002  0.0004 0.0003 0.0000 0.0000 0.0000 0.0002
Switzerland 0.0007 0.0000 0.0000 0.0000 0.0003  0.0001 0.0000 0.0000 0.0000 0.0000 0.0042
United States 0.3925 0.4025 0.3538 0.1994 0.3865  0.4980 0.3331 0.1740 0.2436 0.2664 0.3623
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Table 4.A9: Estimated w weights considering 2016:Q2 as treatment period and mean of covariates.

SC(B) all SC(B) half SC(B) one SC no cov SCall SC half SC one DSC nocov DSC all DSC half DSC one
Australia 0.0000 0.0000 0.0000 0.0043 0.0005  0.0000 0.0000 0.0007 0.0000 0.0000 0.0000
Austria 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Belgium 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0001 0.0000 0.0000 0.0000 0.0000
Canada 0.0000 0.0000 0.0002 0.1526 0.1812  0.0000 0.0001 0.1868 0.0000 0.0000 0.0000
Finland 0.0000 0.0000 0.0000 0.0025 0.0013  0.0000 0.0000 0.0000 0.0002 0.0000 0.0000
France 0.0000 0.0000 0.0000 0.0041 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Germany 0.0530 0.1154 0.0000 0.0059 0.0000  0.0990 0.0003 0.0044 0.0001 0.0000 0.0001
Hungary 0.1189 0.0000 0.0000 0.2208 0.2194  0.0000 0.0001 0.2330 0.2027 0.2282 0.0000
Iceland 0.0118 0.0654 0.0001 0.0000 0.0003  0.0732 0.0001 0.0002 0.0001 0.0016 0.0359
Ireland 0.0077 0.0000 0.0000 0.0553 0.0564  0.0000 0.0001 0.0501 0.0394 0.0275 0.0000
Italy 0.1612 0.1614 0.1529 0.0285 0.0347  0.1688 0.2156 0.0294 0.0534 0.0196 0.2065
Japan 0.0000 0.0000 0.0000 0.1803 0.1765  0.0000 0.0000 0.1823 0.1741 0.1823 0.0000
Korea 0.0000 0.0000 0.0000 0.0041 0.0000  0.0000 0.0000 0.0024 0.0000 0.0000 0.0000
Luxembourg 0.0004 0.0490 0.0382 0.0000 0.0000  0.0370 0.0586 0.0000 0.0000 0.0000 0.0713
Netherlands 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0001 0.0000 0.0000 0.0000 0.0001
New Zealand 0.1207 0.0000 0.0114 0.0000 0.0000  0.0000 0.0001 0.0000 0.0673 0.0000 0.0000
Norway 0.0001 0.0000 0.0000 0.1249 0.1323  0.0000 0.0000 0.1228 0.0000 0.0000 0.0000
Portugal 0.0000 0.0000 0.0000 0.0135 0.0078  0.0000 0.0002 0.0058 0.0086 0.0000 0.0000
Slovak Republic 0.0000 0.0000 0.0000 0.0021 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Spain 0.0000 0.0000 0.0001 0.0000 0.0005  0.0000 0.0000 0.0000 0.0001 0.0000 0.0000
Sweden 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Switzerland 0.0000 0.0000 0.1283 0.0000 0.0000  0.0000 0.0001 0.0000 0.0000 0.0000 0.0000
United States 0.5259 0.6088 0.6689 0.2010 0.1890  0.6221 0.7242 0.1823 0.4540 0.5408 0.6860
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Table 4.A10: Estimated w weights considering 2016:Q2 as treatment period and last covariates.

SC(B) all SC(B) half SC(B) one SC no cov SC all SC half SC one DSC no cov DSC all DSC half DSC one
Australia 0.0000 0.0000 0.2509 0.0043 0.0013  0.0000 0.0000 0.0007 0.0000 0.0000 0.0000
Austria 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0000 0.0000 0.0001
Belgium 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0000 0.0000 0.0001
Canada 0.3296 0.3242 0.0000 0.1526 0.0108  0.1970 0.0000 0.1868 0.1893 0.2706 0.0001
Finland 0.0000 0.0000 0.0000 0.0025 0.0001  0.0459 0.0000 0.0000 0.0014 0.0000 0.0001
France 0.0000 0.0000 0.0000 0.0041 0.0000  0.0004 0.0000 0.0000 0.0000 0.0001 0.0001
Germany 0.0000 0.0001 0.0000 0.0059 0.0005  0.0001 0.0001 0.0044 0.0001 0.0000 0.0003
Hungary 0.0017 0.0001 0.0000 0.2208 0.2239  0.0001 0.0000 0.2330 0.2173 0.1550 0.0001
Iceland 0.0244 0.0002 0.0519 0.0000 0.0001  0.0650 0.0008 0.0002 0.0055 0.0460 0.0266
Ireland 0.0000 0.0360 0.0000 0.0553 0.0000  0.0678 0.0000 0.0501 0.0461 0.0530 0.0000
Italy 0.0256 0.0001 0.0000 0.0285 0.0009  0.0005 0.0001 0.0294 0.0000 0.0679 0.0001
Japan 0.0940 0.1406 0.0249 0.1803 0.1334  0.2909 0.1027 0.1823 0.2187 0.2145 0.0737
Korea 0.0000 0.0000 0.0000 0.0041 0.0000  0.0000 0.0000 0.0024 0.0000 0.0000 0.0000
Luxembourg 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Netherlands 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0001 0.0000 0.0001
New Zealand 0.1411 0.0000 0.0000 0.0000 0.0314  0.0000 0.3611 0.0000 0.0321 0.0000 0.3185
Norway 0.0000 0.0000 0.0000 0.1249 0.0001  0.0012 0.0000 0.1228 0.0001 0.0002 0.0001
Portugal 0.1647 0.1650 0.3801 0.0135 0.0467  0.0516 0.2110 0.0058 0.0469 0.0000 0.2365
Slovak Republic 0.0000 0.0000 0.0000 0.0021 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0001
Spain 0.0000 0.0000 0.0000 0.0000 0.0000  0.0002 0.0000 0.0000 0.0001 0.0000 0.0001
Sweden 0.0001 0.0000 0.0000 0.0000 0.0001  0.0000 0.0000 0.0000 0.0000 0.0000 0.0001
Switzerland 0.0005 0.0000 0.0000 0.0000 0.0010  0.0000 0.0016 0.0000 0.0000 0.0000 0.0184
United States 0.2180 0.3335 0.2921 0.2010 0.5496 0.2787 0.3224 0.1823 0.2422 0.1927 0.3247

891

soyerreAo)) (Io-) Yim yorolddy SoOUSIDPIP-UT-00USIDHI(] O1IOYIUAS JO 9s() 93 U()



4.C Empirical Analysis: Additional Tables and Figures 169

4.C.3 Estimated Counterfactuals for the Treatment Period 2016:Q3

Figures 4.A1 and 4.A2 show the additional counterfactual graphs when we define
2016:Q3 as the treatment period.

e Note that for all remaining specifications, the methods generate counterfactual
trends that are able to replicate the GDP trend of the UK prior to the treatment
date. It is noteworthy that all the figures also show that right after the financial
crises, all methods overestimated the GDP of the UK, as expected, but in the periods

prior to Brexit, the counterfactuals and the actual GDP are more aligned.

e Moreover, we see that the counterfactuals obtained with the DSC and the SDID
methods in both figures are parallel, indicating that, indeed, the difference between
such methods is driven only by the difference in the bias adjustment term that
is constant over time. Finally, for the case considering all pre-treatment periods,
the SC(B) taking into account the mean of or the last covariates point out to a
significantly smaller treatment effect, and the SC considering the last covariates
underestimates consistently the GDP of the UK in the periods prior to treatment.
For the case with one pre-treatment period, it is also clear that the SC(B) mainly

taking into account the mean of covariates, underestimates the GDP of the UK.
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Figure 4.A1: Estimated counterfactuals for treatment period 2016:Q3 and all pre-treatment out-
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Figure 4.A2: FEstimated counterfactuals for treatment period 2016:Q3 and one pre-treatment

outcome.
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4.C.4 Estimated Counterfactuals for Each of the Placebos over
Time

Similarly to Born et al. (2019) and to what is typically done in practice, we plot
the counterfactuals obtained for each placebo treatment period to inspect whether there
is a causal relationship between Brexit and the estimated effects. Intuitively, a causal
relationship is attributed as long as similar magnitudes in the change of the trajectory of

the counterfactual estimates are not observed for the placebo treatment periods.

e The trajectories in Figure 4.A3 show that in this application, this is the case when
limiting our attention to the specification with only half pre-treatment periods (while

matching on covariates).

e Similarly, Figures 4.A4 and 4.A5 show that, for the remaining specifications, the
counterfactuals obtained with the in-sample placebo analysis are all parallel to the

counterfactual estimated in the treatment period.
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Figure 4.A3: Counterfactuals for each of the placebos with treatment dates over the period
2010:Q1-2014:Q4, considering half of the pre-treatment periods.
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Figure 4.A4: Counterfactuals for each of the placebos with treatment dates over the period

2010:Q1-2014:Q4, considering all the pre-treatment periods.
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Figure 4.A5: Counterfactuals for each of the placebos with treatment dates over the period
2010:Q1-2014:Q4, considering one of the pre-treatment periods.
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4.C.5

treatment effect

Further Figures

Figure 4.A6: Estimated treatment effect over the period 2010:Q1-2014:Q4.
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4.D Empirical Analysis: Estimation with Ridge Pe-

nalization

4.D.1 Estimated Treatment Effects

Tables 4.A11, 4.A12, and 4.A13 show the estimated treatment effects for all methods
and specifications when taking into account a penalty regularization term as proposed by

Arkhangelsky et al. (2021b).

e When considering all pre-treatment periods (Table 4.A11), we see that for the spec-
ification considered by Born et al. (2019), which is setting the treatment period to
be 2016:Q3 (and considering the mean of covariates when matching on covariates),
the method SC(B) delivers a slightly smaller estimate of the treatment effect when
compared to the original paper that does not take into account a penalty term
(2.38% versus 2.43%). Across the different specifications for the treatment date and
how covariates are taken into account, the results obtained with the SC(B) method
are mixed in terms of whether we obtain higher or smaller effects when taking into

account the penalty term.

e Regarding the remaining methods, when considering covariates, the effects esti-
mated with a penalty term are always smaller than without; and when not consid-
ering covariates the effects are generally bigger - except for the SDID method, but

the difference with respect to the estimates without a penalty is negligible.

e When comparing across methods (with a penalty term included) based on all pre-
treatment periods, we see that (i) for any specification, the other methods without
covariates point out to a bigger estimated effect than 2.38%; and (ii) also comparing
with the estimates delivered by SC(B) for a given specification, the other methods
without covariates always point out to a higher effect. The same conclusions gener-
ally apply to the case when we consider half of the pre-treatment periods, in Table
4.A12, with the exception being that the SC methods with covariates point out to
a smaller effect for a given specification with penalty term compared to the SC(B)
method.

e On the other hand, the conclusions obtained when we consider only one pre-treatment
period (Table 4.A13) are very mixed in terms of comparing whether the effects when
considering a penalty term are bigger or smaller, without a clear pattern. However,
it still holds that all other specifications and methods with penalty point out to
a bigger effect compared to the SC(B) estimator under the specification of Born
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et al. (2019) when also considering such a regularization, except for the DSC with

covariates estimator.



Table 4.A11: The estimated percentage differences in GDP between the counterfactuals and the UK including all pre-treatment periods as
predictors, with penalty.

SC(B) SC SCcov. DSC DSC cov. SDID (i) SDID cov. (i) SDID (ii) SDID cov. (ii) SDID (iii) SDID cov. (iii)
Mean of covariates - Treatment period 2016:Q2

2018:Q4 2.42 3.19 2.39 3.19 2.13 3.16 2.71 2.85 2.55 2.94 2.55
2019:Q4 3.63 4.28 3.60 4.29 3.24 4.26 3.81 3.92 3.65 4.04 3.65
Mean of covariates - Treatment period 2016:Q3

2018:Q4 2.38 3.09 2.31 3.09 2.14 2.64 2.16 2.53 2.17 2.66 2.17
2019:Q4 3.60 4.17 3.52 4.18 3.25 3.74 3.26 3.59 3.28 3.76 3.28
Last covariates - Treatment period 2016:0Q)2

2018:Q4 0.52 3.19 0.79 3.19 1.97 3.16 2.99 2.85 2.85 2.94 2.85
2019:Q4 1.68 4.28 1.93 4.29 3.06 4.26 4.08 3.92 3.94 4.04 3.94
Last covariates - Treatment period 2016:0Q3

2018:Q4 1.50 3.09 1.53 3.09 1.80 2.64 2.37 2.53 2.42 2.66 2.42
2019:Q4 2.61 4.17 2.66 4.18 2.92 3.74 3.49 3.59 3.54 3.76 3.54

Table 4.A12: The estimated percentage differences in GDP between the counterfactuals and the UK including half pre-treatment periods as
predictors, with penalty.

SC(B) SC SCcov. DSC DSC cov. SDID (i) SDID cov. (i) SDID (ii) SDID cov. (ii) SDID (iii) SDID cov. (iii)
Mean of covariates - Treatment period 2016:Q2

uorjeZI[eusJ 98pIY [HM UOIyewIIsy :sisAfeuy [eotrdws] (%

2018:Q4 1.46 3.19 1.32 3.19 1.99 3.16 2.73 2.85 2.65 2.94 2.65
2019:Q4 2.64  4.28 2.45 4.29 3.12 4.26 3.87 3.92 3.79 4.04 3.79
Mean of covariates - Treatment period 2016:Q3

2018:Q4 1.46 3.09 1.31 3.09 2.00 2.64 2.05 2.53 2.08 2.66 2.08
2019:Q4 2.65  4.17 2.44 4.18 3.16 3.74 3.21 3.59 3.24 3.76 3.24
Last covariates - Treatment period 2016:Q2

2018:Q4 0.27  3.19 0.58 3.19 2.02 3.16 2.87 2.85 2.72 2.94 2.72
2019:Q4 1.40  4.28 1.66 4.29 3.06 4.26 3.92 3.92 3.77 4.04 3.77
Last covariates - Treatment period 2016:Q3

2018:Q4 1.54 3.09 1.84 3.09 1.68 2.64 2.10 2.53 2.14 2.66 2.14
2019:Q4 2.62  4.17 2.92 4.18 2.75 3.74 3.17 3.59 3.22 3.76 3.22
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Table 4.A13: The estimated percentage differences in GDP between the counterfactuals and the UK including one pre-treatment periods as
predictors, with penalty.

SC(B) SC SCcov. DSC DSC cov. SDID (i) SDID cov. (i) SDID (ii) SDID cov. (ii) SDID (iii) SDID cov. (iii)
Mean of covariates - Treatment period 2016:Q2

2018:Q4 1.28 3.19 1.63 3.19 1.42 3.16 2.44 2.85 2.42 2.94 2.42
2019:Q4 2.24 4.28 2.67 4.29 2.53 4.26 3.95 3.92 3.54 4.04 3.54
Mean of covariates - Treatment period 2016:Q3

2018:Q4 0.84 3.09 1.17 3.09 1.38 2.64 1.73 2.53 1.78 2.66 1.78
2019:Q4 1.76 4.17 2.18 4.18 2.49 3.74 2.84 3.59 2.89 3.76 2.89
Last covariates - Treatment period 2016:Q2

2018:Q4 2.31 3.19 2.79 3.19 2.89 3.16 3.14 2.85 2.84 2.94 2.84
2019:Q4 3.55 4.28 3.81 4.29 3.98 4.26 4.23 3.92 3.93 4.04 3.93
Last covariates - Treatment period 2016:Q3

2018:Q4 2.69 3.09 2.15 3.09 2.09 2.64 2.08 2.53 2.13 2.66 2.13
2019:Q4 3.79 4.17 3.22 4.18 3.15 3.74 3.13 3.59 3.19 3.76 3.19
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4.D.2 Estimated v Weights

Tables 4.A14 - 4.A17 show the estimated v weights for the different methods and

under different specifications with regularization.

e As expected, since the inclusion of the latter leads to a different inner and outer
optimization in the cases with matching on covariates, the theoretical prediction of
Kaul et al. (2021) does not hold here, such that the covariates are not necessarily

irrelevant even when considering all pre-treatment periods.

e Specifically, we have that across the specifications, all the methods that take into
account covariates and all pre-treatment periods essentially assign the same weights

to the predictors (outcomes in the pre-treatment periods and the covariates).



Table 4.A14: Estimated v weights considering 2016:Q3 as treatment period, mean of covariates and a ridge penalty.

SC(B) all SC(B) half SC(B) one SC all SC half SC one DSC all DSC half DSC one
2014:Q1 0.0109 0.0205 NA 0.0109  0.0211 NA 0.0109 0.0217 NA
2014:Q2 0.0109 0.0207 NA 0.0109  0.0230 NA 0.0109 0.0231 NA
2014:Q3 0.0109 0.0205 NA 0.0109  0.0205 NA 0.0109 0.0214 NA
2014:Q4 0.0109 0.0206 NA 0.0109  0.0208 NA 0.0109 0.0215 NA
2015:Q1 0.0109 0.0206 NA 0.0109  0.0207 NA 0.0109 0.0213 NA
2015:Q2 0.0109 0.0206 NA 0.0109  0.0204 NA 0.0109 0.0206 NA
2015:Q3 0.0109 0.0205 NA 0.0109  0.0204 NA 0.0109 0.0212 NA
2015:Q4 0.0109 0.0206 NA 0.0109  0.0207 NA 0.0109 0.0215 NA
2016:Q1 0.0109 0.0206 NA 0.0109  0.0206 NA 0.0109 0.0215 NA
2016:Q2 0.0109 0.0207 0.1858 0.0109  0.0203  0.4597  0.0109 0.0205 0.3031
Consumption 0.0104 0.0112 0.0480 0.0109  0.0249  0.0174 0.0109 0.0195 0.1323
Investment 0.0099 0.0239 0.0099 0.0109  0.0218  0.0104 0.0087 0.0123 0.0860
Exports 0.0110 0.0216 0.5006 0.0109  0.0211 0.2666 0.0109 0.0213 0.0921
Imports 0.0110 0.0214 0.0000 0.0109  0.0209 0.0376 0.0109 0.0214 0.0553
Labor Productivity Growth 0.0110 0.0205 0.2040 0.0109  0.0194 0.2081 0.0109 0.0192 0.2237
Employment Share 0.0104 0.0193 0.0516 0.0087  0.0176  0.0001 0.0109 0.0211 0.1075
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Table 4.A15: Estimated v weights considering 2016:Q8 as treatment period, last covariates and a ridge penalty.

SC(B) all SC(B) half SC(B) one SC all SC half SC one DSC all DSC half DSC one
2014:Q1 0.0109 0.0206 NA 0.0109  0.0210 NA 0.0109 0.0219 NA
2014:Q2 0.0109 0.0204 NA 0.0109  0.0210 NA 0.0110 0.0223 NA
2014:Q3 0.0109 0.0170 NA 0.0109  0.0210 NA 0.0109 0.0218 NA
2014:Q4 0.0109 0.0229 NA 0.0109  0.0210 NA 0.0110 0.0219 NA
2015:Q1 0.0109 0.0206 NA 0.0109  0.0217 NA 0.0109 0.0217 NA
2015:Q2 0.0109 0.0211 NA 0.0109  0.0214 NA 0.0110 0.0217 NA
2015:Q3 0.0109 0.0208 NA 0.0109  0.0215 NA 0.0109 0.0216 NA
2015:Q4 0.0109 0.0205 NA 0.0109  0.0210 NA 0.0109 0.0232 NA
2016:Q1 0.0109 0.0205 NA 0.0109  0.0211 NA 0.0109 0.0217 NA
2016:Q2 0.0109 0.0189 0.0590 0.0109  0.0221 0.5680 0.0109 0.0209 0.2763
Consumption 0.0109 0.0207 0.0868 0.0109  0.0196 0.0000 0.0108 0.0210 0.0000
Investment 0.0109 0.0165 0.0018 0.0109  0.0104 0.0047 0.0099 0.0176 0.0054
Exports 0.0109 0.0208 0.1152 0.0109  0.0204 0.2239 0.0108 0.0204 0.3949
Imports 0.0109 0.0216 0.1112 0.0109  0.0210 0.1509 0.0109 0.0204 0.3030
Labor Productivity Growth 0.0119 0.0249 0.6183 0.0087  0.0204 0.0048 0.0105 0.0193 0.0067
Employment Share 0.0109 0.0202 0.0077 0.0109  0.0208 0.0475 0.0111 0.0182 0.0137

uorjeZI[eusJ 98pIY [HM UOIyewIIsy :sisAfeuy [eotrdws] (%

€31



Table 4.A16: Estimated v weights considering 2016:Q2 as treatment period, mean of covariates and a ridge penalty.

SC(B) all SC(B) half SC(B) one SC all SC half SC one DSC all DSC half DSC one
2014:Q1 0.0110 0.0220 NA 0.0111  0.0205 NA 0.0110 0.0210 NA
2014:Q2 0.0110 0.0213 NA 0.0110 0.0216 NA 0.0110 0.0208 NA
2014:Q3 0.0110 0.0210 NA 0.0110  0.0215 NA 0.0110 0.0208 NA
2014:Q4 0.0110 0.0212 NA 0.0110  0.0209 NA 0.0110 0.0213 NA
2015:Q1 0.0110 0.0210 NA 0.0110  0.0196 NA 0.0110 0.0232 NA
2015:Q2 0.0110 0.0211 NA 0.0110  0.0214 NA 0.0110 0.0213 NA
2015:Q3 0.0110 0.0216 NA 0.0110  0.0207 NA 0.0110 0.0209 NA
2015:Q4 0.0110 0.0215 NA 0.0110  0.0208 NA 0.0110 0.0214 NA
2016:Q1 0.0110 0.0211 NA 0.0110  0.0211 NA 0.0110 0.0206 NA
2016:Q2 0.0110 0.0211 0.1931 0.0110  0.0210  0.2506 0.0110 0.0213 0.0728
Consumption 0.0105 0.0107 0.0419 0.0112  0.0255 0.0140 0.0110 0.0210 0.2421
Investment 0.0100 0.0220 0.0052 0.0098  0.0225  0.0078 0.0088 0.0077 0.0713
Exports 0.0111 0.0222 0.3556 0.0111  0.0216 0.2368 0.0110 0.0212 0.0131
Imports 0.0111 0.0220 0.2380 0.0111  0.0217 0.0829 0.0110 0.0212 0.1196
Labor Productivy Growth 0.0109 0.0214 0.1468 0.0109  0.0184 0.4080 0.0110 0.0211 0.3156
Employment Share 0.0105 0.0159 0.0195 0.0104  0.0178  0.0000 0.0110 0.0212 0.1655
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Table 4.A17: Estimated v weights considering 2016:Q2 as treatment period, last covariates and a ridge penalty.

SC(B) all SC(B) half SC(B) one SC all SC half SC one DSC all DSC half DSC one
2014:Q1 0.0110 0.0213 NA 0.0110 0.0214 NA 0.0110 0.0211 NA
2014:Q2 0.0110 0.0213 NA 0.0110  0.0219 NA 0.0110 0.0216 NA
2014:Q3 0.0110 0.0197 NA 0.0110  0.0218 NA 0.0110 0.0214 NA
2014:Q4 0.0110 0.0211 NA 0.0110  0.0215 NA 0.0110 0.0196 NA
2015:Q1 0.0110 0.0211 NA 0.0110  0.0219 NA 0.0110 0.0216 NA
2015:Q2 0.0110 0.0193 NA 0.0110  0.0214 NA 0.0110 0.0216 NA
2015:Q3 0.0110 0.0208 NA 0.0110 0.0213 NA 0.0110 0.0218 NA
2015:Q4 0.0110 0.0208 NA 0.0110  0.0214 NA 0.0110 0.0217 NA
2016:Q1 0.0110 0.0208 NA 0.0110  0.0218 NA 0.0110 0.0216 NA
2016:Q2 0.0110 0.0208 0.0821 0.0110  0.0215  0.4734 0.0110 0.0218 0.3156
Consumption 0.0110 0.0209 0.0218 0.0110  0.0209  0.1972 0.0110 0.0198 0.0692
Investment 0.0110 0.0181 0.0035 0.0088  0.0110  0.0000 0.0088 0.0098 0.0009
Exports 0.0110 0.0222 0.2539 0.0110  0.0215 0.0425 0.0110 0.0205 0.1122
Imports 0.0110 0.0209 0.2608 0.0110  0.0212  0.1566 0.0110 0.0210 0.2679
Labor Productivity Growth 0.0121 0.0256 0.3718 0.0110  0.0212 0.0121 0.0110 0.0199 0.0085
Employment Share 0.0110 0.0180 0.0061 0.0110  0.0222 0.1182 0.0110 0.0188 0.2257
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186  On the Use of Synthetic Difference-in-differences Approach with (-out) Covariates

4.D.3 Estimated w Weights

As expected, including regularization term leads to a bigger dispersion in the estimated
unit weights for some methods. In particular, in Tables 4.A18-4.A21, we see that for all
cases considered, there is an increase in dispersion for the SC and DSC (and, consequently,
SDID) methods without matching on covariates as opposed to when no penalty term is
taken into account. Moreover, for some specifications, the increase in dispersion is also
observed for the SC and the DSC methods with matching on covariates and considering

only one pre-treatment period.



Table 4.A18: Estimated w weights considering 2016:Q3 as treatment period, mean of covariates and a penalty term. g

SC(B) all SC(B) half SC(B) one SC no cov SCall SC half SC one DSC nocov DSC all DSC half DSC one gj

Australia 0.0009 0.0000 0.0000 0.0009 0.0004  0.0000 0.0000 0.0017 0.0000 0.0000 0.0000 b
Austria 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 =3
Belgium 0.0000 0.0000 0.0001 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 Ei
Canada 0.0000 0.0000 0.0001 0.1214 0.0000  0.0000 0.0000 0.1241 0.0006 0.0004 0.0000 >
Finland 0.0000 0.0000 0.0000 0.0284 0.0000  0.0000 0.0000 0.0239 0.0000 0.0000 0.0000 =
France 0.0000 0.0000 0.0000 0.0558 0.0000  0.0000 0.0000 0.0614 0.0000 0.0000 0.0000 i’i‘
Germany 0.1247 0.1399 0.0221 0.0273 0.1236  0.1001 0.0228 0.0378 0.0131 0.0659 0.0366 %
Hungary 0.0553 0.0000 0.0000 0.1702 0.0557  0.0000 0.0000 0.1794 0.0603 0.0003 0.0000 -
Iceland 0.0765 0.1321 0.0002 0.0000 0.0754  0.0910 0.0188 0.0043 0.0067 0.0720 0.0610 g
Ireland 0.0137 0.0000 0.0000 0.0701 0.0136  0.0000 0.0000 0.0649 0.0370 0.0413 0.0000 =
Italy 0.1531 0.1714 0.1529 0.0588 0.1545  0.1730 0.2221 0.0593 0.2392 0.2012 0.1764 QBD
Japan 0.0000 0.0000 0.0000 0.1519 0.0000  0.0000 0.0000 0.1469 0.0000 0.0004 0.0000 g
Korea 0.0000 0.0000 0.0000 0.0037 0.0000  0.0000 0.0000 0.0030 0.0000 0.0000 0.0000 =)
Luxembourg 0.0000 0.0305 0.0251 0.0000 0.0000  0.0260 0.0536 0.0000 0.0000 0.0000 0.0337 g
Netherlands 0.0000 0.0000 0.0002 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 =
New Zealand 0.0669 0.0000 0.0644 0.0567 0.0649  0.0000 0.1184 0.0641 0.1567 0.0000 0.0000 oo
Norway 0.0014 0.0000 0.0000 0.1054 0.0005  0.0000 0.0000 0.0964 0.0000 0.0000 0.0000 o
Portugal 0.0000 0.0000 0.0085 0.0079 0.0000  0.0001 0.0000 0.0026 0.0000 0.0000 0.0000 OCQD
Slovak Republic 0.0000 0.0000 0.0000 0.0038 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 3
Spain 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 g
Sweden 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 g_»i-
Switzerland 0.0009 0.0000 0.1240 0.0035 0.0001  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 N
United States 0.5065 0.5261 0.6022 0.1340 0.5112  0.6097 0.5643 0.1303 0.4865 0.6184 0.6923 g
=
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Table 4.A19: Estimated w weights considering 2016:Q3 as treatment period, last covariates and a penalty term.

SC(B) all SC(B) half SC(B) one SC no cov SC all SC half SC one DSC no cov DSC all DSC half DSC one
Australia 0.0891 0.0000 0.0000 0.0009 0.0898  0.0000 0.0007 0.0017 0.0000 0.0000 0.0007
Austria 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Belgium 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Canada 0.1522 0.1158 0.0196 0.1214 0.1421  0.0843 0.1248 0.1241 0.0951 0.0555 0.1285
Finland 0.0000 0.0000 0.0000 0.0284 0.0000  0.0001 0.0000 0.0239 0.0000 0.0000 0.0000
France 0.0000 0.0000 0.0000 0.0558 0.0000  0.0001 0.0000 0.0614 0.0000 0.0000 0.0000
Germany 0.0005 0.0645 0.0001 0.0273 0.0020  0.0726 0.0327 0.0378 0.0001 0.0000 0.0365
Hungary 0.0815 0.0001 0.0000 0.1702 0.0895  0.0004 0.0000 0.1794 0.1496 0.1029 0.0000
Iceland 0.0020 0.0146 0.0000 0.0000 0.0064  0.0226 0.0966 0.0043 0.0012 0.0425 0.0782
Ireland 0.0000 0.0000 0.0000 0.0701 0.0000  0.0001 0.0000 0.0649 0.0000 0.0000 0.0000
Italy 0.0789 0.0082 0.0344 0.0588 0.0730  0.0325 0.0740 0.0593 0.1297 0.1510 0.0995
Japan 0.0648 0.0000 0.0069 0.1519 0.0723  0.0052 0.0816 0.1469 0.0598 0.0908 0.0513
Korea 0.0000 0.0000 0.0000 0.0037 0.0000  0.0000 0.0000 0.0030 0.0000 0.0000 0.0000
Luxembourg 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Netherlands 0.0000 0.0000 0.0000 0.0000 0.0001  0.0002 0.0000 0.0000 0.0000 0.0000 0.0000
New Zealand 0.1041 0.1978 0.3050 0.0567 0.0891  0.2199 0.2104 0.0641 0.1638 0.1191 0.2162
Norway 0.0000 0.0000 0.0000 0.1054 0.0001  0.0001 0.0000 0.0964 0.0000 0.0000 0.0000
Portugal 0.1426 0.2855 0.2788 0.0079 0.1377  0.2361 0.1472 0.0026 0.0532 0.0000 0.1331
Slovak Republic 0.0000 0.0000 0.0000 0.0038 0.0001  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Spain 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Sweden 0.0000 0.0000 0.0000 0.0000 0.0001  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Switzerland 0.0000 0.0000 0.0000 0.0035 0.0002  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
United States 0.2842 0.3133 0.3552 0.1340 0.2973  0.3253 0.2320 0.1303 0.3476 0.4382 0.2559
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Table 4.A20: Estimated w weights considering 2016:Q2 as treatment period, mean of covariates and a penalty term. g

SC(B) all SC(B) half SC(B) one SC no cov SCall SC half SC one DSC nocov DSC all DSC half DSC one gj

Australia 0.0020 0.0000 0.0000 0.0040 0.0020  0.0000 0.0000 0.0017 0.0000 0.0000 b
Austria 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0001 0.0000 =3
Belgium 0.0001 0.0000 0.0000 0.0000 0.0001 0.0000 0.0000 0.0000 0.0000 0.0001 Ei
Canada 0.0003 0.0000 0.0000 0.1163 0.0002  0.0000 0.0001 0.1208 0.0043 0.0024 >
Finland 0.0000 0.0000 0.0000 0.0253 0.0000  0.0000 0.0000 0.0209 0.0001 0.0000 =
France 0.0000 0.0000 0.0000 0.0533 0.0000  0.0000 0.0000 0.0598 0.0000 0.0000 i’i‘
Germany 0.1255 0.1378 0.0013 0.0305 0.1219  0.0994 0.0534 0.0410 0.0087 0.0376 %
Hungary 0.0572 0.0000 0.0000 0.1703 0.0577  0.0000 0.0000 0.1785 0.0575 0.0188 -
Iceland 0.0742 0.1268 0.0000 0.0019 0.0714  0.0877 0.0390 0.0058 0.0057 0.0733 g
Ireland 0.0132 0.0000 0.0000 0.0719 0.0124  0.0000 0.0000 0.0669 0.0377 0.0365 =
Italy 0.1489 0.1708 0.1427 0.0601 0.1489  0.1717 0.2031 0.0598 0.2423 0.1700 QBD
Japan 0.0000 0.0000 0.0000 0.1536 0.0000  0.0000 0.0000 0.1479 0.0007 0.0547 g
Korea 0.0000 0.0000 0.0000 0.0044 0.0000  0.0000 0.0000 0.0029 0.0000 0.0000 =
Luxembourg 0.0001 0.0323 0.0299 0.0000 0.0001  0.0268 0.0475 0.0000 0.0003 0.0006 g
Netherlands 0.0001 0.0000 0.0000 0.0000 0.0001  0.0000 0.0000 0.0000 0.0002 0.0001 =
New Zealand 0.0649 0.0000 0.0859 0.0574 0.0656  0.0000 0.1206 0.0663 0.1605 0.0002 oo
Norway 0.0029 0.0000 0.0000 0.1035 0.0021 0.0000 0.0000 0.0947 0.0001 0.0001 o
Portugal 0.0000 0.0000 0.0507 0.0090 0.0000  0.0001 0.0001 0.0037 0.0001 0.0000 OCQD
Slovak Republic 0.0000 0.0000 0.0000 0.0028 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 3
Spain 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 g
Sweden 0.0001 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0001 0.0000 g_»i-
Switzerland 0.0025 0.0000 0.1004 0.0035 0.0029  0.0000 0.0000 0.0000 0.0001 0.0001 N
United States 0.5080 0.5323 0.5891 0.1324 0.5145  0.6141 0.5361 0.1295 0.4814 0.6053 g
=
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Table 4.A21: Estimated w weights considering 2016:Q2 as treatment period, last covariates and a penalty term.

SC(B) all SC(B) half SC(B) one SC no cov SC all SC half SC one DSC no cov DSC all DSC half DSC one
Australia 0.1283 0.0001 0.1568 0.0040 0.1294  0.0001 0.0000 0.0017 0.0000 0.0000 0.0005
Austria 0.0000 0.0000 0.0001 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0002
Belgium 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0002
Canada 0.1890 0.2293 0.1418 0.1163 0.1909  0.2437 0.0000 0.1208 0.1632 0.1454 0.0017
Finland 0.0000 0.0000 0.0003 0.0253 0.0000  0.0000 0.0000 0.0209 0.0000 0.0000 0.0003
France 0.0000 0.0000 0.0001 0.0533 0.0000  0.0000 0.0000 0.0598 0.0000 0.0000 0.0002
Germany 0.0045 0.0507 0.0003 0.0305 0.0020  0.0396 0.0000 0.0410 0.0000 0.0000 0.0004
Hungary 0.0631 0.0000 0.0000 0.1703 0.0683  0.0000 0.0000 0.1785 0.1027 0.0000 0.0001
Iceland 0.0576 0.0764 0.0313 0.0019 0.0488  0.0781 0.0000 0.0058 0.0153 0.0873 0.0376
Ireland 0.0000 0.0000 0.0000 0.0719 0.0000  0.0000 0.0000 0.0669 0.0217 0.0460 0.0001
Italy 0.0889 0.0000 0.0003 0.0601 0.0755  0.0000 0.0000 0.0598 0.0966 0.0889 0.0002
Japan 0.0822 0.0002 0.0206 0.1536 0.0944  0.0381 0.0779 0.1479 0.0770 0.1397 0.0819
Korea 0.0000 0.0000 0.0000 0.0044 0.0001  0.0000 0.0000 0.0029 0.0000 0.0000 0.0002
Luxembourg 0.0000 0.0000 0.0000 0.0000 0.0001  0.0000 0.0000 0.0000 0.0000 0.0000 0.0001
Netherlands 0.0000 0.0001 0.0001 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0002
New Zealand 0.0053 0.0001 0.0055 0.0574 0.0086  0.0004 0.2980 0.0663 0.1196 0.0000 0.2899
Norway 0.0000 0.0001 0.0001 0.1035 0.0001  0.0000 0.0000 0.0947 0.0000 0.0000 0.0002
Portugal 0.1666 0.3314 0.3282 0.0090 0.1590  0.2795 0.2219 0.0037 0.1044 0.0825 0.2215
Slovak Republic 0.0000 0.0000 0.0000 0.0028 0.0002  0.0000 0.0000 0.0000 0.0000 0.0000 0.0002
Spain 0.0000 0.0000 0.0001 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0001
Sweden 0.0000 0.0000 0.0001 0.0000 0.0001  0.0000 0.0000 0.0000 0.0000 0.0000 0.0002
Switzerland 0.0000 0.0000 0.0001 0.0035 0.0002  0.0000 0.0218 0.0000 0.0000 0.0000 0.0179
United States 0.2144 0.3113 0.3142 0.1324 0.2223 0.3204 0.3802 0.1295 0.2996 0.4101 0.3462
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4.D.4 In-sample Placebo Analysis

In Table 4.A22 we summarize the in-sample placebo analysis with penalized weights

e Overall, the penalty term plays little role in this exercise. The differences between

the results in the main text and the ones with penalty are usually of the order 107

e One notable exception is SDID(i) with covariates, where penalization has some

positive effect on the RMSE measure.

e For the last specification reported in that table, the numerical optimization failed
for a few time periods. For this reason, we leave empty the corresponding cells for

methods with covariates.



Table 4.A22: Placebo analysis for 2010:Q1-2014:Q4 with penalty.

SC(B) SC SCcov. DSC DSC cov.

SDID (i) SDID cov.(i) SDID (ii) SDID cov.(ii) SDID (iii) SDID cov.(iii)

Mean of covariates - All pre-treatments

RMSE  0.0108 0.0092  0.0105  0.0090 0.0117 0.0066 0.0047 0.0131 0.0095 0.0133 0.0096
MAB 0.0090 0.0075  0.0090 0.0074 0.0107 0.0036 0.0036 0.0106 0.0082 0.0108 0.0083
MedAB 0.0104 0.0074  0.0102  0.0072 0.0108 0.0015 0.0022 0.0070 0.0073 0.0079 0.0074
Last covariates - All pre-treatments

RMSE  0.0141 0.0092 0.0130  0.0090 0.0137 0.0066 0.0053 0.0131 0.0118 0.0133 0.0118
MAB 0.0123 0.0075  0.0114  0.0074 0.0121 0.0036 0.0035 0.0106 0.0100 0.0108 0.0101
MedAB 0.0140 0.0074 0.0126  0.0072 0.0141 0.0015 0.0021 0.0070 0.0081 0.0079 0.0083
Mean of covariates - Half of the pre-treatments

RMSE  0.0123 0.0092  0.0118  0.0090 0.0114 0.0066 0.0047 0.0131 0.0088 0.0133 0.0088
MAB 0.0112 0.0075  0.0108  0.0074 0.0102 0.0036 0.0035 0.0106 0.0072 0.0108 0.0073
MedAB 0.0107 0.0074  0.0105  0.0072 0.0103 0.0015 0.0030 0.0070 0.0057 0.0079 0.0057
Last covariates - Half of the pre-treatments

RMSE  0.0214 0.0092 0.0165  0.0090 0.0094 0.0066 0.0054 0.0131 0.0109 0.0133 0.0109
MAB 0.0187 0.0075  0.0136  0.0074 0.0078 0.0036 0.0033 0.0106 0.0094 0.0108 0.0095
MedAB 0.0198 0.0074 0.0141  0.0072 0.0076 0.0015 0.0018 0.0070 0.0082 0.0079 0.0082
Mean of covariates - One of the pre-treatments

RMSE  0.0084 0.0092 0.0086  0.0090 0.0098 0.0066 0.0042 0.0131 0.0074 0.0133 0.0075
MAB 0.0072 0.0075  0.0076  0.0074 0.0091 0.0036 0.0034 0.0106 0.0061 0.0108 0.0061
MedAB 0.0072 0.0074  0.0080  0.0072 0.0092 0.0015 0.0028 0.0070 0.0051 0.0079 0.0051
Last covariates - One of the pre-treatments

RMSE 0.0092 0.0090 0.0066 0.0131 0.0133

MAB 0.0075 0.0074 0.0036 0.0106 0.0108

MedAB 0.0074 0.0072 0.0015 0.0070 0.0079
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4.FE.  Robustness Exercise: Excluding the US from the

Donor Pool

In the same year as the Brexit vote occurred, another (possibly) important economic
event happened: the American elections, where the (now) ex-president Donald Trump
was elected. There are several ways in which this event might have affected the economy
of the US. For instance, there was a shift in the trade policies. The possible effect of
Trump on the American economy may render the inclusion of the US in the donor pool
of the SC methods used in this study questionable. Therefore, we consider a robustness
exercise, where we repeat all the estimations from the main text for the case where the
US is not a part of the donor pool. We note that a similar sensitivity analysis was not
done by Born et al. (2019).



194  On the Use of Synthetic Difference-in-differences Approach with (-out) Covariates

4.E.1 Estimated Treatment Effects

Tables 4.A23-4.A25 show the estimated treatment effects when considering all pre-
treatment periods, half of the pre-treatment periods, and one pre-treatment period, re-

spectively.

e All of these specifications share one common feature: compared to the estimates
when considering the US in the donor pool, the effects obtained with methods

without matching on covariates are very similar.

e When considering covariates, there does not seem to be a clear pattern when com-

paring to the estimates including the US in the donor pool.

e When considering all pre-treatment periods (Table 4.A23), the estimates for the
methods without covariates are always bigger than the effects obtained with the
SC(B) method, independently of the specification, and also, importantly, are bigger
than the original effect estimated by Born et al. (2019). When taking into account
covariates (last covariates), only the estimated effects under the DSC and SDID

methods are smaller compared to the SC(B).

e The conclusions change substantially when half of the pre-treatment periods are
considered. In this case, when compared to the estimations obtained with the
SC(B) method, the other methods deliver a smaller estimate when the mean of the
covariates is considered, while they deliver a bigger estimate when the last covariates
are taken into account (with the exception for the SC method using the treatment
period 2016:QQ3). However, it is important to note that all remaining methods still
point out to a bigger estimated effect when compared to the initial estimation of
Born et al. (2019).

e Finally, when considering only one pre-treatment period (Table 4.A25), all methods
point out to a bigger estimate than that obtained via SC(B), independently of the
specification. Moreover, all remaining methods without covariates point out to a
bigger estimated effect than that of Born et al. (2019)



Table 4.A23: The estimated percentage differences in GDP between the counterfactuals and the UK including all pre-treatment periods as
predictors.

SC(B) SC SCcov. DSC DSC cov. SDID (i) SDID cov. (i) SDID (ii) SDID cov. (ii) SDID (iii) SDID cov. (iii)
Mean of covariates - Treatment period 2016:Q2

2018:Q4 2.65 3.13 3.09 3.07 3.44 3.20 3.16 3.00 2.83 3.00 2.83
2019:Q4 3.76 4.19 4.13 4.14 4.38 4.27 4.10 4.07 3.76 4.07 3.76
Mean of covariates - Treatment period 2016:Q3

2018:Q4 2.55 3.07 3.04 3.03 2.13 2.82 2.00 2.86 2.04 2.86 2.04
2019:Q4 3.67 4.12 4.07 4.10 3.07 3.88 2.94 3.93 2.98 3.93 2.98
Last covariates - Treatment period 2016:0Q)2

2018:Q4 1.91 3.13 3.11 3.07 3.21 3.20 3.24 3.00 3.01 3.00 3.01
2019:Q4 2.91 4.19 4.16 4.14 4.24 4.27 4.27 4.07 4.04 4.07 4.04
Last covariates - Treatment period 2016:0Q3

2018:Q4 1.84 3.07 3.14 3.03 1.51 2.82 2.48 2.86 2.58 2.86 2.58
2019:Q4 2.77 4.12 4.20 4.10 2.55 3.88 3.51 3.93 3.61 3.93 3.61

Table 4.A24: The estimated percentage differences in GDP between the counterfactuals and the UK including half of the pre-treatment periods
as predictors.

SC(B) SC SCcov. DSC DSC cov. SDID (i) SDID cov. (i) SDID (ii) SDID cov. (ii) SDID (iii) SDID cov. (iii)
Mean of covariates - Treatment period 2016:Q2

2018:Q4 3.41 3.13 3.06 3.07 3.28 3.20 3.19 3.00 2.98 3.00 2.98
2019:Q4 449  4.19 4.08 4.14 4.29 4.27 4.20 4.07 4.00 4.07 4.00
Mean of covariates - Treatment period 2016:Q3

2018:Q4 3.10 3.07 3.03 3.03 3.13 2.82 2.75 2.86 2.78 2.86 2.78
2019:Q4 419 412 4.22 4.10 4.15 3.88 3.77 3.93 3.80 3.93 3.80
Last covariates - Treatment period 2016:Q2

2018:Q4 1.79 3.13 3.18 3.07 3.50 3.20 3.42 3.00 3.22 3.00 3.22
2019:Q4 2.69 4.19 4.09 4.14 4.55 4.27 4.46 4.07 4.26 4.07 4.26
Last covariates - Treatment period 2016:Q3

2018:Q4 1.96 3.07 1.79 3.03 3.19 2.82 2.79 2.86 2.81 2.86 2.81
2019:Q4 2.91 4.12 2.73 4.10 4.22 3.88 3.81 3.93 3.84 3.93 3.84
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Table 4.A25: The estimated percentage differences in GDP between the counterfactuals and the UK including one of the pre-treatment periods
as predictors.

SC(B) SC SCcov. DSC DSC cov. SDID (i) SDID cov. (i) SDID (ii) SDID cov. (ii) SDID (iii) SDID cov. (iii)
Mean of covariates - Treatment period 2016:Q2

2018:Q4 1.91 3.13 2.48 3.07 2.75 3.20 3.18 3.00 2.78 3.00 2.78
2019:Q4 3.19 4.19 3.68 4.14 3.84 4.27 4.27 4.07 3.86 4.07 3.86
Mean of covariates - Treatment period 2016:Q3

2018:Q4 1.56 3.07 1.85 3.03 1.73 2.82 1.67 2.86 1.75 2.86 1.75
2019:Q4 2.83 4.12 3.10 4.10 2.88 3.88 2.81 3.93 2.89 3.93 2.89
Last covariates - Treatment period 2016:Q2

2018:Q4 1.84 3.13 2.66 3.07 2.72 3.20 3.28 3.00 2.81 3.00 2.81
2019:Q4 2.96 4.19 3.77 4.14 3.77 4.27 4.32 4.07 3.85 4.07 3.85
Last covariates - Treatment period 2016:Q3

2018:Q4 1.49 3.07 1.43 3.03 1.57 2.82 1.61 2.86 1.69 2.86 1.69
2019:Q4 2.66 4.12 2.39 4.10 2.72 3.88 2.76 3.93 2.84 3.93 2.84
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4.E.2 Estimated w Weights

For the sake of brevity, we present the estimated unit weights according to the different
methods only for the treatment period 2016:Q3, taking into account no covariates, the
mean of the covariates, and the last covariates. The conclusions presented here are the

same for the case when the treatment period is set to 2016:Q2.

e For the estimates without covariates, the non-zero weights are assigned to the same
remaining countries in the donor pool as for the previous results when the US was
not excluded from the control units, and the only change is in the magnitude of the

weights.

e For the estimates with covariates, when compared to the complete donor pool bench-
mark case, positive weights are assigned to other countries, including Australia,
Canada, Iceland, New Zealand, and Norway. Therefore, the estimates without co-
variates seem to be less sensitive to the inclusion or not of the US in the donor

pool.



Table 4.A26: Estimated w weights considering 2016:Q3 as treatment period and mean of covariates.

SC(B) all SC(B) half SC(B) one SC no cov SCall SC half SC one DSC no cov DSC all DSC half DSC one
Australia 0.1224 0.0012 0.2687 0.0067 0.0002  0.0000 0.1538 0.0012 0.0000 0.0000 0.1151
Austria 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Belgium 0.0001 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Canada 0.1023 0.0000 0.0000 0.2569 0.2835  0.0005 0.0001 0.2836 0.2176 0.3656 0.0000
Finland 0.0001 0.0000 0.0000 0.0242 0.0357  0.0000 0.0000 0.0141 0.0000 0.0000 0.0000
France 0.0001 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Germany 0.0008 0.0000 0.0000 0.0021 0.0000  0.0376 0.0001 0.0000 0.0017 0.0000 0.0000
Hungary 0.0004 0.0000 0.0000 0.2118 0.2121  0.0003 0.0000 0.2344 0.0001 0.1615 0.0000
Iceland 0.0788 0.1602 0.0000 0.0000 0.0005  0.1130 0.1237 0.0004 0.0489 0.0365 0.1205
Ireland 0.0414 0.0000 0.0000 0.0724 0.0684  0.0005 0.0000 0.0625 0.0678 0.0712 0.0000
Italy 0.1520 0.1433 0.1103 0.0192 0.0000  0.1678 0.2327 0.0051 0.3535 0.1020 0.2633
Japan 0.1255 0.1631 0.0000 0.2104 0.2169  0.0000 0.0297 0.2159 0.0160 0.2165 0.0537
Korea 0.0000 0.0000 0.0000 0.0029 0.0000  0.0000 0.0000 0.0022 0.0000 0.0000 0.0000
Luxembourg 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Netherlands 0.0001 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
New Zealand 0.2297 0.4606 0.2698 0.0000 0.0000  0.4858 0.3079 0.0000 0.2938 0.0465 0.3463
Norway 0.0000 0.0000 0.0000 0.1699 0.1587  0.0000 0.0000 0.1587 0.0000 0.0000 0.0000
Portugal 0.1464 0.0716 0.3512 0.0201 0.0237  0.1937 0.1519 0.0218 0.0003 0.0000 0.1010
Slovak Republic 0.0000 0.0000 0.0000 0.0034 0.0000  0.0002 0.0000 0.0000 0.0000 0.0000 0.0000
Spain 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Sweden 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Switzerland 0.0000 0.0000 0.0000 0.0000 0.0001  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
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Table 4.A27: Estimated w weights considering 2016:Q3 as treatment period and last covariates.

SC(B) all SC(B) half SC(B) one SC no cov SCall SC half SC one DSC nocov DSC all DSC half DSC one
Australia 0.0177 0.0000 0.2759 0.0067 0.0004  0.0000 0.0000 0.0012 0.0000 0.0000 0.1293
Austria 0.0000 0.0000 0.0000 0.0000 0.0000  0.0002 0.0000 0.0000 0.0000 0.0000 0.0000
Belgium 0.0000 0.0000 0.0000 0.0000 0.0000  0.0002 0.0000 0.0000 0.0000 0.0000 0.0000
Canada 0.3927 0.3212 0.0000 0.2569 0.2834  0.4181 0.4434 0.2836 0.3366 0.3651 0.0040
Finland 0.0000 0.0000 0.0000 0.0242 0.0173  0.0002 0.0000 0.0141 0.0000 0.0000 0.0001
France 0.0000 0.0000 0.0000 0.0000 0.0000  0.0001 0.0000 0.0000 0.0000 0.0000 0.0001
Germany 0.0000 0.0000 0.0000 0.0021 0.0000  0.0003 0.0000 0.0000 0.0000 0.0000 0.0000
Hungary 0.0000 0.0002 0.0000 0.2118 0.2133  0.0010 0.0000 0.2344 0.1641 0.1695 0.0000
Iceland 0.0754 0.1198 0.0000 0.0000 0.0022  0.1067 0.1117 0.0004 0.0270 0.0320 0.1194
Ireland 0.0000 0.0015 0.0000 0.0724 0.0694  0.0006 0.0000 0.0625 0.0000 0.0733 0.0000
Italy 0.0963 0.1782 0.1000 0.0192 0.0000  0.1092 0.2280 0.0051 0.1172 0.0945 0.2750
Japan 0.0814 0.0925 0.0873 0.2104 0.2139  0.0824 0.0000 0.2159 0.0904 0.2238 0.0521
Korea 0.0000 0.0000 0.0000 0.0029 0.0000  0.0001 0.0000 0.0022 0.0000 0.0000 0.0000
Luxembourg 0.0000 0.0000 0.0000 0.0000 0.0000  0.0002 0.0000 0.0000 0.0000 0.0000 0.0000
Netherlands 0.0000 0.0000 0.0000 0.0000 0.0006  0.0002 0.0000 0.0000 0.0000 0.0000 0.0000
New Zealand 0.2010 0.2520 0.2779 0.0000 0.0027  0.1631 0.1652 0.0000 0.1751 0.0417 0.3276
Norway 0.0000 0.0000 0.0000 0.1699 0.1646  0.0001 0.0000 0.1587 0.0000 0.0000 0.0000
Portugal 0.1355 0.0344 0.2589 0.0201 0.0318  0.1170 0.0517 0.0218 0.0895 0.0000 0.0921
Slovak Republic 0.0000 0.0000 0.0000 0.0034 0.0001  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
Spain 0.0000 0.0000 0.0000 0.0000 0.0000  0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Sweden 0.0000 0.0000 0.0000 0.0000 0.0001  0.0002 0.0000 0.0000 0.0000 0.0000 0.0000
Switzerland 0.0000 0.0000 0.0000 0.0000 0.0001  0.0001 0.0000 0.0000 0.0000 0.0000 0.0000
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4.E.3 In-sample Placebo Analysis

Table 4.A28 shows the results obtained when performing the in-sample placebo anal-

ysis across time periods after removing the US as one of the control units.

e The results are largely in line with the previous findings in the benchmark case.

e In general, the SC(B) performs the worst, with the exception of the specification
where one pre-treatment period and the last covariates are considered, in which case

the SC with covariates performs the worst.

e Across all specifications, the SDID or the SDID with covariates performs the best,
with the differences in the performance between these two methods being most of

the time almost negligible.



Table 4.A28: Placebo analysis for 2010:Q1-2014:Q4.

SC(B) SC SCcov. DSC DSC cov.

SDID (i) SDID cov.(i) SDID (ii) SDID cov.(ii) SDID (iii) SDID cov.(iii)

Mean of covariates - All pre-treatments

RMSE  0.0170 0.0093  0.0093  0.0091 0.0096 0.0072 0.0066 0.0142 0.0140 0.0142 0.0140
MAB 0.0146  0.0073  0.0070  0.0071 0.0072 0.0043 0.0043 0.0119 0.0121 0.0119 0.0121
MedAB 0.0197 0.0056  0.0041  0.0052 0.0052 0.0027 0.0026 0.0112 0.0107 0.0115 0.0107
Last covariates - All pre-treatments

RMSE  0.0163 0.0093 0.0073  0.0091 0.0091 0.0072 0.0071 0.0142 0.0138 0.0142 0.0139
MAB 0.0143 0.0073  0.0059  0.0071 0.0070 0.0043 0.0042 0.0119 0.0112 0.0119 0.0113
MedAB 0.0138 0.0056  0.0046  0.0052 0.0044 0.0027 0.0020 0.0112 0.0116 0.0115 0.0116
Mean of covariates - Half of the pre-treatments

RMSE  0.0158 0.0093 0.0140  0.0091 0.0090 0.0072 0.0075 0.0142 0.0148 0.0142 0.0148
MAB 0.0133 0.0073  0.0105  0.0071 0.0070 0.0043 0.0047 0.0119 0.0125 0.0119 0.0125
MedAB 0.0140 0.0056  0.0078  0.0052 0.0059 0.0027 0.0029 0.0112 0.0114 0.0115 0.0113
Last covariates - Half of the pre-treatments

RMSE  0.0165 0.0093 0.0096  0.0091 0.0087 0.0072 0.0068 0.0142 0.0142 0.0142 0.0142
MAB 0.0143 0.0073  0.0083  0.0071 0.0071 0.0043 0.0042 0.0119 0.0113 0.0119 0.0114
MedAB 0.0144 0.0056  0.0075  0.0052 0.0062 0.0027 0.0021 0.0112 0.0091 0.0115 0.0094
Mean of covariates - One of the pre-treatments

RMSE  0.0073 0.0093 0.0182  0.0091 0.0151 0.0072 0.0055 0.0142 0.0133 0.0142 0.0134
MAB 0.0061 0.0073  0.0159  0.0071 0.0124 0.0043 0.0046 0.0119 0.0115 0.0119 0.0117
MedAB 0.0059 0.0056  0.0190  0.0052 0.0127 0.0027 0.0043 0.0112 0.0094 0.0115 0.0097
Last covariates - One of the pre-treatments

RMSE  0.0154 0.0093 0.0148  0.0091 0.0131 0.0072 0.0053 0.0142 0.0130 0.0142 0.0130
MAB 0.0129 0.0073  0.0124  0.0071 0.0101 0.0043 0.0042 0.0119 0.0111 0.0119 0.0112
MedAB 0.0134 0.0056  0.0129  0.0052 0.0081 0.0027 0.0026 0.0112 0.0101 0.0115 0.0103
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Summary

In most of the chapters of this dissertation, I contribute to the literature on the
econometrics of network models. This topic is motivated by economic relationships that
can often be modeled as networks, mainly through bilateral ties of agents. While network
data has some similarities to traditional panel data, estimating network models poses
added challenges demanding new econometric techniques.

In particular, part of the network dependence structure is often considered by including
unit-specific effects for each pair of units, which controls for the unobserved heterogeneity
of units. However, including such effects imposes new challenges in estimating nonlinear
models. While most available methods provide consistent estimates and valid inference
under settings of dense networks, there are still a lot of open questions regarding the
estimation for sparse settings.

One exception is on the estimation of network formation models, for which a condi-
tional maximume-likelihood approach under a logistic specification that is applicable to
sparse settings was proposed concurrently by Charbonneau (2017) and Graham (2017).
However, to obtain the asymptotic properties of these estimators, tools of U-statistics
need to be employed. While such tools are well-known for single-indexed variables, those
of double-indexed variables (which is the case for network models) are far less understood.
Hence, the primary purpose of the second chapter of this dissertation is to illustrate, in a
step-by-step manner, how to obtain the asymptotic properties of estimators for network
(dyadic) models using tools from the literature on U-statistics. More specifically, I show
how to accommodate such tools to double-indexed variables.

In the third chapter of this dissertation, I focus on estimating the outcomes generated
by connected pairs of a network. Importantly, I do not assume network exogeneity and the
estimator that I propose is also suitable for sparse settings, which, up to my knowledge, it
was an open question in the literature when considering the two-way unit-specific effects
as parameters to be estimated (i.e., considering two-way fixed-effects). For example,
considering the estimation of firm-level trade flows, where a positive outcome is observed
if units form a link and zeros are observed in the absence of links, I proposed to model

and estimate the conditional cumulative distribution function (CDF) of the outcome of
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interest via a distribution regression method. The CDF describes the likelihood of a
random variable taking on a value less than or equal to a particular value. By varying the
value of these thresholds, an entire characterization of the distribution of the trade flows
is obtained. Therefore, distribution regressions can be modeled by a sequence of binary
response regressions for different threshold values. This setting naturally accommodates
(many) observed zero outcomes in outcomes such as firm-level trade flows since it describes
a point-wise approximation of the CDF, being suitable for sparse settings.

Finally, the fourth chapter of this dissertation focuses on a different topic in econo-
metrics of panel data models, namely, the estimation of treatment effects and the use of
the synthetic control (SC), demeaned synthetic control (DSC), and synthetic difference-
in-differences (SDID) methods. More specifically, this chapter re-evaluates the effect of
the Brexit referendum on the GDP of the UK, which was initially estimated by Born et al.
(2019) using a particular implementation of the SC approach with matching on covariates.
However, recently proposed extensions of the SC method mentioned above robustify the
approach towards more general underlying Data Generating Processes (DGP). However,
the available methods for the DSC and the SDID are somewhat limited with regard to
the setup where additional covariates are available for matching. Thus, one of the aims
of the fourth chapter of this dissertation is to fill this gap. Moreover, this chapter further
investigates the bias reduction properties of the SDID estimator. In particular, we show
numerically and theoretically that the SDID estimator minimizes both interpolation and

extrapolation biases, while the SC method only minimizes the latter.



Nederlandse Samenvatting

(Summary in Dutch)

In de meeste hoofdstukken van deze dissertatie draag ik bij aan de literatuur over
de econometrie van netwerkmodellen. Het belang van dit onderwerp blijkt uit het dat
economische relaties vaak gemodelleerd worden als netwerken, met wederzijdse relaties
tussen actoren. Hoewel netwerkdata enige overeenkomsten vertonen met traditionele pa-
neldata, brengt het schatten van netwerkmodellen extra uitdagingen met zich mee die
nieuwe econometrische technieken vereisen.

In het bijzonder wordt de netwerkafhankelijkheidsstructuur vaak deels gebruikt door
individu-specifieke effecten op te nemen voor elk paar van individuen, waarmee rekening
gehouden wordt met de niet-geobserveerde heterogeniteit van deze eenheden. Het opne-
men van zulke effecten brengt echter nieuwe uitdagingen met zich mee bij het schatten van
niet-lineaire modellen. Hoewel de meeste beschikbare methoden consistente schattingen
en geldige inferentie bieden onder data-dichte netwerken, zijn er nog veel open vragen
over dergelijke schattingen in data-schaarse situaties.

Een uitzondering is de schatting van netwerkvormingsmodellen, waarvoor een voor-
waardelijke maximum-likelihood methode onder een logistische specificatie, die van toe-
passing is op schaarse instellingen, gelijktijdig werd voorgesteld door Charbonneau (2017)
en Graham (2017). Om echter de asymptotische eigenschappen van deze schatters te
verkrijgen, moeten methoden voor U-statistieken worden gebruikt. Hoewel dergelijke me-
thoden goed bekend zijn voor enkelvoudig-geindexeerde variabelen, zijn die van dubbel-
geindexeerde variabelen (wat het geval is voor netwerkmodellen) veel minder begrepen.
Daarom is het voornaamste doel van het tweede hoofdstuk van deze dissertatie om staps-
gewijs te illustreren hoe de asymptotische eigenschappen van schatters voor (dyadische)
netwerk modellen kunnen worden verkregen met behulp van methoden uit de literatuur
over U-statisticken. Om precies te zijn, laat ik zien hoe dergelijke methoden kunnen
worden aangepast aan dubbel-geindexeerde variabelen.

In het derde hoofdstuk van deze dissertatie richt ik me op het schatten van de uit-

komsten gegenereerd door verbonden paren in een netwerk. Belangrijk is dat ik geen
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netwerkexogeniteit veronderstel en dat de schatter die ik voorstel ook geschikt is voor
data-schaarse situaties, wat voor zover ik weet een open vraag was in de literatuur bij
het overwegen van dubbelzijdig individu-specifieke effecten als te schatten parameters
(d.w.z. het overwegen van dubbelzijdig fixed-effects). Bijvoorbeeld, bij het schatten van
handelsstromen op bedrijfsniveau, waar een positieve uitkomst wordt waargenomen als
partijen een verbinding vormen en een nul wordt waargenomen bij afwezigheid van een
dergelijke verbinding, stelde ik voor om de voorwaardelijke cumulatieve verdelingsfunc-
tie (CDF) van de relevante uitkomst te modelleren en te schatten via een methode voor
verdelingsregressie. De CDF beschrijft de kans dat een stochast een waarde aanneemt
die minder is of gelijk is aan een gegeven waarde. Door de waarde van deze drempel-
waarden te variéren, wordt een volledige karakterisering van de verdeling van de handels-
stromen verkregen. Hierdoor kunnen verdelingsregressies worden gemodelleerd door een
reeks binaire-uitkomstregressies voor verschillende drempelwaarden. Deze aanpak komt
natuurlijk tegemoet aan de (vele) waargenomen nulresultaten in uitkomsten zoals bij
handelsstromen op bedrijfsniveau, omdat het een puntsgewijze benadering van de CDF
beschrijft en dus geschikt is voor data-schaarse situaties.

Tot slot richt het vierde hoofdstuk van deze dissertatie zich op een ander onderwerp
in de econometrie van paneldatamodellen, namelijk de schatting van behandelingseffecten
en het gebruik van synthetische controle (SC), synthetische controle in afwijking van het
gemiddelde (DSC), en synthetische verschil-in-verschillen (SDID) methoden. Om precies
te zijn, analyseert dit hoofdstuk het effect van het Brexit-referendum op het bbp van
het VK, hetgeen eerder al werd geschat door Born et al. (2019) met behulp van een
specifieke implementatie van de SC-benadering met koppeling op covariaten. Echter, re-
centelijk voorgestelde uitbreidingen van de SC-methode zoals hierboven verlenen extra
geloofwaardigheid aan de conclusies, door robuust te zijn tegen algemenere onderliggende
data genererende processen (DGP). De beschikbare methoden voor de DSC en de SDID
zijn enigszins beperkt met betrekking tot de setting waarbij aanvullende covariaten be-
schikbaar zijn om op te koppelen. Een van de doelen van het vierde hoofdstuk van deze
dissertatie is dan ook om dit gat op te vullen. Daarnaast onderzoekt dit hoofdstuk de
eigenschappen van biasverkleining van de SDID-schatter. In het bijzonder tonen we nu-
meriek en theoretisch aan dat de SDID-schatter zowel interpolatie- als extrapolatiebiases

minimaliseert, terwijl de SC-methode alleen de laatste minimaliseert.
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