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Introduction
In this chapter we give an overview of conformational transitions in proteins and
the role of computational modelling in understanding such complex processes. First,
we introduce the protein folding problem, one of the most famous examples of conformational transitions in proteins. We present the free energy landscape view on
protein folding as a funnel mechanism towards the native state, where the folding process takes place through an ensemble of pathways and different intermediate states.
We then discuss how the folding funnel idea has been able to explain the Levithal’s
paradox. We introduce the two main mechanisms proposed as models to describe the
folding events. Next. we present the multidimensional free energy landscape view on
proteins, proposed to define the probability distributions of conformational states and
the free energy barriers separating them. From this point of view, the function of a
protein in general is determined by its dynamical character rooted in the free energy
landscape. The hierarchy of timescales and amplitudes of these protein motions, in
connection with the energy landscape, is described. We then discuss briefly the recent
advances and contributions of molecular dynamics simulations in modelling conformational changes in proteins and other complex transitions. Finally, we describe the
view of conformational transitions in proteins as rare events and the importance of
developing new computational algorithms to study complex systems. We end with an
outline of the thesis.
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CHAPTER 1. INTRODUCTION

Protein structure and function

Proteins are involved in basically all fundamental cell functions and therefore they
are considered the machinery of life. They perform a variety of roles within the living
organisms such as sensing and signalling, catalysis of metabolic reactions, structural
support, transport of molecules from one location to another and replication of DNA
[1].
Each protein begins as a polypeptide, translated from a sequence of mRNA into
a linear chain of amino acids, also known as its primary structure. They are constituted from a set of 20 amino acids and their sequences are uniquely dictated by the
information stored in the nucleotide sequence of their genes, usually of the length of
a few hundred aminoacids. After proteins have been synthesized by the ribosome as
linear chains, they fold into specific three-dimensional structures in order to become
functional. The shape in which they fold determines its physiological role in the cell
and it is known as the native conformation [1].
The native conformation possesses different levels of biomolecular structure [1; 2]
referred as to: (1) the amino acid chain sequence known as the primary structure, (2)
the secondary structure which consists of regular repeating local structures stabilized
by hydrogen bonds, notably β-sheets and α- helical conformations, (3) the tertiary
structure formed by the packing of secondary structures into three dimensional shapes
stabilized by hydrophobic interactions, disulphide bonds, electrostatic interactions,
hydrogen bonds and salt bridges and (4) the quaternary structure which consists of
the assembly of several folded proteins forming a structure that functions as a single
protein complex. Fig. 1.1 shows the different level of structures found in proteins.
The correct functioning of a protein within the cell depends entirely on the ability
of the chain of amino acids to fold rapidly and reliably into its native structure. After
the discovery of the tertiary structure [3; 4] it was realized that the folded structure
makes proteins capable of performing many biological functions and that this threedimensional shape is related to the chemical properties of the amino acid sequence.
A failure to fold correctly, or remain correctly folded, usually produces inactive or
dysfunctional proteins that can give rise to different diseases [5; 6; 7; 8; 9; 10]. Some
of these diseases, such as cystic fibrosis [6] and some types of cancer [9], are caused
by proteins folding incorrectly and not being able to perform their functions. In other
cases, proteins with a high probability to misfold can escape and form aggregates
within cells or (more commonly) in extracellular space. Several disorders, including
Alzheimer’s and Parkinson’s diseases, the spongiform encephalopathies and type II
diabetes, are directly associated with the deposition of such aggregates in tissues
[7; 8; 11; 12].
In addition to their tertiary structure, proteins can undergo rearrangements in
response to changes in their environment and other factors, visiting different conformations to meet their functional roles. These rearrangements are known as conformational transitions and they include processes such as allosteric transitions in enzymes,
force generation by motor proteins, the opening and closing of ion channels, and the
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conformational changes induced by ligand binding to enzymes and receptors. This
means that proteins are highly dynamical objects and the detailed molecular description of structural changes (folding and unfolding events) facilitates the understanding
of the underlying mechanisms of their functions [2].
Even though nowadays we know that under ambient conditions most proteins fold
into three-dimensional structures (their native conformation) and that the dynamical
transitions of proteins between different conformations are essential to perform specific tasks, still there are open questions about the detailed mechanism or the pathway
in which a conformational transition takes place. These questions remain important
because having answers would allow us to construct predictive models of proteins that
help in understanding, for instance, the origin of the different neurodegenerative disorders, or allow us to design ligands that can modulate the equilibria of conformational
transitions and their rates.
This thesis addresses the development and application of computational methods
to study the mechanism of conformational changes in proteins at the atomistic level.
These methods aim to provide efficient and plausible models for protein folding that
help in understanding their functions. We use molecular dynamics simulation techniques to study conformational changes in proteins and prove that the exploration
of transition pathways in complex systems is now becoming accessible to computer
simulations.
!"#$
Primary structure

!%#$
Secondary structure

!-helix

!&#$
Tertiary structure

"-sheet

!'#$
Quaternary structure

Figure 1.1: Hierarchical structure of proteins. (a) The primary structure: A linear chain
of amino-acids. (b) The secondary structure: the α-helix and β-sheet structures are shown
in all-atom representation with the hydrogen bond network [13], together with a cartoon
representation of the structures. (c) The tertiary structure of the protein is shown as a
mix of secondary structures: α-helix (purple) and β-sheets (yellow). (d) The quaternary
structure is a complex formed by proteins in their tertiary structure.
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The mechanism of protein folding

One of the most fundamental and universal examples of conformational transitions is
the folding of proteins into their compact three dimensional structures. Understanding the mechanism of protein folding provides unique insight in the way in which
evolutionary selection has influenced the properties of a molecular system for functional advantage [10]. This example is interesting by itself and its study became one
of the main motivations for this thesis. In this section we focus on the description of
the protein folding problem as an example of conformational transitions.

1-2.1

Transition pathways

Understanding the molecular process of protein folding has presented a challenge for
both experimentation and theory. Anfinsen et. al. [14] showed that not only local
structure but also the global three-dimensional structure of proteins can be reached
reliably by the protein molecule through purely chemical processes without any special
help of biological machinery and using only the information of the protein amino acid
sequence. This was confirmed when X-ray diffraction revealed that proteins are apparently not simple repetitive structures but are compact objects with complex folds
whose three-dimensional structure was hard to predict a priori [3; 4].These findings inspired an intensive investigation of the mysterious mechanism by which a polypeptide
chain folds to a specific three-dimensional protein structure.
However, a key question on how the correct fold emerged from the information
of the amino acid sequence remained unclear: how, from an enormous number of
accessible configurations possible for a random coil to be in, the native conformation
is found within a timescale that ranges from microseconds up to minutes? That is,
how is the energy landscape unique to a specific protein and defined by the sequence so
that the protein reaches the tertiary structure on these timescales? This question and
its answer is well known as the Levithal’s paradox [15]. Levithal calculated that the
time needed to sample the available configurations of a relatively small protein of 100
amino acids would be in the order of 1010 years. Based on this finding, he concluded
that there must be a bias towards the native state, a folding pathway, otherwise no
proteins could fold within the life time of the universe [16; 15].
In general, the complex folding behaviour was hard to relate to any theoretical
understanding of protein structure and energetics. An initial proposal was the idea
that there must be a pathway for folding with a well-defined sequence of events which
follow one another so as to carry the protein from the unfolded random coil to a
uniquely folded metastable state [17; 18; 19]. In the late eighties and early nineties
another formulation of the energy landscape from an statistical physics point of view
was proposed to study protein folding [20; 21; 15; 22; 23]. In this view, often referred
as the ‘new view’ of the protein folding, the folding process is described as a stochastic
process of conformational changes by which the polypeptide chain immersed in water
folds into its functional tertiary structure, reaching thermodynamic equilibrium from
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a random coil and after visiting a variety of micro states. This stochastic process
involves the molecular chain performing brownian motion where the water medium
exerts random forces such as hydrogen bonds, thermal fluctuations in covalent bonds,
bond angles, etc.
It is now clear that understanding protein folding involves a stochastic search of
many conformations accessible to a polypeptide chain, rather than the evolution in
a single pathway consisting of mandatory steps between specific partly folded states.
According to this point of view, the energy landscape of a protein is a funnel described as a high dimensional rugged landscape with a complicated topological form
containing traps where the protein stays for some time. There are multiple pathways
towards the native structure, which is a global energy minimum in the energy landscape. Moreover, the energy landscape should have a funnel shape, so that only a
small number of all possible conformations are sampled by any given protein molecule
during its transition to the native conformation. It is believed that the landscape
is encoded by the amino acid sequence and it is natural selection which has enabled
proteins to evolve so that they are able to fold rapidly and efficiently [24; 25; 26].
Fig. 1.2 shows an schematic representation of the multiple folding pathways towards the native structure of a protein. After proteins are synthesized on the ribosomes, they fold into their three dimensional structures visiting different partially
folded intermediates. However, there are cases in which proteins with high propensity
to fold incorrectly, follow different routes through partial folded intermediates and
misfolded states which can lead to the formation of protein aggregates. As we have
mentioned previously, an increasing number of disorders including Alzheimer’s and
Parkinson’s diseases are directly associated to potentially toxic aggregates such as as
amyloid fibrils (see also Fig. 1.3).

1-2.2

The free energy landscape view

From the point of view of the stochastic nature of protein folding, each protein conformation has a free energy that determines its probability to be sampled at a certain
temperature T [27]. The free energy comprises the sum of enthalpic and entropic
effects expressed as F (Q) = E(Q) − T Sconf (Q) where E is the internal energy of the
protein conformation and the solvent (dispersion forces, electrostatic interactions, van
der Waals potentials and hydrogen bonding), Q is the conformational reaction coordinate and Sconf is the conformational entropy described by hydrophobic interactions.
The functional dependence of E in all the degrees of freedom of the protein is called
the energy landscape, which is thought to be rugged, containing a lot of minima with
a global energy minimum [24; 1]. For low temperatures, only the energy landscape is
relevant and the protein stays in a global minimum in its tertiary compact structure.
When temperature increases, the conformational entropy term Sconf will increase the
chance of the protein to adopt more extended conformation. Statistical fluctuations
give then rise to the ensemble of pathways towards the folded state.
The theoretical framework of the free energy landscape and the funnel concept has
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Figure 1.2: Multiple states and pathways for folding and aggregation. The polypeptide
chain can follow transition pathways through intermediate states (or through misfolded
states) towards the the native state or towards aggregation states. Figure adapted from
Ref. [28].

!"#$%&'(

)%*+,"-(

.--$/-01%"(

Figure 1.3: A schematic free energy landscape for protein folding and aggregation. The
landscape shows the different conformations and stable states ’funneling’ towards the native
state (via intramolecular contacts) or towards the aggregation state (via intermolecular
contacts). The intra- and inter-molecular contacts represent the entropic effect of the system.
Figure adapted from Ref. [29].
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helped to understand the mechanism of protein folding. The protein does not have
to follow a specific path through the configuration space, but instead it can travel
through different pathways, sampling various partially folded structures on the free
energy landscape. Moreover, the free energy surface funnels the multitude of denatured conformations to the unique native structure. Fig. 1.3 shows an schematic
representation of the funnel landscape . The width of the funnel is a measure of the
entropy or the number of micro-states that can be visited. Towards the native state
the entropy decreases and the shape of the landscape reduces the search through configuration space and enables proteins to fold in a reasonable time. Larger polypeptides
(more than 100 residues) normally have more rugged free energy landscapes that include on and off pathways, partially folded intermediate states that sometimes require
the assistance of chaperones to fold into the native conformations. Above a critical
protein concentration, the free energy landscape becomes even more complicated as
polypeptides can interact to form aggregates, oligomers and even amyloid fibrils (see
darker region of the free energy landscape in Fig. 1.3) [29; 10].
Protein stability depends on the free energy difference between the folded and
unfolded states, expressed in terms of energy and entropy differences as ∆F = ∆E −
T ∆Sconf . As the binding energy term ∆E increases or the entropy difference between
the folded and unfolded states decreases, the folded protein becomes more stable.
Substantial perturbations of the folded conformation would then require a significant
increase in free energy.
Two generic mechanisms for protein folding have been proposed to explain the
free energy barriers that appear between different intermediate states: The so called
nucleation-condensation (NC) model and the diffusion-collision (DC) model. Fig. 1.4
shows an schematic representation of both mechanisms and the free energy barriers
associated to them. In the NC model the free energy barrier is associated to the
formation of a folding nucleus needed to reach the native state [30]. According to
this model, the number of contacts or non local interactions in the protein form a
folding nucleus from which the condensation of the protein structure follows towards
the native state. On the other hand, the DC model proposes that secondary structure
elements are formed fast and are metastable [19]. In this model the polypeptides folds
through a folding intermediate state where secondary structure is formed, followed
by a stochastic search through the conformational space towards the native state.
According to this model, the formation of secondary structure reduces considerably
the number of conformations that the protein visits allowing the efficient and fast
folding. It has been proposed that a combination of both mechanism models could
act during the folding process of even small proteins [31].
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Figure 1.4: The two generic protein folding models and the free energy profiles associated
to them. (Left) The transition pathways for the nucleation-condensation (NC) model (lower)
and the diffusion-collision (DC) model (upper) are represented schematically. In the NC
model the polypeptide chain (U) passes through a transition state (TS) whose structure is
characterized by a folding nucleus that is formed in order to reach the native state (N). In the
DC model, the pathway visits an intermediate state characterized by the formation of stable
secondary structures which are formed quickly, and follow an stochastic search towards the
native state (N). For both mechanisms the transition states are labeled TS. (Right) The free
energy profile (as a function of the reaction coordinate Q) associated to the DC model is
gradually transformed into the free energy profile of the NC model by reducing the stability
of the secondary structure elements. The free energy profiles in the middle part represent a
case in which the two views have been united: The secondary structure are less stable than
in the DC model but more than in the NC model, resulting in an intermediate situation.
Figure adapted from Ref. [31] and Ref. [32].

1-3

Conformational changes in proteins

Although the idea of conformational transitions rooted in the free energy landscape
is most familiar in the context of protein folding (the funnel hypothesis), in the last
decades it has been proposed that the function of proteins in general is governed by
their dynamical character, which can be described by a multidimensional free energy
landscape [33]. From this point of view, proteins can sample a large ensemble of conformations around the average structure as a result of thermal energy. This means that
proteins are marginally stable and even in the most favourable equilibrium state they
can fluctuate from their average conformation. In a macroscopic conformation with
a number of atoms around 1023 these fluctuations are negligible and not observable.
But for proteins of a few thousands of atoms, these fluctuations can be pronounced.
Their marginal stability is the reason why proteins can function, for instance, in signalling or regulation. A small stimulus like absorption of a photon by a chromophore,
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electron transfer or the binding of a ligand can cause large conformational changes.
Therefore, a description of proteins requires the definition of a free energy landscape
that defines the probability distribution of conformational states (thermodynamics)
and the free energy barriers between them (the kinetics).
The idea of the free energy landscape of folded proteins was introduced by Frauenfelder et. al. in 1975 [34]. They performed experiments to measure the kinetics of
carbon monoxide and oxygen rebinding to myoglobin and developed a free energy
landscape model based on the observation of multiple free energy barriers and non
exponential kinetics below a temperature of 230 K. They were able to successfully
connect the free energy landscape to the myoglobin function and characterize the features of the free energy landscape, calculating the heights of barriers between stable
states and localizing multiple conformational states. Since these initial proposals,
several protein landscapes have been characterized with different experimental and
computational techniques.
The free energy landscape of a protein, which has many atoms, is multidimensional
and is influenced by temperature, pressure and solvent conditions. A change in these
conditions can influence the relative population of the states and the kinetics between
them. As mentioned before, the fluctuations observed in proteins near and far from
equilibrium govern their biological functions. For this reason, it has become important
to focus on the study of protein motion rather than only on their static structures.
Protein dynamics includes any time-dependent change in atomic coordinates of the
system. The dynamical character of a protein rooted in the free energy landscape
can be characterized in terms of the different timescales (kinetics) and the amplitude
and direction (structural changes) of the fluctuations. The timescales of the fluctuations can be divided in two categories: slow timescales and fast timescales. In the
slow timescales, fluctuations between different states on the free energy landscape are
separated by large free energy barriers of several kT (with k the Boltzmann constant
and T the temperature), corresponding to timescales of microsecond, milliseconds
and even seconds. Usually these slow timescales are associated to large amplitude
collective motions between few stable states. In the fast timescales, the fluctuations
are defined within the free energy well where a large ensemble of structurally similar
states is separated by small free energy barriers, in the order of less than 1 kT. These
fluctuations are typically associated to small amplitude conformational changes on
the timescale of picoseconds or nanoseconds [33].
Fig. 1.5a shows an example of a free energy landscape that defines the amplitude
and timescale of the protein motions based on the description of Frauenfelder et.
al. [34]. The states are defined as the minima in the free energy landscape and
the transition states are the maxima. The free energy barriers between the states
determines the rate of the transitions. A change in the conditions of the system
will alter the free energy landscape (from the dark blue to the light blue profile in
Fig. 1.5 a). The lower tiers describe fast fluctuations between a large number of
similar related substates of the wells (tier-1 and tier-2). These fast motions usually
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Figure 1.5: Schematic representation of the free energy landscape of proteins and the
amplitude and timescale associated to these protein motions: (a) Free energy landscape of a
protein showing the hierarchy of the protein dynamics and the timescales associated to the
different free energy barriers. (b) Timescales of the process occurring in protein dynamics.
The change from a light blue to a dark blue free energy profile represents the effect of
changing the conditions of the protein (temperature, pressure, solvent conditions, etc. ).
Figure adapted from Ref. [33].
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include groups of atoms fluctuating on timescales that range from picoseconds to
nanoseconds, such as loop motions and side chain rotations, and even lower tiers
with faster motions exist, such as femtosecond bond vibrations (see Fig. 1.5 b). On
the other hand, transitions between tier-0 states are rare due to the low probability
of the conformations that allows the transition (transition state). These transitions
usually involve larger domain motions that fluctuate on timescales that range from
microseconds to seconds (see Fig. 1.5). Dynamics on these timescales has recently
received a lot of attention because many biological processes, such as enzyme catalysis,
signal transductions, protein folding and protein-protein interactions occur on these
timescales.

1-4
1-4.1

Computational modelling of complex transitions
Conformational changes in proteins are rare events

Thanks to advances in experimental studies using different crystallography and spectroscopy techniques, the structural data of the intermediate protein conformations in
the pathways of conformational changes can be resolved. Time resolved crystallography and spectroscopy techniques have also provided dynamical information about
conformational changes along the pathways. Nevertheless, up to now experimental
techniques still remain limited to the characterization and identification of different
intermediate conformations along the transition pathways, requiring significant populations and sufficiently long life times to detect them. Moreover, the full understanding
of a conformational transitions requires complementary information of the molecular
mechanism between the conformations along the pathways.
Faced with these experimental challenges, it is desirable to develop general computational techniques that allow us to explore in atomistic detail the structural changes
occurring during molecular transitions in proteins. During the past decades Molecular Dynamics (MD) simulations have grown into powerful tools for the theoretical
studies of complex systems that consist of millions of particles and that are interesting
for a variety of fields, such as physics, material science, chemistry, and biology. MD
simulations have provided insight in the stability and the dynamics of many complex
molecular systems. By numerically integrating the equations of motion under the
action of all intra and intermolecular forces, MD samples the trajectories of different configurations providing a detailed picture of transition pathways in molecules
[35; 36]. For this reason, MD simulations appear ideally suited to study the protein
conformational dynamics since the method performs a practical statistical mechanical
sampling of the phase space [37].
However, despite the success and the advances in these algorithms and the tremendous increase in computer power, most of the molecular transition processes, such as
protein folding, occur on time and length scales inaccessible to standard all-atom MD

12

CHAPTER 1. INTRODUCTION

Figure 1.6: Multiscale modelling approach. The graph shows the different time and length
scales and their appropriate description levels and modelling approaches. The rare event
methods (off-diagonal) offer the possibility to reach longer time scales for these approaches.
Figure adapted from Ref. [39].

simulations. While the conformational transitions in proteins occur too fast for highresolution experimental methods, they become too slow to occur in fully atomistic
MD simulations within a reasonable time of computation. These long timescales are
normally associated to large relatively large free energy barriers that separate the stable states, hampering the efficient sampling of pathways with conventional MD. The
crossing of such a barrier becomes a rare event for the fundamental dynamical time
step of molecular motions (usually femtoseconds). Even with all the computational
power available nowadays, the simulations can only access up to a millisecond time
scale [38]. Therefore, the study of rare events requires the development and application of special computational methods that allow the crossing of large free energy
barriers for the study of complex transitions.
Rare event methods can be employed in a variety of complex processes that goes
beyond those of protein folding transitions or conformational transitions in proteins.
Examples of rare events include nucleation in first order phase transitions, chemical
reactions, transport phenomena in solids and liquids, biomolecular isomerizations or
even transitions of comets between different orbits of the solar system. Fig. 1.6 gives
a general idea about the time and length scales that MD simulations can access and
the regions in which rare event methods can be required. In this thesis we focus on
the computational study of conformational transitions in proteins that occur on time
scales that go from microseconds to milliseconds.
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The development of new rare event algorithms to study
conformational changes in proteins

Special rare event methods have been developed over the years and applied to the
study of conformational transitions in proteins and to the study of many other transitions in complex systems. A first idea or strategy to overcome the difficulties associated to the wide variety of lengths and timescales consists of coarse graining the
description of the systems by eliminating unimportant variables or coordinates and
maintaining only the just the relevant degrees of freedom (or collective variables) that
describe the transitions. For example, the association of two protein monomers to
form a dimer could be described by the number of contacts or by the contact distances between the monomers instead of all the degrees of freedom coming from a
full atomistic description. Such simplified models can be simulated efficiently on very
long time scales. However the development of such models requires considerable insight in the problem to reduce the description to a few degrees of freedom. In most
complex systems, the a priori knowledge of the relevant degrees of freedom to describe
transitions becomes very difficult to obtain and therefore quite inefficient.
Another class of rare event methodologies aim to explore the free energy landscapes
of the complex systems spanned by few descriptors (collective variables), by locating
minima, saddle points, transition states or possible transition pathways between the
stable states. Once the transition states on the energy surface or the free energy
surface have been located with these methods, the kinetics can be studied with the
fundaments of transition state theory (this topic will be explained more in detail in
chapter 2) .
Methods like metadynamics, umbrella sampling, parallel tempering, replica exchange molecular dynamics (REMD), etc. belong to the class of algorithms that aim
to reconstruct the free energy landscape by accelerating the dynamics of the system
using an artificial bias potential or making use of higher temperatures, to enhance
the sampling of regions on the free energy that otherwise would not be visited within
the time scale of MD [40; 41; 42; 36]. On the other hand, methods like nudged elastic
band method (NEB), action-based methods, the string method (SM), transition path
sampling (TPS) explore the free energy landscape by determining pathways between
two a priori known stable states by, for instance, minimizing the potential of energy
(or free energy) to obtain stationary points along the path, minimizing the action to
obtain likely mechanisms, or by sampling the ensemble of dynamical trajectories connecting the stable states by making use of Monte Carlo methods (MC) in the space
of trajectories [43; 44; 45; 46; 47; 48; 49]. Some of these methods employed along this
thesis are covered in detail in chapter 2.
Despite the success of these recent developments in rare event methodologies, most
of these approaches still suffer from disadvantages coming either from the number of
degrees of freedom that they can handle before becoming computationally inefficient,
or the strong dependency in the initial conditions selected (such as the definition
of the stable states or the initial pathways connecting two minima) or the difficulty

14

CHAPTER 1. INTRODUCTION

to analyse and visualize the ensemble of dynamical trajectories to extract relevant
variables that describe a complex transition and that unfortunately, often remain
hidden to the eye.
The free energy landscapes of proteins are rough, with many saddle points, ensembles of transition states and large free energy barriers separating the minima,
normally described by high dimensional spaces from where their complexity arises. It
appears important to develop new rare event methods and algorithms that allow the
identification of transition mechanisms and reaction rates to take an step further in
answering the question on how proteins are able to generate unique folding states and
perform their functions.

1-5

Outline of this thesis

The aim of this thesis is to address the development and the application of a new rare
event method, path-metadynamics, to unravel the transition mechanisms of complex systems. Particularly, we are interested in the study of folding and unfolding
events that allow us to explore the free energy landscape of a protein by finding
transition pathways and estimating free energy barriers between stable states in highdimensional spaces of relevant collective variables. In Chapter 2 we give an overview
of the theoretical background of molecular dynamics (MD), transition path theory
(TPT) and rare events methods that provided the fundaments and key concepts for
the development of the path-metadynamics method. This thesis is divided in two
main parts : (1) Chapters 3 and 4 address the development of path-metaynamics,
which consists of a path finding method for the exploration of high dimensional free
energy landscapes. (2) Chapters 5 and 6 show the application of path-metadynamics
in studying conformational transitions in proteins. More in detail, Chapter 3 presents
the theoretical and computational fundaments behind the method to find the average
transition pathways between two stable states in a high dimensional space. Next, in
Chapter 4, we use the well known alanine dipeptide model system for conformational
transitions to review and extend the theoretical concepts of path-collective variables,
average transition paths and the minimum free energy paths and to assess the performance of path-metadynamics. In Chapter 5 we apply path-metadynamics to study the
millisecond partial unfolding of a biological relevant signalling protein, the Photoactive yellow protein. We propose an strategy to locate relevant collective variables and
estimate accurate folding barriers using path-metadynamics and subsequent analysis
of free energy profiles. We complete the thesis in Chapter 6 by applying the pathmetadynamics method in the prediction of the unfolding-dissociation mechanism of
one of the most studied coiled coils in globular proteins, the leucine zipper protein
domain of the yeast transcription factor GCN4. This coiled coil has motivated many
studies working into the fundamental relation between the amino acid sequence and
protein folding. We end with a summary and outlook of the thesis.
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Chapter

2

Computer Simulations of Rare Events
In this chapter we present the theoretical background of different molecular dynamics
methods developed for the study of rare events in complex systems. We start with
the description of the molecular dynamics (MD) method for the direct computation of
atomic motions during a molecular transition. We review the concept of rare events
and the limitations faced by MD to study long timescale transitions. Starting from key
concepts to understand the mechanism of a rare event, such as reaction coordinates,
committor probabilities and transition states, we review the well known umbrella sampling and metadynamics methods for the calculation of free energy landscapes. We
review briefly the theory on the rate constant calculation using free energy and transition path concepts. Finally, within the framework of transition path theory (TPT), we
give an overview of the string method and finite temperature string method developed
for the computation of transition pathways in complex and high-dimensional spaces.
The aim of this chapter is to provide an overview of the challenges, and the current
advanced sampling methods related to the computation of transition paths and free
energy landscapes of conformational transitions. This sets the stage for the methodological advances and their applications to activated transitions in proteins that we
present in the following chapters of the thesis.
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CHAPTER 2. COMPUTER SIMULATIONS OF RARE EVENTS

Molecular dynamics

Molecular Dynamics (MD) is a computational method to calculate the time dependent behaviour of a classical many-body system. MD is routinely used to investigate
equilibrium and transport properties of molecules and their complexes. The method
computes the atomic motions of molecules by obtaining the trajectory in time of a
classical system of N atoms interacting under the action of a potential U (qn ) [1; 2].
In this approach the positions and the velocities of the atoms are computed by integrating Newton’s equations of motion,
Fi = mi q̈i : Fi = −∇i U (qn )

(2.1)

Where Fi , mi and qi are the force, the mass and the position of the particle i in the
system, and ∇i indicates the gradient of the potential with respect to the position
qi . In MD, the equations of motion are integrated by using a numerical algorithm to
iteratively find the trajectory of the system using a time step ∆t.
There are some criteria to decide what is a good algorithm to integrate the equations of motion in MD: 1) the algorithm must follow the law of conservation of energy,
2) it should obey time reversibility and 3) it should conserve the volume of the phasespace. The class of integrators that satisfy these criteria are known as symplectic
algorithms and they are designed to find the numerical solution for the evolution of
a Hamiltonian system in the phase space, described by the equations of motion in
classical mechanics (Eq. 2.1). Additionally, it is desirable to obtain accuracy for large
time steps, because the longer the time steps we use, the fewer evaluations of the
force required and the higher the efficiency (in computational time) of the numerical integration. Computing the forces is typically the most expensive step of the MD
simulation because it involves the calculation of the force contribution of all the neighbour particles acting on every particle. The most common algorithms that fulfil these
conditions include the velocity-Verlet algorithm [3] and the Leap-Frog [4] algorithm
which are based on the original Verlet method [5]. The Verlet algorithm uses a Taylor
expansion to calculate the position of a particle i at a time t + ∆t,
Fi (t) 2 ∆t3
∆t +
q̈i + O(∆t4 )
qi (t + ∆t) = qi (t) + q̇i ∆t +
2m
3!

(2.2)

and similarly for time t − ∆t,
Fi (t) 2 ∆t3
∆t −
q̈i + O(∆t4 )
qi (t − ∆t) = qi (t) − q̇i ∆t +
2m
3!

(2.3)

By summing up qi (t + ∆t) and qi (t − ∆t) an approximation for the position of the
system is obtained,
qi (t + ∆t) = 2qi (t) − qi (t − ∆t) +

Fi (t) 2
∆t + O(∆t4 )
m

(2.4)
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In the next step of the Verlet algorithm the velocities are calculated to compute
the trajectory of the particles,

q̇i (t) =

qi (t + ∆t) − qi (t − ∆t)
+ O(∆t2 )
2∆t

(2.5)

In the Verlet algorithm, only the force Fi at time t is needed to compute the
position of the particles at a time t + ∆t and the error is of the order of ∆t4 . The
force Fi is obtained from the potential U (qn ) according to Eq. 2.1. The potential
U (qn ) is expressed as a sum of pair potential functions known as forcefields.
Leap-Frog is another algorithm based on Verlet method to compute the trajectory
of the system. In this case the velocities are calculated at half time steps
q (t + ∆t) − qi (t)
1
q̇i (t + ∆t) = i
2
∆t

(2.6)

q (t) − qi (t − ∆t)
1
q̇i (t − ∆t) = i
2
∆t

(2.7)

leading to an expression for the positions,

qi (t + ∆t) = qi (t) + ∆t q̇i (t +

∆t
)
2

(2.8)

An expression for the velocities at half time steps can be derived from Eq. 2.4 as
1
1
Fi (t)
q̇i (t + ∆t) = q̇i (t − ∆t) + ∆t
2
2
m

(2.9)

However in Leap-Frog the velocities and the positions are calculated at different
times, so that we can not calculate the kinetic and potential energy at the same time,
and hence we can not calculate the total energy directly. It is possible to calculate
the velocities and positions at the same time by using the velocity-Verlet algorithm
which uses the following Taylor expansion approach to compute the trajectory of the
particles:

qi (t + ∆t) = qi (t) + ∆t q̇i (t) +

q̇i (t + ∆t) = q̇i (t) + ∆t

Fi (t) 2
∆t
2m

Fi (t + ∆t) + Fi (t)
2m

(2.10)

(2.11)
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We would imagine that the aim of these algorithms is to predict accurate trajectories of the particles in the system as a function of time, however it does not exist
any integrator algorithm capable of doing this. The reason is that for most of the
systems studied with MD, we are in a regime where the trajectory through the phase
space (a space of 6-N dimensions of position and momentum) is sensitive to the initial
conditions. Any difference in the initial conditions of the system configuration will
make two trajectories diverge exponentially from each other with time. This is called
the Lyapunov instability [2]. In this case, any integrator with certain small error in
the initial steps of the simulation will make the trajectories diverge in time. However,
this instability is not dramatic for MD, since the real aim of these simulations is not
to predict exact trajectories of the system from an initial condition, but to do statistical predictions of the average behaviour of a molecular system in equilibrium. The
averages from computed trajectories are realistic and, based on numerical evidence,
the trajectories calculated by MD are believed to be close to the true trajectories.
With the aim of providing information about the properties of a macroscopic
system, MD needs to sample the average behaviour of large enough systems. But,
what do we mean by large enough? In this case, large enough refers to a number
of particles approaching the well-known thermodynamic limit where fluctuations are
negligible when calculating thermodynamic properties. Nowadays MD can handle as
many degrees of freedom as hundreds to few million. Clearly, such small systems are
far away from the thermodynamic limit. In this case, the boundary effects of the
system can affect strongly the averages calculated by the simulation. This problem
of finite size is strongly reduced by adding periodic boundary conditions (PBC) to
the system [1; 2]. PBC consists of adding a copies of the initial box of particles in
all directions, filling the space with periodic images. A given particle in the system
now will interact with all the other particles in its initial box and in the surrounding
periodically copied boxes. This allows us mimic an infinite bulk around the system and
reduce the boundary effects. Nevertheless, calculating the forces of all these particles
seems inefficient for MD simulations. Fortunately, in practice, we are often dealing
with short-range interactions where we can select a cut-off distance to compute forces
with the nearest neighbours of each particle.
It is important to point out the fact that the use of PBC limits the use of any
shape in the system box since not all the shapes of the periodic images would fill
the whole space around the system. The simplest boxes used are cubic, however
by using truncated octahedron or dodecahedron shapes we can gain efficiency in the
computation since the amount of solvent used in these boxes reduces by approximately
30 %, while maintaining a maximum distance between each atom and its periodic
image [2; 6].
The average behaviour of a system can be calculated in different statistical ensembles where we average over all the microscopic states of the systems that are
consistent with certain desired macroscopic quantities. An ensemble is a collection of
all possible microscopic states in the phase space satisfying the conditions of particu-
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lar macroscopic or thermodynamics state. Straightforward MD samples by itself the
microcanonical ensemble (NVE), which corresponds to an isolated system with a fixed
number of particles N, a fixed volume V and a fixed energy E. By adding a thermostat,
such as the Andersen thermostat [7] or the Nosé-Hoover thermostat [8; 9], we are able
to sample the canonical ensemble (NVT), where the thermodynamic state is characterized by a fixed number of atoms N , a fixed volume V and a constant temperature
T . Additional implementation of a barostat such as the Parrinello-Rahman barostat
[10; 11] allows us to control the pressure of the system and sample, for example, an
isothermal-isobaric ensemble (NPT).

2-2

Rare events

Nowadays, the timescale and system size accessible to MD are still relatively small.
On modern computer clusters/supercomputers, MD simulations can reach up to a
µs timescale for several tens of thousands of atoms. In principle, this time and size
window accesible by MD is appropriate to study various structural and dynamical
properties of the molecular system. Nevertheless, there can be other interesting dynamical processes that occur in time scales that are much longer than the molecular
motion time scale and can not be studied in this way. When the time scale of a
dynamical process is much larger than the molecular motion time scale, we call this
process a rare event.
This separation of timescales is normally associated to an energy barrier or entropic
bottleneck that separates the dynamical trajectory and the system into different stable
states. Fig. 2.1 shows an schematic example of a rare event. Starting from one stable
state A (represented by a minimum in the energy landscape), the system remains in
state A for a long time before it finds a way to escape, to state B. Once it has found
the way, the system relaxes to the second stable state relatively fast . For such a rare
event, the transition time from one stable state to another is much shorter than the
time the system spends in the initial stable state,

τtransition << τstable

(2.12)

In principle, we should be able to extract all information of the dynamical properties of the system using straightforward MD. However the lifetime τstable of the
stable states depends exponentially on the height of the barriers and the timescale of
the process can become very large ranging from millisecond to even seconds. For the
timescales accessible to MD this is impossible to compute. Special rare event methods
have to be employed to study these transitions of the system.
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Figure 2.1: Schematic representation of the trajectory of a molecular system in a free
energy landscape stable over two states A and B . The system starts its dynamics in state
A and spends there a long time compared to the time required to escape to state B. A large
free energy barrier separates the stable states inducing a separation of time scales.

2-3

Finding the mechanism of a rare event

As mentioned in sec. 2-1, the systems studied with MD simulations have, in general,
a high dimensional phase space. This means that investigating the rare transitions
between stable states in the energy landscape represents a challenge not just because of
the time scale of the event but also due to the complexity that represents describing
a transition in the 6N-dimensions of positions and momentum of the phase space.
Imagine for a second that we could follow the evolution of a complex system with
a MD simulation and observe what happens in a movie of the dynamical trajectory.
Even if the images can provide insights and some understanding about the process the
system follows, important features of the mechanism can be missed or misinterpreted.
For such reactive processes, it is important to localize common characteristics to the
trajectories that help us to elucidate the real mechanism of a rare event.
Transition state theory (TST) has provided a simple theoretical framework that
became the foundation for the development of computational techniques to study
barrier-crossing events [12; 13; 14]. The basic idea of TST is that, to overcome a
barrier from the reactant to the product state, the system has to visit intermediate
configurations called transition states, which are saddle points on the potential energy
surfaces. Additionaly, it states that the reaction rate can be obtained by calculating
the number of trajectories of the system crossing the dividing surface between the
stable states (probability flux) where the transition state lies on [15; 16]. According
to TST, the essence of the problem of rare events remains in the identification of
the important degrees of freedom that characterize the transition mechanism (the
so-called reaction coordinates) and what is common to the reactive transitions in a
molecular event: the transition states [17; 18].
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But, how do we locate the transition states and good reaction coordinates in
such complex transitions? Answering these questions requires information from the
ensemble of dynamical trajectories that connect stable states and the free energy
landscape along the reaction coordinates. In this section we review some key concepts,
computational methods and approaches to study rare reactive events.

2-3.1

Reaction coordinates: Defining collective variables to
describe a transition

The high dimensionality of large conformational transitions in molecules make it very
difficult to analyse the role of all the degrees of freedom in the phase space of the reactive event. One way to reduce the problem is by projecting a very high-dimensional
configuration space into a few geometric parameters that are good candidates to describe some transition of interest in a system [19]. We call these parameters collective
variables (CVs),
z = (z1 (qn ), z2 (qn ), .., zN (qn ))

(2.13)

The collective variables are functions of the configurational space qn and the dimensionality of the CV space is reduced to a few degrees of freedom N  n.
Examples of CVs used in molecular transitions can be either simple parameters,
such as bond lengths, angles, torsions, etc., or in the case of more complex transitions, they can be less simple parameters, such as Root Mean Square Deviation
(RMSD) from a given reference structure of a protein, coordination numbers, helicity
of proteins, dipole moment, etc.
The goal of these parameters is to provide a dynamically meaningful measure of
the progress of a rare molecular transition from one state to another. This means
that these CVs should not just measure the progress of the transition but also should
be useful to provide an understanding of the dynamical process. However, how do
we identify good CVs for a rare molecular reaction? Answering this question requires
an analysis of reactive trajectories between stable states and the exploration of the
free energy landscapes. In the next section, we aim to give an overview on how
to identify the relevant order parameters and the attempts to solve the well-know
’reaction coordinate problem’ to understand complex molecular transitions.

2-3.2

Committor probabilities

Consider a molecular system with deterministic Newtonian or Langevin dynamics (in
the diffusive limit) in the configuration space qn and evolving under the action of a
potential U (qn ). Let’s assume that the system is stable over two non overlapping
regions A and B identified with reactants and products respectively. In this system,
the ensemble of transition paths is defined as all the trajectories that exit from region
A and reach region B or vice versa [18].

26

CHAPTER 2. COMPUTER SIMULATIONS OF RARE EVENTS

Figure 2.2: Schematic representation of the committor isosurfaces pB (qn ) in the phase
space for a particular configuration qn . The committor pB (qn ) measures the fraction of
trajectories that reach the product state B starting from qn .

For such a system, the transition state ensemble (TSE) has been widely defined
as the intermediate configurations of the transition path ensemble that have an equal
probability of reaching reactant and product regions [20; 21; 22; 23; 24]. The measure
of this chance of proceeding to reactants or products has been quantified by the splitting (or committor) probability introduced by Onsager in Ref. [25]. The committor
is the probability pB (qn ) defined as the fraction of trajectories that reach state B
before going through A when started at a given configuration with random MaxwellBoltzman velocities q̇n . Since along the pathways the committor changes continuously
from 0 in region A to 1 in region B, the committor takes a value 0.5 at intermediate
configurations. Therefore the TSE can be defined as all intermediate configurations
lying on the iso-surface pB (qn ) = 0.5 [17] (See an esquematic representation of the
committor in Fig. 2.2).
In principle, the committor has been stated as a perfect reaction coordinate because it provides a dynamical meaningful measure of the progress of a rare reaction
from one state to another [26]. Unfortunately, in practice, its definition cannot be
measured experimentally. The reason is that multiple initializations with the same initial position, including the water positions would be required, making measurements
impossible. However, the properties of the committor surfaces provide a criterion for
distinguishing a ’good’ reaction coordinate from a ’poor’ one. A good reaction coordinate needs to parametrize the committor in the sense that in all the configurations
with constant values of z(qn ) or at least with values that are highly populated, the
reaction coordinates should have the same committor surfaces pB (qn ) . On the other
hand, for a poor reaction coordinate, the configurations with the same value of z(qn )
show different committor values and poorly measure the progress of the reaction.
This parametrization of the committor can be tested by measuring the probability
distribution of pB (qn ) for equilibrium weighted configurations with a value z0 ,
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P (pB ) = δ[pB − pB (qn )]

(2.14)
z=z0

Where the symbol h·iz=z0 represents the equilibrium average on a particular value
z0 . If the reaction coordinate parametrizes the committor surfaces then for z(qn ) = z0
the distribution P (pB ) will be peaked at the value of the committor pB . However, if
the committor pB shows a broad distribution or pB is not unimodal, then there is a
poor reaction coordinate. In practice, for computational simulations, the calculation
of P (pB ) can be done by generating equilibrium configurations with z(qn ) = z0 (for
instance using the Constrained MD method [2]), followed by starting a number of MD
trajectories from these configurations to measure the fraction of trajectories that end
up in state B, which would represent the value of pB .
The committor probability functions as a guide to identify good reaction coordinates. In the study of rare events it is a good idea to perform the committor analysis
on the transition state z(qn ) = z ∗ where we should find that the distribution P (pB )
is peaked at value pB = 0.5. If the transition state does not show a unimodal distribution peak at pB = 0.5, better reaction coordinates are required to describe the
transition from A to B.

2-3.3

Free energy landscapes

Until now we have discussed a criterion to define the transition states and localize
good reaction coordinates using the concepts of the transition paths and committor
distributions, but we have not addressed the question of how to identify in practice
the intermediate configurations that represents the transition state z∗ . From transition state theory (TST) [12; 13; 14] we know that the transition states are also
represented by the maximum of the energy barrier that separate states A and B (of
course assuming that a large barrier separates these states). When there is a large
barrier separating two stable states, the system will mainly fluctuate in the potential
energy wells around the minima and only rarely the system can be driven out of one
minimum by a thermal fluctuation and cross the barrier. In this picture, crossing
the barrier with the lowest energetic cost can be done just by crossing the potential
energy barrier at the lowest point. This point is a first order saddle point where the
first derivatives vanish and the curvatures are positive in all the directions except one.
This saddle point is well know as the transition state (TS) where the trajectories of
low temperature will most likely cross the barrier. Therefore, localizing the TS and
the stable states can be done by exploring the energy landscape of systems with low
temperature.
This concept of TS can be extended for complex systems with higher temperatures (where entropy effects become important) by exploring instead the free energy
landscape. The free energy landscape is defined along the collective variables z as,
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n
0
dq exp − βU (q ) δ(z1 − z1 (q ))...δ(zN − zN (q ))
F (z ) = ln
β
0

(2.15)

where β = kB T and the integration is done over all the configurational space qn . The
free energy landscape is related to the canonical probability distribution of the system
as a function of collective variables by

P (z0 ) = R

exp(−βF (z0 ))
dz0 exp(−βF (z0 ))

(2.16)

which gives us a description of the statistics of configurations described by the collective variables (or reaction coordinates) z.
This means that localizing the position of the TS in a complex system with finite
temperature can be done on the basis of the free energy profile F (z0 ). Fig. 2.3 shows
a representation of the transition state z∗ located at the top of the free energy barrier
separating two stable states A and B. The free energy along given collective variables
can be calculated using different computational methodologies. In the next section
we discuss two methods used in this work which aim to compute the free energy
landscape: Umbrella Sampling and Metadynamics.
z*

F(z)

zB
zA
z
Figure 2.3: Free energy profile along the reaction coordinate z. The transition state z ∗ is
located at the maximum of F (z ∗ ) on top of the barrier that divides stable states regions A
and B.

2-3.4

Rate constants

The reaction rate can be calculated from the flux of reactive trajectories that escape
through the dividing hypersurface z(qn ) = z ∗ separating states A and B [2; 17; 27].
The instantaneous probability density of finding the system at position z(t) is
given by
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ρ(z, t) = hδ(z − z(t))it

(2.17)

where h··it denotes the average over time t on a particular value z. The probability
current then can be defined by taking the time derivative of the probability density ρ
and using the conservation law,
∂ρ(z, t)
= h∇δ(z − z(t)) · żi = ∇ · J(z, t)
∂t

(2.18)

This equation gives us an expression for the instantaneous probability current

J(z, t) = hδ(z − z(t)) · żit

(2.19)

In the ergodicity assumption we know that limt→∞ ρ(z, t) = ρ(z) and the steadystate current becomes limt→∞ J(z, t) = J(z) defined by,
J(z, t) = lim hδ(z − z(t)) · żit = hδ(z − z(t)) · żi
t→∞

(2.20)

where the brackets h··i without the subindex t indicate the equilibrium average on a
particular value z(t). We can see the reaction process A → B as an steady state where
the current from A to B does not vanish and J is related with the rate of trajectories
going out from A and reaching B.
The current associated with reactive trajectories from A to B can be written as,
JAB (z, t) = hδ(z − z(t)) · ż hB i

(2.21)

where hB is a function that becomes 1 if, at time t, z(t) crosses to state B (or if
z(qn ) ≥ z∗ ) and is 0 otherwise. In this case we are calculating the flow where the
source is A and B is a sink of reactive trajectories. This expression can help us to
compute the reactive rate.
The reactive rate from state A to B is the number of reactive trajectories NAB
divided over the total time TA that the trajectory has hit state A in the limit t → ∞,
NAB
t→∞ TA

kAB = lim

(2.22)

kAB is in other words the probability flux of trajectories through a dividing surface
z(qn ) = z∗ between A and B and can be written in connection with the current as
[27]
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kAB =

JAB |z=z∗
hδ(z∗ − z(0)) · ż hB i
=
hhA i
hhA i

(2.23)

where we assume that at time t = 0 the trajectory crosses through the surface z(qn ) =
z ∗ dividing states A and B. hA is in this case a function that become 1 if the trajectory
z(t) hits state A ( or if z(qn ) ≤ z ∗ ) and 0 otherwise.
The above equation can be related to the free energy surface if we write it in a
more suggestive way [17]
hδ(z∗ − z(0)) · ż hB i hδ(z∗ − z(0))i
hδ(z∗ − z(0))i
hhA i
∗
e−βF (z )
∗
= hδ(z − z(0)) · ż hB iz=z∗ R z∗ −βF (z∗ )
−∞ e

kAB =
⇒ kAB

(2.24)

The rate constant kAB depends on the free energy difference between the transition
state and the stable state and can be computed with free energy estimation methods.
Moreover, to define the dividing surfaces in an optimal way we can use the definition of
the isocommittor surfaces in Eq. 2.14 at the transition state z∗ where the committor
takes a value pB = 0.5. In the next section we describe methods to compute the free
energy and the transition paths connecting A and B.

2-4
2-4.1

Free energy methods
Umbrella sampling

Umbrella sampling is a method developed by Torrie and Valleau in 1977 [28] to improve sampling along the reaction coordinates of systems whose two free energy minima, A and B, are separated by a large free energy barrier. This is done by adding a
bias or an additional Hamiltonian term to flatten the free energy landscape between
states A and B and ensure efficient sampling of the regions unfavored to be visited.
The bias is then subtracted from the resulting distributions to recover the unbiased
free energy differences between states A an B. In this section we discuss briefly the
formalism to obtain the free energy from bias simulations using umbrella.
The bias potential w(z(qn )) is an additional energy term,
Uext = U (qn ) + w(z(qn ))

(2.25)

which depends just on the reaction coordinate z = z(qn ) and provides to the MD
simulation a biased distribution given by,

31

2-4. FREE ENERGY METHODS

R



exp



− β[U (qn ) + w(z(qn ))] δ(z(qn ) − z 0 )dn q

Pb (z 0 ) =
R



exp

−

β[U (qn )



+

w(z(qn ))]

(2.26)
dn q

Since the bias potential just depends on z and we can write Eq. 2.26 as,


R

exp

Pb (z 0 ) = exp(−βw(z 0 )) R

exp





− βU (q ) δ(z(qn ) − z 0 )dn q
n

(2.27)



− β[U (qn ) + w(z(qn ))] dn q

Using the expression for the unbiased equilibrium distribution in Eq. 2.15 and
2.16, we can express P (z 0 ) (unbiased distribution) in terms of the biased distribution
Pb (z 0 ),
R
0

0



exp

n

n



− β[U (q ) + w(z(q ))] dn q

0

P (z ) = Pb (z ) exp[βw(z )]

exp[−βU (qn )]dn q
R
exp[−βU (qn )] exp[−βw(z(qn ))]dn q
R
= Pb (z 0 ) exp[βw(z 0 )]
exp[−βU (qn )]dn q
0
0
= Pb (z ) exp[βw(z )]hexp[−βw(z)]i
R

(2.28)

(2.29)

From Eq. 2.28 the free energy can be evaluated exactly because Pb (z 0 ) is obtained from an MD simulation of the biased system, w(z 0 ) is given analytically and
hexp[−βw(z)]i is independent of z 0 . This means that the free energy can be written
as,
F (z 0 ) = −

1
1
ln[P (z 0 )] = − ln[Pb (z 0 )] − w(z 0 ) + F 0
β
β

(2.30)

where F 0 = 1/β lnhexp[−βw(z)]i. This is the idea of the method to recover unbiased
free energies from biased simulations.
In principle, it is possible to select an umbrella potential w(z) in such a way
that all the regions from A to B are sampled in a single simulation. However, for
reasons of efficiency, the free energy F (z 0 ) is usually calculated in different windows or
simulations which distributions P (z 0 ) overlap. Each window has an umbrella sampling
potential to improve the sampling around a particular value of z 0 . By estimating F 0
in each window the overlap of the distributions is obtained and the free energy profile
can be recovered along the reaction coordinate z 0 . An efficient method to analyse
umbrella sampling simulations is the well-known weighted histogram analysis method
[29] which is used to calculate F 0 and combine the results of different windows. The
fact that the bias potential connects energetically separated regions A an B gave the
name of ‘umbrella’ sampling to the method.
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Ideally, an optimal selection for the umbrella potential would be the inverse of the
free energy w(z 0 ) = −F (z 0 ). This would allow us to calculate an exact and uniform
distribution Pb (z 0 ). However, we do not know beforehand the free energy landscape
and the main aim of the method is to compute it. For this reason, two kind of bias
potentials are commonly proposed : (1) harmonic potentials that act along z 0 in each
window and (2) adaptive bias potentials, which adapt an initial guess of w(z 0 ) to
match −F (z 0 ) by iteratively improving the w(z 0 ) in a single window that includes all
the range of z 0 from A to B.
For simplicity, a harmonic potential is often used. In each window the bias is
applied to keep the system nearby a value zi ,
wi (z) =

k
(z − zi )2
2

(2.31)

where the subscript i indicates the window in which we put the umbrella potential.
This bias potential is simple because it contains just few parameters to tune such as
k, the reference value zi and the number of windows. A good estimation of the free
energy along z will depend on the selection of these parameters: we should select k
large enough to drive the system over the barrier between A and B, but the windows
on each zi should be distributed apart from each other in such a way that sufficient
overlapping between Pb (zi ) is observed. Additionally, if k is too large we could add
high energy to the system resulting in errors in the integration of the equations of
motion.

2-4.2

Metadynamics

Metadynamics is a method developed by Laio and Parrinello [30; 31] to enhance
the sampling of rare events and reconstruct the free energy landscape of a complex
systems by means of a coarse grained description of the molecular system defined by a
set of collective variables (CVs)[30]. These CVs are assumed to be a finite number of
relevant reaction coordinates z(qn ), that provide a description of a system that evolves
under the action of a potential U (qn ) whose equilibrium distribution is canonical with
temperature 1/β.
In this algorithm, a modification to the potential U (qn ) is proposed to eliminate
the metastability and reconstruct the free energy F (z). This modification is done
by adding a history-dependent potential term consisting of gaussians centered on the
trajectory and deposited during the evolution of the system every time τG ,
n

Uext = U (q ) + H

0 <t
tX

t0 =τG ,2τG ,...



exp

−

[z(qn ) − z(qnG (t0 ))]2
2 w2



(2.32)

with H and w the height and the width of the gaussians respectively, and z(qnG (t0 ))
denotes the trajectory of the system under the action of the extended potential Uext =
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Figure 2.4: An schematic representation of the Metadynamics method: The bias potential
fills in the first minima along the time t allowing the walker to sample the next minima and
eventually, after the potential has filled in the second minima, the complete landscape.

U + Ubias . Therefore the total force at time t is given by the thermodynamic force
plus additional forces added by the gaussian potential,
∂F (z) ∂Ubias
−
(2.33)
∂z
∂z
If the system is metastable over two states separated by a large free energy barrier,
the motion of qn (t) will get trapped in the free energy minima. The bias potential
is then deposited to add a repulsive force term that prevents the system of revisiting
previous configurations and at the same time drives it away from the minima.
In metadynamics, it is common to see this deposition of Ubias as a walker travelling
through the CVs space and marking the regions of qn that have already been visited.
The gaussian potential will then gradually fill the minimum forcing the walker to
escape to the other minimum.This procedure of deposition allows the computation of
the FES. Fig. 2.4 shows a representation to metadynamics potential filling the free
energy minima and allowing the system to escape and explore regions not visited.
The ability of metadynamics to reconstruct the free energy landscape F (z0 ) relies
on the probability distribution for the system as a function of the CVs,
f ext = −

P (z 0 ) = R

exp(−βF (z 0 ))
dz 0 exp(−βF (z 0 ))

(2.34)

with the free energy given by Eq. 2.15.
If the trajectory qn (t) could be computed for a very long time, P (z) could be as
well computed by taking the histogram of the collective variables along the trajectory,
P (z 0 ) = 1/t

Z t
0

dt0 δ(z(qn (t0 )) − z 0 )

(2.35)

34

CHAPTER 2. COMPUTER SIMULATIONS OF RARE EVENTS

which can be thought as,
Z t
[z 0 − z(qn (t0 ))]2
1
0
√
dt exp −
P∆z (z ) = lim
∆z→0 ∆z 2πt 0
2∆z 2


0



(2.36)

where ∆z represents the width of the sequence of normal distributions centered on
z(qn (t0 )). Notice that in the limit of slow deposition, i.e. large τG , Ubias can be written
in a continuous form,
[z(qn ) − z(qnG (t0 ))]2
Ubias = H
exp −
dt
(2.37)
2 w2
0
where H 0 = H/τG . The gaussian potential is then very similar to the probability
distribution in Eq. 2.36 with a width w = ∆z and hence the function defined as,
0

Z t

FG (z, t) = −Ubias = −H



0 <t
tX





exp

−

t0 =τG ,2τG ,...

[z(qn ) − z(qnG (t0 ))]2
2 w2



(2.38)

is a direct approximation of F (z) in the region explored by z(qnG ). This can also be
understood in the limit of slow deposition because then the probability distribution
is approximately proportional to exp(−β(F − FG )). If the free energy landscape
has a minimum, the gaussian potential Ubias will be deposed filling the minima until
this minimum is flattened and F (z) ∼ FG (z, t) modulus to an additive constant.
Therefore, after filling the minima with Ubias , the only corrugations of F (z) that
are not flattened are in the order of the height and width of the gaussians deposed,
providing an estimation of the underlying free energy landscape [32],
lim Ubias ≈ −F (z)

t→∞

2-5

(2.39)

Transition path methods

Most of the time the complex transitions of interest, such as large conformational
transitions in proteins, require to take into account a large number of reaction coordinates to describe the mechanism. Due to the high dimensionality of the phase
space, the energy landscape can be rugged and dense in saddle points and transition
states. Unfortunately, most of the free energy methods are limited in the number of
collective variables they can handle since they become computationally expensive as
the number of degrees of freedom increase. Additionally, even if these methods could
handle a lot of degrees of freedom, the interpretation of the landscape would become
difficult to analyse. For this reason it is customary to try to explain the mechanism of
the reaction by sampling statistically an unbiased ensemble of trajectories connecting
two stable states [33] or by localizing one (or few) paths that represent the most likely
mechanism of the complex transition in a CVs space [34; 35; 36; 37; 38; 39; 40; 41] .
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The first approach belongs to the theoretical framework developed in Transition
Path Sampling [33; 42; 24] where the central idea is to generate reactive trajectories
with a frequency proportional to their probability in the real transition path ensamble.
The paths obtained are then analysed to get information about the relevant reaction
coordinates and the rate constants. The second approach belongs to the theoretical
framework developed in Transition Path Theory (TPT) [27; 26] based on the concept
of isocomittor surfaces as the ideal reaction coordinate to study statistical properties
of the transition pathways. From the commitor probabilities one can determine the
distribution of highly probable transition pathways (the reaction tubes) connecting
two stable states and the rate constants.
In this work we focus on the second approach and review the efforts made to compute representative pathways of the reaction mechanisms. We discuss two different
ways that TPT provides to identify isocommittor surfaces: (1) by solving the backward Kolmogorov equation [43] to identify the minimum free energy path with the
string method or (2) by identifying the average path over the distribution of the path
ensemble with the finite temperature string method.

2-5.1

The minimum energy path

A well-known definition to represent the most likely mechanism of the transition is
the minimum energy path (MEP) [35; 27]. The MEP is the path which connects the
heteroclinic orbits in the phase space between two minima A and B that are solution
for the dynamics of the system q̇i = −∇i U . The heteroclinic orbits are connected by
a saddle point that represents the transition state of the reaction. By definition, the
heteroclinic orbits take an infinite time to arrive and go out from the saddle point
and for this reason, it is better to see the MFEP as a curve s(σ) with σ ∈ [0, 1] in
the configurational space connecting two minima A and B in order to avoid using the
time parameter for its description.
Along the MEP, the gradient ∇U is parallel to the curve qn (σ) satisfying the
boundary conditions qn (0) = qA and qn (1) = qB . This means that the MEP satisfies
the condition
∂U
dqk
is parallel to
dσ
∂qk
n ⊥
⇒ [∇U (q )] = 0 along the MEP

(2.40)

where ⊥ indicate the perpendicular component of ∇U to the path qn (σ). Eq. 2.40
indicates that the MEP is a pathway obtained by walking downhill from the saddle
point in the steepest descent direction.
Now, suppose we introduce N collective variables in the system which are function
of the coordinate qn and are good candidates to describe a reaction of interest
z = (z1 (qn ), z2 (qn ), ..., zN (qn ))

(2.41)
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Assuming for simplicity that qn → z is a change of coordinates with N = n and
the potential can be written in terms of the CVs descriptors, U = U (z(qn )), a similar
condition to 2.40 can be derived for the MEP in the space of CVs,
3n
∂zi (qn (σ)) dqk
dzi (σ) X
=
dσ
∂qk
dσ
k=1
dqk
∂U
and using that
is parallel to
along the MEP
dσ
∂qk
3n
3n
X
∂zi (qn (σ)) dqk
∂zi (qn (σ)) ∂U
dzi (σ) X
=
parallel to
⇒
dσ
∂qk
dσ
∂qk
∂qk
k=1
k=1

⇒

(2.42)

3n X
3n
X
∂zi (qn (σ)) ∂zj (qn (σ)) ∂U
dzi (σ)
parallel to
dσ
∂qk
∂qk
∂zj
k=1 j=1

Eq. 2.42 is the definition of the MEP in the space of collective variables z and can
be rewritten as [35],
dzi (σ)
parallel to M ∇z U (z)
dσ
⇒ [M ∇z U (z)]⊥ = 0 along the MEP

(2.43)

where M represents the metric tensor which takes into account the stretch of the
space when changing the coordinates,

Mij =

3n
X

∂zi (qn (σ)) ∂zj (qn (σ))
∂qk
∂qk
k=1

(2.44)

When N < n, an extra averaging is required due to the projection from the original
cartesian space of n dimensions (see Ref. [35] for more details on this derivations).

2-5.2

The minimum free energy path

For systems with finite temperatures where entropic effects are relevant, the concept of
the MEP can be extended to that of the minimum free energy path (MFEP) between
minima A and B. As we mentioned in section 2-3.3, one reason to explore the free
energy landscape F (z), instead of the energy landscape, is that the free energy has a
well defined probabilistic meaning e−βF (z) which gives us the equilibrium probability
density function of the CVs. Moreover, the free energy provides dynamical properties
of the system, such as the saddle points which are identified as the transition states of
a reaction, and the MFEP which describes the most likely reaction path in complex
systems [35; 27].
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We can follow the same argument as for the MEP in the space of collective variables
introduced in Ref. [35] and define the MEFP as the pathway which satisfies the
condition,
dzi (σ)
parallel to M ∇z F (z)
dσ
⇒ [M ∇z F (z)]⊥ = 0 along the MFEP

(2.45)

where ⊥ indicates the component of the gradient perpendicular to the path and M is
the metric tensor which components Mij are defined by

Mij (z(α)) = Z −1 eβF (z)

Z X
3n

∂zi (qn (σ)) ∂zj (qn (σ)) −βU (qn ) n
e
d q
∂qk
∂qk
j=1

(2.46)

The form of the expressions 2.46 and 2.45 are justified in Ref. [35] and the appendix
2.A by solving the backward Kolmogorov equation which determines the committor
and the MFEP.

2-5.3

String method to determine the MFEP

In this section we describe a computational approach known as the String Method
(SM) which aims to solve the equation [M ∇z F ]⊥ = 0 and to find the MFEP in a set
of collective variables zi [35].
The general idea of the string method is to construct an evolution equation for a
parametrized curve (the string) that connects two stable states A and B. By integrating the evolution equation for the path numerically, the SM finds a solution for the
MFEP. The pathway between A and B is represented by a parametrized curve s(σ, τ )
where σ ∈ [0, 1] and τ is the time evolution parameter for the string. Starting from
an arbitrary path s(σ, τ0 ) connecting the stable states A and B, the string evolves in
a steepest descent dynamics
∂si (σ, τ )
=
∂τ

−[M ∇z F ]⊥

= −

N
X
j,k=1

Pij (σ)Mjk

(2.47)
∂F (s(σ, τ ))
∂zk

where Pij is the projector of M ∇z F into the perpendicular component to the path
i ∂si −1
s(σ) given by Pij (σ) = δij − ti (σ)tj (σ) where ti (σ) = ∂s
| | . Fig. 2.5 shows an
∂σ ∂σ
schematic representation of the evolution of an initial string on a landscape stable
over two states A and B.
In the string method the boundary conditions s(0, τ ) = sA and s(1, τ ) = sB do not
need to be imposed since the boundary points evolve by steepest descent according to
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!M" #z F

A

B

P(! )
Figure 2.5: Schematic representation of the string method: An initial discretized pathway
connecting two stable states A and B (black line with yellow nodes) evolves using steepest
descent dynamics in the direction of the −M ∇⊥ F towards the minimum free energy path
(blue line) perpendicular to the iscommitor surfaces P (σ) in the zero temperature limit.

Eq. 2.47. However the boundary must follow the condition of being inside the basins
of attraction of A and B respectively. This is a technical disadvantage of the method
when it is applied to complex systems in which we do not have information about the
free energy landscape. If the boundary points are in the basins of attraction then the
path evolves towards the MFEP satisfying s(0, τ ) = sA and s(1, τ ) = sB .
In practice the SM is applied by discretizing the string into M images sτmi with
m = 1, ..., M and τi indicating the time index during the evolution of the string. The
evolutionary equation of the string is then integrated using any standard ordinary
differential equation solver (ODE) like Euler method or Runge-Kutta and the images
of the string are updated by
sτmi+1 = sτmi − δτ [M ∇z F ]⊥

(2.48)

with δτ the artificial time step of the string evolution.
Note that Eq. 2.47 has a practical problem because it does not constrain the length
of the curve during the evolution. This leads to stability problems in the integration
scheme since the points along the discretized string can drift one away from another
into the stable states obtaining a wrong estimation of the MFEP. The difficulty can be
solved by adding a reparametrization step to redistribute the nodes along the string
and avoid possible stability problems.
In this work we will use a linear reparametrization [35]: In each step the nodes
are redistributed along linear segments of the string in such a way that each pair of
nodes are separated by the same distance. The evolution of the string then becomes,
sτmi+1 = sτmi − δτ [M ∇z F ]⊥ + λτ̂

(2.49)

where τ̂ is a unitary vector tangential to the string and λ is a proportional factor to
move the nodes along the sting.
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Moreover, the reparametrization step allows a simplification of the algorithm since
the perpendicular component of the mean force can be written in terms of ∇z F and
the tangential component λτ̂ . In this version of the string method, also known as
the simplified string method [44], the projector Pij (σ) is no longer required and the
evolution equation of the string can be written as
∂si (σ, τ )
=
∂τ

2-5.4

−M ∇z F + λτ̂

(2.50)

Calculation of the mean force and the metric tensor
using MD

In the SM, the calculation of the mean force is done using an extended potential
approach,

Uext (qn ) = U (qn ) +

N
kX
(zj (qn ) − zj )2
2 j=1

(2.51)

In the limit k → ∞ and for a time T large enough, an expression for the mean
force and the metric tensor can be directly obtained from constraint MD simulations
∂F (z)
kZT
[zj − zj (qn )] dt ≈
T 0
∂zj

(2.52)

3n Z T
∂zi (qn ) ∂zj (qn )
k X
dt ≈ Mij
T k=1 0
∂qk
∂qk

The details for the derivations of Eq. 2.52 can be found in [35]. The general idea
of this derivation is that the expression
Z


N
1
kX
n
n
n
2
Fk (z) = ln
d q exp − β U (q ) +
(zj (q ) − zj )
β
2 j=1

(2.53)

becomes the free energy F (z) (Eq. 2.15) for k → ∞ because in this limit the expression
k
n
2
e−β 2 (zj (q )−zj ) ∝ δ(zj (qn )−zj ) is valid. Moreover, for T large enough the time average
of Eq. 2.52 can be written as an ensemble average and the expression Eq. 2.52 becomes
an approximation for ∂F (z)/∂zj and Mij (z). In practice the computation of the local
values of the mean force and the metric tensor in each node of the string si is done
by constraining the dynamical trajectory of the CVs to visit the region nearby si with
large values of k in the extended potential (Constrained MD). Fig. 2.6 shows an
schematic representation of the computation of Mij and ∇z F with constrained MD.
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Figure 2.6: Cartoon of overdamped MD to compute the mean force and metric tensor for
each node along the path connecting two stable states A and B. Left: Free dynamics of the
system between A and B using MD. The system can visit different configurations zi (qn )
during its evolution (Blue line) not necessarily along the path connecting A an B (Black
line with yellow nodes). Right: The system is constrained to visit a region nearby certain
node along the string in the limit k → ∞ of the extended potential Uext and the value of
Mij and ∇z F are calculated for the node.

2-5.5

Finite temperature string method and the principal
curves

At finite temperatures, the MEP and MFEP are not in general representative paths
of the ensemble of transition paths from A to B since the free energy landscape of
complex systems is often rugged and the transition path channels become broad. The
MEP and the MFEP have difficulties to represent the most likely mechanism because
they give a viewpoint of the reaction that is too local to capture the feature of the
free energy landscape. Nevertheless, transition pathways often remain concentrated
in one or few regions that we call transition tubes. For these cases, Vanden-Eijden
et. al. [45] has suggested to go beyond the concept of the MFEP and localize the
transition pathway that maximizes the probability along the iscommittor surfaces using the finite temperature string method. The assumption of this method is that,
along a transition tube, the isocommittor surfaces can be approximated as hyperplanes and the probabilistic distribution of transition pathways is identical to the
equilibrium distribution on each surface (see Fig. 2.7). The path s(σ) perpendicular
to isocommittor hyperplanes and connecting the maximum probability points along
the surfaces is well known as the principal curve (or average transition pathway). Its
main advantage over the MFEP is that it allows to look more globally to the flux of
paths going through each surface.
Numerically, the finite temperature string method is an iterative procedure that
starts with a discretized path s(σ) and a hyperplane attached to each node. Then the
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Figure 2.7: Schematic representation of a principal curve: The average transition pathway
(blue curve) connects the points perpendicular to the isocommittor hyperplanes (dash lines)
and it is located at the centre of the transition tube of trajectories connecting two stable
states.

average position of the system is determined by performing constrained simulations
on each hyperplane in order to compute the equilibrium distribution. The string is
corrected to the new position until converging to the centre of the transition tube.
In this work, we start from the concept of a principal curve or average transition
pathway and we build on the development and application of a new algorithm to
efficiently compute highly probable pathways along the transition tubes. The next
chapters describe a more detailed theoretical framework of the average transition path
and the numerical algorithm developed to compute it.
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2.A. VARIATIONAL FORMULATION OF THE MFEP

Appendix 2.A

Variational formulation of the MFEP
as a maximum likelihood path

In this section we review the connection between the string method, developed to
localize the minimum free energy path (MFEP), and the committor probabilities.
The derivations are presented in more detail in Ref. [35; 27].

2.A.1

MFEP and committor probabilities

Suppose that a system is governed by Langevin dynamics under the action of a potential U (qn )
q̇i = vi (t)
v̇i = −m−1
i

(2.54)

∂U
− γm−1
i vi (t) +
∂qi

q

2γβ −1 m−1
i ηi (t)

Where γ is the friction coefficient, mi is the mass of the particle with position qi and
ηi (t)is an stochastic term given by the white noise satisfying which satisfies condition
hηi (t)ηj (t0 )i = δij δ(t−t0 ). Langevin dynamics is an approach that uses simplified models and stochastic differential equations to model the dynamics of molecular systems.
The dynamics described by Eq. 2.54 attempts to extend molecular dynamics taking
into account effects of friction and occasional high velocity collision that perturbs the
system. This dynamics is consistent with the Boltzman-Gibbs probability denstity.
We are interested in understanding the mechanism of the reaction between two stable states A and B. It is known that an ideal coordinate to describe the mechanism of
a reaction between A and B is the committor function pB (qn , vn ) which measures the
probability that the trajectory solution of Eq. 2.54 initiated at the point (qn , vn ) will
reach B before coming back to A. This quantity measures the chance that a trajectory
proceeds to the product state B, providing a way to explore the reactive trajectories
and, for instance, compute the rate constants of the reaction. In probability theory
the commitor function is well-known for satisfying the backward Kolmogorov partial
differential equation,
3n
2
X
∂pB
∂pB ∂U (qn ) ∂pB
−1 ∂ pB
−
+γ
m−1
−
v
+
β
=0
LpB =
vi
i
i
∂qi
∂qi ∂vi
∂vi
∂vi2
i
i=1
with boundary conditions pB (qn , vn ) ∈ A = 0 and pB (qn , vn ) ∈ B = 1
3n
X





(2.55)

Where we can define the operator L as
3n
X

3n
2
X
∂
∂U (qn ) ∂
∂
−1 ∂
L=
vi
−
+γ
m−1
−
v
+
β
i
i
∂qi
∂qi ∂vi
∂vi
∂vi2
i=1
i





(2.56)
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Suppose now that the committor distribution can be written as a function of N
collective variables z and that, in the limit of Brownian dynamics, it does not depend
on the velocity, i. e., pB (qn , vn ) ≈ f (z1 (qn ), ..., zN (qn ). This assumption about the
velocity is not always true, however in the limit of no-inertia (commonly described as
Brownian dynamics), when no average acceleration takes place during the simulation,
this assumption is reasonable.
To derive the trajectory of the collective variables zi associated to Eq. 2.55, a
variational formulation can be used [35]
I=

Z
<n

e−βH |LpB |2 dn qdn v

(2.57)

where H(qn , vn ) = m2 |vn |2 + U (qn ). Since I ≥ 0 , the solution pB of the Kolmogorov
equation minimizes I over all functions satisfying pB (qn , vn ) ∈ A = 0 and pB (qn , vn ) ∈
B = 1. Substituting the committor function pB (qn , vn ) with the approximation
f (z1 (qn ), ..., zN (qn )) in 2.57, only the first term in the operator 2.56 survives and we
can write

I=C
I=C

Z

dn q

Z
<N

Z
<n

e−βU

N
X

∂f
∂f
∇zi · ∇zj
∂zj
i,j=1 ∂zi

dn q dz e−βU

I=

CZ

Z
<N

(2.58)

N
X

∂f
∂f
∇zi · ∇zj
δ(z1 − z1 (qn )) · · · (zN − zN (qn ))
∂z
∂z
i
j
i,j=1

dz e−βF

N
X

∂f
∂f
Mij (z)
∂zj
i,j=1 ∂zi

Where C is a constant, F is the free energy and M is the tensor defined by:

Mij = Z −1 eβF

Z
<n

dn q e−βU

3n
X

∂zi ∂zj
δ(z1 − z1 (qn )) · · · δ(zN − zN (qn ))
∂q
∂q
k
k
k=1
(2.59)

Minimizing Eq. 2.58 with a variational principle δI = 0 and imposing the boundary conditions fz∈A = 0 and fz∈B = 1, we get the Euler-Lagrange equation associated

N
X
i,j=1

−βF

∂ e

∂f
Mij ∂z
j

∂zi



=0

(2.60)

From Eq. 2.60 we can determine the committor function pB (qn , v) ≈ f (z1 (qn ), ..., zN (qn )).
The important point here is that Eq. 2.60 is the backward Kolmogorov equation associated to the dynamics,
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ż(τ ) = −

N
X
j=1

Mij (z(τ ))

∂Mij q −1 1/2
∂F (z)
− β −1
+ 2β Mij (z(τ ))ηj (τ )
∂zj
∂zj
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(2.61)

where ηj is a white noise satisfying hηi (τ )ηj (τ 0 )i = 0. In this case, the parameter τ is
an artificial time parameter to move the path on the free energy surface.
It is possible to prove that in the zero temperature limit, β → ∞, the most likely
trajectory obtained from Eq. 2.61 is the MFEP (see appendix in Ref. [35] to find this
proof). This means that the Eq. 2.61 becomes

ż(τ ) = −

N
X
j=1

Mij (z(τ ))

∂F (z)
∂zj

(2.62)

and represents the evolutionary equation of the path that converges to the MFEP.
This is evolution equation for the path is identical to the steepest descent dynamics
used by the string method to find the MFEP.
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Chapter

3

Path Finding on High-Dimensional Free
Energy Landscapes
We present a method, path-metadynamics, for determining the average transition path
and the free energy along this path in the space of selected collective variables. The
formalism is based upon a history-dependent bias along a flexible path variable within
the metadynamics framework but with a trivial scaling of the computational cost with
the number of collective variables. Control of the sampling of the orthogonal modes
recovers the average path and the minimum free energy path as the limiting cases. The
method is applied to resolve the path and the free energy of a conformational transition
in alanine dipeptide. 1

1

This chapter is based on the following paper: Grisell Diaz Leines & Bernd Ensing. Path Finding
on High-Dimensional Free Energy Landscapes Physical Review Letters 109, 020601 (2012).
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CHAPTER 3. PATH-METADYNAMICS

Introduction

Direct simulation of the atomic motions during a molecular transition is very often
impossible because the transition is associated with the crossing of a free energy
bottleneck, which is a rare event on the limited timescale accessible to the simulation
method. To nevertheless model relatively slow processes such as chemical reactions,
conformational changes in macromolecules, or nucleation events in phase transitions,
a large number of advanced simulation methods has been developed in recent years.
These methods either apply a kind of bias along one or few order parameters (Umbrella
Sampling method, Constrained MD, steered MD, adaptive force bias, Metadynamics,
etc. [1; 2; 3; 4]), focus on localizing transition pathways (Nudged elastic band method,
String Method, Transition Path Sampling, Milestoning method, etc. [5; 6; 7; 8; 9; 10;
11; 12]), or increase the temperature to enhance free energy barrier crossing (Replica
Exchange MD [13]). Although several of these methods have become crucial for the
study of slow molecular processes, a number important difficulties remain.
Arguably the largest challenge to model complex activated processes remains the
so-called reaction coordinate problem of localizing the slow degree(s) of freedom that
characterizes the transition mechanism. For very simple transitions such a reaction
coordinate may be chosen intuitively, for example the length of a bond that breaks.
For all other interesting processes, the dimensionality and complexity are a problem,
especially for methods that require an appropriate reaction coordinate to enhance
the sampling and compute the free energy landscape. Two solutions are offered to
obtain a reaction coordinate in this case. The first strategy is to analyze the reactive
trajectories from transition path sampling simulations [14; 15] and the second is to
compute a least action pathway or a minimum (free) energy pathway (MFEP) [16; 6;
7; 17; 18].
Here, we present an efficient algorithm to locate the average pathway and obtain
the free energy profile in a single path-metadynamics simulation. Our starting point
is metadynamics [2; 19], which belongs to a class of biasing methods [20; 21] that
apply a history dependent repulsive bias as a function of a small set of collective
variables to enhance sampling of activated transitions and probe the free energy surface (FES). However, a FES spanned by more than three collective variables becomes
prohibitively demanding to converge [22] and its analysis exceedingly cumbersome.
An strategy adopted to overcome this difficulty is to trace the MFEP connecting the
reactant and product minima on the FES. The MFEP is thus expressed as function
of the collective variables and can be used as a reaction coordinate onto which a complicated FES can be projected to provide an intuitive one-dimensional picture [23].
Branduardi et al provided an analytic expression for the progress along a path as a
sequence of intermediate molecular structures [24]. This expression can be used as a
collective variable in a metadynamics simulation and, in an iterative series of simulations, be optimized toward the MFEP by following the gradient of the free energy
analogous as done in the string method [16]. Contrary to this approach (and other
path finding methods), the current algorithm makes use of a flexible path that follows
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the probability density of a set of collective variables. In the following we show that
the method therefore (1) does not require calculation of (slowly converging) gradients of the FES, (2) can locate both the average transition path and the MFEP, (3)
simultaneously obtains the free energy along the path, (4) allows for very large sets
of collective variables due to a trivial scaling behavior, and (5) is particularly robust
and simple to implement.

3-2
3-2.1

Path-Metadynamics method
Defining the average transition path

Let us consider a many-particle system (q(t), v(t)) ∈ <3n × <3n , where q(t) is the
position of the particles, v(t) is the velocity and n is the number of particles. Suppose
the dynamics of this system evolves in some potential U (q) with a canonical distribution of temperature T . Let us also assume that this system has a FES spanned by
a set of relevant collective variables that are functions of the positions of the system,
{zi (q)} ⊂ <N , in which the dynamics is metastable over two states A ⊂ <N and
B ⊂ <N . We want to describe the reaction coordinate of the process as the progression along an average transition path in the space of the N collective variables,
zi .
The reaction coordinate is well-defined within the concepts of transition path theory [25] and the committor distribution. The committor is the probability pB (q) that
a trajectory starting with random (Boltzmann distributed) velocities from configuration q will arrive in state B before going through state A. Close to the attractive
basins of state A or B the committor will be (close to) zero or one respectively, while
somewhere in between the iso-committor surface pB (q) = 0.5 connects the ensemble of the transition state structures, which have equal numbers of trajectories that
“commit” either to states A or B. The iso-committor surfaces provide a continuous
foliation of configurational space from state A to state B, which is therefore often
seen as the ideal reaction coordinate. The transition flux density, ρ, is the number of
trajectories that pass through the surface per unit area. This density will be peaked
at configurations that belong to the “transition valley” in the FES as illustrated by
Fig. 3.1. The average transition path can now be defined as the curve that runs from
state A to B and connects the mean values of the transition flux densities of each
iso-committor surface.
In order to localize the average transition path, we make three assumptions:
1. the normalized transition flux density, ρ, can be represented by the configurational probability, p(z) = exp(−F (z)/kB T ), in the neighborhood of the path,
where F is the free energy, T is the temperature, and kB is Boltzmann’s constant,
2. the average transition path can be represented by a parametrized curve in the
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space of collective variables, {s(σ) : < → <N ; s(0) ∈ A and s(1) ∈ B}, and
3. the iso-committor hyperplanes Sσ are perpendicular to s(σ) in the neighborhood
of the path.

3-2.2

Flux density along the iso-committor surfaces

The probability density that a reactive trajectory from A to B hits an arbitrary surface
Π at an arbitrary point q is given by the probability of reaching q times the probability
that a trajectory coming from A reaches B before coming back to A in the future [26],
pΠ (q) = ZΠ−1 pB (q)(1 − pB (q))e−βU (q)

(3.1)

Where ZΠ = Π dq pB (q)(1 − pB (q)e−βU (q) . If the arbitrary surface Π is chosen as
the iso-comittor surface {q : pB (q) = pB }, then pB (q) becomes a constant. Therefore,
the factor pB (q)(1 − pB (q)) becomes constant as well andR Eq. 3.1 reduces to the equie−βU (q) where ZpB = {q:pB (q)=pB } dq e−βU (q) . This
librium distribution ppB (q) = Zp−1
B
means that, along the iso-committor surfaces, the ensemble of reactive trajectories
connecting A and B can be weighted by an equilibrium distribution.
If the collective variables {zi (q)} ⊂ <N are a sufficient representation of the mechanism of the transition from A to B, then the iso-committor probability can be expressed as a function of zi and approximated as pB (q) ≈ p0B (z). The function p0B (z)
is known as the quasi-committor probability and it has the same properties as the
committor function pB (q) [27]. The isocommittor hypersurfaces {z : p0B (z) = pB }
provide a measure of the chance of proceeding from A to B on the Free Energy landscape. Following the same argument as in Eq. 3.1, along the isocomittor surfaces
{z : p0B (z) = pB }, the ensemble of trajectories from A to B is weighted by an equilibrium probability distribution [26; 27]
R

p(z) = R

e−βF (z)
dz e−βF (z)

This property allow us to define regions of maximum probability p(z) in the space
of collective variables {zi (q)} ⊂ <N where the reactive paths are likely to hit the
isocommittor surfaces from A to B. These regions are known as transition tubes (see
section 3-2.3 for more details).

3-2.3

Localized transition tube assumption

The properties of the isocommittor surfaces {z : p0B (z) = pB } allow us to define
transition tubes connecting states A and B. The transition tube is defined as a region
with the smallest volume connecting A and B where the high values of p(z) are
concentrated and each isocommitor surface can be approximated as a planar surface
Sσ such that [16],
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Z
Sσ

−βU (q)

dSσ e

≈

Z
{pB (q)=pB }

dSσ e−βU (q)

(3.2)

The family of hyperplanes {Sσ : σ ∈ [0, 1]} defines the transition tube where the
reactive trajectories connecting states A and B most likely hit (Fig. 3.1). Therefore,
the average transition path can be obtained by connecting the mean configuration of
z on each hyperplane Sσ ,
s(σ) =
0
p(z10 , ..., zN
) =

Z

0
0
dz0 z0 p(z10 , ..., zN
) δ[Sσ (z10 , ..., zN
)],

with

(3.3)

1Z
0
),
dq e−βU (q) δ(z1 − z10 )...δ(zN − zN
Z

0
with δ(z) the Dirac delta function, Sσ (z10 , ..., zN
) = 0 represents the hypersurface in
the CV space and Z the partition function.

3-2.4

Defining the path-collective variable σ

To associate the curve mentioned in the second assumption to the progress variable
of the transition, we introduce a function of the collective variables {zi (q)} ⊂ <N by
projecting a configuration z onto the curve. This projection yields the free parameter
along the path σ(z)|s : <N → [0, 1] by solving the condition
σ(z) : τˆσ · (z − s(σ)) = 0

(3.4)

where τˆσ is the tangent vector to the curve s(σ). The variable σ(z) projects the
collective variable space onto the curve by finding the point s(σ) that minimizes the
distance |z − s(σ)| (see Figs. 3.1 and 3.2). This is a reaction coordinate that can
in principle be connected to the iso-committor surfaces [15], although a choice of
dynamically coupled collective variables might complicate this mapping as in that
case the iso-committor surfaces are no longer orthogonal to the curve [28; 29].
Notice that the variable σ(z) is a well defined function only if the path s(σ) is a
soft curve in the sense of a low curvature that allows the projection of zi onto the
path to be uniquely defined. Fig. 3.2 shows an example in which the curvature of the
path can yield several solutions for σ(z) when projecting the point z. This problem
can be solved numerically by discretizing the path in an optimal number of points or
constraining z to regions close to the path.

3-2.5

Sampling the average transition path

Although in principle these equations allow for the computation of the average transition path by histogramming z in a Monte Carlo or molecular dynamics simulation,
in practice the transition is a rare event on the simulation time scale so that hyperplanes away from the stable states are too poorly sampled. Applying a bias on z
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Figure 3.1: Dynamical trajectories that start in the reactant state A and end in the
product state B tend to be localized in a valley of the free energy landscape (transition
tube). The average transition path can be located by connecting the mean configurations
along the family of isocommittor hyperplanes that define the transition tube. The figure
shows an schematic representation of the evolution of the path towards the average transition
path between states A and B. The position sg (σg ) of the guess path is updated on the fly to
the average position hziσg along the hyperplanes Sσg , while the metadynamics potential is
added on the path-collective variable σg to enhance the rare event and converge the initial
guess path to the average transition path.

Figure 3.2: Left: Schematic representation of σ(z) as a projection of the collective variable
space zi onto the path connecting A and B. Right: Schematic representation of the possible
effect of the curvature on the path in the definition of the function σ(z). Path 1 is a ’soft’
curve connecting A an B with a unique solution for σ(z). Path 2 yields several solutions for
σ(z) due to the curvature of the path.
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using e.g. metadynamics can overcome the sampling problem, but in practice only for
rather low dimensions of zi . Instead, we employ a gradually growing, one-dimensional,
metadynamics bias potential along a guess transition path, {sg (σg ) ; σg = σ(z)|sg }:
Vbias (σg , t) =

X
t

H ∗ exp



−|σg − σg (t)|2
,
2w2


(3.5)

in which H and w are the height and width of the Gaussian repulsive potentials that
are added to Vbias , at the current position σg (t) along the guess path sg (σg (t)) for
discrete intervals of the time t.
In order to locate the actual average transition path from a biased sampling along
a guess path, the ensemble average of the transition points through the hyperplanes
(Eq. 3.3) is replaced by a time average of these points, z, through hyperplanes perpendicular to the guess path, Sσg :

hziσg

t
1Z Z
z(t0 ) δ[Sσ (z1 , ..., zN )] dz dt0
= lim
t→∞ t

(3.6)

0

in which the subscript, g, reminds us that these points z belong to hyperplanes Sσg
perpendicular to the guess path and are therefore only an estimate of the actual
average path. However, since the probability of these points peaks in the (closest)
free energy valley, this provides us with a recipe to converge the guess path to the
average transition path in an iterative procedure, simply by relocating the guess path
at regular time intervals to the cumulative average density,
sg (σg ) = hziσg .

(3.7)

The guess of the average transition path, together with its foliation of hyperplanes, improves with every update until convergence. Once the path is converged,
the metadynamics bias potential will tend to an estimator of the free energy along
this path-collective variable: F = −Vbias (σ, t), as with every sampled recrossing, a
new layer of Gaussian potentials will correct the discrepancies that occurred while
the guess path was still moving through higher regions of the FES. See Fig. 3.1 for
an schematic representation of the method.
To summarize, the method combines two approaches:
1. Adding a metadynamics potential to the path variable σ to accelerate the rare
event and explore the complete transition tube.
2. The path will evolve according to the average position of z within the hyperplanes Sσ perpendicular to the path. The probability distribution of zi in the
perpendicular direction to the path is peaked in the centre of the transition tube and
represents the average transition path.
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The algorithm

The numerical implementation of the method requires a definition of a discrete path
in collective variable space as a set of M nodes sg (σg , t) → {stji }, with j = 1, 2, ..., M
and ti representing the discrete time parameter of the evolution of the path. For the
geometrical expression for the projection of the average position hzi onto the path we
use
q

(v1 · v3 )2 − ||v3 ||2 (||v1 ||2 − ||v2 ||2 )
m
±
σg (z) =
M
2M ||v3 ||2
(v1 · v3 ) − ||v3 ||2
−
2M ||v3 ||2

(3.8)

which only requires knowledge of vectors involving point z, the closest path node
sm , and its neighboring nodes, sm−1 and sm+1 32 . In particular, v1 = sm − hzi, v2 =
hzi − sm−1 and v3 = sm+1 − sm . The expression for the projection (Eq. 3.8) requires
equidistant nodes, which is imposed by a reparametrization step [7] after every update
of the nodes. In the appendix 3.A the numerical expression for σg (z) is justified
including a graph of the foliation of z-space of Eq. 3.8.
The numerical expression for the evolution of the path nodes (Eq. 3.7), uses the
time averaged vector between z and its projected point on the path s(σ(z)), weighted
by w, which is only non-zero for the two closest nodes:
t

sji+1 = stji +

X

wk · (zk − sti (σ(zk )))/

k



wk

X

wk

(3.9)

k
t



||sti − s i (σ(zk ))|| 

= max 0, 1 − j ti
i
||sj − stj+1
||


In other words, every molecular dynamics step, k, the weight, w, averages the measured distance of the system to the path over the closest and the second closest path
nodes, which are evolved every ∆t = ti+1 − ti . Fig. 3.3 shows a schematic representation of the evolution of the path nodes in this algorithm.
Until here, we only apply a bias along the path, maintaining a free sampling in
the perpendicular directions and allowing the nodes to move most efficiently toward
the average transition path in the free energy valley. It is however trivial to restrain
the perpendicular sampling to a tube using a potential on the distance from the path
|sti (σ(zk ))−zk |, which may be important in cases with valleys with different transition
tubes (see section 3-4.2). Moreover, in the limit of an infinitesimally narrow tube, the
nodes follow the gradient of the free energy and we recover the MFEP analogous as
done in the string method [16].
32

Contrary to methods that follow a gradient, which require separate evaluation of a metric tensor
[7], here we only need a set of scaling factors set a priori.
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Figure 3.3: Cartoon of the numerical evolution scheme used in path-metadynamics algorithm to update the path nodes connecting stable states A and B. The average position of
the system hzi (black cross) projects onto the path (opaque red arrow) and the two nearest
path nodes sm−1 and sm+1 evolve in the direction of the average vector hz − s(σ)i. The
magnitudes of the two evolution vectors (red arrows) applied to the two nearest nodes are
inversely proportional to the distance from to the actual projection s(σ) (yellow circle) to
the nodes sm−1 and sm+1 respectively. These proportions are measured by the weights wj
at every time step ∆t = ti+1 − ti during the evolution. At time tt+1 the shape of the new
path differs from the initial path by the positions of sm−1 and sm+1 (red line-dots).

3-4

Test model: alanine dipeptide

We have applied the path-metadynamics algorithm to compute the average transition
path and the free energy profile of a conformational transition in the prototypical
alanine dipeptide molecule in vacuum. Fig. 3.4 shows the well-known alanine dipeptide
FES, or Ramachandran plot, spanned by the two dihedral angles, φ and ψ. The
alanine dipeptide has become a standard model system to illustrate the performance
of rare event methods to sample barrier crossings and compute free energy differences
and reaction rates [30; 31; 32; 33]. Here, we focus on the transition between the main
stable states, denoted C7eq and C7ax , which has a barrier of about 9 kcal/mol.
A 3 ns path-metadynamics simulation was performed using the CM 3 D molecular
dynamics program. The peptide was modeled using the CHARMM27 force field and
coupled to a single Nosé-Hoover chain thermostat to maintained a constant temperature of T = 298 K. Initially, the metadynamics bias potential parameters (Eq. 3.5)
were set to H = 10 K and w = 0.05 (in normalized length units of σ ∈ [0, 1]), and then
scaled by factors 0.5 and 0.8 respectively after every barrier recrossing to converge
the free energy profile. Using instead the well-tempered metadynamics approach [34]
to converge the free energy did not change the final results. The initial guess path
was parametrized by 20 nodes using a linear interpolation between two fixed nodes
centered at the two minima C7eq and C7ax , and flanked at each end by 20 nodes
(i.e. 60 nodes in total). Repulsive harmonic potentials on the path at σ = −0.2 and
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σ = 1.2 confined the sampling to the transition in between. The time interval for
the evolution of the nodes was ∆t = 0.5 ps, while the bias potential was incremented
every 0.05 − 0.5 ps, depending on the system displacement. The evolution of the
path and the free energy profile during a single 3 ns molecular dynamics simulation
are shown in Fig 3.5. Convergence is reached after 1250 ps, with the final path and
profile (transition free energy ∆F = 1.7 and barrier ∆F ‡ = 8.7 kcal/mol) in excellent
agreement with previous results [7; 24].

Figure 3.4: Time evolution of a transition path, sg (σ)g , that started from a straight path
between C7eq and C7ax , shown on a background of the alanine dipeptide (φ,ψ)-landscape
(previously computed using (normal) metadynamics [23]).

Figure 3.5: Left: evolution of the free energy profile along the path-collective variable
σg (z). Right: probability distribution along three hyperplanes, also indicated in the left
panel, illustrating the poorly bound reaction valley at B.

The main strength of the method is that it simultaneously obtains the average
transition path and the free energy profile of an activated process, provided that the
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transition can be described as a motion through a valley in a free energy landscape
spanned by a set of well-chosen collective variables. Although the latter requirement is
rather common to rare event methods and generally holds true for activated molecular
transformations, it is not unambiguously satisfied for the alanine dipeptide model
system. The difficulty is illustrated in the right panel of Fig. 3.5 by the probabilities,
pσ (l) where l is the distance (in radians) from the path s(σ) (represented by l = 0)
along three Sσ -planes perpendicular to the valley as indicated by the dashed lines
in the left panel. The pσ (l) along planes through the C7eq state (line A) and the
transition state (line C) are nicely peaked and bound by high free energy (i.e. low
probability) regions. Halfway however, at hyperplane B, the valley is hardly bound
on the more negative (φ, ψ) side, resulting in a significant probability to escape the
valley and fall into the C5 minimum at the bottom-left in Fig. 3.5, left. Here, the
aforementioned “tube-potential” aided in converging the mean probability (Eq. 3.3),
and thus s(σ), close to the shallow minimum of the valley at l = 0, rather than at the
deep C5 minimum at l = −2.4.

3-4.1

Convergence of the path and the free energy

The path-metadynamics simulation of the C7eq → C7ax transition for the alanine
dipeptide started from a configuration that belongs to the C7eq reactant state. The
(biased) dynamics of the collective variables of the first 1.5 ns simulation is shown in
Fig. 3.6. The top and middle panels show the evolution of the torsion angles ψ and φ.
The bottom panel shows the corresponding σ-value along the (moving) path of nodes.
The first barrier crossing occurs after about 175 ps and after about 280 ps the system
re-crosses back to the reactant state. The time between successive barrier crossings
does not reduce here because after each recrossing the size of the repulsive Gaussian potentials that are continuously added to the metadynamics biasing potential is
reduced in order to further refine the estimation of the free energy profile.
Fig. 3.7 shows the convergence behavior of the path-metadynamics method for the
case of the alanine dipeptide conformational transition. The convergence of the path
is computed by summing the root mean square distance between the path nodes at
time t and at time zero, as follows:

RMSD(s) =

v
u
u
t

2
M 
1 X
||si (t) − si (0)|| ,
M i=1

(3.10)

with M the number of nodes. The top panel in Fig. 3.7 shows that the path is
converged after about 500 ps path-metadynamics simulation. The dip in the curve
between 175 and 280 ps matches with the time that the system visits and reconstructs
the product state for the first time. Due to the algorithm used for the reparametrization of the curve to maintain equidistant nodes, the positions of the nodes in the
reactant state deteriorate somewhat while the system is in the product state (see
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Figure 3.6: Evolution of the path collective variable, σ (bottom panel) and the torsion
angles ψ and φ in radians of the alanine dipeptide during the path-metadynamics simulation
(top and middle panel).

RMSD(s) in Fig. 3.7 around 250 ps). After the next barrier crossing this is fixed
again and the path converges quickly.
The convergence of the free energy profile is monitored using the root mean square
deviation of the free energy at each node with respect to the final values:

RMSD(F ) =

v
u
u
t

2
M 
1 X
final
Fi (t) − Fi
.
M i=1

(3.11)

As expected, the free energy profile converges soon after the path nodes are converged, as shown in the bottom panel of Fig. 3.7.
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Figure 3.7: Convergence of the path shown as the mean square deviation of the node
positions with respect to those of the initial guess path as a function of time (top) and
convergence of the free energy profile shown as the mean square deviation of the free energy
at each node with respect to the final value (bottom).

3-4.2

Using the gradient of the free energy landscape

Here we briefly discuss the effects of two important features of the path-metadynamics
method. The first is the approach to advance the path of nodes to the highest transition density. This is a new alternative to the approach of evolving the nodes along the
gradient of the free energy. Secondly, the method reconstructs the free energy profile
along the path at the same time as it evolves the guess path, rather than converging
the free energy and the path in an alternating fashion.
We performed a series of simulations, using as a simplified model of the alanine
dipeptide a single particle on the two-dimensional Ramachandran potential energy
surface coupled to a Langevin thermostat with a friction coefficient of 0.5, such that
it mimics to a high degree the dynamics of the alanine dipeptide molecule. The black
graphs in Fig. 3.8 show the convergence of the path and the free energy for this system
using path-metadynamics, in very good agreement with Fig. 3.7.
By using a very stiff harmonic “tube” potential that confines the sampling to stay
very close to the guess path, we can effectively accumulate the average force due to the
tube potential at each node. This average force is an estimator of the gradient of the
free energy perpendicular to the gradient (see chapter 4 to find a justification of this
stiff harmonic tube limit). We evolved the guess path following the steepest descent
toward the minimum free energy path, which is where the perpendicular gradient
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Figure 3.8: Convergence of the path (top panel) and the free energy (bottom panel)
of the path-metadynamics as presented in the Letter (black lines) compared to that of a
variant in which the path follows the steepest descent along the gradient of the free energy
landscape (red lines) and a third variant in which the free energy and path are optimized
in an alternating fashion until convergence (blue lines).

is zero. The step-size for the evolution of the nodes was taken as a compromise
between good efficiency and stability of the integrator for the evolution of the nodes.
Fig. 3.8 shows the convergence of the path and the free energy for this model system
using two different sampling lengths between each update of the path: 5 ps (solid red
lines) and 12.5 ps (dashed lines). Clearly, for this system, the approach of following
stepwise the free energy gradient is significantly slower than the path-metadynamics
technique of allowing the dynamics of the nodes to move unhindered to the highest
transition density. Note that a shorter sampling length leads initially to a faster
convergence, however, the less accurate estimates of the average force results in larger
fluctuations in path motion on the long run, without really converging. We also tried
shorter sampling lengths of 1.0 and 0.5 ps (data not shown), which do not converge
at all. The algorithm can be improved by increasing the sampling length during the
simulation. A factor that would further decrease the performance of the gradient
approach for an actual molecular system is that each update of the nodes would
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require an unproductive equilibration simulation to accommodate the system to its
new confining path configuration.
Finally, we show the advantage of optimizing simultaneously the path and the
free energy profile by comparing to the alternative approach of optimizing them in an
alternating fashion. That is, first the free energy profile is converged along a fixed guess
path. Then the path is moved to the sampled average transition density, after which
the second metadynamics simulation reconstructs the free energy profile along the
new guess path, and so forth. The results are shown by the blue lines in Fig. 3.8. Not
surprisingly this approach is much less efficient than simultaneous optimization. We
tried to improve the alternating approach by, in the first four cycles, only performing a
rough free energy reconstruction, by only sampling one barrier crossing and recrossing.
Although this renders a 3 to 5 times speedup compared to converging the free energy
profile in every cycle, this is still much less efficient compared to the simultaneous
optimization as done in the path-metadynamics method.
We conclude that the C7eq to C7ax transition in alanine dipeptide maybe particularly challenging as a model system due to the poorly defined free energy valley.
Nevertheless, the path-metadynamics method very efficiently finds the average transition path and free energy profile. Other advantages of the method are that it can
make use of the existing metadynamics machinery, such as the multiple-walker parallelization or a distance-to-path collective variable to find multiple reaction valleys.
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Geometrical derivation of the pathvariable σ

To define a reaction coordinate as a function of collective variables σ(z), we use
a projection of z onto a discretized path of M + 1 equidistant points, or nodes,
s0 , s1 , . . . , sM . The path of nodes forms a smooth curve that connects the reactant
and product free energy minima and the projection provides a foliation of the z-space
such that it attributes to each configuration of the system a measure of the progress
along the reaction coordinate, σ(z).
Fig. 3.9 illustrates the geometric projection of a point z in a three-dimensional
collective variable space onto a path of nodes, yielding the point s(σ(z)). Here, σ(z)
is the desired reaction coordinate value, which we wish to be equal to zero for points
z that are in the plane S0 perpendicular to the curve through the reactant state
minimum and equal to one for z-configurations that lie in the perpendicular plane S1
through the product state minimum. The geometric expression (Eq. 3.8 in section
3-3 ) that we use for this projection is derived in the following way:
First, we locate the path node, sm , that is closest to the point z that we wish
to project onto the path. Next, we make use of the fact that, irrespective of the
dimensionality, we can draw a circle with center c through the triplet of nodes sm and
its neighboring nodes sm−1 and sm+1 . In Fig. 3.9, point z happens to lie in front of the
plane through the nodes. A gray triangle depicts the plane Sσ through c and z that is
perpendicular to the plane of the circle. As the circle is a smooth curve through the
nodes, and the plane Sσ is normal to this curve, we choose Sσ to be the plane that
connects all points that are projected to the same point s(σ(z)) on the path and thus
have the same σ value.
The white slice indicates the range of all possible planes Sσ that are closest to
, where the plane bisects the line segment
node sm . This range runs from σ(z) = m−1/2
M
m+1/2
between sm−1 and sm , to σ(z) = M , where the plane is equidistant from sm and
sm+1 . As at these limits the plane is also perpendicular to the line segment, it is easy
to see that the plane at one end coincides with the plane at the corresponding end of
the next triplet of nodes, resulting a smooth foliation along the entire path.
To find the plane through z and thus the reaction coordinate value σ(z), we set
out to locate the point x on the circle arc between sm and sm+1 , for which
||z − sm−1 || = ||x − z||.

(3.12)

However, to avoid computation of arc lengths, we make an approximation by assuming
x to lie on the linear segment between sm and sm+1 (see Fig. 3.9) and then define the
fraction of the arc length from sm to x as:
f=

||x − sm ||
.
||sm+1 − sm ||

(3.13)
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This fraction is directly related to the projection of z to σ as:
f ∈ [0, 1] ⇒ σ ∈



m − 1/2 m
,
M
M



(3.14)

Figure 3.9: A point z in a, here, three-dimensional, collective variable space is projected
onto a path of nodes, s(σ), leading to point s(σ(z)).

Figure 3.10: The reaction coordinate value σ as a function of the two torsion angle
collective variables used for the alanine dipeptide.
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Determining σ(z) thus requires finding the fraction f .
and 3.14, we can write:
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By combining Eqs. 3.13

||z − sm−1 || = ||f (sm+1 − sm ) + sm − z||

(3.15)

Introducing v1 = sm −z, v2 = z−sm−1 and v3 = sm+1 −sm , this equation is simplified
to
||v2 || = ||f v3 + v1 ||.

(3.16)

Rewriting to solve for f results in a quadratic equation,
||v3 ||2 f 2 + 2(v1 · v3 )f + (||v1 ||2 − ||v2 ||2 ) = 0

(3.17)

with (relevant) root:
q

f=

(v1 · v3 )2 − ||v3 ||2 (||v1 ||2 − ||v2 ||2 ) − (v1 · v3 )
||v3 ||2

.

(3.18)

The reaction coordinate value is related to f by:
m
f −1
σ=
±
,
(3.19)
M
2M
where the ± sign depends on whether σ(z) is on the right or the left side of node sm .
Combining the expression for f (Eq. 3.18) with Eq. 3.19 results in the full expression
for the projection:




q

(v1 · v3 )2 − ||v3 ||2 (||v1 ||2 − ||v2 ||2 )
m
σ =
±
M
2M ||v3 ||2
(v1 · v3 ) − ||v3 ||2
−
2M ||v3 ||2

(3.20)

This measure of the progress along the path collective variable is robust and very
easy to compute, also for large sets of collective variables. Moreover, it provides in
the neighborhood of the path a smooth foliation in z-space as illustrated in Fig. 3.10
for the case of the alanine dipeptide.
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Chapter

4

An Assessment of Path-Metadynamics
The path-metadynamics method, introduced in chapter 3, provides a powerful algorithm to locate the average transition path on a high dimensional free energy landscape.
In this chapter, we have extended the method by introducing a progress variable that
spans the complete CV space into the family of hyperplanes perpendicular to the path.
This variable represents the transition tube between the stable states A and B. By
introducing the effect of a "tube" potential applied on this variable, we show that the
path-metadynamics method can recover two limits: the average transition path (evolution of the path to the high transition density, similar to the finite temperature effect in
the string method) and the minimum free energy path (evolution of the path along the
gradient of the free energy, similar to the zero temperature limit of the string method).
The second part of the chapter presents a guide to use the path-metadynamics method.
This guide consists of different tests to fine-tune the parameters of the evolution of
the path and the convergence of the free energy profile. We use umbrella sampling
and string method results as a reference. For simplicity, the tests are performed once
more on the well known model system to study conformational transitions, alanine
dipeptide. This model serves as a prototype to illustrate a recipe for the computation
of transition paths using path-metadynamics.
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Introduction

The Molecular Dynamics (MD) simulation has provided an improved understanding
of the mechanism involved in different processes occurring on a wide variety of fields,
going from biology and material science to astrophysics. Yet, despite its success,
with the present-day computer technology straightforward MD simulations can access
at most the microsecond timescale regime for moderate sizes and femtosecond time
steps, limiting its application to relatively small systems. In particular, there are many
activated processes where the molecular transitions are associated with the crossing of
high free energy barriers. These transitions are rare events for the limited timescale
accessible to this method. Examples of these processes include chemical reactions,
conformational changes in macromolecules, or nucleation events in phase transitions.
In these cases, the observation of even one single transition with MD is highly unlikely.
In recent years, a large number of advanced simulation methods have been developed to model such slow activated processes. In most of these techniques, one can
either introduce a bias along the dynamics of one or few collective variables (CVs)
to enhance the sampling of unfavourable regions along the trajectory and reconstruct
the free energy surface (FES) [1; 2; 3; 4] or focus on determining transition pathways
between stable states separated by large free energy barriers [5; 6; 7; 8; 9; 10; 11; 12].
Unfortunately, most of these methods become rapidly inefficient as the number of
collective variables increases. This is unfortunate since for certain interesting classes
of complex transitions it is required to take into account a large number of degrees
of freedom to describe the mechanism. Furthermore, even if we could sample the
mechanism in a large number of CVs, the complexity of the system would make the
interpretation of the pathways very cumbersome.
For this reason it is customary to try to explain the mechanism of the reaction
by identifying one (or few) specific path(s) that represent the most likely mechanism
of the complex transition on the free energy landscape, spanned by a set of relevant
CVs. How to define these specific paths remains far from trivial. The representative
pathway should connect the most probable configurations (weighted by a Boltzmann
distribution) among the channel of trajectories that connect two stable states, normally represented by the centre of a transition tube. A well-known definition to
represent the most likely mechanism of the transition under certain conditions is the
minimum free energy path (MFEP) [13; 5; 6; 14; 15; 16]. The MFEP is a good candidate to obtain a local representative pathway that connects configurations with the
lowest free energy among the channel of trajectories that connect two stable states.
Yet, the MFEP can exclude important contributions of nonlocal features of the free
energy landscape along the reaction tube connecting the stable states. Free energy
landscapes of complex systems can be rough on a scale of thermal fluctuations and
the local information represented by the MFEP can not capture the features of the
landscape perpendicular to the path along the channel of transition pathways. One
way to go beyond the definition of the MFEP is to obtain paths that average over the
global underlying features of the free energy landscape. This lead to the proposals
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made in Ref. [13; 17] to explain the mechanims of complex transitions by computing
average transition paths.
The best reaction coordinate to describe a transition between two stable states,
is defined in Transition Path Theory [18] (TPT) within the concepts of committor
probability. The committor is a measure of the chance of proceeding to reactants or
products and it is defined as the fraction of trajectories, started at certain configuration with random Maxwell-Boltzmann velocities, that can reach the product state
before coming back to the reactant state. The hypersurfaces defined by a constant
committor probability in the configurational space are known as the isocommittor
surfaces. These surfaces provide a continuous foliation of the configurational space
along the transition from one state to another, where the trajectories passing through
them are weighted by an equilibrium distribution. The average transition path is
then defined as the curve connecting the mean values of the equilibrium distribution
among the isocommittor surfaces. In this way, the average transition path provides
a realistic picture of the most probable mechanism of a complex activated processes
(assuming that a reaction channels exist). For the study of complex transitions, it is
valuable to develop new/improved algorithms to calculate these pathways.
In chapter 3, we introduced the path-metadynamics method to localize the most
probable transition pathway in a rare event. This method exploits an analytical description for the progress along the path in the space of CVs and the perpendicular
hyperplanes along the transition tube. Path-metadynamics makes use of a historydependent bias on a flexible "path collective variable" that aims to follow the probability density of a set of collective variables. By using adaptive methods like metadynamics, it is possible to show that path-metadynamics provides an effective scheme
to optimize and sample the average transition path. At the same time, the metadynamics bias potential becomes an estimator of the free energy along the transition
pathway. Therefore, the path-metadynamics method can be viewed as a combination
of two ideas: the metadynamics potential [2; 19] introduced to bias the dynamics
along the CVs and the definition of an analytical space of path-collective variables
to describe a transition [12]. The main advantages of this combination are that the
method (1) simultaneously obtains the free energy along the path taking into account
finite temperature effects (2), it is particularly robust and simple to implement (3)
simplifies the analytical definitions of the path-collective variables and (4) allows for
very large sets of collective variables due to a trivial scaling of the computational cost.
In the first part of this chapter, we have extended the path-metadynamics method
by introducing an additional path-collective variable that spans the CV space into
the family of hyperplanes perpendicular to the path. This variable represents the
transition tube between two stable states. By confining the sampling of the CVs in
the region close to the path (adding a "tube" potential on this additional variable),
we prove that the path evolves along the gradient of the free energy and converges
to the minimum free energy path. Introducing a transition tube definition and analyzing the effect of a tube potential allows us to explore two limiting cases of the

74

CHAPTER 4. AN ASSESSMENT OF PATH-METADYNAMICS

path-metadynamics method: (1) the average transition path (evolution of the path
to the probability density along the hyperplanes, similar to the finite temperature
approach introduced by the string method [13]) and (2) the minimum free energy
path (steepest descent evolution of the path, similar to the zero temperature limit of
the string method [6]). The main advantage of implementing the transition tube as
a path-collective variable is that we can recover both limits (finite temperature and
zero temperature), using a single algorithm and tuning a single parameter (the tube
potential). Moreover, future work could consists of adding an adaptive bias potential on this variable perpendicular to the path to explore multiple transition tubes
connecting the stable states.
The second part of the chapter is more technical. Here our aim is to provide a
guide for the user to fine-tune the different parameters required during the evolution
and convergence of the path during the path-metadynamics simulations. For simplicity, and to illustrate a recipe for the computation of transition pathways using the
path-metadynamics method, we have used once more the well-know model conformational transitions, alanine dipeptide. Initially, we perform three reference simulations
and compare the transition paths and the free energies obtained when using other
methods like the string method and umbrella sampling in alanine dipeptide. These
simulations provide a reference for convergence criteria of the method in the next sections. Finally, we discuss the effects of different parameter choices in the convergence
and performance of the method. This work provides a technical recipe to implement
and adapt path-metadynamics to find likely transition pathways in multidimensional
free energy landscapes.

4-2

Method: path-metadynamics equations

Consider a system described by the coordinates (q(t), v(t)) ∈ R3n × R3n evolving
under the action of a potential U (q) with a canonical equilibrium distribution at
temperature T . Let us also assume that the free energy landscape of the system, F (z),
is well described by the set of collective variables {zi (q)} ⊂ RN and the dynamics is
metastable over two stable states A and B. We are interested in finding the average
transition path between A and B and its free energy F (z) to estimate the most likely
mechanism of the transition and the rate constants.
Let us define a path connecting states A and B as a parametric curve on the CVs
space,
s(σ) : R → RN ; s(0) ∈ A and s(1) ∈ B
(4.1)
where the variable σ ∈ [0, 1] is the parameter of the curve from A to B.
As it is well known from transition path theory [18], the committor probability
provides a measure of the progress of the transition from A to B. The committor is
the probability pB (q) that a trajectory started at q(t = 0) with velocities from a
Maxwell-Boltzman distribution will reach B before coming back to A. In the basins
A and B, the committor will have values pB (q) = 0 and pB (q) = 1 respectively, while
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near the transition state region, the committor becomes p(q) = 0.5. In the space
of CVs {zi } a quasi-committor function p0B (z) can be defined and assumed to have
the same properties as the committor function if the variables zi provide a sufficient
description of the mechanism between A and B [17]. The isocommittor hypersurfaces
{Sσ : p0B (z) = cst} then provide a foliation of the CVs space from A to B. Moreover,
It has been shown in chapter 3 that along the isocommittor surfaces, the ensemble of
trajectories is weighted by the equilibrium distribution [20].
0

e−βF (z )
pσ (z ) = R 0 −βF (z0 )
dz e
0

(4.2)

The average transition path is defined as the trajectory s(σ) that connects each
isocommitor surface Sσ at the mean flux of the ensemble of trajectories hitting the
hyper surface weighted by this probability distribution [13; 17; 20],
s(σ) =

Z

0
0
δ[Sσ (z10 , ..., zN
)] z0 pσ (z10 , ..., zN
) dz0

(4.3)

For now we assume that the metastable states A and B are connected by a single
effective transition tube (a single ensemble of trajectories connecting A to B). We will
introduce a strategy in chapter 5 to deal with different transition tubes connecting
the stable states.
Path-Metadynamics is an algorithm developed in chapter 3 to find both the average
transition path and the free energy profile along this trajectory. This is achieved by
introducing a progress variable σ(z) from A to B as a projection of the CV space onto
the curve s(σ) (see section 3-2.4 in chapter 3). We note that this projection of the CV
space onto the path can yield an additional progress variable from A to B defined as
the distance from the point z to the path s(σ). Here we introduce an extended space
of "path-collective variables’ and define a new parameter d(z)|s ,
σ(z)|s : RN → [0, 1] : (z − s(σ)) · τ̂σ = 0

(4.4)

d(z)|s = min ||z − s(σ)|| : RN → [0, ∞]

(4.5)

where τˆσ is the tangent vector to the curve s1(σ).
The first parameter in Eq. 4.4, σ(z)|s , is a parametrization along the path that
projects the collective variables z onto the point along the curve s(σ) that minimizes
the distance ||z − s(σ)||. The second parameter in Eq. 4.5, d(z)|s , is the minimum
distance from z to the path s(σ). The function d(z)|s lives in the space perpendicular
to the path and maps the CV space into the family of hyperplanes Sσ perpendicular
to the path s(σ). This variable represents the transition tube. Both parameters
provide a foliation in z-space. Fig. 4.1 illustrates these two free parameters in a
schematic representation. Examples of the foliations of d(z)|s and σ(z)|s are illustrated
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Figure 4.1: Schematic representation of the path collective variables d(z)|s and σ(z)|s on
a free energy landscape stable over two minima A an B. The mean position of the CVs hzi
projects on the path s(σ) and leads its evolution towards the center of the effective transition
tube represented by the equilibrium weighted ensemble of trajectories (dashed lines).
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Figure 4.2: Foliation of the path collective variables d(z)|s (left) and σ(z)|s (right): The
values of reaction coordinate d and σ as a function of the two torsion angles collective
variables for alanine dipeptide.
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in Fig. 4.2. Notice that parameters d(z)|s and σ(z)|s are well defined functions just
for a smooth path (see chapter 3 for definition of a smooth curve).
To enhance the sampling of regions near the transition state, we apply a onedimensional metadynamics bias potential on the initial guess for the path {sg (σg ) :
σg = σ(s)|sg } (where the subscript g reminds us that the progress variable projects the
space along a guess path) enhancing simultaneously the dynamics of the complete CV
space z(q). The convergence of the guess path towards the most likely path between
the stable states is done by an iterative weighted average placing of the path in the
direction of the average density of the collective variables z(q),
sg (σg ) = hziσg .

(4.6)

The guess transition path evolves according to Eq. 4.6 until it is converged to the
most likely reaction path. The foliation of the hyperplanes will improve with every
path update. The metadynamics bias potential will tend to an estimator of the free
energy along the path-collective variable σ(z) as shown in chapter 3.

4-2.1

Path-metadynamics algorithm

In chapter 3 we introduced the numerical algorithm of path-metadynamics. Here
we propose a modification of the implementation to extend it to the space of pathcollective variables σ(z)|s and d(z)|s . We select a discrete path in the collective variable
space z(q) ⊂ RN as a set of M beads sg (σg , t) → {stji }, with j = 1, 2, ..., M and ti
representing the discrete artificial time parameter of the evolution of the path. The
numerical expression for the variable σ(z)|s is done as described in chapter 3. The
variable d(z)|s can be obtained from the geometrical projection of a point hsi onto
the path, considering the triplet of the closest 3 path beads: sm , the nearest bead,
while sm−1 and sm+1 , second and third nearest beads respectively,

σg (z) =

m ± ds
M

(4.7)

dg (z) = ||v1 − ds v3 ||
q

ds =

(v1 · v3 )2 − ||v3 ||2 (||v1 ||2 − ||v2 ||2 )

2M ||v3 ||2
(v1 · v3 ) − ||v3 ||2
−
2M ||v3 ||2

where v1 = sm − hzi, v2 = hzi − sm−1 , v3 = sm+1 − sm and ds is the arch length from
the nearest bead sm to the point s(σ) (see appendix 3.A for details on the derivation
of ds). The numerical expression for the evolution of the path beads, from Eq. 4.6, is
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the weighted average placing of the path in the direction of a point z(q) and it can
be modified from the algorithm introduced in chapter 3, in terms of d(z)|s as
t
sji+1

=

stji

P

k

+


wk

wk d(zk )|s ∇z d(zk )|s
P
k wk

(4.8)



t

||stmi − s i (σ(zk ))|| 

= max 0, 1 −
i
||stmi − stm+1
||


Note that, in a unit metric, we can write ∇z d = (z − s(σ))/||z − s(σ)|| and Eq. 4.8
is identical to the evolution introduced previously in chapter 3. In section 4-2.2 we
discuss the reason to re-write Eq. 4.8 in this form. At every molecular dynamics step
k, we average the vectors from the system to the path over the closest and the second
closest path beads, which are evolved every ∆t = ti+1 − ti (See chapter 3). After every
step of the evolution a reparametrization algorithm [6] is applied to keep the nodes
equally distributed along the path and guarantee the soft distribution of the beads.

4-2.2

Steepest descent evolution of the path

In this section we discuss the limiting case of the path-metadynamics method in which
the path evolves along the gradient of the free energy (the mean force) using steepest
descent dynamics until convergence to the MFEP (mentioned just briefly in chapter
3). We prove that it is possible to use a constrained dynamics simulation on the pathcollective variable d(z)|s to efficiently compute the perpendicular component of the
mean force [∇z F (z)]⊥ , where ⊥ denotes the component of the gradient perpendicular
to the path s(σ). Following a similar approach to the string method in Ref. [6], the
MFEP is found by performing steepest descent dynamics such that [∇z F (z)]⊥ = 0.
In the spirit of the extended Lagrangian approach [6; 21], we use the modified
potential in the space {σ(z)|s , d(z)|s } as,
1
1
(4.9)
Ũ (q, d0 , σ 0 ) = U (q) + kd (d(z)|s − d0 )2 + kσ (σ(z)|s − σ 0 )2
2
2
where σ 0 and d0 are the auxiliary variables coupled to the system in the path-metadynamics
approach. The free energy as a function of variables σ 0 and d0 is then given by
Z
1
F̃ (σ , d ) = − ln
dq exp − β U (q) +
β

1
1
kσ (σ(z)|s − σ 0 )2 + kd (d(z)|s − d0 )2
2
2
0

0







(4.10)

In the limit of kd → ∞ and kσ → ∞ the expressions exp[−β( 21 kd (d(z)|s − d0 )2 )]
and exp[−β( 21 kσ (σ(z)|s − σ 0 )2 ] approximate δ(d − d0 ) and δ(σ − σ 0 ), respectively. This
means that in the limit of kd and kσ large enough we can compute the free energy of
the system F (σ 0 , d0 ),
limkd ,kσ →∞ F̃ (σ 0 , d0 ) = F (σ 0 , d0 )
(4.11)
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Hence, the mean force ∇z F can be obtained as,

∇z F = limkd ,kσ →∞ ∇z F̃
(4.12)


1 −1 Z
=
limkd ,kσ →∞ Z̃
dq kσ (σ 0 − σ)∇z σ + kd (d0 − d)∇z d e−β Ũ
β
Where we use σ = σ(z)|s and d = d(z)|s for simplicity. Note that in the perpendicular
direction to the path ⊥ (or along the hyperplanes Sσ ) σ is a constant and [∇z σ]⊥ = 0,
therefore, from Eq. 4.12 we can get directly the expression for [∇z F (z)]⊥ ,

[∇z F ]

1 −1 Z
dq kd (d − d0 )∇z d e−β Ũ
− Z̃
β


⊥

= limkd →∞



(4.13)

On the path s(σ) the value d0 = 0, and [∇z F (z)]⊥ becomes,
[∇z F ]

⊥

1 −1 Z
dq kd (d)∇z d e−β Ũ
− Z̃
β


= limkd →∞



(4.14)

By ergodicity we have,
[∇z F ]⊥ = limkd ,T →∞ −

kd Z T
d∇z d dt
T 0

(4.15)

Hence, Eq. 4.15 becomes an estimator of the mean force perpendicular to the path
during the simulation with kd and T large enough. In addition, the metric of the
space z can be taken into account in the definition of distance d(z)|s ,

d(z)|s = ||z − s(σ)|| =

v
uM
uX
t [z

i (q)

− si (q)]Mij [zj (q) − sj (q)]

(4.16)

i=1

where we make a conversion of an arbitrary CVs space defining Mij as,

Mii =


n 
X
∂zi (q) 2

∂qn
with Mij = 0 if i 6= j

(4.17)

i=1

The evolution of the path beads to the MFEP is done using steepest descent
dynamics,

t
sji+1

=

stji

P

+ δτ

k

wk d(zk )|s ∇z d
P
k wk

(4.18)
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where δτ = kd ∗cst is a fictitious step of evolution of the path and can be tuned during
tha path-metadynamics simulation. The weights wk are the same as in Eq. 4.8 for
the first and second nearest beads to hzi.
This means that, in the limiting case of kd large enough (constrained dynamics using a stiff tube potential), we can efficiently evolve the path to the MFEP in a steepest
descent scheme (similar to the zero temperature limit in the string method). However,
notice that Eq. 4.18 is identical to the average placing evolution proposed in Eq. 4.8,
except for a proportionality constant δτ . By allowing the free dynamics of CVs in the
perpendicular direction to the path (not applying any tube potential, kd = 0) and
selecting the time step δτ = 1.0, Eq. 4.18 recovers the evolution scheme to sample
high transition densities and converges to the average transition path (similar to the
finite temperature limit in the string method). Therefore, fine-tuning of parameter kd
and a proper selection of parameter δτ allows us to differentiate easily between the
two limits (k = 0 and k → ∞) using a single path-metadynamics algorithm.

4-3

A recipe for the computation of transition pathways

The performance and the error of path-metadynamics can be measured in terms of the
convergence of the free energy profile along the path F (σg , t) to F (σ) and the convergence of the path s(σg , t) to the average transition path s(σ). The path-metadynamics
method requires the fine tuning of different parameters to get appropriate convergence
of the paths. Although in many cases this is a problem with a non-unique solution
depending on the complexity of the system, a proposed procedure for the fine tuning
of parameters in path-metadynamics can reduce the problem of efficiently finding the
most likely transition paths.
To assess the performance of path-metadynamics, we use the test model for conformational transitions introduced in chapter 3: alanine dipeptide in vacuum. In this
case, the model is used once more for simplicity, to illustrate in detail a recipe for the
selection of the different parameters of the method. Alanine dipeptide has a well understood conformational transition, that is ideal to test path-and free energy methods
[22; 23; 24; 25]. The free energy surface (FES) of alanine dipeptide is described using
two torsion angles φ and ψ as CVs (see chapter 3).
Before testing the error and the performance of the method we have started with
three reference simulations. In the first simulation we computed the free energy
landscape in the CV space space using the bidimensional umbrella sampling (US)
method. This FES gives us an accurate reference of the locations of the minima and
the transition state, which allows the calculation of the errors. The second simulation
was an evolution of the path, using the string method, to compute the most likely
path between C7eq and C7ax on top of the FES for alanine dipeptide. This gives us a
reference path to measure the error when tuning the different parameters and can be
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used for a comparison with the MFEP obtained from path-metadynamics. In the third
simulation we perform umbrella sampling on the average transition path to obtain an
accurate reference for the free energy profile computed with path-metadynamics.

4-3.1

Simulation Details

All the simulations were perfomed using the molecular dynamics package Gromacs
(version 4.5.4) [26] and the CHARMM27 forcefield [27; 28]. The system was simulated
in vacuum and we use the canonical ensemble (NVT) at 298.0 K in all the cases. The
temperature was controlled by the stochastic-rescaling thermostat [29]. We use the
linear constraint solver (LINCS) for interactions between the atoms [30] allowing us to
choose a time step of 2 fs for the MD integrator. The Van der Waals interactions are
treated with a cutoff of 1.4 nm and particle mesh Ewald handled the electrostatics with
a grid spacing of 0.12 nm [31]. We have implemented Path-Metadynamics method
in the PLUMED plugin code for free energy calculations [32], which works together
with the molecular dynamics package GROMACS (version 4.5.4).
Path-metadynamics requires the selection of an initial path connecting the stable states. The initial paths were selected as a linear interpolation of equally spaced
points in the CVs space between the stable states. Two points of the path represent
the metastable states and they are kept fixed during the simulations. To avoid the
exploration of transitions outside the transition tube of interest we also applied reflective walls in the maximum and minimum value of the path-collective variable, σ = 0
and at σ = 1.
The two-dimensional free energy profile of alanine dipeptide was computed using
umbrella sampling [1] on the dihedral angles φ and ψ and used as a benchmark for the
path-metadynamics method. Two harmonic potentials with a force constant of k =
500 kJ/mol were applied to φ and ψ dividing the surface into 25 overlapping windows
in the intervals φ ∈ [−π, π] and ψ ∈ [−π, π]. The free energy surface was recovered
from the probability distributions of variables φ and ψ using the weighted histogram
analysis method (WHAM) [33]. The probability distributions were computed for 80
ps per window on the grid.
To compare our method and obtain a reference path, we used the string method
(SM) [6] to find the MFEP between the stable states C7eq and C7ax for alanine dipeptide in the CVs space of φ and ψ. A linear interpolation of nodes between C7eq at
(-1.49, 1.12) and C7ax at (1.28, -1.24) was used as an initial path and evolved towards
the MFEP. The initial path was discretized in 11 points {si = (φi , ψi ) with i =
1, .., 20}. To compute the mean force ∇z F and the metric tensor M we added
harmonic potentials on the dihedral angles φ and ψ with a force constant of 89.42
kcal/mol/Å2 and MD simulations for a total time of 45000 steps for each node along
the path. The initial path was updated using an artificial time step of δτ = 0.0001.
The reparametrization step was performed as described in [6]. The Euler algorithm
was used to evolve the nodes of the string. At least 150 path updates were needed to
converge the path to the MFEP.
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To tune the path-metadynamics bias potential and converge the free energy along
the path, we performed several metadynamics runs with different choices of parameters (the height H, width w and the deposition time τ ) on a fixed linear path σ between
the stable states (C7eq and C7ax ). The width w was set to w = 0.05 (normalized units
of σ(z)|s ∈ [0, 1]). The deposition time τ = 0.4 ps was chosen by computing the minimum simulation time required to displace σ by 0.05 units [19]. The height of the hills
H was optimized for τ trying different values H = 0.1, 0.2, 0.3, 0.5, 0.7, 0.9, 1.1 kJ/mol
and computing the error in the free energy profile obtained. To compute the error of
the free energy profile F (σ), we used the following expression,
s

=



2 

F (σ, t) − hF i

(4.19)

Where the average h·i is taken over the free energy profiles F (σ, t) computed during
the path-metadynamics simulation and after the first recrossing of the variable σ from
states C7eq and C7ax . The error  was computed over the first 10 profiles F (σ, t) after
the first recrossing of variable σ (after 5000 hills accumulated every 0.4 ps) on a grid
of 100 points of σ. The optimal value was found to be H = 0.3 kJ/mol with a
corresponding error of approximately 0.5 kT (which falls in the order of the thermal
fluctuations).

4-3.2

Two-dimensional landscape using umbrella sampling

Fig. 4.3 shows the two-dimensional free energy profile of alanine dipeptide computed
with umbrella sampling on the dihedral angles φ and ψ. On the FES obtained we
located the positions of the minima C7eq at (-1.49, 1.12), C7ax at (1.28, -1.24) and C5
at (-2.59, -3.15). According to this FES resulting obtained using umbrella sampling
the free energy barrier between C7eq and C7ax is about ∆F = −34.0 kJ/mol with
a transition state located at (0.06,-1.22). In this work we focus on the transition
between C7eq and C7ax to compute the transition paths. This free energy profile has
been extensively studied previously with other methods [22; 23; 24; 25], however due
to the accuracy of the umbrella sampling method, we use the FES of alanine dipeptide
as a benchmark for the path-metadynamics method.

4-3.3

Minimum free energy path using the string method

We compute the MFEP between minima C7eq and C7ax using the SM. We have
defined 11 random initial paths on the interval φ ∈ [−1.5, 1.5] and ψ ∈ [−1.5, 1.5]
to start the SM simulations (we selected uniformly random distributed points and
linked them together to define an initial path). Fig. 4.4 shows the average MFEP on
top of the FES for alanine dipeptide (yellow) obtained from the 11 SM simulations
and the error associated (yellow square) to each point along the path. The error
was defined as the standard deviation of the MFEPs from their average for each point
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Figure 4.3: Free energy surface resulting from two dimensional umbrella sampling method
using a grid of 25 overlapping windows on the dihedral angles φ and ψ.

along the path. To compare with our method, we performed simulations starting from
the same 11 initial pathways using path-metadynamics (red path). In both cases, the
final transition paths visit the saddle point at (0.06,-1.22) connecting the stable states
and perpendicular to the contour lines of the FES. However, as Fig. 4.4 shows, the
errors in the points of the MFEP near the stable state C7ax increases when using
the SM, resulting in convergence problems. The statistical error estimated using
path-metadynamics is negligible for all the points along the path. We think that
this difference in errors near the region of C7ax is the result of the gradient descent
scheme used in the SM, in comparison with the average placing scheme used in the
path-metadynamics method. The perpendicular component of the mean force (the
gradient) is basically zero along the contour lines of C7ax , resulting in slow convergence
of the SM during the evolution of the pathway.

4-3.4

Umbrella sampling along the average transition path

In Fig. 4.5 we show the free energy profile F (σ) along the average transition path
between C7eq and C7ax , obtained from a path-metadynamics simulation (solid black
line). The errors in F (σ) were calculated with Eq. 4.19. To compare this estimate of
the barrier and the free energy profile along the path we also computed F (σ) using
one-dimensional umbrella sampling along the average transition path. The umbrella
potential used was parabolic on variable σ : 0.5 kσ (σ−σ0 )2 with kσ = 50.0 kJ/mol/Å2 .
The path was divided in 40 windows. The starting configuration for each window was
obtained by restarting from the last configuration of the preceding umbrella run. In
each window the MD run was 100 ps, giving a total simulation time of 4 ns. The free
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Figure 4.4: MFEP for alanine dipeptide computed using the String Method (yellow) and
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represent the error calculated for the position of the MFEP starting from random initial
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Figure 4.5: Free energy profiles as a function of the path variable σ(z)|s along the average
transition path between C7eq and C7ax using metadynamics (black solid line) and umbrella
sampling (red dashed line). The vertical bars indicate the error  computed for F (σ) at
different values of σ.
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energy profile was reconstructed using WHAM [33]. Since we are just interested in the
probability of visiting the region nearby the path, we added an additional parabolic
potential on the variable d = d(z)|s : Vbias (d) = 0.5 kd (d − d0 )2 to keep the dynamics
of the CVs in the region of the one dimensional path and avoid the probability of
visiting outer regions of the transition tube between C7eq and C7ax . The resulting
free energy profile with umbrella sampling is shown in Fig. 4.5 with a dashed red line.
The free energy barrier obtained with both methods is ≈ 37.7 ± 1.3 KJ/mol and is
located at σ ≈ 0.7 . The transition free energies between C7eq and C7ax are around
∆F ≈ 10.2 ± 1.3 kJ/mol. The accuracy of metadynamics performed on the path
variable σ with the parameters chosen is in good agreement with umbrella sampling
and therefore it gives us a good reference to converge the free energy profile with a
metadynamics potential during the path-metadynamics simulations.

4-4

Fine-tuning of parameters to converge the transition pathways

By performing umbrella sampling and string method simulations and comparing these
results with those obtained with path-metadynamics, we were able to obtain reliable
results for the most likely transition pathway and its converged free energy profile
along the transition from C7eq to C7ax . We will now focus our attention on the
parameter optimization of path-metadynamics to obtain the average transition path
along this transition. The method requires two key optimizations to guarantee its
correct performance: (1) The effective transition tube and (2) the parameter tuning
of the evolution scheme of Eq. 4.8 that determines the convergence of the path and
its free energy.

4-4.1

Effective transition tube: Choosing parameter kd

As stated before in section 4-2, the path-metadynamics method can compute the
average transition path between two stable states using an average placing scheme
in the direction of the mean density of the CVs. Nevertheless, the average transition
path can reduce to the MFEP in a certain limit, by confining the dynamics of the CVs
with a tube potential on the path-variable d(z)|s (called zero temperature limit in the
string method [34]). The MFEP represents the most likely mechanism of a transition,
but it is an object that depends on the local characteristics of the FES (the MFEP
is parallel to the gradient of the free energy in every point). These characteristics
of the MFEP can cause a path evolving in steepest descent dynamics to get trapped
in local regions of the valley. Very often often the FES of conformational changes in
molecules is rough and the sampling of the path needs to be improved. A solution for
this problem has been proposed in Ref. [34] by sampling an average transition path
along the isocommittor surfaces (called finite temperature limit in the string method)
rather than a local gradient of the free energy. In this section, we discuss the effect
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of tube bias potential on variable d(z)|s , described in section 4-2, to illustrate the
computational scheme employed by path-metadynamics to compute either the MFEP
or the average transition path in certain limiting case of parameters selected.
The average transition path is defined as the centre of the transition tube between
two stable states connecting the mean values of the transition flux probability density p(z) = exp(−F (z)/kB T ) along the isocommittor hyperplanes Sσ . In the original
path-metadynamics algorithm (chapter 3) we sample the mean values of p(z) by computing the mean position hzi along the hyperplanes perpendicular to the path. In this
extended version of the path-metadynamics method, the dynamics of the CVs along
the hyperplanes (represented by the path-variable d(z)|s ) can be confined to be close
to the path by using a bias potential on d(z)|s ,
kd
(d(z)|s − d0 )2
(4.20)
2
where d0 = 0 in this case since it represents the distance from the centre of the transition tube at s(σ) and kd is the force constant parameter that controls the confining
of the CVs along the hyperplanes. As proved in section 4-2.2, when the force constant
kd is chosen large enough, the dynamics of system in the CV space is confined near
the path and we calculate the local gradient of the free energy perpendicular to the
path [∇F ]⊥ . By using a steepest descent algorithm we can then obtain the MFEP.
However, in the limit kd → 0, the dynamics of the CVs along the perpendicular hyperplanes is unbiased and the mean position of the CVs approximates p(z), allowing
us to obtain the average transition path.
The effect of different values of the force constant kd on the dynamics of the system
of CVs in the direction perpendicular to the path is illustrated in Fig. 4.6 for a pathmetadynamics simulation on a fixed linearly interpolated path σ (black-dotted line)
between C7eq and C7ax for alanine dipeptide. The simulations were performed for a
total time of 2 ns. The dynamics of the CVs in the direction perpendicular to the
path was monitored using the density plots of the CVs coordinates (φ, ψ) during the
simulation time. To compute the density of CVs along the trajectories we divided the
interval [−π, π] in 50 windows for the variables φ and ψ, each. We then counted the
number of times that the CVs (φ, ψ) visited each window and collected a histogram
of these variables. This gives the dynamics of the CVs in the perpendicular direction
during the path-metadynamics simulation for kd → 0. For values in the order of
kd = 1200.0 kJ/mol/rad2 the dynamics of the CVs is kept close to the path, allowing
the local computation of the mean force on s(σ). On the other hand, using smaller
values, in the order of kd = 1.0 kJ/mol/rad2 allows the CVs to sample the transition
tube C7eq and C7ax weighted according the density distribution of p(z). Here the
density distribution of the CVs is peaked in the mean values of the transition tube
and this limit of kd would allow us to compute the average transition path efficiently
when evolving the initial path according to Eq. 4.6. By reducing kd even more, to
kd = 0.2 kJ/mol/rad2 the CVs are allowed to visit a different transition tube between
C7eq and C5 . This is a particular characteristic of the free energy F (z) for alanine
h(z − s(σ))2 i =
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Figure 4.6: Effect of the force constant kd on the dynamics of the CVs in the perpendicular
direction to a path between C7eq and C7ax for alanine dipeptide. The path-metadynamics
simulation is performed on a fixed linear interpolated path (black line) during 4 ns for
k=0.2,1.0,1200.0 kJ/mol/rad2 . The dynamics of the CVs in the perpendicular direction
to the path is indicated with the CVs density plots (yellow-purple) computed along the
path-metadynamics simulations for the different values of kd .

dipeptide where branching of the paths from one transition tube (between C7eq and
C7ax ) to another transition tube (from C7eq to C5 ) can occur because the free energy
barrier in the perpendicular direction to s(σ) is smaller than the thermal fluctuations
and the density probability distribution has to be restrained by a value of kd that is
large enough to keep the dynamics of the CVs in a single transition tube (see also the
discussion of alanine dipeptide free energy landscape in chapter 3).
Once we established the effect of different kd values on the dynamics of the CVs
along the perpendicular hyperplanes, we evolved the path for different values of kd to
study the convergence of the transition pathways using the evolution scheme of Eq.
4.8. The convergence of the path to the most likely transition path was monitored
by computing the length of the path lpath (t) at every time t that the path is updated
during the simulation,
lpath (t) =

M
X

i
||sti+1
− stii ||

(4.21)

i=1

where M is the number of beads along the path. During the time evolution of the
path, the length lpath (t) changes due to the updates in the shape of the path. At
some point, the path converges and the fluctuations in the shape of the curve become
very small or even negligible. This means that the fluctuations of the length of the
path also become small or negligible and lpath (t) reaches a plateau, indicating the
convergence of the path to the most likely transition path. Of course, this criteria
of convergence can fail, for instance, if the path gets trapped in regions of the free
energy surface and does not reach the most likely transition path. In these cases, we
would observe a plateau in lpath (t) that indicates convergence of the path, but the
shape of the curve would differ from the most likely transition path. For this reason,
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Figure 4.8: Average transition paths for different values of kd . The average paths (black
lines) obtained for different values of kd are shown on top of the Ramachandran plot and
the mean density of the CVs (yellow-purple density plots).

in addition to monitoring the convergence of the path length lpath (t), we have plotted
the converged paths on top of the Ramachandran plot.
Fig. 4.7 and Fig. 4.8 show the effect of different values of kd on the path evolution.
The path was updated every 10 ps. The metadynamics potential was deposited along
the variable σ every 0.4 ps. For large values of kd between 750.0 kJ/mol/rad2 and
1200.0 kJ/mol/rad2 , the length lpath reaches a plateau around lpath = 6.4 radians,
indicating the convergence of the path. In these cases, the paths plotted on top of the
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Ramachandran plot showed that the converged transition path obtained between C7eq
and C7ax is in good agreement with the MFEP (steepest descent evolution). On the
other hand, for smaller values of kd in the range of 150.0 kJ/mol/rad2 the fluctuations
in lpath become large in different periods of time, oscillating between two regions at
6.5 radians and 8.0 radians (see Fig. 4.8). We found that this change in fluctuation
between two paths is the result of a combination of two effects: the region allowed to
be sampled with the CVs (the width of the tube controlled by kd ) and the shape of the
FES along the effective transition tube. As shown in Fig. 4.8, the width of the tube
(yellow-orange density plot) corresponding to this value of kd is not broad enough
to allow the CVs to compute the correct hzi along the perpendicular hyperplanes.
As a consequence of this choice, kd is not large enough to compute the mean force
and converge to the MFEP, but kd is neither small enough to sample the probability
p(z) = exp(−F (z)/kB T ) to converge to the average transition path. Consequently
an error in the computation of the average transition path is introduced, resulting
in fluctuations in lpath and an incorrect estimation of the most likely transition path.
As we reduce kd to 30.0 kJ/mol/rad2 the length lpath (t) shows a plateau around 8.0
radians, indicating convergence of the path. A visual analysis of the CVs density
plots and the average path obtained (shown in Fig. 4.8) shows that at kd = 30.0
kJ/mol/rad2 the effective transition tube between C7eq and C7ax is fully sampled and
hzi approximates p(z) = exp(−F (z)/kB T ) allowing the computation of the average
transition path (which connects the maximum density values of the CVs). In this case,
the fluctuations of lpath in the order of ≈ 1 radian are the result of the width of the
transition tube due to the shape of the FES. Reducing kd to values smaller than 30.0
kJ/mol/rad2 results in branching of the reaction tubes, allowing the path to go in the
direction of the minimum C5 . As a result, the fluctuations in length increase up to
10.0 kJ/mol/rad2 and do not allow convergence to the average transition path. The
average density plot of the CVs in Fig. 4.8 shows the branching of the transition tubes
and the increase in length of the path for values of kd smaller than 30.0 kJ/mol/rad2 .
It is not clear whether the average transition path or the MFEP is a better description of the most likely transition pathway between these two states. In alanine
dipeptide the difference is not so big and both could be a likely description of the reaction mechanism. The average transition path (kd = 30.0 kJ/mol/rad2 ) is on top of the
mean density of the CVs in the transition and perpendicular to the free energy contour lines and could be a better description. Since the distinction is small, in the next
tests we will use the MFEP, not because it could be better, but for practical reasons.
The width of the tube in the average transition path gives rise to more fluctuations
in length lpath because the path is free to explore all the free energy landscape within
this tube. These fluctuations make it harder to determine if convergence is reached,
as they are naturally a part of the fact that we sample the average transition. In the
next sections we want to determine convergence by using the length of the path. This
is especially sensitive to fluctuations due to the width of the transition tube. Using a
narrow tube filters out this effect and any fluctuations in the path length are due to
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the fact that convergence is (not yet) reached.

4-4.2

Fine-tuning the evolution of the path towards the MFEP:
choosing Tconv and δτ

In this section we discuss a recipe to select optimal parameters for the limiting case of
the path-metadynamics method where the initial guessed pathway follows a steepest
descent evolution along the gradient of the free energy [∇F ]⊥ until convergence to
the MFEP. We start by estimating the sampling time Tconv needed to converge the
perpendicular component of the mean force per node. Following the estimation of
Tconv , we perform different tests to tune the optimal artificial time step δτ , described
in Eq. 4.18, that allows an efficient evolution of the path towards the MFEP.
Part A

Estimation of the sampling time Tconv needed to converge [∇z F (z)]⊥
along the path between C7eq and C7ax .

Before evolving the initial path to the MFEP within the framework of path-metadynamics,
we need to estimate the perpendicular component of the mean force [∇z F (z)]⊥ . The
mean force is calculated for each node along the path using Eq. 4.13 in the limit of kd
and the sampling time Tconv large enough . In this case we set kd = 1280.0 kJ/mol/rad2
according to the results obtained in section 4-4.1. Our initial path was a linear interpolation of 20 nodes, si with i ∈ {1, ..., 20}, from C7eq to C7ax . To estimate the
sampling time needed to converge the perpendicular component of the mean force
Tconv , we compute [∇z F (z)]⊥ per node on a fixed initial pathway using Eq. 4.13. The
strategy employed to estimate Tconv with path-metadyamics consists of adding a bias
potential on σ until the free energy profile is flat (i.e. after 1 or 2 recrossings of the
variable σ around 500ps). We then restart the simulation without growing the metadynamics potential any further. When restarting without bias, the flat potential will
make sure that the system visits all the path σ ∈ [0, 1] and the mean force is equally
sampled in all the nodes. In order to further improve the sampling of the mean force,
the path σ was divided into 5 windows (4 nodes per window) by adding a parabolic
potential: k2 (σ − σ0 )2 . Moreover, each discrete node si is associated to the continuous
interval s(σ − 0.025) < s(σ) < s(σ + 0.025) when computing the mean force per node
along s(σ).
Fig. 4.9 (upper panel) shows the modulus of the mean force orthogonal to the
path as a function of the sampling time per node (the number of times the node si is
visited during the simulation multiplied by the time step 0.002 ps). As indicated by
the plateau reached by the mean force per node on Fig. 4.9, [∇z F (z)]⊥ needs to be
sampled around 2.0 ps per node to reach convergence (a rough estimation indicated
by the black dashed line). This means that convergence of the mean force of the
20 nodes along the path is reached in around 2*20 = 40 ps of sampling time in a
path-metadynamics simulation starting from a flat potential,
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Tconv = 40 ps
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(4.22)

Fig. 4.9 (lower panel) shows the magnitude of the converged mean force along the
nodes on the path, in a bar representation, to give us qualitative information about
[∇z F (z)]⊥ on the FES for alanine dipeptide. Along the fixed path, the mean force
increases from 50 kJ/mol/rad2 at node 1 to a maximum of 110 kJ/mol/rad2 at node
10. Subsequently, the mean force decreases to 45 kJ/mol/rad2 at node 20. This is
expected since the FES is more steep (for an initial linear path) in the middle nodes
than in the tail and head nodes, as indicated in the contour plot of the FES in Fig. 4.3.
It also means that the middle nodes in the initial linear path are further apart from
the MFEP (where [∇z F (z)]⊥ = 0) if we descent downhill along the FES. This is
indeed the case for the shape of the FES in alanine dipeptide for the C7eq → C7ax
transition.

Part B

Steepest descent evolution of the path: choosing δτ

We compute the MFEP using steepest descent in the direction of −[∇z F (z)]⊥ for a
large kd = 1280.0 kJ/mol/rad2 , which is large enough to reach this limiting behaviour
of the path-metadynamics evolution scheme. The time interval between path updates
was tevol = 40 ps; this is the time required to converge [∇z F (z)]⊥ as calculated in
previous section.
During the evolution of the path, the length lpath (t) increases until reaching a
plateau, indicating the convergence of the path. The time to reach the convergence
plateau and the fluctuations of the length depend on the size of δτ (Eq. 4.18). By
increasing δτ , the convergence of the path is faster in time, but the fluctuations
become larger, thus increasing the error in the MFEP obtained. Fig. 4.10(a) shows
the length of the paths as a function of time for different values of the time step
of the path evolution δτ . As δτ increases from 5.0 to 8.0, the length of the path
reaches a plateau with low fluctuations. However, if the time step is larger than 8.0
large fluctuations in lpath are observed and this instability in the path does not allow
convergence. This effect can also be observed in Fig. 4.10(b) where we have plotted
the final path obtained from the evolution on top of the free energy landscape. The
MFEP for alanine dipeptide is obtained in the cases of δτ varying between 5.0 and
8.0. For δτ > 8.0 the paths obtained differ from the reference MFEP. We have chosen
δτ = 8.0 as the optimal value for this system, since the MFEP is accurately computed
and convergence is reached within 6 ns, allowing us to reduce the computational time
required to reach convergence by 40% with respect to using δτ = 5.0 (for which
convergence is reached within 14 ns).
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Figure 4.9: (Upper panel) Estimation of the magnitude of ∇⊥ F as a function of the
sampling time per node in a path-metadynamics simulation. The simulation starts from a
flat potential to visit all the nodes along an initial linearly extrapolated fixed path with 20
points between C7eq and C7ax . The sampling along the path was divided in 5 windows of 4
nodes. The lines of different colour indicate the magnitude of the mean force as a function
of sampling time for each node. A plateau is reached when ∇⊥ F converges. The dashed
black line indicates the time at which the mean force has converged in all the nodes. (Lower
panel) Converged magnitude of ∇⊥ F per node along the initial linearly extrapolated path
with 20 nodes between C7eq and C7ax .
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Figure 4.10: Evolution of the path in the gradient descent limit. (a) Length of the path
lpath , during evolution, as a function of time for different time steps δτ . (b) Final paths on
top of the Ramachandran plot for alanine dipeptide obtained using different time steps δτ
during the evolution of the path.
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Optimal choice of the time interval between path updates tevol .

We now test different time intervals between path updates to study the convergence
dependency on parameter tevol . Our starting point is the time interval between updates needed to converge the mean force (tevol = 40 ps). We try to test whether the efficiency of the convergence can be improved by reducing the time interval between path
updates tevol < 40 ps. For the tests we use values tevol = 40.0, 20.0, 10.0, 5.0, 1.0, 0.2
ps. During the simulations δτ is kept fixed to a value of 8.0 and the evolution of
the path is started from a flat metadynamics potential. The metadynamics potential
is deposited along the variable σ every 0.4 ps and is started from an almost filled
potential. The spring constant kd for the harmonical potential on variable d(z)|s is
set to a value of 1280.0 kJ/mol/rad2 (narrow tube limit).
Fig. 4.11 shows the length of the path lpath as a function of the simulation time
for different values of tevol in our test case of alanine dipeptide. The convergence of
the path is indicated by the plateau of lpath observed during the path evolution. The
stability of the solution is indicated by the size of the fluctuations of the path length.
As Fig. 4.11 demonstrates, decreasing the time interval tevol reduces the computational
time required to reach the plateau of convergence of the path length lpath . However
the time interval tevol has to be chosen large enough to avoid noise in the forces and
reduce the length fluctuations of the path.
The selection of the optimal value of tevol should be based on the faster convergence
in computational time and a reduction of the fluctuations that destabilize the solution.
To compute the error in the solution as a function of tevol we have computed the size
of the average fluctuations in the path length using:
q

(tevol ) =

h(lpath (tevol ) − lref )2 it
lref

(4.23)

Where lpath (tevol ) is the path length for different values of tevol , and lref = 6.213
is the average length of the reference average transition path shown in Fig. 4.4 .To
estimate the improvement in efficiency of convergence we calculate the time needed
to converge the path τ (tevol ) (time to reach the plateau in Fig. 4.11) at a given tevol .
In this case the value τ (40ps) = 6255.0ps is the reference time needed to converge the
mean force for alanine dipeptide.
Table 4.1 and Fig. 4.12 show the values of (tevol ) and τ (tevol ) for different time
intervals between path updates tevol . As we can see, choosing values tevol < 10 ps
increases rapidly the error in the convergence of the path even though the time of
convergence reduces up to τ (tevol )=10 ps for tevol = 0.2 ps. Clearly, an optimal value
in this case would be tevol = 10 ps where the error is still small, (tevol ) = 0.0159 and
the time of convergence of the path, τ (tevol ) = 1390.0 ns, is 4.5 times smaller than the
time needed to converge the path in the reference case of the mean force convergence
at tevol = 40 ps.
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Figure 4.11: Effect of different time intervals between path updates tevol on the convergence
of the path for alanine dipeptide. The different lines in the graph correspond to the path
length lpath plotted as a function of simulation time and for different values of tevol . During
the simulations the fictitious time step δτ is kept fixed at a value of 8.0 and the evolution of
the path is started from an almost filled metadynamics potential. The spring constant k for
the harmonical potential on variable d(z)|s is kept constant to a value of 1280.0kJ/mol/rad2
(narrow tube limit)

Table 4.1: Average fluctuation and time of convergence of the path length lpath
around the reference path length lref of the average transition path from C7eq
to C7ax in alanine dipeptide

tevol /ps
0.02
0.2
1.0
5.0
10.0
20.0
40.0

(tevol )
1.4389
0.0481
0.0425
0.0423
0.0159
0.0165
0.0106

τ (tevol )/ps
No convergence
10.0
290.0
670.0
1390.0
2850.0
6255.0
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Figure 4.13: Effect of tevol on the evolution of the path on the free energy surface for
alanine dipeptide. Evolution of the path for tevol = 0.02 ps (left), tevol = 10.0 ps (middle)
and tevol = 40.0 ps (right) .

Fig. 4.13 shows the evolution of the paths on the FES for different values of tevol to
illustrate the effect on the MFEP obtained when (tevol ) increases. For tevol = 40.0 ps
the mean force converges and the path evolves smoothly to the MFEP. The same holds
for the optimal value chosen tevol = 10.0 ps, where (tevol ) increases but convergence
to the MFEP can be reached within 2 ns. However, when tevol is chosen too small
around 0.02 ps, the fluctuations of the path grow and the converge to the MFEP is
never reached.
The free energy profile computed as a function of σ along the MFEP is shown
in Fig. 4.14 for the optimal value tevol = 10.0 ps and using the optimal parameters
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Figure 4.14: Free energy profile along the MFEP for tevol = 10.0 ps. The free energy
profile is computed along the MFEP between C7eq and C7ax for the optimal time interval
between path updates of 10.0 ps for alanine dipeptide.

selected for the metadynamics potential in section 4-3.1. The free energy barrier
obtained is ∆F ≈ 37.2 ± 1.1 kJ/mol and is located at σ ≈ 0.7. The transition free
energy between C7eq and C7ax is ∆F ≈ 9.86 ± 1.1 kJ/mol. This is in good agreement
with the reference free energy barrier calculated along the MFEP using umbrella
sampling method.
Finally, in the previous simulations we have started the path updates from a
metadynamics flat potential in order to converge the forces along the 20 nodes of the
path. However, in path-metadynamics it is possible to update the path without first
converging the forces and simultaneously depositing the hill potential along σ. This
means that we do not need to start the evolution of the path from a flat potential.
Introducing this evolution scheme for the path would allow us to gain efficiency in
the convergence time of the path. To corroborate this statement, we have monitored
the convergence of the path by computing the length lpath as shown in Fig. 4.15 (left)
for different values of tevol below the optimal value found previously (tevol = 10.0
ps) and evolving the path without starting from a flat potential. As we can see in
Fig. 4.15 (left) we can reduce the value of tevol from 10.0 to 2.5 ps and still reach
convergence (indicated by the plateau in lpath ). The convergence of the path to the
MFEP is corroborated in Fig. 4.15 (right) where we plot the final path on top of the
Ramachandran plot for alanine dipeptide. This result shows that the evolution of the
path and the deposition of the bias potential can be done simultaneously, allowing an
efficient convergence of the path.
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4-5

Discussion and conclusion

In this chapter, we presented an extension of the path-metadynamics method by defining a new path variable that maps the entire space of collective variables z into the
hyperplanes perpendicular to the transition path between two stable states. This variable represents the effective transition tube. In the proposed version of the algorithm,
the method uses two parameters: the progress along the path σ(z)|s and the transition tube d(z)|s . We demonstrated that path-metadynamics can calculate the average
transition path using the original average placing scheme of evolution (introduced in
chapter 3), but it can also recover the minimum free energy path when applying a
harmonic bias potential on variable d(z)|s , which confines the sampling of the CVs
along the hyperplanes perpendicular to the path.
In the second part of the chapter, we compared path-metadynamics with calculations performed using the string method and umbrella sampling. This comparison was
done using the simple model system for conformational transitions, alanine dipeptide.
Here we showed that path-metadynamics can accurately reproduce the free energy
profile obtained when using umbrella sampling on the average transition path. Moreover, we demonstrated that path-metadynamics can accurately reproduce the transition path found by the string method, but that it does not have the drawback of slow
convergence when the gradient of the free energy landscape approaches to zero.
The effect of the various parameters that are necessary for a calculation in pathmetadynamics method was shown:
1. We investigated the effect of parameter kd , the width of the transition tube: If
this parameter is chosen very large (1200.0 kJ/mol/rad2 ) the CVs are confined
to be close to the path along the transition tube. Choosing a value of kd around
1.0 kJ/mol/rad2 , the CVs can freely sample the transition tube that represents
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the flux probability density of the paths from one state to the other. However,
if kd is too small (0.2 kJ/mol/rad2 ) the CVs are allowed to visit other minimum
(C5) falling into a different transition tube. This is a particular feature of
the free energy landscape for alanine dipeptide, where the barrier separating
the transition tubes is too small (in the order of kT) and the CVs, which are
not confined by a tube potential, can visit different transition tubes. We also
showed the effect of kd on the evolution of the path. For large values (1200-750
kJ/mol/rad2 ) we obtain the MFEP. If we decrease the value we are in a region
of kd that neither can obtain the average transition path nor the MFEP. If we
reduce kd to 30 kJ/mol/rad2 we obtain the average transition path. However,
If we reduce kd further, branching of the transition tube occurs and the path
visits another minimum (C5). These values for kd are not universal and the
exact behaviour is particular for the free energy landscape features of alanine
dipeptide, but the effect of the tube is the same for other molecules and other
conformational transitions and its selection can be illustrated clearly with these
tests.
2. We computed the time Tconv to converge the mean force along the path to later
use a steepest descent algorithm and converge the MFEP: We calculated that
the time to reach complete convergence in the mean force is 40 ps. This means
that we need to sample the mean force for at least 40 ps before updating the
path with this algorithm. However, in the path-metadynamics method, the
average placement scheme is used instead of the mean force, so that complete
convergence of the mean force is not needed before the path can be evolved.
3. The artificial time step parameter δτ for the evolution of the path towards the
MFEP: We show that the optimal value of δτ is around 8.0. If it is smaller the
time of convergence increases significantly. If we choose it larger we don’t reach
convergence at all.
4. Time interval between path updates tevol : We show that the optimal choice for
the time between updates is much smaller than the time to reach full convergence
in the mean force to converge the MFEP. The minimum value of tevol for alanine
dipeptide to still reach convergence is around 10.0 ps. For larger values the
convergence is reached, but the time of the simulation increases rapidly. For
smaller values of tevol convergence is not reached at all due to the high frequency
of updates which makes the path too flexible and the estimate of the running
average of the CVs poorly sampled. This parameter selection is not universal
as well, however the behaviour of the path with frequent updates is illustrated
with this example and can be tuned using the same criteria for other systems.

In conclusion, based on these tests, we can propose the following recipe to obtain
the average transition mechanism and the free energy profile in high dimensional
transitions:
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First, identify the relevant reaction coordinates to describe the transition. An a
priori selection of CVs can represent a major challenge when working with complex
transitions and is one of the main limitations of the path-metadynamics method. In
chapter 5 we will show an empirical strategy to test if the set of CVs selected a priori
is sufficient to describe the transition, however in our knowledge, up to now there is
not a precise recipe to localize relevant degrees of freedom, and the selection is usually
based on visual inspection, chemical and topological intuition.
Second, select an initial path. The initial paths selected in this chapter consists
of either a linear interpolation of points or a uniformly random distributed selection
of points between two stable states. However, in a complex system, a better initial
path could be obtained from the ensemble of trajectories computed, for instance, with
Transition Path Sampling method.
Third, explore the shape of the transition tube by setting parameter kd = 0.0 (the
limit of free dynamics of the CVs along the hyperplanes perpendicular to the path).
Locate any possible branching in the transition tube or additional intermediate states
that could prevent the convergence of the path and the free energy profiles. Then
repeat the procedure and set again kd or the initial path based on this preliminary
exploration of the transition tube shape. Alternatively, set kd large enough if you
want to evolve the path in steepest descendent dynamics.
Furthermore, a preliminary selection of metadynamics parameters that allow convergence of the free energy profile along a fixed path is always important to set up
the path-metadynamics simulation (follow criteria of Ref. [19] for the selection).
Next, tune the evolution parameters of the path: Select tevol small enough to
update the path efficiently towards the average position of the CVs, but large enough
to avoid high flexibility of the path that would prevent convergence. Optionally, in
the code you can set the weights of the evolution (wk in Eq. 4.18) to not be reseted
to zero at every evolution step. In this way the flexibility of the path is damped over
time, allowing the path to convergence when using even smaller values of tevol . If you
are evolving the path with the steepest descent scheme, select an artificial time step
δτ large enough to converge the path efficiently, but small enough to reduce the error
and allow convergence. When using the average placing scheme remember to choose
δτ = 1.0 together with kd = 0.0. Alternatively, parameter Tconv can be computed
as a reference value for the time needed to converge the mean force when using the
steepest descent evolution. This guarantees the convergence of the MFEP and gives
us a reference value on how much we can reduce parameter tevol in comparison to
Tconv .
Finally, you can perform a one-dimensional umbrella sampling along the average transition path (or along the MFEP in case of steepest descent) to improve the
accuracy on the free energy barrier calculation.
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Chapter

5

Mapping the Free Energy Profile of the
Light-induced Unfolding of Photoactive
Yellow Protein
Large conformational changes in proteins are closely related to their biological function. Molecular simulation can complement experiments by providing insights into
biomolecular systems at high resolution in both time and space. Even though straightforward all-atom Molecular Dynamics (MD) simulations can now access the microsecond regime, modelling the kinetics of large conformational changes in proteins has been
limited to small model systems. Here we show that by applying the recently developed
path-metadynamics technique to the partial unfolding transition in a bacterial bluelight receptor, Photoactive Yellow Protein (PYP), we were able to identify all degrees
of freedom relevant to the complex reaction coordinate in this transition, as well as
find the most likely transition path. Moreover, path metadynamics enabled the computation of the free energy profiles along the most likely transition path, thus providing
a direct link with experimental data.
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Introduction

PYP is a water soluble blue-light photo receptor from Halorhodospira halophila, composed of 125 amino acids and a covalently bound chromophore (para-coumaric acid,
pCA) [1; 2; 3]. The protein folds into two domains: a Per-Arnt-Sim (PAS) core capped
by an N- terminal domain [4; 5]. Upon the absorption of a blue-light photon, PYP
undergoes many different conformational rearrangements, resulting in the formation
of the signaling state. The first steps in the signaling state formation constitute the
isomerization of pCA [6], on a picosecond timescale, followed by a proton transfer
reaction, taking place within microseconds. These rearrangements result in an intermediate pB 0 with pCA in a strained configuration and a negative charge on a buried
glutamate (Glu46 ) [7; 8; 9; 10]. As a consequence, the protein partially unfolds to
expose pCA and Glu46 to bulk water, thus completing the formation of the signaling
state pB [11; 12; 13]. The protein returns within seconds to the initial dark state,
thus completing the photo cycle.
Up to now, molecular simulation methods have been successfully applied to investigate the molecular mechanism underlying the light triggered conformational changes
in PYP [13; 14; 15; 16; 17; 18; 19; 20; 21; 22; 23; 24; 25; 26]. To study the proton
transfer, Leenders et. al. used a combination of Car-Parrinello molecular dynamics and classical molecular Dynamics (QM/MM) to show that the stabilization of
the charge of Glu46 during the deprotonation is related to the rearrangements of the
hydrogen bond network and to the internal rearrangements of the protein [17]. Enhanced sampling methods like replica exchange MD (REMD) and transition path
sampling (TPS) revealed the conformation of the signalling state and predicted that
the unfolding mechanism of PYP starts with the loss of helical structure in region
43-51 followed by the separate solvent exposure of Glu46 and pCA [13; 26]. Moreover,
these methods suggested the presence of intermediate states during the formation of
pB. PYP has also been an excellent model protein for the application of various
experimental techniques resulting in a wealth of information. For instance, by using
ultrafast spectroscopy techniques and time-resolved X-ray crystallography the initial
events of the photocycle were elucidated [27; 28]. Further into the photocycle, a timeresolved diffusion study revealed that the N- terminus region loses α-helical content
after the proton transfer [29]. Recent studies using pump probe X-ray solution scattering were performed to elucidate structural changes in the photo cycle suggesting
conformational changes including the protrusion of the N-terminal cap in pB state
[30].
With this qualitative understanding, the next step constitutes quantitatively mapping the free energy along these rearrangements. The free energy surface (FES) provides information about the probability of finding proteins in specific conformations
and it is directly related to chemical properties such as the rate constants and transitions states. Statistical mechanics relates the (Landau) free energy to projections
of ensembles of conformations. In principle, these ensembles can be obtained with
straightforward MD simulations, provided all relevant regions of the free energy sur-
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face are sufficiently sampled. However, many conformational changes in proteins occur
on long time scales, up to seconds. Such long time scales are usually associated with
high free energy barriers between (meta)stable states. Compared to the MD time
scale of femtoseconds, the crossing of these barriers is a rare event. Therefore, even
though straightforward MD can now access the microsecond regime, the sampling of
such traversals is still insufficient to accurately compute free energy profiles.
Metadynamics is a rare event method developed to overcome such difficulties, by
accelerating the rare event and thus improving the sampling of the barrier crossings
[31; 32]. Using a predefined set of collective variables (CVs), metadynamics introduces
a history dependent bias potential to drive the system to rarely sampled regions in
conformational space. Despite the success of metadynamics in sampling rare events,
the method becomes inefficient when computing a free energy landscape as a function
of more than three CVs. This is unfortunate since the unfolding process of PYP
requires many CVs to include all the relevant degrees of freedom. Omitting one of
these relevant CVs will not result in the correct free energy profile and will even suffer
from hysteresis.
In this chapter, we employ the recently developed path-metadynamics method
(see chapter 3) as an alternative approach to locate average reaction pathways and
calculate the free energy profiles along these pathways for the light-induced partial
unfolding of PYP. The path-metadynamics method introduces an additional variable
that represents a guess reaction pathway between (meta) stable states on a FES
described by a set of predefined CVs. By biasing the dynamics along this extra variable
with metadynamics and updating the path according to the mean probability density
in the CV space, the path evolves towards the locally most-likely reaction pathway
and simultaneously the biasing potential estimates the free energy profile along the
converged path. In contrast to conventional metadynamics, there is in theory no limit
to the number of CVs to be included in a path-metadynamics simulation. A relevant
CV missing in the set of selected CVs will result in significant differences in sampling
the reaction path forward and backward, a phenomenon known as hysteresis. As
hysteresis prevents the convergence of the free energy along the reaction path, we
can use the convergence criterion as a test for the sufficiency of the set of CVs. As a
direct result, the method can identify the CVs contributing to the most-likely reaction
coordinate in addition to estimating the free energy profile along this coordinate.
Anticipating our results, starting from the folded state pB’, we employed pathmetadynamics to sample the free energy profile of four subsequent transitions to
end up in the partially unfolded signalling state pB (see Fig. 5.1). Our findings
indicate that the initial unfolding of the helical region 43-51 is a thermodynamically
favourable process. We also find that the unfolded intermediate state Uα displays
heterogeneity characterized by two intermediate conformations: Uαclosed and Uαopen .
According to our results, the transition from the Uαclosed to state SE is the most
probable reaction path while intermediate Uαopen does not have a relevant role. The
highest barrier of the process appears during the solvent exposure of Glu46 followed
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pB'

U!closed
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2

pB
4

3
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Figure 5.1: Transitions between the intermediate metastable states from pB 0 to pB. The
black arrows represent the transitions between the metastable states where we have computed the average transition paths and mapped the free energy barriers ∆F ‡ . 1) Transition
from pB 0 to Uαclosed : A partial unfolding of the helical region 43 to 51 leads to state Uαclosed
where the residue Glu46 (red) is bonded to the backbone (green) and the residues T yr42
(blue) and T hr50 (Cyan). 2) Transition from Uαclosed to SE : This transition shows a direct
path from intermediate Uαclosed to the state SE where Glu46 (red) loses the bonds with the
backbone of region 47 to 49 (green) followed by its solvent exposure. This is the most likely
reaction pathway to intermediate SE . 3)Transition from Uαopen to SE : This is an alternative
pathway to SE that first visits intermediate Uαopen where Glu46 (red) has lost most of its
bonds with the backbone of region 47 to 49 (green) and reminds bonded with residue T yr42
(blue). The dashed arrow indicates that an alternative transition pathway from Uαopen to
SE was observed. 4) Transition SE to pB: Final exposure of the chromophore (yellow) to
water.

by a fast exposure of pCA to bulk water. This highest barrier is predicted to be in the
time scale of milliseconds. The analysis of relevant CVs indicates an important role
for residue Asn43 during the exposure of Glu46 possibly related to the protrusion of
the N-terminal cap reported during the partial unfolding of PYP [30; 33]. Moreover,
the analysis of the density of the CVs during the path-metadynamics simulations
confirms the existence of all the intermediate states between pB 0 and pB suggested
previously in Ref. [13]. The time constants reported for the partial unfolding of PYP
with different time resolved spectroscopy techniques [30] are in excellent agreement
with the time constant estimated for the highest barrier of the process found during
the water exposure of Glu46 . Additionally, the relevant role of residue Asn43 in the
formation of the signalling state can be tested using mutagenesis experiments.
In this chapter, we demonstrate that path-metadynamics method enables the com-
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putation of free energy barriers and atomistic details along the average pathways of
complex transitions that occur in the time scale of milliseconds. This approach opens
up a new way for studying complex conformational changes in signalling proteins and
allows for direct comparison with experiments.

5-2
5-2.1

Methods
Metadynamics

Metadynamics is a method to enhance the sampling of rare events and reconstruct
the free energy landscape in a few CVs [32] . These CVs are assumed to provide a
coarse-grained description of a system evolving under the action of a potential V (x)
in a canonical ensemble. In this method, the dynamics of the system is biased along
the set of CVs, {z(x)}, with an additional history-dependent potential Vbias (z(x), t)
consisting of a sum of gaussinans deposited along the CV trajectory of the system,

Vbias (z(x), t) =

X
t0 =τG ,2τG ,3τG ,... :

−|z(x) − z(xG (t0 ))|2
H exp
2w2
t0 <t




(5.1)

where H and w are the height and the width of the gaussians and xG (t0 ) denotes
the trajectory of the system under the action of a potential V (x) + Vbias (z(x), t).
The biasing potential will accelerate the sampling of the CV space by discouraging
the system to revisit previous configurations. Eventually, the sum of the bias potential
and the free energy will approximate to a constant, reconstructing the free energy as
a function of s(x) [34],
lim Vbias (z(x), t) → −F (z)

t→∞

(5.2)

Convergence of the free energy landscape will only occur if two criteria are met:
1) the CVs distinguish the initial state from the final and 2) all the slow degrees of
motion are included in the set of CVs. For more details on this method see Ref.
[31; 32].

5-2.2

Path-metadynamics

Path-metadynamics extends the metadynamics method by biasing the system along
a parameterized curve that is a function of other relevant CVs. By evolving this
curve on-the-fly we obtain the most likely reaction pathway between the metastable
states and estimate the free energy profile along the pathway with the converged
metadynamics bias potential. Since the bias is applied along the path, it is onedimensional, but it acts on all the CVs parametrically included in it. This allows to
obtain a one-dimensional free energy out of an intrinsically multidimensional event,
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and thus study complex transitions that require more CVs than can be dealt with in
a standard metadynamics simulation. The minimum free energy pathway obtained
represents the most likely reaction mechanism [35].
For two metastable states, A and B, a transition path is defined as a parametrized
curve s(σ) with s(0) ∈ A and s(1) ∈ B. The progress variable σ(z) of the transition
from A to B is associated to this curve as a projection of the CV space onto s(σ).
This projection reduces the CV space to a single free parameter σ(z). To enhance the
sampling of regions near the transition state, we use a one-dimensional metadynamics
bias potential Vbias (σg , t) (Eq. 5.1) on an initial guess transition path sg (σg ). The
subscript g indicates that the progress variable projects the space along a guess path.
The convergence of the guess path towards the most likely path between the stable
states is done by an iterative weighted average placing of the path in the direction of
the average density of the CVs,
sg (σg ) = hziσg .

(5.3)

where the average hziσg is defined as the average position in the hyperplane at σg
perpendicular to the path.
The guess transition path evolves according to Eq. 5.3 until its convergence to
the most likely reaction path. Once the path is converged, the metadynamics bias
potential will tend to an estimator of the free energy along the path-collective variable
(Eq. 5.2). For more details on this method see Ref. [35].

5-2.3

Finding a sufficient set of CVs

Free energy methods require a sufficient description of the relevant reaction coordinates. However, finding a priori this sufficient description, or CVs, is for complex
systems far from trivial. Omission of a relevant collective variables leads to convergence problems of the free energy, known as hysteresis. Since path-metadynamics can
include many different CVs, we developed a strategy to test the completeness of the
set of CVs describing a transition. When a CV describing a relevant slow mode is
missing from the set of selected CVs in a metadynamics run, it is observed that the
bias potential only fills the initial stable state basin and remains there due to a barrier in the hidden CV. The initial basin is then overfilled and eventually the system
reaches the final stable state. When crossing back to the initial state, the same effect
will occur resulting in a free energy profile that keeps changing unevenly along the
trajectory [36; 37]. This typical behaviour of the reconstructed free energy profile is
known as hysteresis.
Fig. 5.2 shows an example of hysteresis for the first transition in the light-induced
unfolding of PYP, the pB 0 to Uα , which involves unfolding of the helical region 43.
We first perform a path-metadynamics simulation along a fixed path s(σ), linearly
interpolated between two points describing the initial and the final state and using
five helical hydrogen bond distances as CVs in the backbone of region 43-51. The
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trajectory of the path variable σ(t) starts in state pB 0 at σ = 0 and it reaches the Uα
state at σ = 1 within 2.0 ns (Fig. 5.2 A). At the same time, the bias function fills
in the state pB 0 until crossing to Uα at around 2 ns (orange thick line in Fig. 5.2 B)
and fills in this minimum within 4 ns. Subsequently, the trajectory of σ(t) (shown
in Fig. 5.2 A) starts to cross back to the initial state reaching state pB 0 within 6
ns. However, the free energy profiles in Fig. 5.2 B show that during the recrossing to
pB 0 at around 5 ns (tick violet line) a minimum not observed previously appears at
σ = 0.7, indicating a change in the profile when crossing back to the initial state. The
minimum at σ = 1 grows then broader and the profile keeps changing with time. This
is a clear indication of hysteresis. If the shape of the free energy profile in the forward
crossing differs from the shape of the backward profile, hysteresis has occurred. By
visual inspection and chemical and topological intuition, we identify additional CVs
(see more details in section 5-4.1) and again perform a path-metadynamics simulation
along a fixed path, linearly interpolated between two stable states. This procedure is
repeated until hysteresis no longer occurs.
Hysteresis in the free energy profile can also occur when there is more than one
transition tube connecting two stable states. A transition tube is a channel of reaction
paths connecting two stable states. Different transition tubes on the FES are referred
to as branching of the paths. During a simulation the system can visit one transition
tube, but fall into a different tube if the free energy barrier separating the transition
tubes is in the order of the thermal fluctuations. As a consequence, if the new transition tube requires additional CVs in its description, hysteresis can occur. A solution
for this problem in a complex free energy landscape is to restrain the region visited
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by the CVs to be close to the fixed path by using a harmonic potential around the
path. This is effectively a narrow tube to confine the dynamics of the CVs as to avoid
branching. Avoiding hysteresis due to branching by using a tube potential allows us
to test the completeness of the set of CVs and get an estimation of the free energy
profile along each transition tube of interest (see example of branching in transition
pB 0 to Uα ).

5-3
5-3.1

Computational details
MD setup

All the simulations were performed with the molecular dynamics package, Gromacs
(version 4.5.4) [38], and the Gromos96 43a1 forcefield [39; 40]. The molecule was
solvated in a box of explicit water molecules using SPC model [41]. The system
was prepared with the same settings for the box size and charge as in ref. [13] The
parameters for pCA were obtained from Ref. [42]. The Van der Waals interactions
were cutoff at 1.4 nm, and particle mesh Ewald handled the electrostatics with a
grid spacing of 0.12 nm [43]. To obtain the values of the relevant CVs in the stable
states MD simulations were performed in the canonical ensemble (NVT) at 298.0 K.
The temperature was controlled by stocastical-rescaling thermostat [44]. We used the
linear constraint solver (LINCS) for interactions between protein atoms [45] and the
SETTLE algorithm for water interactions [46]. These settings allow us to choose a
time step of 2 fs for the MD integrator. All the settings for the path-metadynamics
were the same as for the MD runs .

5-3.2

Definition of CVs

To sample the various transitions we used several CVs, listed in Table 5.2 (see appendix
5.A). These CVs include distances between atoms, helical RMSD and number of
hydrogen bonds . The choice of these CVs was guided by previous proposals of reaction
coordinates [13] and by visual inspection and analysis of the trajectories during the
path-metadynamics simulations. Table 5.3 (see appendix 5.A) shows the definition of
the stable states for the fixed nodes of the initial path at σ = 0 and σ = 1.0 (for more
information about the definition of the stable states, see Appendix 5.A section).
The helicity hα3 was used for the description of the transition pB 0 → Uα [47] and
the transition Uαclosed → Uαopen . This CV compares the matrix of distances between
the backbone atoms N, CA, C,O and CB (computed every 6-residues) with the matrix
of distances between the backbone atoms of an ideal alpha helix, obtained from average
experimental structures (See definition of hα3 CV in appendix 5.A).
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Results

Upon light activation PYP undergoes a series of rearrangements including the partial
unfolding of the protein which were already characterized by previous studies (see
Ref. [13]). Fig. 5.1 shows the relevant metastable states identified. Starting in the
fully folded pB 0 state, region 43-51 ( helix α3 in green in Fig. 5.1) loses its α helical
structure, visiting Uα -type of intermediates where all the helical structure of α3 is
lost. Subsequently, Glu46 becomes exposed to bulk solvent visiting the intermediate
SE , followed by pCA leaving the protein interior resulting in the signalling state
pB. An alternative route is that pCA becomes solvent exposed first, resulting in the
intermediate Sx . This route is a dead end for the formation of the signalling state pB.
We use path-metadynamics to sample the three transitions between the intermediate states: 1) The unfolding of the region α3, pB 0 → Uα ; 2) The solvent exposure
of Glu46 , Uα → SE and 3) the solvent exposure of the chromophore, SE → pB.
Additionally, we explore the heterogeneity of the unfolded state Uα by mapping the
free energy profile between possible intermediate states of Uα found during the pathmetadynamics simulations.

5-4.1

Unfolding of the region α3

The first transition in the light induced unfolding of PYP is the pB 0 → Uα transition.
In this transition, region 43 -51 changes from an α helix into an unstructured loose coil,
and visits the intermediate state Iα . Helical hydrogen bonds, the helicity measured
by the α-helix RMSD and specific interatomic distances near to this region play an
important role in the mechanism. Some of these relevant parameters were previously
identified using TPS simulations and Likelihood Maximization Estimation (LME)
[13].
We selected all relevant CVs as described in the methods section to remove hysteresis. These CVs include the helical hydrogen bonds (dhb1, dhb2, dhb3, dhb4, dhb5),
the helicity hα3 which is a measure of the similarity of region 43 to 52 to an ideal
α-helix (see appendix 5.A for the definition of this variable) and the number of αhelical hydrogen bonds in the region α3 (collective variable nhbα3 in Fig. 5.3 A left).
These CVs resulted in a converged free energy profile along a fixed path connecting
pB 0 and Uα . Starting from this initial path σ, linearly interpolated between pB 0 and
Uα , we evolved the path every 5 ps in the direction of the average displacement of
the seven CVs. During the path evolution, the bias potential forces the system to
sample different conformations. Fig. 5.3 A (right panel) shows the evolution of the
path towards the average transition path between pB 0 and Uα on the representative
projections of the CV space for the helical distance dhb1, the number of hydrogen
bonds nhbα3 and the helical conformation variable hα3 . Additional representative
projections can be found in Appendix 5.B for this chapter. The initial path (green
line) evolves towards the average transition path (black line). The average transition
path has a curved shape in comparison to the linear shape of the initial path, indicat-
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ing that the helical hydrogen bonds are not broken simultaneously but in a specific
order during the transition. In the pB 0 state, the helical hydrogen bonds are formed
at dhb1 = dhb2 = dhb3 = dhb4 = dhb5 = 0.3 nm and the helical conformation hα3
is in its maximum value around 3.5 indicating that the structure of region α3 is close
to an ideal α-helix. Subsequently, distances dhb1 and dhb2 increase and the helical
conformation decays from hα3 = 3.3 to hα3 = 2.0, representing a marginally stable
intermediate identified in previous studies as Iα . Further unfolding towards the Uα
state involves the breaking of hydrogen bonds dhb3 and dhb4 and the further decay
of the helical conformation from hα3 = 2.0 to hα3 = 0.3. Distance dhb5 does not show
any correlation with the initial transition pB 0 → Iα , this hydrogen bond breaks only
upon reaching Uα . Fig. 5.3 A (middle) shows the free energy profile along the average
transition path. The free energy shows three minima along σ, representing pB 0 at
σ ≈ 0.1, the partially unfolded intermediate Iα at σ ≈ 0.6 and the unfolded state Uα
at σ ≈ 1.0. The conformations of the intermediates Iα and Uα sampled during the
path-metadynamics simulations are in good agreement with previous findings [13].
The free energy profile shows that the most likely unfolding transition of region α3 is
a downhill process where state pB 0 and intermediate Iα are separated by a relatively
low barrier of ∆F ‡ = 18.34 kJ/mol (see Fig. 5.3 A middle panel). A low barrier of
∆F ‡ = 6.2 kJ/mol separates Iα and Uα , indicating us that Iα is not stable enough
to be considered as a true intermediate state. The transition free energy from pB 0 to
Uα was calculated to be ∆F = 32.3kJ/mol, indicating that the partial unfolding of
region 43 to 51 is a thermodynamically favourable process.

5-4.2

Heterogeneity in the Uα state

During the initial path-metadynamics simulations from pB 0 to Uα the free energy
profile showed a very deep minimum in state Uα . Visual analysis of the trajectories
and the CVs projections showed that the state Uα displayed heterogeneity resulting in
branching. Due to missing CVs needed to characterize the different conformations of
Uα , the path variable σ takes a long time to push the missing slow degrees of freedom
back to state pB 0 resulting in the projection of a deep unphysical free energy minimum
onto the path. Fig. 5.1 shows two main conformations of Uα : Uαclosed and Uαopen . By
analysing the trajectories of the path-metadynamics simulations we found that these
conformations are two unfolded states that differ in the hα3 of the backbone of region
43 to 51 and the number of hydrogen bonds between Glu46 and the backbone. In the
state Uαclosed , Glu46 forms hydrogen bonds to the backbone region of residues 43 to
51 and is closed off from bulk water. In Uαopen the backbone region of residues 43-51
is not interacting with Glu46 thus allowing the entrance of water molecules into the
chromophore binding pocket. This heterogeneity was described also in ref. [13]. We
decided to find the set of CVs and the free energy profile along the transition Uαclosed
to Uαopen . After this characterization of Uα we corrected the depth of minimum Uα
of the free energy profile (Fig. 5.3 A middle) by adding the complete set of CVs and
confining the dynamics to a tube in order to sample the transition from pB 0 to Uαclosed .
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For the process of ‘opening’ of region 43 to 51, Uα can be characterized by the
hydrogen bonds between the backbone of region 47-53 and Glu46 (nhbsGlu46 ) and the
hα3 of region 43-51. The change in the hydrogen bond network between Glu46 and
the residues in the chromophore binding pocket during the ‘opening’ of region α3
was described by the distances dEY , dET , dXE , dY T and the distance between the
backbone of residues T yr42 and T hr50 , dYCA TCA . The changed in the α-helix RMSD of
region 43 to 52 was described by hα . We performed path-metadynamics to investigate
this bimodality. Tables 5.2 and 5.3 list the set of CVs used to describe the path and
the definition of the stable states. Fig 5.3 B (left) illustrates the set of CVs used to
describe this transition.

Fig. 5.3 B (right) shows the evolution of the path towards the average transition
path projected on the CV space. Starting in Uαclosed , Glu46 is interacting with the
backbone of residues 47-53 at nhbsGlu46 = 6.59. Subsequently, the distance between
Glu46 and region 47-53 increases, reducing the number of hydrogen bonds between
these groups to nhbsGlu46 ≈ 4.0. Region 43-51 further unfolds, as hα3 decreases from
0.125 to 0.075, initiating the ‘opening’ of the α3 region. The hydrogen bond network
in the chromophore binding pocket is then disrupted as distance dET increases and the
number of hydrogen bonds between Glu46 and region 47-53 decays to nhbsGlu46 ≈ 2.0,
allowing region 43-51 to unfold further at hα3 = 0.005, reaching state Uαopen . When
Glu46 loses the hydrogen bond with T hr50 (dET ), residue T yr42 will form a new
hydrogen bond with T hr50 , decreasing distance dY T from dY T =0.375 to dY T =0.275
and inducing the backbone of these residues to become closer. This is represented by
the decay of dYCA TCA from dYCA TCA = 1.194 to dYCA TCA = 1.0. Distance dXE does not
show correlation with the decay of hα3 and nhbsGlu46 and remains constant during the
transition. Fig. 5.3 B (middle) shows the free energy along the average transition path.
The free energy shows a minimum at σ = 0.2, representing Uαclosed . Around σ = 0.65
the free energy shows a small intermediate that represents the conformations of Uα
where Glu46 loses hydrogen bonds with the backbone of region 47 to 53. Uphill along
the free energy profile there is an intermediate Uαopen at σ ≈ 0.95 where region 43 to
52 has unfolded further, with lost hydrogen bonds between Glu46 and the backbone of
47 to 53 and a rearrangement of the chromophore hydrogen bond network. The free
energy profile shows that state Uα displays heterogeneity and Uαclosed is separated from
intermediate Uαopen by a barrier of ∆F ‡ = 36 kJ/mol. This means that the Uαclosed
conformation is much more stable in comparison to state Uαopen .The transition free
energy of Uαopen → Uαclosed is around ∆F = 20.7 kJ/mol. The free energy profile
indicates that a high barrier separates intermediates Uαopen and Uαclosed . This stability
was confirmed by performing 10 MD simulations starting from Uαclosed and starting
from Uαopen . We found that Uαclosed remains stable in all the MD simulations while
trajectories starting from Uαopen can visit Uαclosed or SE within a timescale of several
ns.
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Solvent exposure of Glu46

The next step in the light-triggered unfolding of PYP constitutes the solvent exposure of Glu46 . The set of CVs resulting in convergence of the free energy profile
include the distances of hydrogen bonds between Glu46 and the residues inside the
chromophore binding pocket dEX , dEY , dET , dXY and dN Y . The definitions of the stable states used to define the CV space of the path are listed in Table 5.3 in appendix
5.A. The CVs are represented graphically in Fig. 5.3 C (left). Initially, we started
the path-metadynamics simulations from the unfolded state Uαopen , which resulted
in hysteresis. The system visited stable state Uαclosed from which SE could also be
reached, thus inducing branching. The evolution of the path indicated that along the
average transition path there is a preferable route directly from Uαclosed to SE without
passing through Uαopen . For this reason we have sampled the free energy barrier of
the average transition path Uαclosed → SE . An estimation of the barrier along the
alternative route from Uαopen → SE was also computed during the simulation and it
is shown in (Fig. 5.3) as an alternative path with a dashed line.
Fig. 5.3 C (right) shows the initial linearly interpolated path (green line) and
its evolution to the average transition path (black line) on top of the projected CV
densities. Along the average transition path (see CV projections in Fig. 5.3 C (right)),
Glu46 initially forms hydrogen bonds with the residues in the chromophore binding
pocket. The hydrogen bond network in the binding pocket is intact, as represented by
the distances dEX = 0.3 nm and dEY = dET = 0.3 nm. This indicates that Glu46 has
not left the binding pocket yet. Subsequently, the distances from Glu46 to the residues
in the pCA binding pocket increase, indicating that Glu46 starts to leave the binding
pocket at dEX = dEY = dET = 0.6 nm. In Uαclosed , residue Asn43 is initially close to
the binding pocket as indicated by the distance from T yr42 , dN Y = 0.4nm. As Glu46
leaves the binding pocket, an increase in dN Y to 0.6 nm is observed indicating that
residue Asn43 has moved further from the binding pocket during the exposure of Glu46
to water (see CVs projections in Fig. 5.3 C and appendix 5.B). Further increase in
distances dEY and dET from 0.6 to 1.1 and distance dEX from 0.6 to 1.3 indicate that
Glu46 leaves the binding pocket and interacts with different water configurations as
evidenced by different distances from the binding pocket. These interactions explain
why SE is a broad and rugged state as shown in the CVs projections and the free energy
profile in Fig. 5.3 C (middle and right). Distance dXY decreases from 0.35 nm to 0.3
nm indicating that pCA is still inside the protein binding pocket. This is characteristic
of the SE state. Fig. 5.3 C shows the free energy along the average transition path
s(σ). The free energy profile shows that along the average transition path the states
Uαclosed and S are separated by a high barrier of ∆F ‡ = 32.2 kJ/mol. The free energy
difference between the two intermediates was calculated to be ∆F = 1.05KJ/mol.
Visual inspection of the free energy profile confirms that SE is a broad state where
the residue Glu46 is stabilized by water molecules in different positions. Eventually
Glu46 will be completely exposed. The Uαclosed → SE transition has the highest barrier
of the four processes in the formation of the signalling state.
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Figure 5.3: CVs, free energy profiles and path projections transitions pB 0 → pB. Left:
(A) CVs for transition pB 0 → Ualphaclosed including dhb1 (green), dhb2 (light green), dhb3
(yellow), dhb4 (orange), dhb5 (red) and the helicity variable hα3 (blue). (B) The CVs to
describe transition Uαclosed → Uαopen include nhbGlu46 (black lines), the distances dY E , dET ,
dXE and dY T (green lines), dYCA TCA (red line), and the helicity hα3 (blue line). (C) The CVs
for the exposure of Glu46 to water include the distances dXE (green), dXY (light green),
dEY (yellow), dET (orange) and dN Y (red). (D) For the exposure of pCA to water the CVs
include the distances dXY (green) and dXT (light green). Middle (A, B, C and D): Free
energy profile versus the path collective variable σ along the average transition path. Right
(A, B, C and D): The initial linearly interpolated path (green line) evolves to the average
transition path (black line) on the representative CVs density projections. For definitions
of the CVs see table 5.2 in appendix 5.A
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Solvent exposure of pCA

The final transition to pB consists of the solvent exposure of the chromophore. The
set of CVs used to describe this transition includes the distances dXY and dXT that
directly involve the interactions of the chromophore with residues T yr42 and T hr50 in
the binding pocket. Table 5.3 in appendix 5.A shows the stable state definitions for
the CVs.
Fig. 5.3 D (right) shows the projections of the initial linearly interpolated path
(green line) and its evolution to the average transition path (black line) on top of the
CVs densities. In the initial state SE , the chromophore is inside the binding pocket,
represented by the distances from pCA to the residues in the binding pocket T hr50 and
T yr42 at dXT = 0.7 nm and dXY = 0.6 nm. Further along the path, these distances
increase to dXT = 0.9 nm and dXY = 0.9 nm indicating that pCA starts to move away
from the binding pocket. Further increase in the distances to values dXT = 1.9 nm
and dXY = 2.0 nm indicates that pCA is completely exposed to water and outside the
protein, a hallmark of the signalling state pB. Fig. 5.3 D shows the free energy profile
along the average transition path σ. The free energy shows a minimum at σ = −0.05
representing SE and a minimum at σ = 0.8 representing state pB. Along the average
transition path these two states are separated by a barrier of ∆F ‡ = 11.0 kJ/mol.
At σ = 0.45 a plateau occurs, representing the chromophore interacting with more
and more water molecules until becoming fully exposed to bulk water in state pB at
σ = 1.0. pB is a broad state where the chromophore pCA is stabilized by water.

5-4.5

Time constants of the transition pB 0 to pB

Table 5.1 and Fig. 5.3 show the free energy barriers computed for all the transitions
sampled from pB 0 to pB. Our results indicate that the highest barrier of the process
occurs during the solvent exposure of Glu46 , either along the direct path Uαclosed to SE
or through the alternative path from Uαclosed to Uαopen . Both barriers are in the order
of ∆F ‡ = 34 ± 2.0kJ/mol. Calculating the rate with an estimated attempt frequency
time of 1 ns, kAB ∝ e−β∆F , the maximum time constant during the formation of
the signalling state is in the timescale of ms . The time constants determined from
previous studies done with different experimental techniques suggest a time range
between 1.5 ms and 18 ms [30] during transition pB’ to pB. This means that the
highest free energy barrier of the process has a time constant which is in agreement
with time scale of the process reported in experimental work.
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Transitions
pB 0 → Uαclosed
Uαclosed → Uαopen
Uαclosed → SE
Uαopen → SE
SE → pB

∆F ‡ (kJ/mol)
18.34
36.0
32.2
16.4
11.0

Table 5.1: Free energy barriers for the transitions from pB 0 to pB

5-5
5-5.1

Discussion
Intermediate states and molecular insight along the reaction paths

From the path-metadynamics simulations we can obtain the free energy profiles
along the unfolding transitions of PYP and calculate the free energy barriers of the
process. Moreover, the simulations provide high resolution atomistic insight for PYP
along the reaction paths. During the unfolding process of helical region α3, the
free energy profiles and the reaction paths indicate that the unfolding of α3 is a
thermodynamically favourable process where the helical hydrogen bonds break in
order along the average transition path. Additionally, analysis of the hysteresis in the
free energy profile and the set of CVs revealed the heterogeneity of the unfolded state
Uα with the existence of an intermediate Uαopen . This unfolded intermediate Uαopen
was reported previously in Ref. [13] and prompted us to characterize the transition
between these two intermediates: Uαclosed → Uαopen . The free energy profile along
the average transition path indeed shows (Fig. 5.3 B) that the unfolded state Uα is a
heterogeneous state where Uαopen is an small intermediate separated from Uαclosed by
an barrier of 12.39 kJ/mol, while Uαclosed is a more stable intermediate state separated
from Uαopen by a barrier of 36.0 kJ/mol. Further investigation and visual analysis of
the trajectories of the transition between the Uα intermediates and the intermediate
SE (Fig. 5.3 C) indicated that along the average transition path a direct transition
between Uαclosed and SE without passing through intermediate Uαopen can occur. This
observation suggests that the transition along the solvent exposure of Glu46 takes place
as the scheme suggested in Fig. 5.1 where the Uαopen → SE is not the most probable
transition. Once the helix is unfolded, water can access the chromophore binding
pocket inducing the solvent exposure of Glu46 towards SE with a high free energy
barrier of 32.2 kJ/mol. The final step towards the signalling state pB constitutes the
exposure of pCA to water. Our simulations indicate that this process has a free energy
barrier of 11.0 kJ/mol. This means that the last step towards pB is a relatively fast
transition in which pCA gets hydrated and subsequently leaves the binding pocket
to be stabilized by water. As the free energy profiles indicate in Fig. 5.3 C and D
(middle), SE and pB are broad minima due to the diffusive behaviour of Glu46 and
pCA in water.
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Figure 5.4: Distance between Asn43 and the N-terminus along different intermediates from
pB 0 to pB. (A) In state pB 0 the residue Asn43 (orange) forms a hydrogen bond (blue line)
with residue Leu23 (red) in the N-terminus (Green). (B) In state SE , residue Asn43 breaks
this bond with the N-terminus and moves near the chromophore binding pocket while the
N-terminus seems to become more extended. (C) In state pB, the distance between residue
Asn43 and Leu23 decreases while the N-terminus is still extended.

None of the CVs used to the describe the transitions of the light-induced unfolding
of PYP involve water molecules directly. This is a surprising finding, as water is
essential in this process, for example illustrated by the observation that lower humidity
slows down the formation of the pB state [48]. Nevertheless, the absence of hysteresis
in the free energy profiles, as well as the successful recrossings to all stable states
are clear indications that the sets of selected CVs are sufficient to properly sample
the transitions. The CVs that are included involve distances between residues that
form hydrogen bonds in the fully folded conformation. An increase in these distances
indicates that the hydrogen bonds are broken and furthermore, implies that the former
hydrogen bond partners are now involved in hydrogen bonds with water molecules.
This implication has the consequence that the free energy profiles do depend on the
water density in an indirect manner.
The analysis of the CVs based on the hysteresis in the free energy profiles during
the solvent exposure of Glu46 revealed an important role for residue Asn43 . Visual
inspection of the simulations showed that residue Asn43 detaches from the N-termnial
cap during the unfolding of region 43 to 51 and the solvent exposure of Glu46 . Fig. 5.4
shows the distance between the Asn43 and the N-terminal cap for states pB 0 and SE
and the conformational changes in the N-terminual (green). Previous experiments
showed that the N-terminal cap expands during the photocycle [30; 33]. Moreover,
studies of mutation of Asn43 in PYP [49] have indicated the important influence
of Asn43 in the life time of the signalling state pB. This could explain the need of
including in the CVs the distance between Asn43 and the chromophore binding pocket
during the photcycle. As we have stated previously, the relevant role of residue Asn43
in the formation of the signalling state could be tested by mutagenesis experiments.
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Changing Asn43 to alanine, leucine or glutamine could test the effect in the protrusion
of the N-terminal and the success in the formation of the signalling state pB.

5-5.2

Path-metadynamics for the study of complex transitions

We have shown that the path-metadynamics method can be successfully applied to
study the unfolding of PYP, thus enabling the study of complex transitions occurring
in the time scale of milliseconds. In contrast to straightforward MD which would
require long waiting times to sample such transitions, path-metadynamics combines
flexible path reaction coordinates with bias potentials to enhance the sampling. This
results in average transition pathways and free energy profiles, providing an estimate
of the free energy barriers of the process and unique molecular insight. The computational time spent, ranging from 20 to 40 ns, in the path-metadynamics simulations
is orders of magnitude less than straightforward MD. By defining a path reaction
coordinate as a function of relevant CVs, it is possible to choose a high-dimensional
space of CVs describing a transition without additional computational cost. Moreover,
analysing the hysteresis in the trajectories of the CVs and the free energy profile, allows a strategy to test the sufficiency of the CVs to describe a process. We stress that
although the set of CVs found in this work provides a sufficient picture of the reaction
coordinate for a biasing method, the selection of the CVs is not unique and other
combinations could be used with other methodologies. Using other approaches like
committor analysis in the future could provide additional tests for the set of CVs and
transition states found by path-metadynamics in this work. Finally, the free energy
barriers along the average transition path for complex processes yields information
about the time constants, which can be compared directly to experiments.
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Appendix 5.A
5.A.1

Computational details

Set up of path-metadynamics

We have implemented Path-Metadynamics method in the PLUMED plugin code for
free energy calculations [50], which works together with the molecular dynamics package GROMACS (version 4.5.4). Path-metadynamics requires the selection of an initial
path connecting the metastable states. The initial paths were selected as a linear interpolation of equally separated points in the CVs space between the stable states.
Two points of the path represent the metastable states and they are kept fixed during
the simulations. The rest of the points can evolve freely towards the most likely reaction path. Definitions for the fixed points in the CVs space are listed in Table 5.3. The
initial paths for all the transitions have 20 points between the stable states. We have
added 10 additional points in the tail and the head of the path to make sure that our
projection variable σ(s) is defined along the entire path and metastable states. The
path was updated in the direction of the CVs densities every 5 ps for all the transitions
sampled. To avoid the exploration of transitions outside the basins of interest we have
also added walls (repulsive potential Vrep = k(σ − σ0 )2 where k = 104 kJ/mol is the
force constant) in the maximum and minimum value of the path-collective variable,
σ = 0 and at σ = 1.
The choice of the metadynamics parameters for the path-collective variable σ(s),
the width w and the height H and the deposition time of the hills, was done to get
an accurate height of the free energy barriers. For high accuracy, an small value of H
was chosen following the criteria of ref. [51] to avoid pushing the system outside the
basin of interest and into higher free energy regions where additional conformational
changes of the protein can happen. After testing we found that adequate parameters
for each transition were the following: For the initial unfolding of the helical region
43-51 we use H = 0.2 kJ/mol, w = 0.05 and the deposition frequency of 10 ps. For
the exposure of the Glu46 and the chromophore pCA to water we have set H = 0.4
kJ/mol, w = 0.05 and the frequency of addition to 10 ps. For the transition of the
unfolded states Uαclosed to Uαopen we use H = 0.2 kJ/mol, w = 0.05 and deposition
time of 2ps. For the exposure of pCA we have used H = 0.4 kJ/mol, w = 0.05 and a
deposition time of 2 ps.
The convergence of the path requires a few recrossings of σ between the stable
states in order to get sufficient statistics for the average position of the CVs in the
high free energy regions of the transition tube. However, some transitions are terminated after one recrossing of σ to estimate the height of the free energy barrier,
to avoid pushing the system outside the basin of interest (transition pB 0 → Uαclosed
and Uαclosed → Uαopen ) [51]. The strategy to solve this problem was to evolve the
path during the first recrossing and then select this final path as a re-starting initial
path for the next path-metadynamics simulation. Repeating this procedure we can
converge to the average transition path in subsequent path-metadynamics runs.
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5.A.2

Adaptive algorithm for the convergence of the free energy profiles

To converge the free energy profile we have implemented an algorithm in the PLUMED
package that consists of the scaling of the hills in the metadynamics potential. The
path-collective variable will have a value σ(z) = 0 in the initial stable state A and
σ(z) = 1 in the second stable state B. This algorithm will monitor the crossing of
the path collective variable to the stable state B and the recrossing to the initial
stable state A. Every time there is a recrossing of the path-collective variable, the
height H and the width w are scaled by a constant factor. After a few re-crossings
the free energy profile will be flat, giving an accurate estimation of the barriers. The
value that we choose for the scale factor depends on the size of the height H and the
width w in the metadynamics potential. We usually scale the hills size to get some
recrossings so that the path can converge and the regions near the transitions states
are sampled. We use this adaptive algorithm mainly in the transition Uα → SE and
transition SE → pB. The scale factor of the width w was set to 0.9 and the scale
factor of the height H was set to 0.8 in these simulations.

5.A.3

CVs to describe the transitions

To sample the various transitions we used several CVs listed in Table 5.2. These
CVs include distances between atoms, helicity measured by RMSD of distances and
number of hydrogen bonds . The choice of these CVs was guided by previous proposals
of reaction coordinates [13] and by visual inspection and analysis of the trajectories
during the path-metadynamics simulations.
The helicity hα3 was used for the description of the transition pB 0 → Uα and the
transition Uαclosed → Uαopen . This CV compares the matrix of distances between the
amino acid backbone positions (N, CA, C,O and CB) of the protein to the matrix
of distances of an ideal α-helix obtained from average experimental structures [47].
The matrix of distances is calculated for six consecutive residues and the comparison
with the ideal α-helix is done by computing the RMSD of the distance matrices.
This variable then measures the amount of alpha secondary structure by defining a
differentiable function of the atomic coordinates:
hα3 =

X 



0

n RMSD {Ri }i∈Ωα , {R }



(5.4)

α

with
RM SD({Ri }i∈Ωα , {R0 }) =

v
u
u
t

1
Npairs

X 

dij − d0ij

2

i,j∈Ωα

where n is a function switching between 0 an 1, {Ri }i∈Ωα are the atomic coordinates
of the set Ωα = {N, CA, C, O, CB} of six residues of the protein, {R0 } are the corresponding atomic positions for the ideal α-helix and dij are the matrix elements,
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Table 5.2: Collective variables used to characterize the transitions from pB 0 to pB

Collective Variables
Distances between atoms
ASN43-O - GLY47-N
ALA44-O - ASP48-N
ALA45-O - ILE49-N
GLU46-O - THR50-N
GLY47-O - GLY51-N
GLU46-CD - HC4-O4a
TYR42-OH - HC4-O4a
THR50-OG1 - HC4-O4a
GLU46-CD - TYR42-OH
THR50-OH - TYR42-OH
THR50-OH - GLU46-CD
ASN43-CG - TYR42-OH
TYR42-CA - THR50-CA
Others
Number of Hydrogen Bonds
Helicity
Number of Hydrogen Bonds Glu46 - residues 47-53

Name
dhb1
dhb2
dhb3
dhb4
dhb5
dEX
dXY
dXT
dEY
dY T
dET
dN Y
dYca Tca
nhbα3
hα3
nhbGlu46

defined as the distances between the atomic coordinates of Ωα . The sum over α runs
over all the six residue segments of the protein region that we want to measure. Each
of the residues is defined based on the positions of the backbone atoms N, CA, C, O
and CB. In the glycine residue, the CB atom is missing and we instead use the atom
index for the corresponding hydrogen. The switching function n[r] is given by


1

for r ≤ 0

n[r] =  1−( rr0 )n
 1−(

(5.5)

for r > 0

r m
)
r0





where n = 8 and m = 12 With r = RM SD {Ri }i∈Ωα , {R0 } and r0 = 0.8 Å (these
values were taken from Ref. [47]).
The helicity values that define the metastable states pB 0 , Uαclosed and Uαopen were
calculated by selecting the backbone atoms of the 9 residues in region α3 (residues 4351). In this case, the helicity hα3 will compare the matrix of distances (for consecutive
six residues) in the region 43 to 51 to the matrix of an ideal α-helix, resulting in
values between 0 an 4, where value 0 represents the unfolded helix and the maximum
4 represents the ideal helical conformation.
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5.A.4
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Stable states definitions

To define the metastable states in the CVs space (pB 0 , Iα , Uα , SE and pB) we computed the histograms of several molecular dynamics trajectories of the system. The
initial structures of the metastable states, required to compute the histograms from
MD simulations, were taken from REMD simulations [16]. For the initial unfolding of
the helical region 43-51 we computed the histogram of 31 trajectories of 15 ns. For the
unfolded states Uαclosed and Uαopen we colected 15 MD trajectories of 20 ns per state.
For the exposure of Glu46 and the chromophore pCA we have obtained the histogram
of 15 trajectories of 15 ns. Table 5.3 lists the values for the definition of the stable
states in the different CVs selected for each transition occurring during the unfolding
process of PYP.
Table 5.3: Stable states definitions

Order Parameters
dhb1α3
dhb2α3
dhb3α3
dhb4α3
dhb5α3
nhbα3
hα3

[nm]
[nm]
[nm]
[nm]
[nm]

nhbGlu46
hα3
dY E [nm]
dET [nm]
dXE [nm]
dY T [nm]
dYCA TCA
dEX [nm]
dXY [nm]
dEY [nm]
dET [nm]
dN Y [nm]
dXY [nm]
dXT [nm]

Initial stable state
pB 0
0.3407
0.3314
0.3842
0.3234
0.3296
2.7033
3.3971
Uαclosed
6.59
0.106
0.337
0.389
0.534
0.360
1.194
Uαclosed
0.274
0.363
0.565
0.366
0.425
SE
0.726
0.578

Final stable state
Uαclosed
0.6784
0.9626
0.7572
0.6592
0.3479
0.3733
0.0851
Uαopen
0.233
0.05
0.314
0.476
0.616
0.267
0.990
SE
0.281
1.150
1.329
1.090
0.550
pB
1.969
1.890
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Appendix 5.B
5.B.1

Complementary results

Representative path projections for transitions from
pB 0 to pB

Figs. 5.5, 5.6, 5.7 and 5.8 show additional representative projections for the average transition paths used in the description of the detail mechanism of the different
transitions paths sampled from pB 0 to pB using path-metadynamics method.
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Figure 5.5: Inital path and average transition path of pB 0 → Iα → Uα transition. The
initial linearly interpolated path (green line) evolves to the average transition path (black
line) on the density plots of the CVs.

5.B.2

Re-crossings of the path collective variable σ and the
CVs as a function of time

Figs. 5.10 and 5.9 show the trajectory of the CVs and the re-crossings of the path
collective variable σ during the path-metadynamics simulations, for transitions pB 0 →
Ualpha , Uαclosed → SE , Uαclosed → Uαopen and SE → pB.
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Figure 5.6: Initial path and average transition path of transition Uαclosed → Uαopen . The
initial linearly interpolated path (green line) evolves to the average transition path (black
line) on the density plots of the CVs.
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initial linearly interpolated path (green line) evolves to the average transition path (black
line) on the density plots of the CVs.
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Figure 5.9: CVs as a function of time during the path-metadynamics simulations for the
transtions between intermediates from pB 0 to pB. (A) Transition pB 0 → Uα . (B) Transition
Uαclosed → Uαopen . (C) Transition Uαclosed → SE and (D) transition SE → pB.
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Figure 5.10: Path-Collective variable σ as a function of time during the pathmetadynamics simulations for the transtions between intermediates from pB 0 to pB. (A)
Transition pB 0 → Uα . (B) Transition Uαclosed → Uαopen . (C) Transition Uαclosed → SE and
(D) transition SE → pB.

Chapter

6

Predicting the Mechanism of
Dissociation/Formation of the GCN4
Leucine Zipper Domain
The leucine zipper domain of the yeast transcription factor GCN4 is one of the
most studied coiled coils in globular proteins and it has served as the basis of several
studies on the fundamental relation between the amino acid sequence and protein
folding. Leucine zipper consists of alpha-helical monomers dimerized into a coiled
coil of 33-residues with predominating VAL and LEU hydrophobic residues that form
the hydrophobic core of the dimer. In this work, we employ MD simulations and
the path-metadynamics method to elucidate the dissociation/formation mechanism of
the complex GCN4 leucine zipper between the native state (N) and the denatured
state (D). We have identified some relevant degrees of freedom participating in the
process of formation of the complex to characterize the likely transition pathways.
Our results indicate that the transition does not occur along a single robust pathway
but exhibits transition state heterogeneity. Moreover, the free energy profiles obtained
along the average transition pathways indicate that the most likely mechanism occurs
through an intermediate characterized by the dissociation of the N-terminal (I) and
the partial loss of helical structure of the dimer. Experimental studies have confirmed
the strong stability of the C-terminal and have suggested a probable pathway through
this intermediate state.
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Introduction

Coiled coils proteins play many different roles in nature, e.g. as oligomerization domains, as mediators of transmembrane signalling and as part of cellular scaffolding
[1; 2]. They are also important for the design of biomaterials [3]. It has been estimated
that ∼ 3 % of all the protein sequences across known genomes fold into α-helical coiled
coils [4].
The coiled coil is a structural motif in which 2-7 α-helices are coiled together as
the strands of a rope. One turn in a coiled coil α-helix consists of 3.6 residues, so ∼ 7
residues form two helical turns called a heptad. Such a heptad has a specific pattern,
abcdef g, recognizable at sequence level. In the heptad repeats of a coiled coil sequence
the positions a and d are hydrophobic. Such sequences form an amphiphilic structure
with a hydrophobic strip along one face of the helix which can drive the assembly of
a rope-like superhelical quaternary structure with a slight left-handed twist.
Coiled coils occur as long stretches in fibrous proteins and as shorter stretches
in globular proteins. One of the most studied coiled coils in globular proteins is the
leucine zipper domain of the yeast transcription factor GCN4 [5; 6]. This domain,
known as GCN4-p1, is an α-helical coiled coil 33-residue long with predominantly VAL
and LEU hydrophobic residues in the a and d heptad positions forming a hydrophobic
core in the dimer [6; 7; 8]. In the third heptad repeat a position a single residue Asn
forms the only polar contact of the dimer core which has been found to play an
important role in dictating the oligomerization state [1; 2; 9; 10]. Fig. 6.1 shows
schematic representations of the dimeric core of part of GCN4 binding to DNA and
the seven amino acid positions (a, b, c, d, e, f, and g) found in each heptad. The e
and g positions of GCN4-p1 contains charged amino acids that stabilize the structure.
Positions b and c contain amino acids mostly solvated, while position f can contribute
to the stability of the coiled coil due to its high helical propensity.

Figure 6.1: Leucine zipper GCN4 structure. Right: The x-ray structure of the domain
GCN4 protein bound to a double stranded DNA. Right: Schematic representation of the
interactions between g and e positions (up) and a helical wheel diagram of the positions
abcdef g of the dimer (down). Image taken from [7].
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The GCN4-p1 domain has been the basis for a large number of studies on coiled coil
folding. The pathways and stability of conformational transitions or dimer formation
have been studied with different experimental techniques including NMR [11; 12; 13;
14; 15; 16; 17; 18], circular dichroism spectrometry (CD) [19; 20; 21; 22; 15; 16; 17;
23], chromatography [24], calorimetry [15] and stopped-flow kinetics [25; 26; 27]. In
1998 Kammerer et al. [28] postulated the idea of the trigger sequence playing an
important role in controlling coiled coil formation by amino acid stretches folding
into monomeric helices. This idea was supported by the diffusion collision model
(D-C model), [29; 30; 31] which proposes that the formation of the dimer involves
the collision of two preformed relatively stable alpha helices instead of two unfolded
chains. In this model, the trigger sequences of the monomers form an α-helix structure
constituting a nucleation site that promotes the collision of the chains passing through
the transition state and forming the dimer (See Fig. 6.2 left). This prediction has been
supported by the observations that helix formation is faster than the overall folding
rates [32; 33] and by the presence of helical structure in the folding transition state
[34; 23]. However, trigger sequences of different proteins show considerable diversity
and the dimerization process is not always sensitive to mutations, contradicting the
prediction of a trigger sequence based on primary structure analysis [16; 13]. Moreover,
the correlation between the rates and the increase of helical propensity could also
support the opposing model in which unstructured chains collide first followed by
the formation of α-helical structure (See Fig. 6.2 right) [26]. Thus, the mechanism
followed by the monomers to form the complex is not yet clear.
Another crucial question on the folding mechanism of GCN4-p1 is whether the
process occurs along a single robust pathway or via several energetically comparable
routes. Earlier experimental studies suggested that the formation/ dissociation process of GCN4-p1 represents an almost perfect two state transition [11; 12; 13; 19; 20;
21; 22; 25]. Nevertheless, this conclusion has been challenged recently by different
experiments using Fourier transform infrared (FTIR) [35; 13], calorimetric measurements [15] and ultraviolet resonance Raman (UVRR) [36] suggesting that the folding
pathway has at least one or two intermediates. Computational studies using a simplified model of the temperature induced unfolding process supports this multiple state
model. Moran et. al. [34] explored the effects of multisite substitutions concluding
that folding of GCN4-p1 can occur along multiple routes with nucleation α-helical
sites located throughout the protein and that the folding routes critically depend on
the chain topology. It is yet unclear which of these structures are intermediates in the
folding pathway.
A third central controversy of the folding mechanism of GCN4-p1 is about the
relevant interactions that participate during the dimerization of GCN4-p1. It is generally well accepted that the interaction of the hydrophobic residues plays a key role
in the formation of the dimer, principally the leucine and valine residues in the a and
d positions. On the other hand, polar residues in the centre of the hydrophobic core
are evolutionary conserved and have been proposed to play an important role in de-
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Figure 6.2: Schematic representation of the diffusion collision (D-C) model and the nucleation condensation (N-C) model for the folding pathways of GCN4-p1. Left: The initially
unstructured trigger sequences of the C-terminal (D-state) form α-helical regions (I-state)
that constitute a nucleation site in the transition state (TS) where the helices then zip-up
along the molecules to form stable coiled coils (N). Right: The initial unstructured chains
(D-state) collide fist forming the intermediate state I enhancing the formation of α-helical
structure in the transition state (TS) followed by the formation of the stable folded coil
coiled (N).

termining the number of strands in coiled coils [1; 2; 9; 10]. Harbury et. al. [37] have
suggested that not only the pattern of hydrophobic and polar amino acids is sufficient
to determine the formation of the coiled coil but also the shape of buried side chains
are essential determinants of the fold. However, the effect of these interactions has
not been fully explored.
Computational approaches such as Molecular Dynamics (MD) and Monte Carlo
(MC) can offer a complementary view to understand the formation/dissociation process of coiled coils like GCN4-p1 in atomistic detail. Up to now, straightforward MD
simulations reported in literature [38; 39; 40] have addressed the spontaneous formation and the relative stability of coiled coils using simplified models and full-atom
structures of the GCN4-p1 domain. MC lattice models [41; 42; 43] have shown that
an initial loss of helical content before the dissociation of the chains is followed by
the complete loss of helical content in GCN4-p1, thus supporting the multiple state
model of the transition. Recently, advanced computational techniques like Hamiltonian Replica Exchanged method [44] has been employed to study the possible configurations visited by GCN4-p1 during the folding and dissociation process. However,
from the perspective of MD simulations, the folding/dissociation process of the leucine
zipper is still challenging due to the presence of many free energy barriers, arising from
a high dimensional free energy landscape. Moreover, the long time scales of the process associated with large free energy barriers present an additional computational
challenge since they can be seen as rare events barely reachable by straightforward
MD simulations. To our knowledge, no concluding characterization of the transition
pathways has been performed to study the formation/dissociation process of GCN4
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leucine zipper using computational techniques.
In this chapter, we employ MD simulations in combination with the path-metadynamics
method [45] to elucidate the formation/dissociation mechanism of the GCN4 leucine
zipper. Path-metadynamics allows us to study highly multidimensional molecular
rare events. Using a predefined set of specific descriptors, called collective variables
(CVs), it simultaneously optimizes the average reaction pathway and calculates the
free energy profile along the transition. Here we employed path-metadynamics to
sample the transition pathways and the free energy profiles starting from the native
state N to end up in the denatured state D (see Fig. 6.3).
The chapter is organized as follows. First, we mapped out several pathways using
path-metadynamics to investigate the various possible transition routes of formation
and dissociation of the complex GCN4-p1 propsed by Moran et. al. [34] (see Fig. 6.4).
In section 6-3.1, we attempted to sample the full transition from the native sate N to
the denatured state D, but due to missing collective variables, we were only able to
identify two possible unfolding/dissociation routes and not the free energy profiles of
the process. Next, due to the difficulty to find relevant order parameters in the full
complex transition from N to D, we separated the different processes. In section 6-3.2,
we first investigated the unfolding mechanism of a GCN4-p1 monomer in isolation and
in presence of another monomer and then, we focused on the dissociation mechanism
of two helices that were not allowed to unfold. Our findings reveal the relevance
of both processes and provide insights into the formation/dissociation mechanism of
GCN4-p1.

6-2
6-2.1

Methods
Molecular dynamics

All the simulations were performed with the molecular dynamics package Gromacs
(version 4.5.4) [46], and the OPLS-AA forcefield [47; 48]. The molecule was solvated
in a box of explicit water molecules using the TIP4P water model [49]. As an starting
point we use a crystal structure (Protein Data Bank (PDB) entry 2ZTA [6]). The
structure was placed in a periodic dodecahedron box of water with a minimum solvation layer of 2.5 nm. Water molecules initially located in the internal hydrophobic
cavities were removed. We added 65 Na+ and 67 Cl− ions to neutralize the +2 charge
on the protein complex and set the concentration to approximately 150 mM. An energy minimization was perfomed using the conjugate gradient method for 972 steps.
A 10 ps equilibration run was performed for the relaxation of the water molecules, the
protein and the box volume. The Van der Waals interactions are treated with a cutoff
of 1.4 nm, and particle mesh Ewald handled the electrostatics with a grid spacing
of 0.12 nm [50; 51]. The MD simulations performed to characterize the stable states
were done using the canonical ensemble (NVT) at 298.0 K. The temperature was controlled by a stochastical-rescaling thermostat [52]. We use the linear constraint solver
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(LINCS) for interactions between protein atoms [53] and the SETTLE algorithm for
water interactions [54]. These settings allow us to choose a time step of 2 fs for the
MD integrator.

6-2.2

Path-metadynamics

The path-metadynamics method is an extension of artificial bias potential methods
such as metadynamics [55; 56] to accelerate the system along a rare reactive transition
where two stable states are separated by large free energy barriers. Additionally,
by exploiting the analytical description of path-collective variables [57], the method
optimizes an initial guessed pathway towards the average transition path connecting
two stable states and thus finds the most probable mechanism of the transition. In
this approach, a transition path is defined as a parametrized curve s(σ) connecting
two stable states. The progress of the transition is associated to this curve as a
projection of the CV space onto the pathway. This projection yields the additional
free parameter σ that is a function of the whole set of CVs and takes values between
0 and 1 representing the initial and final stable states respectively. By adding a onedimensional metadynamics bias potential as a function of the parameter σ we enhance
the sampling of regions near the transition state. Simultaneously, the convergence of
the guess initial path towards the average transition path is achieved by an iterative
weighted average placing of the path in the direction of the average density of the CVs.
Once the path is converged, the metadynamics bias potential will tend to an estimator
of the free energy along the path-collective variable σ. Since the bias is applied along
the path, it is one-dimensional, but it acts on all the CVs parametrically included
in it. This allows us to obtain a one-dimensional free energy out of an intrinsically
multidimensional event and study complex transitions that require more CVs than
can be dealt with in a conventional metadynamics simulation. The pathway obtained
represents the most likely reaction mechanism. For more details on this method see
Ref. [45].

6-2.3

Collective variables

Using various collective variables (CVs) we aim to characterize the transitions in the
formation of the complex GCN4 leucine zipper. These CVs include the distances
between the Cβ atoms of the residues in the hydrophobic core, dhci with i = 1, .., 8,
and the distance between the Cβ atoms of the polar residues Asn16 and Asn47 , dAsn ,
to describe the collision of the monomers. Other CVs include the helicity of the
monomers hα1 and hα2 (CV described in Chapter 5, Appendix 5.A), the number of
helical hydrogen bonds (nhb1 and nhb2 ) and the helical bond distances (dhbi with
i = 1, .., 21) between N and O atoms to describe the folding/unfolding process of the
dimer. Table 6.1 lists the CVs we have used to characterize the pathways.
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Table 6.1: Collective variables used to characterize the different transitions of the unfolding/dissociation process in Leucine zipper.

Collective Variables
Distances between atoms
Hydrophobic contacts
MET2-CB - MET33-CB
LEU5-CB - LEU36-CB
VAL9-CB - VAL40-CB
LEU12-CB - LEU43-CB
LEU19-CB - LEU50-CB
VAL23-CB - VAL54-CB
LEU26-CB - LEU57-CB
VAL30-CB - VAL61-CB
Distance between polar residues
ASN16-CB - ASN47-CB
Helical hydrogen bonds distances
LYSH8-N - GLN4-O
VAL9-N - LEU5-O
GLU10-N - GLU6-O
GLU11-N - ASP7-O
LEU12-N - LYSH8-O
LEU13-N - VAL9-O
SER14-N - GLU10-O
LYSH15-N - GLU11-O
ASN16-N - LEU12-O
TYR17-N - LEU13-O
HISB18-N - SER14-O
LEU19-N - LYSH15-O
GLU20-N - ASN16-O
ASN21-N - TYR17-O
GLU22-N - HISB18-O
VAL23-N - LEU19-O
ALA24-N - GLU20-O
ARG25-N - ASN21-O
LEU26-N - GLU22-O
LYSH27-N - VAL23-O
LYSH28-N - ALA24-O
Others
Helicity region 1-31 (Alpha RMSD)
Helicity region 31-62 (Alpha RMSD)
Number of helical Hydrogen Bonds (region 1-31)
Number of helical Hydrogen Bonds (region 31-62)

Name

dhc1
dhc2
dhc3
dhc4
dhc5
dhc6
dhc7
dhc8
dAsn
dhb1
dhb2
dhb3
dhb4
dhb5
dhb6
dhb7
dhb8
dhb9
dhb10
dhb11
dhb12
dhb13
dhb14
dhb15
dhb16
dhb17
dhb18
dhb19
dhb20
dhb21
hα1
hα2
nhbα1
nhbα2
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Figure 6.3: Transition between stable states N and D. The dashed lines indicate the
distances of the hydrophobic contacts (dhc1 , dhc2 , dhc3 , dhc4 , dhc6 , dhc7 , dhc8 , dhc9 ) and
the distance between the polar residues Asn43 (purple). The helicity variables are indicated
by hα1 (gray) and hα1 (pink).

6-2.4

Set-up of path-metadynamics simulations

We use path-metadynamics simulations to elucidate the mechanism of formation of
the complex GCN4 leucine zipper. The path-metadynamics method requires an a
priori selection of collective variables to describe the transition and a definition of the
stable states. Our first attempt to define a set of collective variables was based on
the relevant interactions proposed to participate during the dimerization of GCN4-p1
[1; 2; 9; 10; 37]: (1) The interactions of the hydrophobic core residues (dhc1 , dhc2 , dhc3 ,
dhc4 , dhc6 , dhc7 , dhc8 ), (2) the interaction between the conserved polar residues Asn16
and Asn47 (dAsn ) and (3) the helicity parameters, hα1 and hα2 to describe the folding
of each monomer. The CVs hα1 and hα2 measure the deviation from the ideal α-helical
structure of the two monomers. Fig. 6.3 shows the different collective variables used
to characterize the transtion between the folded/associated native state N and the
unfolded/dissociated state D highlighted with different colours. The initial structure
of state D was obtained from a MD simulation of 10 ns at a temperature of 700 K. We
have performed an initial characterization of N and D using MD simulations to define
positions of the stable states in the space of CVs. This characterization consists of
the histograms of the CVs computed from 10 MD trajectories of 20 ns for both stable
states N and D. In Fig. 6.5 we show an example of the MD trajectories computed
for one of the CVs and its histograms. The maximum value 1.0 of the probability
distribution obtained from all the MD trajectories defines the stable states N and D.
Table 6.2 shows the definitions of the stable states obtained from the histograms for
the whole set of CVs used to describe transition N ↔ D. The definitions of the stable
states in the other transitions performed in this work were based on the histograms
of N and D (see table 6.2).
Path-metadynamics needs to be bootstrapped with an initial path definition. In
the first part of this work, we have performed simulations starting from three different initial pathways between N and D. The selection of these three initial paths
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Figure 6.4: Left: Schematic representation of the multiple state model of transition N ↔ D
proposed by Moran et. al. [34]. Right: Schematic representation of the initial linear
pathways selected to be the bootstrap of path-metadynamics simulations.
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Figure 6.5: Example of the CVs histograms used to define the stable states N and D. (Up)
10 MD trajectories of the collective variable dhc3 used to define the folded/associated stable
state N and the unfolded/dissociated state D. (Down) Probability distribution P (dhc3 )
computed from the MD trajectories for states N and D. The maximum values 1.0 represent
the definitions of the stable states used for the path-metadynamics simulations.
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was based on the multiple state model proposed in Ref. [34] to describe the formation/dissociation mechanism of GCN4 leucine zipper. According to Ref. [34] the
mechanism could follow three different routes characterized by the initial partial unfolding and dissociation either of the N-terminal or the C-terminal regions followed
by the full dissociation and unfolding of the monomers. Therefore, we have selected
three possible initial pathways to find the most likely mechanism (see Fig. 6.4). The
first initial path was selected as a linear interpolation of 20 points between N and
D. The second and third initial pathways were selected as linear interpolations of
20 points that can occur either through the partial unfolding/dissociation of the Nterminal (residues 1 to 15) followed by the complete dissociation of the monomers
(IN -path), or, through the partial unfolding/dissociation of the C-terminal (residues
17 to 32) followed by the full dissociation of the monomers (IC -path). In the second
part of this work, we have selected the initial path as a linear interpolation of points
between the stable states to describe the unfolding of a monomer isolated and in the
complex GCN4-p1. For the last transition, we have selected two initial linear paths,
IN -path and IC -path, to describe the dissociation of the α-helical monomers. Two
points of the path represent the metastable states in all the transitions and they are
kept fixed during the simulations (σ = 0 for the reactant state and σ = 1 for the
product state). The rest of the points can evolve freely towards the average transition
path. The paths were updated in the direction of the CVs densities every 10 ps in all
the transitions. The path-metadynamics method was implemented in the PLUMED
plugin code for free energy calculations [58], which works together with the molecular
dynamics package Gromacs (version 4.5.4).
To find the set of relevant CVs that properly describes the formation/dissociation
transitions we have used the strategy described in Chapter 5: we initially perform
path-metadynamics simulations on a fixed initial path. If relevant degrees of freedom
are not included or there is more than one transition tube (channel of transition
pathways connecting the stable states), strong hysteresis in the free energy profile is
observed. If this is the case, we proceed by trial and error to find the appropriate CVs
until hysteresis is not observed anymore or we select appropriate initial pathways to
sample the different transition tubes. The choice of parameters for the metadynamics
potential (the width w, the height H and the deposition time of the hills T ) was done
following the criteria of ref. [59; 56]: For all the transitions, initially we use a high
hill H=0.8 kJ/mol in all the transitions to do a rapid estimation of the free energy
profile along σ followed by a refinement with a smaller height H=0.2 kJ/mol. The
deposition time was found to be optimal at T = 2.0 ps for a width of w = 0.05.
Parameter T is selected by monitoring the time that the variable σ takes to visit 0.05
units (width of the hill) when the metadynamics potential is turned off (see also Ref.
[56]). During the path-medynamics simulations, the metadynamics potential fills the
first well, then fills the second well and comes back to the first one. To estimate
the free energy profile, we have terminated the simulation when the second minimum
is filled and just before recrossing to the first well when the free energy potential is
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Table 6.2: Stable state definitions for the different transitions studied to characterize the unfolding/collision mechanism of GCN4-p1

CV s
dhc1 /[nm]
dhc2 /[nm]
dhc3 /[nm]
dhc4 /[nm]
dhb5 /[nm]
dhc6 /[nm]
dhc7 /[nm]
dhc8 /[nm]
dhc9 /[nm]
hα1
hα2
CV s
nhbalpha1
hα1
dhbi /[nm]
where i = 1, ..21
CV s
nhbalpha1
hα1
dhbi /[nm]
where i = 1, ..21
CV s
dhc1 /[nm]
dhc2 /[nm]
dhc3 /[nm]
dhc4 /[nm]
dhb5 /[nm]
dhc6 /[nm]
dhc7 /[nm]
dhc8 /[nm]
dhc9 /[nm]

N
0.5
0.39
0.6
0.39
0.56
0.39
0.5
0.39
0.6
25.0
25.0
Fm
0. 14
0.39
0.3

D
2.0
1.8
2.3
1.95
2.4
0.5
2.1
2.59
2.086
0.38
1.14
Um
15.3
25.0
0.9

Fd
0. 14
0.39
0.3

Ud
15.3
25.0
0.9

Nc
0.5
0.39
0.6
0.39
0.56
0.39
0.5
0.39
0.6

Dc
2.0
1.8
2.3
1.95
2.4
0.5
2.1
2.59
2.086
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approximately flat to avoid pushing the system outside the basin of interest and into
higher free energy regions where additional conformational changes of the protein can
happen (see more details on this strategy in Ref. [59]). Additionally, we have chosen
the evolution parameters of the path to reach (approximately) the average position of
the CVs after one recrossing allowing us to estimate the free energy along the average
transition path when we terminate the simulations.
To estimate the error in the free energy profiles we have performed 3 repetitions
of the path-metadynamics simulations for all the transitions and we have calculated
the standard deviation of the free energy F (σ),  = h(F (σ, t) − hF i)2 i1/2 .
To study the separate contribution of the dissociation process of GCN4-p1 (see
Part C in section 6-3.2), the monomers were constrained to remain in an α-helical
conformation during the simulation. The constraint was applied on the helicity variable hα1 by using a harmonic potential k2 (hα1 − h0 ) where k = 500 kJ/mol and h0 is
the maximum value 25.0 that represents the α-helical structure of the monomer α1 .

6-3
6-3.1

Results
Formation/dissociation can occur via multiple routes

We performed path-metadynamics simulations to sample the average transition path
between the folded/associated native state N and the unfolded/dissociated state D.
Fig. 6.3 shows the stable states N and D involved in this transition. Starting from the
three initial paths between N and D, we evolved the paths every 10 ps in the direction
of the average position of the CVs. The N ↔ IC ↔ D and N ↔ Im ↔ D initial
paths evolved to the same average path. The N ↔ IN ↔ D evolved to a different
average transition path. To highlight the differences we show path projections in
representative CVs (Fig. 6.6) for the N ↔ IC ↔ D (IC -path) and N ↔ IN ↔ D
(IN -path) average transition paths.
The first average transition path (IC -path in Fig. 6.6 (left)) starts in the folded
state N where the hydrophobic contacts are formed around dhci = 0.5 nm with
i = 1, .., 8 and the helicity variables are at their maximum hα1 = hα2 = 23.0 indicating that the dimer is formed and the monomers are close to an ideal helical structure.
Subsequently, the helicity hα1 and hα2 decreases to 5.0 visiting different small intermediates at 15.0 and 10.0 (as shown by vague CV density clouds in Fig. 6.6). This
decay of hα1 and hα2 indicates that the dimer has partially lost the helical structure.
Visual analysis of the path-metadynamics trajectories showed that at hα1 = hα2 = 5.0
all helical structure is located at the N-terminal end. Further unfolding of the dimer
occurs resulting in a decrease of hα1 and hα2 to 0.4 and an increase of distance dAsn
from 0.5 to 1.5 nm, while the rest of the hydrophobic contacts remain intact at 0.5
nm. At this stage the dimer has lost all helical structure. The density plots (purpleblue) in Fig. 6.6 indicate that, during the unfolding process of the dimer, the contact
distance between the polar residues Asn16 and Asn47 dAsn can either break or re-
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main intact. The average transition path lies in between the two possible routes that
can be followed by dAsn (See projection on Fig. 6.6). Following the full unfolding
of the two monomers, the breaking of the hydrophobic contacts in the dimer occurs
at distances dhci = 1.5 nm with i = 1, .., 8 reaching state D. Subsequently, further
dissociation of the monomers takes place as indicated by the hydrophobic contact
distances that range between 3.2 to 4.5 nm. Fig. 6.7 shows the trajectory followed by
the contact distances as a function of time during the dissociation of the dimer for
the IC -path. Along this average path, the distance dAsn initially increases to 1.0 nm
around 5 ns followed by the dissociation of the C-terminal represented by the breaking
of hydrophobic contact dhc8 and the subsequent breaking of the hydrophobic contacts
dhc7 and dhc6 . Further dissociation involves the breaking of the hydrophobic contact
dhc5 and the dissociation of the N-terminal and represented by the breaking of hydrophobic contacts dhc3 , dhc4 and finally dhc1 and dhc2 . Moreover, values of dhci
with i = 1, .., 8 and dAsn ranging from 3.5 to 4.0 nm indicate that the complex has
dissociated into two monomers.
Starting from the path N ↔ IN ↔ D, we found a second route for the unfolding/dissociation mechanism of GCN4-p1 (Fig. 6.6 (right)). The simulation starts at
state N . The breaking of hydrophobic contacts dhc1 , dhc2 and dhc9 indicates the
onset of initial dissociation. Simultaneously, the dimer partially unfolds, as indicated
by the decay of hα1 and hα2 to 7.5. Further unfolding and dissociation of the complex
involves the breaking of contacts dhc3 , dhc4 , dhc6 and dAsn at 1.0 nm and the decay
of hα1 and hα2 to 0.4. The value hα2 = hα2 = 0.4 indicates that dimer has completely
lost its helical structure in this stage.
The order in which the dissociation of the complex occurs along the path is shown
in the path-metadynamics trajectory of Fig. 6.7 (path 2). The breaking of the hydrophobic contacts starts with dhc1 in the N-terminal followed by the dissociation of
dhc8 in the C-terminal end around 1.5 nm at 1.0 and 5.0 ns respectively. Further
dissociation occurs with the breaking of the N-terminal hydrophobic contact dhc2 ,
the polar contact dAsn and the C-terminal hydrophobic contact dhc6 at around 22,
25 and 17 ns. Subsequently, the rest of the N-terminal dissociates as is indicated by
the increase of distances dhc3 and dhc4 to 1.0 and 1.5 nm around 30 ns, followed by
the full dissociation of the C-terminal indicated by the increase in distances dhc5 and
dhc7 to 0.75 mn around 39.0 ns.
The average transition path obtained depends strongly on the initial pathway
selected. However during the path-metadynamics simulations we were able to find
two routes towards the denatured state D starting from the three initial pathways
selected. This result suggests that there are indeed multiple routes from N to D as
suggested in Ref. [34]. The missing CVs to describe the dissociated/unfolded state
D made very difficult to remove the hysteresis and converge the free energy profiles
along this transition (not shown in this chapter). Therefore, it is not possible to
conclude which is the most likely mechanism of formation/dissociation of the complex.
However, our findings also indicate that along these two possible routes, the process
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of formation/dissociaton involves the partial unfolding of the complex followed by a
subsequent dissociation of the monomers. We did not observe any route in which the
dissociation of the complex occurs first and subsequently the monomers unfold. This
suggests that it is not mandatory that the monomers preform an stable α-helix site
to associate and constitute the nucleation site for the formation of the complex.

6-3.2

Separate contributions to the unfolding/dissociation mechanism

During the initial path-metadynamics simulations of the GCN4 leucine zipper, the
path variable σ never escaped from the denatured state D, resulting in an artificial
deep minimum in the free energy profile (not shown). This is a clear indication of
hysteresis. The dissociated state D was not well defined, due to missing CVs to
characterize both the folding mechanism and the correct topology of interactions between the chains. To improve the path-metadynamics simulations we need to include
additional relevant degrees of freedom.
To understand the influence of unfolding and dissociation during the transition
N ↔ D, we have investigated both processes separately. To this purpose, we have
performed three different path-metadynamics simulations: (1) Unfolding of monomer
α1 from GCN4-p1 (Fm ↔ Um ), (2) Unfolding of monomer α1 in the the complex
GCN4-p1 (Fd ↔ Ud ) and (3) Dissociation of the constrained α-helical monomers of
GCN4-p1 (Nc ↔ Dc ).
Part A

Unfolding of isolated monomer α1 from GCN4-p1

For the unfolding of the monomer α1 from GCN4-p1, we require the helical hydrogen
bonds of the monomer, dhbi with i = 1, ..21, the number of hydrogen bonds nhbα1 and
the helicity of the monomer hα1 as CVs in order to estimate the free energy profile
along the average transition path. Definitions of these CVs are listed in table 6.1 and
they are represented graphically in Fig. 6.9 (right). Table 6.2 shows the definitions of
the stable states for this transition. The initial path is a linear interpolation of points
between Fm and Um . Fig. 6.8 shows the dynamics of the path-collective variable
σ during the path-metadynamics simulations and the different conformations that
α1 visits along the trajectory. Starting from the folded state Fm at σ = 0.0, the
monomer visits a partially unfolded state at σ = 0.7 within 1 ns. Subsequently, the
system crosses back to the folded state Fm . Further unfolding of the monomer towards
state Um occurs at around 2 ns. However, the path variable σ does not reach again the
state Fm but instead stays close to σ = 0.1, indicating that misfolding has occurred.
Visual analysis of the simulations shows that the formation of a hydrophobic core in
α1 prevents correct formation of the folded state Fm and allows the system to visit
various partially folded intermediates with a hydrophobic interface (Fig. 6.8). This
entropic effect results in artificial deep minima on the free energy profile due to missing
CVs to describe the hydrophobic contacts.
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Figure 6.6: Path projections on the CVs space for transition N ↔ D. Left: First average
transition path (black line) between states N and D found when evolving from the initial
paths N ↔ IC ↔ D and N ↔ Im ↔ D during the path-metadynamics simulations. The
average transition path (black line) is plot on top of the CVs density plots projections
(purple-blue points). Right: Average transition path (black line) between state N and D
obtained when evolving from the initial path N ↔ IN ↔ D. The average transition path is
plot on top of the CVs density plots projections (yellow-orange).
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Figure 6.7: Trajectory of the distances between residues in the hydrophobic core during a
path-metadynamics simulation. (Top) The hydrophobic contact distances dhci for i = 1, .., 9
and the distance dhcAsn along the first average transition path between states N and D.
(Bottom) The hydrophobic contact distances dhci for i = 1, .., 9 and the distance dhcAsn
along the second average transition path between states N and D. The dashed-black lines
at 0.5 and 1.0 indicate the values in which the complex are considered to be associated or
dissociated according to the stable states definitions of N and D. The different colour lines
indicate the distances between residues in the hydrophobic core during the simulation.
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Figure 6.8: Path-collective variable σ as a function of time during the path-metadynamics
simulation for transition Fm ↔ Um . The snapshots show different conformations visited
by the monomer along the simulation. The trajectory starts in the stable state Fm at
σ = 0.0 and visits the unfolded state Um σ = 0.7. Further unfolding of the monomer and
the formation of a hydrophobic interface allows the system to visit different partially folded
conformations.
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Figure 6.9: Helical hydrogen bond distances dhbi with i = 1, ..21 as a function of time
during a path-metadynamics simulation for transition Fm ↔ Um . Right: Snapshot of the
CVs used to describe the transition Fm ↔ Um . The different colours highlight every 3
helical hydrogen bond distances along the monomer. Left: Trajectories followed by the
helical hydrogen bond distances dhbi for i = 1, .., 21 along the average transition path
between states Fm and Um . The dashed lines at 0.35 nm indicate the formation of the
helical hydrogen bond.

Fig. 6.9 shows the trajectories of the helical hydrogen bond distances dhbi where
i = 1, .., 21 to illustrate the order in which they change along the path-metadynamics
trajectory from Fm ↔ Um . In the folded state Fm the monomer has α-helical structure
at hα1 = 21.0 and most helical hydrogen bonds are formed at nhb = 15.3. Along the
average transition path, the C-terminal helical hydrogen bonds dhb19 , dhb20 , dhb21
(orange region in Fig. 6.9) break increasing their distances from 0.3 nm to 0.5/0.8
nm, accompanied by a decrease in the helicity hα1 from 21.0 to 17.0 and nhb from
15.2 to 13.0, indicating partial loss of helical structure. Further unfolding of the
monomer, indicated by the decrease of hα1 from 17.0 to 7.5, involves the breaking
of C-terminal helical hydrogen bonds dhb16 and dhc17 (red lines) followed by the
breaking of N-terminal helical bonds dhb1 , dhb2 , dhb3 dhb4 and dhb5 (green-blue lines),
indicated by their increase in distance from 0.3 nm to 0.5/0.8. Subsequently, the Nterminal unfolds further and hα1 decays from 7.5 to 2.0 involving the breaking of
helical hydrogen bonds dhb8 , dhb9 (pink-brown lines), dhb10 , dhb11 and dhb12 (cyan
lines) resulting in an intermediate unfolded state Im (see Fig. 6.8 to find the structure
of this intermediate). The C-terminal hydrogen bonds dhb14 , dhb15 (red line) and the
N-terminal hydrogen bonds dhb6 and dhb7 (blue-pink region) remain constant along
the partial unfolding towards Im , indicating that they do not contribute to the initial
loss of helical structure (magenta lines). Further unfolding towards Um involves the
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increase of distances dhb1 , dhb2 , dhb4 (green-blue lines) to 0.9 nm and distances dhb7 to
dhb15 to 0.8 nm (brown/cyan/magenta lines). Once the system has reached state Um ,
the formation of hydrophobic contacts prevents the correct folding of the monomer,
as indicated by the misformation of hydrogen bonds dhb14 to dhb16 and the misfolded
state in Fig. 6.8. Fig. 6.10 shows representative CVs projections of the initial path
(green) and the average transition path (black).
We have estimated the free energy profile along average transition path of transition Fm ↔ Um (see Fig. 6.10 top panel). We terminated the simulation when
reaching state Um before the formation of the hydrophobic contacts. Starting from
the initial folded state Fm at σ = 0.0 the system quickly relaxes to the position of
the partially folded state Im at σ = 0.25 following a downhill process. A barrier of
∆F ‡ = 20.3 ± 3.5 kJ/mol appears around σ = 0.6 separating the partially folded state
Im from the unfolded state Um located at σ = 0.85. Using an attempt frequency of
1 ns, the time constant of the unfolding transition is in the order of µs. Moreover,
according to Fig. 6.10 and Fig. 6.9, the CVs that change the most in the unfolding
are the N-terminal hydrogen bond distances dhb1 , dhb2 , dhb3 dhb4 , dhb5 (green-blue
region) and the C-terminal hydrogen bond distances dhb16 and dhb17 (red region) together with the helicity and the number of hydrogen bonds hα1 and nhbα1 . These CVs
are good candidates for the reaction coordinates that describe the unfolding process
Fm ↔ Um .
Part B

Unfolding of monomer α1 in the complex GCN4-p1

To investigate the effect of the complex on the unfolding transition of monomer α1 ,
we performed path-metadynamics simulations using the same set of CVs as for the
helix in isolation on the GCN4-p1 system. Fig. 6.11 shows the trajectory of the helical
hydrogen bonds along the average transition path during the first 3.5 ns of the pathmetadynamics simulation. In the initial folded state Fd most of the helical hydrogen
bonds are formed at dhbi = 0.35 nm with i = 1, .., 21 and the helicity and the number
of hydrogen bonds are at their maximum value around hα1 = 25.0 and nhbα1 = 18.0,
indicating that the complex has α-helical structure. Partial unfolding occurs around
0.25 ns indicated by the decay of hα1 from 25.0 to 17.0, and involves the increase of
helical hydrogen bond distances dhb1 , dhb2 , dhb11 and dhb12 in the N-terminal region
and dhb17 and dhb18 in the C-terminal region from 0.35 nm to around 0.5 nm. Further
decay of hα1 from 17.0 to 2.9 at 0.75 ns involves the increase of distances dhb10 , dhb11
in the N-terminal and dhb13 , dhb11 in the C-terminal, followed by the increase of
distances dhb4 , dhb5 and dhb7 in the N-terminal at 1.75 ns. At this point, the system
has reached the unfolded state Ud . Around 2.7 ns most of the complex has folded and
many of the helical hydrogen bonds have formed back at 0.35 nm. However, the helical
hydrogen bond distances dhb4 , dhb5 (blue region) and dhb7 (brown region) remain at
0.5 nm, 0.55 nm and 0.65 nm respectively, indicating misfolding of the complex.
Visual analysis of the trajectories indicates that the misfolding results from the
incorrect orientation and association of the monomers. Fig. 6.12 shows snapshots of
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Figure 6.10: Free energy profile along the average transition path σ and projections on
the CVs space for transition Fm ↔ Um . Top: Average free energy profile versus the path
collective variable σ. The average free energy was obtained from 3 path-metadynamics
simulations (or repetitions) of the transition Fm ↔ Um . Bottom: Average transition path
(black line) between states Fm and Um found when evolving from the initial linear path
(green) during the path-metadynamics simulations. The average transition path (black
line) is plotted on top of the CVs density projections (yellow-orange points).
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Figure 6.11: Helical hydrogen bonds of monomer α1 , dhbi where i = 1, ..21, as a function of
time during the path-metadynamics simulation for transition Fd ↔ Ud . The different colours
highlight every 3 helical hydrogen bond distances along the monomer and the trajectories
of the helical hydrogen bond distances dhbi for i = 1, .., 21 along the average transition
path between states Fd and Ud . The black dashed line indicates the time where some
helical hydrogen bonds re-form while others remain broken, indicating that misfolding of
the monomer has ocurred.

the system along the path-metadynamics trajectory to illustrate the misfolding. The
snapshot at 0 ns shows the folded state Fd with the hydrophobic contacts highlighted.
At 1.9 ns, the system reaches the unfolded state Ud with an intact complex and
an unfolded monomer α1 . At 3.0 ns the monomer has partially folded back, but
the N-terminal region (dashed circles) is misfolded due to formation of non-native
hydrophobic contacts. To show the effect of the association of the complex on the
folding we have plotted the helicity hα1 as a function of the distance between the
centres of mass of the monomers (dcmα1 α2 ) in Fig. 6.12. Starting from state Fd around
hα1 = 23.0 and dcmα1 α2 = 0.75 the system visits the unfolded state Ud at hα1 = 2.5
and folds backs but does not reach Fd (yellow line). From the misfolded state the
system visits a broad region of unfolded states (blue dashed-blue circle) where the
distance dcmα1 α2 increases indicating the partial dissociation of the monomers around
0.9 nm. From this unfolded and partially dissociated state, the system refolds back
into a state at around hα1 = 12.5 which represents another misfolded state. Fig. 6.12
indicates that the partial dissociation of the complex allows further unfolding of the
monomer α1 and it is correlated with the misfolding. This means that additional CVs
to describe the dissociation and orientation of the monomers are required to avoid
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Figure 6.12: Misfolding of monomer α1 during the path-metadynamics simulations. Top:
Snapshots of the transition Fd ↔ Ud . Starting in the stable state Fd at 0 ns (left), the system
visits the unfolded state Ud (middle) at 1.9 ns. During the recrossing of the trajectory to
the folded state Fd , the complex visits a misfolded state (right) at around 3.ns and it is
not able to reach Fd . Bottom: Correlation between folding and dissociation. The helicity
hα1 measures the folding states of monomer α1 while the distance between the centres of
mass of the monomers, dcmα1 α2 , measures the dissociation of the complex. The yellow line
highlights the trajectory up to 1.9 ns where the system has unfolded to Ud (dashed-blue
circle) and attempts to fold back reaching a misfolded state (indicated with a red arrow). In
the rest of trajectory (black line), the partial dissociation of the monomer allows the system
to unfold further and visit another misfolded state (dashed-black circle).
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Figure 6.13: Average free energy profile along the average transition path σ for transition
Fd ↔ Ud . The average free energy was obtained from 3 path-metadynamics simulations (or
repetitions) of the transition Fd ↔ Ud .

misfolding.
An estimate of the free energy profile along the path variable σ is shown in
Fig. 6.13. The simulation is terminated when we have reached state Ud along the
average transition path. The free energy profile shows a minimum at σ = 0.0 representing Fd state and another minimum at σ = 0.4 representing the unfolded state Ud .
Along the average transition path, a ∆F ‡ = 75.0 ± 6.1 kJ/mol separates the folded
state from the unfolded state. The time scale of this process calculated with a guessed
frequency of 1 ns is in the order of seconds. Comparing with the barrier obtained for
the folding process of the single monomer α1 (around 17.5 kJ/mol), our preliminary
results indicate that the stability of the α-helical conformation is enlarged by the association of the monomers in the complex GCN4-p1. Moreover, visual analysis shows
that the unfolding of the monomer α1 does not dramatically influence the unfolding
of the other monomer α2 .
Part C

Dissociation of the complex GCN4-p1

The third transition consists of the dissociation of the α-helical monomers in the
GCN4 leucine zipper. Fig. 6.14 shows snapshots of the stable states Nc and Dc defined as the associated and dissociated states along the transition. The set of CVs
used to describe the transition consists of the hydrophobic contact distances between
the monomers, dhci with i = 1, ..., 8 and the distance between the polar residues
dAsn , shown in Fig. 6.14. As we have shown in section Part B, the dissociation of
the complex induces the partial unfolding of the monomers. Therefore, we have constrained the monomers to remain in α-helical conformation along the path. Initial
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Figure 6.14: Snapshots of the transition Nc ↔ Dc during the path-metadynamics simulations. The hydrophobic contact distances dhci with i = 1, .., 8 and the distance between
polar residues dAsn are represented in different coloured lines. Staring from the associated
state Nc (0 ns), two possible routes towards the dissociated state Dc are represented. (Up)
The C-terminal dissociates initially following path Nc ↔ IC0 ↔ Dc . (Down) The N-terminal
dissociates initially following the path Nc ↔ IC0 ↔ Dc .

path-metadynamics simulations starting from an linear path between Nc and Dc resulted in two possible routes: (1) An initial dissociation of the C-terminal followed
by the dissociation of the complex (Nc ↔ IN0 ↔ Dc ) or (2) an initial dissociation of
the N-terminal followed by the dissociation of the complex (Nc ↔ IC0 ↔ Dc ). For
this reason, subsequent path-metadynamics simulations were started from these two
routes: IN0 -path and IC0 -path.
Fig. 6.15 shows the trajectories of the CVs for the average transition pathways, IN0
and IC0 , during the path-metadynamics simulation. In the initial state Nc , distances
dAsn and dhci with i = 1, .., 8 have a value of 0.5 nm indicating that the monomers
are associated. Along the IC0 pathway, the hydrophobic contact distances of the Cterminal, dhc8 , dhc7 , dhc6 and dhc5 , increase from 0.5 nm to 3.0 nm within 1.5 ns
resulting in an intermediate state where the C-terminal is dissociated while the Nterminal end is still intact (See Fig. 6.14 at 1.4 ns). Further dissociation occurs
when the distance dAsn and the N-terminal distances dhc4 , dhc3 increase from 0.5
to values higher than 1.0 nm, visiting a marginally stable intermediate IC00 in which
the N-terminal is partially associated (See Fig. 6.14 at 2.2 ns). The escape from this
state to Dc involves the increase of N-terminal distances dhc2 and dhc1 . The opposite
mechanism occurs along the IN0 pathway, where the hydrophobic contact distances of
the N-terminal, dhc1 , dhc2 , dhc3 and dhc4 increase subsequently from 0.5 nm to values
higher than 1.0 nm visiting a partially dissociated intermediate state IN0 (see Fig. 6.14
at 1.5 ns). Afterwards, the C-terminal hydrophobic contact distances dhc5 , dhc6 and
dhc7 increase from 0.5 nm to 1.0, 1.5 and 2.0 nm respectively. Further dissociation
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Figure 6.15: Distance dAsn between the polar residues Asn16 and Asn47 and hydophobic
contact ditances dhci where i = 1, ..8 as a function of time during the path-metadynamics
simulations for transition Nc ↔ Dc . (Top) Transition pathway Nc ↔ IC0 ↔ Dc . (Bottom)
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Figure 6.16: Average free energy profile versus the path collective variable σ along the IC0
0 average path (red) for the transition N ↔ D . The average
average pathway (black) and IN
c
c
free energy profile was obtained from 3 path-metadynamics simulations (or repetitions) of
the transition Nc ↔ Dc .

towards Dc involves the increase of distance dhb8 from 0.7 nm to 3 nm.
The free energy profiles along the IC0 (black) and IN0 (red) average pathways are
shown in Fig. 6.16. Starting from Nc at σ = 0.05 the complex visits different intermediates until reaching the dissociated state Dc . Along the IC0 average transition
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path, the partially dissociated intermediate states IC0 and IC00 appear at σ = 0.22 and
σ = 0.55 respectively while the dissociated state Dc appears at σ = 0.75. On the
other hand, along the IN0 average transition path, the partially dissociated intermediate state IN0 is located at σ = 0.4 while the dissociated state Dc is located at σ = 0.64.
The shift in the position of state Dc in Fig. 6.16 indicates an inappropriate definition
of the dissociated state and missing degrees of freedom to describe it. Visual analysis
of the trajectories (See Fig. 6.14) shows that the distances of the hydrophobic contacts are not enough to describe the dissociated state Dc since the orientation of one
monomer with respect to the other is also a relevant reaction coordinate. Including
just the distances is insufficient to distinguish different topologies of the monomers
resulting in shifted and artificially deep minima in the free energy profiles in Fig. 6.16.
This is a clear indication of hysteresis. However, partially dissociated states IC0 and
IN0 can be defined without orientation variables and an estimate of the free energy
barrier towards the first intermediates can be performed. Preliminary results indicate
that, along the IC0 average pathway, the free energy barrier for transition Nc ↔ IC0 is
∆F ‡ = 60.0 ± 16.1 kJ/mol while along the IN0 average pathway the free energy barrier
of transition Nc ↔ IN0 is ∆F ‡ = 17.8 ± 26.4 kJ/mol.
The errors in the free energy profiles were estimated from 3 repetitions of pathmetadynamics simulations for transitions Nc ↔ IN0 ↔ Dc and Nc ↔ IC0 ↔ Dc
respectively. Due to the strong hysteresis in the free energy profiles (also indicated by
the estimated errors), it is not possible to obtain a final conclusion about which is the
most likely mechanism followed by the complex during the dissociation/association
of the (folded) monomers. However, in all the repetitions of the path-metadynamics
simulations, we found that transition Nc → IN0 occurs through a thermodynamically
favourable mechanism in comparison to the transition Nc → IC0 which shows, in
all the cases, an uphill dissociation process (see Fig. 6.16). This result indicates
that the C-terminal is much more stable than the N-terminal and therefore we could
guess that the process of dissociation could take place by the initial dissociation of
the N-terminal followed by the dissociation of C-terminal. However, it is surprising
that the dissociation of the complex through the IN0 intermediate appears to be an
irreversible process, as indicated by the free energy profile in Fig. 6.16. Different
experiments have reported that the folding/association mechanism of GCN4 leucine
zipper occurs on a timescale of microseconds following a downhill process [26] and
the free energy profile found along IN0 -path seems contradicting. We think that the
irreversibility found along the IN0 path could be a consequence of the strong hysteresis
of the profile, which results in artificial deep minima. Additionally, we should note
that it is difficult to describe in detail the reverse mechanism of formation of the
complex from these constrained simulations, since the process should also involve
the folding of the monomers. The folding rates could influence the transition free
energy during the association as we observed in section Part B. Moreover, since the
monomers are constrained to be folded, they are less flexible and the path they follow
could be quite different compared to the path followed by unfolded chains (which are
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more flexible) during the association. Indeed it has been shown in Ref. [34] that
the pathways of folding/association critically depended on the initial chain topology.
Therefore, more variables to describe the orientation and topology of the monomers
should be included in future simulations in order to obtain an accurate estimate of
the free energy profiles.

6-4
6-4.1

Discussion and conclusion
Molecular insight along the average transition paths

The path-metadynamics simulations provide information about the probable pathways that describe the mechanism of formation of GCN4 leucine zipper and the free
energies of the process. Initial simulations of the transition N ↔ D showed that the
evolution from different initial pathways results in at least two routes towards the
denatured state D: (1) the IC average path where unfolding is followed by dissociation starting from the C-terminal residues and (2) the IN average path which starts
with the simultaneous partial unfolding and dissociation of the N-terminal followed
by the complete loss of helical structure and the full dissociation of the monomers.
While the average transition path obtained depends strongly on the initial pathway
selected, two routes were observed (N ↔ IN ↔ D and N ↔ IC ↔ D), indicating
that the mechanism could indeed show multiple folding routes as suggested in Ref.
[34]. We were not able to locate the most probable route in this case due to the
hysteresis in the free energy profile. Analysis of the trajectories and the free energy
profiles revealed that missing degrees of freedom must be included to characterize
the formation/dissociation mechanism of GCN4-p1. However, these pathways can
give us insight about the mechanism of formation/dissociation of the complex. In
both possible routes found, the complex undergoes a partial unfolding followed by the
dissociation of the monomers. We did not find any possible route in which the dissociation process occurs first and subsequently the unfolding. This result suggests that
preformed stable α-helix sites (trigger sequences) are not mandatory to constitute a
nucleation site during the formation of the complex.
Separate investigation of the unfolding process of a monomer α1 from GCN4
leucine zipper revealed that the complete set of relevant CVs to characterize the
unfolding includes the helicity variable hα1 , the number of hydrogen bonds nhb and
the helical hydrogen bond distances dhb1 , dhb2 , dhb3 , dhb4 , dhb5 , dhb16 and dhb17 .
Moreover, the free energy profile along the average transition path shows that the
folded state of α1 , Fm quickly unfolds towards an intermediate Im following a downhill process not limited by a free energy barrier. The partially unfolded intermediate
Im is separated from the unfolded state Um by a barrier of ∆F ‡ = 20.3 ± 3.5 kJ/mol
which has an approximate timescale of microseconds. Further investigation of the
effect of the association of the monomers on the unfolding of α1 suggests that the
helical-structure is much more stable when associated in the complex since a free
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energy barrier of ∆F ‡ = 75.0 ± 6.1 kJ/mol separates the folded state Fd from the
unfolded state Ud . The free energy profile indicates that a downhill folding of the
monomer occurs when chain-chain interactions are present, while the folding process
of the isolated monomer is uphill. This result suggests that the folding of α1 is enhanced by the association of the monomers in GCN4 leucine zipper. This behaviour
is in agreement with other experimental findings reported in Ref. [27].
Analysis of the relation between the dissociation of the complex and the helicity
hα1 of the monomer α1 during the transition Fd ↔ Ud indicated that partial dissociation of the complex allows further unfolding of the monomer α1 and that missing CVs
to describe the association of the monomers results in misfolding of α1 . These results
show that the folding process of the monomers is strongly correlated with the association into a dimer. Moreover, the unfolding of the monomer α1 did not influence the
loss of helical structure of the monomer α2 when associated in the complex GCN4- p1.
This result indicates, once more, that trigger sequences (preformed stable α-helices)
might not be mandatory to enhance association of the monomers. A similar result
has been proposed in Ref. [26].
Further investigation of the dissociation of two α-helical monomers in the transition Nc ↔ Dc showed that additional degrees of freedom to describe the orientation or
topology of the chains are required to obtained a proper definition of the dissociated
state Dc . This was indicated by the difference in the free energy profiles for Dc in
Fig. 6.16 and the errors estimated along the free energy profiles, which are a clear
indication of hysteresis. However, these simulations also showed that the dissociation
of the monomers can occur along two routes: (1) through the initial dissociation of the
C-terminal Nc ↔ IC0 ↔ Dc or (2) through the initial dissociation of the N-terminal
followed by the full dissociation of the complex (Nc ↔ IN0 ↔ Dc ). This in agreement
with the multiple routes model proposed by [34] to describe the formation of GCN4
leucine zipper. A rough estimate of the free energy barriers to dissociate the complex
along the IC0 path or the IN0 path obtained during (few) repeated path-metadynamics
simulations indicates that the dissociation of the N-terminal is thermodynamically
favourable in comparison to the dissociation of the C-terminal (which shows to be
an uphill process along the free energy profiles). This result indicates that the Cterminal is more stable and the dissociation process could occur through the initial
dissociation of the N-terminal. Other experimental studies have confirmed the strong
stability of the C-terminal and a probable pathway through the IN0 intermediate state
[34]. However, the free energy profile along IN0 path shows to be irreversible during the
association of the monomers, in contradiction to experiments that have reported that
the formation mechanism of GCN4 leucine zipper occurs on a timescale of microseconds following a downhill process [26]. We think that the missing degrees of freedom
to describe the orientation of the monomers and the absent contribution of the folding rates along the reverse transition could have a big influence in the transition free
energies calculated along IN0 path. Moreover, the constraints imposed to the (folded)
monomers could take out the contribution of several degrees of freedom relevant to
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describe the topology of the monomers during the association process. As shown in
Ref. [34], the most likely pathways critically depended on the initial chain topology,
and therefore, the constrains of the monomers could influence the free energy barriers
calculated during the reverse process.

6-4.2

Convergence of the free energy profiles

In this chapter we presented the free energy profiles along three different transitions:
Fm ↔ Um , Fd ↔ Ud and Nc ↔ Dc . In all these cases, either due to the formation of
hydrophobic contacts or the missing collective variables to characterize the association
of the complex, the metadynamics potential (acting on the path variable σ) showed
hysteresis behaviour when filling the stable states during the recrossings of σ. This
made the convergence of the free energy profiles difficult, resulting in a very rough
estimate of the barriers. For transitions Fm ↔ Um and Fd ↔ Ud , the set of CVs was
found sufficient to describe the unfolding process, but the formation of hydrophobic
contacts prevented an easy convergence of the free energy profile. In this case we
obtained barriers of ∆F ‡ = 20.3 ± 3.5 kJ/mol and ∆F ‡ = 75.0 ± 6.1 kJ/mol. The
error in the free energy of transition Fd ↔ Ud is expected to be larger due to the
presence of hydrophobic contacts between the monomers that were not included in
the set of CVs, resulting in hysteresis (as described in Part B). In the case of the
transition Nc ↔ Dc the barriers estimated for the IN0 -path and the IC0 -path were
∆F ‡ = 17.8 ± 26.4 kJ/mol and ∆F ‡ = 60.0 ± 16.1 kJ/mol respectively. In this
transition there are missing CVs to describe state Dc and this free energy profile
shows strong hysteresis. Therefore, the barriers estimated in this case can just give
us information about the stability of the N-terminal and the C-terminal (as explained
in Part C). Of course, an accurate estimation of the error would require several more
repetitions to be included in the calculation. Future work could include the barrier
estimate of several path-metadynamics simulations, which would allow us to calculate
the error in the free energy profiles with higher accuracy.

6-4.3

A sufficient set of collective variables to describe the
formation of GCN4 leucine zipper

We have investigated the folding and association process of the dimer by performing
path-metadynamics simulations for transitions N ↔ D, Fm ↔ Um , Fd ↔ Ud and
Nc ↔ Dc . From this investigation we have found that a sufficient set of CVs to
describe the unfolding process of a monomer consists of 21 helical hydrogen bonds,
the helicity hα1 and the number of hydrogen bonds nhbα1 . Exploring the dissociation
process of the monomers, we have found that a set of CVs that includes 8 hydrophobic
contact distances and the distance between polar residues Asn16 and Asn47 is sufficient
to describe the partial dissociation of the dimer towards the intermediate states IC0 and
IN0 , but insufficient to characterize the full dissociation process towards state Dc , which
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is clearly indicated by the hysteresis observed in this free energy. As visual analysis of
the path-metadynamics simulations indicates, an additional reaction coordinate that
defines the orientation and topology of the monomers in the dimer would be required
to sufficiently describe the state Dc and reduce the hysteresis along this transition.
For instance, a contact map variable or the distances between the g and e positions
of the heptad could be included to describe the dissociation process. Once we find
these missing degrees of freedom, an ultimate path-metadynamics simulation could
be performed, which includes all the degrees of freedom to describe the unfolding (21
helical distances, the number of hydrogen bonds and the helicity of each monomer)
and the association mechanism of the complex (the hydrophobic contact distances
and the missing orientation variables). In this way, we could compute the free energy
landscape and the most likely mechanism of the complex formation D ↔ N in one
single simulation.
In conclusion, we have successfully shown that the path-metadynamics method
can be applied efficiently on a high dimensional space with very low computational
cost. Including sets of collective variables ranging from 8 CVs to 23 CVs during the
path-metadynamics simulations, the simulation time used in each calculation varied
between 20 ns and 40 ns. This time is orders of magnitude less than using straightforward MD and the number of CVs included is one order of magnitude larger than those
included when using a standard metadynamics approach. This shows that the pathmetadynamics approach enables a way for efficiently studying complex conformational
transitions in proteins.
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Summary

Proteins are considered the machinery of life. They are involved in basically all fundamental functions of the cell, such as sensing and signalling, catalysis of metabolic
reactions, structural support, transport of molecules from one location to another and
replication of DNA. To meet their functional roles, proteins are required to undergo
conformational changes and therefore, in the last decades it has been proposed that
protein functions are governed ultimately by their dynamical character, rather than
their static structures. In this view, proteins can sample a large ensemble of conformations around the average structure as a result of thermal energy and they are rooted
on a multidimensional free energy landscape that defines the relative probabilities of
the conformational states (thermodynamics) and the energy barriers between them
(kinetics).
One of the most fundamental examples of conformational changes that illustrates
the dynamical nature of proteins, is the folding of proteins into their compact three dimensional structures. After proteins have been synthesized by the ribosome as linear
chains, they fold into specific three-dimensional structures in order to become functional. A failure to fold correctly, or remain correctly folded, usually produces inactive
or dysfunctional proteins that can give rise to different neurodegenerative diseases.
Other examples of conformational changes, where proteins meet different functional
roles, include allosteric transitions in enzymes, force generation by motor proteins,
the opening and closing of ion channels, and then conformational changes induced
by ligand binding to enzymes and receptors. This means that proteins are highly
dynamical objects and a detailed molecular description of structural changes would
allow us to understand the underlying mechanisms of their functions, and therefore,
develop predictive models of proteins that help in understanding, for instance, the
origin of the different neurodegenerative disorders, or allow us to design ligands that
can modulate the equilibria of conformational transitions and their rates.
Molecular Dynamics (MD) simulation has become a powerful tool for the theoretical studies of complex transitions, providing insight in the stability and the dynamics
of many molecular systems. In particular, MD simulation can complement experiments by modelling the dynamical time evolution of biomolecular systems in atom-
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istic detail. However, even though straightforward all-atom MD can now access the
millisecond regime, many conformational changes take place on timescales that are
very long compared to the molecular time accessible for straightforward MD. Therefore, simulating the kinetics of folding and large conformational changes in proteins
has been limited to relatively small model proteins and short time scales. These socalled rare event processes are often associated to high free energy barriers between
metastable states which hamper the efficient sampling of pathways with conventional
MD. The study of rare events requires the development of special rare methods that
allow the crossing of large free energy barriers for the study of complex transitions.
The aim of this thesis is to address the development and the application of a new
rare event methodology, path-metadynamics, to explore free energy landscapes and
determine transition pathways between metastable states. Path-metadynamics is an
alternative approach to understand the mechanism of dynamical processes occurring
on time scales that are very long compared to molecular time scales. Although there
are a lot of examples of these so-called rare event processes, such as conformational
changes in biomolecules, nucleation events in phase transitions and chemical reactions,
in this thesis, we are particularly interested in the study of folding and unfolding events
of proteins and we have employed path-metadynamics to explore the free energy
landscape of different protein systems.
Path-metadynamics extends the existing Metadynamics method with new algorithms to (1) bias the system along a parametrized curve that is a function of other
relevant order parameters or collective variables, and (2) evolve on-the-fly this curve
to the most likely reaction pathway. This is done by adding an extra variable that is
a function of all the other collective variables and represents a guess reaction pathway
on the FES. By steering the dynamics along this variable with the growing metadynamics bias potential, the path efficiently evolves towards the locally most-likely
reaction pathway, while simultaneously the biasing potential tends to an estimator
of the free energy profile along the converged pathway. The computational expense
of the combined method no longer depends on the number of collective variables.
Especially the latter allows us to study rather complex transitions that require more
collective variables than can be dealt with in a standard metadynamics simulation.
Standard metadynamics has an exponential scaling of the computational cost with the
dimensionality, which allows for at most 3 or 4 collective variables. In the first part
of this thesis (chapter 3), we present the path-metadynamics method and show how
it is used to simultaneously find the reaction mechanism and the free energy profile
between the stable states in a single simulation. I illustrate the method on a classical
molecular dynamics simulation on a conformational transition in alanine-dipeptide.
In chapter 4 we assess the theory and performance of path-metadynamics in more
detail by extending the method with an additional progress variable that spans the
complete CV space into the family of hyperplanes perpendicular to the path. This
variable represents the transition tube between two stable states. By introducing
the effect of a ‘tube’ potential applied on this variable, we show that the path-
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metadynamics method can recover two limits: the average transition path (average
placing scheme or finite temperature limit) and the minimum free energy path (gradient descent scheme or the zero temperature limit). Additionally, we present a recipe
to use the path-metadynamics method. This recipe is summarized from different tests
to fine-tune the parameters for the convergence of the path and the free energy profile.
The second part of this work (chapters 5 and 6) shows the application of pathmetadynamics in studying conformational transitions in proteins. In chapter 4 we
show that the path-Metadynamics method can successfully be applied to study the
millisecond unfolding process of a relevant photoreceptor, the Photoactive Yellow
Protein (PYP), where it is able to find not just the free energy profiles along the unfolding transition, but also provide unique molecular insight along the reaction paths
obtained. The results provide a complementary view to the conclusion of Vreede
et. al. about the existence of intermediate metastable states present during the unfolding process of PYP and the relevant CVs important for the description of the
transitions. Additionally, we find that the highest barrier of the process appears during the solvent exposure of Glu46 and that the relevant CVs describe an important
role of residue Asn43 during the transition to the signalling state of the protein. We
have implemented the path metadynamics approach in the development version of
PLUMED package. PLUMED is a plugin for free energy calculations, such as metadynamics, to be used in combination with molecular dynamics simulation packages,
such as Gromacs, which is the code used for our simulations and can allow us to
compute the mechanisms and rates as a function of all collective variables that are
relevant to describe the unfolding process of PYP. Additionally, we propose an strategy to locate relevant collective variables and estimate accurate folding barriers using
path-metadynamics and subsequent analysis of the free energy profiles.
In chapter 6, we complete the thesis by applying the path-metadynamics method
for the prediction of the formation-dissociation mechanism of one of the most studied
coiled coils in globular proteins, the leucine zipper protein domain of the yeast transcription factor GCN4. This coiled coil has motivated many studies working into the
fundamental relation between the amino acid sequence and protein folding. We have
identified some relevant degrees of freedom participating in the process of formation
of the complex. Our results indicate that the transition does not occur along a single
robust pathway but exhibits transition state heterogeneity. Moreover, the free energy
profiles obtained along the average transition pathways indicate that the most likely
mechanism occurs through an intermediate characterized by the dissociation of the
N-terminal and the partial loss of helical structure of the dimer. Experimental studies
have confirmed the strong stability of the C-terminal and have suggested a probable
pathway through this intermediate state.
In conclusion, the path-metadynamics method opens up a way for the investigation
of rare event transitions on high-dimensional free energy landscapes. The computational time spent in the simulations performed in this thesis, is orders of magnitude
less than using straightforward MD, while the dimensionality of the set of CVs se-
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lected to describe the transitions is an order of magnitude larger than those included
when using the standard metadynamics approach. This provides a step forward in the
study of complex rare event transitions. We stress that although the method allows
the selection of a high-dimensional space of CVs, a recipe for an a priori selection of
all relevant reaction coordinates that describe the transition, is still the main challenge in the study of complex rare event transitions. Therefore, this remains a main
limitation for the path-metadynamics method. In our knowledge, there is not yet a
precise recipe for the selection of relevant reaction coordinates, although approaches
like the likelihood maximization analysis in combination with methods like transition
path sampling, can throw some light into the initial selection of a set of CVs. It is
important to note that although path-metadynamics cannot solve the problem of an
a priori selection of CVs, it is possible to employ a strategy to test the sufficiency
of the set of CVs based on the one-dimensional free energy picture obtained out of
an intrinsically multidimensional event. Moreover, despite this limitation, the pathmetadynamics algorithm has shown to enable the study of locally probable pathways
on high-dimensional spaces with a relatively robust performance. It is also important to mention that although the scope of this thesis is the study of conformational
transitions in proteins, path-metadynamics can be applied in a wide range of disciplines that go from material science to biophysics, where reactive transitions can
occur on very long timescales. Furthermore, although the current version of the pathmetadynamics algorithm is local, in the sense that it is limited to the exploration of
a single transition tube between stable states, future extensions of the method could
include a bias exchange of pathways between different transitions tubes, allowing the
exploration of multiple state transitions where there is not a unique solution for the
average transition path. This extension would enable the exploration of even more
complex free energy landscapes, providing a possibility to study, for instance, bigger
protein systems.
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Samenvatting

Eiwitten worden beschouwd als de machinerie van het leven. Ze zijn van belang
voor vrijwel alle fundamentele functies in een cel. Bijvoorbeeld perceptie en signalering, de catalyse van stofwisselings reacties, het geven van strutuur, het transport
van moleculen van één plaats naar een andere en de replicatie van DNA. Om deze
functies uit te voeren dienen eiwitten structurele of conformationele veranderingen
te ondergaan. Dit was de aanleiding dat in de laatste decennia is voorsteld dat de
werking van eiwitten bepaald wordt door het dynamisch karakter in plaats van de
statische structuur. In deze benadering kunnen eiwitten een grote hoeveelheid van
conformaties aftasten rond de evenwichtsstructuur als gevolg van de thermale energie. Dit beeld komt voort uit het multi-dimensionaal vrije-energy landschap dat
de respectievelijke kansen bepaald van de conformaties (thermodynamica) en de energie barrieres daartussen (kinetica). Een van de meest fundamentele voorbeelden van
structurele veranderingen dat het dynamische gedrag van eiwitten illustreert is het
vouwen van eiwitten in hun drie dimensionale structuur. Nadat eiwitten als lineaire
ketens gesynthetizeerd zijn door de ribosomen, vouwen ze, voordat ze actief worden,
in een specifieke drie dimensionale structuur. Indien het eiwit niet correct gevouwen
wordt of gevouwen blijft, restulteerd dit normaal gesproken in niet of incorrect werkende eiwitten die aanleiding kunnen geven tot verschillende neurodegenerative ziekten.
Andere voorbeelden van conformationele veranderingen, waar het eiwit verschillende
functies heeft, zijn onder andere, allosterische overgangen in enzymen, de generatie
van kracht door motor eiwitten, het openen en sluiten van ionkanalen en tot slot de
conformationele veranderingen die geïnduceerd worden door de ligand binding van
enzymen en receptoren. Dit betekend dat eiwitten zeer dynamische objecten zijn en
een gedetailleerde moleculaire beschrijving van de structurele veranderingen zou ons
in staat stellen om de onderliggende mechanismes en hun functies te begrijpen en hiermee zouden we modellen met voorspellende waarde kunnen ontwikkelen die helpen in
het begrijpen van bijvoorbeeld de oorsprong van de verschillende neurodegeneratieve
ziekten of die ons instaat zouden stellen om liganden te ontwikkelen die de locatie
van stabiele toestanden van conformationele veranderingen en hun snelheiden kunnen
beïnvloeden. Moleculaire dynamica (MD) simulaties zijn uitgegroeid tot een krachtig
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gereedschap voor de theoretische bestudering van complexe overgangen, die inzicht
geven in de stabiliteit en de dynamica van vele moleculaire systemen. MD simulaties
kunnen in het bijzonder een aanvulling zijn op experimenten door de dynamische
tijdsevolutie van biomoleculaire systemen op atomair niveau te modelleren. Hoewel
traditionele MD nu milliseconde tijdschalen kan modelleren, vinden veel conformationele veranderingen plaats op tijdsschalen die zeer lang zijn in vergelijking met de
tijdsschalen die toegankelijk zijn voor tradionele MD. Hierdoor is de simulatie van
de kinetica van het vouwen en van grote conformationele veranderingen in eiwitten
beperkt gebleven to relatieve kleine systemen en korte tijdschalen. Deze zogenaamde
rare event processen worden vaak geassocieerd met hoge vrije-energie barrieres tussen
metastabiele toestanden. Dit verhinderd zijn beurt het effectief sampelen van de reactie paden met traditionele MD. Het bestuderen van rare events vereist de ontwikkeling
van speciale rare event methodologieen die toestaan om grote vrije-energy barrieres
te passeren en zo complexe overgangen te bestuderen. Het doel van dit proefschrift
is de ontwikkeling en toepassing van een nieuwe rare event methode, genaamd padmetadynamica, om vrije-energy landschappen te onderzoeken en om transitie paden
tussen metastabiele toestanden te vinden. Padmetadynamica is een alternatieve benadering om de mechanica van dynamische processen te begrijpen die plaats vinden
op tijdschalen die zeer lang zijn in vergelijking met moleculaire tijdschalen. Hoewel
er zeer veel voorbeelden zijn van rare event processen, zoals conformationele veranderingen in biomoleculen, nucleatie gebeurtenissen in fase overgangen en chemische
reacties, zijn we in dit proefschrift vooral gen̈teresseerd in het bestuderen van het
vouwen en ontvouwen van eiwitten en hebben we padmetadynamica toegepast om
het vrije-enegie landschap van verschillende eiwitten te onderzoeken.
Padmetadynamica breidt de bestaande metadynamica methode uit met nieuwe algroithmes om: 1 Het systeem een bias te geven langs een geparametrizeerde kromme,
die een functie is van andere relevante order parameters die ook wel collectieve variabelen worden genoemd en 2. om on-the-fly deze kromme te evolueren naar het meest
waarschijnlijke reactie pad. Dit wordt gedaan door een nieuwe variabele te definiëren
die een functie is van alle andere collectieve variabelen en die een schattig is van
het reactie pad op het vrije-energie oppervlak. Door de dynamica langs deze variabele te sturen met een groeiende bias potentiaal van metadynamica evolueert het
pad effiecient naar het lokaal meest waarschijnlijke reactie pad, terwijl tegelijkertijd
de bias potentiaal een goede schatting wordt van het vrije-energie profiel langs het
geconvergeerde pad. De computer tijd van deze gecombineerde methode hangt niet
langer af van het aantal collectieve variabelen. Vooral deze laatste eigenschap stelt
ons in staat om vrij complexe overgangen te bestuderen die meer collectieve variabelen
nodig hebben dan een standaard metadynamica simulatie aan kan. De computer tijd
van standaard metadynamica simulaties schalen namelijk exponentieel met het aantal collectieve variabelen, waardoor er hoogstens 3 of 4 collectieve variabelen gebruikt
kunnen worden. In het eerste gedeelte van dit proefschrift, hoofdstuk 3, presenteren
we de padmetadynamica methode en tonen hoe deze gebruikt kan worden om in een
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simulatie gelijktijdig het reactie mechanisme en het vrije-energie profiel te vinden
tussen twee stabiele toestanden. Ik illustreer de methode met een toepassing op een
klassieke moleculaire dynamica simulatie op een conformationele overgang in alaninedipeptide.
In hoofdstuk 4 onderzoeken we in meer detail de theorie en efficientie van padmetadynamica. We bereiden de methode uit met een extra voortgangs parameter met als
span de hele ruimte van de collectieve variabelen in de verzameling van hypervlakken
loodrecht op het pad. Deze variabele representeerd de transitie buis tussen twee stabiele toestanden. Door een buis potentiaal toe te passen op deze variable tonen we
dat de padmetadynamica methode twee bestaande limieten heeft: het gemiddelde
transitie pad (de gemiddelde plaatsing ook wel eindige temperatuur limiet) en het
minimum vrije-energie pad (gradient methode of de limiet van geen temperatuur).
Bovendien geven we een voorschrift om de padmetadynamica methode te gebruiken.
Dit voorschrift bestaat uit verschillende tests om parameters te optimalizeren zodat
het pad en het vrije-energie profiel convergeren.
Het tweede gedeelte van dit werk, hoofdstukken 5 en 6 tonen de toepassing van padmetadynamica op het bestuderen van conformationele veranderingen in eiwitten. In
hoofdstuk 5 tonen we dat padmetadynamica succesvol kan worden toegepast om het
ontvouwings process te bestuderen van een relevant fotoreceptor, het Photoactive Yellow Protein (PYP), wat in de order van milliseconden duurt. Hier vind de methode
niet alleen het vrije-energie profiel langs het reactie pad van het ontvouwen, maar
het geeft ook uniek moleculair inzicht in de verkregen reactie paden. De resultaten
geven een aanvullend beeld op de conclusie van Vreede et. al. over het bestaan
van tussengelegen metastabiele toestanden in het ontvouwings proces van de PYP en
de relevante collectieve variabelen in de beschrijving van de overgangen. Bovendien
vinden we dat de hoogste barriere van het proces ligt bij het blootstellen aan het
oplossingsmiddel van het Glu46 en dat de relevante collectieve variabelen een belangrijke rol toekennen aan het residu ASN43 in de overgang naar de signaaltoestand
van het eiwit. We hebben de padmetadynamica methode in de ontwikkel versie van
het pakket PLUMED geïmplementeerd. PLUMED is een plugin voor vrije-energie
berkeningen zoals metadynamica en wordt gebruikt in combinatie met een moleculair
dynamica simulatie pakket, zoals bijvoorbeeld Gromacs, wat we hebben gebruikt voor
onze simulaties, en het stelt ons in staat om de mechanismes en reactie snelheiden
te bepalen als een functie van alle relevante collectieve variabelen die het ontvouwing
proces van het PYP te beschrijven. Bovendien stellen we een strategie voor om met
padmetadynamica, in combinatie met een opeenvolgende analyse van de vrije-energie
profielen, relevante collectieve variabelen te vinden en om nauwkeurige barrieres te
schatten.
In hoofdstuk 6 ronden we het proefschrift af met de toepassing van padmetadynamica
op het voorspellen van het formatie/dissociatie mechanisme van een van de meest
bestudeerde opgerolde spoel in globulaire eiwitten het leucine zipper eiwit domein
factor van de transcriptie factor GNC4 in gist. De opgerolde spoel is de motivatie
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geweest voor vele studies naar de fundamentele relatie tussen aminozuur sequenties
en het vouwen van eiwitten. We hebben een aantal relevante vrijheidsgraden geïdentificeerd die deelnemen aan de vorming van het complex. Onze resultaten tonen dat
de transcriptie niet langs één robust pad plaats vind, maar met hetrogeniciteit van
de overgangs toestanden. Bovendien wijzen de vrije-energie profielen, die verkregen
zijn langs het gemiddelde reactie pad, uit dat het meest waarschijnlijke mechanisme
gebeurd door een intermediar dat gekaraterizeerd wordt door de dissociatie van de
N-terminal en het gedeeltelijk verlies van de helicische structuur van het dimeer. Experimentele studies hebben de sterke stabiliteit van de C-terminal bevestigd en hebben
een waarschijnlijk pad gesuggereerd dat door deze tussen gelegen toestand leidt.
Tot slot merken we op dat de padmetadynamica methode een weg opent om rare
event transities te bestuderen op hoog dimensionale vrije-energie landschappen. De
computer tijd die de simulaties in dit proefschrift kostten waren ordes van grootte
kleiner dan met traditionele MD. Dit terwijl de verzameling van collectieve variabelen die gebruikt zijn om de transities te beschrijven een orde groter waren dan die
gebruikt zijn bij de traditionele metadynamica benadering. Dit is een stap vooruit
in het bestuderen van complexe rare event transities. We benadrukken dat hoewel
de methode de selectie van een hoog dimensionale ruimte van collectieve variabelen
toelaat, het vinden van een voorschrift voor het a priori kiezen van de relevantie reactie coördinaten de grootste uitdaging blijft in het bestuderen van complexe rare
event transities. Dit blijft een van de grootste beperkingen van padmetadynamica.
Bij ons weten bestaat er op dit moment geen exact voorschrift voor het bepalen van
relevante reactie coördinaten, ook al kunnen methodes zoals likelihood maximization
analysis in combinatie met methodes als transition path sampling licht werpen op de
initiele selectie van de verzameling van collectieve variabelen. Het is belangrijk om
op te merken dat hoewel padmetadynamica het probleem van een a priori selectie
van collectieve variabelen niet op kan lossen, het mogelijk is om een strategie te gebruiken om te testen of de verzameling van collectieve variabelen voldoende is. Deze
strategie werkt op basis van de één dimensionale vrije-energie die verkregen wordt
uit een intrinsiek multi-dimensionale gebeurtenis. Ondanks deze beperking heeft het
padmetadynamica algorithme bewezen dat het lokaal waarschijnlijke transitie paden
op hoog dimensionale landschappen redelijk robust kan bestuderen. Het is belangrijk
om op te merken dat hoewel het doel van dit proefschrift het bestuderen van conformationele transities in eiwitten was, padmetadynamica ook toegepast kan worden op
een breed spectrum aan disciplines, van matriaalkunde tot biophysica, overal waar
reactieve transities op lange tijdschalen plaats kunnen vinden. Hoewel de huidige
versie van het padmetadynamica algorithme lokaal is in de zin dat het beperkt is
tot de verkenning van één enkele reactie buis tussen twee stabiele toestanden, zou de
methode in de toekomst uitgebreid kunnen worden met een gestuurde verwisseling van
paden in verschillende reactie buizen, wat de verkenning van transities met verschillende overgangstoestanden mogelijk zou maken. Dit voor het geval dat er geen unieke
oplossing is voor het gemiddelde transitie pad. Deze uitbereiding zou het verkennen
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van nog complexere vrije-energie landschappen mogelijk maken en een optie zijn om
grotere eiwitten te bestuderen.
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