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Chapter

3

Path Finding on High-Dimensional Free
Energy Landscapes
We present a method, path-metadynamics, for determining the average transition path
and the free energy along this path in the space of selected collective variables. The
formalism is based upon a history-dependent bias along a flexible path variable within
the metadynamics framework but with a trivial scaling of the computational cost with
the number of collective variables. Control of the sampling of the orthogonal modes
recovers the average path and the minimum free energy path as the limiting cases. The
method is applied to resolve the path and the free energy of a conformational transition
in alanine dipeptide. 1

1

This chapter is based on the following paper: Grisell Diaz Leines & Bernd Ensing. Path Finding
on High-Dimensional Free Energy Landscapes Physical Review Letters 109, 020601 (2012).
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Introduction

Direct simulation of the atomic motions during a molecular transition is very often
impossible because the transition is associated with the crossing of a free energy
bottleneck, which is a rare event on the limited timescale accessible to the simulation
method. To nevertheless model relatively slow processes such as chemical reactions,
conformational changes in macromolecules, or nucleation events in phase transitions,
a large number of advanced simulation methods has been developed in recent years.
These methods either apply a kind of bias along one or few order parameters (Umbrella
Sampling method, Constrained MD, steered MD, adaptive force bias, Metadynamics,
etc. [1; 2; 3; 4]), focus on localizing transition pathways (Nudged elastic band method,
String Method, Transition Path Sampling, Milestoning method, etc. [5; 6; 7; 8; 9; 10;
11; 12]), or increase the temperature to enhance free energy barrier crossing (Replica
Exchange MD [13]). Although several of these methods have become crucial for the
study of slow molecular processes, a number important difficulties remain.
Arguably the largest challenge to model complex activated processes remains the
so-called reaction coordinate problem of localizing the slow degree(s) of freedom that
characterizes the transition mechanism. For very simple transitions such a reaction
coordinate may be chosen intuitively, for example the length of a bond that breaks.
For all other interesting processes, the dimensionality and complexity are a problem,
especially for methods that require an appropriate reaction coordinate to enhance
the sampling and compute the free energy landscape. Two solutions are offered to
obtain a reaction coordinate in this case. The first strategy is to analyze the reactive
trajectories from transition path sampling simulations [14; 15] and the second is to
compute a least action pathway or a minimum (free) energy pathway (MFEP) [16; 6;
7; 17; 18].
Here, we present an efficient algorithm to locate the average pathway and obtain
the free energy profile in a single path-metadynamics simulation. Our starting point
is metadynamics [2; 19], which belongs to a class of biasing methods [20; 21] that
apply a history dependent repulsive bias as a function of a small set of collective
variables to enhance sampling of activated transitions and probe the free energy surface (FES). However, a FES spanned by more than three collective variables becomes
prohibitively demanding to converge [22] and its analysis exceedingly cumbersome.
An strategy adopted to overcome this difficulty is to trace the MFEP connecting the
reactant and product minima on the FES. The MFEP is thus expressed as function
of the collective variables and can be used as a reaction coordinate onto which a complicated FES can be projected to provide an intuitive one-dimensional picture [23].
Branduardi et al provided an analytic expression for the progress along a path as a
sequence of intermediate molecular structures [24]. This expression can be used as a
collective variable in a metadynamics simulation and, in an iterative series of simulations, be optimized toward the MFEP by following the gradient of the free energy
analogous as done in the string method [16]. Contrary to this approach (and other
path finding methods), the current algorithm makes use of a flexible path that follows
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the probability density of a set of collective variables. In the following we show that
the method therefore (1) does not require calculation of (slowly converging) gradients of the FES, (2) can locate both the average transition path and the MFEP, (3)
simultaneously obtains the free energy along the path, (4) allows for very large sets
of collective variables due to a trivial scaling behavior, and (5) is particularly robust
and simple to implement.

3-2
3-2.1

Path-Metadynamics method
Defining the average transition path

Let us consider a many-particle system (q(t), v(t)) ∈ <3n × <3n , where q(t) is the
position of the particles, v(t) is the velocity and n is the number of particles. Suppose
the dynamics of this system evolves in some potential U (q) with a canonical distribution of temperature T . Let us also assume that this system has a FES spanned by
a set of relevant collective variables that are functions of the positions of the system,
{zi (q)} ⊂ <N , in which the dynamics is metastable over two states A ⊂ <N and
B ⊂ <N . We want to describe the reaction coordinate of the process as the progression along an average transition path in the space of the N collective variables,
zi .
The reaction coordinate is well-defined within the concepts of transition path theory [25] and the committor distribution. The committor is the probability pB (q) that
a trajectory starting with random (Boltzmann distributed) velocities from configuration q will arrive in state B before going through state A. Close to the attractive
basins of state A or B the committor will be (close to) zero or one respectively, while
somewhere in between the iso-committor surface pB (q) = 0.5 connects the ensemble of the transition state structures, which have equal numbers of trajectories that
“commit” either to states A or B. The iso-committor surfaces provide a continuous
foliation of configurational space from state A to state B, which is therefore often
seen as the ideal reaction coordinate. The transition flux density, ρ, is the number of
trajectories that pass through the surface per unit area. This density will be peaked
at configurations that belong to the “transition valley” in the FES as illustrated by
Fig. 3.1. The average transition path can now be defined as the curve that runs from
state A to B and connects the mean values of the transition flux densities of each
iso-committor surface.
In order to localize the average transition path, we make three assumptions:
1. the normalized transition flux density, ρ, can be represented by the configurational probability, p(z) = exp(−F (z)/kB T ), in the neighborhood of the path,
where F is the free energy, T is the temperature, and kB is Boltzmann’s constant,
2. the average transition path can be represented by a parametrized curve in the
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space of collective variables, {s(σ) : < → <N ; s(0) ∈ A and s(1) ∈ B}, and
3. the iso-committor hyperplanes Sσ are perpendicular to s(σ) in the neighborhood
of the path.

3-2.2

Flux density along the iso-committor surfaces

The probability density that a reactive trajectory from A to B hits an arbitrary surface
Π at an arbitrary point q is given by the probability of reaching q times the probability
that a trajectory coming from A reaches B before coming back to A in the future [26],
pΠ (q) = ZΠ−1 pB (q)(1 − pB (q))e−βU (q)

(3.1)

Where ZΠ = Π dq pB (q)(1 − pB (q)e−βU (q) . If the arbitrary surface Π is chosen as
the iso-comittor surface {q : pB (q) = pB }, then pB (q) becomes a constant. Therefore,
the factor pB (q)(1 − pB (q)) becomes constant as well andR Eq. 3.1 reduces to the equie−βU (q) where ZpB = {q:pB (q)=pB } dq e−βU (q) . This
librium distribution ppB (q) = Zp−1
B
means that, along the iso-committor surfaces, the ensemble of reactive trajectories
connecting A and B can be weighted by an equilibrium distribution.
If the collective variables {zi (q)} ⊂ <N are a sufficient representation of the mechanism of the transition from A to B, then the iso-committor probability can be expressed as a function of zi and approximated as pB (q) ≈ p0B (z). The function p0B (z)
is known as the quasi-committor probability and it has the same properties as the
committor function pB (q) [27]. The isocommittor hypersurfaces {z : p0B (z) = pB }
provide a measure of the chance of proceeding from A to B on the Free Energy landscape. Following the same argument as in Eq. 3.1, along the isocomittor surfaces
{z : p0B (z) = pB }, the ensemble of trajectories from A to B is weighted by an equilibrium probability distribution [26; 27]
R

p(z) = R

e−βF (z)
dz e−βF (z)

This property allow us to define regions of maximum probability p(z) in the space
of collective variables {zi (q)} ⊂ <N where the reactive paths are likely to hit the
isocommittor surfaces from A to B. These regions are known as transition tubes (see
section 3-2.3 for more details).

3-2.3

Localized transition tube assumption

The properties of the isocommittor surfaces {z : p0B (z) = pB } allow us to define
transition tubes connecting states A and B. The transition tube is defined as a region
with the smallest volume connecting A and B where the high values of p(z) are
concentrated and each isocommitor surface can be approximated as a planar surface
Sσ such that [16],
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Z
Sσ

−βU (q)

dSσ e

≈

Z
{pB (q)=pB }

dSσ e−βU (q)

(3.2)

The family of hyperplanes {Sσ : σ ∈ [0, 1]} defines the transition tube where the
reactive trajectories connecting states A and B most likely hit (Fig. 3.1). Therefore,
the average transition path can be obtained by connecting the mean configuration of
z on each hyperplane Sσ ,
s(σ) =
0
p(z10 , ..., zN
) =

Z

0
0
dz0 z0 p(z10 , ..., zN
) δ[Sσ (z10 , ..., zN
)],

with

(3.3)

1Z
0
),
dq e−βU (q) δ(z1 − z10 )...δ(zN − zN
Z

0
with δ(z) the Dirac delta function, Sσ (z10 , ..., zN
) = 0 represents the hypersurface in
the CV space and Z the partition function.

3-2.4

Defining the path-collective variable σ

To associate the curve mentioned in the second assumption to the progress variable
of the transition, we introduce a function of the collective variables {zi (q)} ⊂ <N by
projecting a configuration z onto the curve. This projection yields the free parameter
along the path σ(z)|s : <N → [0, 1] by solving the condition
σ(z) : τˆσ · (z − s(σ)) = 0

(3.4)

where τˆσ is the tangent vector to the curve s(σ). The variable σ(z) projects the
collective variable space onto the curve by finding the point s(σ) that minimizes the
distance |z − s(σ)| (see Figs. 3.1 and 3.2). This is a reaction coordinate that can
in principle be connected to the iso-committor surfaces [15], although a choice of
dynamically coupled collective variables might complicate this mapping as in that
case the iso-committor surfaces are no longer orthogonal to the curve [28; 29].
Notice that the variable σ(z) is a well defined function only if the path s(σ) is a
soft curve in the sense of a low curvature that allows the projection of zi onto the
path to be uniquely defined. Fig. 3.2 shows an example in which the curvature of the
path can yield several solutions for σ(z) when projecting the point z. This problem
can be solved numerically by discretizing the path in an optimal number of points or
constraining z to regions close to the path.

3-2.5

Sampling the average transition path

Although in principle these equations allow for the computation of the average transition path by histogramming z in a Monte Carlo or molecular dynamics simulation,
in practice the transition is a rare event on the simulation time scale so that hyperplanes away from the stable states are too poorly sampled. Applying a bias on z
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Figure 3.1: Dynamical trajectories that start in the reactant state A and end in the
product state B tend to be localized in a valley of the free energy landscape (transition
tube). The average transition path can be located by connecting the mean configurations
along the family of isocommittor hyperplanes that define the transition tube. The figure
shows an schematic representation of the evolution of the path towards the average transition
path between states A and B. The position sg (σg ) of the guess path is updated on the fly to
the average position hziσg along the hyperplanes Sσg , while the metadynamics potential is
added on the path-collective variable σg to enhance the rare event and converge the initial
guess path to the average transition path.

Figure 3.2: Left: Schematic representation of σ(z) as a projection of the collective variable
space zi onto the path connecting A and B. Right: Schematic representation of the possible
effect of the curvature on the path in the definition of the function σ(z). Path 1 is a ’soft’
curve connecting A an B with a unique solution for σ(z). Path 2 yields several solutions for
σ(z) due to the curvature of the path.
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using e.g. metadynamics can overcome the sampling problem, but in practice only for
rather low dimensions of zi . Instead, we employ a gradually growing, one-dimensional,
metadynamics bias potential along a guess transition path, {sg (σg ) ; σg = σ(z)|sg }:
Vbias (σg , t) =

X
t

H ∗ exp



−|σg − σg (t)|2
,
2w2


(3.5)

in which H and w are the height and width of the Gaussian repulsive potentials that
are added to Vbias , at the current position σg (t) along the guess path sg (σg (t)) for
discrete intervals of the time t.
In order to locate the actual average transition path from a biased sampling along
a guess path, the ensemble average of the transition points through the hyperplanes
(Eq. 3.3) is replaced by a time average of these points, z, through hyperplanes perpendicular to the guess path, Sσg :

hziσg

t
1Z Z
z(t0 ) δ[Sσ (z1 , ..., zN )] dz dt0
= lim
t→∞ t

(3.6)

0

in which the subscript, g, reminds us that these points z belong to hyperplanes Sσg
perpendicular to the guess path and are therefore only an estimate of the actual
average path. However, since the probability of these points peaks in the (closest)
free energy valley, this provides us with a recipe to converge the guess path to the
average transition path in an iterative procedure, simply by relocating the guess path
at regular time intervals to the cumulative average density,
sg (σg ) = hziσg .

(3.7)

The guess of the average transition path, together with its foliation of hyperplanes, improves with every update until convergence. Once the path is converged,
the metadynamics bias potential will tend to an estimator of the free energy along
this path-collective variable: F = −Vbias (σ, t), as with every sampled recrossing, a
new layer of Gaussian potentials will correct the discrepancies that occurred while
the guess path was still moving through higher regions of the FES. See Fig. 3.1 for
an schematic representation of the method.
To summarize, the method combines two approaches:
1. Adding a metadynamics potential to the path variable σ to accelerate the rare
event and explore the complete transition tube.
2. The path will evolve according to the average position of z within the hyperplanes Sσ perpendicular to the path. The probability distribution of zi in the
perpendicular direction to the path is peaked in the centre of the transition tube and
represents the average transition path.
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The algorithm

The numerical implementation of the method requires a definition of a discrete path
in collective variable space as a set of M nodes sg (σg , t) → {stji }, with j = 1, 2, ..., M
and ti representing the discrete time parameter of the evolution of the path. For the
geometrical expression for the projection of the average position hzi onto the path we
use
q

(v1 · v3 )2 − ||v3 ||2 (||v1 ||2 − ||v2 ||2 )
m
±
σg (z) =
M
2M ||v3 ||2
(v1 · v3 ) − ||v3 ||2
−
2M ||v3 ||2

(3.8)

which only requires knowledge of vectors involving point z, the closest path node
sm , and its neighboring nodes, sm−1 and sm+1 32 . In particular, v1 = sm − hzi, v2 =
hzi − sm−1 and v3 = sm+1 − sm . The expression for the projection (Eq. 3.8) requires
equidistant nodes, which is imposed by a reparametrization step [7] after every update
of the nodes. In the appendix 3.A the numerical expression for σg (z) is justified
including a graph of the foliation of z-space of Eq. 3.8.
The numerical expression for the evolution of the path nodes (Eq. 3.7), uses the
time averaged vector between z and its projected point on the path s(σ(z)), weighted
by w, which is only non-zero for the two closest nodes:
t

sji+1 = stji +

X

wk · (zk − sti (σ(zk )))/

k



wk

X

wk

(3.9)

k
t



||sti − s i (σ(zk ))|| 

= max 0, 1 − j ti
i
||sj − stj+1
||


In other words, every molecular dynamics step, k, the weight, w, averages the measured distance of the system to the path over the closest and the second closest path
nodes, which are evolved every ∆t = ti+1 − ti . Fig. 3.3 shows a schematic representation of the evolution of the path nodes in this algorithm.
Until here, we only apply a bias along the path, maintaining a free sampling in
the perpendicular directions and allowing the nodes to move most efficiently toward
the average transition path in the free energy valley. It is however trivial to restrain
the perpendicular sampling to a tube using a potential on the distance from the path
|sti (σ(zk ))−zk |, which may be important in cases with valleys with different transition
tubes (see section 3-4.2). Moreover, in the limit of an infinitesimally narrow tube, the
nodes follow the gradient of the free energy and we recover the MFEP analogous as
done in the string method [16].
32

Contrary to methods that follow a gradient, which require separate evaluation of a metric tensor
[7], here we only need a set of scaling factors set a priori.
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Figure 3.3: Cartoon of the numerical evolution scheme used in path-metadynamics algorithm to update the path nodes connecting stable states A and B. The average position of
the system hzi (black cross) projects onto the path (opaque red arrow) and the two nearest
path nodes sm−1 and sm+1 evolve in the direction of the average vector hz − s(σ)i. The
magnitudes of the two evolution vectors (red arrows) applied to the two nearest nodes are
inversely proportional to the distance from to the actual projection s(σ) (yellow circle) to
the nodes sm−1 and sm+1 respectively. These proportions are measured by the weights wj
at every time step ∆t = ti+1 − ti during the evolution. At time tt+1 the shape of the new
path differs from the initial path by the positions of sm−1 and sm+1 (red line-dots).

3-4

Test model: alanine dipeptide

We have applied the path-metadynamics algorithm to compute the average transition
path and the free energy profile of a conformational transition in the prototypical
alanine dipeptide molecule in vacuum. Fig. 3.4 shows the well-known alanine dipeptide
FES, or Ramachandran plot, spanned by the two dihedral angles, φ and ψ. The
alanine dipeptide has become a standard model system to illustrate the performance
of rare event methods to sample barrier crossings and compute free energy differences
and reaction rates [30; 31; 32; 33]. Here, we focus on the transition between the main
stable states, denoted C7eq and C7ax , which has a barrier of about 9 kcal/mol.
A 3 ns path-metadynamics simulation was performed using the CM 3 D molecular
dynamics program. The peptide was modeled using the CHARMM27 force field and
coupled to a single Nosé-Hoover chain thermostat to maintained a constant temperature of T = 298 K. Initially, the metadynamics bias potential parameters (Eq. 3.5)
were set to H = 10 K and w = 0.05 (in normalized length units of σ ∈ [0, 1]), and then
scaled by factors 0.5 and 0.8 respectively after every barrier recrossing to converge
the free energy profile. Using instead the well-tempered metadynamics approach [34]
to converge the free energy did not change the final results. The initial guess path
was parametrized by 20 nodes using a linear interpolation between two fixed nodes
centered at the two minima C7eq and C7ax , and flanked at each end by 20 nodes
(i.e. 60 nodes in total). Repulsive harmonic potentials on the path at σ = −0.2 and
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σ = 1.2 confined the sampling to the transition in between. The time interval for
the evolution of the nodes was ∆t = 0.5 ps, while the bias potential was incremented
every 0.05 − 0.5 ps, depending on the system displacement. The evolution of the
path and the free energy profile during a single 3 ns molecular dynamics simulation
are shown in Fig 3.5. Convergence is reached after 1250 ps, with the final path and
profile (transition free energy ∆F = 1.7 and barrier ∆F ‡ = 8.7 kcal/mol) in excellent
agreement with previous results [7; 24].

Figure 3.4: Time evolution of a transition path, sg (σ)g , that started from a straight path
between C7eq and C7ax , shown on a background of the alanine dipeptide (φ,ψ)-landscape
(previously computed using (normal) metadynamics [23]).

Figure 3.5: Left: evolution of the free energy profile along the path-collective variable
σg (z). Right: probability distribution along three hyperplanes, also indicated in the left
panel, illustrating the poorly bound reaction valley at B.

The main strength of the method is that it simultaneously obtains the average
transition path and the free energy profile of an activated process, provided that the
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transition can be described as a motion through a valley in a free energy landscape
spanned by a set of well-chosen collective variables. Although the latter requirement is
rather common to rare event methods and generally holds true for activated molecular
transformations, it is not unambiguously satisfied for the alanine dipeptide model
system. The difficulty is illustrated in the right panel of Fig. 3.5 by the probabilities,
pσ (l) where l is the distance (in radians) from the path s(σ) (represented by l = 0)
along three Sσ -planes perpendicular to the valley as indicated by the dashed lines
in the left panel. The pσ (l) along planes through the C7eq state (line A) and the
transition state (line C) are nicely peaked and bound by high free energy (i.e. low
probability) regions. Halfway however, at hyperplane B, the valley is hardly bound
on the more negative (φ, ψ) side, resulting in a significant probability to escape the
valley and fall into the C5 minimum at the bottom-left in Fig. 3.5, left. Here, the
aforementioned “tube-potential” aided in converging the mean probability (Eq. 3.3),
and thus s(σ), close to the shallow minimum of the valley at l = 0, rather than at the
deep C5 minimum at l = −2.4.

3-4.1

Convergence of the path and the free energy

The path-metadynamics simulation of the C7eq → C7ax transition for the alanine
dipeptide started from a configuration that belongs to the C7eq reactant state. The
(biased) dynamics of the collective variables of the first 1.5 ns simulation is shown in
Fig. 3.6. The top and middle panels show the evolution of the torsion angles ψ and φ.
The bottom panel shows the corresponding σ-value along the (moving) path of nodes.
The first barrier crossing occurs after about 175 ps and after about 280 ps the system
re-crosses back to the reactant state. The time between successive barrier crossings
does not reduce here because after each recrossing the size of the repulsive Gaussian potentials that are continuously added to the metadynamics biasing potential is
reduced in order to further refine the estimation of the free energy profile.
Fig. 3.7 shows the convergence behavior of the path-metadynamics method for the
case of the alanine dipeptide conformational transition. The convergence of the path
is computed by summing the root mean square distance between the path nodes at
time t and at time zero, as follows:

RMSD(s) =

v
u
u
t

2
M 
1 X
||si (t) − si (0)|| ,
M i=1

(3.10)

with M the number of nodes. The top panel in Fig. 3.7 shows that the path is
converged after about 500 ps path-metadynamics simulation. The dip in the curve
between 175 and 280 ps matches with the time that the system visits and reconstructs
the product state for the first time. Due to the algorithm used for the reparametrization of the curve to maintain equidistant nodes, the positions of the nodes in the
reactant state deteriorate somewhat while the system is in the product state (see
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Figure 3.6: Evolution of the path collective variable, σ (bottom panel) and the torsion
angles ψ and φ in radians of the alanine dipeptide during the path-metadynamics simulation
(top and middle panel).

RMSD(s) in Fig. 3.7 around 250 ps). After the next barrier crossing this is fixed
again and the path converges quickly.
The convergence of the free energy profile is monitored using the root mean square
deviation of the free energy at each node with respect to the final values:

RMSD(F ) =

v
u
u
t

2
M 
1 X
final
Fi (t) − Fi
.
M i=1

(3.11)

As expected, the free energy profile converges soon after the path nodes are converged, as shown in the bottom panel of Fig. 3.7.
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Figure 3.7: Convergence of the path shown as the mean square deviation of the node
positions with respect to those of the initial guess path as a function of time (top) and
convergence of the free energy profile shown as the mean square deviation of the free energy
at each node with respect to the final value (bottom).

3-4.2

Using the gradient of the free energy landscape

Here we briefly discuss the effects of two important features of the path-metadynamics
method. The first is the approach to advance the path of nodes to the highest transition density. This is a new alternative to the approach of evolving the nodes along the
gradient of the free energy. Secondly, the method reconstructs the free energy profile
along the path at the same time as it evolves the guess path, rather than converging
the free energy and the path in an alternating fashion.
We performed a series of simulations, using as a simplified model of the alanine
dipeptide a single particle on the two-dimensional Ramachandran potential energy
surface coupled to a Langevin thermostat with a friction coefficient of 0.5, such that
it mimics to a high degree the dynamics of the alanine dipeptide molecule. The black
graphs in Fig. 3.8 show the convergence of the path and the free energy for this system
using path-metadynamics, in very good agreement with Fig. 3.7.
By using a very stiff harmonic “tube” potential that confines the sampling to stay
very close to the guess path, we can effectively accumulate the average force due to the
tube potential at each node. This average force is an estimator of the gradient of the
free energy perpendicular to the gradient (see chapter 4 to find a justification of this
stiff harmonic tube limit). We evolved the guess path following the steepest descent
toward the minimum free energy path, which is where the perpendicular gradient
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Figure 3.8: Convergence of the path (top panel) and the free energy (bottom panel)
of the path-metadynamics as presented in the Letter (black lines) compared to that of a
variant in which the path follows the steepest descent along the gradient of the free energy
landscape (red lines) and a third variant in which the free energy and path are optimized
in an alternating fashion until convergence (blue lines).

is zero. The step-size for the evolution of the nodes was taken as a compromise
between good efficiency and stability of the integrator for the evolution of the nodes.
Fig. 3.8 shows the convergence of the path and the free energy for this model system
using two different sampling lengths between each update of the path: 5 ps (solid red
lines) and 12.5 ps (dashed lines). Clearly, for this system, the approach of following
stepwise the free energy gradient is significantly slower than the path-metadynamics
technique of allowing the dynamics of the nodes to move unhindered to the highest
transition density. Note that a shorter sampling length leads initially to a faster
convergence, however, the less accurate estimates of the average force results in larger
fluctuations in path motion on the long run, without really converging. We also tried
shorter sampling lengths of 1.0 and 0.5 ps (data not shown), which do not converge
at all. The algorithm can be improved by increasing the sampling length during the
simulation. A factor that would further decrease the performance of the gradient
approach for an actual molecular system is that each update of the nodes would
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require an unproductive equilibration simulation to accommodate the system to its
new confining path configuration.
Finally, we show the advantage of optimizing simultaneously the path and the
free energy profile by comparing to the alternative approach of optimizing them in an
alternating fashion. That is, first the free energy profile is converged along a fixed guess
path. Then the path is moved to the sampled average transition density, after which
the second metadynamics simulation reconstructs the free energy profile along the
new guess path, and so forth. The results are shown by the blue lines in Fig. 3.8. Not
surprisingly this approach is much less efficient than simultaneous optimization. We
tried to improve the alternating approach by, in the first four cycles, only performing a
rough free energy reconstruction, by only sampling one barrier crossing and recrossing.
Although this renders a 3 to 5 times speedup compared to converging the free energy
profile in every cycle, this is still much less efficient compared to the simultaneous
optimization as done in the path-metadynamics method.
We conclude that the C7eq to C7ax transition in alanine dipeptide maybe particularly challenging as a model system due to the poorly defined free energy valley.
Nevertheless, the path-metadynamics method very efficiently finds the average transition path and free energy profile. Other advantages of the method are that it can
make use of the existing metadynamics machinery, such as the multiple-walker parallelization or a distance-to-path collective variable to find multiple reaction valleys.
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Geometrical derivation of the pathvariable σ

To define a reaction coordinate as a function of collective variables σ(z), we use
a projection of z onto a discretized path of M + 1 equidistant points, or nodes,
s0 , s1 , . . . , sM . The path of nodes forms a smooth curve that connects the reactant
and product free energy minima and the projection provides a foliation of the z-space
such that it attributes to each configuration of the system a measure of the progress
along the reaction coordinate, σ(z).
Fig. 3.9 illustrates the geometric projection of a point z in a three-dimensional
collective variable space onto a path of nodes, yielding the point s(σ(z)). Here, σ(z)
is the desired reaction coordinate value, which we wish to be equal to zero for points
z that are in the plane S0 perpendicular to the curve through the reactant state
minimum and equal to one for z-configurations that lie in the perpendicular plane S1
through the product state minimum. The geometric expression (Eq. 3.8 in section
3-3 ) that we use for this projection is derived in the following way:
First, we locate the path node, sm , that is closest to the point z that we wish
to project onto the path. Next, we make use of the fact that, irrespective of the
dimensionality, we can draw a circle with center c through the triplet of nodes sm and
its neighboring nodes sm−1 and sm+1 . In Fig. 3.9, point z happens to lie in front of the
plane through the nodes. A gray triangle depicts the plane Sσ through c and z that is
perpendicular to the plane of the circle. As the circle is a smooth curve through the
nodes, and the plane Sσ is normal to this curve, we choose Sσ to be the plane that
connects all points that are projected to the same point s(σ(z)) on the path and thus
have the same σ value.
The white slice indicates the range of all possible planes Sσ that are closest to
, where the plane bisects the line segment
node sm . This range runs from σ(z) = m−1/2
M
m+1/2
between sm−1 and sm , to σ(z) = M , where the plane is equidistant from sm and
sm+1 . As at these limits the plane is also perpendicular to the line segment, it is easy
to see that the plane at one end coincides with the plane at the corresponding end of
the next triplet of nodes, resulting a smooth foliation along the entire path.
To find the plane through z and thus the reaction coordinate value σ(z), we set
out to locate the point x on the circle arc between sm and sm+1 , for which
||z − sm−1 || = ||x − z||.

(3.12)

However, to avoid computation of arc lengths, we make an approximation by assuming
x to lie on the linear segment between sm and sm+1 (see Fig. 3.9) and then define the
fraction of the arc length from sm to x as:
f=

||x − sm ||
.
||sm+1 − sm ||

(3.13)
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This fraction is directly related to the projection of z to σ as:
f ∈ [0, 1] ⇒ σ ∈



m − 1/2 m
,
M
M



(3.14)

Figure 3.9: A point z in a, here, three-dimensional, collective variable space is projected
onto a path of nodes, s(σ), leading to point s(σ(z)).

Figure 3.10: The reaction coordinate value σ as a function of the two torsion angle
collective variables used for the alanine dipeptide.
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Determining σ(z) thus requires finding the fraction f .
and 3.14, we can write:
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By combining Eqs. 3.13

||z − sm−1 || = ||f (sm+1 − sm ) + sm − z||

(3.15)

Introducing v1 = sm −z, v2 = z−sm−1 and v3 = sm+1 −sm , this equation is simplified
to
||v2 || = ||f v3 + v1 ||.

(3.16)

Rewriting to solve for f results in a quadratic equation,
||v3 ||2 f 2 + 2(v1 · v3 )f + (||v1 ||2 − ||v2 ||2 ) = 0

(3.17)

with (relevant) root:
q

f=

(v1 · v3 )2 − ||v3 ||2 (||v1 ||2 − ||v2 ||2 ) − (v1 · v3 )
||v3 ||2

.

(3.18)

The reaction coordinate value is related to f by:
m
f −1
σ=
±
,
(3.19)
M
2M
where the ± sign depends on whether σ(z) is on the right or the left side of node sm .
Combining the expression for f (Eq. 3.18) with Eq. 3.19 results in the full expression
for the projection:




q

(v1 · v3 )2 − ||v3 ||2 (||v1 ||2 − ||v2 ||2 )
m
σ =
±
M
2M ||v3 ||2
(v1 · v3 ) − ||v3 ||2
−
2M ||v3 ||2

(3.20)

This measure of the progress along the path collective variable is robust and very
easy to compute, also for large sets of collective variables. Moreover, it provides in
the neighborhood of the path a smooth foliation in z-space as illustrated in Fig. 3.10
for the case of the alanine dipeptide.

