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Relaxation dynamics in the gapped XXZ spin-1/2 chain
New J. Phys. 12 055028 (2010)
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Brink
The Spin-Exchange Dynamical Structure Factor of the S=1/2 Heisenberg
Chain
Phys. Rev. Lett. 106 157205 (2011)

• Antoine Klauser, Jorn Mossel and Jean-Sébastien Caux
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Chapter 1

Introduction

One of the most celebrated developments in physics is that of statistical physics,
led by Maxwell, Boltzmann and Gibbs during the 19th century. Statistical physics
provides a mathematical framework to make predictions for systems with a stu-
pendous number of degrees of freedom in terms of only a few parameters. This
allows us for example to understand everyday-life concepts such as temperature
and pressure. Due to its predictive power and clear formulation, statistical physics
is used in many disciplines of science, e.g. biology, chemistry and neurology. It
may thus come as a surprising fact that, to date, very little is known in the quan-
tum mechanical case for non-equilibrium situations. For instance, if we prepare
an isolated quantum mechanical system in a specific initial state which is not an
eigenstate, it is unclear under what conditions it will relax towards a state which
can be described by the tools of traditional statistical physics. The aim of this
thesis is to study non-equilibrium dynamics for a special class of models, quantum
integrable ones. Furthermore, we address the question of the applicability of a sta-
tistical description when for these systems relaxation has occurred. We start this
chapter with an overview of known results in classical mechanics and subsequently
set the stage for the quantum mechanical case. All important concepts covered
in this thesis will be briefly introduced, followed by an outline for the rest of the
thesis.

1.1 Thermalization of classical systems

Imagine an isolated container filled with air molecules. We prepare the gas in a very
specific state, for instance by compressing it into the left half of the container. If we
now release the gas it will soon fill up the entire container and the air molecules will
attain a Maxwell-Boltzmann speed distribution, which is up to small fluctuations
constant in time. In this case we can say that the gas has thermalized. The
speed distribution depends only on macroscopic quantities, which in this example
are the total number of particles, the energy and the volume of the container.
Microscopic details, for instance the exact state in which we prepared the gas
initially in or the shape of the container, are irrelevant. The classical explanation
of this is based on ergodicity. A state can be considered as a point in phase-space
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1.1 Thermalization of classical systems

(restricted to the manifold of constant energy). If a system is chaotic typically the
whole phase-space will be explored in time. To the phase-space one can assign a
probability distribution function, which determines the probability that the system
will be found in a certain infinitesimal volume of the phase-space. According to
Liouville’s theorem 1, this phase-space distribution is conserved along the phase-
space trajectories. If the system is ergodic it means, loosely speaking, that every
infinitesimal volume of the phase-space is visited approximately with the same
frequency over a long period of time. Assuming the ergodicity hypothesis allows
us to replace time averages by phase-space averages. Such a phase-space average
leads to an ensemble, that is a large number of copies of a system, considered all
at once, each of which represents a possible state that the real system might be in.
The ergodicity hypothesis was first introduced by Boltzmann in 1868[1]; the notion
of ensembles came a decade later due to Gibbs in 1878 [2]. An example of such
an ensemble is the microcanonical ensemble which describes a system where all
the states have the same energy and where all states are assigned equal weights.
If there are additional conserved quantities, the system is typically not ergodic
and the microcanonical ensemble must be refined. This scenario will be discussed
later on. The use of a statistical ensemble (which is of course completely static
in equilibrium) is usually justified by the fact that a measurement always involves
some sort of average over time (although it can be very short). However, it is
often objected that the time to explore the entire phase-space is typically much
larger than any physical time-scale and, therefore, ergodicity in the strictest sense
cannot account for the validity of the use of statistical ensembles. For this reason,
statistical ensembles are sometimes derived by assuming statistical independence,
which was for example done by Landau in [3]. Subsystems much smaller than
the entire system but sufficiently large to have macroscopic degrees of freedom
are considered. Different subsystems can only interact via their boundaries. If
this effect can be neglected, the subsystems can be assumed to be statistically
independent. That means performing some (hypothetical) measurement in one
subsystem does not affect a measurement in some of the other subsystems. Using
this independence and the fact that energy for the different subsystems is additive,
one can derive the canonical ensemble for the subsystems, assuming that there are
no other additive conserved quantities present. The system as a whole does not
need to be described by a canonical ensemble, but since an experiment typically
probes only a part of the system, this is assumed to be irrelevant. In this thesis, we
will discuss both views for deriving statistical ensembles in the quantum mechanical
case. However, we put most emphasis on comparing time averages with statistical
ensembles, since this is typically the only feasible approach for quantum mechanical
systems.

Fermi, Pasta and Ulam

During the first half of the 20th century, a proof for ergodicity, for at least a spe-
cific example, was long sought after. One could naively try to solve the equations

1Liouville’s theorem asserts for a Hamiltonian system the phase-space density ρ(p, q), which

is a function of canonical coordinates qi and conjugate momenta pi, satisfies dρ
dt

= ∂ρ
∂t

+Pn
i=1

“
∂ρ
∂qi

∂qi
∂t

+ ∂ρ
∂pi

∂pi
∂t

”
= 0.
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Introduction

of motion for a specific model, but due to the enormous number of degrees of
freedom required, this was intractable. This changed with the appearance of com-
puters. Enrico Fermi, who after the war was still working in Los Alamos, had one
of the first computers, MANIAC, at his disposal, which was developed to perform
computations for the development of nuclear weapons. During the weekends, MA-
NIAC was free for different types of computations. Fermi had the idea to simulate
a system of many particles on the computer and to explicitly test the ergodicity
hypothesis 2. Nowadays this approach is very common, but in these days this
way of tackling physics problems was a revolution and gave birth to computa-
tional physics. Together with Pasta and Ulam they studied a chain of particles
with nearest neighbor interactions, and solved explicitly the equations of motion
using MANIAC. If the interactions are purely harmonic, then of course, different
vibrational modes are uncoupled so there will be no ergodicity. However, it was
believed that a non-linear force (leading to non-linear differential equation) would
guarantee ergodicity. For a chain of N = 32, 64 particles prepared in a specific
state they studied the time evolution for various non-linear interactions (by adding
quadratic or cubic forces). At first, everything seemed in complete agreement with
common intuition. However, one weekend they forgot to switch off the computer
and discovered quasi-periodic motion. Initially, the accuracy of the numerics was
questioned, and also the possibility of Poincaré recurrences3 was considered, which
were known to occur in ergodic systems. Further analysis excluded both potential
explanations, and the results where eventually published without explanation in
1955 [4, 5] 4 just after Fermi’s death.

Integrability and the KAM theorem

For a possible explanation of the FPU problem we need to introduce two con-
cepts: integrability and the KAM theorem. Although the system considered by
Fermi, Pasta and Ulam contained non-linear interactions, its continuum version
is described by the integrable Korteweg-deVries equation, which they did not re-
alize. A classical system with n degrees of freedom (i.e. with 2n-dimensional
phase-space) is called integrable if it possesses n independent first integrals of mo-
tion in involution (i.e. Poisson-commuting); see also chapter 4. Such a system is
integrable in the sense that in terms of action-angle variables the differential equa-
tions describing the time evolutions can be explicitly integrated. The solutions
of the equations of motion thus display periodic motion on tori in phase-space,
and ergodicity is absent. The quasi-periodic motion observed by FPU can now be
explained using the KAM theorem [6, 7, 8]. The KAM theorem states that if the
system is subjected to a weak nonlinear perturbation, some of the invariant tori
are deformed and survive, while others are destroyed. This implies that the motion
continues to be quasiperiodic on part of the phase-space of positive measure. The
KAM theorem specifies what level of perturbation can be applied for this to be

2Actually they studied equipartitioning of the different vibrational models, which happens
only when the system is ergodic.

3The Poincaré recurrence theorem states that isolated systems will, after a sufficiently long
time, return to a state very close to the initial state.

4Many years after the publication it became clear that actually most of the numerical work
was done by Mary Tsingou who was for mysterious reasons not mentioned as an author.
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1.2 Thermalization of quantum systems

true. An important consequence of the KAM theorem is that for a set of initial
conditions, with positive measure, the motion remains perpetually quasiperiodic.
Non-integrable models that fall into this class are, therefore, non-ergodic. In fig.
1.1 an artist’s impression is shown of the KAM theorem.

Figure 1.1: An artist’s impression of the KAM theorem. The cube illustrates the
phase-space (restricted to constant energy) with trajectories for: an integrable
model (left), quasi-integrable model (middle) and a chaotic model (right). Only
in the last case does one expect ergodicity.

The models studied by Fermi, Pasta and Ulam were close to integrable, however
it is difficult to rigourously prove that the KAM theorem accounts for the observed
absence of ergodicity. Nevertheless, the KAM theorem tells us that, although
integrable models are very special, they are still very important to study.

1.2 Thermalization of quantum systems

Thermalization for isolated quantum many-body systems is a completely different
story, as was already realized by von Neumann in 1929 [9]. The most important
difference is that there is no quantum analog of a phase-space. Instead, quantum
mechanical states are defined as vectors in a Hilbert space. Furthermore, the
counting of the degrees of freedom is completely different for classical and quantum
mechanical systems. These are some of the reasons why we cannot easily define
a quantum mechanical version of integrability in the Liouville sense. Chapter 4 is
completely devoted to defining quantum integrability, and we give only a working
definition for now: a quantum mechanical system is integrable5 if there is a set
of conserved charges {Qi} which is unbounded in the thermodynamic limit, and
the conserved charges mutually commute. Another difference is that for isolated
quantum mechanical systems we have unitary time evolution. Suppose the system
at t = 0 is in the state |ψ0〉. The subsequent time evolution is then simply

|ψ(t)〉 = e−iHt|ψ0〉 =
∑
n

cn |n〉 e−iEnt cn = 〈n|ψ0〉, (1.1)

where the sum is over all eigenstates |n〉. The coefficients cn are assumed to
be normalized:

∑
n |cn|2 = 1. For a finite number of degrees of freedom, the

5Where possible, we will shorten quantum integrability to integrability.
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Introduction

system generically shows a periodic (or quasi-periodic) behavior with a period
that typically increases rapidly when the number of degrees of freedom grows. This
(quasi-)periodic behavior is the well-known phenomenon of quantum recurrence.
Von Neumann formulated a necessary and sufficient condition for a macroscopically
large system to relax: the absence of resonances [9], i.e.

Em − En 6= Em′ − En′ unless

{
either m = m′ and n = n′

or m = n and m′ = n′.
(1.2)

In practice, this condition turns out to be too strong: as long as it is only violated
for a sufficiently small number of energy levels the system typically will still relax.
We can now ask the following question:

Given that a system relaxes, can it be described by a statistical ensemble?

It is useful to first formulate the problem in terms of density matrices. Instead of
(1.1) we can write

ρ(t) =
∑
m,n

c∗mcn|m〉〈n|ei(En−Em)t. (1.3)

The large time limit (t→∞) of this density matrix is not well-defined, we therefore
introduce a time average

ρ ≡ lim
T→∞

1
T

∫ T

0

ρ(t)dt = ρdiag + ρoffdiag

=
∑
n

|cn|2|n〉〈n|+
∑
m 6=n

c∗mcn|m〉〈n|δEm,En . (1.4)

The second term is due to possible degeneracies in the spectrum but can typically
be neglected, even in cases where the system is quantum integrable. However,
counter examples do exist, for instance when in the thermodynamic limit the
density of states is diverging or discontinuous. Such an example is discussed in
chapter 5. In the literature, ρdiag is called diagonal ensemble [10]. We can now
try to formulate a quantum ergodic theorem. Since quantum mechanically there
is no notion of phase-space, the formulation is less precise and intuitive. Let us
first of all define a quantum microcanonical density matrix: given a Hamiltonian
with eigenstates |n〉 with energies En, the microcanonical ensemble is obtained
by coarse-graining the spectrum on energy shells of width ∆E, sufficiently big to
contain many states but small on macroscopic scales. Then the microcanonical
density matrix for a given energy E is

ρmic(E) =
∑

E≤En<E+∆

1
N
|n〉〈n| (1.5)

with N the number of states in the shell [E,E + ∆). If we prepare a state ρdiag
constrained to a microcanonical shell, the most obvious definition of ergodicity,
ρdiag = ρmic, implies that |cn|2 = 1/N for all n. Quantum ergodicity in this
strict sense is therefore almost never realizable [9, 11]. The key to understanding
thermalization of isolated quantum systems is to shift the focus on observables
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1.2 Thermalization of quantum systems

rather than on the states themselves. In his paper, von Neumann starts from the
following reasoning: “In a macroscopic measurement of coordinate and momen-
tum (or two other quantities that cannot be measured simultaneously according to
quantum mechanics), really two physical quantities are measured simultaneously
and exactly, which however are not exactly coordinate and momentum. They are,
for example, the orientations of two pointers or the locations of two spots on pho-
tographic plates and nothing keeps us from measuring these simultaneously and
with arbitrary accuracy, only their relation to the really interesting physical quan-
tities is somewhat loose, namely the uncertainty of this coupling required by the
laws of nature corresponds to the uncertainty relation.” This motivated him to
construct a set of commuting macroscopic observables {Mα}, coarse-grained onto
the microcanonical shell. The set of {Mα} is obtained by starting from a set of
macroscopic operators and “rounding them off” in order to make them commute.
Assuming some conditions, von Neumann proved for these commuting macroscopic
observables the so-called quantum ergodic theorem [9]. Recently, the quantum er-
godic theorem was re-examined in [11] where the authors summarize the result by
von Neumman as follows: “for a typical finite family of commuting macroscopic
observables {Mα}, every initial wave function |ψ0〉 from a microcanonical energy
shell so evolves that for most times t in the long run, the joint probability distri-
bution of these observables obtained from |ψ(t)〉 is close to their microcanonical
distribution.” Although this result is very general, one is typically interested in
the time-evolution of a very specific observable, for example a correlation function
that can be probed in experiments. For this reason, we will omit in this thesis a
more detailed discussion of von Neumann’s work, and will instead present explicit
examples of observables.

The observables one is usually interested in are typically constructed as a fi-
nite product of local operators, so-called n-point functions. We will denote these
observables by O(x), where x is a set of arbitrary parameters which can be for
example position, time or distance between operators. The time evolution for the
expectation of O(x) is given by

〈O(x, t)〉 =
∑
m,n

c∗mcn〈m|O(x)|n〉ei(Em−En)t (1.6)

and the corresponding time average is

〈O(x)〉 =
∑
n

|cn|2〈n|O(x)|n〉+ off-diagonal matrix elements. (1.7)

Assuming that the off-diagonal terms are negligible and that the distribution |cn|2
is sufficiently narrow in energy, one can ask ourselves under what conditions can
the time average of O(x) be described by a microcanonical ensemble, i.e.∑

n

|cn|2〈n|O(x)|n〉 ?=
∑

E≤En<E+∆

1
N
〈n|O(x)|n〉. (1.8)

Following [10] we can think of three scenarios for which the above equality holds:

1. The coefficients cn are constant for equal energies within the energy band.
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2. The expectation values 〈n|O(x)|n〉 are approximately constant over the in-
terval [E,E + ∆).

3. The fluctuations in the coefficients cn and expectation values 〈n|O(x)|n〉 are
uncorrelated.

The first scenario we already rejected in the discussion of quantum ergodicity
since for most initial states this will be false. The second scenario is the eigen-
state thermalization hypothesis (ETH) which was proposed by Deutsch and Sred-
nicki [12, 13]. The ETH gives a very different explanation for the thermalization
compared to the classical case. According to the ETH, every eigenstate always
implicitly contains a thermal state, the coherence between the eigenstates initially
masks it but time evolution reveals it through dephasing (see fig. 1.2). There is
no general proof of the ETH, however there exist various semi-classical arguments.
For instance in [13], thermalization of a quantum gas with hardcore interactions
was studied. It was found that if the initial condition |ψ0〉 is sufficiently narrow
in energy and Berry’s conjecture6 [14] is obeyed, the momentum distribution will
always relax to the Maxwell-Boltzmann distribution. The ETH has also been nu-
merically verified for various models that can be regarded as far from integrable
[10, 15, 16]. For an integrable model one can imagine that the expectation value
is a smooth function not only of energy but also of all the other conserved charges
and therefore the ETH will not hold. It should be noted that the ETH clearly
does not hold for every observable.

In the third scenario the fluctuations of the overlaps cn and the expectation
values 〈n|O(x)|n〉 are uncorrelated, in which case the initial state performs an
unbiased sampling of the distribution of expectation values. An example where
this scenario turned out to be responsible for thermalization was investigated in
[17]. There, the initial state was prepared in a non-integrable model, while the
time evolution was governed by an integrable system.

In the literature typically only the three scenarios discussed above are consid-
ered to explain thermal behavior as in (1.8), however we would like to stress that
the number of possible scenarios is not limited to these three.

1.3 Cold Atomic Gases

Until a few years ago, the questions related to isolated quantum systems out of
equilibrium would have been completely academic. However, with the recent ad-
vances in the field of ultra cold atomic gases it is possible to experimentally con-
struct many-body systems that can be viewed as (almost) isolated systems. Fur-
thermore, these gases are highly controllable; for example via Feshbach resonances
the interaction strength can be controlled to realize both weakly and strongly inter-
acting many-body systems. Moreover, one can superimpose an external potential,
thereby reducing the dimensionality and/or creating an optical lattice. One sys-
tem of particular importance for this thesis is the quai-one-dimensional Bose gas

6Berry’s conjecture is expected to hold only if the corresponding classical system is chaotic,
and essentially states that the eigenstates |n〉 can be considered as pseudorandom superpositions
of plane waves.
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1.3 Cold Atomic Gases

Figure 1.2: Left: thermalization in classical systems due to chaos. Right: according
to the ETH, each state can be considered as a thermal state in the sense that
different eigenstates in the same energy shell yield equal expectation values for
local observabels. The thermal-behavior can be initially hidden by the coherence
of the eigenstates, but through dephasing it will be revealed. Picture taken from
[10].

which can be described by the integrable Lieb-Liniger model which we will dis-
cuss in chapter 2 and has experimentally been realized in various circumstances
[18, 19, 20, 21]. For a review of this fast emerging field we refer to [22]. Below,
we will discuss two exemplary experiments which studied quantum gases out of
equilibrium.

Collapse and revival of a matter wave

In [23], a Bose gas on a cubic lattice is constructed. The system can approximately
be described by the Bose-Hubbard model

H = −J
∑
〈ij〉

(a†iaj + aia
†
j) +

U

2

∑
i

ni(ni − 1). (1.9)

Here, the first term describes hopping of bosons to nearest neighbor sites and
the second term is the on-site repulsion between the bosons. When J � U , the
system behaves as a superfluid while in the opposite limit, U � J , the system is
in the Mott insulating phase. The experiment [23] initially prepared the system in
the superfluid phase, followed by a sudden change (quantum quench) of the on-site
repulsion U . The Hamiltonian after the quench is approximatelyH = U

2

∑
i ni(ni−

1). Since the energy levels of the final Hamiltonian are integer multiples of U , the
revival time of the wavefunction is simply trev = 1/U .
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The absorption images7 for various t = 0, . . . , trev are shown in fig. 1.3, the
colors are proportional to the density of bosons. In frame a) the system is in the
superfluid phase, the bright peaks corresponds to the coherently occupied momen-
tum modes. The coherence is completely lost in frame d), where no interference
pattern is visible at all, but is later almost completely restored at t = trev in frame
g). This experiment clearly demonstrates the unitary time evolution for quantum
many-body systems can be visualized experimentally, and that the experimental
time scales are sufficiently long to study non-equilibrium dynamics.

Figure 1.3: Absorption images for a full cycle of collapse and revival of a matter
wave. The system is initially prepared in the superfluid phase (frame a). Due
to dephasing the interference pattern is completely lost (frames b to d), and is
eventually restored (frame g). Image taken from [23].

A quantum Newton’s cradle

Another remarkable experiment on non-equilbrium physics was performed in [18].
Interacting bosons are loaded in a one-dimensional harmonic trap. When the trap
is sufficiently flat, this setup can approximately be described by the integrable
Lieb-Liniger model, which we will discuss later on in this thesis. By applying two
Bragg pulses shortly after each other, the gas is split into two clouds of opposite
momenta. As a result, the two clouds start to oscillate in the harmonic potential
and collide when they are both in the center of the trap. The momentum dis-
tribution after a full cycle is shown in fig. 1.4. Due to the anharmonicity, the
momentum distribution becomes stationary after a while, but is different from a
thermal one. As a possible explanation for the absence of thermalization, it was
first proposed that the model is sufficiently close to a quantum integrable model,

7The absorption images are obtained by suddenly turning off all confining potentials allowing
the bosons to freely expand and interfere with each other. After a fixed hold time the density of
the bosons is measured in real space.
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but this has not been verified yet. One can also imagine that for this specific
setup the two clouds only interact via 2-body scattering processes, which in one
dimension is insufficient for thermalization because of conservation of energy and
momentum. Although the individual clouds might thermalize, the system as a
whole will not, irrespective of whether the system is integrable or not. For com-
parison, the experiment was also repeated in three dimensions where they found
that a thermal state was obtained after approximately three oscillations. In this
case both explanations given above do not apply. Although this experiment re-
ceived a considerable amount of attention, it is fair to say that, to date, it is still
not completely understood.

Figure 1.4: Left : a sketch of the quantum’s Newton cradle experiment. At t = 0 the
atoms are prepared as a superposition of opposite momenta. The two clouds start
to oscillate and collide twice every full cycle of period τ . Right : the absorption
images, corresponding to the momentum distribution, for a full cycle. Images
taken from [18].

1.4 Quantum Quenches

There are various ways to prepare a system in an initial state |ψ0〉 such that
subsequent time evolution results in non-equilibrium dynamics. One important
example, both theoretically and experimentally, is a so-called quantum quench. At
t = 0, the system is in the ground state |ψ0〉 of a Hamiltonian H0. Then at t > 0
we instantaneously change some parameter of the Hamiltonian, thus obtaining a
different Hamiltonian H such that [H0, H] 6= 0. The state after the quantum
quench is then simply |ψ(t)〉 = e−iHt|ψ0〉. In this thesis we will focus mainly on
quantum quenches.

One of the first examples of a quantum quench that was studied is the XY-Ising
chain in a transverse field [24, 25, 26]. Using the mapping to free fermions, the
time evolution of the transverse magnetization after an instantaneous change of
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the external transverse field was computed exactly. Similar investigations followed
since then, mainly for models that can be mapped to an effectively free Hamiltonian
(see for example [27, 28, 29, 30]). However, from these case-by-case studies it was
hard to extract a general physical picture for the relaxation correlation functions
after a quench.

Much progress was made by Calabrese and Cardy, who studied quantum quenches
where the post-quench Hamiltonian describes a conformal field theory (CFT). In
their arguments they use a path integral approach and the well-known mapping of
the quantum problem to a classical one in d+ 1 dimensions. The initial state |ψ0〉,
which is the ground state of the Hamiltonian H0 with a mass gap m0, plays the
role of a boundary condition. In case of the 1+1 dimensional problem, powerful
techniques of boundary conformal field theory can be applied to study the time
evolution of the entanglement entropy [31] as well as correlation functions [32, 33].
For the relaxation of a primary field operator Φ, they found

〈Φ(t)〉 ∝ e−xπt/2τ0 , (1.10)

〈Φ(r, t)Φ(0, t)〉 − 〈Φ(0, t)〉2 ∝

{
0 for t < r/2,
e−xπr/2τ0 − e−xπt/τ0 for t > r/2,

(1.11)

where τ0 is a non-universal constant and x is the scaling dimension of Φ(r). Their
findings allowed a simple interpretation in terms of classical quasi-particles. The
initial state |ψ0〉 has an (extensively) high energy relative to the ground state of the
hamiltonian H, which governs the subsequent time evolution, and therefore acts
as a source of quasi-particle excitations. Those quasi-particles originating from
closely separated points (roughly within the correlation length ξ0 of the ground
state ofH0) are quantum entangled and particles emitted from points far away from
each other are incoherent. If the quasi-particle dispersion relation is E = ωk, the
classical group velocity is vk = ∂kωk. We assume that there is a maximum speed
vm = maxk|vk|. A quasi-particle of momentum k produced at r is therefore at r+
vkt at time t, assuming scattering effects can be ignored. These free quasi-particles
have two distinct effects. Firstly, incoherent quasi-particles arriving at a given
point r from well-separated sources cause relaxation of (most) local observables.
Secondly, entangled quasi-particles arriving at the same time t at points with
separation |r| � ξ0 induce quantum correlations between local observables. In the
case where they travel at a unique speed v (as is the case for a CFT), therefore,
there is a sharp “horizon” or light-cone effect: the connected correlations do not
change from their initial values until time t ∼ |r|/2v. After this time, they rapidly
saturate to time-independent values. For large separations (but still much smaller
then 2vt), these decay exponentially.

Still, the study of non-equilibrium problems remains a theoretical challenge.
One approach is the use of numerical algorithms such as time-dependent density
matrix renormalization group (tDMRG) (e.g. [34, 35]) and the time-evolving block
decimation (TEBD) algorithm (e.g.[36, 37]). Although these methods can be ap-
plied to a wide range of problems, they suffer from the fact that the inaccuracy of
their results increases in time, which makes the large time limit inaccessible and
these methods are therefore not suitable to study for instance thermalization. A
recent line of development is to use integrable field theories for quantum quenches
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[38, 39, 40]. This looks very promising, although, to date, there are no examples
of the time evolution of fully interacting theories. The method we will use in this
thesis is the algebraic Bethe ansatz, which will be discussed in chapter 3. The
algebraic Bethe ansatz was developed for the computation of correlation functions
of certain integrable models. For dynamical correlation functions in a finite vol-
ume, this method, combined with numerics, proved to be extremely powerful [41].
Recently, this approach has also been applied to quench problems [42, 43]. One of
the aims of this thesis is to further develop this direction.

1.5 The Generalized Gibbs Ensemble

As discussed earlier in this chapter, it is expected that quantum integrable models
generically do not thermalize. The conventional statistical ensembles typically
do not apply, since now not only the total number of particles and energy are
important macroscopic quantities, but the higher conserved charges might play
an important role as well. Inspired by Jaynes’ maximum entropy argument [44],
Rigol et. al. proposed the generalized Gibbs Ensemble (GGE) [27] in which all
‘relevant’ conserved charges {Q̂j} are included

ρGGE =
1

ZGGE
e−

P
n βnQ̂n . (1.12)

with ZGGE = Tr{e−
P
n βnQ̂n}. The set of Lagrange multipliers8 βn are fixed via

the initial conditions
〈ψ0|Qj |ψ0〉 = Tr{Qj ρGGE}. (1.13)

Once all the βj are determined, one can compute the expectation value of an
observable O(x) in the usual way: 〈O(x)〉GGE = Tr{O(x) ρGGE}. The GGE
is particularly useful for quantum quenches, since in this case the initial state
is known, from which the βj can in principle be derived. The upshot of this
is that, if the GGE is valid, expectation values for the large time limit can be
computed without the need of computing the time evolution, which is typically
very complicated. On the other hand, if for instance a Hamiltonian parameter is
gradually changed, the conserved charges change as well during this process, which
makes it hard to determine the βj since one has to compute the time evolution in
some way to make predictions for late times.

1.5.1 Maximum entropy estimates

In order to motivate the GGE, we follow Jaynes’ maximum entropy argument
[44], which is based on information theory. Consider a system with a large number
n of possible states, |ψi〉, with corresponding probabilities pi. We assume that
the probabilities are normalized:

∑
i pi = 1. Expectation values are computed

as 〈O(x)〉 =
∑
i pi〈ψi|O(x)|ψi〉. In general one does not know the microscopic

data pi of a physical system. Suppose that we know m � n expectation values

8The Lagrange multiplier βn are sometimes also called generalized chemical potentials or
generalized inverse temperatures.
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E(j) =
∑
i pi〈ψi|A(j)|ψi〉 instead. Now we can ask on the basis of this given

information what is the expectation value of an observable O(x)? Here we assume
that O(x) cannot be decomposed into A(j). At first glance, this might seem a
meaningless question since the number of unknowns n−m−1 is large. But if we
are optimistic and want to make a prediction anyway, can we do this without any
bias? Putting it differently, we want to make predictions with maximal uncertainty
constraint to the information we have. Requiring that the measure for uncertainty
is positive, increases with increasing uncertainty, and is additive for independent
sources of uncertainty, one can prove that there is a unique measure which is called
Shannon’s entropy [45]:

S({pi}) = −
∑
i

pi ln pi. (1.14)

In the physics literature S({pi}) is also known as the Gibbs entropy (after multi-
plying with Boltzmann’s constant)9. The case where we have no information about
the expectation values, maximizing the entropy leads to the distribution pi = 1/n;
which one can recognize as the microcanonical ensemble for a closed system. If we
know a single expectation value E =

∑
i pi〈ψi|A|ψi〉 we can maximize the entropy

(1.14) by introducing a Langrange multiplier β, leading to

pi =
e−βAi

Z
Ai ≡ 〈ψi|A|ψi〉, (1.15)

which we recognize as the Boltzmann factors defining the canonical ensemble. The
partition function Z is fixed by Z =

∑
i e
−βAi and the Langrange multiplier β is

determined via E =
∑
i e
−βEiEi/Z. Using the same arguments, the maximum

entropy distribution in case of m known expectation values Ej is simply

pi =
e−

Pm
j=1 βjA

(j)
i

Z
. (1.16)

The above reasoning is not restricted to conserved charges, but since we want to
avoid having to compute some sort of time evolution, conserved charges are the
only sensible choice. In chapter 4 we will give some criteria for which conserved
charges are expected to be important for constructing the GGE.

1.5.2 Results for the generalized Gibbs ensemble

The GGE has proved successful on many occasions, by comparing it with the
long time average of specific observables. In one of the first examples [27], the
momentum distribution of hard-core bosons on a lattice, after release from a trap,
was studied numerically. Other numerical tests are [46, 28, 47]. One of the first
exactly solved quench problems where the GGE was proven to be correct was for
a chain of coupled harmonic oscillators [33]. In chapter 7 we will further analyze
this example. Other exact studies for free models focusing on subsystems rather
than on observables are [48, 49]. For integrable field theories and specific initial
states, the density matrix in the infinite time limit was shown to be of the GGE

9A related quantity is the von Neumann entropy which is defined in terms of the density
matrix ρ for a quantum mechanical model: S = −Tr(ρ ln ρ).
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form [38]. An interesting observation is that for certain integrable models, the
large time limit for certain observables can be described with just a canonical
ensemble rather than a GGE. In a first numerical study for the transverse Ising
model, in which the transverse field was suddenly changed, the two-point function
of the order parameter looked thermal [29]. An exact study of the same problem
[30], revealed that the long time average for this observable is always described by
the GGE, but for a certain range of parameters the canonical ensemble provides a
good approximation. Another instance in which the large time limit looks thermal
are the correlation functions of primary fields of a 1+1 dimensional CFT studied
in [33]. Although the system is integrable, the specific choice of initial state yields
a thermal-like behavior. Despite all the successes there are also examples where
the GGE fails. When for instance translational invariance is broken in the initial
system, certain expectation values are not correctly predicted by the GGE [50, 51].
Another example is discussed in chapter 6 where we study a quench for bosons and
observe that the GGE fails; this is cured by introducing the generalized canonical
ensemble. However, in the thermodynamic limit the two ensembles are expected
to coincide.

1.6 Outline

In the next two chapters we introduce the most important tool used in this thesis,
the Bethe ansatz. We start chapter 2 with a discussion of what wavefunctions in
one dimension might look like, followed by the so-called coordinate Bethe ansatz
for wavefunctions of the Lieb-Liniger model and the XXZ spin chain. Although
the coordinate Bethe ansatz is quite useful for gaining an intuitive understanding,
for actually computing correlation functions and for studying quench problems
we need the algebraic Bethe ansatz presented in 3. In chapter 4, we discuss the
notion of quantum integrability and introduce a new definition, leading to a clas-
sification of integrable models [52]. We change gears in the following two chapters
by studying the time evolution after two types of quantum quenches. Chapter 5
deals with the problem of a spin chain, initially prepared in a spatially inhomo-
geneous (domain wall) state, where subsequent time evolution is governed by the
XXZ chain [53]. In chapter 6, we study the case where the system is initially in
the ground state of the fully interacting Lieb-Liniger model. The quench consists
of instantaneously switching the interactions off [54]. A more formal discussion of
equilibrium states (e.g. the large time limit after a quantum quench) is presented
in chapter 7 where we introduce the generalized thermodynamic Bethe ansatz [55].
We end with a conclusion of our results and discuss possible directions for future
research.
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Chapter 2

The coordinate Bethe ansatz

In this chapter the Bethe ansatz is discussed, both for the Lieb-Liniger model and
the XXZ spin chain. We start with an intuitive picture of what wavefunctions in
one dimension in general look like. This is followed by introducing the coordinate
Bethe ansatz. For pedagogical reasons we will focus our attention on the Lieb-
Liniger model where the physics behind the coordinate Bethe ansatz is most clear.
We briefly discuss the coordinate Bethe ansatz for other quantum integrable mod-
els, including the XXZ spin chain. When imposing periodic boundary conditions,
one has to deal with the Bethe equations, whose solutions define the eigenstates of
the model. We give a brief outline for the Lieb-Liniger case, followed by an exten-
sive dicussion of the XXZ spin chain case. While all other results in this chapter
are well known the classification of states for the XXZ chain (gapped regime) is a
new result.

2.1 Dynamics in 1D

In this section we consider interacting many-body problems restricted to one spa-
tial dimension. We will discuss what is special about one-dimensional models in
contrast to higher-dimensional ones. In order to keep this section as simple as
possible we consider only models defined on the continuum with indistinguishable
particles. Later on in this chapter we will discuss models without those restrictions.

2.1.1 Wavefunction for free particles

It is instructive to first study the N -particle wavefunction for models without inter-
actions. The Hamiltonian for N free scalar particles defined on a one-dimensional
continuous space is

H0
N = −

N∑
j=1

∂2

∂x2
j

. (2.1)

The eigenfunctions can be found by first considering the 1-particle problem for
which the wavefunction is simply χ0

N (x|k) = eikx. By imposing boundary con-
ditions the momentum k becomes quantized. For the moment we will consider

23



2.1 Dynamics in 1D

periodic boundary conditions for a system of length L which implies kn = 2πn/L.
One can easily construct the N -particle wavefunction

χ0
N (x1, . . . , xN |λ1, . . . , λN ) =

∑
P∈SN

S[P]ei
PN
j=1 kPjxj (2.2)

where the sum is over all permutations SN of the set {1, . . . , N}. Here, the factor S
reflects the statistics of the particles and [P] is the parity of the permutation P. In
case of Bosons we have a completely symmetric wavefunction; this corresponds to
S = 1. The completely anti-symmetric wavefunction S = −1 corresponds to free
Fermions. The wavefunction in this case can be written as a Slater determinant.

2.1.2 Wavefunction for interacting particles

A more interesting situation is when we turn on interactions between the particles.
We consider a model described by the following Hamiltonian

HN = −
N∑
j=1

∂2

∂x2
j

+
∑
j>k

v(xj − xk) (2.3)

where we assume that the interactions via the potential v(xj−xk) are only pairwise.
Furthermore, we assume that v(r) has the following properties: it is symmetric
v(r) = v(−r), decays monotonically dv(|r|)/dr > 0 and vanishes at large distances
limr→∞ v(|r|) = 0.

2 particles

The first non-trival case is for 2 particles. If the interaction potential v(r) decays
sufficiently fast 1, one can define asymptotic regions x1 � x2 and x1 � x2 where
the two particles can be considered as free. In this asymptotic region we expect
the wavefunction to be approximately of the form

χ2(x1, x2|λ1, λ2) = A1e
i(λ1x1+λ2x2) +A2e

i(λ1x2+λ1x2) (2.4)

where the coefficients can be functions of λ1 and λ2. In the asymptotic region the
λj can be thought of as the momenta of the particles. To distinguish the λj from
physical momenta we will call them rapidities in the future. If we now consider
the case x1 � x2 and λin1 > λin2 the two particles will scatter at some point and
eventually end up in the other asymptotic region x1 � x2 with rapidities λout1 , λout2 .
Since the total momentum and energy are conserved we have the following set of
equations

P = λin1 + λin2 = λout1 + λout2 (2.5)
E = ε(λin1 ) + ε(λin2 ) = ε(λout1 ) + ε(λout2 ) (2.6)

which lead to the two possible solutions λin1 = λout1 , λin2 = λout2 and λin1 = λout2 ,
λin2 = λout1 . Of course, we assume that the one-particle energy ε(λ) is linear

1To quantify what sufficiently fast is one can imagine that the integral
R∞
R v(r)dr should exists

for some finite R.
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independent from λ (e.g. ε(λ) = λ2). Therefore, we expect that (2.4) is also
true in the other asymptotic region x1 � x2. Note that exchange factors of the
particles can be absorbed into the coefficients A1 and A2. To conclude: all 2-
particle problems where the interaction potential decays sufficiently fast can in
the asymptotic regions be described by the wavefunction (2.4). In two or more
dimensions this is generally not true, since momentum and energy conservation
alone are not sufficient to constrain the rapidities λj .

3 particles

The case of 3 particles is more interesting, since now we have not only 2-body scat-
terings but also 3-body scatterings. In the generic case momentum conservation
and energy conservation are not sufficient to constrain the rapidities {λj}. The
wavefunction in the asymptotic region x1 � x2 � x3 will generally be of the form

χ3(x1, x2, x3|λ1, λ2, λ3) =
∑
P∈S3

APe
i(λP1x1+λP2x2+λP3x3)

+
∫

Γ

dµ1dµ2dµ3S3(λ1, λ2, λ3|µ1, µ2, µ3)ei(µ1x1+µ2x2+µ3x3)

(2.7)

where Γ is the domain of fixed momentum P and energy E. The first term contains
only 2-body scattering processes and is therefore similar to (2.4). The second
contains the 3-body scattering term S3 which probably makes it an insurmountable
problem to find the wavefunctions exactly for generic 3-body scattering. On the
other hand, if there exists a third local conserved charge, Q3 = q3(λ1) + q3(λ2) +
q3(λ3), this leads to non-diffractive scattering (i.e. {µj} = {λj}) and therefore the
second term in (2.7) vanishes, thus drastically simplifying the wavefunction.

N particles

Thus far we have discussed 2- and 3-particle problems. Typically, however, one
is interested in the case where the number of particles N is large. Based on our
analysis for 3 particles, exact wavefunctions for a large number of particles are
difficult to find. However, if for the N -particle problem there exist N independent
local conserved quantities, then after every scattering process we have {λinj } =
{λoutj }. In this case we expect in the asymptotic region x1 � x2 � . . .� xN the
wavefunction to be of the form

χN (x1 . . . xN |λ1 . . . λN ) =
∑
P∈SN

APe
i

PN
j=1 λPjxj (2.8)

It turns out that there exist several interesting models where the wavefunction in
the asymptotic region is of the form (2.8). Below we will discuss some examples.

2.1.3 Short range interactions: the Bethe ansatz

An example of an interacting model is the Lieb-Liniger [56, 57] model for which
v(r) = cδ(r) with c some parameter and δ(r) the Dirac delta function. The
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asymptotic region, where the interactions can be neglected, is now simply x1 <
x2 < . . . < xN and permutations thereof. Now the surprising result is that the
wavefunction for this model is exactly of the form (2.8) for all possible xj , which
we will call the Bethe ansatz wavefunction. In the next section we will derive
the precise form of the wavefunction. As it will turn out the coefficients AP are
completely determined by the 2-body scattering processes. An intuitive reasoning
explaining this factorization of the scattering processes goes as follows. Consider a
configuration x1 < x2 < x3 with rapidities λ1 > λ2 > λ3 chosen such that a 3-body
scattering process will take place. If we now start from an initial configuration with
one of the particles slightly displaced there will be 3 subsequent 2-body scattering
processes. But since the in and out state rapidities are the same in both cases one
might expect the same scattering amplitude. In case of integrable field theories
the factorization of n-particle scattering processes can be made more precise [58].

λ1 λ2 λ3

λ1λ2λ3

λ1 λ2 λ3

λ1λ2λ3

λ1 λ2 λ3

λ1λ2λ3

Figure 2.1: Three scattering processes which in case of non-diffractive scattering
all have the same amplitude.

Another notable model where the exact wavefunction is a Bethe ansatz wave-
function (2.8) is the Heisenberg model. This model is defined on a lattice and
contains a nearest neighbor interaction. Actually this model was solved exactly
by Bethe in 1931 [59] by making the ansatz (2.8) for the wavefunction, hence the
name Bethe ansatz. The (algebraic) Bethe ansatz for the Heisenberg model will be
discussed in section 3.1. Other Bethe ansatz solvable models include: the Hubbard
model, 2-component Bose gas and many more!

2.1.4 Long range interactions: the asymptotic Bethe ansatz

An interesting model with long range interactions which can be solved exactly is
the one with v(r) = c/r2. In this case the wavefunction is only asymptotically of
the Bethe ansatz form (2.8). However this model has the remarkable feature that
the wavefunction for the ground state is of product form

χGSN =
N∏
j<k

φ(xj − xk) (2.9)

with φ(x) a symmetric (anti-symmetric) function in case of Bosons (Fermions)
[60, 61, 62].
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The coordinate Bethe ansatz

The long-range equivalent of the Heisenberg spin chain is the Haldane-Shastry
model [63, 64]. For the rest of this thesis we will only focus on Bethe ansatz
solvable models with short range interactions.

2.2 Coordinate Bethe ansatz: the Lieb-Liniger model

The Lieb-Liniger model, is a one-dimensional model of Bosons with a point-like
interaction, which is of the type discussed in section 2.1.3. It is expressed in Bose
fields Ψ(x, t) which satisfy the equal-time commutation relations:

[Ψ(x, t),Ψ†(y, t)] = δ(x− y), (2.10)

[Ψ(x, t),Ψ(y, t)] = [Ψ†(x, t),Ψ†(y, t)] = 0. (2.11)

For now we will drop the argument t since in this chapter we focus on static
quantities. The Hamiltonian of the Lieb-Liniger model of size L is

H =
∫ L

0

(
∂xΨ†(x)∂xΨ(x) + cΨ†(x)Ψ†(x)Ψ(x)Ψ(x)

)
dx (2.12)

where c is a coupling constant. In this thesis we will consider only the repulsive
(c > 0) case. This Hamiltonian conserves the total number of particles, therefore
it commutes with the particle number operator Q

Q =
∫ L

0

Ψ†(x)Ψ(x)dx. (2.13)

Because of translation invariance we also have [H,P ] = 0 where the momentum
operator P is

P =
i

2

∫ L

0

((
∂xΨ†(x)

)
Ψ(x)−Ψ†(x)∂xΨ(x)

)
dx. (2.14)

For a given number of particles N we can express the common eigenfunctions of
H,P,Q as

|ψN (λ1, . . . , λN )〉 =
∫ L

0

dNx χN (x1, . . . , xN |λ1, . . . , λN )Ψ†(x1) . . .Ψ†(xN )|0〉

(2.15)
where the Fock vacuum |0〉 is defined as Ψ(x)|0〉 = 0 and is normalized: 〈0|0〉 = 1.
The wavefunction χN is symmetric in its spatial coordinates xj as result of the
commutation relations (2.10). The λj are called rapidities and are determined via
the boundary conditions, which we will discuss later on. We express the eigenvalues
as

H|ψN 〉 = EN |ψN 〉 P |ψN 〉 = PN |ψN 〉 Q|ψN 〉 = N |ψN 〉. (2.16)

These eigenvalue equations can also be expressed in a first quantized notation in
terms of the wavefunction χN

HNχN = ENχN . (2.17)
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2.2 Coordinate Bethe ansatz: the Lieb-Liniger model

The corresponding Hamiltonian HN in first quantized notation is

HN =
N∑
j=1

− ∂2

∂x2
j

+ 2c
∑
j>k

δ(xj − xk). (2.18)

One can verify this by letting act the Hamiltonian (2.12) on the state (2.15).
Using the commutation relations (2.10) and partial integration one ends up with
the eigenvalue equation for the wavefunction χN . Similarly, it follows that the first
quantized form of the momentum operator is

PN =
N∑
j=1

−i ∂
∂xj

, PNχN = PNχN . (2.19)

Now we turn to the solutions χN of the eigenvalue equation. Due to the symmetry
of χN in all its coordinates xj we can restrict the analysis to the fundamental
domain x1 ≤ x2 ≤ . . . ≤ xN . In the domain x1 < x2 < . . . < xN the function χN
is an eigenfunction of the free Hamiltonian

H0
N =

N∑
j=1

− ∂2

∂x2
j

. (2.20)

The boundary conditions coming from the second term in the Hamiltonian (2.18)
are (

∂

∂xj+1
− ∂

∂xj
− c
)
χN = 0, xj+1 = xj + 0+. (2.21)

This is obtained by integrating (2.17) over the variable xj+1 − xj over a small
interval |xj+1−xj | < ε while keeping all the other coordinates fixed. To gain some
insight in what the wavefunction χN will look like we will first consider the case
for N = 2. First we consider the domain x1 ≤ x2. An eigenfunction of (2.20) can
be written in the general form

χ2(x1, x2) = S1e
iλ1x1+iλ2x2 + S2e

iλ2x1+iλ1x2 . (2.22)

We can determine the from the boundary conditions

(iλ2 − iλ1 − c)S1 = (iλ1 − iλ2 − c)S2 (2.23)

S2

S1
= −eiφ(λ1−λ2) φ(λ1−λ2) =

1
i

ln
c+ i(λ1 − λ2)
c− i(λ1 − λ2)

(2.24)

The completely symmetric wavefunction on the entire domain is

χ2(x1, x2|λ1, λ2) = sgn(x2 − x1)
(
eiλ1x1+iλ2x2−isgn(x2−x1)φ(λ1,λ2)/2

− eiλ2x1+iλ1x2+isgn(x2−x1)φ(λ1,λ2)/2
)
. (2.25)
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The coordinate Bethe ansatz

If we now go back to the problem for general N the wavefunction is

χN (x1, . . . , xN |λ1, . . . , λN ) =∏
j>k

sgn(xj − xk)
∑
P

(−1)Pei
PN
j=1 λPjxj+

i
2

P
j>k sgn(xj−xk)φ(λPj−λPk ). (2.26)

This wavefunction is not normalized, later in this chapter we will give the norm but
we postpone the proof until chapter 3. One can easily verify that this wavefunction
is an eigenfunction of (2.20) and satisfies the boundary conditions (2.21). As
mentioned before the wavefunction is completely symmetric in its coordinates xj .
One can also see that χN is completely antisymmetric in its rapidities λj , therefore
we have χN = 0 if λj = λk, j 6= k. Consequently, the groundstate is a Fermi sea,
as we will see in the next section.

2.2.1 The Bethe equations

When considering the Lieb-Liniger model on a finite volume we have to choose
the boundary conditions. For convenience, we will work with periodic boundary
conditions. On the level of wavefunctions, periodic boundary conditions translate
to

χN (x1, . . . , xN ) = χN (x2, . . . , xN , x1 + L) (2.27)

for the fundamental domain. From the Bethe ansatz wavefunction (2.26) we obtain

eiλjL =
N∏
l 6=j

λj − λl + ic

λj − λl − ic
. (2.28)

Although (2.28) are N equations with N unknowns λ, there are many solutions
because of the periodicity of the left hand side of the equation. Therefore it is
convenient to take the logarithm of (2.28).

λj =
2π
L
Ij −

1
L

N∑
l=1

φ(λj − λl). (2.29)

Here the quantum number of Ij are half-odd (integers) in case of even (odd) N and
uniquely define a state. Since (2.28) is a set of coupled transcendental equations,
one finds for a given set {Ij} the rapidities {λj} numerically. One can prove the
following properties of the Bethe wavefunction.

All the solutions of the Bethe equations are real for c > 0.

One very important fact is that the solutions of the Bethe equations for the Lieb-
Liniger model in the repulsive case c > 0 are all real. One can easily prove this
by considering the Bethe equations in the form of (2.28), see for instance [65, 66].
Physically the absence of complex solutions means that no bound states can form.
From a practical point of view it drastically simplifies the analysis of the solutions
of the Bethe equations. This leads to many theorems which we will discuss below.
In contrast, in the attractive Lieb-Liniger model (c < 0) and the Heisenberg spin
chain where complex solutions exists, fewer rigorous results are known.
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2.2 Coordinate Bethe ansatz: the Lieb-Liniger model

The solutions of the Bethe equations exist and are uniquely parametrized
by the set of quantum numbers Ij.

The Bethe equations (2.29) can be obtained form the following action [66]

S({λj}) =
L

2

∑
j

λ2
j +

∑
j<l

Φ(λj − λl)− 2πIjλj (2.30)

where

Φ(λ) =
∫ λ

0

φ(µ)dµ. (2.31)

Equation (2.29) then follows from the extremum condition ∂S/∂λj = 0. One can
further show that the Hessian matrix ∂2S/∂λj∂λk is positive definite. Thus, the
action S is convex, and S has a unique minimum which defines the solutions of
the Bethe equations.

The Hessian matrix of S plays also another important role, namely its deter-
minant is the norm of the wavefunction as conjectured by Gaudin [67]∫ L

0

dNx |χN (x1, . . . , xN |λ1, . . . , λN )|2 = det
(

∂2S

∂λj∂λl

)
. (2.32)

In order to prove this it is more convenient to consider the algebraic Bethe ansatz
instead, which we will discuss in the next chapter.

If Ij > Ik, then λj > λk. If Ij = Ik then λj = λk.

If we subtract the k-th Bethe equation from the j-th equation we obtain

(λj − λk) +
1
L

N∑
l=1

(φ(λj − λk)− φ(λk − λl)) =
2π
L

(Ij − Ik). (2.33)

Due to the monotonicity of φ(λ) the two terms on the left-hand side are of the same
sign, from which immediately follows that if Ij > Ik, then λj > λk. If Ij = Ik then
λj = λk yielding a vanishing wavefunction as we have seen before, in this sense
the quantum numbers Ij are fermionic.

The ground state is a filled Fermi sea.

The ground state of the Lieb-Liniger model for positive interaction strength (c > 0)
is the filled Fermi sea [56]

Ij = −N + 1
2

+ j, j = 1, . . . , N. (2.34)

For the case c = ∞ where the interaction kernel φ(λ) vanishes this can be easily
verified.
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The coordinate Bethe ansatz

The Bethe ansatz eigenstates form a complete set.

So far we have shown that eigenstates of the Bethe ansatz type are eigenfunction
of the Lieb-Liniger model. But we can go further then that, namely it has been
proven that Bethe ansatz wavefunctions are orthogonal and complete [68]. The
completeness of the Bethe ansatz solutions is crucial for studying thermodynamics
[66] which we will cover in chapter 7. The orthogonality and completeness also
permits to write a resolution of the identity operator which will be useful when
considering correlation functions, which we will discuss in chapter 3.

2.2.2 Tonks-Girardeau gas: c→∞
A special limit is the so-called Tonks-Girardeau [69, 70] limit c→∞. As one can
see from (2.26) the wave function in this case is

χTGN (x1, . . . , xN |λ1 . . . λN ) =
∏
j>k

sgn(xj − xk)χFN (x1, . . . , xN |λ1 . . . λN ) (2.35)

with χFN the usual Slater determinant corresponding to the problem of free fermions.
As it turns out most expectation values for the Tonks-Girardeau gas and of free
fermions are the same, for a discussion see for instance [71].

2.3 The anisotropic Heisenberg chain: XXZ model

The other Bethe ansatz solvable model that this thesis focuses on is the Heisenberg
spin chain [72] which describes nearest neighbor interactions between spin particles
on a one-dimensional lattice. The model can be generalized to the case where the
interactions between spin-components are anisotropic. The most widely studied
anisotropic Heisenberg spin chain is the XXZ model [73, 74] for spin-1/2 particles
for which the Hamiltonian (with a magnetic field term) is given by

HXXZ =
N∑
j=1

J [
1
2

(S+
j S
−
j+1 + S−j S

+
j+1) + ∆(Szj S

z
j+1 −

1
4

)]− hSzj (2.36)

the summation is over all N lattice sites, and periodic boundary conditions are un-
derstood: SN+1 ≡ S1. The interaction strength is given by J , ∆ is the anisotropy
parameter and h is the strength of the external magnetic field pointing in the
z-direction. The spin operators satisfy the usual commutation relations

[S+
j , S

−
k ] = 2Szj δj,k, [Szj , S

±
k ] = ±δj,kS±j . (2.37)

For every lattice site j we can introduce an orthonormal basis {| ↓〉j , | ↑〉j} such
that

Szj | ↑〉j =
1
2
| ↑〉j , Szj | ↓〉j = −1

2
| ↓〉j ,

S−j | ↑〉j = | ↓〉j , S−j | ↓〉j = 0,

S+
j | ↓〉j = | ↑〉j , S+

j | ↑〉j = 0. (2.38)
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Figure 2.2: Phase diagram of the XXZ model, with anisotropy ∆ on the horizon-
tal axis and external field h on the vertical axis. Region A is ferromagnetic, B
paramagnetic and C anti-ferromagnetic.

The first two terms of the Hamiltonian are hopping terms: if a spin-up particle is
next to a spin-down particle, the two particles interchange position. These terms
are interpreted as the kinetic part of the Hamiltonian. The last two terms can be
interpreted as the potential part. The constant 1/4 is introduced for convenience,
so that (Szj S

z
j+1− 1

4 ) only gives a nonzero contribution if the two sites have opposite
spin. The interaction strength J > 0 is chosen such that the ground state is
antiferromagnetic for ∆ > 1. The phase diagram of the XXZ model in a magnetic
field is shown in fig.2.2. Region A has a ferromagnetic ground state and C an anti-
ferromagnetic one. In regions A and C the spectrum of elementary excitations
is gapped; the energy gaps depend on h and ∆. The paramagnetic phase B is
the quantum critical phase which is gapless. These three different regimes usually
require a separate treatment. It is worth mentioning two special cases. The first
one is: ∆ = 0; this is also called the XY -model and can be mapped to effectively
free fermions. The second is: ∆ → ±∞ which is called the Ising model, which is
effectively a classical model.

2.3.1 Rotational symmetry

We can define the total spin operator in the a-direction (a ∈ {x, y, z}) as

Satot =
N∑
j=1

Saj , a ∈ {x, y, z}. (2.39)

We easily verify that [HXXZ , S
z
tot] = 0. Hence the spin in the z-direction is con-

served so the Hilbert space separates into disjoint subspaces of fixed magnetization.
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The coordinate Bethe ansatz

We will label the subspaces by the number of down spins:

M ≡ N

2
−

〈
N∑
j=1

Szj

〉
. (2.40)

The term 〈...〉 is the average magnetization which ranges from −N/2,−N/2 +
1, . . . N/2. For every subspace M we have: [HXXZ , S

x
tot] = [HXXZ , S

y
tot] = 0

iff ∆ = 1. We therefore conclude that the XXX (∆ = 1) model has an SU(2)
symmetry, while the XXZ model for ∆ 6= 1 has only a U(1) symmetry.

2.3.2 Wavefunction for down spins

If we introduce a reference state with all the spins up

|0〉 =
N⊗
j=1

| ↑〉j , (2.41)

with | ↑〉j defined in (2.38). We can write the eigenstates of Sztot as

|j1, j2, . . . , jM 〉 ≡
M∏
k=1

S−jk |0〉, (2.42)

with eigenvalues (N/2 −M). Here the M parameters jk denote the positions of
the down spins. It is sufficient to have M ≤ N/2. For M > N/2 we should use
a reference state with all spins down. Since [HXXZ , S

z
tot] = 0 we can write the

wavefunctions for the XXZ model as

|ΨM 〉 =
∑
{j}

ψM (j1, . . . , jM )|j1, . . . , jM 〉, (2.43)

where the sum is over all possbile configurations {j} of the down spins.

2.3.3 Eigenvalue equation

Trying to build up an algebraic formalism to describe the quantum integrability of
a system, one naturally uses the conserved charges of the model as the foundations
of this construction. Using the Schrödinger equation HXXZ |ΨM 〉 = EM |ΨM 〉, we
get

(
EM−h(

N

2
−M)

)
/J |ΨM 〉 =

∑
{j}

ψM (j1, . . . , jM )

(
−∆(M−

M∑
n=1

δjn+1,jn+1)|j1, . . . , jM 〉

+
1
2

M∑
n=1

(1−δjn+1,jn+1) {| . . . , jn+1, jn+1, . . .〉+ | . . . , jn, jn+1−1, . . .〉}

)
. (2.44)

For convenience we wrote jM+1 ≡ j1. The first term between the big parentheses
comes from: ∆(Szj S

z
j+1 − 1

4 ), which is zero for neighboring sites with parallel spin
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2.4 The Bethe equations

and −∆/2 for the 2(M −
∑
n δjn+1,jn+1) neighboring sites with opposite spin. The

second term comes from: 1
2 (S+

j S
−
j+1+S−j S

+
j+1). It does not contribute for adjacent

down spins: jn+1 = jn+1. Projecting (2.44) onto a position state 〈{j}|, by making
use of (2.43), gives the eigenvalue equation

(
EM − h(

N

2
−M)

)
/J ψM (j1, . . . , jM ) = −∆(M−

M∑
n=1

δjn+1,jn+1)ψM (j1, . . . , jM )

+
1
2

M∑
n=1

(1− δjn+1,jn+1) {ψM (. . . , jn+1, jn+1, . . .) + ψM (. . . , jn, jn+1−1, . . .)} .

(2.45)

2.3.4 The Bethe ansatz

To write down the Bethe ansatz wavefunction for the XXZ model one can proceed
in an analogous way as the Lieb-Liniger model [59, 73, 74]. We therefore only give
the important intermediate steps without deriving them. First we solve (2.45) for
two down spins from which we obtain the 2-particle scattering phase φ(k1, k2)

φ(k1, k2) = 2 arctan
∆ sin k1−k2

2

cos k1+k2
2 −∆ cos k1−k2

2

.

which is analogous to the scattering phase (2.24) of the Lieb-Liniger model. Note
that this scattering phase is not Galilean invariant. By studying the problem for
M = 3 downspins one can derive the general expression for the coefficients AP
appearing in the Bethe ansatz wavefunction

AP = e−
i
2

P
1≤a<b≤M φ(kPa ,kPb ). (2.46)

The complete Bethe ansatz for M downspins in the domain j1 < j2 < . . . < jM is

ψM (j1, . . . , jM ) =
∑
P

(−1)[P]ei
PM
a=1 kPa ja−

i
2

P
1≤a<b≤M φ(kPa ,kPb ). (2.47)

The factor (−1)[P], with [P] the parity of the permutation P, reflects the fermionic
structure of the wavefunction. One can easily verify that (2.47) is a solution of
(2.45) and obtain the expressions for the energy and total momentum

EM = J

M∑
a=1

(cos ka −∆)− h

2
(N − 2M), P =

M∑
a=1

ka. (2.48)

2.4 The Bethe equations

From the periodic boundary conditions we should have

ψM (j1, . . . , jM ) = ψM (j2, . . . , jM , j1 +N). (2.49)
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The coordinate Bethe ansatz

This can be easily interpreted as: sending the j1 down spin through the system,
picking up M − 1 scattering phases, and then returning it to its original position.
We identify: jn +N ≡ jn. Imposing these conditions on the Bethe wavefunction:∑

P
(−1)[P]APe

i
P
a kPa ja =

∑
P

(−1)[P]APe
i
P
a kPa ja+1eikPMN . (2.50)

For every term with AP on the LHS we should take AQ on the RHS with Q =
(P2, . . . ,PM ,P1), such that ei

P
a kPa ja = ei

P
a kQa ja+1 . This gives:

(−1)[P]AP = (−1)[Q]AQe
ikQMN ⇔ eikP1N = (−1)M−1AP

AQ
. (2.51)

Using (2.46) we have:

AP = e−
i
2

P
b>1 φ(kP1 ,kPb )e−

i
2

P
1<a<b≤M φ(kPa ,kPb ),

AQ = e
i
2

P
a>1 φ(kP1 ,kPa )e−

i
2

P
1<a<b≤M φ(kPa ,kPb ).

These equations must hold for all permutations P, and therefore we obtain the
Bethe equations:

eikaN = (−1)M−1e−i
P
b 6=a φ(ka,kb). (2.52)

This is a set of M coupled transcendental equations for M unknowns kj .

2.4.1 Parameterization

At this point it is convenient to reparametrize the Bethe equations, following
Orbach [73], in terms of new variables λ. The motivation for the reparametrization,
as it will turn out, is that the scattering phase in terms of λj and λk is only
a function of the difference: θ2(λj , λk) = θ2(λj − λk). The parametrization is
different for the three cases: |∆| < 1, ∆ = 1 and |∆| > 1. In this thesis we focus
mostly on the case |∆| > 1 and we will therefore work this case out explicitly. The
other two cases will be summarized afterwards.

Gapped anisotropic case: |∆| > 1

The explicit parametrization for the case |∆| > 1 is

eik =
sin(λ+ iη/2)
sin(λ− iη/2)

, cosh(η) = ∆. (2.53)

Taking the logarithm of (2.53)

k(λ) = −i ln
(

sin(λ+ iη/2)
sin(λ− iη/2)

)
= π − 2 arctan

(
tan(λ)

tanh(η/2)

)
− 2π

⌊
λ

π
+

1
2

⌋
mod 2π

≡ π − θ1(λ) mod 2π. (2.54)
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2.4 The Bethe equations

In the first step we used: ln(−1) = ±iπ. The floor function: bxc = {n ∈ Z|n ≤ x}
was introduced to guarantee that we stay in the same branch of the logarithm. We
choose the branch of the logarithm such that 0 ≤ Re(k) < 2π ↔ −π/2 < Re(λ) ≤
π/2. The scattering phase can now be brought into a convenient form

φ(k(λ1), k(λ2)) = i ln
(
− sin(λ1 − λ2 + iη)

sin(λ1 − λ2 − iη)

)
= 2 arctan

(
tan(λ1 − λ2)

tanh(η)

)
+ 2π

⌊
λ1 − λ2

π
+

1
2

⌋
≡ θ2(λ1, λ2). (2.55)

It is clear that θ2(λ1, λ2) = θ2(λ1 − λ2) and θ2(λ1, λ2) = −θ2(λ2, λ1). Using the
parametrization in terms of λ the Bethe equations (2.52) become:(

sin(λj + iη/2)
sin(λj − iη/2)

)N
=

M∏
k 6=j

sin(λj − λk + iη)
sin(λj − λk − iη)

. (2.56)

As we did for the Lieb-Liniger gas it useful to consider the logarithmic form of the
Bethe equations:

2 arctan
(

tan(λj)
tanh(η/2)

)
+ 2π

⌊
λj
π

+
1
2

⌋
=

2π
Ij
N

+
1
N

M∑
l=1

2 arctan
(

tan(λj − λl)
tanh(η)

)
+ 2π

⌊
λj−λl
π

+
1
2

⌋
(2.57)

or in a more compact notation:

θ1(λj) = 2π
Ij
N

+
1
N

M∑
l=1

θ2(λj − λl). (2.58)

The total energy in terms of the rapidities λ is

E = J

M∑
j=1

(
cos(2 arctan

tanλj
tanh η

)− cosh(η)
)
− h(

N

2
−M)

= J

M∑
j=1

− sinh2 η

cosh η − cos 2λj
− h(

N

2
−M). (2.59)

In the last step we used: cos(2 arctan(x)) = 1−x2

1+x2 . The momentum in terms of
rapidities is

P =
M∑
j=1

1
i

ln
sin(λj + iη/2)
sin(λj − iη/2)

=
M∑
j=1

(π − θ1(λj)) = πM − 2π
N

M∑
j=1

Ij mod 2π.

(2.60)
The last equality follows from the Bethe equations.
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General expressions

For completeness we give the parametrization for all ∆

XXX XXZ gapless XXZ gapped
∆ 1 −1 < cos η < 1 cosh η > 1

ϕ(λ+ iη) λ+ i sinh(λ+ iη) sin(λ+ iη)
θn(λ) 2 arctan 2λ

n 2 arctan tanhλ
tannη/2 2 arctan tanλ

tanhnη/2 + 2πbλπ+ 1
2c

2πan(λ) ≡ d
dλθn(λ) n

λ2+n2/4
2 sinnη

cosh 2λ−cosnζ
2 sinhnη

coshnη−cos 2λ

In these terms the parametrizations are:

eik =
ϕ(λ+ iη/2)
ϕ(λ− iη/2)

, (2.61)

k(λ) = π − θ1(λ), (2.62)

and the Bethe equations become(
ϕ(λj + iη/2)
ϕ(λj − iη/2)

)N
=
∏
k 6=j

ϕ(λj − λk + iη)
ϕ(λj − λk − iη)

. (2.63)

The logarithmic Bethe equations are

θ1(λj) =
2π
N
Ij +

1
N

M∑
l=1

θ2(λj − λl), (2.64)

and the total energy and momenta are

E = −Jπ
∑
l

a1(λl)ϕ(iη)− h(
N

2
−M), (2.65)

P =
M∑
j=1

(π − θ1(λj)) = πM − 2π
N

M∑
j=1

Ij mod 2π. (2.66)

Note the symmetry between the equations for |∆| < 1 and |∆| > 1: η|∆|<1 =
iη∆>1 and λ|∆|<1 = −iλ∆>1. Of course, starting with the equations for the
|∆| > 1, we can take the limit ∆ → 1 and end up with the isotropic case by
λ∆=1 = limη→0 λ|∆|>1/η. The limit can also be done starting from the |∆| < 1
case. The Bethe equations in this generic form allow us to do many calculations
simultaneously for all three parametrizations. However, the solutions in terms of
rapidities are quite different for all three cases. In the XXX model the rapidities lie
in the entire complex plane. For the XXZ gapless case the rapidities are restricted
to the strip −π/2 < Im(λ) ≤ π/2 in the complex plane, due to the periodicity of
the sinh function in the complex plane. For the XXZ gapped case the rapidities
are restricted in the real direction: −π/2 < Re(λ) ≤ π/2.
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2.5 Complex solutions: bound states

In order to address the issue of completeness we can try to count the total number
of solutions of the Bethe equations. Since the Bethe wavefunctions formally vanish
when two or more rapidities coincide one might naively think that only distinct
quantum numbers Ij are allowed. Making this assumption, we can choose M
distinct quantum numbers among the set of N possibilities in (N,M) different
ways. This number coincides with the total number of eigenstates in this subspace.
However, as was known to Bethe himself [59] , this is too naive and fails for two
reasons. Firstly, the assumption that a quantum number Ij can take any of the
N values as long as it is different from the other quantum numbers is incorrect.
Secondly, coinciding quantum numbers can actually lead to proper wavefunctions.
The reason is that not only solutions with real rapidities exist, but complex ones
as well. Bethe himself found solutions involving groups of complex rapidities. He
realized that the complex rapidities typically are arranged into regular patterns
known as strings of rapidities which have coinciding quantum numbers.

To see how complex solutions can appear we consider the Bethe equations
(2.63). For a complex root λ with Imλ > 0 the LHS of the Bethe equations goes
to infinity when N → ∞. We can distinguish two cases resulting in a diverging
RHS:

• In case of finite M , a finite number of terms on the RHS can blow up. This
case can be dealt with using the string hypothesis discussed below.

• When M/N is fixed, either a finite number of terms on the RHS can blow
up, or the product of many finite terms can diverge.

The case where only a finite number of terms on the RHS blow up are typically
(deviated) strings.

2.5.1 Self-conjugacy of the Bethe wavefunctions

Before turning to the string hypothesis, we first mention an important property
of the Bethe solutions: they are self-conjugate. For a given solution {λj} it is
easy to see that {λ̄j} is also a solution: by taking the complex conjugate and
inverting both sides of (2.63). Less obvious is that every solution is self conjugate:
{λ̄j} = {λj}, as proven by Vladimirov [75].

2.5.2 String hypothesis: |∆| > 1 and |∆| = 1

In this section we consider the string hypothesis for the |∆| = 1 case which already
appeared in Bethe’s paper [59] and was further developed by Takahashi [76]. Si-
multaneously we deal with the |∆| > 1 case [77], since in both cases the imaginary
part of the rapidities lie in the interval (−∞,∞).

Consider a system with infinite N and finite M . Take λj with 0 < Im(λj) <∞.
Recall the Bethe equations (2.56):(

sin(λj + iη/2)
sin(λj − iη/2)

)N
=

M∏
k 6=j

sin(λj − λk + iη)
sin(λj − λk − iη)

.
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The factor on the LHS of the Bethe equations is∣∣∣∣ sin(Reλj + i(Imλj + η/2))
sin(Reλj + i(Imλj − η/2))

∣∣∣∣2 =
cos(2Reλj)− cosh(2Imλj + η)
cos(2Reλj)− cosh(2Imλj − η)

> 1 (2.67)

so the LHS goes to infinity for infinite N . For finite M there must be a correspond-
ing λk for which the denominator on the RHS blows up: λk = λj − iη. Using this
argument repeatedly, and the fact that a solution {λj} has to be self-conjugate,
we find a possible set of complex roots: {λj , λj − iη, λj − 2iη, . . . , λ̄j}. This leads
us to the string hypothesis for a string of length n:

λn,jα = λnα +
iη

2
(n+ 1− 2j), (2.68)

with j = 1 . . . n. The string hypothesis for the XXX model goes completely
analogously:

λn,jα = λnα +
i

2
(n+ 1− 2j). (2.69)

Since ϕ(λ) is a monotonic increasing function in the imaginary direction, we expect
that all possible string lengths are allowed.

2.5.3 String hypothesis: |∆| < 1

The string hypothesis for the |∆| < 1 case is quite different from the previous ones.
The imaginary part of the rapidities are now periodic in the interval (−iπ/2, iπ/2],
in contrast to the cases |∆| ≥ 1, where the imaginary part stretches from minus
to plus infinity. Furthermore, the string cannot only be centered on the real axis
but also on the iπ/2 axis. So in this case the string hypothesis is:

λn,jα = λnα +
iη

2
(n+ 1− 2j) + i

π

4
(1− vj), (2.70)

with the parities vj±1. Since ϕ(λ) is not monotonic increasing in the imaginary di-
rection, studying the possible string lengths for this case is much more complicated
than the |∆| ≥ 1 case. For a discussion, see Takahashi’s book [78].

2.5.4 Deviated strings

Turning back to the problem for finite N and M � N/2, it is assumed that the
complex solutions have the form of deviated strings:

λn,jα = λnα +
iη

2
(n+ 1− 2j) + iδn,jα , (2.71)

where the deviations δn,jα are exponentially suppressed with system size, i.e. |δ| =
O(e−(const)N ). We can make this plausible by considering a 2-string: {λα = λ +
iη/2 + iδ, λᾱ = λ− iη/2− iδ}. The Bethe equation for λα is:(

ϕ(λα + iη/2)
ϕ(λα − iη/2)

)N
=
ϕ(λα − λᾱ + iη)
ϕ(λα − λᾱ − iη)

∏
l 6=α,ᾱ

ϕ(λα − λl + iη)
ϕ(λα − λl − iη)

≈ ϕ(2iη)
2iδ

∏
l 6=α,ᾱ

ϕ(λα − λl + iη)
ϕ(λα − λl − iη)

(2.72)
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The absolute value of the LHS increases exponentially in N from we which we
conclude that |δ| = O(e−(const)N ). For long chains, the deviations can typically be
neglected. However, one should check state-by-state that |δ| is indeed sufficiently
small via (2.72).

2.5.5 Bethe equations for string solutions

For string rapidities the Bethe Equations take the form:(
ϕ(λn,jα +iη/2)
ϕ(λn,jα −iη/2)

)N
=

∏
(m,β)6=(n,α)

m∏
k=1

ϕ(λn,jα −λ
m,k
β +iη)

ϕ(λn,jα −λm,kβ −iη)
×
∏
j′ 6=j

ϕ(λn,jα −λn,j
′

α +iη)

ϕ(λn,jα −λn,j
′

α −iη)
.

(2.73)
The last product is delicate because either the numerator or the denominator may
become very small. We can remove the last product by multiplying the equations
of the n rapidities λn,jα which from a string. A term ϕ(i(δn,a − δn,b + η)) in the
numerator cancels against the term ϕ(i(δn,b − δn,a − η)) in the denominator. The
LHS gives:

n∏
j=1

ϕ(λn,jα +iη/2)
ϕ(λn,jα −iη/2)

=
ϕ(λα+inη/2)

ϕ(λα+i(n−2)η/2)
ϕ(λα+i(n−2)η/2)
ϕ(λα+i(n−4)η/2)

. . .
ϕ(λα−i(n−2)η/2)
ϕ(λα−inη/2)

=
ϕ(λα+inη/2)
ϕ(λα−inη/2)

. (2.74)

Hence, the LHS of the new Bethe equations depends only on λα. We thus reduced
the Bethe equations to:(

ϕ(λα + inη/2)
ϕ(λα − inη/2)

)N
=

∏
(m,β)6=(n,α)

n∏
j=1

m∏
k=1

ϕ(λn,jα −λ
m,k
β +iη)

ϕ(λn,jα −λm,kβ −iη)
. (2.75)

The remaining product of the RHS is more complicated. First we do the product
over k

m∏
k=1

ϕ(λn,jα −λβ−iη(m+1−2k−2)/2)
ϕ(λn,jα −λβ−iη(m+1−2k+2)/2)

=
ϕ(λn,jα −λβ+iη(m−1)/2)
ϕ(λn,jα −λβ−iη(m−1)/2)

ϕ(λn,jα −λβ+iη(m+1)/2)
ϕ(λn,jα −λβ−iη(m+1)/2)

(2.76)
and introduce the notation ϕl = ϕ(λnα − λmβ + iηl/2). The product over j gives

ϕm−n
ϕ−(m−n)

[(
ϕm−n+2

ϕ−(m−n+2)

)2(
ϕm−n+4

ϕ−(m−n+4)

)2

. . .

(
ϕm+n−2

ϕ−(m+n−2)

)2
]

ϕn+m
ϕ−(n+m)

. (2.77)

If n > m, n−m = |n−m| and the terms with the numerator in the symmetric
interval: −|n−m|+2 . . . |n−m|−2 cancel each other, using(

ϕ−|n−m|+2

ϕ|n−m|−2

)2

. . .

(
ϕ|n−m|−2

ϕ−|n−m|+2

)2

= 1 (2.78)
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and
ϕm−n
ϕ−(m−n)

(
ϕ|n−m|

ϕ−|n−m|

)2

=
ϕn−m
ϕ−(n−m)

, (2.79)

so we are left with

ϕn+m
ϕ−(n+m)

ϕ|n−m|

ϕ−(|n−m|)

[(
ϕ|n−m|+2

ϕ−(|n−m|+2)

)2(
ϕm−n+4

ϕ−(m−n+4)

)2

. . .

(
ϕm+n−2

ϕ−(m+n−2)

)2
]
. (2.80)

If m > n, |n−m| = m−nnothing cancels, so we get the same expression as for the
n > m case. When n = m we are left with

ϕ2n

ϕ−2n

[(
ϕ2

ϕ−2

)2

. . .

(
ϕ2n−2

ϕ−(2n−2)

)2
]
. (2.81)

Finally, the Bethe equations for the real parts of the strings become(
ϕn(λnα)
ϕ−n(λnα)

)N
=

∏
(m,β)6=(n,α)

Φnm(λnα − λmβ ), (2.82)

Φnm ≡


ϕn+m
ϕ−(n+m)

ϕ|n−m|
ϕ−(|n−m|)

[(
ϕ|n−m|+2

ϕ−(|n−m|+2)

)2 (
ϕm−n+4
ϕ−(m−n+4)

)2

. . .
(

ϕm+n−2
ϕ−(m+n−2)

)2
]

n 6= m

ϕ2n
ϕ−2n

[(
ϕ2
ϕ−2

)2

. . .
(

ϕ2n−2
ϕ−(2n−2)

)2
]

n = m.

(2.83)
It is easy to check that for all n = 1 these equations reduce to the Bethe equations
(2.63) for real rapidities.

2.5.6 Bethe-Gaudin-Takahashi equations

Just like we did for real solutions, we can consider the logarithmic version and
obtain the Bethe-Gaudin-Takahashi equations

θn(λnα) =
2π
N
Inα +

1
N

∑
(m,β) 6=(n,α)

Θnm(λnα − λmβ ), (2.84)

θn(λ) = 2 arctan
(

tanλ
tanhnη/2

)
+ 2π

⌊
λ

π
+

1
2

⌋
,

Θmn(λ) ≡

{
θ|n−m|(λ) + 2θ|n−m|+2(λ) + . . .+ 2θn+m−2(λ) + θn+m(λ) n 6= m,

2θ2(λ) + 2θ4(λ) + . . .+ 2θ2n−2(λ) + θn+m(λ) n = m,

(2.85)
where Inα is an integer (half-odd integer) if N − Mn is odd (even) and with∑M
n=1 nMn = M . So the Bethe equation for string solutions reduces to equa-

tions for the real parts of the strings.
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2.5.7 Energy and momentum of string solutions

First we introduce a useful sum:

n∑
a=1

ln

(
ϕ(λn,jα + iη/2)
ϕ(λn,jα − iη/2)

)
= ln

(
n∏
a=1

ϕ(λnα + iη
2 (n+ 2− 2a))

ϕ(λnα + iη
2 (n− 2a))

)
= ln

(
ϕ(λnα + iη

2 n)

ϕ(λnα −
iη
2 n)

)
(2.86)

from which it follows that
n∑
j=1

a1(λn,jα ) =
n∑
j=1

d

dλ
ln
(
ϕ(λ+ iη/2)
ϕ(λ− iη/2)

)∣∣∣∣
λ=λn,jα

= an(λna). (2.87)

Hence the energy in the case of string rapidities is

EM = −πJ
∑
α,j,n

a1(λn,jα )ϕ(iη) = −πJ
∑
α,n

an(λnα)ϕ(iη) (2.88)

and the total momentum

P =
∑
α,j,n

1
i

ln
ϕ(λn,jα + iη/2)
ϕ(λn,jα − iη/2)

=
∑
α,n

π − θn(λnα) = π
∑
n

Mn −
2π
N

∑
α,n

Inα . (2.89)

2.5.8 Failure of the string hypothesis

The string hypothesis is known not to be rigorously valid; even in the sector
M = 2 and for large N , taking deviations into account, there exist states that
are no solutions of the Bethe-Takahshi equations. Bethe realized that there exist
states in which strings get deformed back into extra real solutions with coinciding
quantum numbers. This analysis was made more rigorous for the XXX model in
case of M = 2 by Essler et al. [79]. A similar analysis was done for the XXZ
model [80, 81]. Another counterexample of the string hypothesis was found by
Vladimirov [82] who showed that for the XXX model in case of M = 2 complex
solutions like λ± = N ± i

√
N exist for large N . For general M in case of the XXX

model, the validity of the string hypothesis was studied by Hagemans et al. [83].
The existence of states that are not described by the string hypothesis makes it
hard to count the total number of eigenstates and therefore prove completeness.

2.6 Classification of states: gapped XXZ

In this section we assume that all solutions of the Bethe equations satisfy the string
hypothesis. That is, we assume that all rapidites can be grouped into strings. An
n-string takes the form

λnα,j = λnα + iη(n+ 1− 2j)/2 + iδj j = 1 . . . n (2.90)

where η = acosh(∆), and δj is a deviation. The string hypothesis holds if all devi-
ations δj are sufficiently small. In this case the Bethe equations can be rewritten
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as equations for the real parts of the rapidities only, yielding the Bethe-Gaudin-
Takahashi equations (2.84). For our purposes in this section it is useful to rewrite
(2.84) in a slightly different form

θn(λnα)− 1
N

∑
(m,β)6=(n,α)

Θnm(λnα − λmβ ) =
2π
N
Inα (2.91)

with the dispersion and scattering kernels defined in (2.85) and (2.85). Eigenstates
can be constructed by first specifying the number Mn of each string length n. Then
for every string length n one chooses Mn distinct quantum numbers Inj . However
not every choice of distinct quantum numbers leads to a valid and unique solution.
For the XXX chain the counting of unique solutions was considered in [59, 84, 78]
under the assumption that the string hypothesis holds. The case |∆| < 1 is more
complicated because the allowed string lengths depend on ∆, for a discussion
see [78]. The classification for the relevant regime for this thesis, ∆ > 1, was
completely unexplored. Below, we present the classification for ∆ > 1 for the
most relevant cases; the results are published in [85, 53]. A genuine proof that
the Bethe-Gaudin-Takahashi equations produce the right number of eigenstates
for ∆ > 1 remains to be found. However, using a continuity argument starting
from ∆ =∞, where the classification is trivial, Gaudin reasoned that the solutions
of Bethe-Gaudin-Takahashi equation form a complete set [67].

Bandwidth: Wn

Due to the monotonicity of the kernels θn(λ), the left-hand side of (2.91) is al-
most always monotonic in λj . Exceptions exist near the edges of rapidity space,
these states are interpreted as over-deviated states and are not important for our
purposes here. Assuming the monotonicity of (2.91) we have λj < λk if Ij < Ik.
Equal rapidities do not yield proper Bethe wavefunctions, and we therefore only
need to consider sets of distinct quantum numbers. Note that we here already
assumed that the string hypothesis holds, so when we talk of the quantum num-
bers we mean the quantum number appearing in (2.91) and not the original Bethe
equations (2.64). In the parameterization chosen in the Bethe-Gaudin-Takahashi
equations all rapidities are restricted to an interval of width π, i.e. for all strings
of given length n we have: λnMn

− λn1 < π. From this requirement and assuming
that the Bethe-Gaudin-Takahashi equations are monotonic in λnα it follows that:
InMn
− In1 < N −

∑
m tnmMm ≡ Wn with tnm ≡ 2min(n,m) − δn,m. We call Wn

the bandwidth of the quantum numbers {Inj }.

Quasi-periodicity of the Bethe-Gaudin-Takahashi equations: Bn

Since λ+ π ≡ π as far as the wavefunctions are concerned, there is no one-to-one
mapping of quantum numbers and wavefunctions. Namely, the shift λn1 → λn1 + π
leaves the wavefunction invariant although the quantum numbers in the Bethe-
Gaudin-Takahashi equations change. For every string length n we can define a
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transformation: Sn : {(λaj , Iaj )} → {(λ̃aj , Ĩaj )} with

(λ̃nMn
, ĨnMn

) = (λn1 +π, In1 +(Wn+(2n−1)))

(λ̃nj , Ĩ
n
j ) = (λnj+1, I

n
j+1+(2n−1)) j = 1 . . .Mn − 1

(λ̃mj , Ĩ
m
j ) = (λmj , I

m
j + tnm) m 6= n, j = 1 . . .Mm. (2.92)

From this transformation we see that Ĩn1 ≥ In1 + 2n. For every string length n
there are Bn ≡ 2n bands of quantum numbers which cannot be transformed into
each other by Sn, whereas in the XXX case there is only one such band for every
string length. If we restrict to only one string length it follows that the number of

choices for the quantum numbers {Inj } in a single band is:
(
Wn

Mn

)
. In case of Bn

bands the number of solutions is(
Wn

Mn

)
+ (Bn − 1)

(
Wn − 1
Mn − 1

)
=

(Bn − 1)Mn +Wn

Wn

(
Wn

Mn

)
. (2.93)

Degeneracies from different string sectors

To find the minimal set of quantum numbers, one should first determine, using
Sn, the bandwidth Wn and the number of bands Bn for every string length n.
However, the transformation Sn not only affects the quantum numbers of length
n but also all the others. To take this effect into account, one should also consider
transformations of the form Sm(Sn)−1, leading to additional state exclusions. In
general these are very difficult to determine. The explicit classification for two
string types is given below.

Two types of strings

We consider m n-strings and m̄ n̄-strings such that: mn + m̄n̄ = M . The band-
widths of the two sets of quantum numbers are

Wn = N − (2n− 1)m− 2nm̄ (2.94)
Wn̄ = N − 2nm− (2n̄− 1)m̄. (2.95)

The number of bands are Bn = 2n and Bn̄ = 2n̄. To take care of the degeneracies
coming from different string sectors we consider the transformation:

Sn(n̄)−1
(
In1 . . . I

n
m

I n̄1 . . . I
n̄
m̄

)
=
(

In2 − 1 . . . In1 +Wn − 1
I n̄m̄ −Wn̄ − (2n̄− 1) + 2n . . . I n̄m̄−1 − (2n̄− 1) + 2n

)
.

(2.96)
This turns out to be the only extra transformation one needs to consider. Define:
Inmax = Inmin + (Wn − 1) + (Bn − 1). From the conditions: In1 + Wn − 1 ≤ Inmax
and I n̄m̄ − Wn̄ − (2n̄ − 1) + 2n ≥ I n̄min follows that we have to exclude: In1 ∈
{Inmin . . . Inmin + 2n− 1} and I n̄m̄ ∈ {I n̄max − 2n+ 1 . . . I n̄max}. The total number of
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unique solutions for this case is

(Bn − 1)m+Wn

Wn

(
Wn

m

)
(Bn̄ − 1)m̄+Wn̄

Wn̄

(
Wn̄

m̄

)
−(2n)2

(
Wn − 1
m− 1

)(
Wn̄ − 1
m̄− 1

)
=
N2 − 2n(m+ m̄)N

WnWn̄

(
Wn

m

)(
Wn̄

m̄

)
. (2.97)

For M = 5 all eigenstates can be constructed from two types of strings. In

these case one can show that all
(
N
M

)
can be constructed. In principle we could

continue and consider also more than two types of strings, however, the analysis
becomes considerable more complicated in these cases. Fortunately, excited states
close to either the antiferromagnetic or the ferromagnetic ground state are either
made of one or two types of strings.

2.7 Conclusion

In this chapter we have introduced the Bethe ansatz which allows the construction
of exact eigenstates for models with non-diffractive scattering. We have seen that
we can group the models without diffraction in three categories: models without
interactions, models with local interactions and models with long-range interac-
tions. In the last case the Bethe ansatz is only valid in the asymptotic regime
(when all particles are far apart). The focus of this thesis is on the Lieb-Liniger
model and the XXZ spin chain, both are models with local interactions. For these
models the Bethe ansatz wavefunction was explicitly constructed together with the
corresponding Bethe ansatz equations that follow on imposing periodic boundary
conditions. Much emphasis was on the solution of the Bethe equations for the XXZ
spin chain, since the solutions can be complicated structures in the complex plane,
so-called (deviated) strings. The new result in this chapter is the classification of
string solutions in the gapped regime (∆ > 1).
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Chapter 3

The algebraic Bethe ansatz

In chapter 2, we diagonalized the Lieb-Liniger model and the XXZ chain by the
Bethe ansatz. Since this version of the Bethe ansatz is an ansatz for the wave-
functions in real-space it is also called the coordinate Bethe ansatz. Although the
coordinate Bethe ansatz can be used to efficiently obtain the eigenstates its is inef-
ficient for computing expectation values. The reason that it was presented is that
it gives a physical picture of why of the Bethe ansatz works. However, for most
purposes it is more convenient to proceed with the algebraic Bethe ansatz which
is the topic of this chapter. As it names says it is an algebraic formulation of the
same problem, but this derivation is completely different and independent of the
coordinate Bethe ansatz. In this setup expectation values can be computed effi-
ciently. Furthermore, the formalism of the algebraic Bethe ansatz can also be used
to prove quantum integrability (which we will define in chapter 4) and construct
the higher conserved charges explicitly.

3.1 The algebraic Bethe ansatz

The algebraic Bethe ansatz, also known as the Quantum Inverse Scattering Method,
is the quantum mechanical adaptation of the classical inverse scattering method
used to solve nonlinear classical wave equations that have solitons as solutions.
The algebraic Bethe ansatz was developed by the Leningrad school [86, 87], see
also the book [65].

The idea is to introduce the concept of an integrable model, without specifying
what this model should be. From the integrability condition we derive the Yang-
Baxter algebra. Next, we should search for representations of the Yang-Baxter
algebra from which we will rederive the XXZ model. In the algebraic formulation
we can construct eigenfunctions of the Hamiltonian by letting raising operators,
which create a down spin with rapidity λ, act on a pseudo vacuum, and rederive
the Bethe equations.
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3.1.1 Integrable models

We start with a quantum Hilbert space H and assume there is a complete set of
operators {Qn} in H that are in involution, that is:

[Qn, Ql] = 0 ∀n, l. (3.1)

A model that satisfies this condition is called integrable. What these operators are
is not defined up to this point, but they will correspond to conserved quantities
such as the Hamiltonian H. Since the set {Qn} may be infinite, it is wise to
generate all Qn at once. This is done by introducing a transfer matrix T (λ),
which is a function of a spectral parameter λ ∈ C:

ln T (λ) =
∞∑
n=0

Qn(λ− ξ)n Qn =
1
n!

dn

dλn
ln T (λ)

∣∣∣∣
λ=ξ

, (3.2)

where ξ is some parameter which we will specify later. The reason to take the
logarithm of T (λ) is to assure the theory is local (we will explain this later). Since
all Qn are in involution, the transfer matrix T (λ) should obey the commutation
relation:

[T (λ), T (µ)] = 0. (3.3)

In order to construct an integrable model we have to find such a T (λ). However,
it is not straightforward to find solutions of these conditions. It is convenient to
introduce the monodromy matrix T (λ):

T (λ) = Tr0T (λ). (3.4)

The trace is taken over an auxiliary space V0; T therefore acts in V0⊗H. Condition
(3.4) is fulfilled when:

[Tr0T (λ),Tr0T (µ)] = 0. (3.5)

It is useful to put the trace outside the commutator, using the properties of the
tensor product (Tr(A⊗B) = Tr(A)Tr(B)):

[Tr0T (λ),Tr0T (µ)] = Tr0T (λ)Tr0T (µ)− Tr0T (µ)Tr0T (λ)
= TrV0⊗V0 (T (λ)⊗ T (µ)− T (µ)⊗ T (λ)) .

Consider a tensor product of two auxiliary spaces and define:

T1(λ) = T (λ)⊗ 10, T2(λ) = 10 ⊗ T (λ). (3.6)

Then T1,2 act in V0 ⊗ V0 ⊗ H. Note that T1T2 = (T (λ) ⊗ 10)(10 ⊗ T (µ)) =
T (λ)⊗ T (µ). Then (3.6) becomes:

TrV0⊗V0 [T1(λ), T2(µ)] = 0, (3.7)

which is equivalent to
Tr(T1T2) = Tr(T2T1). (3.8)
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Since the trace is invariant under similarity transformations in V0⊗ V0, this equa-
tion is satisfied if the T1 and T2 are intertwined. That is, they obey the following
relation:

R(λ, µ)T1(λ)T2(µ)R−1(λ, µ) = T2(µ)T1(λ)
R(λ, µ)T1(λ)T2(µ) = T2(µ)T1(λ)R(λ, µ),

(3.9)

where the R−matrix is defined in V0 ⊗ V0. So instead of looking for T (λ) which
commutes with itself for every λ, we now ‘only’ have to search for a nontrivial
representation of the intertwining relation with a corresponding R−matrix.

Yang-Baxter equation

In general we could have a product of n monodromy matrices Ti, and Rij−matrices
which relate the i-th and j-th auxiliary spaces. In case of a product of three
monodromy matices: T (λ)⊗T (µ)⊗T (ν) can be transformed into T (ν)⊗T (µ)⊗T (λ)
in two different ways. Therefore, we need an additional consistency relation on
R. Using the intertwining relation, there are two different ways of transforming:
T (λ)⊗T (µ)⊗T (ν) into T (ν)⊗T (µ)⊗T (λ). First it is useful to rewrite the tensor
product as:

T (λ)⊗ T (µ)⊗ T (ν) = T1T2T3,

T1 = T (λ)⊗ 1⊗ 1,

T2 = 1⊗ T (µ)⊗ 1,

T3 = 1⊗ 1⊗ T (ν).

The two possible ways of transforming T1T2T3 into T3T2T1 are:

T1T2T3 = R−1
12 T2T1T3R12 = R−1

12 R
−1
13 T2T3T1R13R12 = R−1

12 R
−1
13 R

−1
23 T3T2T1R23R13R12,

T1T2T3 = R−1
23 T1T3T2R23 = R−1

23 R
−1
13 T3T1T2R13R23 = R−1

23 R
−1
13 R

−1
12 T3T2T1R12R13R23,

where we used: [Rij , Tk] = 0 for i 6= j 6= k since they act in different subspaces
of V0 ⊗ V0 ⊗ V0. Comparing these two equations and reinserting the spectral
parameters gives the famous Yang-Baxter equation, see also fig. 3.1:

R23(µ, ν)R13(λ, ν)R12(λ, µ) = R12(λ, µ)R13(λ, ν)R23(µ, ν). (3.10)

A product of n T monodromy matrices will not give any new relation. We can use
the fact that: [Rij , Rkl] = 0 for i 6= j 6= k 6= l and reorder all the R-matrices so
that we end up with a product of Yang-Baxter equations.

3.1.2 The algebraic Bethe ansatz for the XXZ model

The Hilbert space of the XXZ model is constructed as the product of N Hilbert
spaces Hi defined on every site of the spin chain:

H =
N⊗
i=1

Hi. (3.11)
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μλ

μ λ

λ μ

=
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R21
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=
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R13

R23

λμν

λ μ ν

Figure 3.1: A graphical presentation of the Yang-Baxter equation.

The monodromy matrix T (λ) can be expressed as a product of N so called L-
operators defined in V0 ⊗Hi:

T (λ) = LN (λ, ξN )LN−1(λ, ξN−1) . . . L1(λ, ξ1). (3.12)

The ξi are inhomogeneity parameters, when all ξi are equal we have a homogeneous
system. We choose the auxiliary space V0 isomorphic toHi. Following [86] we take:

Lj(λ, ξj) = R0j(λ, ξj). (3.13)

It is easy to see that this choice for the L−operators satisfies the intertwining
relation (3.9):

R0102(λ, µ)T1(λ)T2(µ) = R0102(λ, µ) (R01N (λ, ξN ) . . . R011(λ, ξ1)) (R02N (µ, ξN ) . . . R021(µ, ξ1))
= (R02N (µ, ξN ) . . . R021(µ, ξ1)) (R01N (λ, ξN ) . . . R011(λ, ξ1))R0102(λ, µ),

where 0i denotes the indices of the auxiliary space and j are the indices of the
Hilbert space. In the last step we used the Yang-Baxter equation (3.10).

For a spin−1/2 chain (which has an SU(2) symmetry on each site) we take Hi
isomorphic to C2. An R−matrix which obeys the Yang-Baxter equation is [86]:

R(λ, µ) =


1 0 0 0
0 b(λ, µ) c(λ, µ) 0
0 c(λ, µ) b(λ, µ) 0
0 0 0 1

 , (3.14)

where:

b(λ, µ) =
ϕ(λ− µ)

ϕ(λ− µ+ iη)
, c(λ, µ) =

ϕ(iη)
ϕ(λ− µ+ iη)

(3.15)

ϕ(λ) =


λ XXX η = 1
sinh(λ) XXZ |∆ = cos η| < 1
sin(λ) XXZ ∆ = cosh η > 1.

(3.16)
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Next, we should show that the monodromy matrix together with its corresponding
R−matrix indeed leads to the XXZ model via the trace identities.

XXZ |∆| > 1 case

In this section we focus the analysis on the case of |∆| > 1, the other two cases
∆ = 1 and |∆| < 1 go almost analogously. Writing the R−matrix explicitly in the
parameterization for |∆| > 1 and putting all inhomogeneity parameters ξj = iη/2
the L−operator takes the form:

Lj(λ, iη/2) = R0j(λ− iη/2) =


1 0 0 0
0 sin(λ−iη/2)

sin(λ+iη/2)
sin(iη)

sin(λ+iη/2) 0

0 sin(iη)
sin(λ+iη/2)

sin(λ−iη/2)
sin(λ+iη/2) 0

0 0 0 1


=

1
sin(λ+ iη/2)

{
c110j + cPP0j + czσ

z
0 ⊗ σzj

}
(3.17)

with coefficients:

c1 =
1
2

(sin(λ+ iη/2) + sin(λ− iη/2)− sin(iη))

cP = sin(iη)

cz =
1
2

(sin(λ+ iη/2)− sin(λ− iη/2)− sin(iη)) . (3.18)

The matrix P0j is the called the permutation matrix, which interchanges the aux-
iliary space with the j − th quantum space. In general Pjk interchanges the j−th
and k−th space: Pjk(Vj ⊗ Vk) = (Vk ⊗ Vj) and satisfies the relations

P0jP0kP0j = Pjk

P 2
0j = 10j . (3.19)

An important property of the L−matrix is the fact that Lj(iη/2, iη/2) = P0j . Now
using the L−matrix we can write the monodromy matrix as

T (λ) = sin(λ+iη/2)−N {c11 + cPP + czσ
z ⊗ σz}0N . . . {c11 + cPP + czσ

z ⊗ σz}01 .
(3.20)

A useful quantity is the transfer matrix, T (λ) = TrV0T (λ), evaluated at λ = iη/2:

T (iη/2) = Tr0T (iη/2) = Tr0 {P0N . . . P01}
= Tr0 {P0N . . . P03P01P01P02P01}
= Tr0 {P0N . . . P03P01P12}
= Tr0 {P01}P1N . . . P13P12

= P1N . . . P12

≡ U.

(3.21)

Instead of taking the trace of the N operators directly, , we inserted N−1 times the
identity operator P 2

01 = 101 to shift P01 from the far right to the left using: (3.19).
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3.1 The algebraic Bethe ansatz

We thus end up with only one operator in the auxiliary space. The operator U is
called the cyclic shift operator. If we apply U n times on a operator Aj,k defined
in the j−th and k−th space:

Aj,kU
n = UnAj−n,k−n. (3.22)

Integrals of motion

Using (3.2) we can use the transfer matrix T (λ to construct the conserved charges.
The first conserved charge is simply

Q0 = ln T (iη/2) = iP. (3.23)

where P is defined by U = eiP . Since UN = 1 we can interpret P as the momentum
operators for a system with periodic boundary conditions. For the second integral
of motion we need to calculate the derivative of the transfer matrix

Q1 =
d

dλ
ln T (λ)

∣∣∣∣
iη/2

. (3.24)

First, we compute the derivative of the L−operator

d

dλ
Lj(λ, iη/2)

∣∣∣∣
iη/2

=
1

sin iη
{c′11 + c′PP + czσ

z ⊗ σz}0j (3.25)

with coefficients:

c′1 = cos (iη/2)2
, c′P = − cos(iη), c′z = − sin (iη/2)2

.

Now it is straightforward to compute the derivative of the transfer matrix

sin(iη)
d

dλ
T (λ)

∣∣∣∣
iη/2

= [c′11 + c′PP + c′zσ
z ⊗ σz]1N P1N−1P1N−2 . . . P12 + cyclic permutations

= [c′1P + c′P1 + c′zσ
z ⊗ σzP ]1N P1NP1N−1 . . . P12 + cyclic permutations

(3.26)

and taking the logarithm

sin(iη)
d

dλ
ln T (λ)

∣∣∣∣
iη/2

=
N∑
j=1

[c′1P + c′P1 + c′z(σ
z ⊗ σz)P ]jj+1

=
N∑
j=1

1
2
(
σxj σ

x
j+1 + σyj σ

y
j+1 + cos(iη)σzjσ

z
j+1 − cos(iη)1

)
.

(3.27)

Identifying: cos(iη) ≡ ∆, we finally have the trace identity for the XXZ model:

HXXZ =
N∑
j=1

Sxj S
x
j+1 + Syj S

y
j+1 + ∆(Szj S

z
j+1 −

1
4

) = sin(iη)
1
2

d

dλ
ln T (λ)

∣∣∣∣
iη/2

,

(3.28)
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so the T matrix we constructed indeed corresponds to the XXZ model. The higher
conserved charges can be obtained by taking the higher derivatives of the transfer
matrix. Without a derivation we give the first non-trivial higher conserved charge

Q3 =
1

ϕ(iη)2

4
N∑
j=1

[
Szj (S+

j−1S
−
j+1+S+

j+1S
−
j−1)−∆(Szj−1+Szj+2)(S+

j S
−
j+1−S

+
j+1S

−
j )
]
−N


(3.29)

In chapter 4 the other higher conserved charges will be discusses as well and the
possible role they play in non-equilibrium phenomena.

3.1.3 The algebraic Bethe ansatz for the XXZ model

We want to find the eigenstates and eigenvalues of P and H. It is sufficient to
construct the eigenstates of the transfer matrix since it commutes both with P and
H. The corresponding eigenvalues can be found through the relations between the
transfer matrix and the operators P and H. If we represent the monodromy matrix
in auxiliary space:

T (λ) =
(
A(λ) B(λ)
C(λ) D(λ)

)
, (3.30)

we can identify the operators A,B,C,D as non-local operators defined in H. B
and C will turn out to be raising and lowering operators, respectively. If we plug
this monodromy matrix into (3.9), we get 16 quadratic commutation relations:

[A(λ), A(µ)] = [B(λ), B(µ)] = [C(λ), C(µ)] = [D(λ), D(µ)] = 0 (3.31a)

[A(λ), D(µ)] = c(λ−µ)
b(λ−µ) {C(µ)B(λ)− C(λ)B(µ)} (3.31b)

[B(λ), C(µ)] = c(λ−µ)
b(λ−µ) {D(µ)A(λ)−D(λ)A(µ)} (3.31c)

[D(λ), A(µ)] = c(λ−µ)
b(λ−µ) {B(µ)C(λ)−B(λ)C(µ)} (3.31d)

[C(λ), B(µ)] = c(λ−µ)
b(λ−µ) {A(µ)D(λ)−A(λ)D(µ)} (3.31e)

A(µ)B(λ) = 1
b(λ−µ)B(λ)A(µ)− c(λ−µ)

b(λ−µ)B(µ)A(λ) (3.31f)

B(µ)A(λ) = 1
b(λ−µ)A(λ)B(µ)− c(λ−µ)

b(λ−µ)A(µ)B(λ) (3.31g)

A(λ)C(µ) = 1
b(λ−µ)C(µ)A(λ)− c(λ−µ)

b(λ−µ)C(λ)A(µ) (3.31h)

C(λ)A(µ) = 1
b(λ−µ)A(µ)C(λ)− c(λ−µ)

b(λ−µ)A(λ)C(µ) (3.31i)

B(λ)D(µ) = 1
b(λ−µ)D(µ)B(λ)− c(λ−µ)

b(λ−µ)D(λ)B(µ) (3.31j)

D(λ)B(µ) = 1
b(λ−µ)B(µ)D(λ)− c(λ−µ)

b(λ−µ)B(λ)D(µ) (3.31k)

D(µ)C(λ) = 1
b(λ−µ)C(λ)D(µ)− c(λ−µ)

b(λ−µ)C(µ)D(λ) (3.31l)

C(µ)D(λ) = 1
b(λ−µ)D(λ)C(µ)− c(λ−µ)

b(λ−µ)D(µ)C(λ) (3.31m)
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Pseudovacuum

To construct eigenstates of the transfer matrix T (λ), there should exist a pseu-
dovacuum |0〉 (highest-weight state), which must satisfy the following require-
ments:

A(λ)|0〉 = a(λ)|0〉 D(λ)|0〉 = d(λ)|0〉
C(λ)|0〉 = 0 〈0|B(λ) = 0. (3.32)

The existence of a pseudovacuum is a nontrivial thing; for example, the transfer
matrix for the XYZ model can be constructed, but a pseudovacuum cannot be
found.

Eigenstates

Theorem 3.1.1. |ΨM 〉 =
∏M
l=1B(λl)|0〉 is an eigenstate of the transfer matrix T

iff the λj satisfy the Bethe equations.

Proof. Recall, from the definition of the transfer matrix that: T (λ) = A(λ)+D(λ).
So we should use the commutation relations to compute:

A(µ)
M∏
j=1

B(λj)|0〉 = Λ
M∏
j=1

B(λj)|0〉+
M∑
n=1

ΛnB(µ)
M∏
j 6=n

B(λj)|0〉 (3.33)

D(µ)
M∏
j=1

B(λj)|0〉 = Λ̃
M∏
j=1

B(λj)|0〉+
M∑
n=1

Λ̃nB(µ)
M∏
j 6=n

B(λj)|0〉 (3.34)

with the following coefficients:

Λ = a(µ)
M∏
j=1

1
b(λj − µ)

; Λn = −a(λn)
c(λn − µ)
b(λn − µ)

M∏
j 6=n

1
b(λj − λn)

(3.35)

Λ̃ = d(µ)
M∏
j=1

1
b(µ− λj)

; Λ̃n = −d(λn)
c(µ− λn)
b(µ− λn)

M∏
j 6=n

1
b(λn − λj)

. (3.36)

The commutation relation (3.31f) allows us to pull the operator A(µ) from left to
right. The first term of (3.31f) corresponds to preserving the arguments of the
operators, and the second corresponds to an exchange of the arguments. To com-
pute Λ we can only use the first term of (3.31f), otherwise a B(µ) will appear and
never vanish. So the second term will never contribute to Λ. After interchanging
A(µ) M times and using: A(µ)|0〉 = a(µ)|0〉, we obtain Λ. For computing Λn, we
use the fact that:

|ΨM ({λj})〉 = B(λn)
M∏
j 6=n

B(λj)|0〉.

For the first step we use the second term of (3.31g), such that B(µ) will appear:

−c(λn − µ)
b(λn − µ)

B(µ)A(λn)
∏
j 6=n

B(λj)|0〉. (3.37)
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If we now apply the first term of (3.31g) M − 1 times, we get Λn. Of course,
it is possible to apply the second term more than once, but then we will not
get a contribution to Λn. Since it is always possible to put B(λk) in front, we
can calculate the other Λn in the same way. The coefficients Λ̃ and Λ̃n can be
obtained in a similar way. From the fact that, states with different rapidities {λj}
are linear independent, follows that |ΨN 〉 is eigenfunction of T (λ) = A(λ) +D(λ)
iff Λn + Λ̃n = 0. This requirement leads to the Bethe equations

a(λn)
d(λn)

M∏
j 6=n

b(λn − λj)
b(λj − λn)

= 1. (3.38)

The vacuum eigenvalues a(λ) and d(λ) of the monodromy matrix are:

a(λ) =
N∏
j=1

aj(λ), d(λ) =
N∏
j=1

dj(λ), (3.39)

where aj(λ), dj(λ) are vacuum eigenvalues of: Lj(λ, ξj) = R0j(λ − ξj). The
eigenvalues of the R-matrix (3.14) corresponding to the eigenvectors (1,0,0,0) and
(0,0,1,0) are:

a(λ) = 1, d(λ) =
N∏
j=1

b(λ, ξj). (3.40)

The eigenvalue τ(µ, {λj}) of the transfer matrix is:

τ(µ, {λj}) = Λ(µ) + Λ̃(µ) = a(µ)
M∏
j=1

1
b(λj − µ)

+ d(µ)
M∏
j=1

1
b(µ− λj)

(3.41)

with the {λj} satisfying the Bethe equations.

Eigenvalues of P and H

Now we have found the eigenvalues τ(µ, {λ}) of the transfer matrix for a state
|ΨM{λ}〉 we can compute the eigenvalues of P and H using (3.23) and (3.28):

P = −i ln τ(iη/2, {λj}) = −i
M∑
l=1

ln(b−1(λj , iη/2)) (3.42)

E = ϕ(iη)
1
2

d

dλ
ln τ(µ, {λj})

∣∣∣∣
µ=iη/2

= ϕ(iη)
1
2

M∑
l=1

d

dλ
ln b−1(λj , µ)

∣∣∣∣
µ=iη/2

= −πϕ(iη)
M∑
l=1

a1(λl), (3.43)

where we used d(iη/2) = 0.
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3.1.4 Quantum inverse problem

So far, we have reformulated the XXZ model in an algebraic way in terms of
non-local operators A(λ), B(λ), C(λ), D(λ). Using the commutation relations we
obtained the Bethe equations and expressions for the total energy and total mo-
mentum. If we now want to relate a local operator, for example a spin-flip at the
j-th site: S+

j , we should express these operators in terms of A(λ), B(λ), C(λ), D(λ).
The solution of this inverse problem was first given in [88] for the case of the in-
homogeneous spin chain using so-called F−matrices. In the homogeneous (ξ1 =
. . . = ξN = ξ) case there exists a much simpler derivation [89] which we present
here. The trick is to consider the monodromy matrix at λ = ξ. In this case we can
write the monodromy matrix as a permutation operator times the shift operator
(3.21):

T (ξ) = P01U. (3.44)

In auxiliary space, this looks like:(
A(ξ) B(ξ)
C(ξ) D(ξ)

)
=

(
1+σz1

2 σ−1
σ+

1
1−σz1

2

)
U. (3.45)

Solving this for all four matrix entries gives:

A(ξ) +D(ξ) = U,

A(ξ)−D(ξ) = σz1U,

B(ξ) = σ−1 U,

C(ξ) = σ+
1 U. (3.46)

To obtain similar equations for the local operators acting on the other sites, we
use the translation operator: σaj = U j−1σa1U

1−j together with UN = 1

σzj = [A(ξ) +D(ξ)]j−1(A(ξ)−D(ξ))[A(ξ) +D(ξ)]N−j ,

σ−j = [A(ξ) +D(ξ)]j−1B(ξ)[A(ξ) +D(ξ)]N−j ,

σ+
j = [A(ξ) +D(ξ)]j−1C(ξ)[A(ξ) +D(ξ)]N−j .

(3.47)

The inverse problem in the inhomogeneous case can be either solved by a gener-
alization of the previous derivation [89] or by working in the F−matrix basis [88]
yielding

σzj =
j−1∏
i=1

[A(ξi) +D(ξi)](A(ξj)−D(ξj))
N∏

l=j+1

[A(ξl) +D(ξl)],

σ−j =
j−1∏
i=1

[A(ξi) +D(ξi)]B(ξj)
N∏

l=j+1

[A(ξl) +D(ξl)],

σ+
j =

j−1∏
i=1

[A(ξi) +D(ξi)]C(ξj)
N∏

l=j+1

[A(ξl) +D(ξl)].

(3.48)
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This concludes the mapping between the local and non-local operators, namely
all local operators were represented in terms of A(λ), B(λ), C(λ), D(λ). What is
left, is to use the algebra of these operators to compute all desired quantities.

3.1.5 Scalar products: Slavnov’s theorem

One of the goals, for introducing the algebraic Bethe ansatz was to normalize the
wavefunctions in a clever way. Before we turn to this problem, we will first consider
a very important result by Slavnov [90] which concerns the scalar product of states
constructed by the action of B(λ) on the vacuum. The scalar product is defined
by:

S̃M = 〈0|
M∏
j=1

C(µj)
M∏
j=1

B(λj)|0〉, (3.49)

where C(λ) = C(λ)/d(λ) and B(λ) = B(λ)/d(λ). The scalar product is in general
a function of 4M independent variables S̃M ({µj}, {λj}, {rCj }, {rBj }). The scalar
product has poles for µk = λj :

S̃M ({µ}, {λj}, {rCj }, {rBj })
∣∣∣
λm→µM

=
c(µM−λm)
b(µM−λm)

(
rCM−rBm

) M∏
j 6=M

1
b(µM−µj)

M∏
j 6=m

1
b(λm−λj)

S̃M−1({µj}j 6=M , {λj}j 6=m, {r̃Cj }j 6=n, {r̃Bj }j 6=m) + finite terms. (3.50)

First, we put C(µM ) and B(λm) right next to each other using (3.31a). Then we
apply (3.31e) once. The fist term now has a pole coming from the factor c(µM−λm)

b(µM−λm) .
Shifting C(µM ) to the right in the second term using(3.31e) repeatedly, we get
M−1 finite factors: c(µM−λj)

b(µM−λj) when µM 6= λj for all j 6= m. So the second term is
finite. The next step is to shift A to the left and D to the right using (3.31i) and
(3.31k), respectively. Now the scalar product S̃M−1 is a function of r̃, which are:

r̃Bj = rBj
b(λj − λm)
b(λm − λj)

r̃Cj = rCj
b(µj − λm)
b(λm − µj)

. (3.51)

A special case of the scalar product is when the vector
∏M
j=1 B(λj)|0〉 is an eigen-

state of the Hamiltonian. In that case λ and r(λ) are not independent anymore
since the λj should satisfy the Bethe equations which are a function of rBj :

r(λj)
∏
l 6=j

b(λj , λl)
b(λl, λj)

= 1. (3.52)

In this case we can explicitly compute the scalar product due to the following
theorem.
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3.1 The algebraic Bethe ansatz

Theorem 3.1.2. Let {λj} be a solution of the Bethe equations (3.52) and {µj}
be an arbitrary set. Then the scalar product can be written as:

SM ({µj}, {λj}) =
detH({µj}, {λj})∏

j>k ϕ(µk − µj)
∏
j<k ϕ(λk − λj)

(3.53)

where the matrix elements of the M ×M matrix Hab are

Hab =
ϕ(iη)

ϕ(λa − µb)

r(µb)∏
l 6=a

ϕ(λl − µb + iη)−
∏
l 6=a

ϕ(λl − µb − iη)

 . (3.54)

Proof. The proof goes by induction. For M = 1 we can calculate the scalar product
explicitly by means of the commutation relations:

〈0|C(µ)B(λ)|0〉 = S1 =
ϕ(iη)

ϕ(λ− µ)

(
1

d(µ)
− 1
d(λ)

)
. (3.55)

The next step is to prove that (3.53) obeys the the residue formula (3.50). Let
SM−1 = S̃M−1. We consider SM−1 as an analytic function of µM with simple poles
at the points µM = λj . Next, consider: µN → λm. Writing the denominator of
(3.53) like GM =

∏
j>k ϕ(µk − µj)

∏
j<k ϕ(λk − λj), the denominator becomes:

GM = GM−1

∏
j<M

ϕ(µj − µM )
∏
j<m

ϕ(λm − λj)
∏
k>m

ϕ(λk − λ)

= GM−1

∏
j 6=M

ϕ(µj − µM )(−1)M−m
∏
j 6=m

ϕ(λm − λj), (3.56)

and the determinant:

det
M
H = HmM det

M−1
H

=
ϕ(iη)

ϕ(λm − µM )

r(µM )
∏
l 6=M

ϕ(λl − µM + iη)−
∏
l 6=M

ϕ(λl − µM − iη)

 det
M−1

H.

(3.57)

Combining (3.56) and (3.57) gives:

SM ({µj}, {λj})|µM→λm =
c(µM−λm)
b(µM−λm)

(
rCM−rBm

) M∏
j 6=M

1
b(µM−µj)

M∏
j 6=m

1
b(λm−λj)

SM−1({µj}j 6=M , {λj}j 6=m, {r̃Cj }j 6=n, {r̃Bj }j 6=m). (3.58)

Next, we want to show that SM ({µj}, {λj}) = S̃M ({µj}, {λj}), hence the finite
terms in (3.50) vanish. Using (3.50) we see that the differenceD = SM ({µj}, {λj})−
S̃M ({µj}, {λj}) as a function of µM is bounded in the complex plane. According
to Liouville’s theorem every bounded entire function is a constant. The finite
terms in (3.50) vanish when µM → ∞ (or in the XXZ case with |∆| > 1 when
µM → π/2). So the difference D vanishes in the entire complex plane.

58



The algebraic Bethe ansatz

A much more useful quantity is the scalar product defined in terms of B(λ),
C(µ) operators instead of B(λ), C(µ). Making this replacement in (3.53) gives:

SM ({µj}, {λj}) = 〈0|
M∏
j=1

C(µj)
M∏
j=1

B(λj)|0〉 =
detH ′({µj}, {λj})∏

j>k ϕ(µk − µj)
∏
j<k ϕ(λk − λj)

,

(3.59)
where H ′ is now a different matrix:

H ′ab =
ϕ(iη)

ϕ(λa−µb)

a(µb)
∏
l 6=a

ϕ(λl−µb+iη)−d(µb)
∏
l 6=a

ϕ(λl−µb−iη)

 . (3.60)

We can write this in terms of the eigenvalues of the transfer matrix τ(µ, {λ}) =
a(µ)

∏M
j=1 b

−1(λj , µ) + d(µ)
∏M
j=1 b

−1(µ, λj):

SM ({µ}, {λ}) =

∏M
j=1

∏M
k=1 ϕ(µj − λk)∏

j<k ϕ(µj − µk)
∏
j>k ϕ(λj − λk)

detT ({µ}, {λ}), (3.61)

where Tab = ∂
∂λa

τ(µb, {λj}). The expression for the scalar product can also be
proved by using F−matrices [88].

Norm of eigenstates: Gaudin’s formula

The norm of an eigenstate can be calculated by taking the limit µj → λj in (3.59):

NM = 〈0|
M∏
j=1

C(λj)
M∏
k=1

B(λk)|0〉

= S({µj}, {λj})|{µj}→{λj} . (3.62)

We should carefully take the limit by: µj = λj + ε, ε→ 0. Taylor expanding r(µ)
around ε gives:

r(µ) = r(λ) + (µ− λ)
∂

∂µ
r(µ)

∣∣∣∣
µ→λ

= r(λ)
(

1 + ε
∂

∂µ
ln r(µ)

)
µ→λ

.

(3.63)

If we plug this into (3.53) we get:

NM = ϕ(iη)M
∏
j 6=k

ϕ(λj − λk + iη)
ϕ(λj − λk)

det Φ({λj}) (3.64)

with the entries of the determinant being:

Φab = − ∂

∂λb
ln

a(λa)
d(λa)

M∏
l 6=a

b(λl, λa)
b(λa, λl)

 . (3.65)
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3.1 The algebraic Bethe ansatz

We could also define the norm in terms of B(λ) and C(λ) operators. Using the
Bethe equations it follows that

∏M
j=1 d(λj) = 1, hence we get an equivalent ex-

pression:

NM ({λj}) = 〈0|
M∏
j=1

C(λj)
M∏
k=1

B(λk)|0〉 = NM ({λj}). (3.66)

The determinant expression for the norm of the eigenstates is usually called the
Gaudin norm, since he was the first who conjectured it [91, 92, 67]. Korepin [93]
was the first who proved Gaudin’s conjecture using a more cumbersome approach
than the one discussed here.

3.1.6 Form factors

For the calculation of correlation functions we make use of an expression for the
expectation value of local spin-operators, known as form factors. Using the inverse
mapping of the local spin-operators into non-local operators of the algebraic Bethe
ansatz we obtain a determinant expression both for the transverse form factor as
for the longitudinal one.

Transverse form factor

The transverse form factor is a spin-flip in the transverse direction:

F−j ({µ}M+1, {λ}M ) = 〈0|
M+1∏
k=1

C(µk)σ−j

M∏
l=1

B(λl)|0〉. (3.67)

The set {µ}M+1 is a solution of the Bethe equations for the case M = N/2 + 1,
whereas {λ}M is a solution for the case M = N/2. Recalling from the σ−j operator
in terms of non-local operators:

σ−j =
j−1∏
i=1

[A(ξi) +D(ξi)]B(ξj)
N∏

i=j+1

[A(ξi) +D(ξi)].

The action of A(ξj) + D(ξj) is easily computed, since it is the transfer matrix
evaluated at ξj :

(A(ξj) +D(ξj))
M∏
l=1

B(λl)|0〉 =

(
a(ξj)

M∏
k=1

1
b(λk − ξj)

+ d(ξj)
M∏
k=1

1
b(ξj − λk)

)
M∏
l=1

B(λl)|0〉

=
M∏
k=1

b−1(λk, ξj)
M∏
l=1

B(λl)|0〉.

(3.68)

We used a(λ) = 1 and d(ξj) = 0. After working through all the factors of A(ξj) +
D(ξj) we are left with a scalar product between an eigenstate in terms of {µl}M+1
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and a state {ξj , {λl}M} which is not an eigenstate, hence we should use Slavnov’s
result for the scalar product (3.59):

F−j ({µ}M+1, {λ}M ) =
M+1∏
l=1

j−1∏
k=1

b−1(µl, ξk)
N∏

k=j+1

b−1(λl, ξk)

 〈0|M+1∏
k=1

C(µk)B(ξj)
M∏
j=1

B(λl)|0〉

= φ−1
j ({λ})φj−1({µ})SM+1({µ}M+1, {ξj , {λ}M})

=
φj−1({µ})
φj−1({λ})

M∏
l=1

ϕ(λl−ξj)
ϕ(λl − ξj + η)

detH({µ}, {λ})∏
j<k ϕ(µj−µk)

∏
j>k ϕ(λj−λk)

=
φj−1({µ})
φj−1({λ})

∏M+1
l=1 ϕ(µl−ξj + iη)∏M
l=1 ϕ(λl−ξj+iη)

detH−({µ}, {λ})∏M+1
l>m ϕ(µl−µm)

∏M
l<m ϕ(λl−λm)

,

(3.69)

in which we have defined:

φj = ({λ}) =
M∏
l=1

j∏
k=1

b−1(λl, ξk) (3.70)

and used the fact that φN ({λ}) = 1, as can be seen from the Bethe equations. The
entries of the matrix H− are the same for the one in H except for the last column
which is simplified because λM+1 = ξj :

H−ab =
ϕ(iη)

ϕ(µa−λb)

a(λb)
M+1∏
l 6=a

ϕ(µl−λb+iη)−d(λb)
M+1∏
l 6=a

ϕ(µl−λb−iη)

 b < M+1

H−aM+1 =
ϕ(iη)

ϕ(µa − ξj + iη)ϕ(µa − ξj)
. (3.71)

Longitudinal form factor

The longitudinal form factor is defined as:

F zj ({µ}M , {λ}M ) = 〈0|
M∏
k=1

C(µk)σzj
M∏
l=1

B(λl)|0〉. (3.72)

The expression for the σzj in terms of non-local operators is:

σzj =
j−1∏
i=1

[A(ξi) +D(ξi)](A(ξj)−D(ξj))
N∏

i=j+1

[A(ξi) +D(ξi)].

The presence of the factor A(ξj)−D(ξj) makes the computation of the form factor
more complicated than the transverse one. Using the fact that (A(ξj)+D(ξj))N =
UN = 1 we can rewrite σzj as:

σzj = 2
j−1∏
k=1

(A(ξk) +D(ξk))A(ξj)
N∏

k=1+j

(A(ξk) +D(ξk))− 1. (3.73)
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3.1 The algebraic Bethe ansatz

The operator A(ξj) acts on an arbitrary state as:

A(ξj)
M∏
l=1

B(λl)|0〉 =
M∏
l=1

b−1(λl − ξj)
M∏
l=1

B(λl)|0〉

−
M∑
n=1

c(λn − ξj)
b(λn − ξj)

M∏
l 6=n

b−1(λl − λn)B(ξj)
M∏
l 6=n

B(λl)|0〉.

(3.74)

Since we are looking for form factors with: {µl} 6= {λl}, we can use the fact that
different Bethe eigenstates are orthogonal1 to drop the first term in (3.74). This
results in:

F zj = −2
φj−1({µ})
φj({λ})

M∑
n=1

c(λn − ξj)
b(λn − ξj)

M∏
m 6=n

b−1(λm−λn)〈0|
M∏
k=1

C(µk)B(ξj)
M∏
l 6=n

B(λl)|0〉.

(3.75)
Now we have a summation of scalar products between the eigenstates {µl}M and
the state {λl} with λn → ξj . Using Slavnov’s formula:

〈0|
M∏
k=1

C(µk)B(ξj)
M∏
l 6=n

B(λl)|0〉 =
detH({µ}, {λ})∏

l>m ϕ(µl − µm)
∏
l<m ϕ(λl − λm)

λn → ξj

=
det H̃n∏

l>m ϕ(µl − µm)
∏
l<m ϕ(λl − λm)

∏
l 6=n

ϕ(λl − λn)
ϕ(λl − ξj)

(3.76)

The longitudinal form factor becomes:

F zj = −2
φj−1({µ})
φj−1({λ})

M∏
l=1

1
ϕ(λl−ξj+iη)

M∑
n=1

∏M
l=1 ϕ(λl − λn + iη) det H̃n∏

l>m ϕ(µl−µm)
∏
l<m ϕ(λl−λm)

(3.77)
We can bring the factor−2

∏M
l=1 ϕ(λl−λn+iη) into the determinant by multiplying

it with the n-th column of the matrix H̃n. Similarly, we can extract a factor∏M
l=1 ϕ(µl − ξj + iη) from the n-th column, to get the result:

F zj =
φj−1({µ})
φj−1({λ})

M∏
l=1

ϕ(µl − ξj + iη)
ϕ(λl − ξj + iη)

M∑
n=1

detHn∏
l>m ϕ(µl − µm)

∏
l<m ϕ(λl − λm)

(3.78)

Hn
ab = Hab b 6= a

Hn
an = −2Pan (3.79)

Pab = ϕ(iη)
∏M
l=1 ϕ(λl − λb + iη)

ϕ(µa − ξj + iη)ϕ(µa − ξj)
(3.80)

1For {µl} = {λl} the form factor can be calculated using the spin algebra.
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Since Pab is a rank one matrix (all the columns/rows are multiples of each other),
we can use the following. If A is an arbitrary n×n matrix and B a rank one n×n
matrix the determinant of the sum A+B is:

det(A+B) = det(A) +
n∑
j=1

det(Aj), (3.81)

where

Ajab = Aab for b 6= j

Ajaj = Baj . (3.82)

Using this formula, and the fact that det(H) = 0 (since different eigenstates are
orthogonal):

F zj =
φj−1({µ})
φj−1({λ})

M∏
l=1

ϕ(µl − ξj + iη)
ϕ(λl − ξj + iη)

det(H − 2P )∏
l>m ϕ(µl − µm)

∏
l<m ϕ(λl − λm)

. (3.83)

With this result, the algebraic Bethe ansatz brought us precisely what we hoped
for: an expression for the norm and both form factors which are the key ingredients
for calculating correlation functions.

3.1.7 Reduced determinants

The Bethe equations in case of string solutions are ill defined. In order to solve
this problem, we introduced the Bethe-Takahashi equations. The Gaudin norm
and the form factors, which were derived in this chapter, also become ill defined
in case of string solutions. Therefore, we should regularize these expressions by
hand. To see where the problem occurs, we study the Gaudin norm in case of a
single 2−string. Recall the definition of the Gaudin norm(3.64):

NM = ϕ(iη)M
∏
j 6=k

ϕ(λj − λk + iη)
ϕ(λj − λk)

det Φ({λj}) (3.84)

and the entries of the Gaudin matrix in explicit form are:

Φab = δab

(
N

−i sinh(η)
sin(λa)2 + sinh(η/2)2

−
M∑
k=1

−i sinh(2η)
sin(λa − λk)2 + sinh(η)2

)

+ (1− δab)
−i sinh(2η)

sin2(λa − λb) + sinh2(η)

= δab

(
N

−i sinh(η)
sin(λa + iη/2) sin(λa − iη/2)

−
M∑
k=1

−i sinh(2η)
sin(λa − λk + iη) sin(λa − λk − iη)

)

+ (1− δab)
−i sinh(2η)

sin(λa − λb + iη) sin(λa − λb − iη)
.

(3.85)
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Consider one 2-string: λ2
a = λ2 + iη(2 + 1 − 2a)/2 + iδ2,a. Let the first two

rapidities in the determinant be the 2-string. We will show that Φ11,Φ12,Φ21 and
Φ22 will be divergent. So we examine them in detail:

Φ11 =
i

δ12
−icoth(2η)− iN sinh(η)

sin(λ2 + iη) sin(λ2)
+

M∑
k=3

i sinh(2η)
sin(λ2 − λk + iη3/2) sin(λ2 − λk − iη/2)

(3.86)

Φ12 = Φ21 =
−i sinh(2η)

sin(2iη + iδ12) sin(iδ12)
=
−i
δ12

+ i coth(2η) +O(δ) (3.87)

Φ22 =
i

δ12
−icoth(2η)− iN sinh(η)

sin(λ2) sin(λ2 − iη)
+

M∑
k=3

i sinh(2η)
sin(λ2 − λk + iη/2) sin(λ2 − λk − iη3/2)

.

(3.88)
We want to extract the deviations δ12 from the determinant. This can be done by
row- and column manipulations.

det Φ =

∣∣∣∣∣∣∣∣∣
i
δ12 + Φ̃11

−i
δ12 + Φ̃12 Φ13 . . .

−i
δ12 + Φ̃12

i
δ12 + Φ̃22 Φ23

Φ13 Φ23 Φ33

...
. . .

∣∣∣∣∣∣∣∣∣
M×M

=

∣∣∣∣∣∣∣∣∣
i
δ12 + Φ̃11 Φ̃11 + Φ̃12 Φ13 . . .
−i
δ12 + Φ̃12 Φ̃12 + Φ̃22 Φ23

Φ13 Φ13 + Φ23 Φ33

...
. . .

∣∣∣∣∣∣∣∣∣
M×M

=

∣∣∣∣∣∣∣∣∣
i
δ12 + Φ̃11 Φ̃11 + Φ̃12 Φ13 . . .

Φ̃11 + Φ̃12 Φ̃11 + 2Φ̃12 + Φ̃22 Φ13 + Φ23

Φ13 Φ13 + Φ23 Φ33

...
. . .

∣∣∣∣∣∣∣∣∣
M×M

=
i

δ12

∣∣∣∣∣∣∣
Φ̃11 + 2Φ̃12 + Φ̃22 Φ13 + Φ23 . . .
Φ13 + Φ23 Φ33

...
. . .

∣∣∣∣∣∣∣
M−1×M−1

+O(δ0)

=
i

δ12
det Φ(r) +O(δ0).

(3.89)

In the first step we added the first column to the second. The next step was to
add the first row to the second row. The final step was to explicitly reduce the
determinant to a sum over M − 1×M − 1 determinants and keep only the leading
term. The reduced matrix Φ(r) is now an M −1×M −1 matrix. The factor 1/δ12

cancels against another term in the expression for the Gaudin norm, namely:

ϕ(λ2
1 − λ2

2 + iη)
ϕ(λ2

1 − λ2
2)

ϕ(λ2
2 − λ2

1 + iη)
ϕ(λ2

1 − λ2
1)

≈ iδ12ϕ(i2η)
ϕ(iη)ϕ(−iη)

. (3.90)

So the complete expression of the Gaudin norm is now independent of the string
deviation δ12:

NM = ϕ(iη)M−2ϕ(2iη)
∏

j 6=k,λj 6=λk−iη

ϕ(λj − λk + iη)
ϕ(λj − λk)

det Φ(r)({λj}). (3.91)
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We can generalize this result to an arbitrary string solution. Focusing on
the determinant in the Gaudin norm, it can be written in terms of the reduced
determinant [94, 95]

det Φ({λ}) =
∏
j

Mj∏
α=1

nj−1∏
a=1

(δnj ,aα − δnj ,a+1
α )−1 det Φ(r) (3.92)

and the reduced Gaudin matrix is:

Φ(r)
(j,α)(k,β) = δjkδαβ

N d

dλαj
θj(λjα)−

∑
(l,γ)6=(j,α)

d

dλjα
Θjl(λjα − λlγ)


+ (1− δjkδαβ)

d

dλjα
Θjk(λjα − λkβ). (3.93)

The expressions for Hab, H−ab and Pab contain similar divergences, which can be
dealt with in a similar (although much more cumbersome) way[95].

3.2 The algebraic Bethe ansatz for the Lieb-Liniger
model

In this section we briefly discuss the algebraic Bethe ansatz for the Lieb-Liniger
model. Since most of the derivation is analogous to the case of the XXZ model,
we only mention the important steps. The central object in the algebraic Bethe
ansatz is the R−matrix, which solves the Yang-Baxter equation. In case of the
Lieb-Liniger model it takes the form:

R(λ, µ) =


f(λ, µ) 0 0 0

0 g(λ, µ) 1 0
0 1 g(λ, µ) 0
0 0 0 f(λ, µ)

 , (3.94)

in which

f(λ, µ) =
λ− µ+ ic

λ− µ
g(λ, µ) =

ic

λ− µ
. (3.95)

This R−matrix of the Lieb-Liniger model is closely related to that of the XXX
model, namely: RXXX(λ, µ) = PR(λ, µ)/f(λ, µ)|c→1 with P the permutation
matrix. For precisely this reason, many of the results of the XXX model can
be easily transfered to the case of the Lieb-Liniger model. However, there is
one important difference, which is that the Lieb-Liniger model is defined on the
continuum whereas the the XXX model is defined on a lattice. Therefore, it is
useful to consider a lattice regularization of the Lieb-Liniger model. Introducing
a lattice constant a, the L−operator up to leading order is

Ln(λ) =
(

1− iλa2 −i
√
cΨ†na

i
√
cΨ†na 1 + iλa2

)
+O(a2) (3.96)
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where index n runs from 1 . . .M with M = L/a the number of lattice sites. The
operators Ψ†n and Ψn satisfy

[Ψm,Ψ†n] =
1
a
δm,n. (3.97)

We can now write the monodromy matrix as

T (λ) = LM (λ) . . . L1(λ). (3.98)

which, represented in the auxiliary space, is

T (λ) =
(
A(λ) B(λ)
C(λ) D(λ)

)
. (3.99)

The operators A(λ), B(λ), C(λ), D(λ) satisfy the commutation relations in (3.31a)
after making the replacements 1/b(λ, µ) → f(λ, µ) and c(λ, µ)/b(λ, µ) → g(λ, µ).
The vacuum is an eigenvector of A(λ) and D(λ)

A(λ)|0〉 = a(λ)|0〉 D(λ)|0〉 = d(λ)|0〉 (3.100)

with eigenvalues a(λ) = e−iLλ/2 and d(λ) = eiLλ/2. States are constructed in the
usual way

|{λ}〉 = B(λ1) . . . B(λN )|0〉, (3.101)
〈{λ}| = 〈0|C(λ1) . . . C(λN ). (3.102)

Form there it is straightforward to transfer the results for the norm and the
scalar product to the case of the Lieb-Liniger model.

3.2.1 Form factors

The next step is the computation of form factors. Unlike the case of the XXZ
model, the operators of interest (e.g. Ψ†(x)Ψ(x) andΨ(x)†) cannot be easily ex-
pressed in terms of the operators A(λ), B(λ), C(λ), D(λ). This makes the deriva-
tion of form factors different from the ones for the XXZ model, although in the
end for both models the form factor expressions are based on the scalar product
determinant.

The first form factor that was explicitly computed was the density form factor
〈{λ}|Ψ†(x)Ψ(x)|{µ}〉. It is convenient to first introduce the operator

Q(x) =
∫ x

0

Ψ†(y)Ψ(y)dy (3.103)

so that the density form factor can be computed as

〈{λ}|Ψ†(x)Ψ(x)|{µ}〉 =
∂

∂x
〈{λ}|Q(x)|{µ}〉. (3.104)

The form factor 〈{λ}|Q(x)|{µ}〉 was first studied in [96] and it was obtained as an
N by N determinant in [90, 97].
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The form factor 〈{λ}N |Ψ(x)|{µ}N+1〉 was first studied in [98] where the fol-
lowing commutation relation was derived

[Ψ(0), B(λ)] = −i
√
cA(λ). (3.105)

This commutation relation allows for the computation of the action of the operator
Ψ(0) on a state

Ψ(0)
N∏
k=1

B(λk)|0〉 = −i
√
c

N∑
k=1

a(λk)
N∏
l 6=k

f(λk, λl)B(λl)|0〉. (3.106)

Using the scalar product formula, the form factor was derived as a sum over
determinants in [99], while an expression in terms of a single determinant was
presented in [100].

3.2.2 The conserved charges

The transfer matrix can be used to construct all the conserved charges of the
Lieb-Liniger model

ln
(
eiλL/2T (λ)

)
−→
λ→i∞

=
ic

λ

(
Q̂0 + λ−1(Q̂1 − i

c

2
Q̂0) + λ−2(Q̂2 − icQ̂1 +

c2

3
Q̂0) + λ−3 . . .

)
.

(3.107)
By considering the same expansion for the eigenvalue τ({λ}) of the transfer matrix,
one can show that Qn|{λ}〉 =

∑
j=1 λ

n
j |{λ}〉. We will give the first five conserved

charges explicitly. For clarity we adopt the following notation Ψ = Ψ(x), ∂xΨ(x) =
Ψx, etc.

Q̂0 = N =
∫ L

0

Ψ†Ψdx (3.108)

Q̂1 = P = − i
2

∫ L

0

(
Ψ†Ψx −Ψ†xΨ

)
dx (3.109)

Q̂2 = H =
∫ L

0

(
Ψ†xΨx + cΨ†Ψ†ΨΨ

)
dx (3.110)

Q̂3 = i

∫ L

0

(
Ψ†Ψxxx − 3cΨ†Ψ†ΨΨx

)
dx (3.111)

Q̂4 =
∫ L

0

(
Ψ†xxΨxx + 2c(Ψ†

2
)x(Ψ2)x + c(Ψ†x)2(Ψ)2 + c(Ψ†)2(Ψx)2

+ c2(Ψ†)3(Ψ)3 + c2(Ψ†)2ΨΨ†(Ψ)2
)
dx (3.112)

In the first three conserved charges one recognizes the particle operator, the mo-
mentum operator and the Hamiltonian, respectively. The first two operators Q̂0

and Q̂1 are completely unambiguously defined. The Hamiltonian Q̂2 is also fine,
but its square Q̂2

2 cannot be written in normal ordered form. The conserved charge
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Q̂3 looks innocent, but its individual terms are not well defined. For instance, con-
sidering the Fourier-transform of the field operators Ψ†(x),Ψ(x), we can write∫ L

0
〈Ψ†Ψxxx〉dx = i

∑
k k

3Ψ†kΨk. In [101] it was shown that the expectation value
〈Ψ†kΨk〉 ∼ 1/k4 for eigenstate and large k. Therefore, one can show that the first
term of Q̂3 is ill-defined. The large momentum behavior of 〈Ψ†kΨk〉 is a universal
feature for Bethe ansatz solvable models and is directly related to the cusps of the
Bethe anstaz wavefunctions when two particles coincide. For Q̂4 it is clear what
goes wrong, because the operator itself cannot be written in a normal ordered
form. The reason for this is that Q̂4 gets a contribution from Q̂2

2, which we will
show below. The remaining higher conserved charges Qn for n ≥ are not normal
ordered as well. This seems very unnatural, but we will show that they still yield
well-defined expressions when acting on eigenstates. To see why this is the case,
one we follow the discussion of [102, 103] and consider the conserved charges in
first quantized form as was done in chapter 2.

We recall the expression for the momentum operator Q1 and the Hamiltonian
Q2

Q1 =
N∑
j=1

∂

∂xj
, (3.113)

Q2 = −
∑
j

∂2

∂x2
j

+ 2c
∑

1≤j<l≤N

δ(xj − xl). (3.114)

From these two conserved charges one can construct a different conserved charge
J2

J2 = 1
2 (Q2

1 +Q2) =
∑

N≥j>k≥1

(
∂2

∂xj∂xk
+ cδ(xj − xk)

)
. (3.115)

In [102, 103] two types of conserved charges, Qn and Jn, are considered with
corresponding eigenvalue equations

Qnχ(x1, . . . xN |λ1 . . . λN ) =

 N∑
j=1

λnj

χ(x1, . . . xN |λ1 . . . λN ) (3.116)

and

Jnχ(x1, . . . xN |λ1 . . . λN ) = in

 ∑
1≤j1<j2<...jn≤N

n∏
i=1

λji

χ(x1, . . . xN |λ1 . . . λN ).

(3.117)
The explicit expressions for the conserved charges with n = 3, 4 are

J3 =
∑

N≥j>k>l≥1

(
∂3

∂xj∂xk∂xl
+ c

∂

∂xj
δ(xk − xl) + c

∂

∂xk
δ(xl − xj) + c

∂

∂xl
δ(xj − xk)

)
,

(3.118)

Q3 = Q3
1 − 3Q1J2 + 3J3, (3.119)
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J4 =
∑

N≥j>k>l>m≥1

(
∂4

∂xj∂xk∂xl∂xm
+ c

[
∂2

∂xj∂xk
δ(xl − xm)

+
∂2

∂xj∂xl
δ(xk − xm) +

∂2

∂xj∂xm
δ(xk − xl) +

∂2

∂xk∂xl
δ(xj − xm)

+
∂2

∂xk∂xm
δ(xj − xl) +

∂2

∂xl∂xm
δ(xj − xk)

]
+ c2

[
δ(xj − xk)δ(xl − xm)

+ δ(xj − xl)δ(xk − xm) + δ(xj − xm)δ(xk − xl)
])

(3.120)

and
Q4 = Q4

1 + 2J2
2 − 4Q2

1J2 + 4Q1J3 − 4J4. (3.121)

The problematic terms in this coordinate formulation are now higher derivatives
∂n/∂xn for n > 2 which diverge when two coordinates xj and xk coincide. One
can see this by considering the coordinate wavefunction (2.26). The terms in Q4

that are not normal ordered translate in the coordinate formulation to terms like
δ(x)2, which is not a well-defined operator.

However, in [102, 103] they show that the eigenvalue equations 3.116 and 3.116
when two coordinates coincide are given by[

cχN +
(

∂

∂xj
− ∂

∂xj+1

)
χN

]
xj+1=xj+0+

= 0. (3.122)

In case of the Hamiltonian Q2 we explicitly verified this in chapter 2. Therefore,
if (3.122) is satisfied, the divergencies from the individual terms exactly cancel
and the action of the higher conserved charges on the corresponding state is well-
defined. Since (3.122) is per definition satisfied for eigenstates, the action of all
conserved charges on eigenstates is always well-defined. For arbitrary states not
satisfying (3.122), the expectation values 〈Qn〉 with n > 2 are not well-defined.
We will see in chapter 7 that this has some important consequences for quantum
quenches.

3.3 Conclusion

The algebraic Bethe ansatz for both the XXZ spin chain and the Lieb-Liniger
model are discussed. We demstrated the integrability of these models which re-
lied on the transfer matrix, which is a generating function for all local conserved
charges. A very important result of the algebraic Bethe ansatz is Slavnov’s de-
terminant formula for scalar products. Slavnov’s formula is traditionally used for
the computation of form factors, the building blocks of correlations. In chapter
6 we use this to compute dynamical correlation functions. A recent application
of Slavnov’s formula is to compute the overlap coefficients that appear in quench
problems; this is considered in chapter 5 and in [104].
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Chapter 4

Quantum Integrability

In this chapter the notion of quantum integrability is discussed. Since quantum
integrability is intrinsically connected with the discussion about (absence of) ther-
malization of isolated many-body systems it is worth to discuss its definition in
depth. Starting from a review of some definitions commonly used in the litera-
ture, we propose a different set of criteria, leading to a classification of models in
terms of different integrability classes. This is followed by highlighting some of the
expected physical properties associated to models fulfilling the proposed criteria.
The discussion concentrates on lattice models; the Lieb-Liniger model, which is
defined as a continuum model, is discussed separately. This chapter is based on
the results published in [53].

4.1 Introduction

Classical mechanics is a subject with a unique level of maturity: due to the beauty
and powerfulness of its formalism it is often considered as a prototypical example of
‘how things should ideally be done’ in physics. One of the most powerful concepts
in the study of the dynamics of classical systems is the notion of integrability
in the sense of Liouville [105]. Consider a classical Hamiltonian H(q, p) which
describes the motion of N point particles with position variables q = (q1, . . . , qN )
and canonical momenta p = (p1, . . . , pN ). The equations of motion are

ṗ = −∂H(q, p)
∂q

, q̇ =
∂H(q, p)

∂p
.

The constants of motion Ij(q, p) are Poisson-commuting with the Hamiltonian

dIj
dt

= {Ij , H} = 0. (4.1)

where {., .} denotes the Poisson bracket. Suppose there are N independent con-
stants of motion Ij (with the Hamiltonian one of them) that are all in involution,
namely

{Ij , Ik} = 0 ∀ j, k. (4.2)
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Liouville’s theorem [105] states that a canonical transformation can be constructed
in terms of action-angle variables: (q, p) → (Θ, I) where Θ = (Θ1, . . . ,ΘN ) are
cyclic coordinates defined on an N−dimensional torus and I = (I1, . . . IN ) are
the constants of motion. The new Hamiltonian H̃(I) is now only a function of I,
therefore the equations of motion are simply

dI

dt
= −∂H̃(I)

∂Θ
= 0,

dΘ
dt

=
∂H̃(I)
∂I

= Ω(I) = constant. (4.3)

These equations of motion can be solved explicitly via integration by quadratures,
therefore we call this system integrable. The solutions of the equations of motion
thus display periodic motion on tori in phase space, and ergodicity is absent,
in contrast to non-integrable models which explore energy shells in phase space
densely in the course of time. Besides providing explicit solutions to the time
evolution, the classical notion of integrability thus partitions classical models into
separate classes of integrable and non-integrable models with manifestly different
physical behaviour.

It thus comes as a surprising (and insufficiently known) fact that translating
the notion of integrability to the quantum context has faced numerous pitfalls,
and remains to this day a subject of debate. This leads to some unfortunate
widespread confusion, since integrability is mentioned very often in contemporary
discussions and publications concerning, among other themes, dynamics in- and
out-of-equilibrium, relaxation and thermalization of many-body quantum systems
under current theoretical and experimental investigation. If quantum integrability
is ill-defined, how can we invoke it at all?

Questioning the precise meaning of ‘quantum integrability’ has been done on
many occasions. Nearly two decades ago, in an eminently readable article, Weigert
[106] summarized some fundamental issues and discussed the shortcomings of com-
monly used definitions. Delving further into the details is however not usually
done in research articles, but rather in private discussions or proceedings of lec-
tures given by eminent researchers in the field, e.g. [107]. It is also a subject of
ongoing work (see for a recent example [108]).

4.2 Motivations

We can begin with the simplest and most important questions: Do we not have
a proper definition already? Why is this question interesting and important?
The first question will be answered in the negative in the following section. The
second question is best answered by reflecting on the classical case: Knowing
that a classical mechanical system is integrable is not only interesting from a
mathematical point of view, it also immediately tells us that the system will not
thermalize (because of the quasi-periodic motion). Moreover, the KAM theorem [6,
7, 8] states a condition for the stability of the quasi-periodic motion in the presence
of certain small perturbations. Integrability is thus a criterium to distinguish two
classes of systems (integrable and non-integrable ones) with markedly different
physical behavior. For quantum mechanical systems a similar partition is expected.
In order to make hard statements on the equilibration and thermalization of many-
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body quantum systems a quantum version of integrability is required and ideally
also a quantum version of the KAM theorem.

The lack of correspondence between classical and quantum integrability, which
we will discuss further below, leads us to ask more basic questions about the
differences between classical and quantum systems [109]. A first point worth re-
membering is that quantum mechanics differs markedly from classical mechanics
in the way it counts degrees of freedom. In quantum mechanics, discretization of
levels means that we can comfortably work with finite-dimensional Hilbert spaces:
spins, bound atomic levels, etc., have eigenstates which we can label with a dis-
crete quantum number taking a finite set of values, and we typically say that the
number of degrees of freedom of a quantum system is the dimensionality of its
Hilbert space. By contrast, in classical mechanics, we count degrees of freedom
by specifying how many pairs of conjugate phase space variables are necessary
to specify the configuration of a system. Each variable can take on a continuum
of values. We can, therefore, not generically translate the number of degrees of
freedom from quantum a classical model and vice versa.

When thinking about conserved charges, the notion of Liouville integrability
includes a specification of how many independent charges we need, namely a num-
ber identical to the number of degrees of freedom n (in which case it is said that
the system possesses a complete set of charges, or is completely integrable). If we
can provide more than n charges, the system is said to be superintegrable; if we
can produce 2n charges, the system is maximally superintegrable (see e.g. [110]
and references therein). One semantic pitfall is associated to the word ‘complete’.
Namely, one fundamental notion in quantum mechanics is that of a complete set of
commuting observables (CSCO), which is a set of commuting quantum operators
whose eigenvalues are sufficient to uniquely specify a state in Hilbert space. In
the context of integrability, the word ‘complete’ takes on a different meaning: for
a fully nondegenerate system, a single operator (the Hamiltonian) already forms
a CSCO. The cardinality of a CSCO is thus patently not the number of conserved
charges we should be looking for in the quantum case. We should of course be
looking for a maximal abelian subalgebra of quantum operators in Hilbert space,
meaning that we should be able to display a number of commuting operators co-
inciding with the dimensionality of the Hilbert space in order to call our set of
charges ‘complete’. To avoid this pitfall, we will thus talk about ‘maximal’ sets
rather than ‘complete’ ones.

Before going further with our discussion of quantum integrability, it is worth-
while to follow the example of [106] and formulate a number of requirements for a
meaningful and useful definition of this concept. Most importantly,

1. it should be unambiguous;

2. it should partition the set of all possible quantum models into distinct classes;

3. different classes of models should display distinguishable physical behaviour.

In addition to these, we could formulate a number of extra requirements, namely:
a) the contact with the classical limit should be natural; b) the contact with
integrable field theory should be natural; c) the different classes should be (algo-
rithmically) distinguishable, i.e. it should be easily feasible to determine which
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class a model belongs to, etc. These are however less crucial criteria than the ones
we have selected.

4.3 Common definitions used in the literature

In this section, we initiate our discussion by summarizing a number of definitions
of quantum integrability encountered in the literature. We briefly comment each
on one and discuss why the not fulfill al three requirements states in the previous
section.

QI:N A system is quantum integrable QI:N if it possesses a maximal set of in-
dependent commuting quantum operators Qα, α = 1, ..., dim(H).

Allowing for a bit of flexibility in the precise terms used, this is (at least in
spirit) overwhelmingly the most common definition of quantum integrability en-
countered in the literature. It has the appeal of being directly related to the
classical notion of integrability, in the sense of being essentially a word-for-word
translation after replacing Poisson brackets with commutators.

Definition QI:N is given the label N for a simple reason: it is too naive. Its
fatal flaw is absolutely trivial: all quantum models associated to (limits of) finite-
dimensional Hilbert spaces fall under the label QI:N. By the spectral theorem,
all Hermitian Hamiltonians are readily diagonalizable; one thus obtains dim(H)
orthogonal state vectors |Ψα〉 from which one can build projectors Qα = |Ψα〉〈Ψα|,
the set of which constitutes a maximal independent commuting set. So is every
quantum system we can think of to be called integrable? No, we have to reject
this pathway by invoking one of the requirements we had about a proper defini-
tion, namely that it should separate models into distinct classes. Definiton QI:N
blatantly fails to do so, and is thus to be rejected as being formally useless.

Loopholes of definition QI:N were also extensively discussed in [106]. The first
loophole (A) there corresponds to the flaw mentioned above. A second loophole
mentioned is associated to the notions of ‘maximal’ and ‘independent’ quantum
operators: a theorem of von Neumann [111] states that it is possible to encode any
number of commuting Hermitian operators into a single Hermitian operator Q (in
other words, any operator Qα can then be viewed as a function Qα = fα(Q)), so
the very basic notion of the number of independent operators actually seems ill-
defined. Going further, since we allegedly cannot even properly count the number
of charges we have, we are then prevented from honestly declaring that a set be
maximal.

While we cannot repair the first fatal flaw of definition QI:N, let us address
the second point in more detail. We do not dispute the validity of von Neumann’s
theorem, however we do not agree that it is of relevance here. First of all, thinking
about the counting of conserved charges which can be defined as how one would
represent them in terms of matrices in the eigenbasis, there is no doubt that the
number required to call a set maximal coincides with the dimensionality of Hilbert
space dim(H), since this is the number of independent diagonal entries. As far
as counting is concerned, the notion of algebraic independence (that is, the set of
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charges does not obey any nontrivial polynomial equation) is sufficient to make
it well-defined, and is already in use in the literature (see for example [110] and
references therein).

We thus have to look for something beyond the naive definition. Of course, one
of the main assumptions was that in practice, we could actually diagonalize the
Hamiltonian to obtain the charges as projectors. This suggests a more pragmatic
definition:

QI:ES A system is quantum integrable QI:ES if it is exactly solvable, in other
words if we can construct its full set of eigenstates explicitly.

While this reminds us of the action-angle variables in the classical case, the
reader will probably agree that this washed-down definition does not take us very
far. This definition could be further categorized according to which method is
employed to obtain the eigenstates: Fourier transform for free theories, Bethe
ansatz for specific models (although the completeness of the set of Bethe eigenstates
is not formally proven for all models), etc. We also reject this definition on the
grounds that it does not fulfill all our criteria: the third, in particular, is hard to
relate to.

QI:HO A system is quantum integrable QI:HO if it can be mapped to harmonic
oscillators.

This is not really practical: such a mapping is hard to construct explicitly,
even for models we know how to solve exactly. Anyway, the existence of such a
mapping is guaranteed by the fact that all C∗-algebras are unitarily equivalent.

Instead of looking at exact solvability, the way out might be to look more
precisely at the nature of the wavefunctions. This is in particular what the Bethe
ansatz teaches us: the scattering in one-dimensional integrable theories has the
remarkable feature of being factorizable in two-body scatterings, as we have seen
in chapter 2. This forms the basis for Sutherland’s definition:

QI:ND A system is quantum integrable QI:ND if the scattering it supports is
nondiffractive [112].

This definition is very appealing. Although it does not directly mention the
existence or the number of conserved charges, one can easily construct those from
e.g. the set of conserved momenta. It relates more or less directly to the classical
definition, but is also well-defined, testable (at least in principle), and physically
meaningful in the sense that nondiffractive scattering can be translated directly
into non-ergodicity. It encompasses relativistic integrable field theory, where this
nondiffraction condition is simply the factorization condition [58].

One shortcoming is that it relies on observing the effects of scattering in the
‘asymptotic region’ in the space of states (where all particles are clearly separated),
and is thus only suited for models defined directly in the continuum. Furthermore,
it also requires the knowledge of what the particles that scatter without diffraction
are. For example, the XYZ model is clearly integrable while a description in
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terms of particles is unknown. This is in contrast with the XXZ model where
the down-spins can be regarded as the particles that scatter without diffraction.
Another example of an integrable model that does not fit into this definition is the
Richardson model, where there is not even a notion of space.

While we find this definition the best one available, we would rather find non-
diffractive scattering as a consequence of integrability, rather than as its defining
feature.

We can go further and try to formulate other ‘physical’ definitions, for example

QI:ELS A system is quantum integrable if its energy level statistics is Poisso-
nian.

Looking at the energy level statistics of quantum models is another very ap-
pealing way to address the question of integrability, since it directly connects
with classical mechanics via Berry and Tabor’s semiclassical reasoning [113]. This
showed that the energy level statistics of generic quantum integrable systems is
Poissonian. Since this is based on semi-classical reasonings, only quantum systems
with continuous degrees of freedom (and thus infinite-dimensional Hilbert spaces)
are concerned. This was however further investigated for quantum lattice mod-
els [114, 115, 116] such as Heisenberg, t − J and Hubbard-like models, explicitly
verifying that for nonintegrable cases the statistics becomes Wigner’s GOE. For
Richardson-Gaudin-like models, the degree of freedom afforded by the large num-
ber of tunable internal parameters means that essentially any distribution can be
mimicked; however, these quickly become Poissonian upon turning the interaction
on [117]. For recent examples and more extensive literature citations we refer to
[118]. A related definition is

QI:LC A system is quantum integrable if it shows level crossings ( i.e. does not
show level repulsion).

Here, the absence of level crossings in e.g. numerical solutions of finite models
is then interpreted as an observation of non-integrability (see for example [119]
and references therein). This definition really pertains to families of models with
a tunable parameter, and again cannot be sufficiently general.

Overall, we would rather view these features of energy level distributions used
in QI:ELS and QI:LC as consequences of integrability, rather than as definitions.
In any case, there exist counterexamples, for example, the Richardson-like models
mentioned above, and Haldane-Shastry type models [120, 121, 122, 123, 124, 125,
126], the main conclusion there being that the energy level statistics was neither
Poissonian nor of Wigner type. There is thus no universally acceptable definition
of the form QI:ELS; on the other hand, QI:LC formally only makes sense when
discussing models with tunable parameters, which cannot cover all cases of interest.

At last we would like to mention a recent attempt in defining integrability on
a more formal level.
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QI:PD A system with Hamiltonian H(u) = T + uV is integrable if there exists
a non-trival operator H̃(u) = T̃ + uṼ such that [H(u), H̃(u)] = 0.

This definition was recently proposed in [127], where different classes of in-
tegrability are defined depending on the number of non-trivial operators Hj(u)
that are linear in u and mutually commute [Hj(u), Hk(u)] = 0. However for most
integrable models discussed in the literature, for instance the XXZ model, the
classifcation is not known. Furthermore apart from being a polynomial in u this
definition does not tell what the higher conserved charges look like. Therefore it
is hard to make predictions what the physical consequences are and therefore does
not satisfies our third requirement.

4.3.1 Where does this leave us?

Let us attempt a summary of the important lessons of the preceding discussion.
Most importantly, the mere existence of conserved charges (which for any model
with a finite Hilbert space is a trivial consequence of the spectral theorem) can-
not be a sufficiently meaningful criterion to classify quantum models in different
classes. It is therefore imperative to look into the actual structure of the conserved
charges when trying to distinguish classes of quantum models. But the structure
of quantum operators really depends on the representation we use to write them
down. We can always choose to work in the Hamiltonian eigenbasis, in which the
charges are diagonal, and we can even define them such that they have a single
matrix entry (this is the case of the projectors onto eigenstates). Therefore, the
existence of a basis in which the charges look simple again does not provide us
with a classification criterion, and a practical definition of quantum integrability
cannot exist which does not identify a ‘preferred’ basis in which the structure of
the charges must be looked at. In view of our (admittedly, optional) desire to keep
a semblance of quantum-classical correspondence, we could restrict e.g. to ‘real
space’ and ‘momentum space’ bases, or more generally accept that a definition of
quantum integrability is only valid in a specified basis.

As we have mentioned before, the counting of the number of conserved charges
is also a subtle point leading to various pitfalls, as our discussion about von Neu-
mann’s theorem illustrated. A further pitfall occurs when counting is mentioned
together with a physically meaningful concept, that of locality: there is a simple
contradiction in terms when talking about a ‘maximal’ (or the unfortunately more
commonly used ‘complete’) set of ‘local’ conserved charges. Enforcing ‘locality’
restricts the number of operators which can be defined to a number which is negli-
gible in comparison to the required number for ‘maximalness’ (the dimensionality
of the Hilbert space). It is thus patently impossible to have a maximal set of local
charges, and one of the two concepts has to give way: either our required set is
not maximal, or it contains nonlocal charges. This confusion probably originates
from careless interpretations of the integrable quantum field theory literature, by
confusing an infinite set of charges with a maximal one. This is also mentioned in
the context of (the infinite-size limit of) integrable lattice models: for example, in
the fundamental paper [128], the set of conserved charges for the infinite Heisen-
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berg chain was shown to form a maximal abelian family, and this was equated
(first paragraph of main text) to an ‘explicit, complete set of mutually commuting
operator invariants which have local densities...’. We take issue with this use of
words, and prefer to rephrase this in terms of the weaker statement that there then
exists an infinite number of conserved charges which can be written as integrals
of local densities, without specifying that this set is ‘maximal’ (it is not; it only is
‘maximal’ with respect to local operators). This leaves us with the question: how
many charges do we need? The lesson from the earlier discussion is that we can
probably drop the ‘maximality’ requirement and still make meaningful statements.

With this in mind, let us now attempt to formulate a definition which takes
care of all these issues.

4.4 Alternate definition of quantum integrability

We define a size sequence as an infinite sequence of strictly increasing integers
(N1, N2, N3, ...), N1 < N2 < N3 < .... To each given size Na in the size sequence,
we associate a Hilbert space H(Na) obtained from tensoring Na elemental Hilbert
spaces Hj , j = 1, ..., Na. We assume that each elemental Hilbert space is finite-
dimensional, dim(Hj) ≡ dj < ∞, so dim(H(Na)) =

∏Na
j=1 dj ≡ d(Na) is also finite.

As we move up the size sequence, we assume that we simply tensor in additional
elemental spaces, H(Na+1) = H(Na) ⊗Na+1

j=Na+1 Hj .1
Operators in Hj can be represented by dj × dj Hermitian matrices, which can

be decomposed in a basis eij , i = 1, ..., d2
j . Operators Q(Na) in H(Na) can thus be

decomposed in the (d(Na))2 basis matrices ei1...iNa ≡ ⊗Naj=1e
ij
j (which we call the

preferred basis), Q(Na) =
∑
i1,...,iN

Q(Na)
i1...iNa

ei1...iNa . For a given operator Q in a

given preferred basis ei1...iNa , we denote the number of nonzero entries Q(Na)
i1...iNa

as Ne(Q(Na)). For a size sequence of operators (Q(N1),Q(N2),Q(N3), ...), we define
the density character as the nature2 of the minimal function f(Na) such that
Ne(Q(Na)) < f(Na) ∀ a.

We can now proceed to define a corresponding size sequence of Hermitian
operators (H(N1), H(N2), H(N3), ...), which we interpret as Hamiltonians acting in
their respective Hilbert space H(Na). We assume that the Hamiltonians in the size
sequence are built according to some simple and meaningful algorithmA : H(Na) →
H(Na). We restrict to Hamiltonians having polynomial density character, in other
words to Hamiltonians which can be expressed in terms of a finite number of sums
over elemental labels.

Being Hermitian and finite, each HamiltonianH(Na) obeys the spectral theorem
and therefore possesses a complete set of eigenvectors. This also means that it auto-
matically possesses a maximal set of conserved charges {Q(Na)

α }, α = 1, ..., d(Na) in

1Contrary to what might be assumed, there is no implicit restriction to one-dimensional
systems.

2In our definition, the terminology we use for O(f(N)) is identical to that used for classifying
algorithmic time complexity. We can thus talk about linear, sublinear, quasi-polynomial, subex-
ponential, etc. If needed, a term proportional to the unit operator should be subtracted when
establishing the density character of an operator.
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involution. We can arrange the labelling of the charges in such a way that mean-
ingful finite size sequences (Q(Na)

α ,Q(Na+1)
α ,Q(Na+2)

α , ...), for all individual Q(Na)
α

with α = 1, ..., αmax ≤ d(Na) can be defined.

Definition: we will call a Hamiltonian H O(f(N)) quantum integrable if it is
a member of a sequence (H(N1), H(N2), H(N3), ...) of operators having O(f(N))
density character in the preferred basis, for which it is possible to define a sequence
of sets of operators ({Q(N1)}, {Q(N2)}, {Q(N3)}, ...) such that

1. all operators Q(Na)
α in {Q(Na)} commute with each other and with their

Hamiltonian H(Na);

2. the operators in {Q(Na)} are algebraically independent;

3. the cardinality C(Na) of the set {Q(Na)} becomes unbounded in the infinite
size limit3;

4. each member Q(Na)
α , α = 1, ..., C(Na) of the set {Q(Na)} can be embedded

within a sequence of operators (Q(N1)
α ,Q(N2)

α ,Q(N3)
α , ...) with O(f(N)) den-

sity character in the preferred basis.

We can thus talk about models in the linear, polynomial, quasi-polynomial, etc.
integrability classes. For the preferred basis, while our formulation is purposefully
left generic, we are of course mainly thinking about a real-space based basis (in
this case, the Fourier basis is also automatically compatible).

The reader might feel that this definition falls a bit ‘out of the blue’. We will
attempt to make its meaning clearer by first specifying which classes known models
fall into, and thereafter discussing in more physical terms how this definition should
be understood.

4.5 Which integrability class do known models
belong to?

Having suggested to classify quantum models into different categories, our task
now turns to giving explicit examples.

Free theories

There is little doubt that free theories should be considered integrable in some
way, and that they should be the simplest types of integrable models available.
Imagine thus that we have a lattice model for a set of particles, with specified
hopping amplitudes (with no restriction on dimensionality or on these being local
and/or long-range) and without any form of interaction. Diagonalization can then
be trivially achieved via Fourier transformation. Conserved charges can be directly
built from the operators representing occupation of the Fourier modes. If we
imagine for example a size sequence in which we double the system size at each step

3Notice the fact that we do not require the set of conserved charges to be maximal.
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and always use periodic boundary conditions, we can embed each such conserved
charge into a sequence of constant density character. We thus say that free hopping
Hamiltonians are constant quantum integrable in the Fourier basis. Looked at in
the real-space basis, we can simply Fourier transform the conserved charges: these
then become O(N), and we can thus say that free hopping Hamiltonians are linear
quantum integrable in the sites basis.

Short-range interacting models

Going beyond free theories, the most straightforward class of models to discuss are
those which fit within the scheme of the quantum inverse scattering method (see
chapter 3), in other words which are treatable with the Algebraic Bethe ansatz.
This relies on the existence of R-matrices solving the Yang-Baxter equation

R12(λ, µ)R13(λ, ν)R23(µ, ν) = R23(µ, ν)R13(λ, ν)R12(λ, µ). (4.4)

The existence of monodromy matrices T (λ) obeying the intertwining relation

R12(λ, µ)T1(λ)T2(µ) = T2(µ)T1(λ)R12(λ, µ) (4.5)

then allows to construct integrable models and their conserved charges by taking
logarithmic derivatives of the transfer matrix τ(λ) ≡ Tr T (λ): the set of operators

Qα = cα
dα

dλα
ln τ(λ)|λ=ξ (4.6)

(where ξ is some fixed evaluation parameter and cα are arbitrary numerical con-
stants) automatically constitutes an abelian set by virtue of (4.5). It is reasonable
to assume that the set of charges so obtained is maximal, though this remains
a conjecture. This logic allows to construct integrable quantum lattice models
with local Hamiltonians by starting from a monodromy matrix which is a product
of local operators, for example Heisenberg chains [129] and more general models
[130, 131]. Interestingly, the search for a classification of all possible solutions to
the Yang-Baxter equation was initiated in works such as [132, 133] but remains
open to this day.

For the explicit case of the Heisenberg spin chain,

HXXX = J

N∑
j=1

Sj · Sj+1 (4.7)

(which has linear density character) the locality of the simplest conserved charges
in the infinite system (here, locality means that the conserved charges can be
expressed as integrals of local densities in the continuum limit) was proven in
[134], the structure being explicitly of the form

Qn =
∑

{j1,...,jn−1}

GTn−1(j1, ..., jn−1),

GTn (j1, ..., jn) = 0, |j1 − jn| ≥ n. (4.8)
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where the summation is over ordered subsets {j1, . . . , jn−1} of the chain and GT is
a translationally invariant function. The set of local charges (which, we remind the
reader, cannot be the maximal set of conserved charges if n/N → 0 where N is the
total number of sites) was shown in [128] to be maximally abelian on the subspace
of states where all but a finite number of spins point in the same direction. For
finite sytems, the detailed structure of the conserved charges was systematically
studied in a series of papers by Grabowski and Mathieu [135, 136, 137, 138], and
the explicit structure was found both for periodic and open boundary conditions.
For example, for the XXX chain, the simplest charge above the Hamiltonian is

Q3 =
∑
j

Sj · (Sj+1 × Sj+2). (4.9)

A very interesting further paper by the same authors [137] suggests to use the
existence of a single higher local conserved charge as a litmus test for integrability.
The conjectures offered in this paper are that 1) a necessary condition for inte-
grability is the existence of a conserved charge made of terms coupling at most
three sites, and 2) a sufficient condition is the existence of a boost operator B
(in Baxter’s logic [139]) generating higher charges according to [B,Qn] = Qn+1.
The authors recover many known models using this logic, but while their ideas are
very appealing and suggestive, they unfortunately didn’t produce new previously
unknown cases.

By looking at the structure of the conserved charges above, we can immediately
see that each model obtained from a transfer matrix composed of products of quasi-
local operators has conserved charges having linear density character in the sites
basis. All of these are thus linear quantum integrable in the sites basis. Note
that a similar reasoning holds for inhomogeneous models, which can even be used
to simulate disordered systems [140]. The list of what we call linear quantum
integrable models thus includes many famous lattice models such as Heisenberg
chains (also of higher spin), the t−J and Hubbard models. It also includes variants
such as restricted Bose-Hubbard with up to two bosons per site, or low-density
limits of such lattice models yielding continuum counterparts like the Lieb-Liniger
model [141].

Long-range interacting models

An interesting generalization of the Heisenberg chain is the Haldane-Shastry long-
range interacting model [63, 64],

HHS =
N∑

j1,j2=1

zj1zj2
zj1j2zj2j1

Sj1 · Sj2 (4.10)

in which zj ≡ e2πij/N and zj1j2 = zj1−zj2 . Since it involves a double sum over sites
of simple operator combinations, the Hamiltonian of the Haldane-Shastry model
is now an operator with quadratic density character. The conserved charges of the
Haldane-Shastry chain can be constructed explicitly [142]. The first one above the
Hamiltonian can be written

Q3 = i
∑
j1j2j3

zj1zj2zj3
zj1j2zj1j3zj2j3

Sj1 · (Sj2 × Sj3). (4.11)
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Since this charge involves three space summations, it belongs to a size sequence
with cubic density character. Each successive conserved charge includes one ad-
ditional summation over sites. A specific conserved charge Qn thus has density
character O(Nn). Some care must thus be taken to characterize the class of in-
tegrability this model belongs to according to our definition. The cardinality of
the set of conserved charges becomes unbounded as N → ∞, but a restricted set
of charges up to some Qnmax can only be embedded in operator size sequences of
density character O(Nnmax). To fulfill condition 3 of our definition, the Haldane-
Shastry model must thus display a form of integrability which is distinct from the
previous fundamental lattice models (like e.g. the Heisenberg chain): it cannot
be a polynomial quantum integrable model. We can fit our definition of quantum
integrability by choosing for example the density character O(N lnN ) ∼ O(eln2 N ),
which would make the Haldane-Shastry chain a quasi-polynomial quantum inte-
grable model.

The Haldane-Shastry chain, which according to our definition thus displays a
weaker form of integrability than e.g. the Heisenberg model, is part of a more
general family of long-range models of Calogero-Sutherland type [60, 61, 62], con-
taining many generalizations [143, 144, 145]. Note that this class of models contains
Heisenberg spin chains as a simple limit, and also more generally fits within the
Yang-Baxter logic [146], but the transfer matrix now gives rise to the generators
of a Yangian, a set of non-local charges which commute with all local conserved
charges but not among themselves. Quasi-local conserved charges, including the
one given above, can be obtained by expanding the so-called quantum determinant
of the transfer matrix [142].

As mentioned before, the energy level statistics of Haldane-Shastry type models
is neither Poissonian nor of Wigner type. We propose to understand this fact via
the observation that this family of models fall in the class of quasi-polynomial
quantum integrable, rather than linear or polynomial.

Richardson-Gaudin type models

Yet another family of models which are interesting to discuss are the Richardson-
like models [67, 147, 148, 149, 150]. Similarly to the Haldane-Shastry-type models,
the Hamiltonian has quadratic density character. However, the conserved charges
are simpler [67], and are of linear density character. We can thus put this family
of models in the class of linear quantum integrable in the sites basis.

Finally, in a generic model (which still fulfills QI:N), it can be expected that
all charges will be of exponential density character. We would thus by convention
say that if a model is not at least sub-exponential integrable, it simply should be
called non-integrable.

4.6 Physical meaning of the new definition

One of our requirements was that the classification scheme should be physically
meaningful. We have already mentioned a few features traditionally associated
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with integrable models, such as factorized scattering, nondiffraction, particular
energy level statistics, etc. The main theme which we would however like to
understand better is how the classical notion of (non)ergodicity translates to the
quantum case.

In this context, the appropriate starting point for discussion is probably Mazur’s
inequality [151], which has already proven useful in a number of cases, for example
in [152]. Let us recall its statement [151, 153, 154]. Consider an operator A, and
consider the canonical average 〈∆A(0)∆A(t)〉 where ∆A = A − 〈A〉. If {Q̄α},
α = 1, ..., NQ̄ is a set of constants of motion, the long-time average correlation
obeys

lim
T→∞

1
T

∫ T

0

dt〈∆A(0)∆A(t)〉 ≥
NQ̄∑
α=1

|〈(∆A)Q̄α〉|2

〈Q̄2
α〉

(4.12)

in which the charges are defined in such a way as to be ‘orthogonal’ for the chosen
form of averaging,

〈Q̄αQ̄β〉 = δαβ〈Q̄2
α〉 (4.13)

(note that we write the charges here as Q̄α to distinguish them from the charges we
have used in Section 4.4: our charges do not depend on the averaging procedure
chosen, while the Q̄α charges do by implementation of (4.13)). The inequality
becomes an equality if the set of charges used is maximal. The operator A is
called ergodic if

lim
T→∞

1
T

∫ T

0

dt〈∆A(0)∆A(t)〉 = 0, (4.14)

in other words if it is orthogonal to all the conserved charges. The physical picture
is that all correlations have dissipated in Hilbert space, and no quasi-periodic
behaviour can be identified. Note the fact that in order to prove non-ergodicity, it is
sufficient to find a single conserved charge having a finite overlap with the operator
of interest (more elaborately, an infinite set of vanishing contributions summing
up to a finite value), thereby making the right-hand side of (4.12) nonvanishing.

How does our definition of integrability relate to Mazur’s inequality? Let us
make the following reasoning. We can first of all generalize Mazur’s inequality to
a generic energy-diagonal expectation value,

〈...〉 → 〈...〉f ≡
1
Zf

∑
α

fα〈α|...|α〉, Zf ≡
∑
α

fα (4.15)

in which α labels eigenstates and fα are specified real parameters. The form of the
distribution is important: Mazur’s inequality trivializes to an empty statement if
the average is taken over a single state, since the conserved charge eigenvalues then
cancel in the numerator and denominator in each term of the right-hand side. We
thus focus our attention on distributions with at least some measure of extensivity.

Let us consider physically meaningful operators A which are represented by
simple matrices in the preferred basis. Such operators would thus be represented
as

A =
∑

i1,...,iN

Ai1...iNaei1...iNa (4.16)
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with Ne(A) (using the terminology of Section 4.4) being for example such that A
is of polynomial density character (this would thus include all operators made of
finite products of on-site operators or the Fourier transform of such objects).

Let us now consider computing the building blocks of Mazur’s inequality,
namely the expectation values

〈(∆A)Q̄α〉f . (4.17)

This is really a measure of the ‘overlap’ of the operator ∆A with the conserved
charges we choose to work with. Following [153], this can be translated at the
operator level for an ‘orthogonal’ (obeying (4.13)) set of charges Q̄α. One can
write

A =
∑
α

aαQ̄α +A′ (4.18)

where aα are c-numbers (implicitly depending on the averaging scheme chosen) and
A′ is an operator which is off-diagonal in energy, and therefore doesn’t contribute to
Mazur’s inequality. The ratios in (4.12) are then simply related to the coefficients

aα =
〈(∆A)Qα〉f
〈Q2

α〉f
. (4.19)

The next steps in the discussion depend on the integrability class our system
falls into. Let us discuss the generic non-integrable case first. In this case, all
the conserved charges Qα are expressed in the preferred basis in terms of dense
matrices with O(dim(H)2) entries, and have thus exponential density character.
Pick any one of these charges, say Qα1 , and use it as the basis for constructing the
set Q̄α of orthogonal charges to be used. The exponential density character of Q̄α1

charge means that the coefficient aα1 in (4.18) will be exponentially small. Picking
a second charge Qα2 , using an orthogonalization procedure to satisfy (4.13), one
remains (except for utterly contrived cases) with an exponential density character
charge Q̄α2 having vanishing overlap aα2 with our operator A. This simply carries
on, and no charge can be found which overlaps with A, so Mazur’s inequality
indicates ergodicity.

Let us now turn to the case of an integrable model according to our definition
(for example, a linear quantum integrable model, for which we have many charges
Qα at our disposal which can be written as single summations of local operator
products). By their nature, these charges can be expected to have a finite overlap
with operator A. Enforcing the orthogonality condition (4.13) does not change
the density character of the charges, so we obtain a set of orthogonal charges Q̄α
whose (summed) overlaps have the potential to give a finite value to the right-hand
side of Mazur’s inequality. This must of course be checked in individual cases, but
the door is clearly left open by the conserved charges’ simple structure, related
(in the sense of their simple density character) to that of operator A. The same
conclusions would hold for other integrability classes, for appropriate operators
having a sufficient degree of similarity to the (simple) conserved charges.

Let us make some simple and obvious remarks. First of all, of course, ergodicity
only makes sense in the infinite system size limit. For a finite system, in parallel
to the naive definition QI:N of quantum integrability, any quantum system will
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possess ‘reasonable’ observables failing to show ergodicity in Mazur’s sense; these
observables will however not be physically meaningful for what we have referred
to as non-integrable systems, since they must have exponential density character.
One thus cannot say that a system is ergodic or not, but rather only that a given
observable A is, for a given averaging in a given system. Our definition offers a
way of understanding the origin of this ergodicity, or of its absence, by looking
at the detailed structure of the conserved charges, and their relationship with
the observables considered within the adopted averaging scheme. Our scheme of
separating models into different integrability classes in fact leads us to expect that
ergodicity manifests itself differently in each of these classes.

Another context in which the role of quantum integrability is frequently dis-
cussed is the Generalized Gibbs Ensemble, which was introduced in chapter 1.
We consider a quantum quench by preparing the system in an eigenstate of Hλ,
followed by instantaneously changing the parameter λ→ λ′. If [Hλ, Hλ′ ] 6= 0, one
expects complicated non-equilibrium dynamics to ensue. To clarify this, let |φ〉 be
an eigenstate of Hλ before the quench. We can now express |φ(t)〉 for t > 0 as
e−itHλ′ |φ〉 =

∑
n cn|n〉e−iEnt, where the summation is over all eigenstates of Hλ′

and the coefficients cn = 〈n|φ〉 represent the overlaps between the initial state |φ〉
and the eigenstates |n〉 of Hλ′ . The complicated form of |φ(t)〉 makes it hard to
make predictions at short time scales. It is common to simplify the problem by
considering the long time average of an observable A,

lim
T→∞

1
T

∫ T

0

〈φ(t)|A|φ(t)〉 =
∑
n

|cn|2〈n|A|n〉 (4.20)

which has the same energy-diagonal form as (4.12).4 For most quenches, we can
also make the assumption that the distribution {|cn|2} is narrow in energy. For a
sufficiently large system one can try to approximate the distribution {|cn|2} by a
canonical ensemble ∑

n

|cn|2〈n|A|n〉2 =
1
Z

Tr{Ae−βH} (4.21)

where the inverse temperature β is determined from the initial condition

〈φ(0)|H|φ(0)〉 =
1
Z

Tr
{
He−βH

}
(4.22)

and Z is the usual partition function Z = Tr{e−βH}. This approximation, while
successful for some cases, fails in general for integrable systems, this failure being
typically attributed to the presence of additional conserved charges. It is thus
natural and appealing to generalize the canonical ensemble by the so-called Gen-
eralized Gibbs ensemble [27],

〈A〉GGE =
1
Z

Tr
{
A e−

P
j βjQj

}
, (4.23)

the generalized partition function Z being now computed as Z = Tre−
P
i βiQi . Ini-

tial (quench-time) conditions fix the Lagrange multipliers βn via the self-consistency
4As in Mazur’s inequality, in general the summation also contains off-diagonal expectation

values 〈n|A|m〉 as a result of degenerate energy levels. We neglect these here for simplicity.
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requirements

〈φ(0)|Qi|φ(0)〉 =
1
Z

Tr
{
Qi e−

P
j βjQj

}
. (4.24)

Using all available conserved charges as per the original formulation of this ap-
proach (in other words by adopting the QI:N view of integrability), one might
consider the eigenstate projectors Qn = |n〉〈n| as a maximal set of conserved
charges to be exploited. While this would lead the an exact description, this is
of limited use since in this case e−βnQn = |cn|2 are simply the overlap coeffi-
cients mentioned above, this involving O(dim(H)) parameters. What lacks in the
description of the Generalized Gibbs ensemble is thus a prescription for which
conserved charges should actually be included in the scheme. Since we assumed
that the distribution {|cn|2} is narrow in energy, one should include (besides the
inevitable Hamiltonian) conserved charges that have a small variance in the dis-
tribution {|cn|2}. In contrast, if a conserved charge Qn has large variance, its La-
grange multiplier βn would be negligible, and including this charge in the scheme
would not provide meaningful state selection. For an integrable system as defined
in Section 4, many conserved charges having a similar character as the Hamil-
tonian are available (these having non-negligible Lagrange multipliers), and one
cannot generally neglect their effect on the distribution. On the other hand in the
non-integrable case most of the conserved charges will have an exponentially large
variance for this particular distribution, and can thus be disregarded. Our pro-
posed definition of quantum integrability thus leads us to suggest using restricted
generalized Gibbs ensembles.

4.7 Conclusions

In this chapter we discussed in detail on how to define quantum integrability and
how it is related to the equilibration of quantum many-body systems. We first
reviewed the existing definitions in the literature and the discussed their problems.
This was followed by our new definition of quantum integrability which groups
models in different integrability classes. In the beginning, we listed our three
main requirements: that a proper definition of quantum integrability should be
unambiguous, and should lead to different classes of models, these having different
discernible types of physical behaviour. On this last point, while we have provided
heuristic arguments, the specific and detailed consequences of our definition of
quantum integrability have not yet been fully worked out to the level of general
theorems. This first involves a rather immense amount of work of looking at
specific examples in detail. This will teach us whether our definition actually has
interesting substance, which is perhaps not completely convincing at this point.
While we think that our definition is not ambiguous, the level of mathematical
rigour we have adopted is rather low in comparison to what is achievable in the
field of integrable models, but should be put in correspondence to the level of
discussion on algorithmic time complexity.

Instead of attempting to define ‘quantum integrability’, it might have been
more reasonable and less confusion-inducing to simply introduce new terminology
avoiding the keyword ‘integrability’ altogether. We have tried to mitigate this risk
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by suggesting to associate the terminology of algorithmic time complexity with
any specific mention of quantum integrability. If we say then that the Heisenberg
chain is linear quantum integrable, it will be clear that the notions and definition
presented in this chapter are the ones that are referred to, and which consequences
we associate to such a categorization.

In chapter 2 we studied the Bethe ansatz and observed that for these models
the non-diffraction property played an important role. Here we reasoned that the
non-diffractive condition QI:ND is not a suitable definition for quantum integra-
bility since it is only applicable when scattering between particles is well-defined.
However, for models for which this is the case we can classify the models according
to what level there is non-diffractive scattering in a similar manner as we classified
integrable models in this chapter. Namely, the lowest degree of non-diffraction
is if there are no interactions at all and the wavefunction is simplify a sum over
permutations of single particle wavefunctions. In the language presented here
those models are the so-called constant density character O(1) models. The next
class are the Bethe ansatz solvable models (e.g Lieb-Liniger, XXZ) which have
linear density character O(N). The last class of models (e.g Calogero-Sutherland,
Haldane-Shastry) can only be described in the asymptotic region by the Bethe
ansatz and are according to our definition models with a quasi-polynomial density
character O(N lnN ).

One point which we should clarify is how we reconcile the current concepts
with Integrable Field Theories (ITF) and Conformal Field Theories. The point is
that we have considered in detail how the morphology of the conserved charges of
a given model behaves as the system size is increased, i.e. as one moves towards
a continuum/field theory limit. If a model is classified as linear integrable in the
sites basis within our scheme, it will automatically lead to a field theory having
an infinite number of conserved charges expressible as integrals of local densities
by choosing an o(N) subset of charges in the finite lattice regularization.
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Chapter 5

Domain wall quench

5.1 Introduction

So far we discussed integrable models and how correlation functions can be com-
puted on eigenstates. In this chapter we will we use the Algebraic Bethe ansatz
which we covered in chapter 3 to study an explicit quench problem. The system
is prepared in an inhomogeneous initial state and then the subsequent time evo-
lution governed by the XXZ model is studied. It is worth to stress that the XXZ
model is a fully interacting system and falls the in class of integrable models with
linear density character defined in chapter 4. Most exact studies in the literature
are done for effectively free models which therefore can be classified as having
constant density character. For the specific quench problem we consider, we can
study both finite size systems as well as the thermodynamic limit and thereby we
obtain a good understanding of the finite size effects. The region where we have
full control is when the system is gapped. Universal features of gapped systems
will be discussed. The results of this chapter are published in [53].

5.2 Setup

We consider an isolated spin chain of N sites, each occupied by a local spin-1/2
degree of freedom. For definiteness, we put the spins on a ring and impose periodic
boundary conditions. The thought experiment we perform consists in preparing
the quantum state of the system at t = 0 as

|φ〉 = | ↓ . . . ↓︸ ︷︷ ︸
M

↑ . . . ↑︸ ︷︷ ︸
N−M

〉. (5.1)

This state thus contains a magnetic domain wall between sites M and M + 1,
and another (anti-) domain wall between sites N and 1 (in view of the periodic
boundary conditions). This state can be prepared in different ways: we can view it
as being created by an Ising model with an appropriate position-dependent field,
or as resulting from a sudden polarizing pulse applied on a section of an initially
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fully polarized chain. For times t > 0, we let this state evolve unitarily in time
under the antiferromagnetic XXZ Hamiltonian

HXXZ = J

N∑
j=1

[
1

2∆
(
S−j S

+
j+1 + S+

j S
−
j+1

)
+ Szj S

z
j+1

]
. (5.2)

Note that the Hamiltonian is rescaled by a factor of 1/∆ as compared to the pre-
vious chapters, in order the have a well-defined Ising limit (∆ → ∞). For ∆ > 1
the spectrum of this theory is gapped, while for −1 < ∆ ≤ 1 the system is in
the quantum critical regime. We consider the case when the system is antiferro-
magnetic (i.e. J > 0). In order to simplify the expressions and without loss of
generality we put J = 1 throughout this chapter. The XXZ chain can now be
realized experimentally [155] using cold atomic gases.

The initial domain wall state (5.1) is not an eigenstate of the XXZ Hamiltonian
away from the Ising limit ∆ → ∞. On the other hand, for any fixed value of ∆,
the exact eigenstates of this model form a basis in the Hilbert space on which
we can at least in principle decompose the initial domain-wall state to arbitrary
accuracy. Given this decomposition, the solution of the Schrödinger equation
becomes straightforward, and we obtain the exact time-dependent wavefunction
after the quench as the linear decomposition

|φ(t)〉 =
∑
n

e−iEntcn|Ψn〉, cn ≡ 〈Ψn|φ〉, (5.3)

where the sum is over all the
(

N
M

)
eigenstates of HXXZ at fixed total mag-

netization, and the complex amplitudes cn represent the overlaps between the
starting state and the exact eigenfunctions. Since we always work with normalized
wavefunctions, the coefficients cn should by definition satisfy the constraint∑

n

|cn|2 = 1. (5.4)

This constraint will constitute an important sum rule, allowing to quantify the
accuracy of our results by assessing how faithfully the resulting wavefunction is
reproduced.

All the complexity of the problem is therefore hidden in two places. First,
wavefunctions |Ψn〉 and their energy En must be known. This is standardly han-
dled by the Bethe Ansatz discussed in chapters 2 and 3. Second, the overlaps cn
must also be known. This is a problem of much greater complexity, which in the
present situation finds its solution in the framework of the Algebraic Bethe Ansatz.

Despite being in possession of these two fundamental building blocks, one major
difficulty remains. Since the Hilbert space is exponentially large in system size N ,
the summation in (5.3) is difficult to handle, and must in practice be truncated
in order to reach sizes sufficiently large to allow the discrimination between finite-
and infinite-size behaviour. We will show in the next section that this truncation
is possible in the situation we consider. In particular, this puts us in position to
study the long-time average of observables according to any prescription desired,

90



Domain wall quench

a common one being

〈O〉 ≡ lim
T→∞

1
T

∫ T

0

dt〈O(t)〉, (5.5)

and to make reliable observations on the relaxation/thermalization of the prepared
state.

The time evolution of this domain wall state has been studied in similar set-
tings, using different techniques. For gapless spin chains this type of quench is
studied in using bosonization [156] and CFT’s [157]. An exact analysis has been
carried out for the XX-chain1 in [158]. The short time regime for the XXZ chain
is studied using tDMRG in [34]. We here offer a complement to these studies,
consisting in results from integrability.

5.3 Spectral analysis

Before delving into the computation of the overlap coefficients, we first study the
spectrum of the XXZ chain to obtain some intuition of what states are expected
to be important. The space of eigenstates of the XXZ chain is spanned by Bethe
wavefunctions, each described by a set of rapidity parameters {λ} obtained as
solution to the Bethe equations. Bethe wavefunctions are generically quite com-
plicated objects, and can contain both unbound and bound magnons. In summary,
solutions of the Bethe ansatz equations can be classified using strings (see chap-
ter 2 for a discussion). An n-string in a set of n complex rapidities sharing the
same real part and invariant under complex conjugation. These strings can be
interpreted as bound states of ‘mass’ n. In the Ising-limit it can be shown that
an n-string corresponds to n adjacent down spins. The dispersion relation for a
string an n-string as a function of its rapidity λnα is

εn(λnα) = − tanh(η)
sinhnη

coshnη − cos 2λnα
(5.6)

with −π/2 < λnα ≤ π/2. The total energy of a Bethe wavefunction is simply the
sum of the single string energies

E =
∑
α,n

εn(λnα) n = 1 . . .M, α = 1 . . .Mn. (5.7)

We can easily obtain the band structure by considering the thermodynamic limit.
For a given string configuration {Mn} one can define: Emax({Mn}) by putting
all λnα to π/2. Similarly one can define Emin({Mn}) by putting all λnα to 0. The
M−string is a special case since it has a vanishing bandwidth in the limit M →∞.
In the Ising limit (η → ∞) the energy of a state made of m different strings is
−m. This corresponds in the Ising language to a state made of m distinct blocks
of down spins and clarifies the bound states interpretation in this limit. In fig. 5.1,
we give the band structure of the dominant classes of excitations as a function of
∆. The number of particles corresponds to the number of strings a state is made
of.

1The XX-chain is the XXZ chain for ∆ = 0 and can be mapped to a problem of free fermions.
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Figure 5.1: Sketch of the energy values covered by the highest three energy bands
of the XXZ model as a function of ∆ compared with the energy of the initial state
E0. Indicated is the number of particles the states in different bands are made of.

Order (1/∆) strings # particles Energy (Ising limit)
0 {M} 1 -1
1 {1,M − 1} 2 -2
2 {12,M − 2} 3 -3
2 {2,M − 2} 2 -2
3 {13,M − 3} 4 -4
3 {1, 2,M − 3} 3 -3
3 {3,M − 3} 2 -2
...

Table 5.1: The hierarchy of states, in order of importance of contributions to the
normalization sum rule (5.4). Each partitioning of M rapidities into strings leads
to an independent excitation class, only the few shown here being of relevance to
the current setup.

From a perturbative analysis, we expect at large anisotropy ∆ a well-defined
hierarchy of states in terms of the importance of their overlap with the domain
wall state. This hierarchy is presented in table 5.1. The most important states
are those consisting of a single M−string. They are followed by successively more
complicated partitionings of the M rapidities into more and more individual bound
or unbound states, each partitioning representing a whole continuum of excitations.
The number of particles in the state is defined here to be the number of elements
in the partitioning. From a perturbative analysis it can be easily shown that for
sufficiently large M the system is insensitive to small changes of M (i.e., of how
distant the domain and anti-domain walls are from each other). This allows us to
perform the calculation with an M slightly below N/2 without loss of generality.
The reason for this choice is that for these values the string hypothesis is better
satisfied (i.e. the deviations (2.72) are sufficiently small) for the majority of string
states.
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5.4 The overlap coefficients

The overlap matrix is derived using the Algebraic Bethe Ansatz which is covered
in chapter 3. We first briefly recall the important results for this section. States,
respectively dual states can be constructed as

|ψ〉 =
M∏
j=1

B(λj)|0〉,

〈ψ| = 〈0|
M∏
j=1

C(λj) (5.8)

with the operators A(λ), B(λ), C(λ), D(λ) satisfying the commutation relations
(3.31a). The norm of a Bethe state in case of strings is given by [92, 93, 94, 95]:

〈ψ|ψ〉 = ϕ(iη)M
∏

j 6=k,λj 6=λk−iη

ϕ(λj − λk + iη)
ϕ(λj − λk)

det Φ(r)({λj}) +O(δ) (5.9)

where Φ(r) is called the reduced Gaudin matrix

Φ(r)
(j,α)(k,β) = δjkδαβ

N d

dλjα
θj(λjα)−

∑
(l,γ) 6=(j,α)

d

dλjα
Θjl(λjα − λlγ)


+ (1− δjkδαβ)

d

dλjα
Θjk(λjα − λkβ). (5.10)

We introduce the notation

ϕ(λ+ iη) =


λ+ i ∆ = 1
sinh(λ+ iη) |∆ = cos(η)| < 1
sin(λ+ iη) |∆ = cosh(η)| > 1.

(5.11)

The element for deriving is the overlap formula is based on Slavnov’s expression
for the scalar product between an eigenstate 〈ψ({λ})| (represented by a set of
rapidities {λ} that satisfy the Bethe equations) and an arbitrary state |ψ({µ})〉
(without restrictions on {µ}) [90]:

〈ψ({λ})|ψ({µ})〉 =
detH({λj}, {µj})∏

j>k ϕ(λj − λk)
∏
j<k ϕ(µj − µk)

(5.12)

with

Hab =
ϕ(iη)

ϕ(λa − µb)ϕ(λa − µb + iη)

(
M∏
l=1

ϕ(λl − ξb + iη)− d(µb)
M∏
l=1

ϕ(λl − µb − iη)

)
.

(5.13)
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5.4.1 General overlap

The initial state can be written in the Algebraic Bethe Ansatz language using the
inverse mapping (3.48):

S−j =
j−1∏
k=1

(A+D)(ξk)B(ξj)
N∏

l=j+1

(A+D)(ξl). (5.14)

Making use of
∏N
j=1(A + D)(ξj) = 1 and (A + D)(ξj)|0〉 = |0〉 we can write the

state as:

|φ〉 =
M∏
j=1

B(ξj)|0〉 (5.15)

which is a normalized state. The overlap between an eigenstate for finite ∆ and the
initial state |φ〉 can be computed using Slavnov’s theorem for the scalar product.
In the case when {µj} = {ξj} the matrix H simplifies:

Hab =
ϕ(iη)

ϕ(λa − ξb)ϕ(λa − ξb + iη)

M∏
l=1

ϕ(λl − ξb + iη). (5.16)

For the XXZ spin chain all inhomogeneity parameters should be set to ξj =
iη/2 ∀ j. The limit should be taken carefully, there are M(M − 1) poles coming
from:

∏
j<k ϕ(ξj− ξk). Since the columns of the matrix H are also M(M −1)-fold

degenerate we can apply l’Hôpital’s rule. First we notice that we can easily extract
factors

∏M
l=1 ϕ(λl − ξb + iη) from the determinant, since applying l’Hôpital’s rule

to those terms does not remove any degeneracies.

〈ψ|φ〉 =
M∏
k=1

M∏
l=1

ϕ(λl − ξk + iη)
det H̃({λj}, {ξj})∏

j>k ϕ(λj − λk)
∏
j<k ϕ(ξj − ξk)

, (5.17)

H̃ab =
ϕ(iη)

ϕ(λa − ξb)ϕ(λa − ξb + iη)
. (5.18)

Note that this determinant of H̃ is the same as that in the partition function of
the 6-vertex model with domain wall boundary conditions [159]. However in this
case both the sets {λj} and {ξj} play the role of boundary conditions and satisfy
no Bethe equations. To be able to apply l’Hôpital we are interested in ∂nξbH̃ab.
First we rewrite H̃ab:

H̃ab =
ϕ′(λa − ξb)
ϕ(λa − ξb)

− ϕ′(λa − ξb + iη)
ϕ(λa − ξb + iη)

. (5.19)

Next, consider

∂ξb

(
ϕ′(λa − ξb)
ϕ(λa − ξb)

)n
= n

(
ϕ′(λa − ξb)
ϕ(λa − ξb)

)n+1

− n
(
ϕ′(λa − ξb)
ϕ(λa − ξb)

)n−1

. (5.20)
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Using this result it is easy to derive for n even

∂nξbH̃ab =
n/2∑
j=0

dnj

{(
ϕ′(λa − ξb)
ϕ(λa − ξb)

)2j+1

−
(
ϕ′(λa − ξb + iη)
ϕ(λa − ξb + iη)

)2j+1
}
, (5.21)

and for n odd we get a similar result. In general the coefficients dnj are complicated
expressions. However it is straightforward to derive that dnn/2 = n! for n even.
Since in this case there is no mixing between the left and right terms in (5.20). It
will turn out that theses coefficients are the only ones we need, since all terms with
coefficient dnj for j < n/2 can be removed using row manipulations while leaving
the determinant invariant. Differentiating the denominator:

∏
j<k ϕ(ξj − ξk) is

much simpler. First we put ξ1 = iη/2. If we now consider ξ2 we get a single zero
in the limit ξ2 = iη/2. We can continue this logic and see that ξj gives rises to
j−1 zero’s, hence we get a factor (j−1)!. We also notice that the factors n! from
the numerator cancel against the factors from the denominator so we are left with

〈ψ|φ〉 =
M∏
l=1

ϕ(λl + iη/2)M
det H̄∏

j>k ϕ(λj − λk)
(5.22)

H̄ab =
(
ϕ′(λa − iη/2)
ϕ(λa − iη/2)

)b
−
(
ϕ′(λa + iη/2)
ϕ(λa + iη/2)

)b
. (5.23)

The matrix H̄ has a similar structure to a Vandermonde determinant. This makes
the matrix ill-conditioned and is therefore not suitable for a numerical evaluation.
However, for a given string structure the determinant can be written in terms of
sums of Vandermonde determinants. In the following sections this is done explicitly
for the most important cases. The normalized overlap is

〈ψ|φ〉√
〈ψ|ψ〉

=
∏M
l=1 ϕ(λl + iη/2)M det H̄√

−1M(M−1)/2ϕ(iη)M
∏
j 6=k ϕ(λj − λk + iη) det Φ

. (5.24)

These expressions hold for all three parameterizations (5.11).

5.4.2 Overlap in case of an M−string

In the case where the solution is an M−string: λα,j = λα + iη(M + 1− 2j)/2 the
determinant of H̄ is exactly a Vandermonde determinant. A Vandermonde matrix
is defined as: Vjk = xk−1

j with all xj distinct. Its determinant is given by

detV =
∏
j<k

(xj − xk). (5.25)

Introducing the notation

aj ≡
ϕ′(λj + iη/2)
ϕ(λj + iη/2)

, j = 1 . . .M + 1, (5.26)
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the determinant of H̄ can be written as an M + 1×M + 1 Vandermonde matrix
determinant:

det H̄ = det

 a2 − a1 . . . aM2 − aM1
...

. . .
...

aM+1 − aM . . . aMM+1 − aMM

 = det

1 a1 . . . aM1
...

...
. . .

...
1 aM+1 . . . aMM+1


=
M+1∏
j<k

(
ϕ′(λMα + iη(M + 2− 2j)/2)
ϕ(λMα + iη(M + 2− 2j)/2)

− ϕ′(λMα + iη(M + 2− 2k)/2)
ϕ(λMα + iη(M + 2− 2k)/2)

)

=
∏M
n=1 ϕ(niη)M+1−n∏M+1

j=1 ϕ(λMα,j + iη/2)M
. (5.27)

The reduced Gaudin determinant for an M-string takes the simple form:

det Φ(r)
M = N

ϕ(iηM)
ϕ(λMα − iMη/2)ϕ(λMα + iMη/2)

. (5.28)

This results in the normalized overlap for an M-string:

〈ψ|φ〉√
〈ψ|ψ〉

=
∏M−1
n=1 ϕ(inη)

ϕ(λα − iηM/2)M

√
ϕ(λα − iηM/2)ϕ(λα + iηM/2)

−1M(M−1)/2N
(5.29)

The absolute value squared of the overlap is

|〈ψ|φ〉|2

〈ψ|ψ〉
=

∏M−1
n=1 |ϕ(inη)|2

N(ϕ(λα − iηM/2)ϕ(λα + iηM/2))M−1
. (5.30)

5.4.3 Overlap for two (m, m̄)-strings

We consider states constructed from two strings with lengths m and m̄ such that
m + m̄ = M , and m ≤ m̄: λmj = λm + iη(m + 1 − 2j)/2 and λm̄k = λm̄ + iη(m̄ +
1− 2k)/2. Some convenient notations are:

aj ≡
ϕ′(λmj + iη/2)
ϕ(λmj + iη/2)

j = 1 . . .m+ 1 (5.31)

bj ≡
ϕ′(λm̄j + iη/2)
ϕ(λm̄j + iη/2)

j = 1 . . . m̄+ 1. (5.32)

Now the overlap matrix takes the form:

det



a2 − a1 . . . aM2 − aM1
...

. . .
...

am+1 − am . . . aMm+1 − aMm
b2 − b1 . . . bM2 − bM1

...
. . .

...
bm̄+1 − bm̄ . . . bMm̄+1 − bMm̄


= det



1 1 a1 . . . aM1
...

...
...

. . .
...

1 1 am+1 . . . aMm+1

0 1 b1 . . . bM1
...

...
...

. . .
...

0 1 bm̄+1 . . . bMm̄+1


(5.33)
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Expanding this determinant in the first column results in a sum over m+ 1 Van-
dermonde determinants. After factoring out common factors we obtain:

det H̄ =
m+1∑
j=1

m+1∏
k 6=j

m̄+1∏
l=1

(ak − bl)
m+1∏
p < q
p, q 6= j

(ap − aq)

 m̄+1∏
r<s

(br − bs). (5.34)

5.4.4 Overlap for a general string solution

Consider a state constructed of n strings with lengths: l1 ≤ l2 . . . ≤ ln. Introducing
the notation

aαj ≡
ϕ′(λlαα,j + iη/2)

ϕ(λlαα,j + iη/2)
j = 1 . . . lα + 1 α = 1 . . . n, (5.35)

the overlaps can be written as a sum over Vandermonde determinants:

det H̄ =
l1+1∑
j1=1

. . .

ln−1+1∑
jn−1=1

 n∏
α<β

lα+1∏
j 6=jα

lβ+1∏
k 6=jβ

(aαj − a
β
k)

n∏
γ=1

lγ+1∏
j<k j,k 6=jγ

(aγj − a
γ
k)

 . (5.36)

5.4.5 Connection with the emptiness formation probability

It is worth to mention that the overlap coefficients are special a case of the
emptiness formation probability. For a state |Ψ〉 the emptiness formation prob-
ability τ(m) is the probability to detect a contiguous block of m down-spins
τ(m) = 〈Ψ|

∏m
j=1

(
1/2− Szj

)
|Ψ〉. If we now consider the special case wherem = M

equals to number of down-spins, this is precisely |〈Ψ|φ〉|2

τ(M) = 〈Ψ|
M∏
j=1

(
1/2− Szj

)
|Ψ〉

=
∑
{jn}

〈Ψ|
M∏
j=1

(
1/2− Szj

)
|{jn}〉〈{jn}|Ψ〉

= 〈Ψ|
M∏
j=1

(
1/2− Szj

)
|φ〉〈φ|Ψ〉 = |〈Ψ|φ〉|2. (5.37)

In the first step we inserted a resolution of the identity in terms |{jn}〉 which are
states with down-spins at positions {jn}. Since this sum can be restricted to states
with only M down-spins it is clear that the only state that is projected out by∏M
j (1/2− Szj ) is |φ〉.

5.4.6 Results

The right panel of the same figure shows the normalization sum rule saturation
coming from these excitations. For sufficiently large values of anisotropy, the sat-
uration is essentially complete using these states only. Approaching the gapless
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regime however requires increasingly large numbers of classes of excitations, since
all overlaps scale to zero as can be expected from Anderson’s orthogonality catas-
trophe scenario [160]. A further issue with the gapless limit ∆ → 1 is that in its
vicinity, solutions to Bethe equations involving complex rapidities become more
and more difficult to find, and often require considering deviated strings in detail
[83]. We will not burden ourselves with these issues here, and only consider systems
sufficiently deep in the gapped regime where such deviations are negligible.
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Figure 5.2: Normalization sum rule saturation coming from summing over all
states of each basic excitation family, as a function of ∆. As the gapless regime is
approached, all overlaps scale to zero.

5.5 Work probability distribution

One of the most straightforward measurable quantities which can be obtained from
the knowledge of the overlaps cn is the work probability distribution [161] defined
as:

P (W ) =
∑
n

|〈φ|Ψn〉|2δ(W − En + E0). (5.38)

The work expectation value can easily be computed analytically: 〈W 〉 = 〈φ|HXXZ−
H0|φ〉 = 0 and 〈W 2〉 = 1

2∆2 . 〈W 〉 can thus be considered intensive here, which
for a generic quantum quench is not the case. In figure 5.3 we plot P (W ) for two
different values of ∆. The calculations are done for a finite system size (N = 250,
M = 100), therefore the results are binned in energy (using bins larger than the
interlevel spacing) in order to generate smooth curves. The contribution of the
M -strings is a narrow peak with a vanishing bandwidth in the thermodynamic
limit, see section 5.3. The 1,M − 1 states have two van Hove singularities2 [162]
at the end edge of the energy band, resulting in two sharp peaks in the work prob-
ability distribution. We will verify this by computing exactly the density of states
in the thermodynamic limit (section 5.7.1). Other states made up of two strings
lie within the energy band of the 1,M − 1-strings and display a similar structure.

2A van Hove is singularity is a divergence in the density of states as a result of a flat dispersion
relation: ∂λε(λ) = 0.
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Figure 5.3: Work probability distribution for N = 250 and M = 100 and
anisotropies ∆ = 1.5 (left) and 3 (right). Indicated are the contributions from
the important string states. The vertical scale of the full peak of the M−string is
cut in the plot for clarity.

Since the energies are intensive in this energy domain it is expected that the results
for P (W ) we obtain closely mimics the one in the thermodynamic limit. This is
motivated by considering the difference in P (W ) for two different system sizes, see
figure 5.4, showing the fact that finite-size effects rapidly disappear.
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Figure 5.4: For ∆ = 1.5 we plot the difference of P (W ) obtained from different
system sizes. Left: the difference between N = 200 and N = 150. Right: the
difference between N = 250 and N = 200. The differences fall off with increas-
ing system size, and for the sizes presented are smaller by about two orders of
magnitude than the value of P (W ) obtained (see figure 5.3).

5.6 Relaxation dynamics: Loschmidt echo

We now turn to the question of whether the system effectively displays some form
of relaxation. Of course here, since we consider a single realization and not an
ensemble in the presence of a bath, relaxation can only come from the relative
dephasing of the various terms in the right-hand side of (5.3).

It is not a priori easy to guess the outcome of the time evolution, since the
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states occupy coherent modes followed by overlapping continua, and each state
contributes according to its relative overlap. Moreover, this outcome can essen-
tially depend on which observable is considered, via the form factor values of the
operator concerned, each operator favouring specific sets of state combinations.
As a concrete example, we will focus on studying the Loschmidt echo [163, 161]
which is the overlap between the inital state and the time evolved state,

L(t) =
∣∣〈φ|eiH0te−iHt|φ〉

∣∣2
=
∑
m,n

ei(Em−En)t|〈φ|Ψn〉|2|〈φ|Ψm〉|2

=
∣∣∣∣∫ P (W )eiWtdW

∣∣∣∣2 . (5.39)

This will allow us to quantify if the system dephases, if so how quickly and to
what point, and whether initial state (partial) revival can take place. Plots of
the Loschmidt echo for short and long times are presented in figure 5.5. We can
separate different regimes in the time dependence. First and foremost, the small
time, transient regime plotted in the left panel can be easily understood using
simple perturbation theory, which predicts an initial decay quadratic in time with
an anisotropy-dependent coefficient:

L(t) = 1 + (〈H〉2 − 〈H2〉)t2 +O(t4)

= 1− 1
2∆2

t2 +O(t4). (5.40)

More complex behaviour becomes evident when considering longer times, as in
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Figure 5.5: Loschmidt echo as a function of time for the domain wall quench for
∆ = 1.5 and N = 200, M = 80. In the left panel, the short time behaviour is
shown. The dashed line is the result from perturbation theory. At large times,
plotted in the right panel, one can distinguish effective relaxation towards the
long-time average, but also finite-size induced small-scale revivals after a certain
point (see main text). Note the change of scale in the horizontal axis in going from
one figure to the other.

the right panel of figure 5.5. One point worth emphasizing is that our method,
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unlike e.g. real-time numerics, is (in view of the exact wavefunctions and energies
we use) directly applicable irrespective of the time t considered, and thus valid
also at large times. There however, finite-size effects show up, originating from
the discrete nature of the energy levels. Numerical inaccuracies also prevent us
from giving numerical values at arbitrarily large times. Returning to the figure,
a number of interesting features are displayed. First, interferences between the
various terms lead to oscillations around the long-time average

L =
∑
m,n

δ(Em − En)|〈φ|Ψn〉|2|〈φ|Ψm〉|2. (5.41)

These oscillations are accompanied by a decaying envelope which can be inter-
preted as effective relaxation. This behaviour carries on until a new regime is
entered, where finite-size effects take over and lead to accidental partial revivals
where the Loschmidt echo shows rapid, larger-scale variations. More generally,
the echo looks chaotic after the onset of these revivals, and the numerical cal-
culations lose their meaningfulness. The revival time is observed to grow with
system size, first approximately linearly with system size, but more generally in
an unspecifiable and nontrivial fashion.

5.7 Thermodynamic limit

The Bethe-Gaudin-Takahashi equations for the M−strings reduce to the simple
equation:

θM (λMα ) =
2π
N
IMα . (5.42)

For evenM and ∆ > 1 theN possible quantum numbers IMα are {−(N−1)/2,−(N−
3)/2, . . . , (N−1)/2}, which follows from (2.92). In the thermodynamic limit, we
can define a density function ρ(λ) for an M-string solution centered around λ:

ρM (λ) =
N

2π
d

dλ
θM (λ) =

N

2π
−iϕ(iηM)

ϕ(λM − iηM/2)ϕ(λM + iηM/2)
(5.43)

such that
∫ π/2
−π/2 ρM (λ)dλ = N . This function ρM (λ) should be interpreted as the

number of solutions there are with a rapidity in the domain λ, λ + dλ. The total
contribution of all N M−string solutions is:

lim
N→∞

N∑
l=1

|〈ψMl |φ〉|2

〈ψMl |ψMl 〉
=
∫ π/2

−π/2

∏M−1
n=1 |ϕ(inη)|2

N(ϕ(λ− iηM/2)ϕ(λ+ iηM/2))M−1
ρM (λ)dλ

=
−iϕ(iηM)

∏M−1
n=1 |ϕ(inη)|2

2ϕ′(iMη/2)2M 2F1(
1
2
,M, 1, ϕ′(iηM/2)−2)

(5.44)

where 2F1(a, b, c, z) is the hypergeometric function:

2F1(a, b, c, z) =
∞∑
n=0

(a)n(b)n
(c)n

zn

n!
(x)n = x(x+ 1)(x+ 2) . . . (x+n− 1). (5.45)
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5.7 Thermodynamic limit

In the limit when both M and N are sent to infinity a simpler expression can be
obtained:

lim
M,N→∞

N∑
l=1

|〈ψMl |φ〉|2

〈ψMl |ψMl 〉
= lim
M→∞

∫ π/2

−π/2

∏M−1
n=1 |ϕ(inη)|2

(ϕ(iηM)/2)M−1

−iϕ(iηM)
πϕ′(iηM)

dλ+O

(
1

ϕ′(iηM)

)

= lim
M→∞

M−1∏
n=1

|ϕ(inη)|2

ϕ′(iηM)/2
+O

(
1

ϕ′(iηM)

)

=
∞∏
n=1

(
1− e−2nη

)2
. (5.46)

Thermodynamic limit: XXX

The isotropic limit ∆ → 1 should be taken with care, since some M-string solu-
tions correspond to different string configurations. For the XXX case we have the
following restriction for the quantum number of an M-string: |IM | ≤ (N −M)/2.
From the Bethe-Gaudin-Takahashi equation:

θM (λM ) = 2πIM/N (5.47)

we see that in the limit N →∞ and finite M allowed values for λ go from minus
to plus infinity. In this limit we can derive the weight function:

ρM (λ) =
N

2π
d

dλ
θM (λ) =

N

2π
M

(λM − iM/2)(λM + iM/2)
, (5.48)

so the contribution of the M -string for finite M becomes:

lim
N→∞

N−2M∑
l=1

|〈ψMl |φ〉|2

〈ψMl |ψMl 〉
=
∫ ∞
−∞

dλ
(M − 1)!2

N((λ− iM/2)(λ+ iM/2))M−1
ρM (λ)

=
(2M − 2)!
M2M−2

. (5.49)

Overlap for several strings

The analysis given for the M -string contributions in the thermodynamic limit can
be generalized to several strings. In case of a finite number of strings and in the
limit N → ∞ the scattering between strings becomes negligible and the Bethe-
Takahashi equations decouple

θn(λnα) =
2π
N
INα +O(1/N). (5.50)

Note that, although the density of strings vanishes, the density of down spins
can still be finite. For simplicity, we consider the case with two strings of length
m and m̄ = M − m with rapidities λ and λ̄. Analogous to the case of a single
M−string, we can introduce a density function ρm,m̄(λ, λ̄), which factorizes in the
limit N →∞

ρm,m̄(λ, λ̄) = ρm(λ)ρm̄(λ̄) + vanishing corrections, (5.51)
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with ρm(λ) defined in (5.43). For the overlap coefficients we have to study equa-
tions (5.34) and (5.24) in the limit N →∞. The only explicit factors of N appear
in the Gaudin determinant (5.10) for the norm, which in this limit simply takes
the form

det(Φ(r)
m,m̄) =

(
N
dθm(λ)
dλ

)(
N
dθm̄(λ̄)
dλ̄

)
+O(N). (5.52)

Furthermore, one can show that all remaining factors of the overlap coefficients
remain of order one in the limit N →∞, both for finite M and infinite M . From
this we conclude

|〈ψ1,M−1|φ〉|2 = O(1/N2). (5.53)

The same logic can be applied to show that for a state made of m strings the
corresponding overlaps are of order |〈ψ{m}|φ〉|2 = O(1/Nm).

5.7.1 van Hove singularities

To address the van Hove singularities observed in the work probability spectrum,
we need to derive the density of states. In the thermodynamic limit the density of
states for an n-string in rapidity space is simply ρn(λ). Using (5.6), the density of
states as a function of energy is

ρ̃(εn) = 2ρn(λ)
(
dεn(λ)
dλ

)−1

(5.54)

=
1
π

sinh(nη)√
ε2n − (εn cosh(nη) + sinh(nη) tanh(η))2

, (5.55)

defined on the interval ε(−)
n ≤ εn < ε

(+)
n with ε(±)

n = − tanh(η) (tanh(nη/2))±. The
factor 2 in the top line comes from the fact that ε(λ) is symmetric in λ. At the
edge of the energy bands (ε(±)

n ) the dispersion relation εn(λ) is flat, resulting in a
divergence of ρ̃(εn). One can easily verify that these are square-root divergences
by expanding of ρ̃(εn) up to leading order in δ

(±)
n ≡ ±(ε(±)

n − ε)

ρ̃(δ(±)
n ) =

√
sinhnη

π

√
2 tanh η δ(±)

n

+O(
√
δ

(±)
n ). (5.56)

5.7.2 Loschmidt echo

We now have all the ingredients to formally write the long-time average of the
Loschmidt echo (5.41) in the thermodynamic limit as

L =
(∫

dλρM (λ)|〈φ|ΨM (λ)〉|2
)2

+
∫
dλρ1(λ)

(∫
dλ̄ρM−1(λ̄)|〈φ|Ψ1,M−1(λ, λ̄)〉|2

)2

+ . . . . (5.57)

If we count the factors of N in the density ρ(λ) and the overlaps |〈φ|Ψ〉|2, we
observe that the first term is of O(1), while the second and higher terms are of
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∆ L∞ L200

1.5 0.481212 0.481402
2 0.725941 0.726285
3 0.884184 0.884241
4 0.936021 0.936077

Table 5.2: The long-time averge L in the thermodynamic limit compared with
long time average for a finite size system (N = 200 and M = 80).

order O(1/N). Therefore, only the M -strings contribute to the long-time average
of the Loschmidt echo in the thermodynamic limit. In (5.46) we derived:∫

dλρM (λ)|〈φ|ΨM (λ)〉|2 =
∞∏
n=1

(
1− e−2nη

)2
, ∆ > 1, (5.58)

in which we have used the definition cosh η ≡ ∆. Therefore, the Loschmidt echo
is simply

L =
∞∏
n=1

(
1− e−2nη

)4
, ∆ > 1. (5.59)

This result can be interpreted as the overlap between the initial state and the
asymptotic state. The non-zero overlap indicates that the asymptotic state keeps
most of the spatial anisotropy from the initial state. We conclude that the system
cannot be described by a statistical ensemble (e.g. the generalized Gibbs ensemble)
constructed of only macroscopic quantities. To gain some insight in how fast the
thermodynamic limit is approached, we compare the result for L. In table 5.2 we
compare this result for L with the one for a finite system with N = 200. The finite
time average is over intervals before the finite size effects show up. The finite size
result L200 exceeds the thermodynamic limit value L∞ by a small value, which
can be attributed to the transient regime, which can be neglected in the infinite
time average.

5.7.3 Expectation values

When considering expectation values, it is useful to introduce a new set of eigen-
states |Ψ̃〉, by taking a superposition of states with equal energies and equal string
lengths, weighted by the corresponding overlaps. For the M -string and 1,M−1
string states these are, respectively,

|Ψ̃M 〉 ≡
∫
dλρM (λ)〈ΨM (λ)|φ〉 |ΨM (λ)〉 (5.60)

and

|Ψ̃1,M−1(λ)〉 ≡
∫
dλ̄ρM−1(λ̄)〈Ψ1,M−1(λ, λ̄)|φ〉 |Ψ1,M−1(λ, λ̄)〉. (5.61)
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As a result, these states are not translationally invariant. In this basis we can
express the long-time average of a local observable O efficiently as

〈O〉 = 〈Ψ̃M |O|Ψ̃M 〉+
∫
dλρ1(λ)〈Ψ̃1,M−1(λ)|O|Ψ̃1,M−1(λ)〉+ . . . (5.62)

Counting the powers of N shows that all terms are of the same order and therefore
all states with non-negligible overlaps are expected to contribute to the long-time
average of local observables O.

In the thermodynamic limit all local expectation values on the state |Ψ̃M 〉
can be easily obtained. We first study the ground states of the ferromagnetic XXZ
chain in the thermodynamic limit. It was shown [164] that the complete set are the
fully polarized states and the so-called kink- and anti-kink ground states. A kink-
ground state is a state that interpolates between spin-up and spin-down on opposite
ends of the chain; the position of the kink determines the total magnetization. It
has been proven that all these ground states are frustration free, i.e. not only
the total energy is minimal but also the energy of the local Hamiltonian; which
allows for analytic expressions of all local observables [165, 166]. The state |Ψ̃M 〉
which has both a kink and an anti-kink can be thought of the product of a kink
and anti-kink ground state of the ferromagnetic XXZ chain. We can confirm
this by comparing the energy and the overlap with the initial state |φ〉 in both
cases. Furthermore, we can also check that both states have the same spectral
gap. Therefore, for the computation of local observables on the state |Ψ̃M 〉 near
the kink we can use the results of [165, 166]. For example the magnetization
〈Ψ̃M |Szj |Ψ̃M 〉 is given by

〈Ψ̃M |Szj |Ψ̃M 〉
〈Ψ̃M |Ψ̃M 〉

=
1
2
−
∞∑
k=0

(−1)ke−ηk
2
e−ηk(2j+1), (5.63)

see for a plot fig. 5.6. It is clear from (5.63) that the magnetization profile
becomes flat in the limit ∆→ 1. The methods presented in [165, 166] do not allow
for an easy generalization to compute expectation values for excited states. The
computation of the long time average 〈Szj 〉 remains therefore an open question,
but one can expect it to be very similar to fig. 5.6.

5.8 Discussion and Conclusions

In this chapter we studied the relaxation dynamics of the gapped XXZ chain
after a quench from an initial domain wall state. The techniques that were used
are based on the Algebraic Bethe Ansatz for a finite chain. Some of the results
were extended to the thermodynamic limit. The key ingredient for studying this
quench was deriving a numerically efficient expression for the overlap between the
initial state and eigenstates of the XXZ Hamiltonian. Overlaps for different Ising
states as initial state could be computed following the same logic, however in the
general case of a finite density of domain walls this will become an intractable
combinatorial problem.

Since the energies of the relevant part of the spectrum are intensive, a good
comparison with the thermodynamic limit is possible. One important result is
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Figure 5.6: Magnetization profile of the M -string contribution: 〈Ψ̃M |Szj |Ψ̃M 〉 with
the kink centered at j = −1/2.

that the bandwidth of the M−strings is nonzero for finite systems allowing the
long time average of the Loschmidt echo going to zero, something that does not
happen in the thermodynamic limit. Hence we conclude that the limits limT→∞
and limN→∞ do not commute.

In the thermodynamic limit we derived the infinite time average of the Loschmidt
echo, which is non-zero when the system is gapped. This led us to the most im-
portant conclusion of this chapter, namely that the system for this quench will not
thermalize, i.e. the long time average of observables cannot be predicted by one
of the canonical ensembles. Moreover, the generalized Gibbs ensemble also fails,
because the only input is macroscopic data (i.e. expectation values of local con-
served charges) and can therefore not predict the observed spatial inhomogeneity.
A way to cure this, is to include for instance the expectation value of the local
magnetization, but since this is a time-dependent quantity this approach does not
give any advantage.

The reason why the system does retain most of its spatial inhomogeneity can
be explained from its spectrum, and does not directly rely on the fact that the
system is integrable. Imagine for instance a gapped system with lowest (or highest)
band having zero bandwidth in the thermodynamic limit, such as a system with
macroscopically-degenerate ground states. Consider a quench such that 〈W 〉 lies
right between the lowest (or highest) energy band and the next one. A lower
bound for the overlap |〈φ|Ψ0〉|2 of the lowest band can then be obtained by simple
reasoning. Let E0 be the energy of the lowest energy band of zero bandwidth. We
denote the band gap by E1−E0. The expectation value of the initial Hamiltonian
is 〈H0〉 = E0 + ∆E. We then choose 0 < ∆E < E1 − E0. In this case we can
obtain a lower bound for the total overlap of the E0 states.

E0 + ∆E =
∑
n

|〈φ|Ψn〉|2En

≥ |〈φ|Ψ0〉|2E0 + (1− |〈φ|Ψ0〉|2)E1, (5.64)
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from which follows the lower bound

|〈φ|Ψ0〉|2 ≥ 1− ∆E
E1 − E0

. (5.65)

In other words, such a quench must occupy the lowest (resp. highest) dispersionless
band with O(1) amplitude. Since these states are dispersionless and separated from
other states by a band gap, they cannot dephase, and therefore cannot effectively
relax. The large-time asymptotic state will therefore always maintain memory of
the ground state occupation amplitude of this band, which is a quench-dependent
quantity. Note that such situations trivially cannot show eigenstate thermalization
according to the arguments of [12, 13], in which such circumstances were argued
to be non-generic and therefore not treated.

The condition used for deriving this lower bound is quite strong. In figure 5.2
one can see that for 1 < ∆ < 1.5 that 〈W 〉 does not lie in the gap anymore, but
the overlaps of the M−string are still substantially big. One can also question
whether the condition of an isolated peak is essential. From the work probability
distribution it is clear that the contributions of states made up of different strings
can be distinguished. Simply looking at energy levels is therefore insufficient to
assess the presence or absence of relaxation, and one must also take into account
the values of the wavefunction overlaps. If we consider for example n strings with
a diverging length in the thermodynamic limit, they all will become coherent.
Although they are embedded in a continuum, we can reasonably expect a non-
zero height peak of zero width in P (W ), which again will prevent thermalization.

In the case of evolution under a gapless Hamiltonian, our method loses its effi-
ciency, since all overlaps scale to zero and the number of states to take into account
grows accordingly, preventing an efficient truncation of the sum in 5.3. The absence
of a gap thus opens the door to dephasing involving arbitrarily complex excitation
continua, in correspondence with Anderson’s orthogonality catastrophe principle.
Therefore L = 0 in this case, and the possibility of thermalization remains, al-
though it cannot be quantified here. The presence of a gap is thus determinative
to the large time asymptotics of dynamics after the quench release of the domain
wall state, but is not very sensitive to system size for large enough systems. In the
gapless phase only approximate results are known. Using bosonization approach
in was shown [156] that the magnetization profile becomes flat, this seems in agree-
ment with our findings. A more surprising results is that in [156] the two-point
functions retain an inhomogeneous structure. Therefore, also in the gapless regime
the generalized Gibbs ensemble seems inapplicable.

To summarize, we considered a quench starting from a domain wall state under
the time evolution of the gapped XXZ chain. We observed that the large time
behavior cannot be described by a statistical ensemble. This can be understood
by the fact that the spectrum is gapped, and does not directly rely on the fact that
the system is integrable. Furthermore, we were able to assess finite size effects by
considering both results for the finite and infinite systems. General conclusions
for the large time behavior of the XXZ model after a quench cannot however be
drawn from the results presented here. For instance, the two quasi-degenerate
ground states of the XXZ chain we are dealing with are separated from all other
states by the gap, so one might expect a similar effect if one would perform a
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quench starting from the Néel state. However, the low energies are extensive in
contrast with the high energy excitations which are intensive. The effect of the
gap is much less pronounced and one might at least expect that the staggered
magnetization will vanish for all ∆ > 1, in correspondence with the results of [36].
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Chapter 6

Interaction quench in the
Lieb-Liniger model

In this chapter we consider the non-equilibrium dynamics of the interacting Lieb-
Liniger gas after instantaneously switching the interactions off, a so-called inter-
action quench. The subsequent time evolution of the space- and time-dependent
correlation functions is computed exactly. In section 6.1 we describe the setup
and explain the methods to compute correlation functions after the quench. This
is followed by section 6.2 where we give the results for the time evolution of the
non-local pair correlation and the auto-correlation. We also introduce a new type
of correlation function that is a measure for the correlation between the pre- and
post-quench states, which we will call quench-straddling correlations. In section
6.3 we compare the long-time average of the correlation functions with the predic-
tions of various statistical ensembles. The results of this chapter are published in
[54].

6.1 Setup and Method

The model we discuss in this chapter is the one-dimensional Bose gas which is
described by the Lieb-Liniger Hamiltonian [56] (see also chapter 2 and 3),

H(c) =
∫ L

0

dx
{
∂xΨ†(x)∂xΨ(x) + cΨ†(x)Ψ†(x)Ψ(x)Ψ(x)

}
(6.1)

with L the length of the system and c the interaction strength. For simplicity we
will work with periodic boundary conditions. We will only consider the repulsive
case c > 0. Two limiting regimes of the Lieb-Liniger model are: noninteracting
Bosons (c = 0), and the so-called Tonks-Girardeau regime (c =∞) [70] where the
bosons effectively behave as free fermions. In order to study the non-equilibrium
dynamics, we quantum quench the system (see section 1.4). We do this by first
preparing the system in the ground state for c > 0 and then instantaneously
turning off the interactions: H(c) → H(0) at t0 = 0. For short times one can
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think of this as a simulation of experiments releasing an ultracold Bose gas from
tight transverse confinement [167, 168].

The equal-time 2-point function 〈Ψ†(x)Ψ(0)〉 will not evolve in time for this
specific quench. The Fourier-transform of this 2-point function consists of com-
puting 〈Ψ†kΨq〉. Since the states before and after the quench are translationally
invariant, one only needs to compute the diagonal components (q = k). However,
when c = 0, the momentum occupation operators Ψ†kΨk are constants of motion,
hence the 2-point function will not be affected by this quench. For higher-point
correlations or dynamical ones this will not be the case. As an illustration we will
consider the measurable non-local pair correlation

g2(x) =
〈Ψ†(x)Ψ†(0)Ψ(x)Ψ(0)〉

〈Ψ†(0)Ψ(0)〉2
. (6.2)

The non-local pair correlation for finite size systems has been computed in [169]
using the algebraic Bethe anstaz (see chapter 3). The case of finite temperature
was studied in [170] using perturbative techniques. Without loss of generality, we
will fix in the following the density at unity 〈Ψ†(0)Ψ(0)〉 = N/L = 1.

In order to study the time evolution after the interactions are turned off,
it is useful to write the final Hamiltonian as H(0) =

∑
k ωkΨ†kΨk with disper-

sion relation ωk = k2. The time evolution of the field operators readily follows:
eiH(0)tΨ†ke

−iH(0)t = Ψ†ke
ik2t. So instead of acting with the time evolution opera-

tor on the initial state, we can act with it on the operators. The upshot of this is
that we can avoid decomposing the initial state in terms of eigenstates of the final
Hamiltonian. Since the spectrum is gapless, this decomposition involves a number
of states that grows exponentially with the total number of particles. In chapter 5
the system was gapped and for that reason we could do the decomposition. Using
the Fourier-transform of the field operators Ψ†(x) = 1√

L

∑
k e

ikxΨ†k, the Heisen-
berg picture allows us to express the time evolution of the dynamical correlation
function after the quench as

g2(x, t1, t2) = 〈φ|Ψ†(x, t2)Ψ†(0, t1)Ψ(x, t2)Ψ(0, t1)|φ〉

=
1
L2

∑
k1,k2,k3

eif(x,t2,t1,{ki})〈φ|Ψ†k1
Ψ†k2

Ψk3Ψk1+k2−k3 |φ〉 (6.3)

f(x, t2, t1; {ki}) = k13(x−2k23t1+(k1+k3)(t2−t1)), (6.4)

where kij = ki−kj and we used k1+k2 =k3+k4 because of translational invariance.
The initial state |φ〉 is the ground state of the fully interacting Lieb-Liniger model
(c > 0). The quench takes place at t0 = 0 and we evaluate the correlation function
at times 0 ≤ t1 ≤ t2. In order to study the time evolution, we need to compute
a four-point function of field operators Ψ†k. This four-point function of the initial
state |φ〉 can be computed in the framework of the algebraic Bethe ansatz (see
chapter 3) by generalizing the methods of [100] for the computation of two-point
functions. We will briefly discuss how the computations are done without going
in too much detail. First, we express the correlation function in terms of matrix
elements. By inserting a resolution of the identity operator between every pair of
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adjacent field operators, one can write the four-point function in (6.3) as∑
n1,n2,n3

〈φ|Ψ†k1
|n1〉〈n1|Ψ†k2

|n2〉〈n2|Ψk3
|n3〉〈n3|Ψk1+k2−k3

|φ〉 (6.5)

in terms of the matrix elements 〈n|Ψ†k|m〉 of the field operator. Here |φ〉 is the
initial state for N particles. The states |n1〉, |n2〉 and |n3〉 are intermediate states
with N−1, N−2 and N−1 particles respectively. In order to compute the matrix
element 〈n|Ψ†k|m〉, one first solves the Bethe equations for the states |n〉 and |m〉,
which results in a set of rapidities for both states. The matrix elements can then
be evaluated by computing the determinant of a matrix whose entries are rational
functions of the rapidities of the two eigenstates involved. The explicit expression
for the matrix element can be found in [99] as a sum of determinants and in [100]
(see eq. 41) in terms of a single determinant. What remains to be performed are the
actual summations over n1, n2 and n3. Starting from the initial state |φ〉, the Fock
space of intermediate states |n1〉 is scanned by navigating through choices of sets
of quantum numbers. For each individual intermediate state, the Bethe equations
are solved and the matrix element is computed. The search for important states is
done via the ABACUS method [41], and is close to optimal. In order to verify the
accuracy of our results, we keep track of the sum-rule

∑
n1
|〈φ|Ψ†k|n1〉|2 = N/L.

The sum over n1 is truncated after a desired precision is achieved. Next, for every
state |n1〉, we repeat the process by performing a summation over n2, for which
we can also compute a sum-rule. We do not need to perform the summation over
n3 explicitly because we can use the hermitian conjugate of the matrix element
〈φ|Ψ†k1

Ψ†k2
|n2〉, thereby constructing the full four-point function. For a system

of N = 20 particles and large interaction c = 1000, which is the most difficult
case, a number of intermediate states |n2〉 of the order of 108 are needed in order
to saturate the sum-rule at 99.6%. Once the four-point function is obtained,
dynamical correlation functions (6.3) can be computed straightforwardly.

6.2 Results

In this section, we study the dynamical correlation function g2(x, t1, t2) (6.3) after
the quench, for all times. We present the results for a system of size L = N = 20
starting from the ground state for various c > 0. For clarity, we specialize to the
cases of the non-local pair correlation g2(x, t) = g2(x, t, t) and the auto-correlation
g2(t1, t2) = g2(0, t1, t2). We conclude this section by considering what we will call
the quench-straddling correlations.

6.2.1 Non-local pair correlation

Short Times

First, we consider the non-local pair correlation. We plot g2(x, t) for various times
t after the quench as a function of x in fig. 6.1. For clarity, we also plot how
g2(x, t) for various fixed values of x, develops in time in fig. 6.2. We display here
only the results for c = 1000 because for smaller c the behavior is roughly the same
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but less pronounced. In equilibrium (t = 0) we see that g2(x) vanishes for small x,
as a result of destructive interference due to the fermionic character of the Tonks-
Girardeau gas (this is also called anti-bunching). For large x, correlations decay,
no destructive interference takes place and g2(x) → 1. If we now focus on the
behavior for x = 0 we see that because of loss of coherence the correlation builds
up. Eventually, for large times there will be constructive interference ( g2(x) > 1),
which is called bunching, and is typical for free bosons (see fig. 6.2). For small x
and small t we also expect that correlations will grow because of loss of coherence,
however we have to take into account that

∫ L
0
g2(x, t)dx = 1− 1/N is a conserved

quantity which results in non-monotonic behavior for x > 0 at small times as can
be clearly seen in fig. 6.2.
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Figure 6.1: g2(x, t) as a function of t for various x. N,L = 20 and c = 1000.

In order to study how the correlations propagate through the system, we plot
|g2(x, t)− g2(x, 0)| in fig. 6.3. There is no light-cone effect because of the absence
of a maximal velocity. As reference we have plotted x = vgt (dashed line) where
the group velocity is computed as vg = 2

∑
k |k|〈Ψ

†
kΨk〉. We see that the dominant

changes take place after t ∼ x/vg.

Finite size effects

From a finite size study we can conclude that the behavior for short times, discussed
in the previous section, is independent of the system size. If we now turn to large
times, finite size effects become more and more pronounced. Because of the simple
dispersion relation ω(kn) = (2πn/L)2, exact revival occurs at trev = L2/(4π).
Partial revivals of decreasing strengths also occur at higher harmonics of the revival
time: trev/2, trev/3, trev/4, . . .. Due to the revival, g2(0, t) gets suppressed for large
times, as can be seen in fig. 6.4. In the thermodynamic limit, there will be no
suppression and one can easily show that g2(0) = 2 for free bosons in equilibrium.
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Figure 6.2: g2(x, t) as function of x (solid lines) for various times together with
asymptotic predictions (dashed lines), for N,L = 20 and c = 1000.

Figure 6.3: |g2(x, t) − g2(x, 0)|, together with x = vgt (dashed line) for c = 1000
and N,L = 20.
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Figure 6.4: Complete and partial revival of g2(x = 0, t) compared with the fits for
a system of finite size and infinite size, while keeping the density fixed (N/L = 1).

Asymptotic behavior

In order to understand the intermediate time behavior, which is after the non-
monotonic behavior and before finite size effects start to dominate, we fit the
results for small x with the following test function

g2(x, t; c) = a(x; c)− b(x; c)
|trev sin(πt/trev)|α(c)

. (6.6)

We motivate this function as follows. The first part a(x; c) is the stationary part.
For the time-dependent part we expect algebraic decay, since the initial state is
quantum critical. The exact revival, due to the finite size, is taken into account by
means of the sine-function. The fits for small x and t are compared with the exact
result in fig. 6.2. The data suggests that a(x, c) is a decreasing function of x which
agrees with the result for the long time average which we will discuss in section
6.3. We find that α(c) is a decreasing function of c and α ∼ 1/2 for c = 1000.
However, since we have only a limited range where we can fit the data and α is
small, no firm predictions can be made. After comparing fits for various system
sizes, our data seem to be consistent with the dependence on L entering only via
trev. This agrees with the intuition that for small x and small times t after the
quench finite size effects are irrelevant. Assuming this is indeed the case, one can
from the finite size data make predictions for the thermodynamic limit by sending
trev → ∞ in (6.6) while keeping the other parameters fixed. The stationary part
a(x; c) would then be the large time limit in the thermodynamic limit, since the
time-dependent part now vanishes for large t, which is not the case for finite size
systems. For free bosons in equilibrium one can easily show that g2(0) = 2, which
is compatible with what we find from the fitting data: a(0, c) ∼ 2. In fig. 6.4 we
compare the exact results for g2(0, t) with the fit (6.6) both for finite size and our
predictions for the thermodynamic limit.

Since the post-quench state is completely described by the correlations on the
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initial ground state, one can try to predict asymptotic behavior, such as the ex-
ponent in (6.6), using low-energy effective theories like bosonization. If we write
(6.3) as

g2(x, t) =
1
L

∑
k

∫ L

0

dzeikz〈Ψ†(x−2kt)Ψ†(z)Ψ(z+x−2kt)Ψ(0)〉, (6.7)

one can see that because of the integral over z one needs the correlation function at
all length scales. Whether low-energy descriptions can be used or not thus remains
an open question.

6.2.2 Auto-correlation

The auto-correlation g2(t1, t2) is plotted in fig. 6.5 as a function of t2 after various
times t1 after the quench. As for the non-local pair correlation, there is an anti-
bunching bunching transition. However, in contrast to the evolution of the non-
local pair correlation, the auto-correlation does increase monotonically in time
after the quench, as can be seen in fig. 6.5. This is consistent with the fact
that the integrated auto-correlation is not conserved in time, in contrast with the
non-local pair correlations.

0.02 0.04 0.06 0.08 0.10 0.12
t20.0

0.5

1.0

1.5

g2Ht1,t2L

Figure 6.5: The auto-correlation g2(t2, t1) for various times t1 =
0.00, 0.05, 0.10, 0.14, 0.24, 0.53 as a function of t2 for a system with N,L = 20
and c = 1000.

6.2.3 Quench-straddling correlations

The versatility of our method allows the computation of various different dynamical
correlation functions. As an example, we will study a correlation function that is
a measure of how the pre- and post-quench states are correlated, which we will
call a quench-straddling correlation function. We consider the situation where the
quench takes place at time t0 = 0. We then compute a two-point function where
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Figure 6.6: The quench-straddling correlation function Re{gstraddle(0, t−, t+)} as
a function of t+− t−. The various graphs (from top to bottom) correspond to the
quench times t0− t− = 0.0, 0.2, 0.4, 0.7, 1.4,∞, indicated by the vertical lines. The
system parameters are N,L = 80 and c = 5.

we evaluate Ψ(0) before the quench at time t− < t0 and Ψ†(x) after the quench,
at time t+ > t0

gstraddle(x, t−, t+) = 〈φ|eiH(0)t+Ψ†(x)e−iH(0)t+e−iH(c)t−Ψ(0)eiH(c)t− |φ〉. (6.8)

To simplify this expression, we first use the Fourier-transform of the field operators
Ψ†(x) = 1√

L

∑
k e

ikxΨ†k. As before, we can then handle the time-evolution of
the post-quench Hamiltonian H(0) using the Heisenberg picture. For the time
evolution of the pre-quench Hamiltonian H(c) we use the Schrödinger picture; this
is achieved by inserting a resolution of the identity∑

n

|n〉〈n|,

in terms of eigenstates |n〉 of the pre-quench Hamiltonian between e−iH(0)t+ and
e−iH(c)t− . By pulling out all the different phases and using translation invariance
we arrive at

gstraddle(x, t−, t+) =
1
L

∑
n

ei(En−E0)t−+ik2
nt++iknx

∣∣∣〈φ|Ψ†kn |n〉∣∣∣2 . (6.9)

Here E0 is the energy of the initial state |φ〉 and En, kn are the energy and momen-
tum of the intermediate state |n〉 respectively. In fig. 6.6 we plot Re{gstraddle(0, t−, t+)}
for various t− as a function of t = t+.

A first observation is that in the case of no quench, t+ = t0, the correlation
decays much faster than the case after the quench t− = t0. This can be understood
from that fact that, for a sufficiently large interaction strength c, the dispersion
E(k) is linear for small k. Therefore, the majority of the states |n〉 in (6.8) have
an energy E(k) > k2. When considering the general quench times t0 − t−, a

116



Interaction quench in the Lieb-Liniger model

c ! 1
c ! 5
c ! 10
c ! 20
c ! 1000

0.05 0.10 0.15 0.20 0.25 0.30
x!L0.8

1.0

1.2

1.4

1.6

1.8
g2 "x#

Figure 6.7: The long time average g2(x) for various c for a system with N,L = 20.

striking observation we can make is that just after the quench the correlation
function suddenly seems completely relaxed. The explanation is that for a quench-
straddling correlation dephasing takes place both via the energy and the momenta,
which can be considered as orthogonal directions. This speeds up the relaxation
significantly for a short period right after the quench. The only coherence that is
left is for very small k, resulting in an extremely slow relaxation compared to the
case if there were no quench.

6.3 Statistical ensembles

In this section we discuss whether the large time behavior of correlation functions
after the quench can be described by a statistical ensemble. For simplicity we
restrict ourselves in this section to the analysis of g2(x, t). Due to the finiteness
of the system, no actual relaxation occurs. However, for most of the time, g2(x, t)
oscillates around the same mean value, as is seen in fig. 6.4. Therefore, it is still
useful to consider the long time average (LTA) of correlation functions

g2(x; c) = lim
T→TLTA

1
T

∫ T

0

g2(x, t; c)dt. (6.10)

Note that because of the exact revival we can take TLTA = trev. The result of
the time average is presented in fig. 6.7. The most obvious choice for a statistical
ensemble to compare the time average with is the generalized Gibbs ensemble
introduced in 1.5. Expectation values of observables in the GGE are then computed
via

〈O(x)〉GGE = Tr
{
O(x)e−

P
n βnQn

}
/ZGGE (6.11)

where ZGGE = Tr
{
e−

P
n βnQn

}
is the generalized partition function. The Lan-

grange multipliers βn corresponding to the conserved charges Qn are fixed via
the initial conditions 〈φ|Qn|φ〉 = 〈Qn〉GGE . Usually, the GGE is implemented
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as a grand canonical ensemble, which simplifies the results because the partition
function can be written as a product of single states. For example, the partition
function can be written as

ZGGE =
∏
k

(1± e−βk)±1 (6.12)

where the + and − signs corresponds to fermions and bosons respectively. The
Lagrange multipliers are determined via 〈φ|Ψ†kΨk|φ〉 = 1/(eβk±1), (+ fermions and
− bosons). However, in this procedure the correlation between different conserved
charges are not kept; that is, 〈Ψ†kΨkΨ†qΨq〉GGE = 〈Ψ†kΨk〉GGE〈Ψ†qΨq〉GGE for
k 6= q. Despite these shortcomings, the GGE has been successful in many cases,
although exceptions are known, for example when translation invariance is broken
[50, 51]. Let us now turn to the case of the construction of the GGE for the LTA
of g2(x). First we explicitly write down the LTA of g2(x) using (6.3) and (6.10)

g2(x; c) =
1
L2

∑
k1 6=k2

eixk12〈φ|Ψ†k1
Ψk1

Ψ†k2
Ψk2
|φ〉+

N(N − 1)
L2

.

One can see that the LTA for the g2(x) is explicitly written as a sum over expec-
tation values of products of the conserved charges. From this we can see that the
GGE is not applicable in this case, since the initial state is the ground state of an
interacting system and Wick’s theorem does not apply here. Instead we considered
the generalized canonical ensemble (GCE) by keeping the total number of particles
fixed.

6.3.1 The generalized canonical ensemble

Consider a system where the Hamiltonian can be diagonalized in terms of free
particlesH =

∑
k ωkΨ†kΨk. We impose no restrictions on the dispersion relation ωk

and the operators Ψ†k can have either fermionic or bosonic commutation relations.
The partition function for such a system in the canonical ensemble (CE) can be
written as

ZN =
nmax∑
n0=0

nmax∑
n1=1

. . .

nmax∑
n∞=0

∏
k

e−βωknkδP
j nj ,N

(6.13)

where nmax = 1, N for fermions and bosons, respectively. The presence of δP
j nj ,N

makes it very complicated to evaluate the sums directly. Fortunately, one can
compute the partition function ZN for a system of N particles via a well-known
recursion relation (see for instance [171, 172])

ZN =
1
N

N∑
n=1

(±1)n+1zn ZN−n (6.14)

with Zn = 0 for n < 0, Z0 = 1 and zn =
∑
k exp[−nβωk]. The minus and plus

signs correspond to fermions and bosons respectively. For a given β and N , the
partition function can be evaluated numerically. The computational complexity
is of the order of ncutoffN

2, where ncutoff is the number of one-particle states
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considered in the computation of zn. One can easily generalize the computation
of the canonical ensemble to what we will call the generalized canonical ensemble
(GCE) by making the replacement βωk → βk. Since the partition function now
does not factorize, as is the case for the GGE, the expectation values of products
of conserved charges are not necessarily uncorrelated. From the partition function
one can derive the probability P≥k (n) of having at least n particles in the state k.
This is done by starting the summation of nk at n in (6.13) and then using the
recursion relation (6.14) to obtain

P≥k (n) = e−nβkZN−n/ZN . (6.15)

The probability of having exactly n particles in the state k is therefore

pk(n) =
1
ZN

(
e−nβkZN−n − e−(n+1)βkZN−n−1

)
. (6.16)

Similarly, one can derive the probability of having at least nk states in k and nq
in q with k 6= q:

P≥k,q(nk, nq) = e−nkβk−nqβqZN−(nk+nq)/ZN , (6.17)

from which an expression for pk,q(nk, nq) can be obtained. Expectation values are
now computed as follows:

〈Ψ†kΨk〉GCE =
N∑
n=1

n pk(n). (6.18)

One can numerically solve these coupled equations in order to obtain values for
βk. Once all βk are determined we can compute the other expectation values, for
instance

〈Ψ†kΨkΨ†qΨq〉GCE =
N∑

n1=1

N−n1∑
n2=1

n1n2 pk,q(n1, n2). (6.19)

6.3.2 Results

In fig. 6.8 we compare the LTA, GGE, GCE and CE for g2(x). As expected,
the predictions from CE and GGE are completely off. The predictions of GCE
agree extremely well with the LTA (see fig. 6.7), the relative error being less
than 0.5% for all x. This may be ascribed to the fact that the sum-rule for g2(x)
is only saturated to 99.6%. The reason why the GCE works is not completely
obvious. We would like to stress that both for the GGE and the GCE only the
expectation values of Ψ†kΨk are fixed via corresponding Lagrange multipliers βk.
In principle one could expand the GGE or GCE by including products of conserved
charges Ψ†k1

Ψk1
Ψ†k2

Ψk2
with their own Lagrange multiplier βk1,k2 , but that is not

what is done here. Apparently, by demanding that 〈N2〉 = 〈N〉2, one almost
completely fixes higher order expectation values. To gain more insight, we compare
the expectation values 〈Ψ†kΨkΨ†k+qΨk+q〉 for the LTA, GCE and the GGE plotted
in fig. 6.9 for k = 0, 2π/L. If we first focus on the top graph (k = 0), we see that
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Figure 6.8: The long time average (LTA) of the g2(x) compared with the predic-
tions of the generalized canonical ensemble (GCE), the generalized Gibbs ensem-
ble (GGE) and the canonical ensemble (CE), for a system with N,L = 20 and
c = 1000.
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Figure 6.9: Comparison of 〈Ψ†kΨkΨ†k+qΨk+q〉 for k = 0 (top) and k = 2π/L (bot-
tom) as a function of q for the LTA, GCE and GGE. N,L = 20 and c = 1000.

for all q the LTA and GCE agree extremely well. The GGE is only valid for large
q > 10, from which we conclude that at this point the conserved charges become
uncorrelated. Furthermore, from the inset we see that the fluctuations of Ψ†0Ψ0

differ significantly for the GGE. In the bottom graph (k = 2π/L), the correlations
are much weaker compared to the case k = 0. We see that the LTA and GCE
differ slightly now, but the GCE is still better than the GGE.

The results here are presented for finite size. In the thermodynamic limit
one might expect that the prediction of the GCE and GGE coincide for local
observables. On the other hand, correlations like 〈Ψ†0Ψ0Ψ†qΨq〉 for small q cannot
be approximated using Wick’s theorem; for these correlations the GGE remains
invalid. To study how correlation functions like g2(x) behave in the thermodynamic
limit, we compared the predictions of GCE and GGE for a system with N,L = 150
in fig. 6.10. We see that the difference between GCE and GGE is still present for
small x, but it is considerably smaller than for the case of N,L = 20. This leads
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Figure 6.10: The predictions of the GCE, GGE and CE for N,L = 150 and
c = 1000.

us to believe that in the thermodynamic limit the GCE and GGE yield equivalent
predictions for g2(x).

6.4 Conclusions and Discussion

In this chapter we have considered an interaction quench by turning off the in-
teractions in the Lieb-Liniger model. By using the Heisenberg picture explicitly,
the time evolution was computed via the correlation functions on the fully inter-
acting initial state. The exact method we have used allowed us to study various
correlation functions after the quench at all time and length scales. Although this
chapter focused on the results for the Lieb-Liniger model, we would like to stress
that the methods presented in this chapter can be applied to any model for which
the Heisenberg picture can be used to efficiently obtain the time evolution and
for which the correlation functions on the initial state can be computed exactly.
For example, one could prepare the system in the ground state of the anisotropic
Heisenberg spin chain. By switching off the anisotropy term, the time evolution is
accessible from that of free fermions.

In case of the Lieb-Liniger model, we have studied several types of correlation
functions after the quench. As initial state, the ground state of the Lieb-Liniger
model was used for various interaction strengths c > 0. The time behavior of
the correlation functions was studied both in the short and long time regimes.
As expected, the results are most pronounced for large c, although the qualitative
features do not strongly depend on the initial interaction strength. As a byproduct
we have computed the four-point function of the Lieb-Liniger model for the first
time.

The long time average has been compared with various statistical ensembles.
As expected, the canonical ensemble fails to make correct predictions, as is usually
the case for integrable models. The GGE gives better results. However, for an
intermediate number of particles it still fails to capture all the features of the
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LTA. This discrepancy can be understood by the fact that the fluctuation of the
total number of particles is large, while for the quench under consideration the
total number of particles remains constant. By introducing the GCE, which keeps
the total number of particles explicitly fixed, correct predictions for the LTA are
obtained. The failure of the GGE can also be explained by the fact that correlations
between the conserved charges are not kept. The GCE, which is essentially the
GGE with one additional constraint, seems to give the correct correlations between
the conserved charges; why this is the case remains unclear on a more formal level.
It is worth to mention that the GCE can be applied in the same cases as the
GGE. A firmer test of the GCE would be to study even higher order correlation
functions such as gn(x) = 〈(Ψ†(x))n(Ψ(0))n〉. In the thermodynamic limit it is
expected that the particle number fluctuations of the GGE become irrelevant for
local observables such as the g2(x); a comparison of GGE and GCE for a large
number of particles confirm this.

It would also be interesting to see what the effect is of considering a different
basis of conserved charges. For example in [28] the validity of the GGE was studied
using two different bases for the conserved charges, of which only one agreed with
the long time average. To make a connection with the interacting Lieb-Liniger
model with c > 0, an appropriate basis would consist of the conserved charges in
terms of derivatives of the transfer matrix, while sending c→ 0. This leads to the
following set of conserved charges: Qn =

∑
k k

nΨ†kΨk. For this quench problem
the expectation values 〈φ|Qn|φ〉 for n ≥ 3 are not well-defined see 3.2.2. This does
not imply that the GGE fails in this case, we will address this issue in chapter 7.

A way to generalize the results of this chapter is by considering quenches start-
ing from arbitrary interaction strength c1 and ending in a different arbitrary c2. In
this case, one cannot use the Heisenberg picture to compute the time evolution of
observables as was done in this chapter. One could try to solve the time evolution
in the Schrödinger picture by making a spectral decomposition of the initial state
in terms of the eigenstates of the Hamiltonian after the quench. The first problem
with this approach is the need for the overlap coefficients between the initial state
and final states. For the Lieb-Liniger model, these overlap coefficients are only
known in one particular case [43]; the general problem is still unsolved. Secondly,
the spectral decomposition typically involves an exponential number of states as
function of the system size. Unless there are huge degeneracies present in the
spectrum, as is only the case for the special points c = 0 and c = ∞, performing
the spectral sum seems intractable.
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Chapter 7

Generalized TBA for
generalized Gibbs

In this chapter we discuss the generalized Gibbs ensemble in the thermodynamic
limit. We show that a saddle-point approximation for the partition function is
possible, therefore avoiding the computation of the Gibbs trace. Specializing to
the Lieb-Liniger model, we generalize the well-known thermodynamic Bethe ansatz
(TBA) for the generalized Gibbs ensemble. Writing down equations describing the
saddle-point (pseudo-equilibrium) state of the infinite system, we prove the exis-
tence and uniqueness of solutions, provided simple requirements are met. As an
example, we discuss interaction quenches in the Lieb-Liniger model. For concrete-
ness, we illustrate the method using a worked-out example for a chain of coupled
harmonic oscillators. This chapter is based on the results published in [55].

7.1 The Lieb-Liniger model in the thermodynamic
limit

We start this chapter by reviewing how one can formulate the Bethe equation for
the Lieb-Liniger model in the thermodynamic limit. While for a finite size system
states could be labeled by a set of rapidities {λj} (or equivalently by a set of
quantum numbers {Ij}, in the thermodynamic limit it is more convenient to work
with distributions that satisfy certain integral equations instead. We first recall
the Bethe equations for the Lieb-Liniger model in case of finite size (2.29),

λj =
2π
L
Ij −

1
L

N∑
l=1

φ(λj − λk). (7.1)

We can write this as an integral equation in terms of a function λ(x) such that
λ(x = Ij/L) = λj . In order to replace the sum in the equation above with an
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integral we introduce the density function

ρ(x) =
1
L

N∑
j=1

δ(x− Ij
L

), (7.2)

so

λ(x) = 2πx−
∫ ∞
−∞

φ(λ(x)− λ(y))dy. (7.3)

Note that this equation also defines λ(x) for xL 6∈ {Ij}, the so-called unoccupied
quantum numbers. The quantum numbers {I} take values on Z if N is odd and
on Z + 1/2 for even N . Therefore, the unoccupied quantum numbers {Ĩ} are
defined as Z/{I} for odd N and (Z + 1/2)/{I} for even N . We will introduce the
terminology that a occupied quantum corresponds to a particle and an unoccupied
one corresponds to a hole. The particle and hole densities are then defined as

ρ(x) =
1
L

∑
n∈{I}

δ(x− n/L), ρh(x) =
1
L

∑
n∈{Ĩ}

δ(x− n/L). (7.4)

Obviously, the density for all quantum numbers is simply ρt(x) = ρ(x) + ρh(x).
One can also write the corresponding densities as function of the the rapidity λ

ρ(λ) = ρ(x(λ))
dx(λ)
dk

, ρh(λ) = ρh(x(λ))
dx(λ)
dk

, ρt(x) =
dx(λ)
dk

. (7.5)

Note that, in contrast with ρt(x), ρt(k) is a non-trivial function. We can write
(7.3) as

λ = 2πx(λ)−
∫ ∞
−∞

φ(λ− µ)ρ(µ)dµ. (7.6)

We can write an equation without x(λ) by differentiating with respect to λ

2π(ρ(λ) + ρh(λ)) = 1 + 2π
∫ ∞
−∞

a2(λ− µ)ρ(µ)dµ. (7.7)

Here, we have defined the kernel

a2(λ) =
1

2π
dφ(λ)
dλ

=
1
π

c

λ2 + c2
. (7.8)

Using the standard convolution notation f ∗ g(λ) ≡
∫∞
−∞ dλ′f(λ−λ′)g(λ′), we can

write the equation above as [56]

ρ(λ) + ρh(λ) =
1

2π
+ a2 ∗ ρ(λ). (7.9)

Since this equation involves the unknown functions ρ(λ) and ρh(λ), an additional
functional equation is required to have a unique solution. A special case is the
ground state which we will discuss below. More general states can be obtained
using the generalized TBA equations which we will introduce in section 7.2.
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The ground state

The ground state of the Lieb-Liniger model is a filled Fermi sea in terms of quantum
numbers. In rapidity space this is equivalent to defining a Fermi momentum λF
and defining

ρ(λ) =

{
ρt(λ), −λF ≤ λ ≤ λF ,
0 otherwise

(7.10)

ρh(λ) =

{
ρt(λ), |λ| > λF ,

0 otherwise.
(7.11)

The equation (7.9) is now simply

ρ(λ) =
1

2π
+
∫ λF

−λF
a2(λ− µ)ρ(µ)dµ (7.12)

which is known as the Lieb equation. One can solve this equation be numerical
integration.

7.2 Generalized TBA for the Lieb-Liniger model

The effectiveness of the GGE for free models is that the partition functions factor-
izes, which allows an efficient computation for the Lagrange multipliers βk and the
computation of expectation values. In the fully interacting case, the implementa-
tion of the GGE is much more complicated, since now the partition function does
not factorize. This has two important consequences. The first is that the Lagrange
multipliers βk now depend on each other and have to be fixed simultaneously. The
second problem is that now one has to take the trace in the partition function over
all eigenstates that are assigned a significant weight. This would make the GGE
completely useless, as it would be in the same order of computation complexity as
constructing the diagonal ensemble explicitly. However, we know from ordinary
statistical mechanics that in the thermodynamic limit saddle-point approxima-
tions can be used for the computation of local observables (for the Lieb-Liniger
model see for instance [66, 65]). In this section we show that these results can be
generalized to the GGE and obtain generalized TBA equations.

For concreteness, we will illustrate the ideas by considering the Lieb-Liniger
model, for which the Hamiltonian is

H0 =
∫ L

0

dx
{
∂xΨ†(x)∂xΨ(x) + cΨ†(x)Ψ†(x)Ψ(x)Ψ(x)

}
. (7.13)

We restrict ourselves to the case of positive coupling constant c > 0, in which
energies per unit length remain finite in the thermodynamic limit.

The eigenvalues of N̂ , P̂ and H0 on an eigenstate |{λj}〉 are respectively
Q0 = N =

∑
j λ

0
j , Q1 =

∑
j λj and Q2 =

∑
j λ

2
j . The logic extends to all

higher conserved charges Q̂n, whose eigenvalues are simply given by the power
sum symmetric polynomials

Q̂n|{λ}〉 = Qn|{λ}〉, Qn ≡
∑
j

λnj . (7.14)
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7.2 Generalized TBA for the Lieb-Liniger model

The generalized Hamiltonian is therefore diagonalized according to

H({β})|{λ}〉 = E({β})|{λ}〉, E({β}|{λ}) =
∞∑
n=0

N∑
j=1

βnλ
n
j ≡

N∑
j=1

ε0(λj)

(7.15)
in which we have defined the function

ε0(λ) ≡
∞∑
n=0

βnλ
n (7.16)

by interpreting the coefficients βn as those of its power series. For a given ρ(λ) one
can then easily compute the expectation values of the conserved charges as [65]

Qn = L

∫ ∞
−∞

dλλnρ(λ). (7.17)

Following the arguments given by Yang and Yang [66], we now consider a
generalized partition function

Z =
∫
D[ρ]e−G[ρ,ρh[ρ]] (7.18)

(note that we have explicitly written ρh as a functional of ρ by using the Bethe
equations (7.9)) in which the measure is given by a generalized Gibbs ‘free energy’1

functional
G[ρ, ρh] =

∑
n=0

βnQn − S[ρ, ρh] (7.19)

where the entropy is given to leading order in system size as [66, 173]

S = L

∫ ∞
−∞

dλ [(ρ+ ρh) ln(ρ+ ρh)− ρ ln ρ− ρh ln ρh] . (7.20)

As Yang and Yang themselves point out, this derivation (unlike the rest of their
paper), is far from rigorous. It is, in fact, an ingenious elaboration of the deriva-
tion given by Landau and Lifshitz for the nonequilibrium entropy density of a free
quantum gas [3]. The rigorous proof came few decades later [173]. In the thermo-
dynamic limit we can evaluate the partition function in the saddle-point approx-
imation by varying the free energy G[ρ, ρh] with respect to ρ(λ) → ρ(λ) + δρ(λ).
The variation of ρh(λ) is done implicitly by means of (7.9). This leads to the
saddle-point condition

ln
ρh(λ)
ρ(λ)

=
∑
n

βnλ
n − a2 ∗ ln[1 + ρ(λ)/ρh(λ)]. (7.21)

By proceeding as usual and defining the function

ε(λ) = ln
ρh(λ)
ρ(λ)

, (7.22)

1although this is strictly speaking not an energy anymore, but a dimensionless quantity
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the saddle-point condition can be rewritten as

ε(λ) + a2 ∗ ln(1 + e−ε(λ)) = ε0(λ), (7.23)

which we call the generalized TBA equation. This is a straightforward general-
ization of the usual TBA equations, the only difference being that the driving
function ε0(λ) is given by the generic polynomial (7.16). One could even think of
lifting the restriction of ε0 to polynomial functions, and consider functions with
isolated singularities. In view of the applications we have in mind, we will however
not consider these more general cases here.

The equilibrium (i.e. saddle-point) state of the generalized distribution (7.19)
is completely determined by (7.9) and (7.23). One can rewrite (7.9) to eliminate
ρh(λ) obtaining

ρ(λ) = ϑ(λ)
(

1
2π

+ a2 ∗ ρ(λ)
)
, (7.24)

in which ϑ(λ) is as usual called the Fermi weight and is defined as

ϑ(λ) =
ρ(λ)

ρ(λ) + ρh(λ)
=

1
1 + eε(λ)

. (7.25)

As in the usual case, many expectation values only depend on ρ(λ) and ϑ(λ) (see
for instance [174, 175, 176, 177, 178]); these results can, therefore, automatically
be generalized to solutions of the generalized TBA equations.

For a given set of βn, the saddle-point state is completely determined by equa-
tions (7.23) and (7.24). Conversely, for a given ε(λ), the Lagrange multipliers can
be determined explicitly from (7.23),

βn =
∂n

∂λn

(
ε(λ) + a2 ∗ ln[1 + e−ε(λ)]

)∣∣∣∣
λ=0

. (7.26)

One can proceed in either of two ways, depending on the available data. Either
for a given set βn one solves for ε(λ) using (7.23) and from there finds ρ(λ) using
(7.24). This would be the procedure to follow for example in the case where the
explicit values of the βn correspond to specific ‘user-defined’ perturbations to the
original Hamiltonian [179, 180], or to situations in which (by some miracle) the
generalized inverse temperatures of the GGE ensemble are known.

A dual interpretation and use of the generalized TBA equations consists of
starting from a given ρ(λ), and solving for ε(λ). The Lagrange multipliers, which
ultimately encode all characteristics of the saddle-point state, can then be com-
puted via (7.26). While it might seem strange to expect the distribution ρ(λ) to be
given as input, this case is in fact the one which occurs when one uses (numerical)
renormalization around a Bethe ansatz-solvable point [181]. This case in fact rep-
resents possibly the most immediately useful application of our equations, since the
knowledge of ρ(λ) then allows to explicitly compute GGE predictions without ex-
plicit knowledge of the set {βj}, by using the generalized TBA equations to relate
ρ(λ) to the physical distribution ε(λ) actually used in the averaging. In the case
of the Lieb-Liniger model, the problems with attempting a direct implementation
of the GGE according to the prescription discussed in the introduction are com-
pounded by the fact that the conserved charges are not properly normal-ordered
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7.2 Generalized TBA for the Lieb-Liniger model

objects [102, 103] whose expectation values can easily be computed using standard
methods. We will elaborate on this in section 7.3, where we discuss interaction
quenches.

7.2.1 Solving the generalized TBA equations

We can show that a solution of the generalized TBA equation (7.23) exists and
can be found via iteration, in complete parallel to the traditional case, provided
that two very simple conditions are fulfilled. The bare energy

ε0(λ) =
∑
n

βnλ
n (7.27)

should a) be bounded from below, and b) be such that limλ→±∞ ε0(λ) = +∞.
The proof we give is essentially a repetition of the traditional one offered in

[66]. Let us construct the following sequence of functions

εn+1(λ) = ε0(λ) +A[εn(λ)] (7.28)

where
A[ε(λ)] = −

∫ ∞
−∞

dλ′a2(λ− λ′) ln
(

1 + e−ε(λ
′)
)
. (7.29)

The proof consists of two steps. First we will show that for every λ the sequence
of functions is strictly decreasing,

ε0(λ) > ε1(λ) > . . . > εn(λ) > εn+1(λ) > . . . (7.30)

Secondly, we will show that this sequence is bounded from below so that the limit

ε(λ) = lim
n→∞

εn(λ) (7.31)

exists and is a solution of (7.23).
From (7.29) we see that A[ε(λ)] < 0 for all ε(λ). In order to show that

A[εn+1(λ)] < A[εn(λ)], we consider

δA[εn(λ)] =
∫ ∞
−∞

dλ′a2(λ− λ′) 1
1 + eεn(λ′)

δεn(λ′). (7.32)

For δεn(λ) < 0 we have δA[εn(λ)] < 0, hence we arrive at (7.30). To prove that
ε(λ) is bounded from below is more complicated. First, we specialize to cases in
which ε0(λ) is symmetric in λ and is monotonically increasing for positive λ. By
considering

dεn+1(λ)
dλ

=
dε0(λ)
dλ

+
∫ ∞
−∞

dλ′a2(λ− λ′) 1
1 + eεn(λ′)

dεn(λ′)
dλ′

, (7.33)

we can prove by induction that εn(λ) is also symmetric in λ and monotonically
increasing for positive λ. From this it follows that A[εn(λ)] is monotonically in-
creasing as a function of λ, and goes to zero in the limit λ→∞. Using this fact,
we can write the following inequality

εn(λ) = ε0(λ) +A[εn−1(λ)] ≥ ε0(λ)− ε0(0) + εn(0), (7.34)
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where the equality holds for λ = 0. Using this inequality, we can write another
inequality using (7.28) and (7.32)

εn+1(0) ≥ ε0(0)−
∫ ∞
−∞

dλ′a2(0− λ′) ln(1 + e−(ε0(λ′)−ε0(0)+εn(0))). (7.35)

Next, we define the function

f(x) = ε0(0)−
∫ ∞
−∞

dλ′a2(0− λ′) ln(1 + e−(ε0(λ′)−ε0(0)+x)) (7.36)

= ε0(0) + x−
∫ ∞
−∞

dλ′a2(0− λ′) ln(ex + e−(ε0(λ′)−ε0(0))) (7.37)

so that (7.34) can be written as εn+1(0) ≥ f(εn(0)). The function f(x) increases
monotonically and is bounded from above, f(x) ≤ ε0(0). One can also show
that f(x)− x decreases monotonically and that its image is (−∞,∞). Thus, the
equation f(x0) − x0 = 0 has a unique solution. For a given ε0(λ) we can now
determine x0 from the equation

ε0(0) =
∫ ∞
−∞

dλ′a2(0− λ′) ln(ex0 + e−(ε0(λ′)−ε(0))). (7.38)

We shall now prove by induction that εn(0) ≥ x0 for all n. First, one notes
that ε0(0) ≥ f(x0) = x0. Next, suppose that εn(0) ≥ x0. One then has from
εn+1(0) ≥ f(εn(0)) and the monotonicity of f(x) that

εn+1(0) ≥ f(εn(0)) ≥ f(x0) = x0. (7.39)

This proves the inequality

εn(λ) ≥ ε0(λ)− ε0(0) + x0 ∀ λ. (7.40)

Combining this with (7.30), we have proved that the solution of (7.23) can be found
by iteration for a symmetric ε0(λ), which increases monotonically for positive λ.
Consider now a general ε0(λ) not satisfying these conditions. Since there obviously
exists an ε̃0(λ) that is symmetric in λ, increases monotonically for positive λ and
ε̃0(λ) ≤ ε0(λ) for all λ, it follows from (7.32) that A[ε̃n(λ)] < A[εn(λ)] for all n
and λ. Hence, ε(λ) is bounded from below as well.

7.2.2 Uniqueness of the solution

We can also show that a solution of (7.23) extremizes the generalized free energy,
following the lines of [66]. We will also show that this solution is unique.

Consider two solutions of the Bethe equations ρ1 and ρ2. It is clear that
xρ1 + (1− x)ρ2 for 0 ≤ x ≤ 1 is also a solution. Using this property we can define
an action X(L, {βn}, ρ) by

X = L

∫ ∞
−∞

dλ

[
ρ(λ)

∑
n

βnλ
n + ρ ln ρ+ ρh ln ρh − (ρ+ ρh) ln(ρ+ ρh)

]
(7.41)
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and vary it with respect to ρ. Consider ρ = ρ0 + xρ1 where ρ0 and ρ1 are two
independent solutions satisfying (7.9). The variable x takes real values. We can
differentiate the action X with respect to x

dX

dx
= L

∫ ∞
−∞

dλρ1

[∑
n

βnλ
n − ε(λ)−

∫ ∞
−∞

dλ′a2(λ− λ′) ln(1 + e−ε(λ
′))

]
.

(7.42)
Next, using (7.24), we can compute

∂ε

∂x
=

1 + e−ε

ρ

(
1

1 + eε

∫ ∞
−∞

dλ′a2(λ− λ′)ρ1(λ′)− ρ1

)
. (7.43)

Now,

d2X

dx2
= L

∫ ∞
−∞

dλρ1(λ)
(
−∂ε(λ)

∂x
+
∫ ∞
−∞

dλ′
a2(λ− λ′)
1 + e−ε(λ)

∂ε(λ)
∂x

)
. (7.44)

By first performing the integral over λ and then using (7.43), this can be simplified
as

d2X

dx2
= L

∫ ∞
−∞

dλ

(
∂ε(λ)
∂x

)2
ρ(λ)

1 + e−ε(λ)
> 0. (7.45)

Since this is true for any ρ, we conclude that X is convex, hence it has a unique
minimum.

7.2.3 Thermodynamics

Now that we have established the saddle-point (equilibrium) state we can write
down the standard thermodynamic relations. First we write the generalized free
energy (7.19) as

G = L

∫ ∞
−∞

[
ρ(λ)(ε0(λ)− ε(λ))− (ρ(λ) + ρh(λ)) ln(1 + e−ε(λ))

]
dλ. (7.46)

At the saddle-point we use (7.23) and (7.24) to further simplify the expression

G = − 1
2π
L

∫ ∞
−∞

ln(1 + e−ε(λ))dλ. (7.47)

We can easily show that G satisfies the following thermodynamic identities corre-
sponding to the Hellmann-Feynman theorem [182]

∂G

∂βn
= 〈Q̂n〉. (7.48)

We first differentiate (7.23) with respect to βn

∂ε(λ)
∂βn

= λn +
∫ ∞
−∞

a2(λ− µ)ϑ(µ)
∂ε(µ)
∂βn

dµ. (7.49)
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Multiplying both sides with ρ(λ) and integrating over λ gives∫ ∞
−∞

∂ε(λ)
∂βn

ρ(λ)dλ =
∫ ∞
−∞

λnρ(λ)dλ+
∫ ∞
−∞

(
ρ(µ)/ϑ(µ)− 1

2π

)
ϑ(µ)

∂ε(µ)
∂βn

dµ.

(7.50)

We have used (7.24) in the second term on the right hand side to eliminate the
integral over λ. From this follows the identity

∂G

∂βn
=

L

2π

∫ ∞
−∞

1
1 + eε(λ)

∂ε(λ)
∂βn

dλ = 〈Q̂n〉. (7.51)

For the expectation values 〈Q̂n〉 we can also define corresponding generalized sus-
ceptibilities as

∂2G

∂β2
n

= −
(
〈Q̂2

n〉 − 〈Q̂n〉2
)
. (7.52)

Using similar tricks as before, we obtain

∂2G

∂β2
n

= −L
∫ ∞
−∞

ρ(λ)eε(λ)

1 + eε(λ)

(
∂ε(λ)
∂βn

)2

dλ < 0, (7.53)

which is essentially identical to (7.45). In summary, we can simply state that all
the usual equilibrium thermodynamic equations remain unchanged as compared
to the usual case, provided one uses the generalized ε(λ) and ρ(λ) functions.

7.2.4 Excitations

In order to study excitations upon the saddle-point state it is instructive to first
go back to a state with a finite number N of particles. To a state with quantum
numbers Ij corresponds a set of rapidities λj that satisfy the Bethe equations

λjL = 2πIj −
N∑
i=1

θ(λj − λi). (7.54)

Now we consider an ‘excited’ state with quantum numbers I ′j and the rapidities
λ′j satisfying different Bethe equations

λ′jL = 2πI ′j −
N∑
i=1

θ(λ′j − λ′i), (7.55)

such that Ij = I ′j except when j = n. We make the usual assumption that for
all j 6= n the difference between λj and λ′j is small. One can introduce a shift
function χ(λ)

(λ′j − λj)L = χ(λj) for j 6= n. (7.56)

Going back to the thermodynamic limit, one can show using the arguments of
Lieb [57] and Yang and Yang [66] that χ(λ) is determined by the following integral
equation

χ(λ) = 2π
∫ ∞
−∞

a2(λ− µ)(χ(λ)− χ(µ))ρ(µ)dµ+ θ(λ− λn)− θ(λ− λ′n). (7.57)
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Writing the back-flow as g(λ) = χ(λ)(ρ(λ) + ρh(λ)), we obtain

g(λ) =
∫ ∞
−∞

a2(λ− µ)g(µ)ϑ(µ)dµ+
1

2π
(θ(λ− λn)− θ(λ− λ′n)) . (7.58)

The momentum difference and energy (as measured from the basic Lieb-Liniger
Hamiltonian) difference between the two states are

∆P =
∑
j

(λ′j − λj) = λ′n − λn +
∫ ∞
−∞

g(λ)ϑ(λ)dλ, (7.59)

∆E =
∑
j

(λ′2j − λ2
j ) = λ′2n − λ2

n +
∫ ∞
−∞

2λg(λ)ϑ(λ)dλ. (7.60)

In the case in which the density matrix Hamiltonian does not coincide with the
Schrödinger Hamiltonian, we have that ∆E 6= ε(λ′n)−ε(λn), therefore ε(λ) cannot
be interpreted as the energy of fundamental excitations anymore, as opposed to the
usual case. However, if the Schrödinger Hamiltonian is by definition the generalized
Hamiltonian H = Heff =

∑
n βnQ̂n, its excitations are

∆Eeff =
∑
j

(ε0(λ′j)− ε0(λj)) = ε0(λ′n)− ε0(λn) +
∫ ∞
−∞

dε0(λ)
dλ

g(λ)ϑ(λ)dλ

(7.61)

= ε(λ′n)− ε(λn). (7.62)

Therefore, ε(λ) are the excitations of the effective Hamiltonian. As in the usual
case, it is straightforward to prove that a finite number of simultaneous excitations
is simply the sum of the individual elementary excitations

∆P ({λpj}, {λhj}) =
∑
j

∆P (λpj , λhj ) (7.63)

∆E({λpj}, {λhj}) =
∑
j

∆E(λpj , λhj ), (7.64)

this relation remaining true provided the density of excitations thus created re-
mains zero in the thermodynamic limit. The whole bulk of knowledge about
correlations of the equilibrium Lieb-Liniger gas [65] can thus be easily adapted to
the generalized cases.

7.2.5 Expectation values

In this section we will show that for a certain class of operators their expectation
value in the Generalized Gibbs Ensemble can be computed using only the state
|ΨgTBA〉 corresponding to the generalized TBA equation (7.23). More precisely,
we will show that

Tr{O(x)e−
P
n µnQ̂n}

Tr{e−
P
n µnQ̂n}

=
〈ΨgTBA|O(x)|ΨgTBA〉
〈ΨgTBA|ΨgTBA〉

. (7.65)
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Consider an eigenstate |ΨN 〉 of a finite size system of N particles. For certain
operators O(x) (e.g. n-point functions of the field operators Ψ†(x),Ψ(x)) one can
show that the mean value 〈ΨN |O(x)|ΨN 〉 in the thermodynamic limit only depends
on ρ(k) and ρh(k) [65, 176, 178, 177, 183]. This allows us to write a functional
integral representation for such correlations similar to the one for the generalized
partition function (7.18)

Tr{O(x)e−
P
n µnQ̂n} =

∫
D[ρ, ρh]

〈Ψ[ρ]|O(x)|Ψ[ρ]〉
〈Ψ[ρ]|Ψ[ρ]〉

e−G[ρ,ρh] (7.66)

When the mean value
〈Ψ[ρ]|O(x)|Ψ[ρ]〉
〈Ψ[ρ]|Ψ[ρ]〉

(7.67)

is finite, as opposed to G[ρ, ρh] which is proportional in L, the stationary point of
(7.66) coincides with the one of (7.18). Hence, the equality (7.65) follows.

Recently, there has been a lot of progress in computing local correlations of the
form

gK =
〈(Ψ(0)†KΨ(0)K〉
〈(Ψ(0)†Ψ(0)〉K

(7.68)

These have been obtained as single integral representations, and only involve ρ(k),
so it can be applied for solutions of the generalized TBA. For K = 1, 2, 3, 4, closed
form expressions have been derived [176, 178, 177].

7.3 Generalized TBA for an interaction quench

In this section we discuss the generalized TBA in case of an interaction quench
(i.e. an instantaneous change of the interaction strength c). First, we recall the
explicit form of the Hamiltonian in coordinate representation (2.18),

HN = −
N∑
j=1

∂2

∂x2
j

+ 2c
∑
j<k

δ(xj − xk). (7.69)

Consider an N -particle eigenfunction ψN (x1, . . . , xN ). In the domain x1 < x2 <
. . . < xN , the function ψN is also an eigenfunction of the free Hamiltonian,

H0
N = −

N∑
j=1

∂2

∂x2
j

. (7.70)

In the limit when two particles with coordinates xj and xj+1 coincide, the presence
of the delta-function potential can be translated into the derivative jump condition
(2.21) (

∂

∂xj+1
− ∂

∂xj
− c
)
ψN (x1, . . . , xN ) = 0 xj+1 = xj + 0+. (7.71)

As discussed in chapter 2, (7.69) is equivalent to (7.70) combined with (7.71). In
chapter 3, where we discussed the conserved charges of the Lieb-Liniger model,
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we showed that the derivative jump condition (7.71) is the key to having wel-
defined eigenvalues for the higher conserved charges. More strictly speaking, if we
consider a state φN (x1, . . . , xN ) that does not satisfy the derivative jump condition
(7.71), the conserverd charges Q̂n with n ≥ 3 are not well-defined. This has some
important consequences for quantum quenches.

We prepare the system in an eigenstate |φ(c1)〉 of the Lieb-Liniger model with
interaction strength c1. For convenience we will consider the ground state, al-
though this is not necessary. We suddenly change the interaction parameter
c1 → c2 and compute the expectation value of the Hamiltonian after the quench,
which we denote by Q2(c2)

〈φ(c1)|Q2(c2)|φ(c1)〉 = 〈φ(c1)|Q2(c1)|φ(c1)〉

+ (c2 − c1)
∫ L

0

〈φ(c1)|Ψ†(x)Ψ†(x)Ψ(x)Ψ(x)|φ(c1)〉dx. (7.72)

The first term is simply the energy before the quench and is by choice a finite
energy density multiplied with the volume L. The second term is the integrated
local g2 correlation function, which was discussed in chapter 6. Since 0 ≤ g2 ≤ 2,
the second term is also a finite density multiplied with L. We therefore conclude
that

〈φ(c1)|Q2(c2)|φ(c1)〉/L =
∫ ∞
−∞

ρ(λ)λ2dλ <∞, (7.73)

with ρ(λ) the distribution function for the system after the quench. If we now
consider expectation values of the higher conserved charges, 〈φ(c1)|Qn(c2)|φ(c1)〉,
n > 2, these are not well-defined values. Since the jump derivative condition is
not satisfied, the expectation values are diverging quantity times L. For example
one can show that

〈φ(c1)|Q4(c2)|φ(c1)〉/L =
∫ ∞
−∞

ρ(λ)λ4dλ =∞. (7.74)

From the two equations above, we conclude that ρ(λ) ∼ 1/λα for large λ, with
3 < α ≤ 5. We can obtain a tighter bound by realizing that 〈φ(c1)|Q3(c2)|φ(c1)〉/L
is formally not well-defined, although one can define it to be a finite quantity,
because of the parity of Q3. Therefore, the integral

∫∞
−∞ ρ(λ)λ3dλ is not absolutely

convergent although it might be convergent. Taking this into account we obtain
the bound 3 < α ≤ 4. In the case c2 = 0, which is covered in chapter 6, the
distribution after the quench is ρ(k) = 〈Ψ†kΨk〉. We want to stress that this
equation only makes sense in the thermodynamic limit and for c2 = 0. From this
we conclude that α = 4 in this particular case. Numerically studies, for finite size
systems, in the general case also hinted that α = 4, however for the thermodynamic
limit this has not been proven.

Consequence of the fat tails

Although the expectation values of the higher conserved charges Q̂n n ≥ 3 are
not well defined, one can still have a well defined solution of the generalized TBA
equations (7.23) and (7.24). For instance, the case studied in chapter 6 also suffered

134



Generalized TBA for generalized Gibbs

from this problem, but we were able to construct a well-defined GGE by considering
the momentum occupation numbers Ψ†kΨk instead. However, the algebraic decay,
opposed exponential decay for thermal states, has an important consequence. For
large λ we have ε(λ) ∼ ε0(λ). We also have ε(λ) ∼ ln(ρ(λ)) ∼ ln(λ4). Therefore,
ε0(λ) cannot be a polynomial in λ and we need an infinite number of non-zero βn in
order to describe the saddle-point state. For this reason, finding ρ(λ) straightaway
seems the more pragmatic approach.

7.4 Generalized TBA for a harmonic chain

In order to illustrate the idea of the generalized TBA approach, we consider a
quench for a chain of harmonic oscillators in the thermodynamic limit. In [33],
the time-evolution of a 2-point function was computed exactly. By using the fact
that the system can be written in terms of free bosons, the GGE could be ex-
plicitly constructed by summing over one-particles modes. The GGE was proven
rigorously in this case by comparing its prediction for the 2-point function with
the time-averaged one. In this section we show that, instead of computing the full
trace that appears in the GGE [33], the saddle-point state predicted by the gener-
alized TBA is sufficient to describe the the large time limit of certain correlation
functions.

The diagonalized pre-quench Hamiltonian is given by

H0 =
∫

dk

2π
Ω0
kA

0†
k A

0
k (7.75)

with the commutation relation [A0
k, A

0
q
†] = 2πδ(k− q). A quench Ω0

k → Ωk can be
described via a Bogoliubov transformation [33]

Ak = ckA
0
k + dkA

0†
−k, A†k = ckA

0†
k + dkA

0
−k (7.76)

and the post-quench Hamiltonian is simply

H =
∫

dk

2π
ΩkA

†
kAk. (7.77)

As initial state we choose the ground state |Ψ0〉, which is defined as Ak|Ψ0〉 = 0.
Post-quench expectation values can be computed easily by making use of (7.76)

〈AkAq〉 = ckdqδ(k + q), 〈A†kA
†
q〉 = ckdqδ(k + q), (7.78)

〈AkA†q〉 = ckcqδ(k − q), 〈A†kAq〉 = dkdqδ(k − q), (7.79)

where we defined the constants ck, dk as

ck =
Ωk + Ω0

k

2
√

ΩkΩ0
k

, dk =
Ωk − Ω0

k

2
√

ΩkΩ0
k

. (7.80)

The time evolution after the quench is most easily computed in the Heisenberg
picture. For instance, we can write the time-evolution of the field operator ϕ(x, t)
as

ϕ(x, t) =
∫

1√
πΩk

(
ei(kx−Ωkt)Ak + e−i(kx−Ωkt)A†k

)
dk. (7.81)
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7.4 Generalized TBA for a harmonic chain

We can now straightforwardly compute the time-evolution of the 2-point function
after the quench

G(x, t) = 〈ϕ(x, t)ϕ(0, t)〉−〈ϕ(x, 0)ϕ(0, 0)〉 =
∫

dk

2π
eikx

((Ω0
k

2 − Ω2
k)(1− cos(2Ωkt))
Ω2
kΩ0

k

.

(7.82)
In the large time limit, t → ∞, the the cosine averages to zero, so we are simply
left with

lim
t→∞

G(x, t) =
∫

dk

2π
eikx

Ω0
k

2 − Ω2
k

Ω2
kΩ0

k

. (7.83)

The GGE can be constructed in terms of the conserved charges A†kAk

ρGGE =
e−

R
βeff (k)A†kAkdk

Z
. (7.84)

The partition function for this ensemble is

Z =
∏
k

1
1− e−βeff (k)

, (7.85)

see also section 6.3. The expectation value of A†kAk is

Tr{A†kAk ρGGE} =
1

eβeff (k) − 1
. (7.86)

Fixing the βeff (k) via the initial conditions 〈A†kAk〉 gives

βeff (k) = ln(1 + d−2
k ). (7.87)

By taking the Fourier-transform of (7.83) one can easily verify it agrees with the
prediction of the GGE [33].

Generalized TBA approach

In the spirit of the TBA for the Lieb-Liniger model, we define a density function
ρ(k), such that

ρ(k) = 〈A†kAk〉/L. (7.88)

Using the density function, we can compute the density of particles and the energy
density as

N/L =
∫ ∞
−∞

dk

2π
ρ(k), (7.89)

E/L =
∫ ∞
−∞

dk

2π
Ωkρ(k). (7.90)

The microscopic entropy for a state ρ(k) is given by

S[ρ(k)] =
∫ ∞
−∞

dk(ρ(k) + 1) ln(ρ(k) + 1)− ρ(k) ln(ρ(k)). (7.91)
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We can simply derive this from (7.20) by taking the limit c → 0 and multiplying
ρ(λ) with 2π. The generalized free energy can now be defined as

G[ρ] =
∫ ∞
−∞

dkβeff (k)ρ(k)− S[ρ]. (7.92)

The partition function can now be written as a functional integral

Z =
∫
D[ρ]e−G[ρ]. (7.93)

Varying the generalized free energy gives

δG[ρ] =
∫ ∞
−∞

dk (βeff (k)− ln(ρ(k) + 1) + ln(ρ(k)) δρ(k), (7.94)

leading to the saddle-point condition for the partition function

βeff (k) = ln
(
ρ(k) + 1
ρ(k)

)
. (7.95)

Since ρ(k) = d2
k this results in

βeff (k) = ln(1 + d−2
k ). (7.96)

This agrees with the result found in the previous section, but we would like to
emphasize that instead of performing the full trace in the GGE we used a single
saddle-point state instead. As an example we consider a mass quench for a rela-
tivistic model: Ω0

k =
√
m02 + k2 → Ωk =

√
m2 + k2. For this quench, ρ(k) is in

the limit of large k

ρ(k) =
(m2 −m02)2

(2k)4
+O(

1
k6

). (7.97)

Note that both for this quench and the interaction quench for the Lieb-Liniger
model the distribution decays algebraically.

7.5 Conclusion

When considering the GGE for a fully interacting system, the partition function
typically does not factorize, unlike for (effectively) free models. For a finite sys-
tem this implies that one has to perform the trace in the GGE by summing over
all eigenstates. This summation is of the same complexity as constructing the
diagonal ensemble and therefore makes the GGE superfluous. In the thermody-
namic limit, as one expects from ordinary statistical mechanics, the analysis of the
GGE drastically simplifies. Using the generalized TBA equations we showed that
the saddle-point state is sufficient for most computations. Furthermore, one can
also think of the generalized TBA as a tool to study excited states of an effective
Hamiltonian, which can be constructed by a (possibly finite) set βn.

Although we have concentrated on the Lieb-Liniger model and the harmonic
chain, similar reasonings are (almost trivially) transportable to other models. The
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7.5 Conclusion

generalization of generic TBA equations (with strings, nested, etc.) is straightfor-
ward since only the basic driving function (bare energy) needs to be modified. In
cases other than the repulsive Lieb-Liniger model however, proving existence and
uniqueness becomes even more intractable than in the traditional case, although
explicit solutions can easily be found in practice.
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Chapter 8

Discussion and outlook

In this thesis we studied quantum integrable models out of equilibrium. We focused
on the XXZ spin chain and the Lieb-Lingier model, although other integrable
models are discussed as well. Non-equilibrium time evolution was studied after
a so-called quantum quench (i.e. a sudden change of a Hamiltonian parameter).
The motivation for considering quantum quenches was twofold. First of all, it
allows a nice mathematical formulation. Secondly, several experiments in cold
atomic gases can be described by quenches. In chapter 1 we briefly introduced all
essential concepts discussed in this thesis. In the following two chapters 2 and 3
we introduced the most important tool used in this thesis: the (algebraic) Bethe
ansatz.

Before studying non-equilibrium dynamics we discussed the notion of quantum
integrability in chapter4. While for classical systems there is a clear definition of
integrability, there is no consensus about what the definition for quantum integra-
bility should be. For this reason we first briefly review existing definitions in the
literature, followed by a new definition. We can loosely summarize the definition
as: a system is quantum integrable if it possesses a number of mutually commut-
ing local conserved charges that becomes unbounded in the thermodynamic limit.
Since the devil is in the details, we refer back to chapter 4 for the precise defini-
tion. Based on this definition, we proposed a classification of quantum integrable
models, according to the density character of the conserved charges. The first class
are the constant integrable models to which (effectively) free models belong, when
one considers the momentum occupation operators as the conserved charges. The
second class are the linear integrable models; these models can typically be solved
by the Bethe anstaz, such as the XXZ spin chain and the Lieb-Liniger model. The
third class are quasi-polynomial integrable models; to this class belong models
with long-range interactions such as the Haldane-Shastry model and the Calogero-
Sutherland model. For models in different classes we expect different behavior in
the large time limit. This can be quantified by the number of non-zero Lagrange
multipliers one needs to describe the large time limit with a generalized Gibbs
ensemble. Thus far, this claim has not been verified.

In chapters 5 and 6 we discussed two explicit examples of quenches. We used
two different methods to compute the time evolution: the Schrödinger picture by
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decomposing the initial state in terms of eigenstates, and the Heiseberg picture by
considering the time evolution of the observables. The Schrödinger picture is only
useful when the decomposition involves a polynomial number of states. One can
expect this to happen for local quenches (i.e. when the Hamiltonian is only locally
modified) or when the relevant part of the spectrum is gapped, as was the case in
chapter 5. One of the strengths of the algebraic Bethe ansatz is that eigenstates
can be obtained one by one and that it is not limited to low energies. If we
know somehow what states are important, the algebraic Bethe ansatz can be very
powerful, as was the case for the domain wall quench considered in chapter 5. On
the other hand, for quenches where the decomposition of the initial states involves
an exponential number of states, the algebraic Bethe ansatz is as effective as brute-
force techniques such as exact diagonalization for lattice models. The Heisenberg
picture is only applicable when the post-quench Hamiltonian is (effectively) free.
This was the case in chapter 6, where we quenched the Lieb-Liniger model by
instantaneously switching the interactions off. The problem of the time evolution is
now reduced to the computation of correlation functions on the initial state, which
can be efficiently done using the algebraic Bethe ansatz. It is interesting to pursue
some sort of hybrid approach of the Schrödinger picture and the Heisenberg picture.
Consider for instance a weakly interacting Lieb-Liniger model, with interaction
strength c. For highly excited states, most of the states are effectively free. One
can expect this to happen for states for which all rapidities satisfy |λj−λk| � c for
all j 6= k; in this case the scattering phase φ(λj − λk) is simply ±1. One can then
imagine that the Heisenberg picture is used for the free system (i.e. c = 0). For
states that do not satisfy the requirement above, appropriate corrections should
be made (e.g. renormalizing the overlap coefficients) and are handled within the
Schrödinger picture.

Since the time evolution was done for system of finite size, the importance of
finite size effects has been thoroughly examined. For instance, in case of the domain
wall quench, we observed that the large time limit and the thermodynamic limit do
not commute. Nevertheless, by taking the limits properly, the finite size prediction
for the long-time average of the Loschmidt echo was in excellent accordance with
the exact result for the thermodynamic limit. For the case of the interaction
quench for the Lieb-Liniger model in chapter 6, the finite size effects were clearly
present, which made the results for large times meaningless. By studying the
results for various system sizes, the volume independent part could be extracted
and predictions for the thermodynamic limit could be made. These predictions
successfully underwent the most simple tests, but a more rigorous analysis would
be welcome.

One of the main questions asked in this thesis was: what is is the applicability
of statistical ensembles (e.g. the generalized Gibbs ensemble) for making predic-
tions for the long-time average. For the specific case of the domain wall quench,
microscopic data is required for describing the long-time average, because of the
non-vanishing Loschmidt echo. The generalized Gibbs ensemble, constructed us-
ing local conserved charges, fails in this case. The inapplicability of statistical
ensembles in this case can be completely ascribed to the presence of a gap in
the spectrum, irrespective of whether the system is integrable or not. The large
time behavior for the interaction quench for the Lieb-Liniger model discussed in
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chapter 6 is a different story, since this model is gapless. As our predictions for
the long-time average was only for a small number of particles, statistical fluctua-
tions are still important. The generalized Gibbs ensemble was unable to produce
valid predictions. Because in the GGE the total number of particles is not fixed,
it could not properly predict the fluctuations of momentum occupation numbers.
By introducing the generalized canonical ensemble (i.e. the GGE but explicitly
fixing the number of particles), the long-time average could be predicted with high
accuracy. The discrepancy between the two ensemble seems to disappear in the
thermodynamic limit.

So far, the generalized Gibbs ensemble has only been tested for models that are
(effectively) free. The real challenge is to test it for a fully interacting theory. First
of all, one needs to compute a long-time average of an observable after a quench for
a fully interacting model. This is of immense complexity for the reasons described
above. Secondly, constructing the GGE itself is also very complicated because the
partition function does not factorize, in contrast to the case for free models. This
has two important consequences. Firstly, there is no efficient way of performing
the trace, and secondly, all Lagrange multipliers βn are now coupled. One can
avoid the first problem by taking the thermodynamic limit, allowing us to use
a saddle-point approximation for the partition function. The saddle-point can be
described by the generalized TBA equations introduced in chapter 7. Although we
discussed some interesting features, of this saddle-point in case of the Lieb-Liniger
model, a worked-out example is still missing. Instead of focusing on the saddle-
point itself, it would be interesting to see what information can be extracted from
the subleading terms of the partition function. One can imagine that the curvature
around the saddle-point can be related to, for example, relaxation rates.

In this thesis, we restricted our attention to integrable models, since for these
models one can construct eigenstates exactly and compute correlation functions. A
direction that is worth exploring is when integrability is slightly broken. Of course,
the holy grail would be to formulate a quantum version of the KAM theorem.
Although there is not much doubt that something like the quantum KAM should
exist, it will probably be very different from the KAM theorem for classical system,
because of the very different nature of the time evolution for the quantum and
classical models.

To conclude, in the rapidly developing field of isolated quantum mechanical
models many of interesting questions have come up, of which most of them remain
unanswered to date. It is clear that there is a need for further development of
tools to study quantum quenches of fully interacting systems.
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Summary

In this thesis quantum integrable models out of equilibrium are studied. We as-
sume that the many-body system is isolated, so that the dynamics are not dictated
by the environment and is therefore purely unitary. Until a decade ago isolated
quantum many-body systems out of equilibrium were mainly hypothetical. Now
this has become a reality with the recent advances in the experiments with ultra
cold atomic gases. The coherence times of cold atomic gases are sufficiently large
so that they can be considered to be isolated. These gases are highly control-
lable; both weakly and strongly interacting many-body systems can be realized.
Moreover, one can superimpose an external potential, thereby reducing the di-
mensionality and/or creating an optical lattice. This makes it not only possible
to create various systems, but also to prepare these systems in specific states. A
popular way of bringing a system out of equilibrium is to perform a so-called quan-
tum quench: first the system is prepared in its ground state, and then subjected
to a sudden change (quench) of one of the Hamiltonian parameters (e.g. switching
off an external field, changing the interaction strength, etc.). As result of such a
quench the system will not be in an eigenstate and (complicated) non-equilibrium
dynamics will follow. These experiments raised the interesting question under
which conditions an isolated quantum many-body system will thermalize; in other
words, if a systems relaxes after it was initially brought out of equilibrium, can it
be described by a statistical ensemble?

Quantum Integrability

The models discussed in this thesis are so-called quantum integrable models. These
are models in which the number of local conserved charges grows with the degrees
of freedom. In contrast, non-integrable models have only a fixed number of local
conserved quantities like energy and momentum. The additional conserved quan-
tities of an integrable model do not have a clear physical interpretation. Neverthe-
less, having the knowledge of conservation laws simplifies the problem of finding
eigenstates. For example, if there are N local conserved charges then any n-body
scattering with 2 ≤ n ≤ N will factorize into a product of 2−body scatterings.
We discuss two examples in chapter 2 and 3 of factorized scattering, where the
exact eigenstates can be found via the Bethe ansatz. The concept of quantum
integrability is more general than factorized scattering, how it precisely can be
defined is discussed in chapter 4.

155



Quench starting from a domain wall
In chapter 5 we study a specific quench for the Heisenberg spin chain, which is
a one-dimensional model of spin-1/2 particles. The interaction is between the
spin-components of nearest neighbor particles. One part of the interaction terms
can be interpreted as a hopping term for down spins, while the other part tries
to anti-align nearest neighbor spins. The system is quenched by preparing it in a
very specific initial state: a so-called domain wall state where a contiguous block of
spins is forced to point down-wards while the rest points upwards. Experimentally
this can be achieved by first applying an inhomogeneous external field and then
switching it off instantaneously. The subsequent dynamics are governed by the
anti-ferromagnetic Hamiltonian, i.e. it tries to prevent to have neighboring spins in
the same direction. The time evolution of the system after the quench is computed
by solving for the exact eigenstates of the post-quench Hamiltonian using the Bethe
ansatz, from which the exact solution of the time-dependent Schrödinger can be
constructed. A quite surprising result is that as long as the spectrum is gapped
the system will maintain most of its inhomogeneous structure, the integrability of
the model plays no role for this observation.

Quenching the one-dimensional Bose gas
The other integrable model that is discussed in depth in this thesis is the Lieb-
Liniger model, which is a one-dimensional Bose gas with local interactions. We
discuss in chapter 6 an interaction quench for this model. When the interaction
is strongly repulsive the system behaves effectively as free fermions. We prepare
the system in the ground state for the strongly repulsive case. We then quench
the system by suddenly switching the interactions off, so that the final Hamilto-
nian corresponds to free bosons. Various non-local correlation functions after the
quench are studied. A clear transition from the Fermi to Bose-signature in the
correlations functions is observed. For large times we show that the system will
not reach thermal equilibrium. This can be explained by the fact that the system
is integrable. The correct ensemble for describing the system at late times is the
so-called generalized Gibbs ensemble. This ensemble is obtained by maximizing
the entropy subject to the constraints imposed by all the local conserved charges.
The interpretation is that now not only energy with a corresponding tempera-
ture is relevant but all local conserved quantities are important and have their
corresponding parameter which can be interpreted as generalized temperatures.

Generalized Gibbs in the thermodynamic limit
One of the main difficulties with describing non-equilibrium problems of fully in-
teracting systems is the tremendous number of eigenstates that is needed in order
to solve the time-dependent Schrödinger equation. However, if one is interested to
what state the system relaxes at late times (if it relaxes) one can use the gener-
alized Gibbs ensemble (GGE), assuming its correctness, one can avoid computing
the time evolution. For fully interacting systems of finite size, the GGE is of the
same computational complexity of the full time evolution. The idea is to work in
the thermodynamic limit, where the equilibrium state can de described by a single
saddle-point state of the partition function, and the fluctuations around that point
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Summary

are suppressed with system size. For integrable models in thermal equilibrium one
can use the thermodynamic Bethe ansatz (TBA) to obtain the saddle-point state.
In chapter 7 we discuss how the TBA can be generalized for the GGE. Using this
formalism we are able to address certain aspects of general quenches.
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Samenvatting

In dit proefschrift bestudeer ik quantum integreerbare modellen uit evenwicht
(equilibrium). We nemen aan dat het veel-deeltjes-systeem gëısoleerd is, zodat
de dynamica niet bepaald wordt door de omgeving, maar volledig unitair is. Tot
een decennium geleden waren gëısoleerde quantum veel-deeltjes systemen volledig
academisch. Nu is dit de werkelijkheid geworden met de komst van experimenten
met ultra koude atoomgassen. De coherentietijd van deze koude atoomgassen is
zodanig lang dat het ze als gëısoleerd beschouwd kunnen worden. Zowel sterk
als zwak interagerende veel-deeltjes-systemen kunnen met deze gassen realiseerd
worden. Bovendien kunnen er externe potentialen worden aangebracht om de di-
mensionaliteit te reduceren. Dit maakt het mogelijk om verschillende systemen
te creëren, die in specifieke toestanden geprepareerd kunnen worden. Een gang-
bare manier om een systeem uit evenwicht de brengen is door middel van een
zogenaamde quantum quench: eerst wordt een systeem in de grondtoestand gepre-
pareerd, om vervolgens een van de parameters van de Hamiltoniaan instantaan te
veranderen (bv. het uit zetten van een extern veld of het veranderen van de inter-
actiesterkte). Een gevolg van een quench is dat het systeem zich niet meer in een
eigentoestand bevindt, wat (ingewikkelde) dynamica als gevolg heeft. De experi-
menten hebben tot de volgende interessante vraag geleid: onder welke condities
kan een gëısoleerd veel-deeltjes-systeem thermaliseren; in andere woorden, als een
systeem relaxeert nadat het eerst uit evenwicht was gebracht, kan het beschreven
worden door een statistisch ensemble?

Quantum integreerbaarheid

De modellen die in dit proefschrift behandeld worden zijn zogenaamde quantum in-
tegreerbare modellen. Voor deze modellen groeit het aantal behouden grootheden
met het aantal vrijheidsgraden. Niet-integreerbare modellen hebben slechts een
vast aantal behouden grootheden, zoals bijvoorbeeld energie en impuls. De extra
behouden grootheden van een integreerbaar model hebben niet altijd een duidelijke
fysische betekenis. Desalniettemin zorgen deze behouden grootheden ervoor dat
exacte eigentoestanden gevonden kunnen worden. Namelijk bij voldoende behou-
den grootheden kunnen er alle paarsgewijze interacties plaats vinden, in hoofdstuk
2 en 3 geven we twee voorbeelden waar dit leidt tot exact eigenfuncties met behulp
van de Bethe ansatz. Quantum integreerbaarheid is echter veel algemener paars-
gewijze interacties. Hoe het precies gedefinieerd kan worden wordt in hoofdstuk 4
beschreven.
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Spinketen in een inhomogene toestand
In hoofdstuk 5 bekijken we een specifieke quench voor de Heisenberg spinketen,
wat een eendimensionaal model is van spin-1/2 deeltjes. De interacties zijn tussen
de spin-componenten van naburige spins. De interactie kan worden beschouwd
als een dynamica term die neer-spins over het rooster laat lopen en een potentiële
term die probeert te voorkomen dat naburige spins in dezelfde richting staan. De
quench voor dit systeem is door het systeem in een bepaalde toestand te prepa-
ren: waar het systeem is opgedeeld in twee blokken met een tegengestelde spin.
In een experiment zou dit kunnen worden bewerkstelligd door het aanleggen van
een inhomogeen magneetveld, wat vervolgens instantaan wordt uit gezet. De dy-
namica wordt bepaald door een anti-ferromagnetische Hamiltoniaan die probeert
de twee spin-gepolariseerde blokken in elkaar op te lossen. De tijdsevolutie na de
quench kan exacte eigentoestanden van de post-quench Hamiltoniaan te bepalen,
om vervolgens de exact worden bepaald met behulp van de Bethe ansatz. Een
opmerkelijk resultaat is dat, zo lang er een bandenstructuur is, de inhomogene
structuur blijft bestaan, dit wordt niet veroorzaakt door integreerbaarheid.

Een quench voor het eendimensionale Bose gas
Het tweede integreerbare model wat besproken wordt in dit proefschrift is een
eendimensionaal Bose gas met lokale interacties. In hoofdstuk 6 bespreken we een
interactie quench voor dit model. Voor sterke afstotende interacties gedraagt het
systeem zich effectief als vrije fermionen. De quench is door het systeem in deze
grondtoestand te preparen om vervolgens de interacties instantaan uit te zetten ,
zodat de uiteindelijke Hamiltoniaan vrije bosonen beschrijft. Verschillende niet-
lokale correlatiefunctie worden bestudeerd na de quench. Een duidelijke overgang
van een Fermi- naar een Bose-karakter is waarneembaar. Voor late tijden bereikt
het systeem geen thermisch evenwicht. Dit kan worden verklaard door het feit
dat het systeem integreerbaar is. Het juiste ensemble voor het beschrijven van
het systeem is het zogenaamde gegeneraliseerde Gibbs ensemble. Dit ensemble
wordt verkregen door de entropie te maximaliseren terwijl de behouden grootheden
constant worden gehouden. De toestand wordt nu niet alleen gekarakteriseerd door
temperatuur, maar door alle parameters horende bij de behouden grootheden, die
te interpreteren zijn als gegeneraliseerde temperaturen.

De thermodynamische limiet
Een van de grootste problemen bij het uitrekenen van de tijdsevolutie voor syste-
men uit evenwicht is het enorm grote aantal eigentoestanden dat is nodig om de
tijdsafhankelijke Schrödinger vergelijking op te lossen. Echter, voor het beschrij-
ven van de toestand wanneer het systeem relaxeert kan ook het gegeneraliseerde
Gibbs ensemble (GGE), onder de aanname dat het correct is, kunnen we de tijd-
sevolutie vermijden. Voor volledig interagerende systemen van eindige grote, is
het berekenen van het GGE vaak niet veel makkelijker. Het idee is om in de
thermodynamische limiet te werken zodat de evenwichtstoestand kan worden be-
schreven door een enkele toestand. In hoofdstuk 7 leiden we vergelijkingen af die
deze toestand bepalen. Gebruikmakend van dit formalisme belichten we een aantal
eigenschappen voor algemene quenches.
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