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Chapter

4

An Assessment of Path-Metadynamics
The path-metadynamics method, introduced in chapter 3, provides a powerful algorithm to locate the average transition path on a high dimensional free energy landscape.
In this chapter, we have extended the method by introducing a progress variable that
spans the complete CV space into the family of hyperplanes perpendicular to the path.
This variable represents the transition tube between the stable states A and B. By
introducing the effect of a "tube" potential applied on this variable, we show that the
path-metadynamics method can recover two limits: the average transition path (evolution of the path to the high transition density, similar to the finite temperature effect in
the string method) and the minimum free energy path (evolution of the path along the
gradient of the free energy, similar to the zero temperature limit of the string method).
The second part of the chapter presents a guide to use the path-metadynamics method.
This guide consists of different tests to fine-tune the parameters of the evolution of
the path and the convergence of the free energy profile. We use umbrella sampling
and string method results as a reference. For simplicity, the tests are performed once
more on the well known model system to study conformational transitions, alanine
dipeptide. This model serves as a prototype to illustrate a recipe for the computation
of transition paths using path-metadynamics.
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Introduction

The Molecular Dynamics (MD) simulation has provided an improved understanding
of the mechanism involved in different processes occurring on a wide variety of fields,
going from biology and material science to astrophysics. Yet, despite its success,
with the present-day computer technology straightforward MD simulations can access
at most the microsecond timescale regime for moderate sizes and femtosecond time
steps, limiting its application to relatively small systems. In particular, there are many
activated processes where the molecular transitions are associated with the crossing of
high free energy barriers. These transitions are rare events for the limited timescale
accessible to this method. Examples of these processes include chemical reactions,
conformational changes in macromolecules, or nucleation events in phase transitions.
In these cases, the observation of even one single transition with MD is highly unlikely.
In recent years, a large number of advanced simulation methods have been developed to model such slow activated processes. In most of these techniques, one can
either introduce a bias along the dynamics of one or few collective variables (CVs)
to enhance the sampling of unfavourable regions along the trajectory and reconstruct
the free energy surface (FES) [1; 2; 3; 4] or focus on determining transition pathways
between stable states separated by large free energy barriers [5; 6; 7; 8; 9; 10; 11; 12].
Unfortunately, most of these methods become rapidly inefficient as the number of
collective variables increases. This is unfortunate since for certain interesting classes
of complex transitions it is required to take into account a large number of degrees
of freedom to describe the mechanism. Furthermore, even if we could sample the
mechanism in a large number of CVs, the complexity of the system would make the
interpretation of the pathways very cumbersome.
For this reason it is customary to try to explain the mechanism of the reaction
by identifying one (or few) specific path(s) that represent the most likely mechanism
of the complex transition on the free energy landscape, spanned by a set of relevant
CVs. How to define these specific paths remains far from trivial. The representative
pathway should connect the most probable configurations (weighted by a Boltzmann
distribution) among the channel of trajectories that connect two stable states, normally represented by the centre of a transition tube. A well-known definition to
represent the most likely mechanism of the transition under certain conditions is the
minimum free energy path (MFEP) [13; 5; 6; 14; 15; 16]. The MFEP is a good candidate to obtain a local representative pathway that connects configurations with the
lowest free energy among the channel of trajectories that connect two stable states.
Yet, the MFEP can exclude important contributions of nonlocal features of the free
energy landscape along the reaction tube connecting the stable states. Free energy
landscapes of complex systems can be rough on a scale of thermal fluctuations and
the local information represented by the MFEP can not capture the features of the
landscape perpendicular to the path along the channel of transition pathways. One
way to go beyond the definition of the MFEP is to obtain paths that average over the
global underlying features of the free energy landscape. This lead to the proposals
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made in Ref. [13; 17] to explain the mechanims of complex transitions by computing
average transition paths.
The best reaction coordinate to describe a transition between two stable states,
is defined in Transition Path Theory [18] (TPT) within the concepts of committor
probability. The committor is a measure of the chance of proceeding to reactants or
products and it is defined as the fraction of trajectories, started at certain configuration with random Maxwell-Boltzmann velocities, that can reach the product state
before coming back to the reactant state. The hypersurfaces defined by a constant
committor probability in the configurational space are known as the isocommittor
surfaces. These surfaces provide a continuous foliation of the configurational space
along the transition from one state to another, where the trajectories passing through
them are weighted by an equilibrium distribution. The average transition path is
then defined as the curve connecting the mean values of the equilibrium distribution
among the isocommittor surfaces. In this way, the average transition path provides
a realistic picture of the most probable mechanism of a complex activated processes
(assuming that a reaction channels exist). For the study of complex transitions, it is
valuable to develop new/improved algorithms to calculate these pathways.
In chapter 3, we introduced the path-metadynamics method to localize the most
probable transition pathway in a rare event. This method exploits an analytical description for the progress along the path in the space of CVs and the perpendicular
hyperplanes along the transition tube. Path-metadynamics makes use of a historydependent bias on a flexible "path collective variable" that aims to follow the probability density of a set of collective variables. By using adaptive methods like metadynamics, it is possible to show that path-metadynamics provides an effective scheme
to optimize and sample the average transition path. At the same time, the metadynamics bias potential becomes an estimator of the free energy along the transition
pathway. Therefore, the path-metadynamics method can be viewed as a combination
of two ideas: the metadynamics potential [2; 19] introduced to bias the dynamics
along the CVs and the definition of an analytical space of path-collective variables
to describe a transition [12]. The main advantages of this combination are that the
method (1) simultaneously obtains the free energy along the path taking into account
finite temperature effects (2), it is particularly robust and simple to implement (3)
simplifies the analytical definitions of the path-collective variables and (4) allows for
very large sets of collective variables due to a trivial scaling of the computational cost.
In the first part of this chapter, we have extended the path-metadynamics method
by introducing an additional path-collective variable that spans the CV space into
the family of hyperplanes perpendicular to the path. This variable represents the
transition tube between two stable states. By confining the sampling of the CVs in
the region close to the path (adding a "tube" potential on this additional variable),
we prove that the path evolves along the gradient of the free energy and converges
to the minimum free energy path. Introducing a transition tube definition and analyzing the effect of a tube potential allows us to explore two limiting cases of the
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path-metadynamics method: (1) the average transition path (evolution of the path
to the probability density along the hyperplanes, similar to the finite temperature
approach introduced by the string method [13]) and (2) the minimum free energy
path (steepest descent evolution of the path, similar to the zero temperature limit of
the string method [6]). The main advantage of implementing the transition tube as
a path-collective variable is that we can recover both limits (finite temperature and
zero temperature), using a single algorithm and tuning a single parameter (the tube
potential). Moreover, future work could consists of adding an adaptive bias potential on this variable perpendicular to the path to explore multiple transition tubes
connecting the stable states.
The second part of the chapter is more technical. Here our aim is to provide a
guide for the user to fine-tune the different parameters required during the evolution
and convergence of the path during the path-metadynamics simulations. For simplicity, and to illustrate a recipe for the computation of transition pathways using the
path-metadynamics method, we have used once more the well-know model conformational transitions, alanine dipeptide. Initially, we perform three reference simulations
and compare the transition paths and the free energies obtained when using other
methods like the string method and umbrella sampling in alanine dipeptide. These
simulations provide a reference for convergence criteria of the method in the next sections. Finally, we discuss the effects of different parameter choices in the convergence
and performance of the method. This work provides a technical recipe to implement
and adapt path-metadynamics to find likely transition pathways in multidimensional
free energy landscapes.

4-2

Method: path-metadynamics equations

Consider a system described by the coordinates (q(t), v(t)) ∈ R3n × R3n evolving
under the action of a potential U (q) with a canonical equilibrium distribution at
temperature T . Let us also assume that the free energy landscape of the system, F (z),
is well described by the set of collective variables {zi (q)} ⊂ RN and the dynamics is
metastable over two stable states A and B. We are interested in finding the average
transition path between A and B and its free energy F (z) to estimate the most likely
mechanism of the transition and the rate constants.
Let us define a path connecting states A and B as a parametric curve on the CVs
space,
s(σ) : R → RN ; s(0) ∈ A and s(1) ∈ B
(4.1)
where the variable σ ∈ [0, 1] is the parameter of the curve from A to B.
As it is well known from transition path theory [18], the committor probability
provides a measure of the progress of the transition from A to B. The committor is
the probability pB (q) that a trajectory started at q(t = 0) with velocities from a
Maxwell-Boltzman distribution will reach B before coming back to A. In the basins
A and B, the committor will have values pB (q) = 0 and pB (q) = 1 respectively, while
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near the transition state region, the committor becomes p(q) = 0.5. In the space
of CVs {zi } a quasi-committor function p0B (z) can be defined and assumed to have
the same properties as the committor function if the variables zi provide a sufficient
description of the mechanism between A and B [17]. The isocommittor hypersurfaces
{Sσ : p0B (z) = cst} then provide a foliation of the CVs space from A to B. Moreover,
It has been shown in chapter 3 that along the isocommittor surfaces, the ensemble of
trajectories is weighted by the equilibrium distribution [20].
0

e−βF (z )
pσ (z ) = R 0 −βF (z0 )
dz e
0

(4.2)

The average transition path is defined as the trajectory s(σ) that connects each
isocommitor surface Sσ at the mean flux of the ensemble of trajectories hitting the
hyper surface weighted by this probability distribution [13; 17; 20],
s(σ) =

Z

0
0
δ[Sσ (z10 , ..., zN
)] z0 pσ (z10 , ..., zN
) dz0

(4.3)

For now we assume that the metastable states A and B are connected by a single
effective transition tube (a single ensemble of trajectories connecting A to B). We will
introduce a strategy in chapter 5 to deal with different transition tubes connecting
the stable states.
Path-Metadynamics is an algorithm developed in chapter 3 to find both the average
transition path and the free energy profile along this trajectory. This is achieved by
introducing a progress variable σ(z) from A to B as a projection of the CV space onto
the curve s(σ) (see section 3-2.4 in chapter 3). We note that this projection of the CV
space onto the path can yield an additional progress variable from A to B defined as
the distance from the point z to the path s(σ). Here we introduce an extended space
of "path-collective variables’ and define a new parameter d(z)|s ,
σ(z)|s : RN → [0, 1] : (z − s(σ)) · τ̂σ = 0

(4.4)

d(z)|s = min ||z − s(σ)|| : RN → [0, ∞]

(4.5)

where τˆσ is the tangent vector to the curve s1(σ).
The first parameter in Eq. 4.4, σ(z)|s , is a parametrization along the path that
projects the collective variables z onto the point along the curve s(σ) that minimizes
the distance ||z − s(σ)||. The second parameter in Eq. 4.5, d(z)|s , is the minimum
distance from z to the path s(σ). The function d(z)|s lives in the space perpendicular
to the path and maps the CV space into the family of hyperplanes Sσ perpendicular
to the path s(σ). This variable represents the transition tube. Both parameters
provide a foliation in z-space. Fig. 4.1 illustrates these two free parameters in a
schematic representation. Examples of the foliations of d(z)|s and σ(z)|s are illustrated
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Figure 4.1: Schematic representation of the path collective variables d(z)|s and σ(z)|s on
a free energy landscape stable over two minima A an B. The mean position of the CVs hzi
projects on the path s(σ) and leads its evolution towards the center of the effective transition
tube represented by the equilibrium weighted ensemble of trajectories (dashed lines).
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Figure 4.2: Foliation of the path collective variables d(z)|s (left) and σ(z)|s (right): The
values of reaction coordinate d and σ as a function of the two torsion angles collective
variables for alanine dipeptide.
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in Fig. 4.2. Notice that parameters d(z)|s and σ(z)|s are well defined functions just
for a smooth path (see chapter 3 for definition of a smooth curve).
To enhance the sampling of regions near the transition state, we apply a onedimensional metadynamics bias potential on the initial guess for the path {sg (σg ) :
σg = σ(s)|sg } (where the subscript g reminds us that the progress variable projects the
space along a guess path) enhancing simultaneously the dynamics of the complete CV
space z(q). The convergence of the guess path towards the most likely path between
the stable states is done by an iterative weighted average placing of the path in the
direction of the average density of the collective variables z(q),
sg (σg ) = hziσg .

(4.6)

The guess transition path evolves according to Eq. 4.6 until it is converged to the
most likely reaction path. The foliation of the hyperplanes will improve with every
path update. The metadynamics bias potential will tend to an estimator of the free
energy along the path-collective variable σ(z) as shown in chapter 3.

4-2.1

Path-metadynamics algorithm

In chapter 3 we introduced the numerical algorithm of path-metadynamics. Here
we propose a modification of the implementation to extend it to the space of pathcollective variables σ(z)|s and d(z)|s . We select a discrete path in the collective variable
space z(q) ⊂ RN as a set of M beads sg (σg , t) → {stji }, with j = 1, 2, ..., M and ti
representing the discrete artificial time parameter of the evolution of the path. The
numerical expression for the variable σ(z)|s is done as described in chapter 3. The
variable d(z)|s can be obtained from the geometrical projection of a point hsi onto
the path, considering the triplet of the closest 3 path beads: sm , the nearest bead,
while sm−1 and sm+1 , second and third nearest beads respectively,

σg (z) =

m ± ds
M

(4.7)

dg (z) = ||v1 − ds v3 ||
q

ds =

(v1 · v3 )2 − ||v3 ||2 (||v1 ||2 − ||v2 ||2 )

2M ||v3 ||2
(v1 · v3 ) − ||v3 ||2
−
2M ||v3 ||2

where v1 = sm − hzi, v2 = hzi − sm−1 , v3 = sm+1 − sm and ds is the arch length from
the nearest bead sm to the point s(σ) (see appendix 3.A for details on the derivation
of ds). The numerical expression for the evolution of the path beads, from Eq. 4.6, is
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the weighted average placing of the path in the direction of a point z(q) and it can
be modified from the algorithm introduced in chapter 3, in terms of d(z)|s as
t
sji+1

=

stji

P

k

+


wk

wk d(zk )|s ∇z d(zk )|s
P
k wk

(4.8)



t

||stmi − s i (σ(zk ))|| 

= max 0, 1 −
i
||stmi − stm+1
||


Note that, in a unit metric, we can write ∇z d = (z − s(σ))/||z − s(σ)|| and Eq. 4.8
is identical to the evolution introduced previously in chapter 3. In section 4-2.2 we
discuss the reason to re-write Eq. 4.8 in this form. At every molecular dynamics step
k, we average the vectors from the system to the path over the closest and the second
closest path beads, which are evolved every ∆t = ti+1 − ti (See chapter 3). After every
step of the evolution a reparametrization algorithm [6] is applied to keep the nodes
equally distributed along the path and guarantee the soft distribution of the beads.

4-2.2

Steepest descent evolution of the path

In this section we discuss the limiting case of the path-metadynamics method in which
the path evolves along the gradient of the free energy (the mean force) using steepest
descent dynamics until convergence to the MFEP (mentioned just briefly in chapter
3). We prove that it is possible to use a constrained dynamics simulation on the pathcollective variable d(z)|s to efficiently compute the perpendicular component of the
mean force [∇z F (z)]⊥ , where ⊥ denotes the component of the gradient perpendicular
to the path s(σ). Following a similar approach to the string method in Ref. [6], the
MFEP is found by performing steepest descent dynamics such that [∇z F (z)]⊥ = 0.
In the spirit of the extended Lagrangian approach [6; 21], we use the modified
potential in the space {σ(z)|s , d(z)|s } as,
1
1
(4.9)
Ũ (q, d0 , σ 0 ) = U (q) + kd (d(z)|s − d0 )2 + kσ (σ(z)|s − σ 0 )2
2
2
where σ 0 and d0 are the auxiliary variables coupled to the system in the path-metadynamics
approach. The free energy as a function of variables σ 0 and d0 is then given by
Z
1
F̃ (σ , d ) = − ln
dq exp − β U (q) +
β

1
1
kσ (σ(z)|s − σ 0 )2 + kd (d(z)|s − d0 )2
2
2
0

0







(4.10)

In the limit of kd → ∞ and kσ → ∞ the expressions exp[−β( 21 kd (d(z)|s − d0 )2 )]
and exp[−β( 21 kσ (σ(z)|s − σ 0 )2 ] approximate δ(d − d0 ) and δ(σ − σ 0 ), respectively. This
means that in the limit of kd and kσ large enough we can compute the free energy of
the system F (σ 0 , d0 ),
limkd ,kσ →∞ F̃ (σ 0 , d0 ) = F (σ 0 , d0 )
(4.11)
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Hence, the mean force ∇z F can be obtained as,

∇z F = limkd ,kσ →∞ ∇z F̃
(4.12)


1 −1 Z
=
limkd ,kσ →∞ Z̃
dq kσ (σ 0 − σ)∇z σ + kd (d0 − d)∇z d e−β Ũ
β
Where we use σ = σ(z)|s and d = d(z)|s for simplicity. Note that in the perpendicular
direction to the path ⊥ (or along the hyperplanes Sσ ) σ is a constant and [∇z σ]⊥ = 0,
therefore, from Eq. 4.12 we can get directly the expression for [∇z F (z)]⊥ ,

[∇z F ]

1 −1 Z
dq kd (d − d0 )∇z d e−β Ũ
− Z̃
β


⊥

= limkd →∞



(4.13)

On the path s(σ) the value d0 = 0, and [∇z F (z)]⊥ becomes,
[∇z F ]

⊥

1 −1 Z
dq kd (d)∇z d e−β Ũ
− Z̃
β


= limkd →∞



(4.14)

By ergodicity we have,
[∇z F ]⊥ = limkd ,T →∞ −

kd Z T
d∇z d dt
T 0

(4.15)

Hence, Eq. 4.15 becomes an estimator of the mean force perpendicular to the path
during the simulation with kd and T large enough. In addition, the metric of the
space z can be taken into account in the definition of distance d(z)|s ,

d(z)|s = ||z − s(σ)|| =

v
uM
uX
t [z

i (q)

− si (q)]Mij [zj (q) − sj (q)]

(4.16)

i=1

where we make a conversion of an arbitrary CVs space defining Mij as,

Mii =


n 
X
∂zi (q) 2

∂qn
with Mij = 0 if i 6= j

(4.17)

i=1

The evolution of the path beads to the MFEP is done using steepest descent
dynamics,

t
sji+1

=

stji

P

+ δτ

k

wk d(zk )|s ∇z d
P
k wk

(4.18)
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where δτ = kd ∗cst is a fictitious step of evolution of the path and can be tuned during
tha path-metadynamics simulation. The weights wk are the same as in Eq. 4.8 for
the first and second nearest beads to hzi.
This means that, in the limiting case of kd large enough (constrained dynamics using a stiff tube potential), we can efficiently evolve the path to the MFEP in a steepest
descent scheme (similar to the zero temperature limit in the string method). However,
notice that Eq. 4.18 is identical to the average placing evolution proposed in Eq. 4.8,
except for a proportionality constant δτ . By allowing the free dynamics of CVs in the
perpendicular direction to the path (not applying any tube potential, kd = 0) and
selecting the time step δτ = 1.0, Eq. 4.18 recovers the evolution scheme to sample
high transition densities and converges to the average transition path (similar to the
finite temperature limit in the string method). Therefore, fine-tuning of parameter kd
and a proper selection of parameter δτ allows us to differentiate easily between the
two limits (k = 0 and k → ∞) using a single path-metadynamics algorithm.

4-3

A recipe for the computation of transition pathways

The performance and the error of path-metadynamics can be measured in terms of the
convergence of the free energy profile along the path F (σg , t) to F (σ) and the convergence of the path s(σg , t) to the average transition path s(σ). The path-metadynamics
method requires the fine tuning of different parameters to get appropriate convergence
of the paths. Although in many cases this is a problem with a non-unique solution
depending on the complexity of the system, a proposed procedure for the fine tuning
of parameters in path-metadynamics can reduce the problem of efficiently finding the
most likely transition paths.
To assess the performance of path-metadynamics, we use the test model for conformational transitions introduced in chapter 3: alanine dipeptide in vacuum. In this
case, the model is used once more for simplicity, to illustrate in detail a recipe for the
selection of the different parameters of the method. Alanine dipeptide has a well understood conformational transition, that is ideal to test path-and free energy methods
[22; 23; 24; 25]. The free energy surface (FES) of alanine dipeptide is described using
two torsion angles φ and ψ as CVs (see chapter 3).
Before testing the error and the performance of the method we have started with
three reference simulations. In the first simulation we computed the free energy
landscape in the CV space space using the bidimensional umbrella sampling (US)
method. This FES gives us an accurate reference of the locations of the minima and
the transition state, which allows the calculation of the errors. The second simulation
was an evolution of the path, using the string method, to compute the most likely
path between C7eq and C7ax on top of the FES for alanine dipeptide. This gives us a
reference path to measure the error when tuning the different parameters and can be
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used for a comparison with the MFEP obtained from path-metadynamics. In the third
simulation we perform umbrella sampling on the average transition path to obtain an
accurate reference for the free energy profile computed with path-metadynamics.

4-3.1

Simulation Details

All the simulations were perfomed using the molecular dynamics package Gromacs
(version 4.5.4) [26] and the CHARMM27 forcefield [27; 28]. The system was simulated
in vacuum and we use the canonical ensemble (NVT) at 298.0 K in all the cases. The
temperature was controlled by the stochastic-rescaling thermostat [29]. We use the
linear constraint solver (LINCS) for interactions between the atoms [30] allowing us to
choose a time step of 2 fs for the MD integrator. The Van der Waals interactions are
treated with a cutoff of 1.4 nm and particle mesh Ewald handled the electrostatics with
a grid spacing of 0.12 nm [31]. We have implemented Path-Metadynamics method
in the PLUMED plugin code for free energy calculations [32], which works together
with the molecular dynamics package GROMACS (version 4.5.4).
Path-metadynamics requires the selection of an initial path connecting the stable states. The initial paths were selected as a linear interpolation of equally spaced
points in the CVs space between the stable states. Two points of the path represent
the metastable states and they are kept fixed during the simulations. To avoid the
exploration of transitions outside the transition tube of interest we also applied reflective walls in the maximum and minimum value of the path-collective variable, σ = 0
and at σ = 1.
The two-dimensional free energy profile of alanine dipeptide was computed using
umbrella sampling [1] on the dihedral angles φ and ψ and used as a benchmark for the
path-metadynamics method. Two harmonic potentials with a force constant of k =
500 kJ/mol were applied to φ and ψ dividing the surface into 25 overlapping windows
in the intervals φ ∈ [−π, π] and ψ ∈ [−π, π]. The free energy surface was recovered
from the probability distributions of variables φ and ψ using the weighted histogram
analysis method (WHAM) [33]. The probability distributions were computed for 80
ps per window on the grid.
To compare our method and obtain a reference path, we used the string method
(SM) [6] to find the MFEP between the stable states C7eq and C7ax for alanine dipeptide in the CVs space of φ and ψ. A linear interpolation of nodes between C7eq at
(-1.49, 1.12) and C7ax at (1.28, -1.24) was used as an initial path and evolved towards
the MFEP. The initial path was discretized in 11 points {si = (φi , ψi ) with i =
1, .., 20}. To compute the mean force ∇z F and the metric tensor M we added
harmonic potentials on the dihedral angles φ and ψ with a force constant of 89.42
kcal/mol/Å2 and MD simulations for a total time of 45000 steps for each node along
the path. The initial path was updated using an artificial time step of δτ = 0.0001.
The reparametrization step was performed as described in [6]. The Euler algorithm
was used to evolve the nodes of the string. At least 150 path updates were needed to
converge the path to the MFEP.
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To tune the path-metadynamics bias potential and converge the free energy along
the path, we performed several metadynamics runs with different choices of parameters (the height H, width w and the deposition time τ ) on a fixed linear path σ between
the stable states (C7eq and C7ax ). The width w was set to w = 0.05 (normalized units
of σ(z)|s ∈ [0, 1]). The deposition time τ = 0.4 ps was chosen by computing the minimum simulation time required to displace σ by 0.05 units [19]. The height of the hills
H was optimized for τ trying different values H = 0.1, 0.2, 0.3, 0.5, 0.7, 0.9, 1.1 kJ/mol
and computing the error in the free energy profile obtained. To compute the error of
the free energy profile F (σ), we used the following expression,
s

=



2 

F (σ, t) − hF i

(4.19)

Where the average h·i is taken over the free energy profiles F (σ, t) computed during
the path-metadynamics simulation and after the first recrossing of the variable σ from
states C7eq and C7ax . The error  was computed over the first 10 profiles F (σ, t) after
the first recrossing of variable σ (after 5000 hills accumulated every 0.4 ps) on a grid
of 100 points of σ. The optimal value was found to be H = 0.3 kJ/mol with a
corresponding error of approximately 0.5 kT (which falls in the order of the thermal
fluctuations).

4-3.2

Two-dimensional landscape using umbrella sampling

Fig. 4.3 shows the two-dimensional free energy profile of alanine dipeptide computed
with umbrella sampling on the dihedral angles φ and ψ. On the FES obtained we
located the positions of the minima C7eq at (-1.49, 1.12), C7ax at (1.28, -1.24) and C5
at (-2.59, -3.15). According to this FES resulting obtained using umbrella sampling
the free energy barrier between C7eq and C7ax is about ∆F = −34.0 kJ/mol with
a transition state located at (0.06,-1.22). In this work we focus on the transition
between C7eq and C7ax to compute the transition paths. This free energy profile has
been extensively studied previously with other methods [22; 23; 24; 25], however due
to the accuracy of the umbrella sampling method, we use the FES of alanine dipeptide
as a benchmark for the path-metadynamics method.

4-3.3

Minimum free energy path using the string method

We compute the MFEP between minima C7eq and C7ax using the SM. We have
defined 11 random initial paths on the interval φ ∈ [−1.5, 1.5] and ψ ∈ [−1.5, 1.5]
to start the SM simulations (we selected uniformly random distributed points and
linked them together to define an initial path). Fig. 4.4 shows the average MFEP on
top of the FES for alanine dipeptide (yellow) obtained from the 11 SM simulations
and the error associated (yellow square) to each point along the path. The error
was defined as the standard deviation of the MFEPs from their average for each point
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Figure 4.3: Free energy surface resulting from two dimensional umbrella sampling method
using a grid of 25 overlapping windows on the dihedral angles φ and ψ.

along the path. To compare with our method, we performed simulations starting from
the same 11 initial pathways using path-metadynamics (red path). In both cases, the
final transition paths visit the saddle point at (0.06,-1.22) connecting the stable states
and perpendicular to the contour lines of the FES. However, as Fig. 4.4 shows, the
errors in the points of the MFEP near the stable state C7ax increases when using
the SM, resulting in convergence problems. The statistical error estimated using
path-metadynamics is negligible for all the points along the path. We think that
this difference in errors near the region of C7ax is the result of the gradient descent
scheme used in the SM, in comparison with the average placing scheme used in the
path-metadynamics method. The perpendicular component of the mean force (the
gradient) is basically zero along the contour lines of C7ax , resulting in slow convergence
of the SM during the evolution of the pathway.

4-3.4

Umbrella sampling along the average transition path

In Fig. 4.5 we show the free energy profile F (σ) along the average transition path
between C7eq and C7ax , obtained from a path-metadynamics simulation (solid black
line). The errors in F (σ) were calculated with Eq. 4.19. To compare this estimate of
the barrier and the free energy profile along the path we also computed F (σ) using
one-dimensional umbrella sampling along the average transition path. The umbrella
potential used was parabolic on variable σ : 0.5 kσ (σ−σ0 )2 with kσ = 50.0 kJ/mol/Å2 .
The path was divided in 40 windows. The starting configuration for each window was
obtained by restarting from the last configuration of the preceding umbrella run. In
each window the MD run was 100 ps, giving a total simulation time of 4 ns. The free
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Figure 4.5: Free energy profiles as a function of the path variable σ(z)|s along the average
transition path between C7eq and C7ax using metadynamics (black solid line) and umbrella
sampling (red dashed line). The vertical bars indicate the error  computed for F (σ) at
different values of σ.
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energy profile was reconstructed using WHAM [33]. Since we are just interested in the
probability of visiting the region nearby the path, we added an additional parabolic
potential on the variable d = d(z)|s : Vbias (d) = 0.5 kd (d − d0 )2 to keep the dynamics
of the CVs in the region of the one dimensional path and avoid the probability of
visiting outer regions of the transition tube between C7eq and C7ax . The resulting
free energy profile with umbrella sampling is shown in Fig. 4.5 with a dashed red line.
The free energy barrier obtained with both methods is ≈ 37.7 ± 1.3 KJ/mol and is
located at σ ≈ 0.7 . The transition free energies between C7eq and C7ax are around
∆F ≈ 10.2 ± 1.3 kJ/mol. The accuracy of metadynamics performed on the path
variable σ with the parameters chosen is in good agreement with umbrella sampling
and therefore it gives us a good reference to converge the free energy profile with a
metadynamics potential during the path-metadynamics simulations.

4-4

Fine-tuning of parameters to converge the transition pathways

By performing umbrella sampling and string method simulations and comparing these
results with those obtained with path-metadynamics, we were able to obtain reliable
results for the most likely transition pathway and its converged free energy profile
along the transition from C7eq to C7ax . We will now focus our attention on the
parameter optimization of path-metadynamics to obtain the average transition path
along this transition. The method requires two key optimizations to guarantee its
correct performance: (1) The effective transition tube and (2) the parameter tuning
of the evolution scheme of Eq. 4.8 that determines the convergence of the path and
its free energy.

4-4.1

Effective transition tube: Choosing parameter kd

As stated before in section 4-2, the path-metadynamics method can compute the
average transition path between two stable states using an average placing scheme
in the direction of the mean density of the CVs. Nevertheless, the average transition
path can reduce to the MFEP in a certain limit, by confining the dynamics of the CVs
with a tube potential on the path-variable d(z)|s (called zero temperature limit in the
string method [34]). The MFEP represents the most likely mechanism of a transition,
but it is an object that depends on the local characteristics of the FES (the MFEP
is parallel to the gradient of the free energy in every point). These characteristics
of the MFEP can cause a path evolving in steepest descent dynamics to get trapped
in local regions of the valley. Very often often the FES of conformational changes in
molecules is rough and the sampling of the path needs to be improved. A solution for
this problem has been proposed in Ref. [34] by sampling an average transition path
along the isocommittor surfaces (called finite temperature limit in the string method)
rather than a local gradient of the free energy. In this section, we discuss the effect
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of tube bias potential on variable d(z)|s , described in section 4-2, to illustrate the
computational scheme employed by path-metadynamics to compute either the MFEP
or the average transition path in certain limiting case of parameters selected.
The average transition path is defined as the centre of the transition tube between
two stable states connecting the mean values of the transition flux probability density p(z) = exp(−F (z)/kB T ) along the isocommittor hyperplanes Sσ . In the original
path-metadynamics algorithm (chapter 3) we sample the mean values of p(z) by computing the mean position hzi along the hyperplanes perpendicular to the path. In this
extended version of the path-metadynamics method, the dynamics of the CVs along
the hyperplanes (represented by the path-variable d(z)|s ) can be confined to be close
to the path by using a bias potential on d(z)|s ,
kd
(d(z)|s − d0 )2
(4.20)
2
where d0 = 0 in this case since it represents the distance from the centre of the transition tube at s(σ) and kd is the force constant parameter that controls the confining
of the CVs along the hyperplanes. As proved in section 4-2.2, when the force constant
kd is chosen large enough, the dynamics of system in the CV space is confined near
the path and we calculate the local gradient of the free energy perpendicular to the
path [∇F ]⊥ . By using a steepest descent algorithm we can then obtain the MFEP.
However, in the limit kd → 0, the dynamics of the CVs along the perpendicular hyperplanes is unbiased and the mean position of the CVs approximates p(z), allowing
us to obtain the average transition path.
The effect of different values of the force constant kd on the dynamics of the system
of CVs in the direction perpendicular to the path is illustrated in Fig. 4.6 for a pathmetadynamics simulation on a fixed linearly interpolated path σ (black-dotted line)
between C7eq and C7ax for alanine dipeptide. The simulations were performed for a
total time of 2 ns. The dynamics of the CVs in the direction perpendicular to the
path was monitored using the density plots of the CVs coordinates (φ, ψ) during the
simulation time. To compute the density of CVs along the trajectories we divided the
interval [−π, π] in 50 windows for the variables φ and ψ, each. We then counted the
number of times that the CVs (φ, ψ) visited each window and collected a histogram
of these variables. This gives the dynamics of the CVs in the perpendicular direction
during the path-metadynamics simulation for kd → 0. For values in the order of
kd = 1200.0 kJ/mol/rad2 the dynamics of the CVs is kept close to the path, allowing
the local computation of the mean force on s(σ). On the other hand, using smaller
values, in the order of kd = 1.0 kJ/mol/rad2 allows the CVs to sample the transition
tube C7eq and C7ax weighted according the density distribution of p(z). Here the
density distribution of the CVs is peaked in the mean values of the transition tube
and this limit of kd would allow us to compute the average transition path efficiently
when evolving the initial path according to Eq. 4.6. By reducing kd even more, to
kd = 0.2 kJ/mol/rad2 the CVs are allowed to visit a different transition tube between
C7eq and C5 . This is a particular characteristic of the free energy F (z) for alanine
h(z − s(σ))2 i =
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Figure 4.6: Effect of the force constant kd on the dynamics of the CVs in the perpendicular
direction to a path between C7eq and C7ax for alanine dipeptide. The path-metadynamics
simulation is performed on a fixed linear interpolated path (black line) during 4 ns for
k=0.2,1.0,1200.0 kJ/mol/rad2 . The dynamics of the CVs in the perpendicular direction
to the path is indicated with the CVs density plots (yellow-purple) computed along the
path-metadynamics simulations for the different values of kd .

dipeptide where branching of the paths from one transition tube (between C7eq and
C7ax ) to another transition tube (from C7eq to C5 ) can occur because the free energy
barrier in the perpendicular direction to s(σ) is smaller than the thermal fluctuations
and the density probability distribution has to be restrained by a value of kd that is
large enough to keep the dynamics of the CVs in a single transition tube (see also the
discussion of alanine dipeptide free energy landscape in chapter 3).
Once we established the effect of different kd values on the dynamics of the CVs
along the perpendicular hyperplanes, we evolved the path for different values of kd to
study the convergence of the transition pathways using the evolution scheme of Eq.
4.8. The convergence of the path to the most likely transition path was monitored
by computing the length of the path lpath (t) at every time t that the path is updated
during the simulation,
lpath (t) =

M
X

i
||sti+1
− stii ||

(4.21)

i=1

where M is the number of beads along the path. During the time evolution of the
path, the length lpath (t) changes due to the updates in the shape of the path. At
some point, the path converges and the fluctuations in the shape of the curve become
very small or even negligible. This means that the fluctuations of the length of the
path also become small or negligible and lpath (t) reaches a plateau, indicating the
convergence of the path to the most likely transition path. Of course, this criteria
of convergence can fail, for instance, if the path gets trapped in regions of the free
energy surface and does not reach the most likely transition path. In these cases, we
would observe a plateau in lpath (t) that indicates convergence of the path, but the
shape of the curve would differ from the most likely transition path. For this reason,
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Figure 4.8: Average transition paths for different values of kd . The average paths (black
lines) obtained for different values of kd are shown on top of the Ramachandran plot and
the mean density of the CVs (yellow-purple density plots).

in addition to monitoring the convergence of the path length lpath (t), we have plotted
the converged paths on top of the Ramachandran plot.
Fig. 4.7 and Fig. 4.8 show the effect of different values of kd on the path evolution.
The path was updated every 10 ps. The metadynamics potential was deposited along
the variable σ every 0.4 ps. For large values of kd between 750.0 kJ/mol/rad2 and
1200.0 kJ/mol/rad2 , the length lpath reaches a plateau around lpath = 6.4 radians,
indicating the convergence of the path. In these cases, the paths plotted on top of the
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Ramachandran plot showed that the converged transition path obtained between C7eq
and C7ax is in good agreement with the MFEP (steepest descent evolution). On the
other hand, for smaller values of kd in the range of 150.0 kJ/mol/rad2 the fluctuations
in lpath become large in different periods of time, oscillating between two regions at
6.5 radians and 8.0 radians (see Fig. 4.8). We found that this change in fluctuation
between two paths is the result of a combination of two effects: the region allowed to
be sampled with the CVs (the width of the tube controlled by kd ) and the shape of the
FES along the effective transition tube. As shown in Fig. 4.8, the width of the tube
(yellow-orange density plot) corresponding to this value of kd is not broad enough
to allow the CVs to compute the correct hzi along the perpendicular hyperplanes.
As a consequence of this choice, kd is not large enough to compute the mean force
and converge to the MFEP, but kd is neither small enough to sample the probability
p(z) = exp(−F (z)/kB T ) to converge to the average transition path. Consequently
an error in the computation of the average transition path is introduced, resulting
in fluctuations in lpath and an incorrect estimation of the most likely transition path.
As we reduce kd to 30.0 kJ/mol/rad2 the length lpath (t) shows a plateau around 8.0
radians, indicating convergence of the path. A visual analysis of the CVs density
plots and the average path obtained (shown in Fig. 4.8) shows that at kd = 30.0
kJ/mol/rad2 the effective transition tube between C7eq and C7ax is fully sampled and
hzi approximates p(z) = exp(−F (z)/kB T ) allowing the computation of the average
transition path (which connects the maximum density values of the CVs). In this case,
the fluctuations of lpath in the order of ≈ 1 radian are the result of the width of the
transition tube due to the shape of the FES. Reducing kd to values smaller than 30.0
kJ/mol/rad2 results in branching of the reaction tubes, allowing the path to go in the
direction of the minimum C5 . As a result, the fluctuations in length increase up to
10.0 kJ/mol/rad2 and do not allow convergence to the average transition path. The
average density plot of the CVs in Fig. 4.8 shows the branching of the transition tubes
and the increase in length of the path for values of kd smaller than 30.0 kJ/mol/rad2 .
It is not clear whether the average transition path or the MFEP is a better description of the most likely transition pathway between these two states. In alanine
dipeptide the difference is not so big and both could be a likely description of the reaction mechanism. The average transition path (kd = 30.0 kJ/mol/rad2 ) is on top of the
mean density of the CVs in the transition and perpendicular to the free energy contour lines and could be a better description. Since the distinction is small, in the next
tests we will use the MFEP, not because it could be better, but for practical reasons.
The width of the tube in the average transition path gives rise to more fluctuations
in length lpath because the path is free to explore all the free energy landscape within
this tube. These fluctuations make it harder to determine if convergence is reached,
as they are naturally a part of the fact that we sample the average transition. In the
next sections we want to determine convergence by using the length of the path. This
is especially sensitive to fluctuations due to the width of the transition tube. Using a
narrow tube filters out this effect and any fluctuations in the path length are due to
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the fact that convergence is (not yet) reached.

4-4.2

Fine-tuning the evolution of the path towards the MFEP:
choosing Tconv and δτ

In this section we discuss a recipe to select optimal parameters for the limiting case of
the path-metadynamics method where the initial guessed pathway follows a steepest
descent evolution along the gradient of the free energy [∇F ]⊥ until convergence to
the MFEP. We start by estimating the sampling time Tconv needed to converge the
perpendicular component of the mean force per node. Following the estimation of
Tconv , we perform different tests to tune the optimal artificial time step δτ , described
in Eq. 4.18, that allows an efficient evolution of the path towards the MFEP.
Part A

Estimation of the sampling time Tconv needed to converge [∇z F (z)]⊥
along the path between C7eq and C7ax .

Before evolving the initial path to the MFEP within the framework of path-metadynamics,
we need to estimate the perpendicular component of the mean force [∇z F (z)]⊥ . The
mean force is calculated for each node along the path using Eq. 4.13 in the limit of kd
and the sampling time Tconv large enough . In this case we set kd = 1280.0 kJ/mol/rad2
according to the results obtained in section 4-4.1. Our initial path was a linear interpolation of 20 nodes, si with i ∈ {1, ..., 20}, from C7eq to C7ax . To estimate the
sampling time needed to converge the perpendicular component of the mean force
Tconv , we compute [∇z F (z)]⊥ per node on a fixed initial pathway using Eq. 4.13. The
strategy employed to estimate Tconv with path-metadyamics consists of adding a bias
potential on σ until the free energy profile is flat (i.e. after 1 or 2 recrossings of the
variable σ around 500ps). We then restart the simulation without growing the metadynamics potential any further. When restarting without bias, the flat potential will
make sure that the system visits all the path σ ∈ [0, 1] and the mean force is equally
sampled in all the nodes. In order to further improve the sampling of the mean force,
the path σ was divided into 5 windows (4 nodes per window) by adding a parabolic
potential: k2 (σ − σ0 )2 . Moreover, each discrete node si is associated to the continuous
interval s(σ − 0.025) < s(σ) < s(σ + 0.025) when computing the mean force per node
along s(σ).
Fig. 4.9 (upper panel) shows the modulus of the mean force orthogonal to the
path as a function of the sampling time per node (the number of times the node si is
visited during the simulation multiplied by the time step 0.002 ps). As indicated by
the plateau reached by the mean force per node on Fig. 4.9, [∇z F (z)]⊥ needs to be
sampled around 2.0 ps per node to reach convergence (a rough estimation indicated
by the black dashed line). This means that convergence of the mean force of the
20 nodes along the path is reached in around 2*20 = 40 ps of sampling time in a
path-metadynamics simulation starting from a flat potential,
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(4.22)

Fig. 4.9 (lower panel) shows the magnitude of the converged mean force along the
nodes on the path, in a bar representation, to give us qualitative information about
[∇z F (z)]⊥ on the FES for alanine dipeptide. Along the fixed path, the mean force
increases from 50 kJ/mol/rad2 at node 1 to a maximum of 110 kJ/mol/rad2 at node
10. Subsequently, the mean force decreases to 45 kJ/mol/rad2 at node 20. This is
expected since the FES is more steep (for an initial linear path) in the middle nodes
than in the tail and head nodes, as indicated in the contour plot of the FES in Fig. 4.3.
It also means that the middle nodes in the initial linear path are further apart from
the MFEP (where [∇z F (z)]⊥ = 0) if we descent downhill along the FES. This is
indeed the case for the shape of the FES in alanine dipeptide for the C7eq → C7ax
transition.

Part B

Steepest descent evolution of the path: choosing δτ

We compute the MFEP using steepest descent in the direction of −[∇z F (z)]⊥ for a
large kd = 1280.0 kJ/mol/rad2 , which is large enough to reach this limiting behaviour
of the path-metadynamics evolution scheme. The time interval between path updates
was tevol = 40 ps; this is the time required to converge [∇z F (z)]⊥ as calculated in
previous section.
During the evolution of the path, the length lpath (t) increases until reaching a
plateau, indicating the convergence of the path. The time to reach the convergence
plateau and the fluctuations of the length depend on the size of δτ (Eq. 4.18). By
increasing δτ , the convergence of the path is faster in time, but the fluctuations
become larger, thus increasing the error in the MFEP obtained. Fig. 4.10(a) shows
the length of the paths as a function of time for different values of the time step
of the path evolution δτ . As δτ increases from 5.0 to 8.0, the length of the path
reaches a plateau with low fluctuations. However, if the time step is larger than 8.0
large fluctuations in lpath are observed and this instability in the path does not allow
convergence. This effect can also be observed in Fig. 4.10(b) where we have plotted
the final path obtained from the evolution on top of the free energy landscape. The
MFEP for alanine dipeptide is obtained in the cases of δτ varying between 5.0 and
8.0. For δτ > 8.0 the paths obtained differ from the reference MFEP. We have chosen
δτ = 8.0 as the optimal value for this system, since the MFEP is accurately computed
and convergence is reached within 6 ns, allowing us to reduce the computational time
required to reach convergence by 40% with respect to using δτ = 5.0 (for which
convergence is reached within 14 ns).
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Figure 4.9: (Upper panel) Estimation of the magnitude of ∇⊥ F as a function of the
sampling time per node in a path-metadynamics simulation. The simulation starts from a
flat potential to visit all the nodes along an initial linearly extrapolated fixed path with 20
points between C7eq and C7ax . The sampling along the path was divided in 5 windows of 4
nodes. The lines of different colour indicate the magnitude of the mean force as a function
of sampling time for each node. A plateau is reached when ∇⊥ F converges. The dashed
black line indicates the time at which the mean force has converged in all the nodes. (Lower
panel) Converged magnitude of ∇⊥ F per node along the initial linearly extrapolated path
with 20 nodes between C7eq and C7ax .
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Optimal choice of the time interval between path updates tevol .

We now test different time intervals between path updates to study the convergence
dependency on parameter tevol . Our starting point is the time interval between updates needed to converge the mean force (tevol = 40 ps). We try to test whether the efficiency of the convergence can be improved by reducing the time interval between path
updates tevol < 40 ps. For the tests we use values tevol = 40.0, 20.0, 10.0, 5.0, 1.0, 0.2
ps. During the simulations δτ is kept fixed to a value of 8.0 and the evolution of
the path is started from a flat metadynamics potential. The metadynamics potential
is deposited along the variable σ every 0.4 ps and is started from an almost filled
potential. The spring constant kd for the harmonical potential on variable d(z)|s is
set to a value of 1280.0 kJ/mol/rad2 (narrow tube limit).
Fig. 4.11 shows the length of the path lpath as a function of the simulation time
for different values of tevol in our test case of alanine dipeptide. The convergence of
the path is indicated by the plateau of lpath observed during the path evolution. The
stability of the solution is indicated by the size of the fluctuations of the path length.
As Fig. 4.11 demonstrates, decreasing the time interval tevol reduces the computational
time required to reach the plateau of convergence of the path length lpath . However
the time interval tevol has to be chosen large enough to avoid noise in the forces and
reduce the length fluctuations of the path.
The selection of the optimal value of tevol should be based on the faster convergence
in computational time and a reduction of the fluctuations that destabilize the solution.
To compute the error in the solution as a function of tevol we have computed the size
of the average fluctuations in the path length using:
q

(tevol ) =

h(lpath (tevol ) − lref )2 it
lref

(4.23)

Where lpath (tevol ) is the path length for different values of tevol , and lref = 6.213
is the average length of the reference average transition path shown in Fig. 4.4 .To
estimate the improvement in efficiency of convergence we calculate the time needed
to converge the path τ (tevol ) (time to reach the plateau in Fig. 4.11) at a given tevol .
In this case the value τ (40ps) = 6255.0ps is the reference time needed to converge the
mean force for alanine dipeptide.
Table 4.1 and Fig. 4.12 show the values of (tevol ) and τ (tevol ) for different time
intervals between path updates tevol . As we can see, choosing values tevol < 10 ps
increases rapidly the error in the convergence of the path even though the time of
convergence reduces up to τ (tevol )=10 ps for tevol = 0.2 ps. Clearly, an optimal value
in this case would be tevol = 10 ps where the error is still small, (tevol ) = 0.0159 and
the time of convergence of the path, τ (tevol ) = 1390.0 ns, is 4.5 times smaller than the
time needed to converge the path in the reference case of the mean force convergence
at tevol = 40 ps.
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Figure 4.11: Effect of different time intervals between path updates tevol on the convergence
of the path for alanine dipeptide. The different lines in the graph correspond to the path
length lpath plotted as a function of simulation time and for different values of tevol . During
the simulations the fictitious time step δτ is kept fixed at a value of 8.0 and the evolution of
the path is started from an almost filled metadynamics potential. The spring constant k for
the harmonical potential on variable d(z)|s is kept constant to a value of 1280.0kJ/mol/rad2
(narrow tube limit)

Table 4.1: Average fluctuation and time of convergence of the path length lpath
around the reference path length lref of the average transition path from C7eq
to C7ax in alanine dipeptide

tevol /ps
0.02
0.2
1.0
5.0
10.0
20.0
40.0

(tevol )
1.4389
0.0481
0.0425
0.0423
0.0159
0.0165
0.0106

τ (tevol )/ps
No convergence
10.0
290.0
670.0
1390.0
2850.0
6255.0
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Figure 4.12: Optimal value of tevol for the evolution of the path. (Left) Average fluctuation
of the path length lpath as a function of tevol . (Right) Simulation time needed to convergence
the path to the average transition path (time needed to reach the plateau of the path length
lpath ). The optimal value of tevol chosen for this case is indicated with dashed lines and
black arrows in both graphs .
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Figure 4.13: Effect of tevol on the evolution of the path on the free energy surface for
alanine dipeptide. Evolution of the path for tevol = 0.02 ps (left), tevol = 10.0 ps (middle)
and tevol = 40.0 ps (right) .

Fig. 4.13 shows the evolution of the paths on the FES for different values of tevol to
illustrate the effect on the MFEP obtained when (tevol ) increases. For tevol = 40.0 ps
the mean force converges and the path evolves smoothly to the MFEP. The same holds
for the optimal value chosen tevol = 10.0 ps, where (tevol ) increases but convergence
to the MFEP can be reached within 2 ns. However, when tevol is chosen too small
around 0.02 ps, the fluctuations of the path grow and the converge to the MFEP is
never reached.
The free energy profile computed as a function of σ along the MFEP is shown
in Fig. 4.14 for the optimal value tevol = 10.0 ps and using the optimal parameters
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Figure 4.14: Free energy profile along the MFEP for tevol = 10.0 ps. The free energy
profile is computed along the MFEP between C7eq and C7ax for the optimal time interval
between path updates of 10.0 ps for alanine dipeptide.

selected for the metadynamics potential in section 4-3.1. The free energy barrier
obtained is ∆F ≈ 37.2 ± 1.1 kJ/mol and is located at σ ≈ 0.7. The transition free
energy between C7eq and C7ax is ∆F ≈ 9.86 ± 1.1 kJ/mol. This is in good agreement
with the reference free energy barrier calculated along the MFEP using umbrella
sampling method.
Finally, in the previous simulations we have started the path updates from a
metadynamics flat potential in order to converge the forces along the 20 nodes of the
path. However, in path-metadynamics it is possible to update the path without first
converging the forces and simultaneously depositing the hill potential along σ. This
means that we do not need to start the evolution of the path from a flat potential.
Introducing this evolution scheme for the path would allow us to gain efficiency in
the convergence time of the path. To corroborate this statement, we have monitored
the convergence of the path by computing the length lpath as shown in Fig. 4.15 (left)
for different values of tevol below the optimal value found previously (tevol = 10.0
ps) and evolving the path without starting from a flat potential. As we can see in
Fig. 4.15 (left) we can reduce the value of tevol from 10.0 to 2.5 ps and still reach
convergence (indicated by the plateau in lpath ). The convergence of the path to the
MFEP is corroborated in Fig. 4.15 (right) where we plot the final path on top of the
Ramachandran plot for alanine dipeptide. This result shows that the evolution of the
path and the deposition of the bias potential can be done simultaneously, allowing an
efficient convergence of the path.
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Figure 4.15: Effect of different values of tevol for an evolution scheme where the bias
potential is deposited from the beginning of the simulation simultaneously with the path
updates.
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In this chapter, we presented an extension of the path-metadynamics method by defining a new path variable that maps the entire space of collective variables z into the
hyperplanes perpendicular to the transition path between two stable states. This variable represents the effective transition tube. In the proposed version of the algorithm,
the method uses two parameters: the progress along the path σ(z)|s and the transition tube d(z)|s . We demonstrated that path-metadynamics can calculate the average
transition path using the original average placing scheme of evolution (introduced in
chapter 3), but it can also recover the minimum free energy path when applying a
harmonic bias potential on variable d(z)|s , which confines the sampling of the CVs
along the hyperplanes perpendicular to the path.
In the second part of the chapter, we compared path-metadynamics with calculations performed using the string method and umbrella sampling. This comparison was
done using the simple model system for conformational transitions, alanine dipeptide.
Here we showed that path-metadynamics can accurately reproduce the free energy
profile obtained when using umbrella sampling on the average transition path. Moreover, we demonstrated that path-metadynamics can accurately reproduce the transition path found by the string method, but that it does not have the drawback of slow
convergence when the gradient of the free energy landscape approaches to zero.
The effect of the various parameters that are necessary for a calculation in pathmetadynamics method was shown:
1. We investigated the effect of parameter kd , the width of the transition tube: If
this parameter is chosen very large (1200.0 kJ/mol/rad2 ) the CVs are confined
to be close to the path along the transition tube. Choosing a value of kd around
1.0 kJ/mol/rad2 , the CVs can freely sample the transition tube that represents
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the flux probability density of the paths from one state to the other. However,
if kd is too small (0.2 kJ/mol/rad2 ) the CVs are allowed to visit other minimum
(C5) falling into a different transition tube. This is a particular feature of
the free energy landscape for alanine dipeptide, where the barrier separating
the transition tubes is too small (in the order of kT) and the CVs, which are
not confined by a tube potential, can visit different transition tubes. We also
showed the effect of kd on the evolution of the path. For large values (1200-750
kJ/mol/rad2 ) we obtain the MFEP. If we decrease the value we are in a region
of kd that neither can obtain the average transition path nor the MFEP. If we
reduce kd to 30 kJ/mol/rad2 we obtain the average transition path. However,
If we reduce kd further, branching of the transition tube occurs and the path
visits another minimum (C5). These values for kd are not universal and the
exact behaviour is particular for the free energy landscape features of alanine
dipeptide, but the effect of the tube is the same for other molecules and other
conformational transitions and its selection can be illustrated clearly with these
tests.
2. We computed the time Tconv to converge the mean force along the path to later
use a steepest descent algorithm and converge the MFEP: We calculated that
the time to reach complete convergence in the mean force is 40 ps. This means
that we need to sample the mean force for at least 40 ps before updating the
path with this algorithm. However, in the path-metadynamics method, the
average placement scheme is used instead of the mean force, so that complete
convergence of the mean force is not needed before the path can be evolved.
3. The artificial time step parameter δτ for the evolution of the path towards the
MFEP: We show that the optimal value of δτ is around 8.0. If it is smaller the
time of convergence increases significantly. If we choose it larger we don’t reach
convergence at all.
4. Time interval between path updates tevol : We show that the optimal choice for
the time between updates is much smaller than the time to reach full convergence
in the mean force to converge the MFEP. The minimum value of tevol for alanine
dipeptide to still reach convergence is around 10.0 ps. For larger values the
convergence is reached, but the time of the simulation increases rapidly. For
smaller values of tevol convergence is not reached at all due to the high frequency
of updates which makes the path too flexible and the estimate of the running
average of the CVs poorly sampled. This parameter selection is not universal
as well, however the behaviour of the path with frequent updates is illustrated
with this example and can be tuned using the same criteria for other systems.

In conclusion, based on these tests, we can propose the following recipe to obtain
the average transition mechanism and the free energy profile in high dimensional
transitions:
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First, identify the relevant reaction coordinates to describe the transition. An a
priori selection of CVs can represent a major challenge when working with complex
transitions and is one of the main limitations of the path-metadynamics method. In
chapter 5 we will show an empirical strategy to test if the set of CVs selected a priori
is sufficient to describe the transition, however in our knowledge, up to now there is
not a precise recipe to localize relevant degrees of freedom, and the selection is usually
based on visual inspection, chemical and topological intuition.
Second, select an initial path. The initial paths selected in this chapter consists
of either a linear interpolation of points or a uniformly random distributed selection
of points between two stable states. However, in a complex system, a better initial
path could be obtained from the ensemble of trajectories computed, for instance, with
Transition Path Sampling method.
Third, explore the shape of the transition tube by setting parameter kd = 0.0 (the
limit of free dynamics of the CVs along the hyperplanes perpendicular to the path).
Locate any possible branching in the transition tube or additional intermediate states
that could prevent the convergence of the path and the free energy profiles. Then
repeat the procedure and set again kd or the initial path based on this preliminary
exploration of the transition tube shape. Alternatively, set kd large enough if you
want to evolve the path in steepest descendent dynamics.
Furthermore, a preliminary selection of metadynamics parameters that allow convergence of the free energy profile along a fixed path is always important to set up
the path-metadynamics simulation (follow criteria of Ref. [19] for the selection).
Next, tune the evolution parameters of the path: Select tevol small enough to
update the path efficiently towards the average position of the CVs, but large enough
to avoid high flexibility of the path that would prevent convergence. Optionally, in
the code you can set the weights of the evolution (wk in Eq. 4.18) to not be reseted
to zero at every evolution step. In this way the flexibility of the path is damped over
time, allowing the path to convergence when using even smaller values of tevol . If you
are evolving the path with the steepest descent scheme, select an artificial time step
δτ large enough to converge the path efficiently, but small enough to reduce the error
and allow convergence. When using the average placing scheme remember to choose
δτ = 1.0 together with kd = 0.0. Alternatively, parameter Tconv can be computed
as a reference value for the time needed to converge the mean force when using the
steepest descent evolution. This guarantees the convergence of the MFEP and gives
us a reference value on how much we can reduce parameter tevol in comparison to
Tconv .
Finally, you can perform a one-dimensional umbrella sampling along the average transition path (or along the MFEP in case of steepest descent) to improve the
accuracy on the free energy barrier calculation.
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